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Khi gap nhimg bai toan lién quan dén tam gidc
Vudng ching ta thuomg nghi dén dinh 1y
Pythagore hé thac lugng trong tam gidc vudng, ti
50 lugng giac caa goc nhon, quan hé giira dudng
Xién va duong vudng goc, gilta dudng xién va
hinh chiéy, ... Bai viét nay t6i xin néu thém mot
tinh chat khac caa tam giac vudng va mot vai khai
thac tir tinh chit d6. Ching ta bit déu bing bai
toan co ban sau day:
Bai todn 1. Cho tam gidc CAB vuéng iai C. H ld
hinh chiéu vuong goc cua C trén AB. Tia phan
gidc cua cde géc ACH va BCH lan leot cdt canh
AB tai P, K. Chitng minh ring
PK=CA+CB-AB

Loi giagi (h.1).

Hinh 1
Theo tinh chat goc ngoai cia tam giac BCK ta co:

CKA = CBK + KCB.
M3t khac: CBK = ACH (cing phu véi CAB) va
@ =f5§ (gt), suy ra:
CKA = ACH + KCH = KCA
— AMCK cantaid = AC=A4K.
Tuong tu BC =BP
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= CA+CB-AB=AK + BP-AB
=(AP+PK)+(BK+PK)—(BK+PK+AP)
= PK.
Nhin xét 1. Vi ACABvudng tai C nén theo dinh
1y Pythagore ta c6 CA> + CB* = AB>.

Tir bai todn 1 ta co: PK* =(AC + BC - AB)’

= AC* + BC* + AB* + 2AC.BC -24B(AC + BC)
= AB* + AB® + 24K .BP -2 AB( AC + BC)

=24B’ +2(AB- BK).(AB - AP)—24B(AC + BC)
=2A4B* +2AB* -2A4B(BK + AP)
—2A4B(AC+BC)+2BK.AP

=4A4B* -2AB(BK + AP+ AC + BC)+2BK AP
=4AB* —-2AB(BK + AP + AK + BP)+2BK AP

=44B* -2AB2AB +2BK AP
=2BK.AP.
Thur @6 ta c6 bai toan sau;

Bai toan 2. Cho tam giac CAB vuong wai C. H la

hinh chieu vuong goc cua C én AB.

Tia phan
gidc cua cac goc ACH va BCH lan lwot ¢t canh

AB tai P. K. Ching minh rang PK* =2BK AP.

Luu y. Thyc té khi cho hoc sinh chimg minh két
qua PK®=2BK. AP rét nhidu hoc sinh gp lang,
thdm chi c6 nhitng hoc sinh da giai dwgc nhung
sau d6 mét thoi gian gido vién cho lam lai thi
khong chimg minh dugc. Kinh nghiém ma ban
than tic gia d3 giang day dang toan chimg minh
dang thirc kiéu nay d6 1a huéng din hoc sinh tim
161 gidi bang nhiéu cach khac nhau dé gitip cic em
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khac sau kién thic. Véi bai nay ching ta ¢ thé
81a1 theo mét sé cach khac nhu sau:
Cach 2. Ta cé:

PK* =(4B - 4P - Bk
= AB’ + AP? 4 K> ~2AB( AP+ BK)+2AP.BK (1).
AB® + 4P? 4 BK* _ 24B( AP+ BK)
=AB* +(AB- BP)' +(AB- AK)’
~2A4B(AP + BK)
=AB* +(4B-BC)' +(4B- ACY
~24B(AP + BK)
=348 +(BC* + AC?)
—2AB(AP+ BK + AC + BC)
=34B’ + 4B> -24B24B=0 (2).
T (1) va(2)taco dpcm.
Cach 3. PK* =(AK — AP)(BP - BK)
= AK.BP — AK BK — BP.AP + AP.BK
=(AB—-BK)(AB- AP)- AK.BK

~BP.AP + AP.BK
= AB® — AB(BK + AP) - AK BK

- BP.AP+24P.BK (3).
Mt khac ta co:
AB’ — AB(BK + AP)- AK.BK — BP.AP
=AB’ ~ AB(AB - AK + AB~ BP)— AK.BK - BP.AP
=-AB’ + AB.AK + AB.BP - AK .BK — BP.AP
=—AB’ + AK (AB~ BK )+ BP(AB - AP)
=—AB* + AK’ + BP* =—AB* + AC* + BC? =) (4).
T (3) va (4) ta c6 dpem.
Cich 4. PK® =2AP.BK
< (BC-BK) =2(A4B - BC).BK

< BC* + BK* -2BC.BK =2AB.BK - 2BC.BK
& BC* + BK* =2AB.BK

< AB*— AC* = BK (24B - BK)
<:>(AB+AC)(AB—AC)=BK.(AB+AC)

<> AB - AC = BK (ludn dung).
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Nhdn xét 2 (h.2). Goi I, I,, I, va R lan luot 1a
tam dudng tron ndi tiép cac tam gidc A4BC,
ACH, BCH va ban kinh duong tron ngoal ti€p

AABC. Khido tacod 1, eCP, I, eCK, I la giao
diém cua A/, va BI, va AB=2R.

Hinh 2
Mat khac: AACK céan tai A co6 Al la dudmg
phin gidc nén I nam trén dudmg trung truc cua
doan thang CK. Tuong tu diém I ciing ndm trén
dudng trung truc cua doan thang CP. Tur d6 suy
ra I 1a tim dudng tron ngoai tiép ACPK.
PIK =2.PCK =2.45° =90° = AIPK

. PK
vuong can tai / :>IK=?5— (1).

Lai co:

Theo bét dang thirc Bunyakovsky ta co:

CA+CB< ,/2((:343 4 CBI)

nén tr bai toan 1 ta co:

PK <\2(CA’ + CB?

]

- AB
2R(J§—1)_ Q)

Tir (1) va (2) =>u<sRJE(\/E-1). Tir d6 ta cé
bai toan sau:

:

=+2A4B* - 4B

Bai toan 3. Cho C I mot diém di dong trén nia

dieong tron (0) diong kinh AB = 2R (C khong
trung véi A, B). H lg hinh chiéy vuong goc ciia C
frén AB. Goj N lan lwot la tam duwong tron noi
licp cic tam gigc CAH va By Goi P, K lin
leot la giao dién cua CI |
VI tri cua diem C rén m
kinh dicong
nhat.

Cl, véi AB. Xdc dinh
ra ducng tron (O) dé ban
tron ngoai Iié;o tam giac CPK lon




Luu y. Ching ta o thé chimg minh két qua
PK , oy
K =‘\7—2— kha don gian nhu sau: Goi R, 1a ban

kinh duong tron ngoai tiép tam gidc CPK, theo
dinh 1i ham s4 sin ta cé:

PK
‘T—.‘;._\—=2RI:>—.F1<—=2R]
sin PCK sin45°
PK
= —=2R :>R=££.
N £

V2

Nhdn xét 3 (h.2), C6 thé chirng minh
LI, < RJ2(V2-1)

nhu sau.
Xét ACLP ¢6 I,CP=45° va I,C=1,P (Vi BI,
1a dudmg trung truc cia CP) = ACI,P vudng can
tai [, =PI, 1 CK.
Tuong tw KI, L CP nén ACLI, ~ACPK (c.g.c)

L, €, 1

—=— (do ACLP vud an tai /.
PK - CP \/5(0 ,P vudng cén tai I,

PK
% 3).

Tir (2) va (3) = LI, <RV2(V2-1) ().

nén CP=~2.CL,) =11, =

Ta thiy PLK :KTP = PIK =90° nén nim diém
P, I, 1,1, K cing nim trén dudng tron
duomg kinh PK. T do ta cd bai toan sau:

Bai toan 4. Cho C la mot diem di déng trén nwra
duong tron (O) duong kinh AB = 2R (C khong
triung vai A B). H la hinh chiéu vuéng goc cua C
trén AB. Goi 1. 1, lan luot la tam dweang tron noi
riép cac tam gide CAH va CBIH. Xde dinh vi tri
cua diéem C trén nua dicong tron (Q) dé:

a) Bdn kinh dudng tron ngoai mfp tam gidc
111, lon nhit.

b) Dé dai doan thang 1.1, lon nhat.
Lueu y.

M

pe P . & = - PK
1) Ching ta co thé chiung minh két qua 1,7, = ﬁ
phy sau (h2): Ta co I //PI va

51872 =ﬁ;5—_—45° nén /[ PI, 1a hinh thang cén

KP
=10, =1P= "1
7) Ching ta ciing c6 thé chimg minh
11, < Rﬁ(ﬁ —1) nhu sau:
C
M
I

I I

A B

PE H O K
Hinh 3

Cdch 3 (h.3).
Goi r, 7, r, lan lugt 14 tdm dudng tron ndi tiép
cac tam gisc ABC, AHC, BHC. K¢ IM L AC,
LE L AB,LF L CH (M € AC,E € AB, F € CH).
Khidé IM =r, LE=r,, I,F =r,. Ta co:
AAMI < AAEI (g.8) va AACI <> AAHI, (g.g)

_ Ml _ Al _AC

EI, Al, AH
- 4
WA I
v AH
Mat khac:

ACLF « AAEI (g.g) va ACLH v A4l H (g.g)
L _CL _cH

El, Al AH
:>’_3;_Ci{ @)
o AH ’
Tir (1) va (2) suy ra:
2 2 - 5
(i] (= (ﬂ] cuy
4 " AH AH )
::>r2—r22=;f-_—_~,r2=,-|3+,-21_
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Vi céc tam gigc EH, va FHI, vuong cin nén
HI, = EI\2 =12
HI, = FI,2 =2
Tam gi4c I, HI, vuéng tai H suy ra:
LI} =prt s HL? = 2(r,2 + rz’) =2’
=11, = 2.
Ta lai c6:

r:cM_—_AC+BC_AB

2
2(AC’+BC?)-
B 2
_2ag -4 4B(\2-))
) B g
=R(J§—1).
Trdosuyra 11, SR\/E(\/-?:-I).
Cich 4 (h.4).
C
I
4 2
N
A M H ON
Hinh 4
Ta c6: AHCI, «» AHBI, :>HC HI.
HB HI,
HC AC
Mit khiac: —— =—. T d6 suy ra:
; HB BC’ (4] uyra
AC _HI, _ AC _BC

=——
BC HI,  HI, HI,

- AC' _BC' _AC’+BC* 4B 4p
Hflz HIZ H‘{Iz +H[22 ) |!;g2 =}_—[-?

2
L Py N S AP
c? AC

= LI =

Ké I M L AB (M € AB), tacé:

NH
4 T?gr uleOCl S48 547(1-2023,

HA+ HC - AC

Bl _ uH = 2
577
HATHCZAC
::>HI|=—_—__72__——_—
HA+HC=AC
V2 op
=>1112= AC
_ HA+ HC
I{A-FHC AC =| ——
=”’T'Rﬁ AC 1af5
{ 2 HCZ
i ) 1 |ri
= AC
\

| 2AC2_1JRJ5=(J5—1)R«/§.

L AC

Nhgn xét 4 (h.2).

Tacé CHI, = CHI, = 45" = AHI.J, vuéng tsi y
3I]H2 +[2H2 =I,Izz.

Mit khéc: I H + I,H < ,/2(11H2 +LH?)
=\2L1} =112,

tir 46 suy ra:

LH+LH 11, <ILN2+11,=11, (v2+1) 6
Tu (4) va (5) suy ra:

WH+LH 411, < RV2 (V2 -1)(V2 +1)= R\

Tir d6 ta 6 bai toan sau:

Bai todn 5. Cho C Jg mét diém di dgng trén n
dudng tron (0) dwomg kinh AB = 2R (C khing
'ring v6i A,B). H la hinh chiéu vuong goc cia C
trén AB. Goi s 1 lan lwot la tam duong tron nol
tiep cdc tam giic CAH va CBH. Xdc dink Vi 1!
cua diém ¢ ren nirq duong tron (0O) dé chuvi tem
giac HL L, Ion nhéy

Nhn xét 5 (h.2).

Ta ¢4 CH<CO=pR vd PK < 2R(ﬁ'l)

= CH PK < p? (JE -1)



Mit khac: ok =%CP,CK.sinﬁ(

V2

= —;—CP.CK.s'm 45°= TCP.CK.

T d6 ta co: -?CP.CK <R*(V2-1)

= CP.CK~2 <4R? (JE = 1) (6).
Ap dung dinh Iy ham s8 c6sin vio ACPK c6:
PK’ = PC* 4+ KC? —2.PC KC.cos PCK
= PC? + KC? = PK* + 2 PC.KC.cos PCK
= PK® +2 PC.KC.cos45°
=PK’+PCKC\2 (7).
Tir (6); (7), két hop véi PK < 2R(«/§ - 1) ta cé:

PC? + KC? s(zR(JE—l))2 +4R2(\/§~1)

=4R? (2—\/5)=4\/5R2 (\/f—l) (8).

Ta lai co:
CP+CK+KP£1/2(CP2 +CK*)+KP (9).
Tir (8) va (9) suy ra:

CP+CK+KPsJ2.4JER2(J5—1)+2R(J5—1)

=2R(\/2(2—\/-2_) 4 JE-I).

Tir d6 ta co bai toan sau:

Bai toan 6. Cho C la mét diém di déng trén mira
duomg tron (0) duong kinh AB = 2R (C khong
trung voi A, B). H la hinh chiéu vuong géc cua C
trén AB. Goi I, I, lan luot la tam duong tron néi
tiép cic tam gide CAH va CBH. Goi P, K lin leot
la giao diem cua CI,, CI, véi AB. Xdc dinh vi tri
cua diém C trén nira duong tron (0) dé:

a) Di¢n tich ACPK Iom nhat;

b) Chu vi ACPK [én nhat.

Nhdn xét 6 (h.2). Do ACLI ~ ACPK (c.g.c)

Sery, _(CLy ]2_[L]2_1
= SCPK _[—EE ) \/E —2

1 _CL LI G GL+LL+CI
2 CP PK CK CP+PK+CK

1
S =—.5
ClLJ, 2 CPK

Y .
CP+PK +CK
Cl, + I, + Cl, :——__\/E

Tir d6 ta co bai toan sau:
Bai toan 7. Cho C la mét diém di dong trén nua
diwong tron (O) duong kinh AB = 2R (C khéng
trung voi A, B). H la hinh chiéu vuéng goéc cua C
trén AB. Goi 1, I, lan luot la tam duwong tron noi
tiép cdc tam gide CAH va CBH. Xdc dinh vi tri
cua diém C trén nira duong tron (O) dé:

a) Dién tich ACI1, Ién nhat.

b) Chu vi ACI,I, Ién nhér.
Nhan xét 7 (h.2).
Goi R, 1 ban kinh duomg tron ngoai tiép tam

gidac CII, . Theo dinh 1y ham sé sin ta co:

11, 11, Il 17
——=—=—=2R 2R =12 172 =229
sinlCL, 0 T smase L = R=Tp5 A0

V2
Két hop (4) va (10) suy ra:
RV2(V2-1)
Rs——_ /_ -

Tir d6 ta c6 bai todn sau:

Bai toan 8. Cho C la mgt diém di dong trén mira
dudng tron (O) duong kinh AB = 2R (C khong
trung véi A, B). H la hinh chiéu vuong goc cua C
trén AB. Goi L I lan lwot la tam duong tron néi
tiép cdc tam gidc CAH va CBH. Xdc dinh vi tri
cua diem C trén mia dwong tron (0) dé ban kinh
diwong tron ngogi tiép tam giac CI 1, dat gid tri

I6m nhdt.
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I \IAO [.LOY 10,

GIAI DE AM HOC 2022 - 203
HUONG DAN GI2 IANG, NA! ' -
UYEN 1 da cho cO ba nghiém phay ;.
TRUONG THPT CH phuong trinh 62 .
oz, . n S A
Cau L 1) Cho biéu thirc voi x20: X7 L (*) co hai nghiém phén biét khaCm
a) Rur gon bicu thirc A. A m2 _2m+5>0
b) Tim tdt ca cdc gia tri cua x dé A‘ 2 4'?; o & {’nz _ (m + 1) m+m—1%0
2) Tim tdt ca cac gid tri cua tham so M € P

;
. > (2 —m*+m=0c0
trinh x*' —=(2m+1)x° +(m' +2m=1)x=m

thoa man

ba nghiém phin biét x,,X,,X,

xf+x§+x_f~—3x,x3x3=0.

Loi gidi. 1) a) Ta c6:

Ao 33 6 N 36 ] (vx-1)
V=3 Ve (Vs (Ve e3) | (V1) (Y -3)
_ x+12Jx+27 Jx-l

" (r=3) [ ea) V-3
(o) e3) s
(V=3)(es)
_ Jx+9
“x-1
V{ayA=\/;+9 VO x20; x#1,x %9,
X —

J;+9

x -1

b) + Véi Vx <1thi A=

<0: kh(")ng thoa
man

+Véi Vx >1 thi: A24c>x/;+924(\/;_1)
oJx<

Két hop véi didu kién cua X ta duge k4 P
v a Ca

<:>x<@
9
tim la 1<xslg—?, x#9,

2) Phuong trinh d3 cho furong duong Vs

(x—-m)[xl_(m+l)x+m_1]:0

C}[xz —(m+1)x+m-1<¢ (*)

TOAN HOC
6
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(m-1 ) +4>0
&
-120

Cic didu kién trén luon dang véi moi m, g,

phuong trinh dé cho luén c6 ba nghiém phsy b
y x. =m v&i moim.

X, X, va X; =m ‘

Tir gia thiét ta co:

(xl +x2)2 —2x1x2 +m2

) , {x1+x2=m+1
Theo hé thirc Viéte, ta c6 ;
XX, =m-1
Thay vao (**) duoc:
(m+1)2—2(m—1)+m2—3m(m_1)=o

34421
=

C’>—m2+3m+3=0.Timduqcm=

Caull 1) cpo da thire

P(x) = 4 Byt 2x° +8x +]

Va 56 q = V52 - 1. Tinh P(ﬂ)-

2) Gigj Phicong trinh

X’ +3.1r~]+2,‘{(xJ +‘r+5)1 =5m'

Lo gia, 1 Ta co:

":{/5\/5\»7-_—\/5_1

(*) cho da thoe x*+207) "

P(x)::( 2

* +2x“1)(x3 -x+2)+3x+3‘




o P I T S T~y I

P(a):(a2 +2a—-1)(a’—a+2)+30+3
=3a+3.
Tir d6 tinh duge P(a)=3V2.
2) Pua phuong trinh vé dang:

(x+1) —2(x+1) +5(x+1)
=(x3+x+5)—2(my+5"x‘+x+5.
Pit a=x+1b=3x +x+5 ta dugc phuong

trinh:
a’ —2a* +5a=b"-2b* +5b
© (a~b)(a’ +ab+b’ -2a-2b+5)=0

a=b
c> 9 > ot
a +ab+b —2a-2b+5=0

+Véia=btacd: x+1=IYx"+x+5

<::>(x+‘l)3 =xX+x+5
& 3xr+2x—4=0

~1+13

3

+Véi a® +ab+b*-2a-2b+5=0
<::>(a+b)z"'(‘71_2)2"'([7'2)2'4'2=0: phu'(mg
trinh v6 nghiém.
Viy phuong trinh da cho c6 nghiém la
-1+J13

3

Ciau IIL. 1) 7im ba s6 nguyén x,y,z thoa man

X =

xt+ 9_}»‘2 +252% = x* + 6xy + 2022
2) Cho chin 56 nguyén duong a,.a......a, déu
khong co woc 56 nguyén 16 ndo khac 3; 5 va 7.
Chirng minh rﬁng trong chin s6 da cho luén ton
tai hai s ma tich cua hai 56 nay la mot s6 chinh
phirong.
Léi gidi. 1) Bién dbi gi thiét vé dang:

(¥ =1) +(x=3p)" +(5z)" =2023.

Véi  x,y,z la cac s6 nguyén ta co
(xl _ 1)3 (x _?,y)2 , (Sz)2 la cac sé chinh phuong
(binh phwong cua s6 nguyén).

M3i sé nguyén khi chia cho 8 dugc sb du la mot
trong cac sb 0;+1;£2;+3;4

— mdi sé chinh phwong khi chia cho 8 s& duoc sb

du 13 mét trong céac sb 0;1;4.
Tir do, (x* 1) +(x—3y)" +(52)" 1a téng cia 3
sé chinh phuong nén no chia cho 8 s& dugc s6 du
la mot trong céc sb 0;1;2;3;4;5;6. Mat khéc, 2023
chia cho 8 c6 s6 du 1a 7. Do vay, khong thé tim
duoc ba sd nguyén x,y,z théa min yéu cau cia
dé bai.
2) Gia sit g, =3" « 5% :TH, ay=3" 5% JB
a,=3™-5% .77, trong d6 m,,n,p, (i=12;--;9)
1a cac sb tu nhién.
Véi mbi i=1;2;-;9, b6 ba sé (m,;n;p,) co tinh
chin (c), 1é (/) theo thir tr 1a mdt trong 8 trudong
hop duoi day:
(Gee).(ael).(ahe)(ahl),(Lace).(Lel),
(Gl J T )
Theo nguyén ly Dirichlet, trong 9 bd ba sb
(m;n;p,) ton tai it nhit hai bd ba sé la
(minsp,) va (minsp), voi jke{l;2;..;9)
va j+#k, cing ¢ mdt trong 8 trudng hop trén
=m,+m,n +n,p, +p, 1acicsé chin
=m, +m, =2m, n,+n,=2n;
p,+p,=2p(mn,peN).

Thr d6: a a, = AR R T TR

=357 .7 = (3. 50 77)

=a,-a, 1a s6 chinh phuong = diéu phai chimg

minh.

TOAN HOC ”
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Cau IV. Cho nua ducng von (O, R) diong kinh
AB. Goi M la mor diem thuoc nuwa duong ron da
cho, H la hinh c¢hiéu cua M trén AB. Dirong ithdng
gqua O va song song voi MA cai tiép yvén i B
cua niea diecong tiron Q) tai diem K

1)y Chung minh bon diem O.B.K. M cling thuoc
mot dwong tron.

2) Goi C.D lan lwot la hinh chicu cua H rén
cac dwang thang MA va MB. Chimg minh ba
dieong thang CD.MH . AK dong quy.

3) Goi E F lan lteot la trung diem cua AH va
BH. Xac dinh vi 071 cua diem M dé dién tich tr

gide CDFE dar gia vi lon nhat.

Loi giai.
K
M
g
%
I\
|\ D
11k .
C | \'\\ \I P
\ (R,
\ I / \
\ AN \ <\
\ \_‘ \\\‘
4 E H O F B

1) Tacé KOB = MAB (hai goc déng vi),

mi MAB= %M’()‘B (g6c néi tiép va goc & tam
cung chan mét cung)

:I@:%MOB = KOB = KOM

= AKOB = AKOM (c.g.c)= KMO = KBO = 90"
= KMO + KBO = 180"

= tir gidc OBKM ndi tiép.
Viy 4 diém O0,B,K,M cung thugc mot dudmg

tron.

TOAN HOC
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2) Goi P la giao diém cia OK va MB. Tu
KMO = KBO =90° = KM, KB 1a céc tiép tuyén
cua (0) = P la trung diém cua MB.
Goi I, Q lan lugt 1a giao diém ciua AK voi MH va
nira dudmg tron (O). Ta cé:

BPK = BOK =90° = tir gidc BPQK ndi tiép
= MBK =f§?’,mé MBK = IMP (so le trong)
— IQP = IMP = ti gidc MIPQ ndi tiép.
Tu d6 Aﬁ:@ , Ma @=m (hai goc ndi
tiép clng chin mét cung) = MPI = MBA
= [P song song v&i AB.
Mit khéc, P la trung diém cia MB = [ 1a trung
diém cia MH, ma MCHD 1a hinh chi nhat = [ 1a

trung diém cua CD. Viy CD,MH,AK d&ong quy
tai I.

3) Chira: S,ppe =28, = [H -EF

=-1-W-I-—1-AB=11’L'£H.R
2 2 2

Tir d6, S, dat gia tri 16n nhat < MH dat gia
tri 16m nhat
< M la diém chinh giira cua cung AB.
Ciau V. Cho ba so duong a.b.c thoa mdin
a+b+c=3. Ching minh rang
abcla® +b" + ¢ ) <3.
Loi giai. Ta cb:
3mbac(a2 +b' +¢? ) =(a+b+ c)abc(02 +b’ +C:)
:(f:a-.cnb+a!':'-bt:-i-lnc-mrz)(a2 +b’ +cz)

< (ab+bc + ca)’

3 ( 2+bz+c2)

2

déu =" xéy n <ox= y'_—_ z );

(Xem tiép trang 10)




DE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN KHTN,
DHQG HA NQI, NAM HOC 2022 —-2023
MON TOAN

VO;\'G 1 (Danh cho tat ca cac thi sinh)
Thoi gian lam bai: 120 phiit (khéng ké thoi gian phdt dé)

Ciu L. (4 diém)
1) Giai h¢ phuong trinh
6(xy+5)+x'y+5x =42
{x‘ +5x7y+6x+30y =42
2) Giai phuong trinh
(Vr+6+33-x)(2+3 (x+6)3-x))=24.

Cau I1. (2 diém)

1) Tim tat ca cic cap s6 nguyén (x, y)thoa man
ding thirc

25y +354x +60 =36x> +305y + (5y — 6x)™2.

2) Trén ban c6 8 hop rdng (trong cic hop khong
€6 vién bi nao). Nguédi ta thyc hién cic 1in thém
bi vao cac hép theo quy tic sau: mdi lin ta chon
ra 4 hop bat ky va bo vao mot hop 1 vién, mot
hop 2 vién, hai hp con lai méi hép 3 vién. Hoi
s6 lan thém bi it nhat c6 thé dé nhan duoc sé bi &
8 hop trén 1a 8 s6 ty nhién lién tiép?

Cau I11. (3 diém)

Cho hinh chir nhat ABCD ( AB < AD ) ni tiép

trong dudomg tron (O). Trén canh 4D lay hai
diém E va F (E,F khong tring vdi A,D) sao
F, déng thoi

cho E nim gita 4 va

— —

ABE+DCF=%§5E‘.

1) Chitng minh ring BE va CF cit nhau tai mét
diém nam trén dudng tron (O).

2) Pudng thiang qua O song song véi BC cit
BE, CF theo thi ty tai M, N. Chimg minh ring
DAM +EEKI+%@=180°.

3) Dung hinh chir nhat MNPQ sao cho NQ song
song véi BD, dong thoi MP song song véi AC.
bhﬂmg minh rang dudng trdn ngoai tiép hinh chix
nhit MNPQ tiép xic véi dudng tron (O).

CaulVv. (1 dié'm)

Cho a, b, ¢ 1 nhiing s6 thuc duong. Chirng minh
rﬁng

2a a+b 6a+2c
+ + +
3b+c

32a
T 2a+b+e

4a+3b+c 5
b+c

a+b a+c

VONG 2 (Dinh c ho thi sinh thi vao chuvén Toan va chuven Tin)
Thai gian lam bai: 150 phiit (khong ké thoi gian phat dé)

Ciau L. (3,5 diém)

1) V6i a, b, ¢ 1a nhimg sb thuc duong thoa man

did ki e d 2, Chimng minh ring
Ta b ¢

l( 1 1 1
2 & N
2 la+bc b+ca c+ab

abe

B \/(a +be)(b+ca)(c +ab)

&

Sé& 547(1-2023)
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&= 2) Giai hé phu‘(mg trinh

2x% 4 3xy +y1 =6
{3x+2_v +1= ZW
Cau 1l (2,5 diém)
1) Tim tat ca c4c cdp sb nguyén dwong (x.y)
thoa mén dédng thire
(x+3)(5x+y)' + 9% = (5x + y) + 3%y + 0,
2)Véia, b, ¢ 1a nhimg s6 thuc duong thoa man
cac didu kién sau:
c<b<ax<y,
b*+2a< 10,
b’ +2a+2c<14,
(@ +1)(b* +1) + dab < 24° + 25’ +2a+2b
Tim gia tri 16n nhét cua biéu thire
P=4a* +b* +2b* +4¢2,
Cau 111 (3 diém)
Cho tam gidc ABC nhon, khong can, ndi tiép
trong duong tron (0). Piém P nim trong tam
gidc ABC. Goi E, F lan lugt la hinh chiéy
vuong goc cua P trén cic canh CA, 4B. Gia sir

tr gidc BCEF noi tiép trong duong tron (K),

1) Chirng minh rang AP vuéng géc BC

2) Chirng minh rang AP = 20K,

3) Dudng thang qua P vudng goc vs; 4p it
duong tron (O) tai hai diém Q vy p Ching
minh réng dutmg (ron tim A ban kinh 4p idp
Xuc voi duong tron ngoai tiép tam giac KOQR,

Cau IV. (I diém)

Cho cic diém 4, 4,,..., 4, theo thi tr ni trép
mot duong thang sao cho d6 dai cac doan A4,

bang k (don vi dai), véi k=1,2,..,29. Ta may

méi doan thing Ay, Ay Ay, Ary Ay b3 1 trong 3

mau (mdi doan duge t6 boi ding 1 mau). Chimg

minh réng voi moi cach t6 mau, ta ludn chon duge

2 sb nguyén dwong 1< /<i<29 sao cho haj
doan A4, 44, dugetd cing miu va i-jla

binh phuong cua sé nguyén duong.

NGUYEN VU LUONG, PHAM VAN HUNG,

TRAN QUANG HUNG
(Trueong THPT chuyén KHTN, DPHOG Ha Nii)

Gidi thigu

Fokkkdkkhk bk ko hhh kb ddkhd bk *i*t***********************‘k**!\-*************************

HUONG DAN GIAI ...

(ab+bc+ca)’
3

(Tiép theo trang &)

-(az +b? +c2)

=%(ab+bc +ca)(ab+ be +ca)(a2 +h° +c'2)

<1 |i(ab+bc+c'a)+(ab+bc+ca)+(a3+bl+(.:) .
"3 3
2 3
4,[@} s
3 3

TOAN HOC
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(dwa vao BPT Cauchy: véi x,y,z20 taco:

3
X+v+z
Xz | —e = "

3
déu ll;—?a x;:]y ['a <:> x= y =2 ).

Tu d6 suy ra: tz*bc(ar2 + b +.;-3) <3,

Dflu "=

" Xayra Sa=hb=c=|.

NGUYEN ANH TUAN
(GV THPT chuyén Bic Giang)

Gidi thigu
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THEO CHU ONG ]RI\H VA SGK MO i

Khai thac bai todn 12 mét trong nhimng vén dé rén
luyén va phat trién nang lyc tr duy toan hoc. Viée
khai thac bai toan 1a thoi quen can thiét gitp hoc
sinh sang tao va phét hién thém nhimg kién thic
mdi, nhimg bai toan méi. Trong bai viét nay,
ching t6i khai thac mot sé bai toan vé sb hiru ti.
Sau day 1a mot s6 bai toan minh hoa.

1

.. 1
Bai toan 1. Cho S=—+—+ L+ +—

. Hay
I 12 13 '

b e b
so sanh Svoi —.
2
(Bai tap Toan 6, tp 2, trang 14)
Loi giai. Ta co:
1 1 1 10 1 1

>—t—t—t == 5,

20 20 20 20 20 2 2
Tuong tr cach giai cua bai toan trén ta giai duoc
cac bai toadn sau

Bai toan 1.1. Clurng minh rang

2 fomimip i 3
5 6 7 17
Loi giai. Taco:

1 1 1 1 (1 1 1)
—F—F—F .t —= ==+ +— |+
5 6 7 17 9

1 1 1 (1 1 1]
+|—+—+. . |+ —=+—+—
10 11 14 15 16 17
1 1 1 (1 1 1}
<] —+—F.t=|FH| =+ +— [+
(5 5 5 10 10 10
(1 1 1
+|—=+t—+—
15 15 1§
7

TRAN VAN HANH
(GV Bai hoc Pham Vin Déng, Qudng Ngai) y

Bai toan 1.2. Chung minh rang

Loi gigi. Taco:

i+—1+l+...+L=(1+l+l+1J+
5 6 7 17

1 1 1 1 1 1 1) 1
—t—t—t—= [+ —F—+.+— [+—
8888 16 16 16) 17
8

4 1 1 1 1
= — +t—=—=+—+—>1.
8 16 17 2 2 17
Bai toan 1.3. Cho
| 1 1 1 1
— - + ..+ +o—
7071 2022 2023 8082 8083

trong do mau sé cua cdc phdn so lay cdc gid tri
nguyén lien tiép nr 2021 den 8083. Hay so sinh A
11

\01 —y

(Bai T1/533, TH&TT)
Léi gidi.,

( l + l +..+

= ——+—— — |+
2021 2022 4041

1 1 1 1 1 1

Ho—t—— —t— —
(4042 4043 6062)+(6O63+6064+"'+8083]

(trong moéi dau ngodc ¢6 2021 phan sé).

Ta co:

PR R IO SN S
2021 2022 4041 2021 2021 2021
2021 _
2021

TOAN HOC
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1 1 1 1 1

- _ T pme— ¥
4042 4043 " 5062 4042 4042
_2021 1

4042 3

1 1 11 1

—_ bt
6063 6064 8083 6063 6063

Y w002

-+6063

Do 46 A<1+—1-+1=H.
2 3 6

11
Viy 4 < —
6
Ta thir thay déi mau sé cua céc phan s6 ldy céc gié
tri nguyén khéng lién tiép, ta c6 bai toan sau:
Bai toan 1.4. Chimg minh rdng
1 1 1 1 1
= + + ot ——<—.
1000 1002 1004 2000 2
(Bai T2/481TH&TT)

Léi gidgi. Cdach 1 Taco:

]:+1+..+1<1+1+...'L
1000 1002 1500 1000 1000 1000
251 1
~1000 <3’
1 1 1 1 1 1
—_—t——t..+ < + 4ot —
1502 1504 2000 1502 1502 1502
_250 125 1
1502 750 6’
1 1 1
Dodé A<—+—=—
B s o
Bai nay ta co cach giai khac:
1 1 1 1
h2 Taxét B=—+—+—+.. . +—
Chaple s 5 500 501 502 " 1000

1 1 1 J (1 1 1
===+ F— || Tttt —
1 2 1000 1 2 499

1+1++1J(gg L2
117277 1000) \2 4 7 998

1 1.1 1-4—...+ : L L 1

=172%3727 7997 998 T 999 " Tonp

TOAN HOC
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2 3 . 1 999

1 LT

1 1t so0,— > -
Mioo3T000 0 4 ST 9% 950

nén ta c0 B<1. Vay

11 Lot L
A4=7300 501 502 " T00p

1 1
= 1==
<7153
Bai toan 2. Cho 4 sO0 hitu ti khic khéng

) in diéu kién a= ‘
aa;azaasyad thow man ’ % 4,4y vg

2 y inh rdn
a}:ﬂzad.. Chngm g
3
013 +a; +a, _ 4

———'._—] .
a,+a, +a, a,

e , 3 7 - a 2 o
Léi gigi. Cachl Tu ay;=a,a, va ay=a,a sy

a, a . a a
pni-%2_% pis=2-2.%
a, a 4, a a 4q
3 3 3 3 3 3
el B DG TR
aco: T3 37T 37 3 3 3
a, a@ a, a,-+a,+a,

a, a A

Mitkhac s =2 %2 5 _ 4 vay

3 3 3
a,+a,+ a, a,
3 3 3
a,+a,,+a;, a,
Bai todn nay ta c6 cach giai khac sau day:

Cdch 2. Tix gia thiét

{0—0,03

=a,a,
a _a _a

- a4 a4 a,
a4 _a
c;'4—4133

.
a +a; +4d,
V6i 161 giaj cdachl ta cé thé tong quét bai 107

t-h 3 r bl , _ 4 u:
€0 huéng c6 nhidy 5§ hang, ta dugc bai t031 sa




Bai toan 2.1. Cho n so hiu ti khic khéng

a.a,,..,a

! thoa man diéu kien a, = a,_, a,,,,

n

k=2,3,..,n—1. Chimg minh rdang

3

G,]+a;f+...+a”,! o
i, 03 =y
a, +a, +uuik @, a,
] . } A a == a ,e
Loi gigi. Tu a,f:ak_1 a,., taco . Wl S VF
a A
i G a a a _
le k=2,3,...,n. Dat S:.—!_—___2= - ra].-—r-a
a4y & a,
3 3 3 3 3 5
o = G G Gttt
" T = ! <
4 4 a, 4 +a +..+a,
= - a 4, a a .
Mitkhac §7 =1 2 2 =21 vay

a, a, a, a,

3,3 3
a ta;+..+a,, a

@+a+.+a  a,
Tbng quat bai toan gdc theo 2 hudng 1a liy thira
bic n vacd n sb hang ta dugc bai toan mdi
sau:
Bai toan 2.2. Cho n+1 (n22) s6 hiru ti khdc
khéng a,.a,,..,a thoa man dieu kién

=+l

2— —_—
a=a..,8., k=24

a" +a",+..+a,

Tinh theo a, va a

n+l*

a",+a" #..+a]

n+l

(Bai T2/275, TH&TT)

a a
e _ave \ 2 ‘ k- k .
Loi gigi. Tt a}=a,  a, tacd —1=—5 véi
a, d,
moi k=2,3,...,n
a a a. )
pitS=—"="t=..="L=—"2 tacé:
a, a a, 4.,
S,,_al” _a _a, _a _ a+ta+t..ta,
= n - = n - n - n n n ¥
a;, & a, 4, a+a;+..+a,,
a a, a_ a a .
Mit khac S" =——I'.—2...—u.-—”——l-, vay
a, a, a, a,., 4da,
- w A -

" n a
a,ta,+..+a, _4a

n

n n
a2+a3+...+an+1 a,.,

Bai toan 3. Cho x, y la cdc 56 hiru ti thoa mén

dang thirc
x"y+xy3 +2x3 2 +2x+2y+1=0

Chieng minh rang J1—xy la mét 50 hiru ti.

Loi gigi, Tx X’y +xy° +2x°y* +2x+2y+1=0
<:>xy(x2+2xy+y2)+2(x+y)+l=0

o xp(x+ ) +2(x+y)+1=0
<:>xy(x+y)2—(x+y)2+(x+y+l)2=0

<:>(x+y)2(1—xy)=(x+y+l)2 (*).
Néu x+y=0 thi (*) khong théa mén, nén

x+y#0.Khidé

(*)<:>1-—xy=(x+y+ljz

x+y
@,’1—_{)}: i}_’.t.l_ EQ
x+y

Viy J1-xy lasb hitu ti.

+y+1Y
P
L) s

Vin dé dit ra 1a biéu thicl—xy =
xX+y

s6 nguyén dugc khong ?
Ta c6 bai toan méi sau:
Bai toan 3.1. Tim cdc cdp s6 nguyén (.\'.y) thoa
mén diéu kién
Xy+xy +2x°y' —4x—4y+4=0.
( Bai T3/485, TH&TT)
Loi gigi. Phuong trinh twong duong voi
xy(x? +2xy+y)—4(x+y)+4=0

@ xp(x+y) —4(x+y)+4=0

@ (x+)" (1-xy) =(x+y-2)’

TOAN HOC 13
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bl

5 ¥
x+y)

Do l-xyeZ nén .\’+y|2=>x+y=i'1 hodc

c>1—x)!:[l_

X+ y==+2. Xét cac truong hop:

{x+y=1 {le {x=0
. = .
1—1}):1 y:O hoidc y:l

.{Hy:hl: ¥+7==1 \hong c6 nghiém
I-xy=9 xy=-8

nguyén.
{I"‘y:z x=1
. = .
l—_xy:O y=1
x+y=-2 x=1 . x=-3
. = hoic .
l—xy=4 y==-3 y:l

Vay phuong trinh ¢é 5 nghiém (x; ) la:
(1.0).(0,1),(1.1),(L,-3),(-3.1).

Bai toan 4. Cho x,y la cdc 56 hitu ti khac khong

thoa man déing thire x° +y°

=2x"y". Chitng minh

{ |
1 =— la mot 56 hitu 1.
Xy

rang so

Loi gidgi. X’ +y’ =2x"y" & — +lz=2
2
@{‘—14'};} =4
yooox
g B
& —+—+—=4
y x X
2
4
of2-2) et
y© X xy
2z
y oox
/ 1
I-——= -Lle ;
Xy 2 x? Q

Viy ,1 —~— 1a mdt s hiru ti.
Xy

Twong tu cach giai trén ta cd cac bai toan say

TOAN HOC
U Cludipe
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¥ la cac 6 hivy ¢ i
41. Cho X, og ,
Bii to: an iy

ding thirc (x+ ,) =xy(3x+3y+2). ¢ ”m»':nu ’
rang VT:T: la mot 56 hivw ti.
Loi gidi. Ta co: (x+ y)3 = xy(3x+3y+2)
o (x+ y) -3+ = 2xy & X+ y <21 (4

Néu x =0 hodc y.—:O thi /1—xy ‘—‘llf‘lséhﬁuﬁ

.
; () e—+2X o
Néux:tOvay#Othl-()@y*x—Z

4
@fz_+22—+2xy=4
¥
2 2 Y
y X
2 PR
x Yy
4(l-xy)=|———
Al xy) (}’ x]
1 2 2
o I—xy=—~f——y—
ly x
Viy /1-xy 1a mét s6 hiru ti.

Tong quat theo hudng iy thira ta c6 bai toan

Bai toan 4.2. Cho «x,vy

khong thoa mén dédng thirc
R O L P T (1).

Chitng minh rang V1= xyv la mét so hinu i,

Lot gidgi. Tir (1), nhan 2 vé voi x ta duge:

02 xR - zanymm
& 2 — 210111000 4y _ 0 — ™
o5 (xmn — ylno )2 - yzozo (l _ xy)
] i (xmu _ ymw T
100
0 ot0
R S Y

la hai so hiru tr khac



Vay \/1-xp 1a mét sb hitu ti.

M¢ rng bai toan theo 3 bidn ta ¢é bai todn

Bai toan 4.3. Cho x,y.z la cdc 56 hiru 1 khac

e g A T R B
khong thoa man dang thic —+—=—. Ching

Xy

. I = 2 2 ) . - Ly~ .
minh rang \/.\' + ¥+ lamot so hiru i,

Loi gigi, Taco —l—+l=l<:>(.\'+y)z=.1y
x y z

o xy-xz-yz=0.
Taco: X +y" +22=x"+y* +2° +2.0
=X +y’ +22 +2(xy-xz-2p)

oSxt+y 42 =(x+y—.7.)2

X +y 4 =|x+y—zeQ

Vay Jx2 + > +2z*  1asd hiru ti.

Bai toan 5. Cho x,y la cdc s6 hitu ti thoa mdn

: Loz [+l ; ;
dang thue x™ +y° +( - } =2. Chung minh
xX+y

1+ xy lamot $6 hiru ti.

(Bai T4/424 TH&TT)

rd;ng
Léi gigi. Vi diéukién x+y#0, ta co:

2
5 '+1
x'+y2+[?+yJ =2

2

<;;;‘()(2+y2)(x+y)2+(er+[)2=2(x+y)
<-_->(x+y)4—2(x+y)2(l+xy)+(l+xy)2=0
<:>[(x+y)2—([+xy)]-:0
Q(x+y)2=l+xy@\/xy+ =|x+y|e@.
Vay 1+ xy 1a s6 hiru ti.

Do [(x+y)2 -—(1+xy)]2 >0 véi moi x,y nén

2+ + o+l =2,
x+y

Ta c6 bai toan mdi sau day:
Bai toan 5.1. Cho x,y la cac s6 hirtu 1 thoa man
x+v20. Chirng minh hat ddng thirc

" ; xp+1 :
x-+y~+[‘-‘ J >2 ().

X+

Léi gidi. Tix cach bién d6i bai toan gdc, ta c6 cach
giai sau:
Cach 1. Ta co:

)< ()r2 +yz)(x+y)2 +(xy+l)2 3 2(x+y)2

2

<::>(x+y)4 —2(x+y) (1+xy)+(l+xy)2 20
& [(x +y) -(1+ er)]2 >0 (ludn dung).
Ngoai cach giai trén ta c6 cac cach giai sau:

xy+1
x+y

Cdach 2. Dat z=—-

S xz+yz=-xy—-1=xp+yz+zx=-1.
Bét ding thirc (1) tro thanh:
x -+-y2 +2z2>2
X +y +2° 2-2(-1)=-2(xy+ yz + zx)
ox+y +22 +2(xp+yz+2x)20
& (x+y+z) 20 (ludn dang).

(v +1)°

Cdch 3. BDT& (x+y) - 2xp + -
(x+p)

(xy+1)°
(x+ )

Ap dung BDT Cauchy, ta cé:

(x+y) + M > 2\/(x +y) Lo+1) Dj
(x+y) (x+y)

=2y +1|22(xp +1).

S (x+y)Y + >2(xy+1).

Vay x7 + +[W—+—]] >2,

X+y
Bai viét minh hoa mét sé bai toan cua tac gia duoc
dang trén Tap chi Toan hoc & Tudi tré va téc gia
mong ban doc tiép tuc khai thac thém cac bai toan
vé s6 hitu ti.

TOAN HOC 15
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Ly thuyét tap hop (LTTH) da dugc sng ta0 1
boi "G.Cantor”, mét trong nhimg nhd twong
vi dai nhat cva thé ky XIX" (B. Russel).

Theo 15i Nikolas Bourbaki (but danh cua cac
nha toan hoc Phap thé ky XX) thi

"Ngay nay vé mdt légic moi nguoi déu thira
nhdn rcing toan bé nén todn hoc hién dai déu c6
thé rit ra tir mét nguén duy nhdt la LTTH" “
Ly thuyét tap hop mé chung t6i s gi6i thi¢u vén
tit duoi day thuong dugc goi 1a "LTTH ngdy
tho" .

1°. Viéc dinh nghia khai niém tip hop

"Tap hop l1a gi?" Ta s& khéng c6 tim tra 16i cho
cau hoi nay boi vi khai niém tip hop 1a khai
niém nguyén thity dén muc it nhét cho dén ngay
nay khé ma dua ra duoc dinh nghia chét ché nao
vé tap hop.

Co € ban doc ciing khong cén phai ngac nhién
vé diéu do.

That vay, khi mot khai niém P dugc dinh nghia
qua khai niém D don gian hon thi chinh khai
niém D nay ciing can dugc dinh nghia qua khai
niém C don gian hon nita ma dén lugt minh né
ciing can dugc dinh nghia nho khai niém B con
don gian hon nira va vén van ... Qua trinh "lu;"
nay khéng thé vo tan. Do d6 c6 thé qua quyét
ring cudi cing ta sé di d{:n khi niém nguyén
thuy hoan toan A khong thé dinh nghia qua

1) N. Bourbaki, LTTH, 1965 tr.25 (tiéng Nga)
2) Hoang Tuy, LTTH la gi ? Ha Noi - 1964, tr,93
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cac khai niém don gian hon: nhimg gi ¢4 thé

jam dugc luc nay chi c6 thé 1a giai thich kpg;

niém A qua mot s6 vi du.

Georg Cantor (1845-1918)
Ngay trong cubn sach cua minh "Co so cia
LTTH" (1883) nha sang lap thién tai G. Cantor
cling chi viét: "Néi chung t6i hiéu tap hop la

mét cai gi rat nhiéu va co thé hinh dung no nhi
." D6 khong phai la Dinh
nghia 1dgic cua khai niém tap hop ma chi la 101
giai thich va mé ta khai niém do.

Nhu vy ta s& khong tim kiém dinh nghia cho
"tp hop" . Nhung ta c6 thé néi tit "tdp hop" €0
nghla 1a: I6p [16p céc ham] ; hé rhong (hé thong
50 thue]; ho [ho dudng cong] ; quan the [quan
thé di tich ] ; by [bay thién nga] ; dan [dan seu
bay qua],

27,

mét cdi thong nhat .

Cach Xac dil’lh tﬁp hQ]J va cac phep t{g:ill
Ta xem t3p hop dugc tao thanh tir cac d6i ugng
hay ca thé. Cac dé[ t]_'[(yng tao nén tﬁp hop dugc




801 14 cic phdn tir cha tap hop. Thong thuong
cac tap hop duge chi bang cac chir cai in hoa 4,
B, C, .... con cac phin tr cua tap hop duge chi
bang céc chir cai thuong a, b, c, ....

Dé chi ring 4 1a phan tir cua tap hop 4 ngudi ta
viét aed va doc 1 "a thugc A". Néu a khong
phai 1a phén tir cua 4 thi viét a ¢ 4 hodc a € 4
va doc 1a "a khéng thuge A" Khi khao sat cac
tap hop ta khong loai trr tdp hop khéng chira
phan tir ndo goi 14 tdp hop rong va ky hiéu la
@. Ching han tap hop nghiém thuc cua phuong
trinh x* + 1 = 0 14 réng.

Phuong phap don gian nhit dé xac dinh mét tip
hop 1a phuong phép liét ké ra tat ca cac phan tir
cua no va dit trong déu ngodc nhon

{a; B; G; i)

Caéch thir hai 13 chi ré ddu hiéu dé phén biét cac
phan tir thudc tp hop vai cac ddi tuong khong
phai 1a phan tir cia n6. Nhimg déu hiéu nay
thuong duoc goi la thudc tinh dac trung”.

Gia siur cho hai tdp hop 4 va B. Tt hai tdp hop
nay ta noi vé quan hé bing nhau va cac phép
toan dé thanh lap tip hgp méi.

1) Quan hé bang nhau. Hai tap hop A va B dugc
xem la bing nhau va viét A = B néu chung bao
gém cung nhirng phén tir nhu nhau, nghia 1a

A=B & AcBva BcA.
Néu hai tip hop 4 va B khong bing nhau thi
viét A # B. Diéu nay c6 nghia ring trong hai tp
hop A va B co it nhit mét tip hgp chita mjt
phén tir khong c6 trong tap hop kia.
2) Phép hop (phép cong). Hop cua hai tap
hop A va B 13 tap hop C gom tat ca céc phén
tir thudc it nhdt mdt trong hai tdp hop da
cho, ky hiéu C =AU B. Nhu vy
C=AuB={x: xedhodcxeB}.

Vidul. 4=10,2,4,6,...2n, ..}
vag B= {1,838, drt 1,3
Khido AuB=1{0,1,2,3,4,..,n,..} = N
3) Phép giao. Giao cua hai tip hop 4 va B 1a tap
hop P gbm tt ca cac phan tir dong thoi thude ca A
An B.KyhicuP=ANB= {x:xeAvaxeB}.
NéuA N B=( thiA vaBroinhau.
Vidu 2. Trongvidu l tac6 AN B = &,
4) Phép trir. Hiéu cua tap hop 4 voi tap hop
B la tap hgp H gom tat ca cac phan tir thudc
A nhung khong thudc B. Ky hiéu
H=A\B= {x: xed va x¢B}.
Vidu 3. Trongvidul taco
N\{1,3,5,...2n+1,..) =12,4.6,....2n,...}.

Cac phép toan vé tap hop thoa min cac dinh
luat thong thudng cua sb hoc: giao hodn, két
hop va phan phdi. Tuy nhién né ciing cé
nhiing tinh chit rat xa la vdi sb hoc.

1. Avd=4; AuB=A4 néu Bc A;

ii. AnA=4; AnB=Anéu Ac B.
Néu mdi ph?m to cua tdp hop 4 cung la phﬁn
to cua tdp hop B thi ngudi ta goi 4 la tdp
hop con cua B va ky hiéu 4c B. Khi do
nguoi ta nél 4 bao ham trong B hay Bo A4 va
noi B chira 4.
Tir dinh nghia suy ring bao gid ciing c6 4 4,
tirc 12 4 1a tdp hgp con cua chinh noé. Cing
theo dinh nghia ngudi ta xem tap hop rong
& la tap hop con cua bat c tip hop 4 ndo.
That vay, néu khong nhu thé thi trong tap hop
& phai chira it nhit mot phin tir khéng chira
trong A. Nhung trong @ phan tr nhu vay
khong ton tai vi @ 1a tap hop khong chira phén

tir nao.
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Néu d¢é; VGi hai tap hop 4 va B ma Ac B nhung
4 # B thi ngudi ta noi ring A 1a 1dp hop con
thuc sy (THCTS) cua tap hop B.

3% Tap hop twong duong

Gia sur xgy tap hop A4 cac phan tir tiy y. Néu
dém 1an lugt cac phan tr cua tap hop ay ma
den mot lic nao dg ta dém hét dwoc céc phan
" cla 6 thi ngudi ta noi rang 4 1a rdp hop
hitu han cge phan e va sé lwong phan tir cua
4 ¢6 thé biéy thi dugc boi mot s6 t nhién nao
do.

Vi duy:

hitu han.

D Tap hop céac chi cai Tieng Viet la

2) Trong tdc pham  "Newci dém car",
Archimedes da tinh $6 lvong hat cat can deé

= N i % g N > 035
lap dav vi fru la hitu han va bang 8. 10°

(M. Ps g tap hop hitu han.

Bén canh cac tap hop hitu han con ¢ nhitng
tap hop ma khi dém: mai mai vin con nhitng
pbé‘m tr chua dugc dém téi, Tép hop loai nay
co tén goi la tdp hop vé han phan tr. ¢ day
tinh v6 han phan tir ¢6 thé hidy 13 ¢4 phan tir
cua tap hop vo han nhiéu hon bét ey mét s6
lugng nao dinh gan cho né Tap hop v han
don gian nhat 14 tap hop céc s6 tu nhicn N,

T vi du gian don vé quy tic sap xép chd ngdi
cho khach trong khan phong, nha toan hoc thien
tai G. Cantor da nay ra mot ¥ niém thuin toan
hoc 1a phép twong g, Quy tic do la: mdj
khach s dugc danh mot va chj mot ghé va moi
ghé chi danh cho mt va chi mot khach ngoi.

Tir day, phép tuong img don trj mot - mgt (g0i
tit la phép tuong irng mét - mot) cua Cantor g
d&i. N6 cho phép ong néu ra

Pinh nghia. 1) Néu theo mét quy tac nao g4

méi phan tw a cua tdp hop A déy uong iipg

SN H ]
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si mét va chi mot phan tir b cuq 4
véi mét va chi mot p D he v

» tde nao do moi phap tir
theo quy tac n bep éu

twong iimg voi mot va chi mgt phiy i g

(=]

thi giita cdc phan tir cua hai tgp hop 4 i
o

da xdc lp dwgc mot phép tuong trng mey

mot.

2"). Néu giita cdc phan “f cua hai 1g,
khdc nhau A va B co thé xdc ldp mg; Phé,
tuwong ung mot - mot thi A va B duge go; i
cac tap hop tuwong dirong hay c¢ Cling fy,
lwong. Ky hiéu: A~B.

Quan hé twong duong nay c6 tinh chét phan xy
A ~ 4, doi ximg: néu A~B thi B~y y bic
cau: néu A~Bva B~Cthid~C.

Vi du. 1) Hai tip hop hiu han tiwong dirong

khi va chi khi s6 phan tir ciq ching hang
nhau.

2) Tap hop moi sé tie nhién N lwong dirong vii
tap hop moi s6 chin véi pheép twong g m -

motla fin) =2y voi n=0,12.

3) Tap hop moi sé e nhién N tong dicong

VOi 1¢p hop moi sé nguyen Z vei phép trong

ng mot - mat g

frong d¢ x ¢ N,ye; {(,(J la phan ngunvén cua so

2.

Vi du thit hai vira pay 14 rit dc bist: d6 1a tap hop
Yohan N =0y o oy, .} lai feomg diong
Vi mét 1 hop con thye sw cua né 14 tap hop
Cdc s duong chip. Tinh chit nay hoan i
khng co ddi ve s tap hop hiru han. Dieu 18
8201y cho R, pe

=0 moi
) dekind da ra dinh nghia ™7
VE tﬁp hop vo han




Binh nghia (R.Dedekind). Mt tap hop duoc
801 la vé han néu né chira mét tdp hop con thuc

sw tuwong dwong voi no.

Richard Dedekind (1831-1916)

4°. Luc lugng cua tip hop

Ngudi sang lap LTTH - G. Cantor di néu ra
dinh nghia sau day.

Dinh nghia. Gia su moi tap hop A, B, ... duoc
phdn thanh cac lop sao cho hai tap hop o cung
mot [op khi va chi khi ching twong duong nhau.
Nguoi ta xdac lap su twong tmg méi 16p tdp hop
dy mét dau hiéu o nio dé va sé goi né la Iyc
lweomg ciia tdp hop bat kp cia 16p nay. Ky higu luc
Iuong cuia tap hop A la card 4 = o, trong dé card
la phan dau cua tir cardinal ¢6 nghia la ban 56.
Ta néu ra vi du ap dung sau day. Gia su lop
chira tp hop 4 = {a, b, ¢} dugc dat tuong ung
véi ddu hiéu "3”. Khi d6 c6 thé néi ring tap hop
bAt ky twong duong véi tap hop 4 (néi mét cach
don gian 12 bt ctr tap hop nao gom 3 phin tir)
déu c6 lyc lugng 1a 3.

Nhu vay: dau hiéu dugc gan cho lop tap hop
tuong duong nhau c6 thé xem nhu ky hiéu lyc
lirong cua tap hop da cho. Tiu dinh nghia va vi
du suy rang néu 1op da cho gdm cac tap hop

tuong duong 4, B, C, ..., E va 16p nay duogc dat
tuong Gng vo1 ban s6 o thi

a =card 4, a=card B,a=card C, ...,

a = card E.
T nhitng 1y giai & trén ta c6 thé két luan: luc
luong cua mdt tip hop 1a biéu thi mét cdi chung
cua né va cua moi tdp hop tuwong duong véi ne.
Pbi véi cac tap hop hitu han lyc lugng chinh 14
s6 phan tir cia no. Déi voi cac tap hop vo han
khai niém "sb phﬁn to" 1a khong co6 nghia. Do dé
ta chi c6 thé néi dén luc luong cia nd. Tir d6, luc
luong 1 sy khai quat hoa ty nhién cia khai niém
s6 luong.
Néu hai tip hop 4 va B khéng twong duong véi
nhau thi ta s& gan cho chung cdc ddu hiéu phan
biét nhau o va B (a# p), nghia 12 ta néi ring cac
tap hop nay la luc lugng khong béng nhau.
Nho nhitng phat hién tinh vi cua minh G.
Cantor @3 bt diu vén dan cai man bi mat cua
cai vo han. Ong da di dén két luan co it nhat 1a
hai kiéu vé han: vé han dém dwoc va vé han
khéng dém duwoc. V6 han kiéu thir nhér: d6 13 cai
v6 han cta tip hop sé tu nhién va cua mo1 tip
hop tuong duong véi nd, goi 14 cdc tdp hop dém
dugc. Luc lugng cua cac tip hop dém dugc goi

la luc heong dém dioe va duoe ky hidu 1a X,
(alép-zero). D6 1a chir cai dau tién trong bang
chir cai cua nguoi Do Thai.

Kiéu v6 han thir hai: d6 13 loai vé han cua céc
doan thﬁng cta duémg thang. Luc lugng cua cac
tap hop nay duwoc goi 1a luc lugng Continuum,
trong d6 Continuum c6 nghia 13 lién tuc. Luc

lwong Continuum duoc ky higu 1a C.



5% So sanh cac luc luwgng. Cac dinh 1y €0 ban

vé LTTH ngay tho ‘
Sau khi néu ra dinh nghia lyc lugng, mot van de
tu nhién dat ra 1a so sanh cac luc luong cud cac
tap hop v6 han. Piu tién Cantor néu ra

Dinh nghia. Gid sir céc tdp hop A va B co luc
lwong tuwong wng la ava p. Khi do, néu

1) 4 va B khéng tuong dwong,

i) nhung tdp hop B c6 chira tdp hop con B ~A
thi nguoi ta néi rc'z"ng tap hop B c6 lic luong lom
hon, con tdp hop A c6 hec liwong bé hon va viét

a<fB ,B>a.

Chang han, néu 4 = {a, ..., a3y} va B ={b,
wes byg} thi card 4 = 32, card B = 49. Ro rang
la 4 khéng tuong duong véi B nhung 4 ~
B'={b,, ..., byy} = B. Do dé card 4 < card B.
Trong LTTH "ngédy tho" hai thanh tyu sau day
duoc xem la tinh vi nhat.
Dinh Iy Cantor — Bernstein. Néu méi tap hop
trong hai tdp hop cho trirée la twong dwong voi
mét tap hop con thuc su cua tdp hop kia thi ching

tuwong duong voi nhau va co cune liee luone.
g g g 1L ong

Felix Bernstein (1878-1956)

Trong mot thoi gian dai G. Cantor d3 khéng
thanh céng trong viéc chimg minh dinh ly nay.
Ong da thong béo diéu nay cho R Dedeking
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Dén dau thap nién chin muoi cua th§ ky Xix
nh vién tré cua R. Dedeking 13 Fely
Bernsteir,(” (1878 - 1956) da Chﬁ"g Min
thanh cong. Nhu vay G. Cantor di giz; duyiy

tron ven diéu kién dé hai tap hop c6 Iy lugn,

mot si

bang nhau.
Tiép theo, G. Cantor da ching mink Dinj y
1én tai vé 56 cde luc lwong khde nhay oy
tap hop v6 ban. bo la
pinh ly Cantor (1878). Luwc lugng cyq tdp
hop moi tdp hop con cua tap hop khéng ong
bét ky cho triede la Ion hon luc lugng o,
chinh tdp hop do.
Qua dinh ly nay, Cantor con chi ra "thugt
toan" tim tap hop c6 luc luong 1én hon i
hop da cho.
Chéng han, xét tap hop S = {a, b, c}. Khi c6 tip hop
moi tap hop con cua S s€ la

P(S) = {@, {a}, {b},{c}, {a, b}, {a.c},

{b, c}, {a, b, c}}.

Ro rang la card =3 < card P(S) = 8.
Tir d6 ton tai cic luc lugng 16n hon luc hrgng
bt ky cho truée. Do dé_khdng cé lc heong nio
la 16n nhat. Nhumg rdi mot cau hoi khac lai nay
ra: C6 ton tai hay khéng luc lwong bé nhat? vi
G. Cantor di tra 16i rang: Co tén tai | D6 chinh

la lirc livong alep-zero |

6°. Tap hop dém dwgc va khong dém duge
Gia sur cho tap hop bét ky 4. Khi a6

1) Néu tén tai mdt phép tuong tmg mot - mét
A dén tap hop {1,2, .. » - 1, n} thi 4 dudc g

14 tap hop dém dwoc hiru han gom phén t ¢

1) Co tai lléu Viét ﬂhém Felix Bernstein 111;‘1[]11 SN

Bernstein (1880 - 1968) 14 nha Toan hoc vi dai Ne?




2) Néu ton tai mot phép tuong ing mét - mot tir
Adén N thi 4 duoc goila tip hop vé han dém
duoc. Noi mot cach khac, mot tap hop dugc goi
la dém dugc néu cac phin tr cua nd c6 thé danh
56 boi moi s6 ty nhién.
Vidu. 1) Tap hop 4 = {1,4,9, ..., n*, ..} ld tdp
hop dém duoc véi phép tuwong ung mét - mot la
fn)y=r*n=12,..
2) Tap hop moi 0 dirong chan va tap hop moi 6
duong le déu la nhitng tip hop dem duoc voi
phép twong img mot - mor lan liwgt la

S =2nva fim)=2n-1,n=1,2,...
3) Tap hop cdc s6 nguvén Z la dém dwoc voi

phép twong irng mot - mér la
[
n=|—=1(=-D", neN
Jq [2 J( )
trong do [B] la phan nguyén cua sé B, hay

-n
néu n le.

n £ ] v oS
fn) = > néun chan va bang

4) Sw dung phuong phap duong chéo do minh
dé ra Cantor @i chimg minh rdng tdp hop cdc
56 hiru ty Q la dém duroc.

Van véi phuong phap dudmg chéo, G. Cantor da
ching minh dinh 1y co ban vé tap hop khong
dém duoc. Do 1a

Dinh ly (Cantor). Tap hop moi $6 thye & giita 0
va 1 la tap hop khéong dém duoc.

Va nguoi ta goi mot tap hop twong dirong voi
tap hop cac $6 thire trong khodng (0, 1) la tap
hop luc lwong Continuum hay luc luong C,
trong d6 C la chu cai dau cua tr Continuum
nghia la lién tuc.

Vi du. 1) Moi doan thang [a, b] déu c6 luc liwgng
C vi ring (0,1) ~ [a, b] véi phép tuong ing mét -

métlay=a+(b—-a)x, xe(0, 1).

: il T

2) Tap hop moi 56 thue R ¢6 lyc lugng C vi
(0,1) ~ R voi phep tuong tng mét - mét la

y =tan (2x - I)%,xe (0, 1).

3) Ngudoi ta cing da chimg minh rang tap hop
cdc s6 vo ty va tdp hop cdc so siéu viét déeu ¢é

liee luwgng C .

*

Vao thoi diém khi cac thanh tuu cua G. Cantor
dugc thira nhan mét cach rong ri va triét dé thi
ngudi ta phat hién ra mét sb nghich 1y dau tién
do sir dung qué u tu do cac khai niém vé tip
hop (nhur tip hop moi tap hop c6 thé co hay tap
hop khong tw chira né nhu mét phin tir 1 nhimg
tap hop khong ton tai.)

Nhung Cantor van giit niém tin vao ly thuyét
ciia minh va tuyén bd: "T6i tin LTTH cua téi

chac chan nhu tang da".

David Hilbert (1862-1943)

Con D. Hilbert thi khang dinh:

. To"'z' hinh dung rang ddy la déa hoa tuyét trin
nhdt ciia twr duy toan hoc va la mét trong nhirmg
thanh twu vi dai nhdt cua hoat déng con nguroi
trong linh vyc tw duy thuan tiy".
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CAC LOP THCS

Bai T1/547 (Lop 6). Tim tt ca cac cap sd nguyén

duong (a; b) sao cho a-

cing la s6 nguyén
ab+3

duong.

NGUYEN TAN NGQC

(GV THCS P. Binh Binh, An Nhon, Binh Dinh)

Bai T2/547 (Lop 7). Cho tam giac ABC véi

BAC=30", ABC =80". Trén nura mit phing khong

chira diém B véi b 1a dudng thing 4C, liy diém

D sao cho tam gidc DAC can tai D vi ADC=160",
Tinh s6 do cua goc DAC.

HUYNH THANH TAM
(CB Buu dién TX. An Nhon, Binh Dinh)

Bai T3/547. x, y 1a hai sé thuc thoa man x > 2,
0 <y < 1. Chimg minh rang

x+y52(1 1).

X4y Yy +x kx+4+y+4

NGUYEN KHAC TOAN

(36 Pao Nhudn, Hai Phing)
Bai T4/547. Cho tam gidc ABC can tai C, co
C=30", dudng cao AH. Tir trung diém M cua
canh BC dung duong vudng goc voi BC cit canh
AC tai N. Phan giac cua goc NBC cit MN tai P.
Phn gidc cia goc NAH cht BC tai Q. Chimg
minh PN = PO va AANP =ABQP.

PHAN THANH QUANG

(65/4 Nguyén Vin Giai, P. Pa Cao, Ol.
TP. Hé Chi Minh)

TOAN HOC
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Bai T5/547. Cho céc 50 'thL,rc @ b ¢ thoy g,
a#0,2a—b+c=0 Xetphuong trigp ps haj
ax’ +bx+c=0 (1).
2) Chimg minh ring hai s0 nguyén lién tiép Ky
khong thé dong thoi 1a nghiém cua phyong
bac hai (1).
b) Chimg minh rang nghich dao cua cin bac ha;
cua hai sé nguyén duong phéan biét khong thé
ddng thoi la nghiém cua phuong trinh bac haj (1),
NGUYEN VAN x4
(GV THPT Yén Phong 56 2, Bic Nink)
CAC LOP THPT
Bai T6/547. Giai hé phuong trinh sau
x>0,y>0,z>0
x+y+z=3
x2y+yzz+zzx=4
TRINH XUAN TiNH
(GV THPT Phu Xuyén B, Ha Ni)
Bai T7/547. Cho 0<x, y<1.Chirng minh rang

8(x+y =1y —9xy(x+y—1)+xy>0.
NGUYEN ANH VU, NGUYEN TAN MANH
(GV THPT chuyén Chu Van An, Binh Dinh)
Bai T8/547. Cho hinh chop S.ABCD c6 day
ABCD 1a hinh thoi canh bing a, S4 = SC = a3,
SB = 8D. Goi ¢ 1a goc tao boi mat phing (S4B) va
mt phing (SCD). Ching minh rﬁng cos(pZIg-

NGUYEN QUANG NAM
(GV THPT Quy Hop 2, Nghé An)

Bai T9/547.  Ching minh ring trong tam gidc
ABCbat ky ta ludn co

Fe.. A . A4 A r
1+—Ss 0 3 _—,
R ln2+sm——2+sm-2s 2+2R

frong d6 ky hiéu r, R 1in luot 14 ban kinh dwdn2

On ndi tiep va ngoai tiép tam gisc 4BC.

NGUYEN VIET H_UN.(;
(GV THPT chuyén KHTN, PHOG Ha M



TIEN TOI OLYMPIC TOAN ]
Bai T10/547. Cho P(x)eZ[x] Xétday (x,).,
dinh boi x, =ceZ;x,, = P(x,),Vk20. Biét mdi sb

Xac

nguyén dwong m déu 1a ude cia mot sé xg (x; # 0)
nao do cua day. C himg minh degP = 1.

PO LE HAI THUY
(GV THPT chuyén Bao Léc, Lam Pong)

T11/547. ham
S+ (05490) - (0;4+90) sa0 cho vé&i moi x, y duong ta

udn cé: ()2 f(x+y)(f(x)+y).

Bai Tim tit ca cac

NGUYEN BUC TUONG
(Pleiku, Gia Lai)
Bii T12/547. Cho tam giéc nhon ABC, khong can
tai 4 va ndi tiép dudng tron (0) véi AB < AC. Cic
ti€p tuyén tai B, C cua (O) cht nhau & D. Goi M, N
lan luot 1a tam dudng tron ngoai tiép cac tam giac
ACD, ABD. Goi K la giao diém cua BM véi CN; E
1a trung diém cua BC. DPudng thang qua E va
vudng goc véi AE cét cic duong thing OM, ON
lan luot tai X, Y. Gia sit BC 1 tiép tuyén cua
dudng tron ngoai tiép tam giac MEN. Chirng minh
rang céc dudng tron ngoai tiép hai tam giac DBC,
DXY tiép xtc véi nhau.

NGUYEN ANH TUAN
(GV THPT chuyén Bac Giang)

PROBLEM IN

FOR SECONDARY SCHOOL

Problem T1/347 (For 6" grade). Find all pairs of

. a — .
positive integers (a; b) so that is also a

ab+
positive integer.
Problem T2/547 (For 7" grade). Given a triangle
ABC with BAC=30", ABC =80". On the half plane

which does not contains B determined by the line

AC, choose the point D so that the triangle DAC is
isosceles with the vertex angle ADC =160". Find

the measurement of the angle DBC.

Bai L.1/547. Mgt 10 xo nhe c6 do cing & = 100
N/m va chidu dai tu nhién lp = 0,3 m, mot dau c¢b
dinh, mot dau gﬁn v&i khdi go hinh hop chir nhé'xt
nho ¢6 khoi luong m = 1 kg. Hé vit (16 xo va khdi
gd) dugc dat trén mat ban nam ngang. Biét 'hé 50
ma sét giira khéi gd va mat ban la p = 0,1, lay gia
tdc trong trudmg g = 10 m/s’. Kéo khic gb trén
mit ban dé 16 xo dan thém 0,1 m rdi tha nhe cho
kﬁéi b dao dong. Xac dinh chiéu dai ngén nhat
cua 1o xo trong qua trinh khiic g6 dao dong.

VIET CUONG (Had Néi)
Bai 1.2/547. Mot may bién ap li tuong cé cudn so
cép mic vao dién ap xoay chidu c6 gia tri hiéu
dung khéng d6i. Khi dong thoi giam 2a vong day
& cuén so cip va 3a vong dy & cudn thir cip thi ti
s6 dién ap hiéu dung & hai ddu cudn thi cép dé ho
khéng thay ddi so v&i ban dau. Khi dong thoi ting
b vong day hodic dong thoi giam ¢ vong day & ca
hai cuén so cép va thi cip thi dién 4p hiéu dung
hai ddu cudn thir cip dé ho déu thay ddi mot
lugng la 10% dién ép hiéu dung hai ddu cudn so
cap. Tinh ti s6 %

THANH LAM (Ha Néi)
THIS ISSUE
[3/347. Given real numbers x, y
satisfying x> 2, 0 <y < 1. Prove that
1—'2!, 1 - ! \

\x+4 _v+4J'

Problem

X v
+ b

Xty

Problem T4/547 Given an isosceles triangle ABC
with the vertex angle € = 30°. Let 4H be one of
the altitudes. The perpendicular line to BC at the
midpoint M of BC intersects the side AC at N. The

angle bisector of NBC intersects MN at P. The

angle bisector of NAH intersects BC at Q. Show
that PN= PQ and A4NP = ABQP.

Problem T5/547. Given real numbers a. b, ¢

satisfying @ # 0, 2a — b + ¢ = 0. Consider the

quadratic equation ax” +bx+c¢=0 (). @

TOAN HOC
Cerusite 23

S3& 547(1-2023)




& a) Show that two consecutive integers cannot

be both solutions of (1).

b) Show that the reciprocals of the square rool of
two distinct positive integers cannot be both
solutions of ().

FOR HIGH SCHOOL
Problem T6/547. Find positive solutions of the
System of equations

X+y+z=3
{sz +y'z+z2'x= 4
Problem T7/547. Given 0<x,y<l, Show that
8(x+y—1)" =9xy(x+y-1)+xp 20.

Problem T8/547. Given a pyramid S.ABCD
where the base ABCD is a thombus of side a, S4 =

SC = a\3, SB = SD. Let ¢ be the angle between

two planes (SAB) and (SCD). Show that
6
>—
cos¢Q 3

Problem T9/547. Given any triangle ABC, show

that 1+L£sin£+sin£+sin£5 ’2+L,
R 2 2 2 2R

where r, R respectively are the inradius and

circumradius of ABC.

TOWARDS MA'I‘I‘IEMATICAL OLYMPIAD

m TI0547. Given  Plxjegpy
e

(Xk)pu is  determined as f()[l()w
h 3

Proble

sequence
x =ceZiX., =P ), Vk20. Assume  thy each
0

positive integer m is a divisor of some Xk (2 0
Show that degP = L.

problem TI11/547.  Find  all functign
11 (0;40) = (0;+00) 5O that for arbitrary Positive

numbers x, y, f2(x)2 f(x+y)(f (x)+y).

Problem T12/547. Given an acute triangle ABC
inscribed in the circle (O) with 4B < 4C Tig
tangents at B, C to (O) intersect at D, Let ) y
respectively be the circumcenters of ACD, 4pp
Let K be the intersection between BM and CN: apq
E the midpoint of BC. The line which passes
through £ and is perpendicular to AF intersects the
lines OM, ON respectively at X, Y. Assume that
BC is a tangent to the circumcircle of MEN. Show
that the circumcircles of DBC, DXY are tangent to
each other.

Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanor)

)

**#*************#**********#****************************************************l**

Gic‘n m toén hot _, DPON XUAN

Cung ban chung vui véi Tét Meéo

Nhar tieng nam thang viegpt gieo neo
Nghiém doi chiu kha khong cam khe
Tu nghiép chuyén sdu thoat canh nghéo
Mo toi doan giau lo kham pha

Vieon lén tam kha g(jng noi theo

Pén chao Quy Mdao niém tin lon

Twong ai, twong than vieng mdi cheg.

PAO TAMm
(Ho1 Ciu gido chizc - Trucng DI pipy

TOAN HOC
" cTusitye
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CHUC MUN& XUAN QUY MAO
Todan hoc mirng vui dén muén nha
Chiic cho ban doc k!rcf]} gdﬁ xa
Nam moi luén tran dav khi thé
Hoc hanh tin 16 mai thang hoa
Muén dicu 1 dep sé bay vé
K/rcfp chon thi thanh téi lang qué
Ho xam ngodt duei chao tam biet
Méo ngoan iy VUit cuci ha hé
Tuéi tré tai cao quyét xéng pha
Bao bai todn khe chang né ha
Dai 56, hinh S0... khong nao niing
Quy Mao xuan vé rén khiic ca

LE QUANG BAY

(B4~ 02 Ng6 87 Lign, p. 4, Hoa, TP. Rach 6%
Kién Giang)

‘*’q
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Bai T1/543. Tinh

S 3 2020 2022
=—+—+ 4.+ +
2! 31 4 20211 2022!

voi n'=123...n

Lai gidi. Véimdi sd nguyén duong 7 ta cé:
m+D!=nHn+1).
Tur dé6:
B _mr+l-1 #u+l 1 1 1

(r+D)! (n+D! (m+D)! (meD)! nl (aeD)!

Cho sb nguyén duong n lay céc gia tri nguyén lién
tiép tir 1 dén 2020 co:

1. 2 3 2020 2022

= — ettt

2! 31 4! 2021 2022!

1 1 1 1 1 1 1
=———t——— .. - 5 =1.
1 2! 2 3! 20200 20210 2021

Nhén xét. Cé ban viét nhdm phan sb cudi cung nén
ra dap sb khac. Céc ban sau c6 1o giai dang. Nghé
An: Pham Tran Linh Pan, 6C, THCS H3 Xuan
Huong, Quynh Luu; Hoang Van Duy, 6D, THCS Ly
Nhat Quang, Dé Luong; Ha Tinh: Nguyén Thi Ngoc
Trdm, Lé Thoi Tri Diing, 6A, THCS Nguyén Du, TP.
Ha Tinh; Quang Ngai: Huynh Diém Quynh, 6B,
THCS Pham Van Péng, Nghia Hanh; TP. Hb Chi
Minh: Neuyén Trinh Phuong Minh, 6/14, THCS L¢
Quy bon, Q.3.

NGUYEN VIET HAI

Bai T2/543. Cho hai da thirc
f(x)=ax’ +bx+c
va g(x):(c—b)x2+(c—a)x+a+b,
trong dé a, b, ¢ la cdc 56 nguyén va b # c. Biét

ring fix) va g(x) c6 mot nghiém chung. Chirng
minh rang a + b + 2009¢ chia hét cho 3.

Loi giai. Ta co:
j'(,\')—g(X)-_—(a +b-c)x’ +(a+b—c)x—(a+b~c)
:(a-+»b—c)()c2 +x—1).
Xét 2 trudong hop :
1) Néu a+b-c=0 thi a+b+2009c=2010c
chia hét cho 3.
2) Néu a+b-c#0 thi nghiém chung x, cia
f(x) va g(x) 1a nghiém cva X +x-1=0 lasd
vd ty. Chia f(x) cho x*+x-1 ta dugc thuong
la g va du la mx+n. Thay x, vao
f(x):(x2 +x—1)q+(mx+n) ta co:
Oz(xg +x, —l)q+(mx0 +n)=mx,+n.
Do x, la s& vO ty ta ¢&6 m=n=0. Viy
f(x)z(x2 +Jc—1)q'+(mx+n)=(x2 +x—1)q.
Vi f(x)=ax’ +bx+c¢ chonén a=b=-c. Khi
dd a+b+2009¢c =2007¢ la boi cia 3.
Nhén xét. Chi co ban Lé Tuan Hiép, 7C, THCS
Poan Thi Piém, Yén My, Hung Yén cé 101 giai
ding.
VU DINH HOA
8x' = p(16+3x") (1)
Bai T3/543. Giai hé {8y' =z(16+3y") (2).
'LS:* =x(16+3z*) (3)
Loi gigi. Tehé suyra x,y,z>0.
DE thiy néu mét trong ba s6 x,y,z bing 0 thi hai
sO con lai cling bfmg 0; chéng han néu x=0,
(I)suyra y =0 thay vao (3) ta dugc z=0.
Nhan thiy (x,y,z)=(0,0,0) théa méan hé.
Ta xét trudng hop x,y,z>0.
Ap dung bt déng thirc Cauchy cho bén sé duong,
ta co:
1643x* =16+ x* + x* +x* 2 4Y16.x* x* x* =8%".
Do do tir (1), ta co:
8x" = y(16+3x4) >y8x =>x2y.
Dau ding thic x4y ra khi va chi khi
X =16x=2.



Tuong ty: (2)= 5 . (3)=>z2x.

Suy ra X=y=z=2, thoa man hé.
Vay hé da cho 6 tap hop nghi¢m la:
(x.7,2) €{(0,0,0)5(2,2.2)}.

Nhin xét. Co tha giai bang cach khac nhu sau:

§_1_6_+3
4
y &
. g8 16
Véi x,y,250 hé tuong duong voi j=}7+3
§=-l—?+3
2
E)z}ta=—2-,b=—2-.c=g (a,b,c>0)
% ¥ z
(a*+3=4p (4)
Ta dugc {b* +3=4c (5).
c*+3=4q (6)

Néu a,b,c khéng ddng thai bang nhau, chang han
a>b (cac trudng hop khac, 1am tuong tyr), tir (4),
(5), (6) suy ra mau thuin
a=b=c,

Thay vao hé , ta dugc:

@' ~4a+3=0e(a-1) (¢ +2a+3) =0 > a=1.

Tudécod x=y=2=2.

a>b>c>a. Viy

Céc ban sau day c6 bai giai tét -

Nghé An: Nguyén Dang Quang, Nguyén Thi Bago
Ngoc, Nguyén Van Viét, 9B, THCS Ly Nhét Quang,
DO Luong ; V5 birc Lic, 8A, H3 Ting Lim, 8C,
THCS Hé Xuan Huong, Quynh Lwu; Ha Tinh:
Tran Diéu Linh, 9A, Duong Tudn Vi, 8G, THCS
Nguyén Du, TP. Ha Tinh, Phan Thy Trang, 9E,
THCS Binh Thinh, Dic Tho; Binh Dinh: Nguyén
Nguyén Thinh, 9A4, THCS P. Binh Binh, Ap Nhon:
Phi Tho: Kiéu Minh Vieong, 9A3, THCS Lim
Thao, Lam Thao; TP. H6 Chi Minh: Nguyén
Chanh Thién, 8/14, THCS Lé Qiy Dén, Q.3; Son
La: Luong Hitu Bach, 9A1, THCS Nguyip Trai
TP. Son La; Thanh Hoa: Trdn Cm T4, 98, 1yyc
Trén Phu, Néng Céng.

NGUYEN ANy DUNgG

TORN HOC
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v ra/ad3. Cho diong tron (O R), gy, ..
Bai IJ;?-L - " H’());h, kinj,
o s f dong tren (O) khono 1 o

BC Ala diem di de o 8 ung VoI
. la hinh chieu cua A tréy BC Ey,;

C Goi Hla! ) Efq lrung
-1 i jo 17

diem cua AH. Duong thang qua H yg Vitong

g{; ¢

 CE cat dwong thang BA tai D ¢y, ,
Vo CL cdl (jrfUHk.., S ; (.’Hf”g ””Hl’j

CD ¢6 do dai khong doi.

Loi gidi.
# D
A
EL VK
g
8 F H

Cich 1. Goi F 1 trung diém cua BH.
Vi EF 1a duomg trung binh cua tam gide AHB nén
EF/IAB,suyra EF | AC.
Tam giac AFC ¢ FE L AC, AE 1 CF nén E la tnre
@m, do d6 CE L AF. Ma CE | DH nén AF // DH.
Tam gidc DBH 5 F 1a trung diém cia BH,
F4 Il DH nén F4 1a dutmg trung binh, do do 4 la
trung diém cia B,
Tam giac BCD 6 ¢4 13 trung tuyén déng thoi 1a
dudng cao nén ABCDH can tai C, do d6 CD=CB.
Vay CD=2R o6 ¢ a3 khéng dbi.
Cach 2, GoiK 13 giao diém cua 4D va CE.
Tir giac CKAD ¢ CKD = CAD = 90° nén CKAD 1
0 gidc ngi tidp, 1 g ADK = ACK .
T&d0suy ra ADHE o pcp 4 (g.8), taco:

DB By

a = —E (1).

Lai ¢ AHB i AC4p (g.g), suy ra:
BH 4B
S (2)'
AH 4C




DB 4B

2CA  AC’

Te (1) va (2) suy ra do d6

DB =2A4B.
Vay 4 1a trung diém cua BD, suy ra tam giac BCD
can tai C, do 46 CD = CB = 2R (khéng déi).
Nhdn xét. Bai toan c6 nhidu cach giai. Cac ban sau day
co o1 giai tot.
Binh Dinh: Ngiyén Hi Tri, 11A1, THPT Sé 2 Phu
Cat; Nghé An: Line Trong Phiic, 9B, THCS Dgi Cung,
TP. Vinh; Nguyen Bang Quang, 9B, THCS Ly Nhit
Quang, D6 Luong: Phi Tho: Kiéu Minh Vieong, 9A3,
THCS Lam Thao; Son La: Lwong Hitu Bach, 9Al,
THCS Nguyén Trai, TP. Son La; Thanh Héa: Nguyén
Van Birc Quang, 9K, THCS Tréan Mai Ninh,

NGUYEN THANH HONG
Bai T5/543. Cho x, y la cdc s6 thuc thoa mdn
27x" +216)" =16. Tim gid tri Iom nhar cua biéu
thuee
(x+2y+1)

A= - = ;
(X + v )=2(2x+ )+ 3

Laéi gigi. Ap dung BDT Cauchy, ta co:
27x’ +8+8>3./27x".8.8=36x;

216y" +8+8>33/216)°.8.8=72y.

Suyra: 16 + 32 =27x + 216y + 32> 36x + 72y.
Do do

343

4 3
x-i-2y£§:(”‘)<:>(Jc+2y+l)1 S(3~+1J = 7

Lai co:
3T +y*)-2(2x+ y)+3

4 4 , 2 1) 4
=3[ x*——=x+—[+3] y —=y+—|[+=
__3[;( 33+9J+ [y 37 9) 5

4
2_ **).
3 (
343 4 343
Dodb AS—:1—=—+;
odo A4 2733

4=3% 1hi va chi khi x, y ddng thoi thoa man
36

cac diéu kién sau:
W+ 216)° = 16; 3x =2

1
6y=2;, x—— 0;y—§=0
. 43 343 .
Viy A c6 gia tri lén nhat bang %kh’
2 1
:c—3,y 5

Nhin xét. Da sb cac ban giri bai déu cho 1di giéi
ding. Miu chdt cua bai toén 1a chi ra dugc BDT (*)
va (**). Viéc chi ra BDT (*) c6 nhiéu cach. C6 ban
da chimg minh BDT

S p > (a+b)3

a + (ddng thirc xay ra khi @ = b)

: 3x+6y) .
roi van dung 16 = (3x)* + (6y) = % dé suy

ra BDT (*). C6 ban st dung BDT Bunyakovsky cho

3 day sb dé co

Bx+ 6y +2)< (27 +216y° + 8)(1 + 1 + 1)(1 + 1+ 1)

=216, tr d6 suy ra BDT (*).

Tuyén duong cac ban sau 6 1oi giai tdt:

Phi Tho: Kiéu Minh Vwong, 9A3, THCS Lam

Thao; Som La: Lwong Hiu Bdch, 9A1 , THCS

Nguyen Trdi, TP. Son La; Nghé An: Neuyén Van

Viet, Ngu'\-'é:n Hitu Triéu, Ngn_\-'cfn Thi Bao Ngoc.

Nguyén Ping Quang, 9B, THCS Ly Nhat Quang.
PHAM THI1 BACH NGQC

Bai T6/543. Tim 56 nguvén 16 p dc tong

A=7"+9p" la 56 chinh phirong.

Loéi gigi. Theo gia thiét ta co:

A=7"+9p° =a’ ,aeN’
=7 =(a-3p)a+3p%)

a-3p'=7"
~ v Vo uveNu<vu+v=p
a+3p =7
=6p =7"(T""-1) ().
« Néu u = 0 thi v=p. Tu (1) ta dugc:
6p’ =77 —1.

Theo dinh 1y Fermat nho ta cé:

TOAN HOC
" cTusitre 2 7
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77 =7 (mod p) = 7° —1=6 (mod P)

Ma 6p’ =0 (mod p), suy ra:

6=0 (mod p) = p=2 hodcp =3
Thu lai, véi p =2 ta co:

A=T"+92°=49+576=625=25"
1a 56 chinh phuong.
Véip=3taco:

A=T +9.3% =343+ 6561=6904

khéng 14 s6 chinh phuong.
e Xétu21thi 7" >7. T (1) ta co:

k]
7" P

6p°, ma (7°,6)=1nén 7"
Vip 14 s6 nguyén té nén p=T.
Thur lai, véip =7 ta co:

A=7 +9.7° =716 = (7 4)
13 56 chinh phuong,
Két lugn: p=2,p=7lacacsbd nguyén t6 can tim.
Nhdn xét. Dy 1a bai toan sb hoc co ban, cé kha
nhiéu ban tham gia giai bai nay. Trong 15i giai da s6
cac ban sir dung dinh 1y Fermat nho dé danh gia tim
p. Céc ban sau c6 16i giai tht:
Hung Yén: Lé Tudn Nghia, 10 Toin 1, THPT
chuyén Hung Yén; Ha Tinh: Trdn Minh Hodng,
10T1, THPT chuyén Ha Tinh; Quéng Binh: Nguyén
Trdn Hoadng, 12 Toéan 2, THPT chuyén V3 Nguyén
Giap; Thanh Héa: Nguyén Vin Pie Qudng, 9K,
THCS Tran Mai Ninh, TP. Thanh Hoéa; Quﬁng
Nam: Tran Pham Minh Pat, Ngé Gia Truong, 10/1,
THPT chuyén L& Thanh Téng; Nghé An: H4 Xidy
Viét Hoang, 8C, THCS Hé Xuan Huong, Quynh
Luu; Ha Néi: Viet  Anh, 9C, TH,
THCS&THPT Archimedes Dong Anh; Pj Nang: 75
BDong Hai, 10A2, THPT chuyén Léa Quy Dén.

TRAN HU'U Na M
Bai T7/543. Cho x, y, z ld ba 56 thuc dueomg, Xeét

Trdn

hinh chiz nhdt ABCD ¢6 diém P nim trong mign

trong thoa min P4 = x, PB = ¥, PC =z Hgi dién
tich lon nhat cua hinh chiy nhdt ABCD li bag
nhiéu?

28

TOAN HOC
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Jii, Tasé chirng minh dién tich I¢n nht el
g

Lo dien e

+inh chir nhat bang X2+ N

pat PD = w. Xét hé truc 103 40 ¢6 goc P(g; g 1,
3

cic diém A(r; @) BUrs =5): €L =8), D(=t; ) 5,
g tlacac s6 thuc duong.

g7
J)lk
D(-t; 9) q A(r; g)
e X
— —
z P y £
C(-t; -s) B(r; -s)
Khi do:

=g +rt Y =+ 2 =5+ W =P 4 g,
Suy ra: x’+z° =y’ +w'=a’, & day w va o duoc
hoan toan xéac dinh theo x, y, z.

Ta c6 dién tich hinh chir nhat ABCD la:
S=(g+s)(t+r)=(gr+st)+(qt+sr).
Theo BDT Bunyakovsky ta c6:
(gt+sr) (g +r) (1t +57);
(gr+st) <(F +5°)(q* +1).
Ding thirc X4y ra gs = rt.

Do do: S<{(g” +r2) (> +57) + (P +5° )¢ +7)
=xz+yw=xz+y\/x?—|—z—2—yl (dpcm).

Hon nira, béng cach dat

wx z  IW
q:-*-,?‘=~xy—,s :y—,[,.—_——

a o o

thi hinh chit nhgt gy dugc o6 dién tich lon nhit.
Nhan x¢, Mot sé ban xét thiéu truomg hop VA c0
khong ding nén din dén két qua sai. Dung
Phip toa d§ dé giai bai nay sé cho 01 gl
SO0 Ban Lé Tudn Nghia, 10 Todn 1, THPT
uyén Hung Yén, Hung Yén c6 10i giai dung.

NHU HOANG

danh gia
Dhuong
ngan go
ch

Bai Tg/54 i ld
3. TI’O - & riroc l'ﬂy
ba diy, 4 ng’ madt phang (a) cho

W C
déy ¢ » € ¢o dinh sao cho tam gid¢ Aga‘i
“h a. Trong khéng gian Idy diém S thay 40



khdng thuge mar phcmg () sao cho khoang cach
tic A dén mat phang (SBC) hing khoang cach giira
hai diromg thang S4 va BC. SA = a. Chirng minh
diém S luon di dong trén mét duwong tron ¢é dinh.

Loi gidi.

B

Dung hinh binh hanh 4BCD. Goi H 1a hinh chiéu
vudng goéc cua S trén mat phang (a) va I 1a trung
diém cua canh BC thi 4/ 1 BC. Qua SH dyng mat
phing vuéng goc voi dudng thing BC cét cac
dudng thang BC, AD lan luot tai M, N. Dung céc
duong cao MP, NK cua tam giac SMN. Trong mat
phing (4BC) thi tir:
MN 1 BC,AI L BC

— MN /[ Al va MN = Al—a—;/_—

Ta thdy: BCL1(SMN) =BCLNK, két hop véi
NK L SM suyra: NK L(SBC).

AD J/ (SBC) = d(A,(SBC)) =d(N,(SBC)) = NK.
Mit khiac do ADL(SMN)= AD L MP, mi
MP L SN nén MP L (SAD).

BC I/ (SAD) => d(SA, BC) = d(BC,(SAD))
=d(M,(SAD)) = MP.

Tir gia thiét d (A4, (SBC)) = d(SA, BC) suy ra:
MP = NK = ASMN can tai S = H la trung diém
ctia doan thing MN. Goi O 14 trung diém doan

Al L OH
= AI 1 (SOH)
Al L SH

= (SOH)1a mit phing trung tryc cua doan
théng AL Vi Al cb dinh nén mat phang (SOH) cb
dinh.

Xét tam giac OSA vuodng tai O c6:

thang A7. Khi d6 {

(a3 _a13
4 4

Tir d6 trong mét phang (SOH) diém S luén chuyén

dong trén dudng tron tim O c¢é dinh, ban kinh

a\/—

SO =+54* - AO* =

R= (khéng ddi). Ta cé didu can ching
rnmh.
Nhdn xét. Bai nay chi c¢6 ban Nguyén Him Tri,

11A1, THPT Sé 2 Phu Cat, huyén Phu Cat, Binh
Dinh gui bai va cho 1o giai ding.
HO QUANG VINH
Bai T9/543. Cho cdc s6 x, y,
xyz = 1. Tim gid tri [6m nhdt cua biéu thirc
Pi=ie—— - ! - . +
2+ (x4 Yy +2)
1 1
+ S S S . R E—e
207+ +x( ++x) 224X (2 xt 4 y)

Léi gidgi (Cha ban Tiét Trong Khiém)

z dirong thoa mdn

Vi x* +y* 2 2xp nén
z()o:2 + y"‘) 22xyz =2.

Vil+z'22z;14 )" >2y nén

1
2x* + 7 +z():2 +y2+z)
_ 1
2x2+y2+zz+z(x2+y1)
1 1
-2x2+y2+22+z-2xy:2x2+y2+22+2
1 & 1

=2:cz+(1+y?)+(1+zz)_ 23" +2y+2z
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Tuong tu:

~2)}24-2)(4’22

2y* + 2 ‘1-x(y2 +2z’ +x)

va
1 DU S
22° +x +_y(z2 = +y) T2zt 42y+2x

Do do

2
20 +y+z Y 4x+z zZHy+x
Ta co:

1 p 1+y+z 1)

2

x2+J/+Z_(x+y+z)
That vay,
() (x+y+2) S(1+y+z)(x2+y+z)
Sxl+y +2 + 2xy+2xz + 2z
St +y+zryt +y +yz a4 zp+ 2
S y+z+x(y+z)-2x(y+2)20
<:>(y+z)(1+x2—2x)20

< (y+z)(x—1)’ 2 0: ludn ding.
Tuong tu, ta ciing c6:
: 1 p l+x+z7
Yotx+z (x+y+z)

\ 1 l+y+x
va 3 < %
zZ+y+x (x+y+z)
Chimg to
Psl{ l+y+z2 l+x+zz+_Luj£_
2 (x+y+z) (y+x+z) (Z+y+x)2
_3+2(x+y+z)
2(y+)c~l»z)2 .
Ta lai co:

(x+y+z)2=x2+y2+zz+2(xy+yz+zx)
2+ +22 423y yz . ox
=x’+y'+2°+6
=(x2+])+(y2+1)+(22+1)+3

>2(x+y+z)+3.

TOAN HOC
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1
Psl[ : + 1 +——’——_’]'

3+2(x+y+z) 1

j2(rtyrz) JEEIEIRL) )
( 23+2(x+y+z)] 2

/_—______

iy gt i em st cia P Kb x=y=zoy
Nhin xét. Cic ban duéi ddy gui béi’ gidi ding vs
céc cach gidi (danh gié bat dang thirc) khéc’nhau.
Cach giai cia ban Tiét Trong Khiém c6 mdt so sing
tao, din dén 101 gidi co ve gon hon ca.

l;inh Pinh: Vi Tién Dat, 12T, ~THPT chuyén Leg
Quy Don, TP. Quy NhO'n;~ Nguyén Hitu Tri, 11A1,
THPT Sé 2 Phu Cat. Pa Nang: 76 Déng Hai, 10A2,
THPT chuyén L& Quy Don. Gia Lai: Nguyen Th;
Kim Ngdn, 11A9, THPT chuyén Nguyén Binh
Khiém. Ha N@i: Trdn Viét Anh, 9Cl, THCS
Archimedes, huyén Pong Anh. Ha Tinh: Trin Minh
Hoang, Phan Nhdt Minh, Nguyén Trong Hoang
Nguyén, 10 Toan 1, THPT chuyén Ha Tinh; Diwong
Tudn Vi, 8G, THCS Nguyén Du, TP. Ha Tinh.
Hung Yén: Lé Tuan Nghia, 10 Toan 1, THPT
chuyén Hung Yén. Lam Dﬁng: Tran Céng Minh, 12
Todn, THPT chuyén Bao Loc, TP. Bao Loc. Nghé
An: Luu Trong Phiic, 9B, THCS Doi Cung, TP.
Vinh; Nguyén Hai Triéu, 9B, THCS Ly Nhat Quang,
H. D6 Luong. Quang Binh: Nguyén Tran Hodng,
Nguyén Thi Thu Phiwong, 12 Toan 2, THPT chuyén
V5 Nguyén Giap. Quing Nam: Trdn Pham Minh
Dat, 10/1, THPT chuyén L& Thanh Téng, TP. Hoi
An. Sé¢ Tring: Tiét Trong Khiém, 11A2, THPT
chuyén Nguyén Thi Minh Khai. Son La: Luong Hitu
Bach, 9A1, THCS Nguyén Trai, TP. Son La. Thanh
Héa: Neuyén van pie Qudng, 9K, THCS Tran Mai
I]j;ih;(:; T;lanh Hoéa. Thira Thién Hué: Nguyf.ﬂ
i i & Long, 10 Toan 1, THPT chuyén Quoc
Dao Trung Hiéy (hieudt] 4407 @gmail.com).

TA DUY PHUQNG

Bai T1¢; s i
543, Tim 1l ca cac da thice [voi he 59

hguyeén ~ 5 "y ) i
& thoa mép: Véi méi sé nguyen 0 p v mol

U, v e r:_ T oo
y my ¥, sap cho P J“V —1 thi

PLfw) fv)—-1.



Loi giai (Dya trén 181 giai cua ban Nguyén Trén
Hoang, 12T, THPT chuyén V5 Nguyén Giap,
Quaing Binh)

Neu f'1a da thic bic 0 ta df thiy fix) = 1 va

fix) = -1 1a cac da thire thoa man didy kién bai
toan,

Gia st f' 14 da thic bac »n > 0:
J@=ax"+a, x""+. +ax+a,
Xét da thire
gX)=ayx" +ax"" +. .+ a, ,x+a,.
Co dinh ueN, lay s6 nguyén t§ p > w. Khi dé vi
(u,p)=1néntdntai veN sao cho
uv =1 (mod p).

Theo gia thiét suy ra fu)AAv) =1 (mod p).
Theo modulo p ta cé:

u'f(v)=u" (anx" +a, X"+ . +ax+ au)

= an (uv)" + an_] (uv)n—lu R al(uv)un—l + aoun

=a,+a, u+..+au"" +au” =gu).

Suyra f(u)g(u)=f(u)f(v)u" =u" (modp).

Viy f(u)g(u)-u" chia hét cho p véi médi

s6 nguyén t6 p > u. Lidy p > u va

p> ‘f(lf)g(u)—u"l thi ta phai cé:
f(u)g(u)=u".

Vay f(u)g(u)=u" v6imoi ueN.

Thanh the /' (x)g(x)=x" véi moi x. Viflx) la

da thirc bic n nén g(x) phai la da thirc bac 0 tuc la

a_ =--=a,=0, fix)=a,x", gx)=a,.

Ti d6 a =+1. Thir lai ta théy cic da thic

f(x)=x" va f(x)=-x" thoaman diéu kién bai

toan.

Nhin xét. Céc ban sau day co loi giai tot

Thita Thién Hué: Tran Thi Thanh Thu, 12TI,

THPT chuyén Quéc hoc Hué; Quéng Binh: Neuyén

Thi Thu Phuong, 12T, THPT chuyén V0 Nguyén

Giap; Binh Dinh: Vi Tién Pat, 12T, THPT chuyén

Lé Quy Pon; Ha Tinh: Trdn Minh Hoadng, 10T1,

THPT chuyén Ha Tinh; Lam Péng: Trdn Cong
Minh, 12T, THPT chuyén Bao loc.

DANG HUNG THANG
Bai T11/543. Cho day 50 a, =sinng, trong do
nelN,qgeR. Hoi voi gid tri ndo cua g thi ton tai

lima,?
Loi gigi. Ung véimdi g =kz (ke Z) thi
a,=0,VneN nén lima, =0.

n—x

Xét g # kr (keZ), thc sing # 0. Ta ching minh

khong ton tai lima,.

R—»

That vay, gia sir ton tai giéi han lima, =a thi

n—w

—1<a<1 do -1<sinng<1.

Khi d6

sin(n + 1)g =sinngcosg + cosngsing,Vn € N.
Suy ra

— sin(n + 1)g —sinng cos g VneN ().

sing

Do diy sb & vé phai cua (1) c6 gi6i han khi

n — oo nén khi chuyén qua gigi han hai vé cua
(1), ta thu dugc:

b= limcoan=ax1_cﬂ

n—a0

(2).

sing
Tuong tu:

cos(n+1)g =cosngcosg—sinngsing,Vn € N.
Chuyén qua gidi han, ta thu duoc:
1-cosq

b=bcosq—asing & a=-bx 3).

sing
Tir (2) va (3) suy ra:

9 1-cosgq ><l—cosq

a=-a . i
sing sing
i 2
a1+ —89 | |- 0z a=0,
sing

Suyra a=0 va b=0. Piéu nay la vo Iy vi tir
sin® ng +cos? ng =1 véimoi ne N nén

lim (sin® ng + cos> ng) =1 va a* +b° =1.
ni—»x
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Ket lugn: Vay chi voi nhimg gid tri g =k7 V0!

keZ, thitdn tai lima,.

s
Nhin xét. DPay 1a dang todn nang cao vé gidi han
Cua cc diy s sinh boi ham tudn hoan. Chi ¢6 2 ban
BUi bai giai dén Toa soan la: Trdn Minh Hodng,
10T1, THPT chuyén Ha Tinh, Ha Tinh; Nguyén
Huy Hodng, 12T, THPT chuyén Lé Quy Don, Binh
Dinh.

NGUYEN VAN MAU

Bai T12/543. Cho tam gidc ABC co trong tam G.
D. E. F theo thir tr la hinh chiéu cua G trén BC,
CA, AB. Chiing minh rang diém Lemoine cua tam
giac DEF nam trén diwong thang Euler cua tam
giac ABC
Léi gigi. (Theo ban Nguyén Tran Hoang, 12T2,
THPT chuyén V& Nguyén Giép, Quéng Binh).
Dé cho don gian, ki hi¢u (UVW) la dudng tron
ngoai tiép tam giac UVW: (UY) la dudng tron
dudmg kinh UV; (U, 0) 1a dudng tron tam U ban
kinh bing 0; S(UVW) la dién tich cua tam giac
UVW; XYZ 1a dudmg thing di qua ba diém thing
hang XYZ.
Bo qua trudng hop don gian: 4B = AC.
Goi L la diém Lemoine ciia tam gidc ABC; (0) 1a
dudng tron ngoai tiép tam giac ABC; X, Y, Z theo
thir tu la giao diém cua BC, CA, AB va tiép tuyén
tai G cua cac duong tron (GBC), (GCA), (GAB);
X', Y, Z' theo thir tu 1a trung diém cua GX, GY,
GZ; M, N, P theo thir tu 14 giao diém cua EF, FD,
DE va cac duong thing qua G vudng goc voi AX,
BY, CZ; B’, C’ theo thir tr 13 giao diém cua BG,
CG va AC, AB; U, V theo thir tr 14 hinh chidu cua
B, C trén AC, AB.
Chu y rang G la trong tam cua tam giac ABC, XG
tiép xtc voi (GBC), GB, GC theo thir ty la duong
kinh cua cac duong tron (BGF), (CGE), ta co:

ME ME _2S(GME) GM.GEsin MGE

T3E  MF  2S(GMF)  GM.GFsin MGF
GE CV BUsinMGE _GB' CC' BUsin XAC

=BU GF CVsinMGF BB' GC' CVsin x4

TOAN HOC
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| 3 BUsin YAC _ AB> BUAC AX.ACsin ¢
e e S g =S xe
1B 25(ABC) 2S(AXC) _ AB® GC*

="C7 2S(ABC) 2S(AXB) AC* GB?

2

(theo dinh 1y sin).

[GCsinCJZ _DE’

GBsin B

Do d6 DM 1a dudmg ddi trung cua tam giac DEF.
Tuwong tx, EN, FP ciing la dudng dbi trung cua
tam giac DEF.

Vay DM, EN, FP d6ng quy tai L.

Dé thay A, ;, = XG> = XBXC =P,

X0y’

Twong tu P}"(G.O) = P)'mﬁ £ G0 = o "

Véy X, Y, Z thing hang va XYZ 1 OG .
Dé thdy GM 14 truc ding phuong cua cdc duong
won (GA), (GX) va EF la truc dang phuong cia
cic dudmg tron (GA), (DEF).
Tir do, cha y rﬁng M thugc EF, suy ra:

P

LA(GX) :PL,cDEF)-

TUong 1 £ g, =1,

I DEF)> PL'(GZ) =Flioery-
Vay X, Y, Z thang hang va XvZ 1 0G (1).
Tir d6, chiv § ring A, o =P, o =P
bing 0), suyra X'Y'Z' 1 GL (2).

T (1) va (2), cha y ring XYZ/X'Y'Z' (kiém
tra d¢ dang), suy ra L thugc OG (dpcm).

(cung




(A —

Nhin xét. Bai toan nay khé, ngoai ban Hodng, cac
ban ciing c6 loi giai tét: HA Tinh: Trdn Minh
Hoc'mg, 10T1, THPT chuyén Ha Tinh; Quing Binh:
Nguyen Thi Thu Phuong, 12T, THPT chuyén V3o
Nguyén Giap, TP. Dong Hoi; Séc Tring: Pham
Nguyén Khang, 10A2T, THPT chuyén Nguyén Thj
Minh Khai, TP. Soc Trang.

NGUYEN MINH HA

Bai L1/543. Ba diém O, A, B ciing nam trén mot
nira dwong thang xuat phat we O. Tai O ddt mot
nguon diém phat séng am dang huéng ra khing
gian, moi truong khong Jr(fp thu dam. Mirc cuong
do am tai 4 la 60 dB. tai B la 40 dB. Mirc cuong
dé am tai diem M trong doan AB c¢6 MB = 2MA la

bao nhiéu?

Léi gidi. Ta co:

P P 1
], =——&R, =, |— =
4 4zR’ . 7 I,
P
= SR, =
g f

o
a
|
0
=
ES
Il

MB = 2MA <R, -R, = 2(RM—-R)
<3R, = 2R, + R,
3
I
L, = 10lg—%+ = 60
1,
o1, =10710° = 10 W/m?;
I
L, = 10lg=% = 40
10
I, = 10“2.10“ = 10" W/m’;

! 2 1
—— B + ——
J‘ T, ot Yo
~ 6,25.10° W/m’

I, 6,25.10™
= M 10lg———7—
L, = 10lg7 8= o

0

ﬁ\“’ 0

cIM
=48 dB.

Nhin xét. Rét tiéc 12 khong co ban ndo c6 loi gidi
diing cho dé ra ki nay’ .
PINH THI THAI QUYNH

Bai L2/543. Doan mach dién AB méc néi tiép
theo thir tw lan lwot gd‘m cuon dday thuéan cam, dién
tro thudn R = 60€Q va tu dién. Goi M va N la
diém noi giira cudn cam voi dién tro va dién tra
voi tu dién. Dat vao hai dau doan mach AB dién
ap xoay chiéu c6 biéu thirc u=U J2cosat (V)
thi thdy dién dp o hai ddu doan mach AN va dién
ap o hai dau doan mach MB bién thién theo thoi

gian nhu do thi (hinh vé). Hé $6 cong sudt ciia
mach AB lic @6 la k = 2 Tinh dién dung cua tu

dién.

Lo gidi. Dién ap 0 uyy va upp dao dong vudng
pha véi nhau: tang,, .tan@,, =1

Z, Z
=1 (D).

Upan > Uom, suyra: Z;, > Zc.
R 1

= 1+[£Z('JI
R
1
= Z,-Z.=R /F—l (2).

suy ra:

Tir (1) va (2) suy ra:
ZI+R}1 -1Z.-R*=0,
E
-3
thayso Zce=45Q = C = 2.10 (F).

Nhdn xét. Rét tiéc 1a khong c6 ban ndo ¢ 19i giai
ding cho dé ra ki nay!

NGUYEN XUAN QUANG
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Trong toan hoc, bat ding thirc va phuong trinh 14
hai phén co ban va trung tam cua dai s0 s0 cap.
Viée sir dung bat ding thirc dé giai phuwong trinh
d3 duoc dé cap rat nhiéu trong cac tai liéu va sach
béo. Trong bai viét nay, ching ta s& noi dén mét
tinh hudng cin ban khac. D6 13 chimg minh céc
bat dang thirc vé nghiém ciing nhu céc hé sb cia
phuong trinh béc cao. Loai bai toan nay cing timg
xuét hién trong céc ky thi chon hoc sinh gioi va
gay khong it kho khin cho céc thi sinh. V&i mong
mudn c6 mot chuyén d& twong dbi diy du vé
dang toan ciing nhu phuong phap giai dé giap d&
céc ban khong con ling ting khi gap loai todn nay
chiing t6i giri téi ban doc bai viét sau.

Bai todn 1. Giu sur phuong trinh

x'-6x+ax-b=0
co ba nghiem thuc khong dam (khéng nhat thiét

phan biét). Chirng minh rc}ng 8a-3h<72,

Phan tich. Bit dang thic can chimg minh 13 méi
quan hé cua céac hé ) trong phurong trinh, do d6 ta
nghi dén dinh ly Viéte. Gia thiét cho ba nghiém
khéng am lai goi y chung ta sir dung bat d?mg thirc
Cauchy quen thugc. Tir d6 ¢ gang tim cach biéu
dién biéu thirc 8a-3b theo cic nghiém dé co
danh gia phu hgp.

Loi gidi. Goi ba nghi¢ém cua phuong trinh 13
a,f.y . Theo dinh ly Viéte ta co:

a+f+y=6af+pBy+ra=a,afy=5
Theo bt ding thirc Cauchy ta cé:

o (ﬁ:}') _ (6—4a)' '
3 4 T?’E_F‘uggg S& 547(1-2023)

KIEU PINH MINH
(Gl'" THPT chuyén Hing Vieong, Phi T hg)

P
(f“: ' ;?gﬂ Q‘!?Pﬂ
/S < i | /,‘ ' g?fv?f i.l?'
}/'»_i N l«” b U”“ imm *J ““‘““ 3
},-\ ‘-.T,A; -
F"HUDNG PHAP
GUNXYS TR R T

Tirdo: 8a—3b=8(af+ By +ya)=3opy

=8a(ﬁ+y)+[3y(8—3a)

=8a(6-a)+fy(8-3a)

(6—&)2(
4

58a(6—a)+ 8-30:)

2

=_.——-ﬂ3a(a4‘ ) inem.
Ping thirc xay ra khi va chi khi a=f=y=2,
khi dé a=12;6=8.
Bai toan 2. Gia su véi hai 56 duwong a,b thi
phwong trinh x* —ax* +bx—a =0 cé ba nghiém
Xae  dinh thire

hon 1. biéu

b" _ 3"

= (voi n la so nguyvén dicong cho

lon a,b de

P=

truéce) dat gid tri nho nhét va tim gia tri do.
Loi gigi. Goi ba nghiém cua phwong trinh 1
@, B,y . Theo dinh Iy Viéte ta co
atfry=a,af+By+ya=bafy=a
Theo bat ding thirc Cauchy, ta cé:
a+pB+y23Yafy = a>3Ya.

Theo bét ding thirc (x+y+z) > 3(xy + yz +zx),
ta cé:

b"=(ap+py+ ya) > 3apy(a+ B +y)=
>b>f3g, Viy nén

b" — 3 \/_a Ve -3 3
a’ \/3—_;

{3




thire

Ding

khi wva chi khi
a=3V3;b=3.a=9 khi d6 phuong trinh c6 ba

Xay ra

nghiém bang nhau va déu bing /3.

. 3
Vidy minP = 2 =L yehi = 3J3:6=9,

I-Jla

3

Bai todan 3 (VMO 2002).

Gia sir a b, la cac so
thire sao cho phuong trinh x'+av’ +bx+c¢=0
c6 ba nghiém thice (cac nehiom khéone nhat thiét

doi mot phan biét). Chieng minh rang

1

12ab+27¢ <6a’ +10(a” - 2b)*.
Ddu dang thiec xay ra khi nao?
Loi gidi. Bat dang thitc cn chimg minh c6 dang
3
—2b)2 (1.
Goi a,f.y la ba nghiém thuc cua phuong trinh.
Theo dinh 1y Viéte ta co:
a+f+y=—a,af+pfy+ya=bapfy=-c

—Ga(a: - Zb) <-27c+ ]l{)(a2

va

a':+/)’:+y"’=(a+ﬂ+y)2—2(aﬁ+ﬂy+ya)
=a® -2b.

Do dé: (1) 6(a+f+¥) (a +f +}’)

3

<27afy +10(a’ + F+7 ) (2).

Xét cac truomg hgp sau:
e Truong hop I: @’ + > +y=0. Khi d6 bét
déng thire (2) hién nhién ding.
o Trucng hop 2: al+ p’ +y* > 0. Khéng mit
tdng quat, gia su |a| < 1Bl<l7] )

vi at+p4+y =9 ")
Khi d6 (2) <> 2(a+ B+7)-afy<10 Q).
Ap dung bat dang thirc Bunyakovsky ta cé:

[}1({::+ﬂ+)f)—OfﬁJ’]2 =[2(e +p)+r(2-ap)]
<[(a+p) +7 )[4+ (2-ap) ]
=(9+2aﬂ)[8—4aﬂ+(aﬂ)3}

=2(aff) +(ap) —20af+72
~(ap+2) (22 -7)+100  (4).
Te (¥ va (**) suy ra y°23. Do dé

2af<a’ + P =9-y" <6.Viviy ti (4) taco:
(2(a+B+7)- aﬂy)z <100.

Suyra: 2(a+pB+y)-apfr<10.

Bét ding thirc (3) dugc ching minh ching t6 bat

ding thirc da cho duogc chimg minh. Dang thic
xay ra khi va chi khi

la| <|B|<|7]
&+ By =9
a+f ¥

= =1, f=y=2.
"2 "2-a8 w=-Lp=y
aff+2=0
20a+B+y)-afyr=0

Bing thirc ¢ (1) xay ra khi va chi khi (a;b;¢) la
moét hoan vi cua (—1;21;2¢), trong d6 ¢ 1a mot sb
thue khong am.
Bai todn 4. Gia su  phuong  trinh
ax' +bx” +ex+d =0 ¢o ba nghiém phan biét ldp
thanh mot cap sé nhan. Chimng minh rang

b* = max {-ac; 3ac}.
Léi gidi. Néu ¢=0 thi b* >0, suy ra bit ding
thirc ding.

Néu c=0. Goi ba nghiém la £; X, gx (g =0).
q

e
x| —+1l+g|=—
q a

2 1 )
x| =+l+q|=—
q

Theo dinh 1y Viéte ta co:

TOAN HOC
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2sin A 1-cos 4
. =——+3cot A
x ( +1+ T b’ Suy ra: h(x)sh(l) 1+cos A T+cos4
- Tl =% 2
= ! s =—slg =2tan—-+-3:tan£—ztan3ﬁ.
xl(l+1+qJ:£ ac 4 2 2 2 2
z ! ‘ 1 t3tan —EtarﬁA
*Néu ac >0 thi q >0, suyra: Do d6: VTSZtané ) %
b T ,
——=3+[q-—2+l}=3+uz3=>b‘23(16. 2
ac q q A T T .
: st p—tan—= thivi —<A<B<C<— né
e Néu ac<0 thi ¢ <0, suy ra: Dz_ltt—tan2 thi vi 2 >

—2%=—1+[q+2+—:;]=—1+@—;1—)—-s-1
= b* > -ac. Tém laita cé: b* >max{-ac; 3ac}.
Bai  todan 5. Cho  phuong  trinh
X' —ax* +bx-a=0 véi a> 0;6> 0. Chirng minh
r&ng néu phuong trinh co ba nghiém déu khong

nho hon 1 thi a?.-(l+[2—\(b+3).
oy

Léi gigi. Goi ba nghiém ciia phuong trinh da cho
la 1<a < f<y.Apdung dinh Iy Viéte ta cé:

a+f+y=a,af+pPy+ya=bafy=a.

Tén tai tam gidc ABC sao cho

a-—:tauA;ﬂ=tanB;7=tanC(%SA$BsC<§J.

Khi d6 bét dang thirc cin chimg minh tré thanh
tan Atan Btan C >

J2)

2[%+—8—J(tanAtanB+tanBta.nC+tanCtanA+3)

¢::>cotA+cotB+cotC+300tAcothotCS8—4\/§.

Cé: VT =cot A+ 2sin A +:,’mlA.x:os(B‘C‘)—cosA
’ cos(B-C)+cos A cos(B-C)+cos A’

. 2sin 4
Xét ham sb h(x)=———2 43
x+cosA

V2

voi x=cos(B~C)e{-3-;l}. Ta cé:

x—-cos A
x+cosAd

cot A.

h'(x) _ 2sin A
(x+cos A)2 (x +cos A)2
_ 6—8sin’ 4
- (x+cos 4)

>0,Vxe ﬂ;l ,ESASBSCS_’E
2 4 2"
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1
N

, 1 35 1
st hamso: f()=—+3t—-—t",te \/5—1;——-
Xét ham so: f(7) % 2 [ \/ﬂ

1 9, 1
5 fl(H)=——+3—=1t"<0, Vte[\/f—l;-—J,
<6 70) r 2 3
Suy ra f(r)sf(ﬁ—1)=8-4ﬁ.
Bai Cho

X rad +bx +ex+1=0

toan 6. phirong trinh

co6 cdc hé 56

a20;b20;¢c20. Gia sw phwong trinh trén cé
bon nghiém. Chimg minh bat ding thice
a+ 5 +<x8
Loi giai. Dat
f)=x'+ax’ +bx’ +ex+1=0 (1)

Goi -x;;—x,;-x,;-x, 1a bon nghiém cua phuong
trinh (1). Do a,b,c khéng am nén cac nghiém

cua (1) 1 nhimg 56 am, suy ra x,;x,;x,;x, > 0.
Taco: f()=(x+x)(x+x)(x+x)(x+x)
=>f(2)=(2+x,)(2+x2)(2+x])(2+x4)
= (4 14) (14 143 (1414, ) (1414 x,)
235 3, 33, 33, =8 rmmr, =81.
Matkhic £(2)=2%+ 42 + 52> 4241
=8a+4b+2c+17

Suy ra: 8a+4b+2c+17281c>a+£+£28-
2




Bai toan 7. Cho

X +ax +b 4 Pyl O L

phuong trinh

0 ¢co nam nghiém
thuc phdn biér. Chitng minh rﬁng
2(::12 + dz) >5(b+ c).

Loi gidi. Theo gia thit

P(x)=x"+ax’ +bx* + ex? +dx +1
€6 ndm nghiém thyuc phén biét va do hang tir tu do
khéc khéng nén nim nghiém d&u khac khong.
Taco: P'(x)=5x" +4ax’ +3bx* + 2cx + d

P(x) =20x" +12ax? + 6bx + 2¢

P"(x) =60x* + 24ax + 6b.
Do P(x) ¢6 nim nghiém thuc phan biét nén
P"(x) c6 hai nghiém phén biét, vi vay c6

A'=144a" -360b >0=> 24 > 5b (1)

Khi 46 Q(x)=x"+dx* +cx® +bx® + ax +1 cling
c6 ndm nghiém phan biét,
Tuong tu nhu trén ta ciing c6 2d%>5¢ (2).
Tir (1) va (2) suyra 2(a? +d*)>5(b+c)
Qua céc bai toan trén, ching ta thiy cdng cu co
ban dé giai quyét bai toan 1a dinh 1y Viete, bit
dang thic Cauchy, Bunyakovsky, luong giac,
khao sat ham sé. Hy vong véi viéc phan tich cac
tinh huéng nhu da néu s& gitp céc ban ¢ k¥ ning
giai cic bai toan dang nay va ban than cac ban
cling ¢6 thé sang tao duoc cac bai toan tuong tu.

BAI TAP LUYEN TAP
taip 1.  Biét phuong trnh
ax’ +bx’ +cx+d =0 (a#0) c6 ba nghiém sé
duong a, 8,y . Ching minh rﬁng

Bai

, ; B
a +f +y" 2 S
Pang thirc xay ra khi nao?
Bai tip 2. Gia st phuong trinh
X +(6a’-5)x' -x-2a"=0 (a20) c6 ba

nghiém ¢, 3,y . Chimg minh ring
afy(a+B+y)+af+ Py +ya<2-1

Bai tap 3 (VMO - 1999) . Xét cic sb thuc a,b
sao cho phuong trinh ax’ —x* +bx—1=0 cé ba
nghiém thyc duong (cic nghiém co thé bing
nhau). Tim gia tri nho nhét cua biéu thic

_ Sa® —3ab+2
"~ d(b-a)
Bai tip 4. Goi «,f,y 13 ba nghiém thyc cua
phuong trinh  ax’ +bx* +cx—a=0 (a#0).
2 3 2+
Chirng minh £+—§——y——$a2 + B+ 57
a

Dau béang xay ra khi nao?
Bii tip 5. Chimg minh réng néu x, 1a nghiém
cua phuong trinh x* + ax* + bx+¢=0 thi

x) S1+a? +b* + .
Bai Cho
x*+ax’ +bx* +ex+1=0

tip 6. trinh

c6 nghiém. Ching

phuong

Ly 4
minh raing a® +b% + 2 >,
Bai

x¢+bx3+cx2+bx+1=0

tip 7. Gia s trinh
¢6 nghiém. Chimg
minh ring &% +(c—2)? > 3.

phuong

Bai tap 8. Cho bén sé duong a,b,c,d . Gia s

phuong trinh ax* —ax® +bx’ —cx+d =0 ¢6 bén
nghiém thudc khoang [0;%] (khéng nhét thiét

phan bigt). Chimg minh  21a +164¢ > 805 + 3204
Bai tdp 9 (Chinese Girls® Mathematics
Olympiad 2009). Gia s phuong trinh
ax’ +bx’ +ex+d =0 cb ba nghiém thyc dwong
va d <0 Chimg minh bét ding thirc
2b* +9a’d — Tabc < 0.

Bai  tip 10. Gia su phuong  trinh
X tax va x4 4 a,=0 (n22) cb6 cac

nghiém thue T S Cho

X, >max{;a,;...;e,} . Chimg minh rng

f(Jf[,+1)(x1 e i

0T X —a,

trongdd f(x)=x"+ax"" +a,x" +. . +a,.
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Léi mé dau. Trong qua trinh lam Toan, vide mo
rong hay phat trién mét vén dé nao @6 1a diéu can
thiét déi voi nhimg ngudi mudn tim hiéu sdu vé
chung, diéu d6 gilp ta cam nhan dugc cai hay &
bén trong mdi bai toan.

Trong bai viét ndy, tac gia s& bat ddu tir mot bai
todn sau:

e . 1 -
Bai toan. Clho a.h >0 thoa mdan a+ E <l. Tim

S ;2 a +h
gia tri nho nhat cua P =

ab
Loi gidi. Tir BPT Cauchy cho 2 s6 duong ta co:

1za+1zz/a.l:2 LI
b b \b b 4

b (1651 b) 15a
=] i | = ——
a b a b

<

Ja+l=1;ab:l 1
=1 b = 2.
lb=4a 2
17 . 1
dy minP =— khi a=—=,b=2.
Vay mi 2 i 3

Trong qua trinh tim hiéu, tic gia nhan théy diy 13
mot bai toan hay va c6 thé phat trién dugc ching
qua nhimg dir ki¢én khac nhau. Sau day xin di vag
mot 56 bai toan cu thé sau.
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Bai toan 1. Cho cac so thue duong a,b thou man
3h s g e .
< 2% Tim gia tri nho nhat cua bieu thirc

ah+2%

pt

ah
3 a’h+2 3
N sus .: 2b ZS"_Q < —
Loi gidgi. Taco: a'b+ 4 b 4
Sa+—<=

3 1 11 aY
Zrat+i=gt+—+-233a’——= .i[wj
4 b b b b
2
:53(5_ S.l_.@.g,gl
b 4 b 8
Tu do
4 2 2
ab b a b a b
221820 ol onmm B 17
b a 8
17 a2=—l-:_1._ -1
P==_ Kk b 4g 0=y
2 6da b
—=— b=4
b a

Véy minP = 1 khi a=l,b:4_
2 2

PPN , s .
l)dl tU:lH 2 Ch() cac so H'H:r‘(' ”’”'“'y?g X,V j’}']“l,’ man
X vH3< Ay Tim gia tri nho nhdt cua bicu thice

X b3y
Léi gidi. Ta c6:

x*v+3 .

Xy+3<dy o +<a

y

<4 x




Theo BDT Cauchy cho 4 s§ thue duong thi

f;l 11
Z8X —i——
yrJy

<l — <1
y

Vay minQ =4 khi x=y=1.

Bai toan 3. Cho cdc so thuc dicong x.y thoa man

X v +4< v . Tim gia tri nho nhar cua biéu thirc

2x 4+

w(2x+y)

4
Loi gidi. Ta co: x"y2+4Sy2¢:>x2+-y—2$1.

Theo BDT Cauchy cho 2 sé thuc duong thi

1> x? +—>2#x — J 4-—

T do:

J _ 20 +1

-'”J T2t +1)
y

H

pit 0<t=—=<

<_
= — y 4

y 4

=

xy(2x+y) x
Yy

2){34-)1‘J _ (

. ) ,
Déu dang thirc xay ra tai f=7 nena chimg

minh: -_?'tj——--'_—l—z—]—l<:>4(2t3+l)zllt(2t+l)
t(20+1) 4

o8P -22% —111+420

o207 (4t -1)=5t(4-1)-4(4-1)20
o (4r-1)(2* -5t-4)20
o (1-41)(4+5t-21) 20.

1
BDT nay dung do ¢ <— nén

.[:-

1-4121—41:0
4

. : 1Y 31
44+5t-2>4-2t°24-2|—| =—>0
4 8
T:% khi s { ¢:>{xy 1 et JE .
x y=4x
S=t=— =22
Yy 4 p=22
. 11 . . 1
VaymmT=:kh1x= ,y:Z\E.

V2
Bai toan 4. Cho cac so6 thuc dicong a,b thoa man

ab +abh+1<3a’. Tim gia tri nho nhat cua

a® + 24

3

biéu thirc S =
ab
Loi gidi. Tacod: a’b> +a’b+1<3a’
B +a’b+1 )
ab +abtl b b= <3,
a a
Theo BDT Cauchy cho 3 s6 thuc duong thi

s N3
338 +b+%23.1fb2b‘i3=3.3(2J =320,
a a V\a a a

4 4 3
Tirdo: §=2 +bfb =[£) s2.2
a

VayminS=3 khi a=b=1.
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Aj - c . , hoa i
Bai todn 5. Cho cdc 56 thice dirong ab thod T
3a’b? 54" +2<0. Tim gid tri nho nhat cud bieu

i 5 o) 5
thirc M = a +2b

3

a.’.l)j
Loi gigi. Taco: 3a°b* —54° +2<0
3a’h* +2

3
a

Theo BDT Cauchy cho 2 56, 3 s6 thuc duong thi

2
3 +2<54° = 55©3b2+;3—£5.

5> 2 135 31222(-1—3+1+1]+3(b2+1)
a a

' 1 1 1
2233—=.1.1432b=6|—+b |26.2,/a.—.
a’ a b
Suyra: 12212 fﬁb,ffslazsl.
b b b

Dit t=%,I>O.D0 0<551 nén 0<z<1.

5 5 3 2
Tirds: M =2 320 =[£) +2[2] -+l
ab b a t
3 1 2
=(t +1+])+2 ?2—+1 —-4>3t+2.--4
t

hay M23t+%-4=3[1+%J+%_4

23.2\/t.—-}+;—4=6+1—4=3:>M_>_3,

M =3 khi

a=b=1
a=1
= e

la
a’b
Vay minM =3 khi a=b=1.

Bai toan 6. Cho cac s6 thuc duong x,y thoa mén
x:y: & 12xy2 +8< gyj, Tim gia tri nho nhit cua
x4 + 3x2y2 + 2y4

7——.

Loi gidi. Ta c6 hing dang thire quen thude say

biéu thirc N =

m +n’ + p’ —3mnp
=(m+n+p)(m2 +n* + p? ‘m”‘"P—pm)_
Tt d6:
2y +12x7° +8<8)’ = x*)? +12x? +8-8)° <
o (xy)3 +2° +(—2y)3 —3.xy.2.(~2y)s 0

TOAN HOC
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o (p+2-2y)%
x[(xy)2 + 2 +(-2y) —w2-2.(-27) —(—Zy)-xy] <0

2 44— 4y +2x*) <0 (1),
o (p+2-2)(F7 +4y} +4- 204y +297) SO ()

2
Do x*)y? +4y* +4-2xy+4y +2xy
(y—1) +4y* +3+4y+207" >0, Vx,y >0

nén tir (1), suy ra:
xy+2-2y<0& xy+2<2y

3 [ 2 }Zx x<l
Z>2 x—=2 —=>—<—.
ﬁsz-f—y ¥ y y 2

Theo BDPT Cauchy cho 2 s, 3 s6 thuc duong thi

3
xt+3x2y7 +2y° =(£J +3. X402

N= 3

Xy Yy Yy x
; 1
= _i +,.1_+l +3£ 21__
y 8 8 y x 4

3
TTEANEFTE
y) 88 b% x 4
=§.£+3.£+2.1—l=£.£+2.1——1-
4 vy y x 4 4y x 4
=3 _Ji+4_ _£.£¢l
x y 4 y 4

45 —2yp= -
N=— khi Xy +2 Zy 0@ x=1
8 y=2x y=2

Koo 45
Viy minV = —é_khl x=1ly=2,

Bai todn 7. Cho cdc 56 thue dieong a,b thoa mén

3 }
a +1<qg 2 g . B ‘
Sa’+8b° + 2gp, Tim &la tri nho nhat cua

biéu thire P =~ t@* 165°
ab® '

Léi gidi. Ta co:
SRR S () RN

=(a3 —1)(cz2 —1):((1—1)2 (a-t-])(a2 +a+1)_>.0,Va >0

(Xem tiep trang 42)



GIAI PAP PO VUI

CAC TAM GIAC VUONG CANH HU'U Ti

Cho hinh vuéng ABCD véi canh AB = 5 cm.
Dung dwong tron tém C ban kinh r = CD véi
duong kinh DE nhu ¢ hinh 1. Boan thing AE
cat duong tron tai diem P. Tir diém P ke duong
thang PO song song voi CD va cat dirong tron
tai diém Q. Dung hinh chit nhat POMN véi cac
dinh nam trén dwong tron. Poan thang AQ cat
dirong tron tai diem G, doan thang AM cat
duong tron tai diem H, doan 1‘/15;1g AN ct
dwong tron tai diém K. Hay chirng minh rdng
moi diém P, G, K, H la dinh cua tum gidc vuéng
vai canh hu)*én ticong g la CP, CG, CK, CH

va s6 do cac canh tam gidc vuéng la sé hiru ti.
E
/ ¢
G
N
K

A D

Hinh 1

Léi gigi. Gia sit hai doan thing CD va PN cit
nhau taj didm J, tia MQ cét tia AB tai diém S,

duong thang di qua G va song song vdi BC, lan

lwot cit AB va DC tai diém F va diém T (h.2).

\M
p 0
C

B -
e /s
J

N

K

A D
Hinh 2

Pé gidi bai toan ndy ta can Nhén xét: Tir diém A
nam ngodi duong tron tdm C vé cat tuyén AG cat
duomg tron tai hai diém G va Q thi AG.AQ = AB’,
trong d6 AB 1 tiép tuyén cila duong tron véi tiép
diém B.

Huéng dén chimg minh. Hai tam gidc 4GB va
ABQ ddng dang véi nhau do c6 goc A chung va

AG AB

goc ABG bang goc GOB, do db TR R
ra: AG.AQ = AB*.
Gia thiét cua bai toan 14 4B = 5 cm.
1) Ta s& chirng minh ring tam giac vudng PCJ c6
sb do cac doan thang PJ va CJ 1a s hiru ti.
Theo dinh li Pythagoras co:

AE*= AD*+ DE*= 5"+ 10%*= 125 (cm?).
Tir nhan xét trén d8i véi cat tuyén APE co:

AP.AE = AB*=25 (cm?)

g AP _APAE 25 1

AE  AE* 125 §5°
Hai tam giac 4DE va PJE dong dang (g, g) nén

2 DE
T dé: DJ = r =2 (cm), suy ra:

CJ=3(cm) va EJ= 8 (cm).

Lai c6 L=£=-§ nén PJ =4 (cm) &
AD ED 10 '
] TOAN HOC
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: 7 ong
““” 2) Ta s& chimg minh ring tam gidc VU

GCT ¢6 6 do cac doan thing GT va CT 14 s0 hiu
t. T cau 1) d2 thdy:
OS =1 (cm) va AS = PQ + DJ = 8 (cm).

Theo dinh I Pythagoras cé: ,

AQ* = AS + SQ*= 87 + 12 = 65 (cm).
T nhén xét trén déi voi cat tuyén AGQ ¢

AG.AQ = 4B*=25 (cmd)

Nén 4G _4G.A40 25 5

A0 4Q0° "5 13
Hai tam gidc AGF va 405 ddng dang (g, g) nén
F
2 4G5 Tirdo FG = = (cm), suy ra:
SQ 40 13 13

GT“S——S— -5 (cm)
13 13

Tu i}i=£g > co:

CT=5-—AF=5~-“£ = —2-2 (cm).
13 13
3) Lap luan tuong tu trén ta co:

* Tam gic vuéng canh huyén CK ¢4 sé do céc canh

g6c vudng 14 cac sb hiru %79 (cm) va '17_75_ (cm).

SUYNGHI SAU HON o (Tiép theo frang 40)

a’ +8b% +2ab > g +a* & P —2ab-g8p?

<0
<:>a(a—4b)+2b(a-4b)$0

<:>(a—4b)(a+2b)£0<:>a—4bSO<:>0<~§g_4,

- a .
Dit t=3>0 thi 0<r<4. Theo BDT Cauchy
cho 2 sé thuc duong ta co:

3 2 k} 2
a —Tab+16b a
P=‘—————‘[ J 724162

ab® B E

ay a b
=[] 16 [-7.=+16.2
‘:[bj :l b a .

aY a b
22— .16—7.—-+]6.——-l
[bj b a 6

—_

a

TOAN HOC
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cagh huyén CH c6 50 do Cée Can,
... 100 105
g la céc so hiru ti o (cm) va % -
Néu tiép tuc thuc hién dt.rflg hinh chix nhat ¢4 ¢4,
canh song song véri‘ ,.43‘ "Ja AD nm?g 1f1'1g i Py
G;— dinh K, dinh H roi noi diém A d’en Céc din Py
cé,c hinh chir nhat vua dL_I’ng. th} cai dumg iy
vua néi cit cung tron BD tal'Caf: diém sz |3 dinh
clia céc tam gidc vudng (voi dinh thir by
canh huyén la ban ’kinh r)macé dd dai g
gdc vudng 1a cic so h@ ti.
Téng quat, ta chimg minh duogc: Trong hé tga "
(4D; AB) néu diém P c6 hoanh d¢, tung d5 3 &
s6 hiru ti thi theo cdch dung hinh nhy trén, cie

« Tam g[éC v‘uﬁﬂg
goc vuon

ac
Canh

diém G, K, H ciing c6 hoanh d§, tung d3 13 céc sb
hiru ti.

Hoan nghénh ban Nguyén Hung Cuong, xa Nhon
My, TX. An Nhon, Binh Dinh, da xét ha toa dj
vai C(0; 0), A(- 5; — 5), B(- 5; 0) va tim phuong
trinh duong thang AE 1a y = 25 + 5, tir d6 tinh
duge cac diém P, O, M N co toa d6 hitu i, tim
phuong trinh cac duimg thang AQ, AM, AN, tinh
duge cic diém G, H, K ¢6 toa d6 hi ti, suy ra
diéu phai chimg minh.

VIET HAI (Ha Noi)

=82-7.2  16b_
b5 r16=~16
a 16p4
= +—-—-1622/£.L€£—16
a b a
=8-16<_
P= 8khi 4

,V thoa man
dféu tie
kign 303 272y + 23y 4 33 < 27x° +6x.
im
814 tri npho nhat e biéu thir
a 3
H=X =2 4 3_v6
.\’4}"2 '




:ﬂgﬂj-—————--—------n-HIbﬁIiEIIIIIﬁ-II-----——-——

TIENG ANH QUA CAC BAI TOAN
BAI SO 88
PROBLEM: Let S, be the sum of the first n As shown in the above picture, Sy is divided
odd numbers S, = 1 + 3 + ..+ (2n—1). into 4 equal parts, each part is exactly S,.

Show that Szn = 4§, Similarly, we can divide Sy is divided into 4

Solution. equal parts, each part is Sp.

We can compute Sy, and S,, directly, using the g, ark: This problem and solution is collected
formula for the sum of an arithmetic sequence,
to get S, =n? and S,, = (2n)? = 4n2. Thus,
we get the required equality.

from mathschallenge.net

TU VUNG

We present here a visual method to prove the

required identity. . sl 16
0t .

‘ arithmetic sequence . cap 50 cong
. . . visual 2 (tinh tir) mang tinh hinh anh
@ . . . o Translated by NGUYEN PHU HOANG LAN
@ @ . O O O (College of Science — Vietnam National University, Hanoi)

¥ 3 3K o o 2k 3k 3k 3 ok 3 ok ok 3 e o K K K K ok ok o o e ke oKk 3k ok ok 3k 3 3 ok o o ok ok ok ok oK ko ok 3k o 3k sk ok 2k o 3k ok ok ok ok ok koK ak ok o ok sk sk sk ok sk ok skok ok ok ok ok Ok ok %

va duong thang nay di qua dinh cua parabol.

: M - Hoanh d dinh cua parabol ¢ dé bai la
—— A ™ e Mhimis £=0G-HE-7=-4.

- -

— — AT == Vay toa dd dinh cua parabol ¢ dé bai 1a

BAI DICH SO 86. (4; 5).

BAI TOAN. Tim dinh cua parabol co phicong  Nhdn xét. Cac ban Ngu_ve:n Ql«éc Hoang Anh,
wink 2= (y=3)p=T)- 8A, THCS Ly Nhét Quang, D6 Luong, Nghé An;
Tran Thi Thanh Thir, 12 Toan 1, THPT chuyén

Loi gigi. Tuong ty truomg hop cia QM8 Gu4e hoo Hué, TP. Hué, Thira Thitn Hué;

. H = 2 + -
parabol c6 phuong trinh y = @ * bx ¥ ¢ no s . Cuong, xa Nhon My, TX. An

(a#0) da dugc nghién ciru trong s0 bdo truGC,  Nhon, Binh inh c6 bi dich tt, giri bai vé Tod
duong parabol da cho & dé bai co truc doi xing  soan sém. Xin hoan nghénh cac ban.
3+7

la duomg thing c6 phuong trinh y=——=3 HO HAI (Ha Noi)
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O \NHIEY CACH Al

- CHO MOT BAI TOAN

o P

Tim dugc nhidy cach gidi cho m¢t bai todn rit
quan trong trong viéc rén luyén tu duy logic, oc
sang tao va cung cd cdc tri thirc todn hoc da hoc.
Thu vi hon, néy cach giai méi don gian, ngaﬂ 30’7
va chi can cdic kién thirc nhitng 10p dau cap
THCS. Tuy nhién, bai Viét ndy mudn nhan manh
thém mot hwa'ng khac: Tir cach gigi méi vin dung

vao viéc dé xudt gidi quyét céc bai todn tuong tir
hay téng quat hon.

BAI TOAN 67. Cho goc vuong xQy. Trén Ox

lcn mot diem A va trén Oy x’m ba diem B.C. D sao
cho OB=BC=CD =04 Chitng minh

ABO = ACO+ DO,

Bai toan nay qua quen thudc, nhung doc xong bai
viét nay, ban sé thay nhimg tha vi bét ngo 4n say

no.
Loi gidi 1. Sir dung tam gidc bang nhay.

Goi N 14 diém déi ximg voi 4 qua O, Dung hinh
vudng OBMN (h.1).

x
A
0
B £ D 3
il M
Hinh 1

Khi d6 cac tam gidc vudng AMN, CA40, Dymp
béng nhau nén

AM = DM; 4CO = MDB; AMN = Bagp,

TOAN HOC
 cTugitre
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Suy ra AMD = BMN =90°. Tir d6 tam gidc Ay
vu;ng va can tai M nén
ABO = 45" = ADM
= BDM + ADO
= ACO + ADO.
L gidi 2. Sie dung tii gide ngi tiép.
Goi M 1a diém dbi ximg véi 4 qua B (h.2).
X
A

Hinh 2
Khi d6 tif gidc AOMC 14 hinh binh hanh néq
CM // OA=> MCB = 408 = 90°.

Ma MBC = 4BO = 45° nén tam giac BMC vuéng
va can tai C. Lai ¢6 tam giac BMD can tai M c6

MBC=45 MDB = 45°
AMD = 90° = 40D nén t gidc AOMD 1a tir giac
ndi tiép. Do d4 AMO = ADO. Tu dé
ABO = 4CO + BAC
= 4CO+ AMO

=4CO+ 4D0.
Loi gidi 3, 5,; dung tam gidc dong dang.

Suy ra

Vi ‘_"‘\/— _‘—- nén hai tam giac B4C BDA

dong dang Suyra BAC = BD4. Tir g
ABO = ‘ZEB + -EE.E'
=A4CO+ 4D,

Loi gigi 4 (h.2). s dung leong gidc. Khong mit
tinh tong quat, gij g O4=0B=pBCc=cD=1.
Dat ACO = Q,ADO ::ﬁ




1 1
:mna =—2-,tanﬂ=_3.,0<a’ﬂ<450

+

N | —
W | =

:tan(mﬂ):{i“tim;% _
—tlanca.

1-

N | —
LI |

=1=tan45°

= tan 4BO.
Dodé a+ B =45". Twas 4BO=4CO+ ADO.
Ta néu 1én mét s6 bai toan tuong ny, Khong mat
tong quét, ta cho 04 bing 1 don vi 46 dai.
Bai toan 67.1. Cho gc xOv = 60°. Trén O x idy
mot diem 4 sao cho 04 = 1 vg trén Oy ldy c‘d—c‘
diéem B. C, D sao cho OB = 1,OC =a, OD = b

(1 <a <b) Tim hé thire lién hé gita a va b sao
cho ABO = ACO+ ADO.
L gigi. Vi ABO = ACO + BAC nén
ABO = 4CO+ ADO
& BAC=4DB (h.3).

X

60°
o ! B C D Y

Hinh 3
Muén vdy, hai tam gidac BAC, BDA phai déng
dang, nghia la

BC_BA ja-1_ 1
BA BD 1 b-l
¢:>(a—-1)(b-])=l

Qabza-!—b.

Néi riéng, cho b =3 thia =1,5. Ta nhan dugc

Bai toan 67.2. Cho géc xOy =60". Trén Ox lay
mot diém A va trén Oy lay cdc diém B, C. D sao

cho OB =0A, 20C =304, 0D =20C.  Chung

minh A’Z?\O = @ + ADO.

Bai toan 67.3.  Cho géc vuong xOy. Trén Ox lay
mot diem A va trén Oy lav ba diem B, C, D sao
cho04=1,08=a, 0C=b,0D =c(a<h<c).
Tim hé thire lien he gira a, b, ¢ sao cho

ABO = ACO + ADO.
Lo gigi. Dat ABO=a,ACO=p,ADO=y

1 1
:>tana:"'l_,tanﬂ=31tany=—30<aaﬂ12'<900-
a C

tanf+tany b+c
l1-tanB.tany bc—1

=>tan(f+y)=

Dodé: p+y=a=tan(f+y)=tana

B2 ok el B,
bc—1 a

Noéiriéng, choa=1 dugc b+c=bc—1. Ta cd:

Biai toan 67.3.1.
lay mét diém A va trén Oy ldy ba diém B, C, D
sao cho O4 = OB =1, OC = a, OD = b

(I <a<b). Chingminha+b= ab -1 la diéu

Cho goc vuong xOy. Trén Ox

kién can va du dé A_E?TO = :?C_'\() - I]_)‘O
LE QUOC HAN
(GV Khoa Todn, Pai hoc Vinh, Nghé An)
Nhén xét. Hai ban Nguyén Vin Lam, Pham Xudn
Hoang, 8A, THCS Ly Nhat Quang, P6 Luong,
Nghé An duara | céch giai tuong ty 1&i giai 1; ban
Nguyén Hing Cuong, (xa Nhon My, TX. An Nhon,
Binh Pinh) dva ra 1 cich giai tvong ty 18i giai 4 ¢
trén. Xin hoan nghénh cac ban.

LE MAI (Ha Ngi)

Mbi cac ban guri 10i giai BAI TOAN 69 dudi day vé
Téa soan Tap chi TH&TT trude ngay 28.2.2023.

BAI TOAN 69. Cho hink chop S.ABC ¢6 ddv la
tam giac vuong tgi B, AB = u. BC = 2a. Canh hén
SA vuong goe vai mér phang day va SA = a. Goi
M la irung diém cuia SC. Tinh césin cua goc 1ao
boi hai méi phing (MAB) va {S4B).

NGUYEN HU'U VAN
(GV THPT Quy Chdu, Nghé An)

S48 547(1-2023)
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BAI TOAN 76 (APMO, 2021). Tim 56 nguyen
duong lon nhét N sao cho tat ca cdc so trong

tdp hop {1, 2,3, ..., N} chia hét cho 3 bang s0

1at ca cdc sé chia hét cho 5 hodc 7 hodc ca hai.

Léi gidi. Ta c6 s6 cac sb trong tip hop

{1,2,3,...,N}

chia hét cho 3, 5, 7 va 35 twong img la:

S

Vi [ﬁﬂ 14 céc sb chia hét cho 5, trong d6 c6 ci

cac sb chia hét cho 7 nén s6 céc s chia hét cho 5

ma khéng chia hét cho 7 la: [_]5{] —~[ N].

35

Tuong tu, s6 cac sb chia hét cho 7 ma khong chia

hét cho 5 1a: [ﬁ} [ﬂJ
7 17|35

Vay tong céc s6 chia hét cho 5, cho 7 hodc ca haj

la:

Bai todn trg thanh: Tim nghiém nguyén duong 16n

GHED- (51D
55

nhit ctia phuong trinh:

Gia st N la nghiém cin tim, Chia N cho 35 ta

SHEHEHE] o

dugc: N=35k+r,véik,r eN va 0<r<3q
Thay vao (1) ta co:

46
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35k+r | | 35k+r
[ﬂLHﬂ‘;—J'{ 7 ] [ 35 J

v r r
Uc+r| |+ 5k+| = —k*[m.
¢:>11k+[/}7k+[5J LJ 35J

r o
. =0, do dé:
Vi 0<r <34 nen [35]

Seachd

Theo dinh nghia phé"m nguyén, ta co:

5[5
2ktr_, [2h+r :>2k+’_3g{2k”}
3 3 3 >

Tir ddy ta c6 danh gia:

2k+r=3 _[2k+r]_[r], 1Jg1+5
3 |3 51717)7577

@L?:ES%QWIC+35}‘~IOSS36J‘

& 70k <105+7<105+34=139
S kL],
Vi k 14 s6 nguyén khéng 4m va sé N can tim 14 s6
[6n nhét nén k= 1. Khi do:
N=35k+r=35+r<35+34=¢9.
Thi lai voi N= 69, 68, 67, ... ta thay N = 65 1a 6

tw nhién 16n nhit thoa man yéu ciu cua bai toan.

Nhin xét. Hoan nghénh ban Nguyén Hiing Cuong,
*a Nhon My, TX. An Nhon, Binh Binh d ¢6 Ioi
giai dung,
NHU HOANG
S 3 A Xx X 3
au dfiy 14 bai 13p a¢ nghi. Ban doc hay gui 16i
8141 V€ Toa soan TH&TT truge ngay 28.2.2023.

BAITAP BE: NGH]
BAI TOAN 78. Tim

at cic nghiem nguyén cud
Phieong trink .

Y oy 24t T =y

KHANH HU'U (Ha Noi)
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GIAI DAP:

LOI GIAI CO PUNG KHONG?
(Dé diing trén TH&TT 54 543, thdng 9 nim 2022)
Phén tich sai lam.

, Iz
Ta co: O<x<—4~<:>0<2x<i2{,mé cos2Jr=-L1

Vs
suy ra 0<2x<-5<:>0<x<%:>0<tanx<l.
Loi gidi diing nhur squ,

Cich I. Ta c6 tan? y= 1 =€052x

. Khi do, véi
1+ cos2x
4
4 3 I“E 1
cos2x=— tadugc: tan’ x=—2 = —
5 142 9

Ma 0<2x<3§, c052x=% suy ra: 0<2x<§

1
<:>0<x<%:> O<tanx<l. Vay tanx=§.

2 1+cos2x S ner  crmn
Cach 2. Ta cb cos‘x:i——. Khi do, vai
4
1+—
9 .,
(:0532.1r=i ta duoc: COSZI=———5=—.LG_11 co
5 2 10
5 I i 1 1 1
tan” x = ——1, suyra: tan" x=——-1l=—
cos’ x 9 9
10

4 /4
Ma 0<2x<3§, c052x=§, suyra:0<2x<3

1
©0<x<Z=0<tanx<l. Vay tanx=5.
4

) 1-tan’ x
7 2 s2x=—"75—"
Cich 3. Ta ¢6 co S

2
}_:EIl_.i:i@tarl'X=
l+tan’x 5

. Khi do, véi

cos2x = % ta dugc

N ©ol=

4
Ma 0<2x<§£, costz-S— suy ra: 0<2x<5
2

1
<:>0<x<%:>0<tanx<1. Vay tanx:;.

Nhin xét. Ban Nguyén Hodang Anh Thu, 10 Toan 2,
THi’T chuyén Quéc hoc Hué, Thira Thién Hué va ban
Nguyén Hing Cuwong, xd Nhon M§, TX. Ao Nhon,
Binh Pinh da phat hién ding sai lam va dua ra 10i giai
nhu ¢ cach | rén. Xin hoan nghénh hai ban.

KIHIVI

DAP AN NAO ?

Trong gir bai tap tai 16p 12 Vin, thiy gido cé néu
bai toan sau:

Cho ham 56 y = . Co bao nhiéu gia tri

X =2x+m
m dé do thi ham sé cé dung mot tiém can dung?
A. 1l B. 2 C. 3. D. 0

~ Sau vai phit suy nghi, ban Cdm T xung phong lén

bang giai, sau day la 1o giai cia ban Cém Ti.

Lai gidi: Tabiét, x=x, 1 mt tiém c4n dimg cia

Y _ . : x=2
d6 thi him s6 y=—4-——
X =2x+m
. x-2 ) x=2
lim ———— =400 hoic lim 3 =too
5 X" —2x+m =g X —2x+m
=X, la mdt nghiém cua phuong trinh

X =2x+m=0 (1).
Do d6, d6 thi ham s6 c6 diing mt tiém can dimg
khi PT(1) c6 ding mot nghiém, didu nay tuong

duong voi PT(1) co nghiém kép

SA'=l-m=0m=1.

Véi m = 1 ta co: yzl—x_z— va
X =2x+1

{im%:—oo::xr—l 1d tiém can dimg
duy nhét cua dé thi ham sé da cho. Viym = 1
thoa mén yéu cau bai toan. Chon dap an A.

Sau khi giai xong, cic ban trong 16p 12 Vin | to
thai d6 dong ¥ voi 161 giai coa ban Cdm Ty, Thay
gido hoi: Céc ban c6 nghi ng gi vé 16 gidi cua
ban Cam Tt khéng? Ca 16p tra 15i ddng thanh,
ding réi a.

Y kién ciia ban thé nao?

NGUYEN ANH VU
(GV THPT chuyén Chu Vén An, Binh Binh)

TOAN HOC
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