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Déy 1a mot bat ding thuc (BDT) quen thugc véi

dai da sb cac em hoc sinh dac biét 13 hoc sinh kha

8101 va véi cach trinh bay trong bai viét nay thi da

sb hoc sinh cé thé nep can dugc voi bat dang thuc

mot cach nhe nhang, dé hiéy.

x*+y? 22y & xP =2xy+ )’ 20<:>(x—y)2 >0

ding v&i moi x, y va diu =" xdyrakhix=y.

Sau day 12 mdt s6 van dung dé khai thac BDT nay

nhu sau:

Bai 1. Chimg minh 1'5ng véi moi a, b, ¢ ta cé:

a +b’ +¢* 2ab+bc+ca.
Huréng dén. Van dung BDT (*) ta cé:
a® +b* 2 2ab; b* +c* 2 2bc; ¢ +a* > 2ca.
Cong cac BDT trén lai voi nhau ta dugc:
a® +b* +c* 2 ab+bc+ca (dpcm).

e Dic biét hoéa vdi y = 1, 4p dung BDT (*) ta cb
\ x* +12 2x . Sur dung két qua ndy véi bbn bién a,
f b, ¢, d cho ta mét bai toan khic.

Bai 2. Churng minh rang vai moi a, b, ¢, d ta co:

AN

@ +b +c’ +d* +4=22a+b+c+d).
Huéng dan. Ta cé:
a* +122a;b” +122b;c* +122¢;d* +1> 2d.
Cong cac BDT cing chiéu lai véi nhau ta dugc:
@+ +ct+d* +422a+b+c+d).
e Néu thay x” boi a°, »* bai b* ta c6 BDT:

at+ b 224,

""! ”l. f?"m” THA 4"'}-.\‘ ﬁi‘:tw !‘*)
joail i“‘*“‘x ?’! :“;";ﬁ, \
INH BAT BANG THUC %

(YA V]
TRAN ANH TUAN
(GY THCS Anh Som, H. Anh Son, Nghg 4n)

Tuong ty ta co: c4+a" >205d
Cong hai BDT vé theo vé ta co bai toan hay nhu
sau:
Bai 3. Chirng minh rang:
a' +b' +c* +d* = 4abed.
Huéng dén. Ta co: a* + b* 224°b%
c+d 2204

Cong theo vé cic BDT trén ta dugc:

a'+b*+ct+d' 2 2(a2b2 +c2d2) > 4abcd.

: . . b .
e Dic biét hon néu thay x bai E‘;-,y‘om — tacod
c
a b
52_.;.__>-2 —. Tuong tir nhr trén ta cé bai todn
c c

hay va kho.

Baid. Voia. b, c,dkhic 0, chimg minh ring:
a C c b a
—+t—+—=2—+—+—

b C a a c

Huéng dan. Ta co:

2 2 2 2 2

f-2~+b—222£, b—+C é; E pr. s2.L,

b ¢ ¢ & a a ¥ b

Cong vé theo vé cic BDT trén véi nhau ta dugc:
ad B 2 _c b

a
Tttt —S2—+—+—.
b ¢ a b a c¢

(o]
Q

e Tir bdi 1 néu ta nhan ciac BDT d6 theo vé ta
dugc (a2 +bz)(b2 +c2)(c2 +a2)2 8a’b’c®. Viy
tr day chiing ta c6 bai toan m&i nhur sau:

Bai 5. Véimoia, b, c, chimg minh:

(a2 +h3)(b3 +c2)(c2 +az)2 8a’b’c’.
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Hudng dén. Vin dung BT ()1 €
- ¢t +a’ 2 2ca.

a? +b? > 2ab; b+ 2206
Nhan theo vé cac BDT ta duoc:
(02 +b )(b2 +c )(c2 +az) >8a’b’c’ (dpem)

o Ta c6 thé ting sb bién 1én hodc dic biét hoa ta s&
dugc bai toan méi nhu sau.
Bai 6. Vi moi a, b, ¢, d, chimg minh:

(¢ +5)(b* #)(c24d?) (40" 2160°b
Hirdng dén. Ta co:

a® +b* 2 2ab; b +¢’ 22bc;
¢ +d? > 2cd; d* +d* 22da.

Nhan cic BDT trén lai v6i nhau theo vé ta dugc:
(az +bz)(bz -l-:::’)(c2 +¢:1'2)(d2 +a2)2 16a°b*c*d’.
e Tir bai 2 v nhin cic BDT do theo vé ta dugc
(a* +1)(8> +1)(c* +1)(d* +1) 216abed. Tir @0

ta ¢6 bai toan mai sau.
Bii 7. VGi moi a, b, ¢, d, chimg minh ring:
(a® +1)(8* +1)(c" +1)(d* +1) 2 16abed.
Hudmg dén. Tix bii 2 ta dugc:
@’ +122a; 6> +122b;¢* +1>2¢; d* +12> 2d.
Nhén céc BT trén lai theo vé ta duge:
(a* +1)(8% +1)(c” +1)( +1) > 16abca.

e Tir bai 4, néu ta nhin cic BDT d chimg minh
duoc lai voi nhau ta duge bit dang thic

aZ bZ bZ cl CI az
b—2+-cT C—z"'? a—2+-b7}28. Ta c6 bai
toan mai sau
Bai 8. Cho a, b, ¢, d khac 0, chitng miny,
a + b(e & V(e &
FERMPEN| P + BT >8.
Huréng dan. Tl bai 4 ta co:

TOANHOC .
2 Fclusifce SSsa8e.20m

2 2 a bz cz
f._+-—_1-22.—;—‘+—-—2-22 b_(:2 2
2 £ . —-_.. ==
b ¢ ¢c ¢ a a a +b2‘~2-._
b

Nhan céc BDT trén theo vé ta gy

@ b b’ fi c’ ‘-72

=t el s 77 -Zazb ==

A NV A 2b .
(dpem).
e Ciing van dung BDT phy vj gy dung thém mjt
sb diéu kién nita ching ta sg digc mot s6 bii todn

moi sau.

Bii 9. Véi moi a, b, ¢, d thoa man

atb+c+d=2.
Chimng minh: @ +b* +¢* +d* 1.
Huréng dén. St dung BDT (*).
Tacéd: a* +b° >2ab; a* +c* >2ac;a” +d* > 2ad:
b* +c* 22bc; b* +d* 22bd;c* +d* 2 2cd.
Cong vé theo vé cac BDT trén ta dugc:

3(.412 i +d2)2 2(ab+ac+ad+bc+bd +cd)

=4(a* +6* +c? +d?)2 (a+b+c+d) =2 =4

Sa+b+F+d2 21,

o Tir a® +b° > 2ab; a* +¢* > 2ac, cong cic BDT

ndy theo vé ta dugc: 247 +b° +¢” 2 2ab+2ac. Su

dung tinh chit lién hé giia thir ty va phép c0ng
H Lo g2 2
cong vao 2 vé cua BDT trén VOl p? + ¢ ta dugc

a+b +ct> a(b+c).Ta ¢6 bai toan mdi saw:
Bai 10. Vdi moi a, b, ¢, chiing minh rang:
a+b 4+t 2 a(b+c')-
Huéng din. Ap dung BDT (*) ta &
a* +b>>2qb ; a* +¢ 220C
Cong vé theo vé cic BDT trén ta dUdc
2a* + b7 + ¢* 2 2ab+20¢
Cong vao hai vé véi b*+ ¢* suy 1@
2a® +b* +c?) > 2a(b+c) + b +¢

(dpcm).

25 2a(b +0)




o TU @’ +b° 22ab cong vao 2 vé vOi a* +b’ ta
duge 2(a’+6%)2(a+b) (1), van dung két qua
nay ta duoc bai toan mg;j hay va kho sau.

e » X+y+z =5
Bai11. Chox,y, z théa man: { . =~ , , .
X4y +z =9

Chirng minh rcfng: 1<x:y:

i e

IA
o | ~a

Hudng din. Ta co:

{mm {ys
e

X +y 4 =9 |4yt =9-2

) 2 _(5_ )
- (x+y) =(5-2) .
2(.):2-9-);*2):18—2.22
Tu BDT (1) ta cé:
X+t > 2xy :>2(x2+y2)2(x+y)2.

Dodo: 18-2z22>(5-2) =32°-10z+7<0

:>(z—1)(3z—7)£0:>1£z_<_§.

7
Chimg minh tuong tu ta dugc: 1< x; y;z < 5
e Vin dung va bién di (*) ta co:

1 1 1
7S 1, 2
xX“+y 2xy y +tz
Cong vé theo vé cac BDT trén ta dugc:

1 ] 1 1 1 1
+ 2 2=

1 1 1
s <

4 <
Sz’ 2t 4x ~ Dox

. FSN
2
*+y* Y4zt oz

Néu cho xyz = 1 ta dugc:
1 1 1 XYtz

+ 9 +2 2 =
w gy Y4zt I +x 2

Tur dé ta co bai toan moi hay va khé sau
Bai 12. Cho a, b, ¢ > 0 thoa man abe = 1. Chimg

minh rang:

1 | !
b+t

a’ +b°
Huéng dén. Ti BDT (¥) suy ra:

1 1
]‘ < 1 .__dl_——s—l—_; 2 ZS—.
b’ 2ab’ b +C 2bc ¢ +a 2ca

Céng vé theo vé cac BDT thifc trén ta dugc

1 1 1 1
a2+b2+b2+cz > +a’ 2ab  2bc 2ca
a+b+c _a+b+c
~ 2abc 2
(dpcm).

e T huéng din cua bai 12 vachoa+b+c=1ta
dugc bai toan moi sau day
Bai 13. Cho a, b, ¢ > 0 thoa man a+b+tc = 1.
Chitng minh rang:
1 1 1 1
+ + <
b+’

a’ + b’ ¢t +a*  2abc

Hudéng din. Két hop voi bai 12 ta co:

1 1 1 1 1 1
2 + 7+ 2 2 o + +
a+b b+ t+at 2ab 2bc 2ca
_a+b+c_ 1
2abc  2abc’

e Ciing v&i cu tric nhu cac bai 12; 13 nhung thay
dbi vé s6 mii clia cac bién ta s& co bai toan mai
sau day.
Bai 14. Cho x, y > 0 va xy =1. Chieng minh rang:
X v

s B ],
X +y

X+ y?

Huéng din. Ap dung BDT (*) ta c6:

A4y 2oy 41 -< 12

X' +y 2x"y
X X 1
R e
X +y 2x"y  2xy

Chu’ng minh tu'(yng tur: Y < y _ 1
x1+y4 2xyz 2xy

Cong ve theo vé cac BDT trén ta duoc :

TOAN HOC
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x 4 <——x:-+—J"z’
x4yt Xyt T wy %
= l +___].,__-—'.—-]—=1
—ny 2y xy
e Ciing tir BPT (*) ta dugc:
chﬂl-y2

Xy 22y

Vién dung két qua nay va BDT Bunyakovsky ta 0
bai todn mdi sau day.

Bai 15. Cho hai so thuc x, y  thoa man
x* +1* <2, Chimg minh: xy < 1.

Hiréng dén. Ap dung BDT (*)ta co:

2+2

X
% 4 y2 >2xy=>xp<
Mat khac, theo BDT Bunyakovsky ta co:
(2 +3*) <2(x*+y*) =422 +y? <2.

Do d6 xy <1 (dpcm).
e Néu khai thic BDT (*) theo mot huéng khac
chiing ta s& c6 mét bai todn méi hay vi kho sau:
Bai 16. Cho x > 2, chimg minh ring

2
A:m+12+227.

Huéng din. Ta cb:

_ 2
(x=2+x* -2

+x’+2

+ (7 =2 +1)+2x 4+

1
(x-1)

e Tiép tuc khai thac theo mét huéng khac tr Két
quéa cua bai 1 1a x* + % + 22 204 yr bz Cong
vao 2 vé cua BDT nay véi 2(,\'y+yz+zx) ta
duoc:

TOAN HOC
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(x+y+z)_ 2 3(xy+yz+zx) (**)
Diu =" Xay 18 S X=y=z Bay gig (. o din
bét déng thic (**) € ta0 ra mpy 5. ¢ o dan
' g
thirc khac.
T (3-1)' 2029 =614135¢
Tha t:——-l—-— vOia, b, ¢ dy
y g ; ong ta dugc:
9 6

(a+b+c)2 atbic

+120

9 s_ 6

e r—7 22—
(a+b+c) a+b+c

Két hop bit dang thirc trén va bit déng thire (**)
v8i b9 50 (%,3,2)=(a,b,c) ta duge bit ding
thirc:

3 2 6 |
ab+bc+ca a+b+c

1+

Dau bang xdy ra <>a=b=c=1. Ta c6 cic b

toan méi hay va kho sau

Bai 17. Cho a, b, ¢ la cdc 56 thuc duong. Chimg
minh rang:
6
1+ 3 > .
ab+bc+ca a+b+c

Hiréng din. Tir bit dang thirc (**) ta 6

(a+b+c) >ab+bc+ca (1)

T (3t-1)" > 0= 9 - 61 +120.

Thay ¢ = véi a, b, ¢ duong ta duoc:

a+b+c

9 6

(a+b+c)2 _a+b+6‘

9 . 6

(a+b+c)2 “a+b+e

Kéthop (1) ta duoc bat dang thirc:

+120

< 1+




3 6

I 2 -

ab+bc+ca  g+b+c’

Dau bing xdyra <> g=h=c=].

e Ta cé:

ab+bc+ca__.£¢7_i£é+ab+bc+bc+ca

2 2 2
b+
g C+bc+a+ca+b
2 2 2

2> a\fb—c + b\/::; +C\/£.
Dau bang xay ra <>a=b=c. T do ta co tiép
bai toan madi sau.
Bai 18. Cho a, b, ¢ la cdc sé thuc khong dm.

Chimg minh rang:

(a+!;r+ac)2

—3—“——2a\/§+b\/5+c\/;3.

Hudng din. Tu BDT (**) ta c6:

b+c)
MZab+bc+ca

ab+ac ac+bc bc+ab
= + +

2 2 2
=a(b+c)+c(a+b)+b(c+a)
2 2 2

>avbc+ brfca + cvab (dpcm).
o Bay gio ta xét 4, b, ¢ khoéng am thoa man
a+b+c=1. Ap dung bét dang thirc (**) cho bd
s0 (x,y,z) = (ab,bC,Ca) ta c0:
(ab+bc+ ca)z > 3abc(a+b+c)=3abc.
ab +be +caz~3abe ().

a+b+C=l

Suy ra:
Mit khéc:
—at+ b’ +ct +2(ab+bc+ca)=] (2).
Két hop (1) va (2) ta duoc:
22 +b2 +c* +2V3abe <1.

| g aom
Déubﬁngxéyra<:>a==b=c':§.Tudotacobal

toan sau

Bai 19. Cho a, b, ¢ khong dm thoa man
a+b+c=1. Chimg minh rang:
&+ B+ +23abe <1.
Hueéng din. Ap dung bat ding thirc (**) cho b
s6 (ab,bc,ca) ta co:
(ab+bc+ca)2 > 3abc(a+b+c)=3abc.
Suy ra:
ab+bc+ca2\/3—aE (.
Mit khac: a+b+c=1
& a+b2+c? +2(ab+be+ca)=1 (2).
Két hop (1) va (2) ta dugc:
@+ +¢* +233abc <1.

c s 1
Dau bang xdy ra <::>a=b=c:§.

e Ciing theo huéng nay ta thay gia thiét
a+b+c=1 bing gia thiét abc =1, khi do
(ab+be+ca)’ 23abc(a+b+c)=3(a+b+c) (3);
ab +be+ca2 ¥abic! =3 (4,
Tur (3) va (4) suy ra:
(ab+b‘c+ca)3 >9(a+b+c).

DAu bing xdy ra <>a=b=c=1. Ta di dén bai
toan.
Bai 20. Cho a, b, ¢ khéng dm théa man abc=1.

Ching minh rang:
(ab+bc+ca) 29(a+b+c).
Hueéng din. Tix bai 19 ta da co:
(ab+bc +ca)’ = 3abe(a+b+c).
Ma abc =1, do d6:
(ab+bc+ca)’ 23(a+b+c).

Miit khac: ab +be + ca > W a’b’c’® =3.

Sé 548(2-2023)
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x dugc:
Nhan 2 BDT trén lai véi nhau
(a.!H-!bc+cu)3 >9(a+tb+ ¢) (dpcm). ’
A5 rc (**) cho bd sb
e Tiép tyc dung bét ding thic (%) "
 oia thié on
(x,7,2) = (ab,be,ca), véi gid thiét a, b, ¢ khong
m thoa man a’ + b +¢’ =1 taco:
2
3(azbc+blca+c2ab)s(ab+bc+c0) :
bl 2 ~
Mit khic: ab+bc+ca<a’ +b’ +¢’ nén
3(azbc+bzca +c2ab)$(ab+bc+ca)'
2
s(a2+b2+c2) =1,
. 1 - ,
Dau bé'ng Xay ra<ag=b=c=—. Tu d6 ta cod
3
bai toan sau

Bai 21. Cho a, b, ¢ khéng ém thoa man

a’+b +¢% =1, Ching minh rang:
) . 2 1
abc+bca+ciab<—,
Hudng dén. Tiép tyc ding bat ding thire (**) cho
b6 s6 (ab,bc, ca) v6i gia thiét a, b, ¢ ta cé:
3(a2bc +b'ca+ czab) <(ab+bc+ ca)’.
Mat khic: ab+bc +ca <qa? 4 p? +c’ nén

3(a2bc +b’ca+ czab) <(ab+bc +ca)2

< (a2 +b? +c2)2 =1 (dpcm).
* Thay diéu kién a® + b 4+ 2 =1 béi diéu kién
a+b+c=1labe va vin tiép huéng tren tq duoc:
(a.'_'>+bc+¢'.wa)2 > 3abc(a+b+c)

=3(a+b+ c).
Suy ra:

ab+bc+ca?(a+b+c)\/§(a+\b+c) (5)
Mat khéc tir gia thit, 4p dun

8 BBT Caygy, cho
a, b, c khong am ta co: ’

TOAN H
6 QC
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3
abc < Ej‘bi_c_)_

a+b+c= 2‘7

1

“5(e+bre) Bt
Suy ra: W 29 (6).

Két hop (5) vé (6) 18 ©0 bai todn gy v, ddu bing
xayra <> a=b=c=9.

Bai 22. Cho a, b, c khéng Gm thoa min

a+b+c=+abe. Ching minp, rang:

ab+bC+C029(G+b+c)_

Huéng dén. Tiép tuc dimg b déng thic (*%)

cho bd sb (ab, be, ca) VGia, b, khéng am ta c¢-

(ab+bc +ca)’ 23abC(a+b+c)=3(a+b+c)3.

Suy ra: ab+bc+ca2(a+b+c)\/m_

Mat khic theo BDT Cauchy ta c6:

(a+.b+c)3
27

= sla+bro)arbra)
Suy ra: J3(a +b+c¢)>9. Do do:

ab+bc+caz9(a+b+c).

a+b+c=+abc <

Diu bing Xayra <>a=b=c=9 (dpcm).
* Lai thay gia thiét g+ b+ c=+abe boi gia thiét
abc2ab+be 4 cq ta tiép tuc co:
(ab+be+ ca)2 >3abc(a+b+ c) (.
T gia thiét ta g a’b’c’ 2(ab+bc+ ca) (8).
Do 46, tir (7), (8) ta c6:
a’blc’ > (ab+be + ca‘)2 >3abe(a+b+c).

Déu bing Xayra < g=p=c=3. Tir do ta di dén
bai toan say:




- ——

Bai 23. Cho a, b, ¢ gyong thoa man

abc =z ab+bc +ca. Ching minh rang:
abe23(a+b+ ¢).

Huéng déin. Ta co:

(ab +bc+ca)2 2 3abe(a +b+c).
Tir abc 2 ab +bc + ca suy ra:

bt > (ab+bc+ ca)2 )
Do do:
a’b’c® 2 (ab+bc+ca)’ 2 3abe(a+b+c).

Diubang xayra < a=h=c=3 (dpcm).

o Tiép tuc khai thic BDT (*) theo mdt huéng
khéc xem s& cho chung ta diéu gi?

Bay gior ta xét BDT (*) voi x, y 14 2 s6 duong tiy

2 2
14 L4 3 2
y. Ta co: x2+y2221y:>x2+,2v Z—ZXZi-
Xy Xy
1 1
:>—2+—2_i_i2 § 7"
Xy o Ay (x+y)

Vi vay ta dugec mét BDT mdi sau:
i + i 2 8
2 2
Xy (x+y)

= 15

Déu bang xay ra khi va chi khi x=y . Sau day la
mot s6 bai toan {mg dung cua (1*)
Bai 24. Cho a. b, ¢ duong thoa man a+b+c=4.
Chirng minh:

L,, + —17 + —8,— 24,

at b &
Huéng din. Véi a, b, ¢ duong thoa man
a+b+c=4 si dung lién tiép (1*) hai lén ta

duoc:
i i+£> 8 +£ pd 64 =
a v (a+b)2 a (.:z+b+c)2

DéubﬁngxéyrakhiVﬁChikhi a=b=1lc=2.

® Ta lai co:

8
1 -i+ 8 ;,—_1_4-_.—-1—-{"'—87’2 3 + —
N b c (‘H'_J c
2 P
64 __ 256
ZF—T’T_ (2a+b+2c)
a+—+¢
(443
. 4 8>4
Néu cho 2a+b+2¢=8th1;2-+—52—+c—2_ A

Déu bing xdy ra khi va chi khi a=Lb=c=2.
Chiing ta ¢6 bai toan mdi sau day.

Bai 25. Cho a, b, ¢ duong thoa man

1
2a+b+2c=8. Chimg minh: ;2—+—b?+;2— >4,

Huréng dén. Bién dbi va vén dung 2 lan BDT (1%)
ta dugc:

1 4 8 1 1 8 8 g
?+-b—2-+c—2=?+ b 2+C—22———b—2—+—c?
3 7 [e3)
64 256

2 "
[ b ]2 (2a+b+2¢)’
G+E+C

Ml 2645400 =8 B8 — gt 350y
a v ¢ 8§

Déu “=" xay ra khi va chi khi a = Lb=c=2.

* Béy gio néu ta thay @, b, ¢ trong bai 25 lan lugt
bdi x+1,y+2, z+3 thi:

1 5 4 N 8

(x+1)" (y+2) (z+3)

S S S

(x+1)° (gﬂjz (z+3)

B 64

2 0 =
[x+1+§+1] (z+3) [x+2_+z+5)2
2

_ 256

-

(2x+}‘+2z+10)2'

(Xem tiép trang 16)
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TRUONG THPT

AN GIAI DE THI VAO LGP 10,
CHUYEN KHTN, PHQG HANOI

NAM HOC 2022 2023

VONG 1
Cau L. 1) Gidgi hé phiong trink

6y +35)+x'y+S5x =42
X’ +5x y+6x+30y =42

2) Giai phweong trinh
(\/3 x+6+3 3fx)(2+3{j(.\'+6)(3 f-\‘)) =24.
Loi gidi. 1) Hé phuong trinh tuong duong véi

{(13"“5)(12+6)=42

(x +5y)(.7r2 +6) el

suy ra: x+5p=5+xy & (x-5)(y-1)=0.
Giai = P +5x" +6x-12=0
(x+5y)(x2+6)=42<:>x

':.‘»(Jc-l)(x2 +6x+12)=0 & x=1.

i

{x 5 x=5
Giai , & 113.
(x+5y)(x +6)=42 }):—IS—S
2) bat u=%T6,v=%{E thu dugc
W+ =9
{(u+v)(2+3uv)=24 (2)
Ta cé:

2)e 2(u +v)+3uv(u +v)+(u3 +v3) =24+9

S (utv) +2(u+v)=33,
Pat t=u+y thu dugc:

£ +2t-33=0 (t—3)(t2 +3t+] l):O =3,

Ta thu duge: {u+v=3

uv=2 & H(3-u)=2

<=>u2—3u+2=0<3u=1,u=2_

eu=1 @31’x+6=1®1'=-5_
eyu=2 <:>3\Ix+6=2¢=,x=2_

Dépsé':x=—5;x=2_

TOAN
8 HOC
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Cau IL. 1) Tim fat ca cac cdp sé nguyén (

X, y)
thoa man dang thuec

25y% +354x+60 = 36x" + 305y + (5y—-6x

)2022 (1)
2) Trén ban co 8 hop rong (trong cdc |

op khéng
6 vién bi nao). NUOT ta thy hién cac Igp thém

bi vao cac hop theo quy tac sau: moj lan ta chon

ra 4 hop bat ky va bo vao mot hop | vién, mgt hép

2 vién, hai hgp con lai méi hép 3 yigp. Hoi 56 lin

thém bi it nhat co thé dé nhén dioc sé bi ¢ 8 hgp

trén la 8 56 tw nhién lién tiép?

Loi giai. 1)

(1) 25y —36x" +354x 305y +60= (5y—6x)™

c>(5y+6x)(5y-—6x)—60(5y—6x)
~(Sy+6x)+60=(5y - 6x)2

<::»(6J::-l~5y—-60)(5}2—6x—1)=(5y—6x)2022

(Sy _ 6x)2022

< 6x+5y-60=
Sy—6x-1
S— 2022_
Ll i T W
Sy—6x-1  S5y—6x-1
2022
Sy-6x-1

=(5y-6.r)102| +(5y—6):)2m +___+(5y—6X)+1

la so nguyén, suy ra:

Sy—6x—1==1.

Syt SO

* Xét tnrimg hop Sy—6x—1=—1, suy ra:
{5y'-6x=0

= — =6’x=5.
5y+6x—60=() =10p=80=y

o Xét tru(‘)ng h(_:rp 5y—-6x—1=1 , Suy ra:

{5}?—-6x=2

22
6x+5y._60=22023 ’

= 10y =2+60+




suy ra phuong trinh nay khéng cé nghiém nguyén
Vi2+60+2*" ¢4 tan cing 13 6,

Pdp 56: x = 5,y=6.

2) Sau méi lan thém bi, téng sb bi trong céc hép
ting 1+2+3+3=9 Téng 8 s tw nhién lién
tiép nho nht bing 0+14243+4+5+6+7 = 28, Suy
ra 42 nhan duoc s6 bi & 8 hop 1a 8 s6 tw nhién lién
ti€p can it nhat 4 lan thém bj.

Ta ch‘i ra mot cach thém bj trong 4 lin théa min
y€u cau bai toan nhu sau:

Xét 8 hop theo thi tw 1 — 8

Lin1: 120000 3 3

Lan2: 1221006 6

Lan3: 122133738

Lin4: 12345678 (théa man yéu cau cua
bai toan).

Pdp s6: s6 lan thém bi nho nhét 13 4.

Cau IIL. Cho hinh chit nhdt ABCD (AB < AD)
néi tiép trong duomg tron (O). Trén canh AD lay

hai diém E va F (E, F khéng tring véi A, D) sao

cho E ndm gita A va F, dong thoi

ABE + BCF = BOC.
1) Chirng minh rang BE va CF cdt nhau tai mét
diém ndm trén domg tron (O).

2) Puong thing qua O song song véi BC cat BE,
CF theo thir tu tai M, N. Chimg minh réing

— — ; J—
DAM + ADN + 2 AOD =180

3) Dung hinh chir nhat MNPQ sao cho NQ song
song voi BD, dong thoi MP song song véi AC.
Chitng minh rang dwong tron ngoai tiép hinh chir
nhdt MNPQ tiép xiic véi ducng tron (O).

Ldoi gigi. 1) Goi S 1a giao cua BM va CN. Ta c6:

BSC = ESF = 180° — SEF — SFE

=90° — ABE +90° — DCF = 5 BOC.

Suyra §e(0).

D/N \ c

S

2) Do O la trung diém cua AC, BD nén M, N theo
thir tu 13 trung diém cua BE, CF. Tir cic tam giac
ABE va DCF vudng tai A va D ta suy ra cac tam
gidc MAE va NFD can tai M va N. Két hop vdi
cdu 1) ta co:
DAM + ADN = MEA + NFD =180° — ESF
~180° — L 40D,
:

3) Goi T 1a giao diém ciia MA va ND. Theo céu 2)
thi; ATD =180" — MAD — NDA

—

AOD.

ro | =

Vay v6i hinh chit nhat MNPQ ta ciing ¢6 T ndm
trén dudng tron (/) ngoai tiép hinh chir nhét
MNPQ. Tir @6 trong tam giac TAD c6 MN // AD,
ta suy ra dudng tron (TMN) tiép xtc voi dudng
tron (TAD) hay (I) tiép xiic voi (O).

TOAN HOC
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Cau IV. Cho a. b.c la nhing so thiee dieong.

Ching minh rang

"
) +3b+c 32a
¢ 4da ‘
2a +(J+b+6l]"\'x. . P 2?d+b+f
a+b a+c 3b+c <

Loi gidi. Ta chimg minh dugc két qua can thiét

sau: E+£2_4'i. (1). Ddu bing xdyra<> a=b=c.

c b ath
P " 1>-4abc
Thatvay: (1)« ab+c 2—
2 252
@[c—ﬁ?—J o ~+ab20
at+b (a+b)

=fc

Ap dung bét ding thirc (1) ta thu dugc:

2 73
-2—‘”»’—] +ab[i‘—b] >0 (ludn ding).

atbh ath

+
2a .8 b2 8a
a+b a+c 3a+c

= 2a ,a+b 203atc) 8a 2(3a+c)

atb a+c 3btc 3atc 3b+c
=2( . +3"+‘J22.——__]6" _
3atc 3b+c 4a+3b+c
2a_a+b 2(3a+c) 4a+3b+c
>—t— 4
a+b a+c 3b+c b+c
2_2"__+f‘a_+3£‘f£=4 _ 8 4a+3b+c
4a+3b+c b+c 4a+3b+c 4(b+€)
5 432 32a

2 = 4 )
8a+4b+4c 2a+b+c (dpcin)
Dau béng xdyra < a=h=c
VONG 2
Ciu L 1) Voi a b,c la nhimg 56 thyec dwromg

- = L& . 1 | |
thoa mén diéu kign ~ +— 4" _ 1

: a b - Chitng minh
rang
l( [ + —-:——- + I
28a+bc b+ca c+ab
- abe

_‘_‘_\‘_\__‘__.
\(a+ be)(b + ca)(e + ab)

TOAN HOC
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2) Gidi hé phuwong trinh
].’Z.vrI 3+t =g
13.\'4— 2y+1= 2\/3;‘;‘—-;—6.
Loi gidi. 1) Ta ¢6 diéu kién < g, betcamap,

suyra: @’ +abc=a’ +ab+bc+ca=(a+b)(a+c)

b abe=b'$abtbe rca=(pa )4

C+a)(c+b).
Dang thirc can chimg minh trong dwong v
Bt 1B
a’+abc b*+abc c*+cap
= 2abc
(4 +abe) (& + bea) +cab)
= b + b +
(a+b)(a+c) (b+c)(b+a) m
- 2abc
=eo SO0
(a+b)(b+c)(c+a)
@a(b+c)+b(c+a)+c(a+b)= 2abe
<ab+bc+ca=abc (ding),
2) Hé phuong trinh tuong duong vai
(x+y)(2x+y):6 (1)
3x+2y+1=2{2x+y+6 (2)

@) 3x+2y+1=2[[2x+ y)+(x+y) (20 +))

2
¢t +abe=c +ab+bc+ca.___(

C

@ (xty+) (e y)=2|(2c+y)(x+y+1).
Pat a=x+y+1,b=2x+y ta thu duoc:
atb=2ab = q+b20 = (a+b) =4ab
= (a—b)2=0 = a=b
= xtytl=2%x+y = x=1.
Thay vio (1): (y+1)(y+2)=6=>y" +3y—4=0

y=1
< ;
y=—=4 (loaivi 3.1+2,(-4)+1<0)
Cau IL. 1) Tim 141 ca cac cap 50 nguvén diong

(x,¥) théa man dang thirc

3 2.3 ,\‘\'4.
(x+ P)5x+ '\,')'1 + -\]‘3 =(5x+ y)y+xy +X%




2)Voi a b, ¢ lg nhieng s thyre diong thoa man
cac diéu kien sau:
c<h<a<y,
[bz +2a <10,
b* +2a+2c<1a,
(@ +1)b* + 1)+ 4ab < 24 + 2 + 2a + 2b
Tim gid tri lom nhat cua biéy thire
P=4a® +b* 1 2b° +4c°.
Loi gigi. 1) Phuong trinh tuong duong véi
(5x+») (x+y-1)+x°(1-x-y)=0
= (x+ y—l)((5x+ ) ~W3)=o.
Vi x, ynguyén duong = x+y-1>0 va phuong
trinh twrong duong voéi:
(5x+ y)3 =xy’ = (5x+ y)3 chia hét cho y*

Sx+y

= (5x+y)chia hétchoy = 1a 56 nguyén

Sx+
y
Ta thu dugc:

2-7lasb nguyén duong.

x=2 = 52 +y=yz = 5 =y(z-1)

:>—5—eZ=>z—le{l;5}.
Hon

Ma z la s6 nguyén duong nén:

+z-1=1=z=2 = x=8, y=40.
+z-1=5 = z=6 = x=6"=216, y=216.
2) Ta co:

(a? +1)(b> +1)+4ab<2a’+2b° +2a+2b
<:>(al+1_2b)(b2+1—20)50.
Via>b =a>+1-2b>b>+1-2b=(b-1)" 20

= b*+1-2a<0 = b*+1<2a.

Pit A=2a, B=b"+1,C=2c, tathu dugc:
0<C<B<A<6 (vi B=b2+122b22c=c);

A+B<11, A+B+C<15.
Tim gia tri 1ém nhat cua
P=(2a) +(52 +1) +(2¢) ~1= 4" +B*+C"-1.
Ta chimg minh rang:

A+B+C <6 +57 +4
©(6—A)(6+A)+(5—B)(5+B)+(4—C)(4+C)20
& (6-A)(6+4)~(5+ )]

+11-4-B)[(5+B)~(4+C)]
+(15—A—B—C)(4+C)20(dﬁng)

=maxP =6+5*+4*-1=76 khia =3, b =2,
c=2.

Cau IIl. Cho tam giagc ABC nhon, khong can,
ngi 1iép trong dwdmg tron (O). Diém P nam trong
tam giac ABC. Goi E, F lan heot ld hinh chiéu
vuéng goc ciia P trén cac canh CA, AB. Gid sir tir

gidc BCEF néi tiép trong dwong tron (K).

1) Chimg minh rang AP vuong goc BC.

2) Chirng minh rang AP =20K.

3) Puong thing qua P vuéng goc véi AP car
dicomg tron (O) tai hai diém O va R. Chimg minh
rﬁng dwong tron tam A ban kinh AP fiefp xiic voi
diwomg 1ron ngoai tiép tam gige KOR.
Lo giai.

1) Ta dé théy tir gidc AEPF ni tiép, ta c6 bién ddi
goc: ACB = AFE = APE =90° — PAE.

Suyra AP 1 BC.

2) Goi AL 1a dudmg kinh cia (0). DE thiy cac tir

gidc PFBL va PECL 1 hinh thang vudng nén
trung tryc cia BF va CE phai di qua trung diém

TOAN HOC
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cla PL. Do tir gidc BCEF ndi tiép_ e s ‘(1;)
nén trung tryc cia BF va CE phai cat nhau tai .
Tir d6 K 1a trung diém cua pL, viy theo tinh chat
dudng trung binh thi 4P = 20K.

3) Goi giao diém thir hai cia LP va (0) 1a G; giao
dién thir hai cia PG va (4, AP) 1a X. Goi (J) la
dudng tron ngoai tiép tam gidc KOR.

TOAN HOC
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Tur AL la duong kinh cia (0) Y 1 G|
chiéu cua A trén AP hay G 13 tryng gia
hop K 1a trung diém PL, ta suy ra;

a hinh
XP. Két

va ta suy ra X nam trén duéng trop, (KOR). Tir c4¢
tam gidc AXP VA JXK cn tai 4 va ricéq hop véi k
0, J thiang hang @0 cung thuge trung trye BC), ta
suy ra X, 4, J thing hfi[]g. Vﬁy (4, AP) tiép x0c
voi (J).

Cau IV. Cho cdc diém A Ay Ay theo thi tw
ndm_trén mgt dutng thing sao cho @5 dgi o
doan Ak Ak+l bdng k (don Vi ddl'),
k=1,2,..,29. dogn  thing
AA A A, Ay Ay bGi 1 trong 3 may (méi doan
dugc 16 boi ding 1 mau). Chirng minh r&ng voi
moi cdch 16 mau, ta luén chon digc 2 56 nguyén
1£j<i<29 hai

AA., A A, dugc 16 cung mdu va i- j la bink

Voi
Ta 16 mau mg;

duwon g sao cho doan

phuong ciia s6 nguyén duong.
Loi gigi. Gia sir phan chimg bai toan khong thoa
man <> ¢ ton tai mot cach t6 mau cac doan thang
béng mot trong ba mau A4,8,C ma hidu do dai cia
2 canh cling mau bét ki khéng 1a binh phuong cuia
s nguyén duong.
Vi 9, 16, 25 13 binh phuong nén theo gia thiét
phan chimg céc canh d6 dai:
1, 10, 26 dugc td bang cac mau dbi mét phan biét,
1,17, 26 duoc t6 bang cac mau doi mot phan bidt,
suy ra 10, 17 cliing mau (déu ciing khic miu cta
1, 26).
+Kihiéu /(i) 1a mau cia doan thing c6 d9 dai i
thi f(10)=f(17)_
+Vi2, 11,27 ¢6 mau d5i mot phan biét,
2, 18, 27 ¢6 mau déi mot phan biét,
= 11, 18 ciing mau = f(11)=f(18).
Tuong tr 3, 12, 28 c6 mau doi mot phén bidt,
3, 19, 28 cé mau doi mot phan biét,

= 12,19 cingmau = £(12)=/(19)-



DE THI TUYEN SINH VAO LGP 10 THPT CHUYEN TINH BINH DINH

NAM HOQC 2022 - 2023, MON TOAN CHUYEN
Thoi gian lam bai: 150 phiit (khong ké thoi gian phat dé)

Bai 1. (2,5 diém) 1) Cho biduy thire

e xmn.\/;—sz"m. x+x°+2017.

Tinh gié tri cia P khix = 32 4 ¥5 - Y2 5.
2) Cho phuong trinh x* + bx® + cx + 1 = 0, trong
dd b, c 14 cac sé nguyén. Biét phuong trinh co
nghiém xo= 2++/5 . Tim b, ¢ va cac nghiém con
lai ciia phuong trinh.
Bai 2. (2,5 diém)
1) Giai hé phuong trinh:

Jr(x+y)+y2 -4y+1=0

{y(x+y)2 -2x*=7y-2=0

2) Choa, b, ¢ 14 cac sb nguyén.

Dit §= (a +2021)° + (26— 2022)° + (3¢ + 2023)’,
P=a+2b+3c+2022.

Chimg minh rang S chia hét cho 30 khi va chi khi

P chia hét cho 30.

Bai 3. (1,0 diém) Co tét ca bao nhiéu da thirc P(x)

c6 bac khong lén hon 2 véi cac hé s6 nguyén

khéng am va thoa méan diéu kién P(3) = 100?

Bai 4. (3,0 diém)
Cho tam gidc ABC nhon (4B < AC) ndi tip dutmg
tron (0), cac dudmg cao AD, BE, CF cit nhau tai
H. Goi M 14 trung diém BC.
a) Chirg minh tir gidc DMEF nbi tiép;
b) Pudng tron tam / duong kinh AH cat dudng
tron (O) tai diém thir hai la P. Ké duong kinh 4K
cua dudng tron (0). Chimg minh bdn diém P, H.
M, K thang hang;
¢) Céc tiép tuyén tai 4 va P cla duong tron (1) cét
nhau tai N. Chimg minh ba dudng thing MN, EF,
AH ddng quy.

Bii 5. (1,0 diém)

% . N {x +y<2
Cho2sdx,ythéoaman: ¢ , = ;
X +y +xy=3
Tim gi tri 16n nhét, gia tri nho nhét cua bidu thirc
T= xz + yz —-Xy.
BUI VAN CHI
(2172 Lé H(ing Phong, TP. Quy Nhon, Binh Pinh)

Gidi thiéu

*****ti***t**************i’******t*********t**************************‘k*************

& Tuong tw 4, 13, 29 ¢6 mau déi mot phan
biét, 4, 20, 29 c6 mau doi mét phan biét,

= 13, 20 cung mau = f(13)= £(20).
+ Khéng giam tong quit ta gia s
S(10)=f(17)= A (c6 mau A).
Vi 11-10=1> = 10, 11 khac mau (theo gia thiét
phan chimg) = f(11)# /(10).
+ Lai giasi f(11)=f(18)=8.
Vi 19-18=1* = 19, 18 khac mau (theo gia thiét
phan chimg) = f(19)= f(18)=B.

19-10=3* = 19, 10 khac mau (theo gia thiét

phan chimg) = f(19)= f(10)=4
= f(19)=C = f(12)=f(19)=C.
Vi 20-19=1 = f(20)= f(19)=C
20-11=3 = £(20)= f(11)=B
= [(20)=4=1(13).
Tom lai ta thu dwgc f(13)=/(17)=4, ma
17-13=2" = mau thuin voi gia thiét phan
chimg (dpcm).

NGUYEN VU LUONG - PHAM VAN HUNG
TRAN QUANG HUNG

(GV THPT chuyén KHTN, DHQG Ha Ngi)

Gidi thiéu
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Trong dé thi tét nghiép THPT nhiing ndm ga? day,
nhimg cau Van dung phin ham s0 tuong dbi hay
va khé. Trong bai viét nay i xin trinh bay mot
vai phuong phap cu thé dé giai ching.
L. LY THUYET CO BAN

o (Fu))=u,.r,

() =() = J = )

2. MQT SO THi DY
Thidul. Chohimsé y= f(x) luon lién e va
co dao ham ['(x)=(x- 1)(x 2): VxeR., Ham
56 g(x)= _f(.r“ —27x+l)co’ bao nhiéu diém circ
tri?
Loi gidgi. Ta co:
= :

F1(x)=(x-1)(x-2)" =0 e [ *=1 (ehiemdon)

x =2 (nghiém kép)

Mit khac ta cé:
g'(x)=(3x"-27) s (x’—27x+1)=0
3x*-27=0 X =13
of 3 =
! (x _27x+1)=0 X ~27x4+1=]
x=13
o lx=0 Ham s6 ¢6 5 diém oy 4.
x=433

TOAN HOC
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P e N
; E \ a ”u b RAET ]
Ny UMy ”“ETf ”TZ Ay
Y méuﬁ L L e
CHO KY THI Lo PR Wity
TRUNG HOC T::::S DL Ti :'Ji .Iha“l hm. (A 2
THONG
' Hd&rnﬁol: Gy THPTHmr,-h gu?![é,rl: 'l:;;,lzf:)
ou gz i i AR

Thi dy 2 (D& TNTHPT, 2021). 16 pim 56
y:/'()\') V(} Cd dao ham
f( ) ( )(Y -9) VxeR. s bao nhiéy
gida trj nguyén duong cua tham sé mdé ham 56

g(x)= ./.(J"J & 5,\" + m) €6 it nhat 3 diém cuc tri?

fuon lien e

Loi gidi. Ta co:
x =7 (nghiém don)
~9)=0¢e|x=3 (nghiém don)
X =-3 (nghiém don)

S1(x)=(x=7)(x*

Mait khac ta co:
3 3 2
g'(x)z(x +5x)( x +5)

’x’ + Sx’
Ta cb g'(x) khong ton tai tai x=0=x=0 13
mét diém cuc tri.

f’(lx3 +5x|+m) =0

f'(|x3 +5x| + m) =0.

|x3+5x|+m=7 ’x3+5xl=7-m

0= ’x3+5x|+m=3 & Ix3+51’=3—m :

|x3+5x|+m=—3 |x3+5x[=—3—m
Xét ham sé h Ix + 5x|
Tacé: A (x) = ______(3x £ONK +3%) (x=0);

|x3+5x|
"'(x)<0¢>x<0; h'(x)>0<:>x>0.

Ta c6 bang bién thién

X +00

h(x) . H ;
s e

h(x)

—_— |




Dé ham 56 ¢6 it nhit 3 diém cyc trj thi Phuong trinh luén c6 nghiém khi va chi khi

T-m>0 m<7 mm(f(x))<m<max(f(x))
3.4
3-m>0 o m<3 om<. e \

<m<

o @ /@)sme /W) ST HEmsd.

Vay giatrican im 13 m ¢ {L 2;3;4;5,6).
; . Va I; 2; 3t.
Thidw 3. Cho ham s W E{ }

: . Thi du 5. Cho ham s6 y= f(—") luén lién tuc va

f(v")=(€ +2')(\f§'—\1+x:+.t+l). ):
Wid 3 (xY=(x=-1)(x*-4) ,VxeR. Cé
Tim GTLN cua ham sé ;(\) co dao ham f (v) ( )(

bao nhiéu gia tri nguyén dwong cua tham so m dé
Lot gigi. DK: x>,

e +2' .
1 w4 2 = —_—_—— co ]
DAt u=e'+2">0=u'=¢* 1 2 N2> 0, e g(")—f(v’f——thz-x )
vadx—1+x 4+ x+1>0 diém cue tri?

ol Loi gidi. Taco: f'(x)=(x-1)(x*=4)" =0

1
+2x+1>0, Vx> 1;
1 *

; x=1 (nghiémdon)
f(x)=”":’f'(x)=u'v+uv'>0, Vx>1,

& | x=2 (nghiém boichin).

Vay m>ilnf(x)=3(e+2) khi x=1. x=-2 (nghiém bdichan)
Thi du 4. Tim cdc gia tri meZ dé phong ninh Pt u=€"+2">0=>u'=¢* +2"In2>0;
sau co nghiém R A S
Jx—3+\l:x+4=m(\,’5—x+\14—.r). . 1
/ =V =—2\/1__—2\/2_<0,Vx<1;
Lii gigi. PK: 3<x<4. ek T

, r3+¥aea _ (E_ J -{t_*_ ) r(z_ ]
Tac \/5.—x+m—m Xét ham s g=f ; m =g 5 m| f p m

=R {5 (son

2

2)= 1
f() V5-x+Vd-x v
Tacod: u=vx—-3+Yx+4>0 Qf.(g_mjzo(dou'p—lw'

v

1 1
+
24x-3 3%”4)2

=J5-x+J4-x
1 1
_2J5~x 2J4-x
X —00

u'v— il

f(x):%:f'(X) _—v—>0 Vx e (3;4). (%)

>O,Vx<l]

v
[

=u =

>0,Vx>3

u u
S—-m=lao—=m+],
v v

bat h(x)=%:>h'(x)=ﬂi;ﬂ>0:>c6 BBT:
v

<0, Vx e[3;4);

P

+

i
B
L
¥

Do d6 ham sé f(x) lién tuc v dong bién trén

h(x) 2§
doan [3;4]. 0 / L J
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; 2 c1chi 0< +1<e+2
Ham sb cé mot diém c¥C tri ki 0<m
o-l<msl. Viym=1

3. BAI TAP TUONG TU

o -t +3 Tim GTLN va

1. Cho ham s6 f(x)=
(x) (x3~3x)trén[0;2}-

GTNN cia ham s6 f

2. Cho ham sb y=/(x) lién &€ va c6 dao ham

f'(Jr)*—'(Jr—7)(x2 —9), vreR
gi4 tri nguyén duong cua tham so m dé
trinh.f (sin’ x-+ 3sinx) =m. 1uon ¢6 nghiém?

=x =3x+m Co bao nhiéu

C6 bao nhiéu
phuong

3. Cho ham sé /()
gia tri nguyén duong cua th
g(x)=f(sinx+ 1) luén ddng bién?

am s6 m dé ham sO

*t**tttt****#***********

(Tiép theo trang 7)

VAN DUNG ...
Cho 2x+ y+2z=6 tadugc:
1 4 8 »

7 =

'—'7+————T+
(x+l) (y+2) (z+3)
DAu bang xdy ra khi va chi khi x=ly=2z=1L

Ta c6 bai toan moi sau day:

Bai 26. Cho x, y, z duong thoa man
2x + y+2z=6. Chimg minh
1 4 8
+ ~+ 51,

(x+1)2 (y+2) (24-3)1 -

Hudng dén. Véi x, y, z duong, sit dung 2 lan

BDT (1*) ta dugc: 12+ 4 —+ 8
(x+1)° (y+2) (z+3)2

8, 8 ,

2 5=
Y z+3 2
(x+l+§+1j ( ) (x+}2-)-+z+5J

256
(2x+y+2z+10)"

TOAN HOC
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**********************************

4. Cho ham 80 ¥~ S (%) lién tuc va cb gy "
(x *1)(""2)2: VxeR,

Him

/'(x)=
g(x) ::f(xl +X- l) ¢ bao nhiéy dxém Cuc tri ?

s, Cho ham s /(%) =% 35 +3me 41 G4 b
nhiéu gid tri pguyén duong ciia tham sé m ¢4 him

& & (x)= f(xz-Zx) luén nghich bién trén

[0;2]?
6. Cho ham s6 ¥ =/ (¥) lién tuc va ¢4 dao ham
2
Fi(x)=(x~T)(¥ =9)- VxeR. C6 bao nhiu
gié tri nguyén duong cua tham s m dé ham s6
g(x)= f(cosx—m) ludn ddng bién?
e 3k 3K 3% 3k 3 3 3K 2% 3k ok ok ok K ok ok ok sk ok ok ok ok sk ok
Vi 2x+y+2z=6 nén ta co:
1 4 8
—_—t =+
(x+1) (y+2) (z+3)
Déu “=" khi va chi khi x=1; y=2; z=1
« Dé bai todn tré nén khé hon ta thay gia thiét
2x+ y+2z=6 boi gia thiét x* +y* +2°<3y.

Vin dung thém BDT (*) ta cd:
xt+122xy° +424y,27 +122z

21.

2

Do do:
2x+4y+22$(xz +l)+(y2 +4)-&—(z2 +I)
=x’+y’+22 +6<3y+6.
& 2x+y+2z<6.
Ta c6 bai toan sau
Bai thoa man

21 Cho X,

2 2 ¥ i .
X" +y 4z <3y. Chimg minh

y, z duong

] 4 8

+ f———2L

(y+2) (z+3)

2

(,\'+1)‘

Hudng diin. Cich giai tuong tu bai 26 va I y

An 2
deén x*+y" +2° <3y,




1. Y twomg xuit phat
Xet ham so luong giac y=f(x) co chu ki T.

z k
Néu x=a+;.T thudc tap xac dinh coa ham so6

dang xét, v6i keZ, meN m<kacR thita

co: x=a+£T=a+mq+r.T
m m
rT I
=a+—+gqT (quvélr=0;---;’”‘1)
m
) k T : T
= fla+—T|=fla+—+qT |=fla+—|
o m m

Do dé dé kiém tra mdt céng thic nghiém

k . .
x=a+—.T ciua mt phuong trinh lugng giac co
m

thoa man diéu kién f(x) # 0 khong, ta c6 thé viét
coéng thirc nghiém do lai theo chu ki cua ham 56
y = f(x) roi thu lai. Bai viét nay trinh bay cach
dbi chiéu nghiém véi diéu kién theo hudng nay.

2. Mot so thi dy minh hoa

Thi du 1. Giai phwong trinh:

Loi gidi. DK: cos%~l #0. Ham s6 y =cos%—l

¢6 chu ki T:—21£:4;r. L Lol
= cos™ —1
2
ocosx—1=0&cosx=1
<:>x=k2zr=§4;r (keZ)@_r:zm;"A,,

o x=r2r+max(meZ,r=0;1)

[x =mér

,(mEZ).
x=2r+mir

4 1)
s#ns'w Whahd p adwwitl Ldu

=
PEEN BPAN ~
i — " v ’ 2 [
F X S N KY T!"'."Qlﬂ mAy Arpvdyr ypanpyy 14T MOFE Drey
b AT a3 40 Ve vl N, w0 kA Bily il
4 ( 3 a’h’ = - ilcb’ii W'dd Wlhpsdd'y & "l-'r.n-d-h--i::'- ol wimw sSalaal
- i 4 -
Y =) ) N en ATEA MR Ay oy anier
= - MDANA ATEy pervswies mnsyenr g soates ATRA A0 AN 2110 4

\ii W ol wadnk W Oud W ilal ’
VO THANH GIANG 14
(1 THPT Newyen Mo Cand,oin Grang)

S ,‘J

X A
Thay x=0vax=27 vao y=0055“1 , ta Ihay
x
chicé x=2x thi y-;cosE—l#O.

Do do6, phuong trinh ¢ cac nghiém la
x =27 +méx =(2m +1)27,meZ.

. . sinx.cot5x
Thi du 2. Giai phuong trinh ———— = 1.
cos9x
inSx#0 )
Li gidi. DX: """ 7 & sinSx.cos9x 20 (*).
cos9x =0

2 \ :
Vi y=sin5x cé chuky T =_5;_r_ va y=cos9xco

chuky 7, =2§ nén y = sin5x.cos9x ¢o chu ky

2T 27 .
T= m,.? = m:.?(nq ,m, € N',UCLN (m,,m,) =1)

=m, =5,m, =9 =T =2x. Bién ddi PT vé dang:

cosSx.sinx =cos9x.sinSx
1. . 1, . .
oy (sin6x —sin4x) = 5 (sinl4x —sin4x)

ldx=6x+ k27

< sinl4x=sinb6x &
l4x=mr—-6x+ k27

_kx _k

) — 3
a5, 4 8 (keZ)
x kmr mx k
X=—+—=—+—21
" 20 10 20 20
[ 8m+r
=2 or (r=0;1..57)

P .meZ.
7 20m+r

_x:5+ % 27(r'=0;1;::519)
xX=—+m2r (r= 0;1:...,7)
“> - ' .meZ.
r T - = N .
*=% + ™ m2r (r'=0;1;..;19)
) TOAN HOC
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(2 IE (r=0L.7)  véo

e Thay
dy U 4% r=1;3;57 thi
y =sinSx.cos9x ta thay UDE voi r=1

jr .
sin Sx.cos9x # 0. Do do x=—;+m2ﬂ',
T
57 - x=—+m2r
X=1I£+m27r;x=—4—+m27c, e

(meZ) 1 cac nghiém cia phuong trinh da cho.

o Thay x=—tll (r'=0:L.q19) vio
2

10 |
y=sin5x.cos9x ta thiy img tat ca cac gia tri do

thi sinSx.cos9x#0. Do do, x= 5 + T (vi
gon) 1a cac nghiém cua phuong trinh da cho.

Viy PT di cho c¢6 cac nghiém la:
Sz
x =£+ m27r;x=£+m2x;x=—+ m2r;
4 4 4

kr
x=z4£+m21r(meZ), x=%+—1—0—(kEZ).

Thi dy 3. Giai phuong trinh

2cosdx
cotx=tanx+

sin2x
Léi gigi. DK: sin2x#0. Ham sé y=sin2x co

2
chu ki T=—2’5=;z. Khi do:

cotx=ta.nx+26.054x<:>cotx-tanx=2COS4x.
sin 2x sin 2x

2cos2x  2cosdx

& — = <> C054x =cos2x
sin2x sin 2x
(x=knr x=kr

) k (keZ)o (3m+r]
X=—7 X= ¥4
L 3 3
(x=tkn

-~ k,m Z, =01
x=-r£+mzz( s & 0’1’2)
[
X=mr

Slx==+mn (meZ)
X=—+mr
L

T 2r

Thay x=0;x=735737 vao y

=sin2yx, ta thiy chi

2 s
/4 =
&6 x:—j—;xz : thi y=sin2xx¢ Dodé PT ¢4

c4c nghiém la

Z pmm 2= +
xX= -é— + ) 3 mmr (m e Z)
Thi du 4. Giai phuong trinh

2tan3x +COot2x = tan x 4

sindy
Léi gidi. DK: €0s X.C083x.5in 2x. sin 4 0.

Vi y=cosxco chu ky T =27, y=cos3xco chu
i Ez%z,y=sin2xc6 chu ky 1=

y =sin4x ¢ chu  ky z

T, :E nén
y =cos3x.sin 2x.sin 4x c6 chu ky
2
T=m,.27r=m2.—§£=m3.7r=m4£

(m,my,my,m, € N.v(ml:mzvm:uma) =1)

m_L

m, 3
:.‘»ﬁ--'—:l::'wn1 =lLm,=3,m=2m =4=>T=2n.

my, 2

m 1

4

L\ 4

Khi d6: 2tan3x + cot 2x = tan x +

sin4x

o (tan3x+ cot Zx) 4 (tan3x— tan x) =

sin4dx
COSx

___-—‘_‘_ —_—
Cos3x.sin2x  cos 3x.cosx sin4x
< 2C08X.c082x + 2sin4x.sinx = 2cos3x

< Cos3x+cosx+ 2sin4x.sin x = 2cos 3x
< 2sindx.sin x = cos3x—cosx
< 4c0s2x.sin 2xsinx =

o sin 2x 2

—25sin 2x.sin X.

1
<30052)‘7=“‘5C>t;:t::s.ZJc:cosz—ﬁ
2x=—é_+k27[ x=£+—2ﬁ
7 s L e B
3 +k2x x= +2. v/4



|-x_—+m27r
T 2m+r
=37 2z L Y
2
<~
r=_£+2m+r 5
3 2 T x=——+m2rx
X=—+mlr
(mEZ,r=0;1). Thay x:-j—r;x—_-ﬂ']—r;_xz—f;x=—2—ﬂ:
3 3 3 3

vao y =cos3x.sin2x.sin4x, ta thiy cac gia tri déu

lam y=cos3x.sin2x.sin4x#0. Vay PT c6 cac

nghiém 1a: x = % +m2r, x= 4{ +m2r;

x=—%+m27r;x=2§+m27r (meZ).

Thi du 5. Giai phwong trinh

4cos’ x+2cos’ x(2sinx —1) - sin 2x - 2(sin x + cos x) A

2sin’ x—1
Loi gidgi. DK: 2sin’ x—120 ¢ cos2x #0.
Hamsé y=cos2x céchuki T = 7. Khi dé:
40053x+20052x(2sinx—1)—sin2x—2(sinx+cosx)_0

2sin’x-1

& 4cos’ x+2cos’ x(2sinx—1)
—sin2x—2(sinx+cosx)=0

< 4cos’ x + 4cos® x.sinx —2cos” x
—2sinx.cosx—2(sinx+cosx)=0
& 4cos? x(sin x + cosx) — 2¢os x(cos x +sin x)
—2(sinx+cosx)=0

< 2(5inx+COSX)(ZCOSZJC—COSX-I):O
w
sinx+cosx=0 x__Z”"r

& lcosx=1 | x=k2x

cosx=——
2

T 2z 2T .
x=—;x=0x=—;x=—-— vao
3 3
2
P Y
3

y=cos2x# 0. Dodé PT ¢d céac nghiém la:

Thay

y=cos2x,chicé x=0,x=

x=k2m, x=.4_.2_;’:+k2;r(keZ).

Thi du 6. Gidi phuong trink

2 (sin” x +cos’ ,r) —§in x.COS X 0
\/5 —2sinx

Léi gidi. PK: 2 —2sinx #0.

Hamsb y=+/2 —2sinx c6 chuki T=2r

2(Sin6 x +cos® x) —sin x.cosx
K.h] dé: - =0
\6 —2sinx

o 2(sin6x+cos° x)-—sinx.cosx= 0

1.
= 2(1 E ZxJ—-—sm?.x =0
4 2
< 3sin’ 2x +sin2x—-4=0

@si.r12x=1<:>2x=§+k27r

T T k
=Z4+k =—+=—2x(keZ
ox 4+ T X i ( )

cx=%+2m2+r.2fr (meZ,rsO;l)

T
xX=—+m2r

/4 5w .
Thay x=—;x=— vio
St 4 4
x=—+m2r
4
: ’ - Sr 3
y=~/5~25mx, chi co x=—4— thi

y=\/§—25inx¢0.Véy PT c6 cac nghiém la
x=5—:-+m27r(meZ).

Thi du 7. Giai cac phwong trinh
cos3x.tan Sx =sin 7x.
Léi gidi. PK: cos5x #0. Ham s6 y =cos5x ¢6

2
chu ki T=?”. Khi dé:

cos3x.tan 5x =sin 7x
&> 2sin5x.cos3x = 2sin 7x.cos 5x

& sin8x =sinl2x

ke _sk 2
2 4°5
= kelZ
e l‘£_£+,’£2_”( =2
20 10 20 45

TOAN HOC 19
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T
_S(4m+r) 27

x=—+k2r
: - ) .
s T AT (wemr-oi2y < 2oz ok (ke
g BB dm+r 2m LI_FIS 3 TREY P
200 4 s :
: =Lk
x=£+n;2;r o (m,keZ r=012
= 2 ) 7 3m+r 5 ) ) )
T rm mrm x=-E+ " n
X=—4——4 i
20 10 5 - -
X=—+k27
¢ Thay x:"_ir (r=0;1;2;3) vao y =cos5x, chi X
2
co ¥=0;x=7x thi y=cosSx#0. Do d¢: X=——+m27
= X = la cic nghiém <
X=mmx=x+m2x,(mel) g BRI
cua PT.
g 23x
* Thay x=Z I (r=0;1;2;3) vao y=cosSx, x=—1?+m27r

ta thiy cac gid tri déu lam cho y=cosSx#0. Do Thay — _JZE;x - _{%. 1:;'; _% ¥

do: x =—2% +% (k€Z) (viét gon) 14 cac nghiém

. T . b4 11z
y=cos2x+sinx thi chi ¢g s el
cua PT. Vay PT da cho ¢ cac nghiém la: 18 18
¥=mATx =7+ m2n (meZ) x=?—§ thi y=cos2x+sinx=0. Do do, nghiém
Vi x=T km (kez).
20 10

cia PTdachola x=-7 4 527 (kez).
Thi dy 8 (D& thi tuyén sinh Dai hoc kndi A, 18
2009). Giai phuong trinh

Thi du 9. Giai phiong trinh
(1-2sinx).cos x

SIN X + S1n 2x + sin 3x 3
N o —————=4/3. : B
(1+2smx)(l—smx) V3 COSx +cos2x +cos3x
) Loi gigi. DK: CoSx+cos2x+cos3x =0,
Loi gigi. PX: (]+25mx)(l—sinx)¢0 i 5 )
Vi y=cosxco chuky T =27, y=cos2x ¢é chu
¢¢1+sinx—25inzx¢0<:>0052x+sinx;&0.

‘ ) . 2r
Vi y=cos2x ¢6 chu ky T =r, y=sinxcochu X T=nx, F= e S by Ty~ il
ky T, =27 nén Y =¢082x +sinxcé chy ky

Y =c0sx+cos2x + cos3x ¢6 chu ky
T=m,.7r=m2.2;r (m,,m, e N*

Am,m,)=1)

2r
T:ml.27r=m:.7f=m3-_
ml
=—=2=m=2m =1=T=2; Khi do:
m, i (m,.mz,m3eN',(m,,mz,m,)=1)- Suy ra:
(1—2SinX).CQSI =\/§ ﬂ_l
(l+2sinx)(l—s'mx) m, 2
s >m=1\m =2,m=3=>T=2r.
c:cosx—\@sinx=sin2x+w/§coszx m o1 B
@cos(xa»%):cos[h—-%) o3

Khi d¢: SIDX +5sin 2x + sin 3x =\[‘

COS X +¢os2x + cos 3x ’
TOAN HOC
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2sin2xcosx +sin2x

2c0s2x.COSX +COS2x

: -
<::>sm2x( cos.x+l)=\/i o an2x=3
cos2x(2cosx +1)

T km m k

SxX=—t—==+—=2
s Y=g t3 Jr(keZ)
4m+r
ox=2+ 2 0r (meZr=0;1,23)
6 4
x=£+lez’
6
x=-2£+m2:r
T orr

(meZ).

S X=—+—+m2T S
6 2 Tr
x=—6—+n:2:r

X =§£ +m2r
3

L

6 3 6
¥ =CO0S X+ COS 2x + c0os 3x
chi co xzz;x=k;x=5—”thi
6 6 3

y =cosx + cos2x +cos3x # 0.
5 5 o . s T
Viay cac nghiém cua PT la: x= g +m2r,

x=36£+m27r;x=5?ﬂ+m2x (meZ).

Thi du 10. Giai phwong trinh
1 _ﬁ(sinxfcosx)
cotx —1 )

tan x + cot2x

L gidgi. DK: sinx.cosx.(tanx+cot2x) (cotx~1) # 0.
Xét ham s

y = f(x)=sinx.cos x.(tan x + cot 2x).(cotx - 1).
V6i T =2r tachd:
f(x+T)=sin(x+2r).cos(x+2m)x
x[tan(x+2;r)+col(21+4;r)].[cot(x+er)—l]
=sinx.cosx.(tanx+cot2x).(cotx—l)=f(x),

] J2 (sinx - cosx)
Khi d6: —=

tan x + cot 2x cotx—1
sin2x ——J{2sinx
2sin?® x +cos2x

S sin2x = -stinx = sinx(2c05x+ﬁ)=0

x=km
sinx=0 Az
o e x=—+k2r (keZ)

C05X=-'-2— 3

T

=-—-——+k2ﬂ'
nx 4
T iz

Thay x:O;x:-E—;x=——4— vao
f(x)=sinx.cosx.(tanx + cot 2x).(cotx —1)

chi ¢6 xz%” thi f(x)#0. Vay PT cb cac

nghiém la x=3%+k27r (keZ).
Nhin xét. Ham sb

y = f(x)=sinx.cosx.(tan x + cot 2x).(cotx~1)
khé phirc tap nén viéc tim chu ki 1a twong d6i khoé
véi nhiéu hoc sinh. Nhu vay ta c6 thé khong tim chu
ki ma tim s& T thoa man f(x+T)=f(x) va dé
dang tim duge T =27. Chu ki cia ham sb nay la
.

3. Bai tap rén luyén

Giai cac phirong trinh sau:

1. 2tan x +cot 2x =2sin 2x + — A
2sin2x

3(sinx+tanx
2. —(-4_—)—Zcosx= 2
tan x —sin x

3. 2sinx+cotx=2sin2x+1.
. (2-sin’ 2x).sin3x
4. 4).tan” x+1= .
cos” x
cos’ x(cosx—1
5. : ( )=2(l+sin.r).
$in X + cos x
6. cotx—tanx+4sin2x=— .
sin 2x
tan’x+tanx 2 | ps
7. ——————=—sin| x+—|.
tan” x +1 2 4

(1-2sinx)cosx
" (1+2sinx)(1-sinx)

9. Ssinx—2=3(1-sinx)tan’ x.

=4/3,

T
10. t5‘“['&—-‘(]=5$ir12;vc+1.

TOAN HOC
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CAC LOP THCS

Bai T1/548 (L6p 6). Tim tat ca céc ¢dp sO nguyén
_ g va pq — q déu 1a so chinh

t (p; g) wa p
phuong. i ) 1
NGUYEN BUC TUONG
(Gia Lai)

Bai T2/548 (Lép 7). Cho tam gidc ABC vudng tai
A ¢6 goc ACB=30°. Trén canh BC Jiy hai diém

. z BE
D, E sao cho AB = BD, AC = CE. Tinh ty s0 5

CAO NGQC TOAN
(GV THPT Tam Giang, Phong Dién, Thira Thién Hué)
Bai T3/548. Viét 1én bang bd s6
(—69; —68; —67; ...; 94; 95; 96).
M3i lugt choi Quang Link x6a di mot bd 6 sb cé
dang: @+ b;b+c;c+a,a—b;b—c; c—a) voi
a, b, ¢ 13 cic sb nguyén va thay boi b 3 sb co
dang (2a; 2b; 2c). Chimg minh ring Quang Linh
khong thé choi qua 51 lugt.
PHAN QUANG LINH
(SV lép K70K, PHSP Ha N¢i)
Bai T4/548. Cho tam gidc ABC can tai 4, mot
diém D bét ky trén canh BC (D khic B, C). Pudng
thang qua D vudng goc vdi AB cit dudng thing
qua C vudng goc voi AC tai E. Goi X 1a giao diém
cia ED va 4B, F la trung diém cia BD. Chimg
minh EAF = BDK.
NGUYEN HAM THANH
(GV THCS Ding Thai Mai, TP. Vinp, Nghé An)

TOAN HOC
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Bai

Bai

15/548. Giai h¢ phuong trinh sau
Pyt +2=2x+y+xy)

;1
5+y e
& 16

LE XUAN DPAI
(GV THPT chuyén Vinh Phiic)

CAC LOP THPT

T6/548. Tim gia tri 1on nhat cua tham s6 a sao

cho phuong trinh a* =log, x c6 nghiém.

Bai

LA PAI CUONG
(GV THPT Cam L§, Quang Tri)

T7/548. Cho phuong trinh
x6 _x4 —2(m —-1)x3 +(m—1)2 =0.

Tim m dé phuong trinh c6 4 nghiém phén bigt.

HOANG SI LUYEN
(GV THPT-DTNT Quy Chdu, Quy Chdu, Nghé An)

Bai T8/548. Trong khéng gian, trén 3 tia Ox, Oy,
0Oz d6i mdt vudng goc lan luot liy 3 diém bét ky
A, B, C khéng trung véi O. Goi H la truc tdm tam
gidac ABC. Ky hiéu So, Sy, Ss, Sc theo thur tu la
dién tich cac tam giac ABC, OBC, OCA, OAB.
Chimg minh ring

CAO HAI VAN
(GV THPT Nguyén Chi Thanh, Pleiku, Gia Lai)

Bai T9/548. Cho n la sb nguyén duong. Gia sir a,

b,

¢ la cic s thuc duong thoa man

a"+b" +¢" =3. Tim gi4 tri nhé nhit ctia bidu thirc

2 2 2
P= e + b + g + - y
at+bc b+ca c+ab a*+b*+c?
HOANG NGQC MINH

(GV THPT chuyén KHTN, PHQOG Ha Noi)
TIEN TOI OLYMPIC TOAN

Bai T10/548. Cho day sé nguyén (a,) théa man

{ao =2023; g, =2.2023?
8,42 =2023%a +2.2023"™ VneN



Chimg minh rang véi moj 50 nguyén duong k, tdn

tai vO sb sb tu nhiép @ dang 6m + 1 sao cho
3 +a 1a hop s6.

4k*-1

PHAM MINH TRi
(SV DHSP TP. Hé Chi Minh)

Bai T11/548. Tim tét ca cac pam f: R->R thoa

man; f(f(x)+}’2+4)+4y=x+f2(y+2),Vx,yelR.

HO THANH LAI

(GVTHPT chuyén Lé Quy Dén, Binh Dink

Bai T12/548. Cho tam giac 4BC noi tiép duong
tron (O) I'a tam duomg tron ndi tiép. 1B, IC 1in
lwot cét (O) tai diém thir haj E, F. Goi E',F'lan

lgt doi xtmg véi E, F qua AC, 4B. Chimg minh

rang tim dudng tron ngoai tiép tam gisc OE'F’
nam trén dudmg thing A7,

TRAN QUANG HUNG
(GV THPT chuyén KHTN, PHQG Ha Ngi)

Bai L1/548. Mdt con lic don dao déng didu hoa
trong mét thang méay chuyén dong thing dimg 1én
cao chia thanh 3 giai doan lién tyc. Giai doan mét,
thang méy chuyén dong nhanh din déu tr trang
thai nghi dugc doan duong h. Giai doan hai, thang
may chuyen dong thing déu véi tde 46 bing tdc
dd cubi giai doan mot va di dugce doan dudmng 2h.

Giai doan ba thang may chuyen dong cham dén
déu véi tdc do diu bang toc dd chuyén dong thang
déu, ddng thoi di dugc doan dudng h roi dimg lai.
S6 dao dong toan phan trong giai doan mt va hai
twong img 1a 18 lan va 17 lan. Giai doan ba cua
thang may thi con lic thuc hién dugc s6 dao dong
toan phan bang bao nhiéu?

VIET CUONG (Ha N¢i)
pit dién 4p xoay chiéu
u = U~2 cos2mft (V) c6 tén sb f thay dif')i dugc
vao hai diu doan mach gdém dién tro Fhuﬁn R, tu
dién c6 dién dung C va cudn cam thuén ¢ df tu
cim L méc ndi tiép (voi 2L > R*C). Khi f= £ thi
Ue= U va 6(R + Z)Z, + Zc) = TR(R + Z¢); khi
f =fo+75Hz thi U, = U. Tinh gia tri cta f;.

THANH LAM (Ha N¢i))

KEEEER AR AR R R R R FER AR REREEREN

Bai  L2/548.

PINH CHINH: Trong TH&TT sb 547, thang 1 ndm
2023, muc “Pé ra ky nay”, bai T9/547:

S0 ak A . A . A
Pa viét: .. sm5+sm—+sm—...

. © s .4 . B . C
xin dugce sua la: ... sm;+s1n—2-+sm-—...
Thanh thét xin 13i tic gia va ban doc.

Toa soan TH&TT

PROBLEM IN THIS ISSUE

FOR SECONDARY SCHOOL
Problem T1/548 (For 6" grade). Find all pairs of
prime numbers (p; g) so that both p — g and pg — g
are perfect squares.

Problem T2/548 (For 7" grade). Given a right

triangle ABC A and the angle ACB =30", On the
sidle BC choose two points D and E so that

. BE
AB=BD, AC = CE. Find the ratio 3D

Problem T3/548. Quang Linh writes
following numbers on a board

(-69; —68; —67; ...; 94; 95; 96).
Each time, he erases 6 numbers of the form (a + b;

the

b+g;c+a;a_b;b_c;c—a)wherea,b,care

integers and replaces by 3 numbers (2a; 2b; 2¢).
Show that he cannot do this more than 51 times.

Problem T4/548. Given a isosceles triangle 4BC
with the vertex angle 4, and an arbitrary point D
inside the side BC. The line which passes through
D and is perpendicular to 4B intersects the line
which passes through C and is perpendicular to
AC at E. Let K be the intersection between ED and
AB and F the midpoint of BD. Show that
EAF = BDK.

Problem T5/548. Solve the following system of

X4y +2=2(x+y +x)
equations 1
X4yt =

16

(Xem tiep trang 47)

sésaseany  TOGN HOC
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Bai T1/544. Tinh tong tdt ca cdc udc s6 le lon
nhét cua cac s6 2022, 2023, ..., 4044.

Loi gidi. Nhan xér: Méi s6 nguyén dicong a luén
viét duoc mér cach duy nhat thanh tich cua’ lay
thita cua 2 va mér 56 le, dang a = 2".b véi s6 mii
twnhiénnvaséleb . ‘

Thuc vay, néu a 14 sb I¢é thi ly 7 = 0, néu « 1 sb
chin thi chia a cho 2, néu thuong 13 sé chin thi
tiép tuc chia thuong dé cho 2, gia st chia duoc n
lan, dén khi duge thuong 14 56 1é b thi c6 q = 2" b,
lic d6 & 1a $6 16 16n nhét cia sé @ (58 1é nho nhit
cua sé a la 1). Gia sur sb nguyén duong a co hai
céch viét1a a = 2" b= 2" ¢ véi cic sé mi tw nhién
n, m va cac séléb,c. Gia st n < m thi tr
2°6=2"ccob=2""cmab, cdéula s 1é nén
m=nvab=c, tic la cich viét g = 2" p la duy
nhit.

Tro lai bai todn. Xét haj s nguyén bt ki a, ¢ ma
a < ¢ trong diy s nguyén lién tiép fir 2022 dén
4043. Gia sw @ va ¢ ¢6 ude sb 1 I¢g nhét bing
nhau, tc ld 0 = 2§ va ¢ =
n+1<m,lac do:

c= zm_b 2 zn*l

2"bthin<m , hay la

b=22"b=24> 2.2022 = 4044,
diéu ndy khéng Xay ra, tirc la g v ¢ €6 ude sb ¢
16m nhit khac nhau, Diy sé n
2022 dén 4043 c6 2022 sb v3 do wéc $6 16 1gn
nhét cua ching khic nhau nép cic uge sé e 16n
nhat caa chiing 1a 1; 3 5;

‘ 5 4043 gdm 2022 ¢4,
Tathay 1+3=22 | FA+5=97,

guyén lién tiép tir

Giasr1+3+,_ + (2k-1)=
duong & tiy ¥ thi
1+3+ .+ (2%

- .
VO1 56 nguyén

TUTAED =Ry 2y g, 1y

TOAN HOC
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Nhu vay tong cdc s0 1 lién tip w1 gé, 4043
bing 2022° . $6 4044 €6 uSc 56 1¢ 16n nh, bin
101? nén tong tt ca cdc udc sé 1 Ion nhit ¢y,
céc s6 2022, 2023,..., 4044 bing
1011 + 20227 = 1011 + 4088484 = 4089495

Nhgn xét. Day 14 bi toan khé nén khong c6 em ny,
giai ding bai nay.

NGUYEN VIET HAJ
Bai T2/544. Cho tam gidc ABC c6 B=g(,
C=60". Trén tia doi cua tia CB Idy diém M sao
cho MAB=60". So sdnh dé ddi hai doan thing
BM vi AC.
Loi gidi. Trong tam giac
ABCtacod A=40°. Dung
tam gidc déu CAN (xem I
hinh vé), ta cé: ¢

MAC=BAN =60° — 40°
=20°. B

Lay diém I trén AM sao cho
Al = AB. Hai tam giac ICA
vd BNA bing nhau do AC=AN,AI=AB vi

N

MAC=B4N (c.gc), do do CI=BN, ICA = BNA,
Trong tam giac MCy co:

171_4?,‘=180“—(1§+!v‘1—.;8)=40”;

W=m+@:iﬁ+m
=20" + 60" = 80"
Do dé6 MC> IC=BN |

Ta co: BM=BC+cM > BC+BN=CN=CA4

(CN = C4 do tam gldc NCA 1a tam giac déu).
Viy ta ¢ BM> 4C

Nhin xét. (4. ban sau day (chi danh cho cac ban
16p 7 va lop 6) ¢ 101 giai dung:

Ngh¢ An; Lwong Thi Hai Yén, Hoang Vin Nhan,
7C, THCS Ly Nhat Quang; Hung Yén : Lé Tudn
Hiép, 7C, THCg Doan Thi biém, Yén My.

VU PINH HOA




Bai T3/544. Tim tat ca cge o tw nhién a sao cho
3™ +06a" +27 ld 56 chinp phuong véi moi s¢
nguvén duong n,
Loi giai.
P 2n n ,
Cach 1. 1?0 3a™ + 64" + 27 13 sé chinh phuong
v6i moi s6 nguyén duong . Ta dit:
2n n 2 .
3a7+6a"+27=p* (beN).
% A 2n n ; :
Nhan thay 3a™ + 64" + 27 chia hét cho 3 nén
b* i3, suyrabi 3. Dath=3k (ke N')thi
3a™"+ 6a" + 27 = 9K

nén a”"+ 24" + 9 = 3k% Do dé (a™+ 1) + 8 = 3K~
Tacod: (a"+ 1V <38 = a"+1< 3k

= a"+2< 3k = (a" +2)° <38
= a¥"+4a" + 4 <312
Dodd: a™+4d"+4<a”+24"+9
24" <5 =g’ < 3.
Do a la sé tu nhién nén a € {0;1;2}.
Vi a = 0 thi 3¢™" + 64" + 27 = 27 khong 1a s6
chinh phuong.
Véia=1 thi 3¢*"+ 6a" + 27 = 36 = 6° 14 56 chinh
phuong véi moi s6 nguyén duong n.
Véi a = 2 va cho n = 1 thi 3™ + 64" + 27= 51
khong la sb chinh phuong.
Vaya=1.
Cich 2. Vé&i a > 7, theo diéu kién bai ra v&in =1,
n=72taco3a+ 6a+ 27, 3a* + 64> + 27 la cac sb

chinh phuong va cung chia hét cho 3, suy ra
A= %(ficr2 +6a+27)3a’ +6a’ +27)
=(a*+2a+9)a" + 2a’ +9)

ciing la s6 chinh phuong.

Mit khéc, voi a la s6 tu nhién thi

(@+2a+9)a' +28+9)~(a +a' +5a- 3y
=8(a+3)">0;

(@*+2a+9)a* +28+9)—(a’ +d" +5a- 2)°

=—2a"+6a"+38a+T7
=~(@-7la+2y +5]-49<0.
Do véy:
(@ +a+5a-3P<A<(@+a'+5a-2),
ma (&’ + a* + Sa—3) va (@ +d +5a-2) lahai

s6 chinh phuong lién tiép nén A khong la s6 chinh

phuong.
Véia=0,1,2,3,4,5,6thi img véin=1taco:
a 0 | 2 3
32+ 6a+27 |27 |36 [51 |72
a 4 5 6
3+ 6a+27 |99 | 132|171

Chi thy véi @ = 1 thi 3a” + 6a + 27 = 36 14 sb
chinh phuong. Hon nita, v6i a = 1 thi
3a™" + 6a" +27=3+6+27 =36

4 s6 chinh phuong. Vay a = 1 thoa mén diéu kién
bai toan.
Nhdn xét. Bii nay c6 it ban tham gia guri bai. Tuyén
duong céac ban sau ¢6 16 giai ¢6 14p ludn chat ché va
ngén gon:
Ha Noi: Tran Viét Anh, 9A7, TH, THCS & THPT
Archimedes Academy Trung Yén, Cau Gidy; Thai
Nguyén: Hoang Thu Hoai, 9A4, THCS Chu Van
An; Nghé An: Nguyén Van Viét, 9B, THCS Ly Nhat
Quang, D6 Luong.

PHAM THI BACH NGQC

Bai T4/544. Cho hinh thang ABCD (AB // CD,
AB < CD). Goi M, N lan luot la trung diém cua
AB, CD. Qua A ké dong thang (d\) vudng géc
véi AD. Qua B ké duromg thang (dy) vuéng goc voi
BC. Chirng minh rcfng néu CD —AB = 2MN thi ba
dwong thang (d,), (d») va MN dong quy.

Léi gidi. Goi K 13 giao diém cua d, va dy, P 1a giao
diém cia AD va BC. Theo bd dé hinh thang ta c6 M,
N, P thing hang,

Ap dung h¢ qua dinh i Thales ta co:

TOAN HOC
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K
P4 _PM _AM:,BL#AM_,
PD PN DN MN DN-AM
Vi CD ~ AB = 2MN, nén DN - AM=MN.

Suy ra fﬂ—/"-:iM—:;» PM = AM, ma M la trung
MN MN

diém clia AB nén tam gidc APB vuong tai P.
Tir d6 suy ra APBK 13 hinh chi nhat, do d6 ba diém
P, M, K thang hang. Viy d), d», MN dong quy.
Nhin xét. Bii toan c6 nhiéu céch giai. Céc ban sau day
¢ 101 giai tot.
Phu Tho: P6 Tudn Minh, Ha Phuong Anh, 9A, THCS
Nguyén Quang Bich, Tam Nong; Nghé An: Nguyén
Ping Quang, 9B, THCS Ly Nhat Quang; Thanh Héa:
Nguyén Viin Prirc Quéng, 9K, THCS Tran Mai Ninh.
NGUYEN THANH HONG
Bai T5/544. Giai hé phuong trinh
)(20_r+ 11y =2024 1)
|X* +4x=p" +3( +y ) +4y+4 (2)
Loi gidgi. Phuong trinh (2) twong duong véi
¥ =32 +3x=l+x=-1=p" +3y" +3p+1+ y+1
o (x-1) +x-1=(y+1) +y+1.
pitu=x-1; v=y+], suyra:

wWru=v+v (3)
@(u-v)(u2+uv+v2+1)=0
Su=v

2
3y?
i u2+uv+v2+l=(u+1) +— 4
(vi 5 4 1>0).

Taco: u=vex-l=y+le y=x-2,

26
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Thay vao (1) ta duoc:

20x +11(x~2)=2024 & 31 = 2046
Suy ra: x = 66;y = 64.
Viy hé phuong trinh ¢6 nghiém duy nhjt

(x:7)=(66;64).

Nhin xét. 1) Tir (3) ¢ thé 1am nhy sau;
Néu u>vu’ +u>v' +v khéng thoa min,
Néu u <v=>u® +u <V’ +v khong thoa man,

Vay (3)<:> u=v.

Téng quét, néu f(¢) (#€R)1a him sb lun déng

bién (hodc nghich bién) thi f(u)=f(v) e u=v.

2) C6 thé giai bai toan béng cich bién dbi phuong

trinh (2) vé dang tich:

(2)= (x—y--?.)(y2 +xy+y+x° —x+2) =0
oy=x-2

(vi y* +xp+y+x" —x+2>0,ban doc tw kiém tra).
Céc ban sau day c6 bai giai tt:
Nghé An: Thai Bd Nhan, Nguyén Dang Quang, Bii
Thi Thity Linh, Nguyén Thai Triéu, Pham Xudn
Hoang, Nguyén Vian Lam, Nguyén Van Viét, 9B,
THCS Ly Nhét Quang, D6 Luong, Hodng Gia Huy,
Dién Thanh, Dién Chau; Ha Ngi: Trdn Viét Anh,
9A7, TH, THCS&THPT Archimedes Academy
Trung Yén, Cau Giy; TP. Hd Chi Minh: Nguyén
Chanh Thién, 8/14, THCS Lé Quy Pon, Quén 3;
Thanh Héa: Nguyén Vin Pirc Quang, 9K, THCS
Trin Mai Ninh, TP. Thanh Héa; Phi Tho: Trdn
Lan Anh, Nguyén Trung Diing, 9A, THCS Nguyén
Quang Bich, Tam Nong; Ha Tinh: Tran Diéu Linh,
9A, THCS Nguyén Du, TP. Ha Tinh.

NGUYEN ANH DUNG

Bai T6/544. Cho x, y, z la cdc so thie I6n hon 1

A N | , i
va thoa man —+—+—=2. Chung minh rang
X y z

9
x+y+:_<.xy:+‘8'-



Loi giagi. (Cla tac giy Tran Minh Vil va nhiéu
ban) Trudc tién ta phat big, Bét ding thic Schur.

e Bat dan thy] 2
Bf’ dé ( ) % e Schur), Vg a, b, ¢ 1acac
s6 thuc khong am va mg ¢4 thuc ¢ ta co:
d'(@a-bXa=c)+b' by a)
' +c'(c—a)c-b)20.
Dau dang thiic Xay ra khi va chi khi a=b=c
hoc hai trong ba s6 q, p, . bang nhau va sé con
Jai bing 0.
Trong truong hop ¢ 13 mgt 5§ nguyén du(mg chin
thi bit dang thic trén ding véi le s6 thuc
a,b,c (nghia 1a a, b, ¢ khong cin didu kién
khong am).
Chirng minh Bé dé. Khéng han ché téng quat, c6
thé coi a=b=>c. Tacéd:
a(@a-bNa-c)+b'(b-c)b-a)+c' (c—a)c-b)
=(a-b)[a'(a—c)—b'(b—c)]+c'(c-a)(c-b).
Vi azb2c20 pén v6i t>0 thi &' 2b' va
a-c2b—c. Suyra:
(a—b)[a‘(a—c)—b'(b—c)]+c‘(r:—a)(c—b)?.0.
Voi t<0 thi tr a2b>¢>0 taco ¢ 2b' va
a-c2a—b. Dodo: ¢'(a-c)-b'(a—b) va
d'(a-b)a—c)+b (b—c)b-a)+c'(c—a)c—b)
=(b_c)[cr(a_c)_b'(a_b)}+a’(a—b)(a—c)20.
1

1
lai bai todn. Pat a=—,b=—,c=
Quay lai bai toan > ;

biéu

N.lr--

kign l+—1—+-1—=2 tro thanh a+b+c=2. Bt
x Yy Z
ding thitc cin chimg minh trd thanh:
1 1 1<.1_+
_a—+-b_+c abc 8

=N 8+9ab028(ab+b0+ca).
Vi a+b+c=2 nén bit ding thic trén cb thé
viét lai dué6i dang:
(a+b+c)3 +9abgz4(a+b+c)(ab+bc+ca)
<=>a(a-b)(a—-c)+b(b—'c)(b—a)
+c(c—a)(c-b)20

Bit ding thirc cudi dung vi 1a bat dang thirc Schur
khi t=1.

; 2
Déu bing xay ra khi va chi khi a=b=c =3 bay

Nhgn xét. Nhidu ban da nhan xét rang: Bdi todn van
ding voi x,y,z la cac 56 thurc duong. Cac ban dudi
day giri bai giai ding vdi cac cach giai khac nhau, da
s6 1a sir dung bat dang thirc Schur hodc bién dbi
tuong duong:

Binh Pinh: Nguyén Hiru Tri, 11A1, THPT S6 2 Phu
Cit. Pa Ning: T6 Pong Hai, 10A2, THPT chuyén
Lé Quy Don. Péng Thap: Lw Gia Hung, 11Tl,
THPT chuyén Nguyén Quang Diéu. Gia Lai: Phan
Trinh Nguyén, 10A1, THPT Chi Lang. Ha Ngi: Trdn
Viét Anh, 9A7, Archimedes Academy Trung Yén,
Ciu Giidy. Ha Tinh: Nguyén Thi Thuy Dung,
Nguyén Xudn Minh Dirc, Tran Minh Hoang, Ngwén
Phic Lwong, Phan Nhdt Minh, Nguyén Trong
Hodng Nguyén, Lé Hiru Manh Tién, 10 Toén 1,
THPT chuyén Ha Tinh. Hung Yén: Hoang Trung
Hiéu, Lé Tudn Nghia, 10 Toan 1, THPT chuyén
Hung Yén. Lam DPdng: Cao Quéc Himg, 11 Toén,
Tran Céng Minh, 12 Toan, THPT chuyén Bao Léc,
TP. Bao Lc. Nghé An: Thai Ba Nhdn, Nguyén Hai
Triéu, 9B, THCS Ly Nhat Quang, huyén D6 Luong;

Luu Trong Phuc, 9B, THCS D¢ Cung, TP. Vinh,

Phi The: Ha Phwong Anh, 9A, THCS Nguyén

Quang Bich, huyén Tam Nong. Quang Binh:

Nguyén Tran Hodng, Nguyén Thi Thu Phuwong, 12

Toan 2, THPT chuyén V6 Nguyén Gidp. S6c Tring:

Tiét Trong Khiém,11A2, THPT chuyén Nguyén Thi

Minh Khai. Thanh Héa: Nguyén Vin Purc Qudng,

9K, THCS Trin Mai Ninh, TP. Thanh Héa. TP. Hb

Chi Minh: Nguyén Chanh Thién, 8/14, THCS Lé

Quy Pén, Quan 3. Thira Thién Hué: Podn Vin

Hodng Lan, Phan Quéc Thang, 11 Toan 1, Hupnh

Nguyén Vii, 12 Toan 1, THPT chuyén Qudc hoc

Hué. Vinh Long: Nguyén Quéc Hung, 10 T2, THPT

TOAN HOC
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m. TP. Vinh Long. Vinh
Hiéu, Nghiém

chuyén Nguyén Binh Khié
Phic: Vi Kim Hoeadn, Ngﬂ)"é." Huy
Xudn Hing, Pham Dinh Khoi, Bui Nhat Quang, Chu
Vinh Thanh, Nguyén Doan Thugn, 10A2, THPT
chuyén Vinh Phuc.

Vi trongnguyen(1807@gmail.com

TA DUY PHUQNG
Bai T7/544. Tim cdp da thic voi he 6 nguyén
P(x), O(x) khéc da thirc khong sao cho

P(ﬁ+ﬁ7+@}=ﬁ+ﬁ§_
02 +V17 +419)

Léi gigi, Dit a=v2+J17+19. Tacé:

= (a—19 = (2 +V17)
o a’ +19-2{19a=19+2:34

— a? — 2190 =234 = a* + 760 -419a’ =136
<> at +76a> —136=4/194°

4 %
:>J]—§___a -H’:a3 136.
a

Ta clng co:
4 2_
\E+Jﬁ=a—\/1_9=a-a +'i'6a3 136
4a

3a* -76a" +136

4d '
Do d6 ta chon P(x)=3x"-76x* +136, O(x)=4x"
thi thir lai ta thiy hai da thic P(x), O(x) thoa
man bai toan.

Nhén xét. Céc ban tham gia giai bai nay déu c6
167 giai dang. Cap da thic tim dugc khong duy
nhit, tity theo cach chon ma ta c thé tim duge cic
cap da thirc khic nhau thoa man bai todn. Céc ban
sau co 1o giai tbt: Thira Thién Hué: Tran Thi
Thanh Thie, 12T1, THPT chuyén Quéc hoc Hué;
Ha Tinh: Trdan Minh Hoang, 10 Toan 1, THPT
chuyén Ha Tinh; Quing Binh: Nguyén Thj Thu
Phuong, Nguyén Tran Hodng, 12 Toén 2, THPT
chuyén V& Nguyén Giap; Thanh Héa: Nguyén

TOAN HOC
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Van Die Quang, 9K THCS Tran Mai Ninh, Tp,
Thanh Hoa: Ha NOi: Tran Viét Anh, 9A7, TH,
THCS&THPT Archimedes Academy Trung Yén,
Ciu Gidy.

NHU HOANG
Bai T8/544. Cho tam giac nhon ABC ngi tiép
duong tron (0). Hai diém D, E lan lugt thuge cdc
canh AB, AC sao cho AD = AE. Puong trung truc
cia cde doan thang BD va CE lan luot cat cung
nho ?[;’, AC cua (0) tai cde diém G, H. Goi P la
giao diém cua GD va EH; K la tam duong tron
ngoai tiép tam giac PGH. Ching minh OA song
song voi KP.

Léi gidi.

Gia sir dudng tron tam A4, ban kinh AD cit duong
tron (0) tai M, N voi M, N lan luot thude cac
cung nhé 4B, AC cua (0). Phan gidc géc MAB
cit (O) tai diém the hai 1d G', phan gidc goc
NAC cht (O) tai diém thir hai 1a H'. DE thay
AG' 13 trung tryc cia DM nén GB=GM =GD
suy ra G' thudc trung tryc doan BD, do do
G'=G. Tuong ty taciing co H'=H.

Mait khac tir

@=mzésdm=%sm:m



suy 12 G, ;01 N thang hang Tuong tu cling co H, =
g, M thing hang p, O4 1L MN nén diéu can al

; - P e 3
chimg minh O4 // KP o R = 2) 2
MN.PK *«gm " (x+‘/;Ty’ x4 (xj +1
hay PKPN::PK—};I’J :——t———_' Vé{i f:—>0-
T 2 2
& PK.PN.cosNPK = PK prs cos 1TPK (t+E +1) Y
1 DPit u=t+vt’ +1>0, suyra:
EPH ’ -1
PN cosMPK  coskppr oo P [P =yt +l=u? =2ut+1* St =
— e W PK wt 2u
PM  cos NPK  cos kpg 1 PG
5 PG uZ __1
- 2
PK Khi do: F=—24_= u2u31
Chu y rang PN.PG:PM_pHC;,iN_=£]i nén “ -
PM PG T -1 .
A s _ - Xéthamso f(u)= co:
(*) ludn ding. Tl d6 ta ¢é didu cin chimg minh f)=—7
A : 1 T 2 s
Nhin xét. ’ Cac ban sau c6 1 gii dung; Pl 2u.2u’ —(u* —1)6u’ o 3—-L: =O<::(:u _A
Vinh Phic: Bach Thdi Som, Bii Nhit Quang, @u’y 2u

Nguyén Huy Hiéu, Chu Vinh Thanh, Nguyén Diéu Tacé bang bién thién:

Quynh Huong, Nguyén Dodn Thugn, Pham Dinh

Khéi, Nguyé.n Bich Phuong, 1(3A2, THPT chuyén u 0 \/g
Vinh Phic; Thanh Hoeéa: Nguyén Van Pic Quang,
9K, THCS Trin Mai Ninh, TP. Thanh Hoa; Nghé
Au: Luu Trong Phic, 9B, THCS Poi Cung, TP. | / ) + 0 &
Vinh; Ha Tinh: Tran Mink Hodng, Phan Nhdt 1

Minh, Neuyén Thi Thup Dung, 10 Toén 1, THPT S () 33

chuyén Ha Tinh; Quang Binh: Nguyén Trdn Hoang, | P i
12 Toan 2, THPT chuyén Vo Nguyén Giap, TP.

Dong Héi; Thira Thién Hué: Nguyén Truong Tir bang bién thién ta thiy max f(u)=—!— khi
Quang Khai, 10 Toan 1, Phan Quéc Thdng, Podn 33

Vin Hoang Lan, 11 Toan 1, THPT chuyén Quéchoe /3 hay = 1 b 2 = RPN y=xB.

Hué, TP. Hué: Pa Ning: 76 Pong Hai, 10A2, THPT NI

chuyén L¢ Quy Pon, TP. P Ning; Lam D«‘l?g: Viy max F = — 1 -

Pham Quéc Théng, 12 Toan, THPT chuyén Thang 33

Long, TP. Pa Lat, Cao Quéc Hung, 11 Toan, THPT
chuyén Bao Lgc, TP. Bao Loc.

Cich 2. Dit k=25 0. Khi d6 ta co:
X

HO QUANG VINH Fe k - X
Bai T9/544. Cho cdc s6 duong x, y. Xdc dinh gia AV 1) k12420001
tri l6m nhdt ciia biéu thirc Theo céc bét ding thirc Bunyakovsky va Cauchy ta cé:
xy
—_—— o N
F—(x+ r‘xz +yz)“ (\/ik+1)2 SE+DE+D)2 /kz +1> \/§k+1

S+ 242082 1> 12 +3+3k >33k

Léi gigi, Cdch 1. Ta co:
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<:>k=\/§

— F<_1_ ping thic xdy 8
3

1
hay y =+/3x. Vay maxF =7

Nhin xét. Viéc chuyén tir bai todn tim cuc tri cﬁ?
bam hai bién thanh tim cuc tri clia ham mot bién l"fl
mét hudéng hay ding cho céc bai todn dang nay. Da s6
céc ban giai bai niy theo cach thit hai, mot it ban giai
theo céch thir nhét. Céch ding dao ham (cach 1) dai
hon so véi cach dimg bét dang thirc (cach 2) nhung
cich ding dao ham c6 thé 4p dung cho nhidu him
phitc tap. Khen ngei cic em sau ¢6 101 gidi tot:

Vinh Phic: Bach Thdi Son, Nghiém Xudn Hiung, Bui
Nhét Quang, Pham Dinh Khéi, Nguyén Dodn Thudn,
Nguyén Huy Hiéu, 10A2, THPT chuyén Vinh Phic;
Hung Yén: Lé Tudn Nghia, 10 Toan 1, THPT chuyén
Hung Yén; Ha Noi: Tran Viét Anh, 9A7, Archimedes
Acadamy Trung Yén, Cau Gidy; Ha Tinh: Trdn Minh
Hoang, 10T1, THPT chuyén Ha Tinh; Thanh Héa:
Nguyén Vin Dire Quing, 9K, THCS Trin Mai Ninh,
TP. Thanh Héa; Ngh¢ An: Nguyén Hdi Triéu, 9B,
THCS Ly Nhit Quang; Quéng Binh: Nguyén Trin
Hodng, Nguyén Thi Thu Phuong, 12 Todn 2, THPT
chuyén V5 Nguyén Giap; Gia Lai: Pham Nguyén Gia
Thién, 12A3, THPT Chi Lang; Thira Thién Hué:
Bodn Vian Hoang Lan, 11 Toan 1, THPT chuyén
Quéc hoc Hué; Séc Tring: Tiét Trong Khiém, 11A2,
THPT chuyén Nguyén Thj Minh Khaj,

TRAN HU'U NAM

Bai T10/544. Cho day 56 thiee () xdc dinh bai

s I n |
a1=1vaa|= —d, t—— 5 .
&g & (ors ==
" )’)‘+] n n+] n?_ol n 1, 2,

<o Chitng minh rang day so (a,) c6 gidi han hiw
han va tim giéi han dé. ‘

Léi gidi (Cua ban Trén Minp Hodng, 1019 THPT
chuyén Ha finh, Ha Tinh). bit o
do:

TOAN H
30 i

CTuditge SSs4ac a0,

» =Vna,. Kh;

n 1
g =.—a,+
n+l n+1l n+1

1
<& \/mam = ‘\/;an + \/;1?1
1

+\/n+1

Vo Y

i*ﬁ:‘i'ﬁ=(\/m+\/;)("n+l _Vn)
n+l++n
 Vnel
Fo
Vn+1

oSV =V

= lim—2L—""— = Jim
Jn+1 —\/;

Ap dung dinh 1y Stolz ta cé:

lim—= =2 & lima, =2

Jn
(Pinh 1y Stolz: Cho hai ddy sb (x,), (y,) sao cho
day (y,) 1a ddy ting thuc sy t6i +0. Khi d6 néu

A .. X —X N
ton tai lim——"" = 4 thi im=~ =g,
yn+]_yn yn

Nhin xét. Cic ban sau day c6 1oi giai tét

Lim ddng: Cao Quéc Hung, 11 Toan, THPT
chuyén Bao Loc; Quing Binh: Nguyén Thi Thu
Phuong, Nguyén Tran Hodng, 12 Toan, THPT
chuyén V5 Nguyén Giap; Vinh Phac: Bach Thai
Som, 10A2, THPT chuyén Vinh Phic: Ha Noi: Tran
Viér Anh, 9A7, Archimedes Acadamy Trung Yén,
Céu Gidy; Gia Lai: Nguyén thi Anh Ngoc, 12, THPT
Chi ling,

PANG HUNG THANG

BA TS84, Tim 141 ci cac him 56 f'R-R
thoa mén

S (xyp) ~ SO = f(y) = M) +x+y (1)
Vx,yeR.

Léi gigi (Dya theg 4, s0 céc ban).

Gid st 1) thog man (1). Thay x = 1 vao (1) ta thu
duoc:

TV = W=10) = f5) 414, vy <R



< JUM=£(p)) <

TY-LVyeR (2)
Theo (2) thi

JO)=7(x,) g vei
W~ fx )=~ f(x,))

nén —-x —l=—x

khi
x,% €R thi

R Suy ra x, =X, nén f1a don
inh trén R,

Thay y =1 vao (2) ta duq, f(0)=-2.

Thay x=0,y=~¢ vio (1) 1a thy duoc:
MOEFIA()- S=))=-t,VieRr
S f2-f(-x)=x-2.vreR @3).
Thay y =0 vao (1) ta thy dugc:

FO = F(fx) - £(0) = 2/ (0) + x
S f()+2)=x-2,VxeR (4).
Sur dung tinh don anh cua f; tir (3) va (4) suy ra;
S+ f(=x)=-4,vxeR (5).
Tiép theo, lan lugt thay x=1 va y=1 vao (1), ta
thu duoc:
TN=FUSD=fN=7)+1+yVyeR
S fUfD-f(x)=-x-1VxeR (6);
fUG)-fM)=f(x)-D)-x-1VxeR (7).
T (5), (6) va (7) suy ra:
f(x)=(f1)+2)x-2,VxeR
hay f(x)=ax—2. Thé vao (1)tadugc: a==l.
Két lugn: Cac ham s6 can tim 12
fx)=x-2va f(x)=-x-2.
Nhin xét. Day la dang to4n co ban vé phuong trinh
ham véi cip bién ty do nén co nhiéu ban tham gia
gidi. Pa sé cac ban déu gidi theo cdch di‘trinh bay o
trén. Mot sé ban giai truc tiép khong can sir dung
tinh dom 4nh, toan 4nh ciing cho két qua ding. Cac
ban sau c¢ 16 giai ding:
Dong Thap: Lé Gia Hung, Hoang Ngoc Han, 11T1,
THPT chuyén Nguyél'l Quang Diéy; Ha 'I'inl::
Nguyén Xudn Minh Pire, Tran Minh Hodng, Nguyén

Phiic Luong, 10T1, THPT chuyén Ha Tinh; Lam
Péng: Cao Quéc Humg, 11T, Tran Céng Minh, 12T,
THPT chuyén Bao Loc; Hung Yén: Lé Tudn Nghiq,
10T1, Nguyén Vin Khiém, 11T1, THPT chuyén
Hung Yén; Thira Thién Hué: Podn Vin Hoang
Lin, Phan Quéc Thang, 11T1, Nguyén Nhu Thua,
Huynh Nguyén Vy, 12T1, THPT chuyén Quéc hoc
Hué; Quing Binh: Nguyén Tran Hodng, 12T2,
THPT chuyén V6 Nguyén Giap, Quing Nam: Lé
Ty Thanh, 10/1, THPT chuyén L€ Thinh Téng;
Vinh Long: Nguyén Tudn Kiét, 11T1, THPT chuyén
Nguyén Binh Khiém; Vinh Phiic: Nguyén Dodn
Thugn, 10A2, THPT chuyén Vinh Phuc.

NGUYEN VAN MAU
Bai T12/544. Cho tam gidc ABC ngi tiép dirong
tron (0) véi true tém H. P la diém doi xung voi H
qua O. Ké PK LBC(KeBC). M la trung diém
BC. BP, CP cdt AC, AB lan lirot tai E, F. Goi H,,
H, lan luwot la triee tdm cua tam gidac BEC, BFC.
Chirng minh cdc diém H,, H». K, M cung thuge

mot duong tron.

Loi gidi. (Theo ban Trdn Minh Hodng, 10T1,
THPT chuyén Ha Tinh, Ha Tinh).

N HOC
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I 'y chi duong thing
rong loi giai ndy, ki hiéu U yw chid | & y

‘ ; : o o1 1, &,
di qua ba diém thang hang U v, w.G Y, Z

. H,, D la
theo thir tu 1a trung diém cud AG ARy rb2

A i . 4. B’ theo thir tur 1a
didm dbi ximg cua H qua N; 4" B
giao diém thir hai cua 40, BO Va (O)-
~ H, H
Vi BH L AC;BH, L AE=AC nén B, ’
thing hang. Do d6 CY =CA L HB=HH, (1).
Dé thiy 4H 1L BC L B'C,;CH L AB L B'4.
Do d6 AH//B'C,CH//B'A. Noi cach khac,
AHCB’ 13 hinh binh hanh. Do d6 Y thudc HB’. Vi
O 1a trung diém chung cia BB’ va HP nén
BP//HB'= HY. Tir dé, chi y rang BP L CH,,
suy ra HY L CH, (2). Tir (1) va (2) suy ra H, la
truc tdm cua tam giac CHY. Vay CH L YH, (3).
Vi Y, M theo thir ty la trung diém cia AC, BC nén
CH L AB//YM (4). Tt (3) va (4) suy ra ¥, H,,
M théng hang. Twong tr Z, Hy, M thing hang. Vay
HH, =BH L AC//ZM =H,M ;
HH,=CH LAB//YM =HM.

Do d6 H la tryc tam cua tam giac MH,\H, (5).
Diéu d6 c6 nghiala HM L H,H,,
Vi N la trung diém chung cia H\H, va HD nén
HH\DH, 14 hinh binh hanh (6).
Tir (5) va (6) suy ra:

DH,//HH, L MH ;DH, | IHH, | MH, (7).
Déthdy BH L AC L A'C;CH 1 4B | A'B.
Do d6 BHIIA'C,CHII A'B. Noéi caeh khac,
BHCA’ 1a hinh binh hanh. Biéu 6 c6 nghta 13 H,
M, 4’ thing hang (8).
Ta () va (8) suy ra HA' LH H,. g hop véi
BH LACIZM =MH,; BA'1 4B /1y, =MH |

TOAN HOC
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suy ra cac tam Blac BHA™ va MH,H, c6 c4c canh
twong (Mg vudng goc.
Tir do, chll y rang BM, MN theo thir ty 1a trung
tuyén cua cac tam glac BHA® v MH,H, suy ra
BM L MN. Kéthop voi BAf | B0, suyra O, N,
M thang hang.
Tir do, chi ¥ rang O: N, M theo thir ty 13 rung
diém cua HP, HD, HA’ suyra P, D, 4 thing hang
va PDA'//ONM L BC. Ket hop véi Pk | pc.
suy ra DK 1 BC=MK (9).
Tir (7) va (9) suy ra iy, Hy, K, M cing thuge mot
duong tron (duong kinh MD).
Nhén xét. 1) Bai todn nay kho, ngoai ban Hoang,
cic ban ciing c6 101 giai t5t: Ha Tinh: Neuyén
Khwong Duy, 10T1, THPT chuyén Ha Tinh; Séc
Trang: Pham Nguyén Khang, 10A2T, THPT chuyén
Nguyén Thi Minh Khai, TP. Séc Trang.
2) TH&TT c6 nhdn dugc 161 giai cia cic ban
Nguyén Tran Hoang, Nguyén Thi Thu Phuong,
12T2, THPT chuyén V5 Nguyén Giap, Quéng Binh,
tuy nhién, hinh v& trong 1&i gii cua cac ban qui mo
(vi td mau). Do do khdng thé xac dinh duoc céc ban
Hodng, Phirong giai ding hay sai.

NGUYEN MINH HA
Bai L1/544. Song co rrz:_1:én tie mot ngu(fn diém
trén mat nuwée véi buée song 12 cm va toc dg 6
ws. Hai diém A, B cung ndm trén mét phuong
fruyen séng cich nhau 2 cm. Tai thoi diém t, khi li
dé dao ding tai 4 I5 uy =+2mm thi li do dao

dong tai B Ig Up = -2 mm. Biét song truyén tir
B dén A. Piém Acolids 2 J3cm sau thoi gian
ngén nhér ké tr théi diém t la bao nhiéu?

Lot gidi. Goi ¢ 13 trung diém cua 4B. Vi

AC:ICm:i

X o a 4
12° nénAdcoliddo u, = 3 va dang




dao dong gidng nhy V& & Vi tri can bing). Thei

gian di or Vl tri Can bang toi dlem co i )

BT
23 =a—2— la T Thai gian ¢in tim la:

r,T. T s

12726 4 =g, =005

4
Nhdn xét. Chic mimg bap duy nhét da c6 15i giai

ding cho d€ ra ki nay: Dang Héng Ha, 16p 10 Ly,
THPT chuyén Hung Yén, Hung Yén.

DINH THI THAI QUYNH
Bai L2/544. Nha may dién gi6 duoc coi la than
thién voi moi truong hom nhiéu so véi cdc nha
may nhiét dién, thuy dién. Gié lam quay cénh quat
ca cac cot dién gio, tie dé lam quay réto ciia may
phat dién va tao ra dién nang. Mdy phat dién gio
thuomg su dung la loai may phat dién xoay chiéu
mét pha. Noi hai cuc ctia mét may phat dién gio
voi hai dau doan mach mdc néi tiép gom dién tro
thuan R, cuén cam thudn L va tu dién C. Khi réto
quay véi t6¢ @6 1200 (vong/phit) thi dién dp hiéu
dung giita hai dau dién tro dat gid tri cyc dai. Khi
réto cua mdy phdt quay voi toc dé 900
(vong/phut) thi dién dp hiéu dung gita hai dau
dién trér co gid tri bang U. Dé dién dp hiéu dung
giita hai dau dién tro cung co gia tri bang U thi
réto cua mdy phat quay voi t6c d bang bao
nhiéu?
Lévi gidi, Theo d bai, khi roto cia mdy phit quay voi
toc 46 ny = 9_6009_15 (vong/s) hofic ny (vong/s) thi
U, =U, =U (chido I =), vAkhirdto quay vGi

tdc & ng= _1_2%9 =20 (vong/s) thi Uy dat cyc dai.

Ta co:

EU Nq)ﬁ
EF=—7=—F o
2 V2
a)=27rf=27fﬂp

NO,
V2 f L_fﬁ

E

2
1 1 L R 1
% y=— — 2| = —-—| —+1.
e C o [2 C')co2
Hémséycéda.ng:

y=ax2+bx+c VOl X =—

Goi xg 12 nghiém ng v&i y = Ymin € CO Jmax V& X1,

x; la hai nghiém sao cho y; = y, (twong Ung véi

o, =2anp; @, =2an,p,saocholy=1).

Theo dinh li Viéte ta cé:

1
X, =5(x‘ +x,)

1 1( 1 1}
=>—2'-"-— —-2-+-—‘i'
@ 2\o o
2 1 1
Nhu vdy ta ¢6 hé thac: —=—+—
n, n;om
2.2
n,. n
s o O PE
0 2)1,2--1'102

_(20)°.05)°
Int—ni 20 -—-Q5Y
3600

= —

23
= n, = 12,5 vong/s ~ 750 vong/phut.

3 .3
2 02_ Mg hy
Thay s6: n; =

Nhdn xét. Rét tiéc 1a khéng cé ban ndo giri 1oi giai
bai nay vé Toa soan,

NGUYEN XUAN QUANG
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e Sinntei o - - S

LY

.//-'u_..nﬁ«»-- s . . | gi e . ?.f “ y
G MOT SO BAT BANG THUC LIEN quan
<\ .. o * i e A n T o onw g
NP/ x| pEN BUGNG PHAN GIAC TRONG ¢
P e 4 . ; A i vyl [ 3 rer ol
(T K4 YrerY, clA TAM GIAC DUTI GOC BO LUOGNG GIAC 4
- E - “-"" 8
R oy ‘ PHAM DUY KHANH |
PHUONG PHAP : (GV THPT Quyp Chéu, Nghé An)
Guiky TOAR | W\ s . )y
4 < A . A h’ 11 ém r =4 - A 5 B
Trong Todn hoc va Tuéi tré so 545 thang 11 n IC=—F= Rsma—sm—z—,
2022 ¢6 bai viét « Mgt sé bit dang thirc lién sin
quan dén tim dwong tron ndi tiép tam gidc” cua g

5 . A A A A A 13 —— A B — |
ban Hodng Minh Qudn. Trong bai VISt nay 8¢ 818 1 o 4. B4, =2 *+5 =14, do d6 tam gidc
ti€p tuc khai thac cic bét dang thic vé duong
phén giic trong cua tam gidc dudi goc do lugng BAI cntai 4, nénld, = B4, =2Rsin£.
gidc, didu d6 thé hién qua ndi dung sau. 2

I. Kién thirc co sér Tuong tr: IB, =2R sing, IC, =2R sin%.

Cho tam gidc ABCndi tiép dudng tron tim O

ban kinh R, cac dudmg phén giac trong A4, , BB, 2be cos 4 2 ©
CC, lan luot cat dudmg tron tim O tai 4,;B,;C,. Ta co: 44, =Tcz va I4 =4Rsin5sin5,

Dat4B=c,BC=a,CA=b, goi Il tdm duomg lacdo:

néi tiép va 7 14 ban kinh dudng tron ndi tiép tam becos
giac ABC. M1=AA|—IA=———2-—4RSin£SiI]£
b+c 2 2
4Rsin 8 sin ¢ sin 4
- 22
G B-C
COSs
2
4R singsingsiné
Tuong ty: B, = 2 2.
cos——
. s ¥ . A. B (C 4Rsin£sin£siné
Sir dung h¢ thirc — = 4sin—sin—sin— 5 ¢4: IC = 2 2 2
Ryt = A-B
. cos
I4=——=4RsinZjn €
sinE 2 2 Ta cé;_Bi=§ﬁ=BA1+CA1_ BC a

BA CA B4+CA BA+CA b+c’

Hoan toan tuong ty: /B = —"

_ . C T dé
. B -4Rsm-sin—4; tr 46 suy ra; B4, = = va C4 = i '
SIDE 2 ) +c ’ b+e

TOAN HOC
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c oo AA. =
Lai €0 |A1A2 BA“CAn Suy ra:

B

A'Al o
(b+c) 2bccosé
4 2
a
=__—-—_—-—-—-—-_-
z(b‘*'c)cos:i
Tuong tu:
bz
BB, = 5> GC, =___Cz___
2(c+a)cos~£ 2(a+b)cos£
2

: A 2 e
1L AC“' ’bat dang‘ thie lien quan dén duing
phin giac trong cua tam giac.
1. Bat ding thirc lién quan t6i ban kinh dudng
tron ngoai tiép
Trong muc ndy tac gia chi giéi thiéu cic bat dang
thirc bac nhat va nghich dao ctua n6é con cac BDT
béc hai va céc nghich dao cia né dugc tac gia dé
& phan bai tap danh cho ddc gia.
Baitoan 1. I4+ /B +IC <3R.

. B . C

Chimg minh. I4=4R SIHESlnE;
c. 4 A . B
- 0~ ein—-: JC =4Rsin—sm—.
IB 4Rsm25m2,1 sin—sin

Luc do6:
4. B .B.C . C.A43
BBTc:»sm—z-smE+smzsm2+sm25m2_4

B .
VT gl Smﬁ+sin-—+sm
3 2 2

Bai toa 1 __!_+_1—~2—3‘.
itoan 2. 7}+IB IC R

Chitng minh.
1 LS, |

BBT®++T’+——-——__m_C_Sm£
sinsin sin_ s ST 2

2

Taco: VT 2.__-——-———3-—-—'—'—212 ( dpcm)

. A s Bsin CJZ
i B L S
sin )2 Sl 2 9

c 1
(do sinisinig-sin-—— <-).
2 2 2 8
Bai toan 3. /4, + 1B, +IC, = 3R.
Chiing minh. St dung cac hé thirc:

. B . C
IA =2Rsin£; IB, =2Rsin—;IC, =2Rsin—,
? 2 2 2
. A . A
khi d6: BDT <:>25in—§+25m~2-+2smis3

3 .
= sin£+sin£+sin££- (BDT dang).
2. 2 2 2

11 1.3
———2,
14, 18, IC. R

1 1

Bai toan 4.

Chirmg minh. BDT & +— C 2 6.
sin— sin— sin—
2 2 2
, 3
Tacod: VT 2 >6 (dpcm).
\/. 4. B.C
3/sin — sin — Sin —
2 2 2
}
Bai toan 5. /4 + /B, + IC, S%.
. . 3R
Chirng minh. I4, + 1B, +IC 5—?
<:>4Rsin£sin£sin£x
2 2 2
1 1 1 3R
i L T b L
cos cos cos
2 2
85in£sin£sin9
L=y 2 2 X
A-B B-C C-4
cos cos cos
2 2 2
x(cosA;BcosB;C+cosB;CcosC;A+cosC;AccsA;BJ$3.

TOAN HOC
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24sin —sin - sin—i

cos 2
4. 8B.C
85in—51n—2- sin 5 ”
ta chirng minh: —~ B-C C-4

COS cos 2 Cos )

.¢c 4 B _C
SSiugsingsmEcos-{cosgcos ?

< £ <l
== C
= C _C-4_A4 B _C
cos —,cos 2= cos ——2—4:055 cos —2—cos .
< (sin 4 + sin B)(sin B +sin C)(sin C +sin A)
>8sin Asin Bsin C.

Ap dung BBT Cauchy cho timg nhn tir & vé tréi
sau d6 nhan theo vé cac BDT cing chiéu ta co
dpcm.

Bﬁitoén6.—l—+l+—1-2£_
B, IC," R
Chirng minh, -+ 1, 1 .6
B, IC,"R
g
Cos
= 2 >

6
4RsinsinBinC R
2 My

B-C

COoSs

X ;_ 224 (%).
SN — S1n — Sin —
22 g

B-C _
Cos 5 2m5§COSBZC
Ta c6: ‘_A——B—-z———-—_.________

v . . . A . B . C
SIn—SsIn—sin— 2cos Zgin 2
2 2 5 S 2sm 2sm——2 sml-2

Sin B +sinC

b

sin A4sin i sing
2 2

sinB +sinC

do dé: (*) & sin C + sin 4

A

. . . C . C
smAsmgsmE smAsm—isinE

sin ;
s A+sin B

_ 224,
sin Csin 4 sin B

2 2
Ap dung BDT Cauchy cho vé tréi ta cg:

TOANHOC
36 TTusire Sisse.an,,

(SinA+sinB)(sinA+sinB)( : -

Sin 4+ SlnB)

23 o
hls” sinASlnBsmC'smzfg.sinzg_2(3

Mit khéc ta c0:
(sin A +sin B)(sin B +sin C)(sinC +sip A)

EgsinAsj_nBSinC
1

R e I ] 264, suy ra;

o

7 -2 e
in~ —sin” — s —
sin 2 2

3R
Baitoan 7. 44, + BB, + CC, 2_2_.
Chirng minh.
2 16 R? sin? A cos? 4
4, = A” —‘—IH
2(b+c)cos— 8Rcos cant. 2
2 2
.2 A
2Rsin” 5 4
e - -
B_C> 2Rsin =
cos

Tuong tir ta ciing c6:
. . B .. C
B B, >2Rsin -2—; . 2Rsm“—2—.
Do @6 :

VT= 2R(Sh2£+sin2 _B_ +sin’ E )3_R
2 2 2

2

.3 . ,
(do sin® -2—+sin'§+ sin? 9

3
=3-(cosA+cosB+cosC)>3_£ZE)
2 T2 4
Biitoing, L, 1 1 6
A4, BB, CC, R
Chitng minp,
1 8-
1 6 cos 6
A —_ @
IA"’ Ble CCz R zstmlﬁ R
B-C
cos ) 2 (4
. 5 21
S




Ta c0:
B-C
cos~§—— _ ZCQSﬂCOSg_:Q

0 e S

_sinB+s'mC
—-_‘_-__—-—

sin” — 2COS-{1— 2 4 ’
2 5 Sin* = 3 sin 4 smg
lac do:
sinA+sinB g : .
(*)df‘“*‘w.; sinC +sin A 1
sin Csin~ in 4sin 4 . il
Sin Asjp 2 sin Bsin —
2 2
Ta c6 céc két qua say:
(sin A +sin B)(sin B + sip C)(sinC +sin A)

2 8sin 4sin Bsin C

b 1
va

28,
sin —sin —sin —
2 2

Ap dung BDT Cauchy cho vé trai ta cé dpem.

2. Céac bat dang thic lign quan dén ty 1@ céc
doan nim trén dudng phin giic trong

MBICB

IB IC 2
Chirng minh. Ta c6:

Bai toan 1.

in 4 cosB+C 2cos£sin£
& _ sm 3 B 5 i -
) -C - B-C
i cos By cosB cos%cos
_ sin A
sinB+sinC
Tuong ty ta co:
. 88 JG. 560
1B sinCisind’ IC sinA+sinB
Luc dé: |
sin A sin B sinC 1
BRT < sin B+sinC sinC +sin A 51nA+smB "2
(ding theo BDT Nesbitt) (dpcm)-
A IB ic _—
Bai to4 dinlils oS st S
ai toan 2. : 1B, IC,
Chirng minh. Ta co:
B-C A..B-¢
27> 2c05C0S" " sinB+sinC
]A COS —._____;____.._.——- | -
_f_ - A = o A sin A
—si
4 Sini 2cos > S

Tuong ty:
IB _sinC+sind IC _sindA+sinB
B, sinB ' IG sinC

. . . ; S
BDTQsmA+smB+smB'+smC+sm .+smA26.
sinC sin A sin B

Ap dung BDT Cauchy cho timg cap s:

sind sinB_sinB sinC_sinC sin4
sinB’sinA’ sinC sinB sind sinC
ta cd dpem.,
oo o A4 BB GC 3
Bai toan 3. + = e 2y
Chirng minh. Xét ty sb:
A4, _ a’
H .,.B.C A
8Rsin—sin—(b+c)cos—
szsmz( ) 5
sinZﬁ sinzé
_2 si Bsinc ZSinBsinC
0 in — sin — “sin—
cos - - 5
Tuong tr ta co:
ZB gg
B B, > s E GG, sm 2
& 2Sin%smA Ic 2sin - sin —
Do d A4, BB, CC,
1B c
2 4 QB 5
1 sin 5 sin E sin- —
>
o W A N A
SIn—Ssin— sIn—Sin—  Sin—sin —
2 2 5
3
=2— (dpcm).
> (dpcm)
Baitoand4, -2, 1B, _IC |
A1A2 BIBZ Clcz

Chirng minh,

2si B . C B C . B.C
SIn-—_sin--| cos—cos— + sin —sin—
A _ 2 2 2 2 2 2

A4,

., A4
sin? =
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, B . , C
—sin” —
_sinBsinC E’:_Z_____Z_
'.-A . IA
2sin® — sin” —
) 2

in Bsi -C)+cosA
Ta c6: smBsmC_COS(B )

2sin? = A

41112—/i
Rl

24,
=cos i 2 1.1 smB+s1nC] 1
2 2 sin A

2sin’ Esin2 <
2 2

4 __I_(sinB+sinCJ2+
A4, 2 sin A sin? 4

Tuong tir ta cé:

2 2 C 2
1B I(SinC+sinA) N sin’ 35111 1
BB, 2

sin B
sin® —
2

1A B
IC _l[sinA+sinBJ2 Zsin” sin’ >
GE, 2. snc

2 .
1 (sind+sinBY’ SN sin®—
VI==Y|—/——"=] +2 2 23
22( sinC J ZT 2
siIn” —
g 2
Ta c6 céc két qua sau:
:4 . ,B
Z smA+smBJ >6; Zsm “‘5"122 3
sinC - -—_—-—';E_'">E
2

TOAN HOC
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>

By

. N Y.

IB
IA + IC

44 BB, CC,

A A,

Bai to4n 5. _,:1_,:1_ L

Do do: 26

B B, ce

—21

BB, ee "
Chitng minh.

A4, _
A4,

2

2(b+

sin’ 4
=_‘_——‘————___

4sin Bsin Cecos? 2 A4

B, _ sin’ B

Tuong tu:

1 4sinCsin Acos? B
2

sin’ C

(dpem),

1

b+c

A 7
C) €o0s— 2bccos2
2 2

Cl CZ _—
cc,

AIAQ +BIBZ +C'IC2
A4, BB~ CC

Liuc d6:

1 sin’ 4 sin’ B

4sin Asin Bcos?

sin’ C

4! sin Bsin Ceos’ g sin C'sin Acos’ g

. . 1C
sin Asin Beos” ;-

2%3 ! >1
cos” = cos? coszE
(do cosécosgcos_c_ Sﬂ)_
2 2 8
Bai toan 6, 4 ﬁ+ ¢G >9.
44, BB, CC.
Chirng minp,
A A
A4, ‘2bccos§ 2(b+c)cos5
b2 > ¢ 32
4,4, b+c a’
4sin Bsin C cos’ 4 -
_ SInC cos — _Slr_l_l?_s_u_}_(_:
sin® A .24
sin’ -




BB

. | _‘_SinC 1 ;
Tyong tur: ——-—BIBZ -_-—-____Elfli‘l_; CcC, _Sin4sin B
sin28 'ce, T ¢
2 s’ =
Lic do ta co:
A4 BB | CC
A4, BB, GG,
sin A4si i 2 :
=______iél‘_lfh_SlnBsmC_‘_smCsinA
Sin2 —i- Sin2 ] Sinz '
- 2
Ta ching minh:
smAmgB+sinBsinC+sinCsinA
.2 . ;I_A . -
sin” = sin S sin® —
Thét vy, ta co:
sindsin B _ cos(A-B)+cosC
i 2sin? &
2 2
, A
1+cos(A4-B) oo
2sin” = sin’ —
cos® Z—
sinAsin B _ 2 __q
sin® — ) sin’
2
2 : A= B ’
cos” —-cos” — ; [sinz‘H‘SinB] -1
= zc . C T sinC
€os” —sm"
2 2

Hoan toan twong tu ta ¢o

sin A

sin BsinC =[sinB+sinC

. 2
sin- —
2

sin Csin 4 [sinC+smA
_———'—_'_-= —-'_'—___'——-—

B
1 2 —_—
sin” -

2
VT=[sinA+sinBJ +[
sinC

sin B

sin B

Jz_

|

% 2

gin B +sin C]

S +SI b
sin A

sin C +sin 4
4 =

l;

J’_a

AP dung BDT Cauchy ta co:

VT >3 (sinA+sinB)(sinB+sinC)(sinC+sinA) 3 3
- sin Asin BsinC

29 (dpcm).

3. Cic bai toan bit ding thirc lién quan dén ty
18 gitra cdc doan véi canh d6i dién cua tam giac.

4, 1B, IC,
Bai todn 1. = 4+ = + —2 2 3.
a c
2Rsin—§— 1
hiz inh. : — = ——
Chirng minh. Ta co 2 2RsinA 2005£
2
Tuong tu ta co:
. B
IBZ_ZRSH]E_ 1
b 2RsinB 2cosf’
2
;. C
2Rsin—
1€ _ "5 1 khide:
¢ 2RsinC Ferae
2
_L£+%+JCZ=1( 1 1, 1
8 ) 2Lcos— COS— COS—
3
> = >3 (dpcm).
2#cos-cos—cos—
2 2 2
Bai toan 2. -a—+~b—+—c—£3\/§.
4, IB, IC,
Chirng minh. Ta co: i=?'}hiA=2cos£.
14, 2Rsin— 2
2
, b
Tuong tu ta c6: —-—=2cos£; —€—=2cos£.
1B, 2 M
Liac d6:
a b

[ o4 A B C
—+—+—=2| cos—+ cos— + COS—

<33 (dpem).
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A A,
Bai toan 3. — = 4+ ‘
an 3 . ___-b .

Chirng minh. Ta co:

2 AA: _ a '
AlAz:_—a—_—X@J:—Z(bakc)cosé
2(b+c)c05+2— 5
Ta c6 danh gia sau:
4Rsmécosﬁ tan-’—i
A4, _ 2% 2
4 gpeastAesZl 2
8Rcos Ec >
Tuong m:
B B B
in — COS-— tan —
BB, 4Rs1n2c052 ey
- B_C-4 2
8Rcos’—b:cos
2
C
4Rsin£cosE tan —
va ClCZ = 2 2 > 2
- > '
SReost Cpns A 2
2
Luc do:
AlAZ + B|BZ i C]CZ Zl(tanﬁ_l_ taﬂ£+tan£J
a b c 2 2 2 2
2_[3_ (dpcm)
2
Bai toan 4 + b i c >6\/§
1472 B|Bz Clcz - )
Chirng minh. Ta co:
2
a
AA = y
2(b+C)Cos—
2
2(b+c)c05.4 . ‘
= - 2 _sSmB+sinC
B -__—__—-—-
Sk ‘ sinf
Tuong ty: _b_=51nC+smA'

B‘BZ Sin Q ’

C _sinA+sinB
=

LG sfn ™
2

TOAN HOC
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M_SE_QJ,S'“B*S‘“CﬁmC”i“
- _—-—'—‘——____

] Sin% Sin; sin—i
Ta co:
2 2 2
sinAz\ll—-coszA=\/l-[.b_fi__iz]
2bc
\/(7“"6'"’6)(‘7+b‘c)(b+c-a)(b+c_a)
) 2bc :
2 2 2 2
sinB=\ll—coszB=\/l—[c_uJ
2ca
Javbre)arb=c)(bre-a)(cra—t)
) 2ca ]
(12+E?2—cz

3 2 B

_\/(C+a-b)(6+b—a).

B 4ab

Do do6:

sind+sinB (a+b)\/(a+b+c)(a +b—c)

sin—g— c\Jab
, larbre)fart-q)
c
TU’O’[lg tII

wzz\/(a+b+c)(b+c—a);

sin = a

wz 2\/(a+b+c)(c+a—b)'

sin — b
Bay gio ta chimg minh:
%+\/(a+b+c)(c+a—b)
‘ b
g J(a+b+c)(a+b—c) 535,
c




Ta c6 danh gid sau:

MEM

a
a+b+c

378* (B4-¢
& 27a’ (b+c a)S(a+b+c)3 (ding),

Tuong
_E__——g.(_ii__l’_)_23ﬁ(c+a—b)'
a+b+c
a+b+c)a+b-
€ atb+c

Cong theo Ve cdc bat dang thirc cling chidu trén ta

b
Bai todn 5. #+—+__>
1A IB IC 3‘f—

Chirng minh. Ta co: IA=4R sing sin%. Suy ra:

a _ 2RsindA _ sind
M oapin Tl sy Bg b
2 2 2
Tuong tu:
b sinB | ¢ _ sinC

1B 25'm—(;sin£ Ic 25in£sinE
2 2 2 2

LI 3
A IB IC
sin A sin B sinC
=t T 0. A g A B
251n—sm-2— ZSmEsm—z— Zsmzsmi

Ap dung bat déng thirc Cauchy cho vé phai ta co:

sin Asin Bsin C

2 C

>33 (dpem).

BAI TAP
Chimg minh cic bt dang thurc sau

1. 142 + IB* + IC? <3R°

3
(A,B,Cz(fc—4arcsin\/;J)-

2. I42 + B} + IC} 23R’

1 1 1 3
;, D WO B A 5 o
14> 1B’ IR

1 1 1 3
4. —+—+—52"77
142 1B} IC; R?

2

3R
5. 14> +IB} +IC] < -~

11 1 _12
e R
14} 1B} IC! R

<

-

AA+BB:+CC; >

1 1 1 12

2 + 2 + 2

AA, BB, cC,

I4, IB IC, .3

, - —=<—

I4, IB, IC, 2

10. E—- + IB— + £C— >6

I4, 1B IC1

4 1B | IG

AA, B B C C, B

AIAZ % Bl'BZ + Clcz
IA‘[ IB'[ IC’

lB.M E+£ 3
a b

11.

12.

v
w
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ENG ANH QUA CAC BAITOAN
‘ BAI SO 89

n £ R /) h‘
PROBLEM. Show that (2")! 1S divisible b’

2" for any positive integer 1.

gt = 2" x 9!

Solution. We have

(2")1=1x2x---x(2" ~1)x2". Therefore, it is
enough to show that 1x2x--x(2'=1) 18
divisible by 2" (1).

But for any positive integer n, we have

2" <2" —1. In other words, 2" must appears
somewhere in the product of consecutive

numbers 1x2x---x (2" —1). Thus (1) is verified.

and

TU VUNG

divisible by L Chia hé cpy

enough to show that : chi ¢y chi ra/

chitng mink
in other words L N0i cach khac
consecutive : lién tiep
is verified b diwge xde nhan
Translated by NGUYEN pHy HOANG LAN

(College of Science—Vietnam Nationg] University, Hanoi)

KK o3k ook o SR RS R R R RRRR R stfF  oK H R SH SK R R oo ok oo o ok oo

BAI DICH SO 87
BAI TOAN. Cho mot da gidc véi cac dinh cé

toa do nguyén (cac diém trén heéi co tog do
nguven). Ching minh rang dién tich cua da
gidac do la mér 56 hivu ti.

Li gidi.

Hinh 1 Hink 2

Ta chi can chimg minh ménh dé ding véi me
tam gidc vi ching ta luon c6 thé chia mot dq
gidc bat ki thanh nhiéu tam giac,

Péi véi tam gidc ABC ching ta c4 thé mg rong
thanh hinh chit nhat CEDF nhy trong hinh 2

TOANHOC
42 " cluditpe  S85480-200,

R& rang cac dinh C, E, D, F déu cb toa d9
nguyén.
Tir d6 dién tich cua hinh chi nhat CEDF va
dién tich céc tam gidc ABD, AFC, BEC 1a cac
s6 hitu ti. Do d6 dién tich tam gic ABC ciing la
mdt sb hiru ti,
Luwu y: Chung ta ¢6 mét cong thirc dep vé dién
tich cia cdc da gidc ma céc dinh c6 toa dd
nguyén. Do la dinh Ii Pick:
Cho da gidc don (khong tw cat) P. Khi do:

A, =1, + %BF =1
Vi Ay, 1,,B, ldn heot la dién tich da gide P, s6
cdc diém cé toa dj nguyén nam trong P, 56 cdc
diém c6 toa do nguyén nam trén cdc canh cua P.
Nhidn xét. Cic ban Trdan Thi Thanh Thu, 12
Toan 1, THPT chuyén Quéc hoc Hué, TP. Hué,
Thira Thién Hué; Nguyén Himg Cirong, xi Nhon
MJ. TX. An Nhon, Binh Pinh c6 bai dich tot, gii
bai vé Toa soan s¢m. Xin hoan nghénh céc ban.

HO HAI (Ha Noi)



1:)()(1 —2)(;(2 +\[2—x\/x2,—_1.—2 x* —1—2):0
<:>(Jr2 —2)(x—ﬁ)(x+ 2+\/§\/,?Tl)=

i\\~— CHD MQT BAl TQAN Cdch 4. PT tr¢ thanh
e e N PN Y
BAI TOAN 68. Giai phwong trinh c>\/x—2__](x_\/§)+(ﬁ~ﬁm)+(x-\/§):0
“\/l\'\ 22, x=+2
ol < : \E(x—#-\@) .
Lévi gidi. PK: x2_1>0c>[x<_1 Jx—1+1- \/?4——14—1 =0 (1)
x>1 PT (1) tr thanh
Voi x<—1 taco: x+ <0<22. x1+2\/;?f_—\[2_x~2=0
: ¢ ot ¢:>(x2-—2){1+ 2 }:0
vay DK tro thanh x> 1. \/5\/:\:3———1+x
Céch 1. Binh phuong hai vé ta ¢é: ox-2=0ox=12
R YE S S Vay nghiém cia PT 13 x =2.
‘/;2“1 xt -1 Cdch 5. PT tuong duong vdi
= f‘ +2 x* —8=0 x\/xl_—-3+x=2\f5\[x7-_-—l
x -l x 1 = xz—l(x—\ﬁ)+(x—\/§\/x'—2jl-)=0
= {2 =2 xt-4x*+4=0 =2
\{;__1 o W x+2 :
<:>x‘:2<:>x=\ﬁ. % —l—m=0 (2)
Cich 2. x = 0 khong la nghi¢m PT nén PT (2) tré thanh:
PTc:;xz\/;i’—_l—l—xz'—‘z\Exm \[2-(x2-—1)+x\/x—2_—--—x~\[?:=0

( _J_JX’Z—‘I)2+F(X2‘2\IXT'—1)=0 @x(m—l)+\f§(x3—2)=0
R Gl I C-= i

o r—ﬁ\[f=ogx:\[§. o -2=0x=V2.
Vx*-1-1=0 Cich 6. Dat t=+x* -1, t>0.Khido
Cich 3. PT twong dﬂojfjfi =+l x=vr +1
2._1 ,'2
xNx =1+ x= 2‘[5‘ # Jf’-' PT tro thanh: V* +1+ ! +]=2\[2_
¢>(x\fx2—-]- ) (2x 2\[- * F) !
(z & o (t+ )N +1=2J2
x(x —2) 2 2
e @(r+l)(\/z + ﬂﬁ)—ﬁt+~/§:0
Vxi—1+1 x*'f‘[;t-
. TOAN HOC
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o peammmm———
=1
3 tr¢ér thanh:
o (,+1)~ i PT(3) tra
2 3 =0(7)
\/r*+[+\/5
;2—]+\/5
2 _ {2
FHu-1=V2v +1©{;‘+4t"—4t-1=0
t>—
{3 1+\/§ o=l
(t‘—l)(r2+4r+1)=0
Viy =1 Jx’ —1=1lex=
2_
Cich 7. Dit =L p=Y* "1 ocap<l.
X X
T @ +hi= (a+b)’ ~2ab=1
aco
4l =207 | grb=2Bab
1
L) I a=—
8a’h’-2ab-1=0 |ab=— &
< 2 o :
a+b=2\2ab b=y |p=L
G
1_1
x 2
Khi d6 \/_ <:>x=\/5.
xl—l_ 1
x 2

Cdch 8. St dung lrong giac

bit x= vai ae(O;EJ. Phuong trinh trg
cosa 2
1
thanh: —1_,__cosa __, 15
cosa 1
g—ee]
cos’a
= —2\/_
cosa sma

& sina +cosa =2Jisinacosa

. 4 .
o sm[a + Z) =sin2a

T
a=—+k2r
oa=Z K
T k2 4 3
=—+4—
4 3
TOAN HOC
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4 woly
COSE 2,
4
t ham s f x B
ek 3.5 ) HT/?\I VOi xs

1 _ (\/;2\-1)3_1
(xz—l)m i;;__l)‘\_/?\tI

Tacd f'(x)=0 VX' -1=] 5=

Lap BBT ta dugc &igf(x) =2V2 taj x= 2

=1-

Vay nghiém cua phuong trinh I3 x=./3

TRAN DUC PHUONG
(GV THPT Giao Thuy, Nam Dinh)

Nhdn xét. Ky nay TH&TT xin bidu dwong céc bap
Nguyén Trung Diing, 9A, THCS Nguyén Quang
Bich, Tam Néng, Phd The; Dink Nhét ¥ Anh, 9K,
THCS Trin Mai Ninh, Thanh Héa; Nguyén Hing
Cuwong, xa Nhon My, TX. An Nhon, Binh Dinh; L
Pham Minh Todn, Lé Viét Thinh, 10B2, Nguyén Ha
Anh, GV TH, THCS&THPT Lé Thanh Toéng, TP.
Ho Chi Minh dz dong gop mot so cach giai ding

twong ty véi nhimg cach giai trén cua ban Trdn Dic
Phurong.

LE MAI (Ha Néi)

M®i cdc ban giri 161 giai BAI TOAN 70 dusi day vé

Toa soan Tap chi TH&TT trude ngdy 31.3.2023.

BAI TOAN 70 Cho cac 56 thie duomg a, b, €
théa man ap + bc + ca = 2022. Chirng minh rang

m+ o v 2022 + et 42022
\/—b+\/—+\[c_a

MAI VAN NAM
(GV THCS Khdnh Héng, Yén Khanh, Ninh Bink)



ABR sao cho

PBC=CAQ =45, BCP=OCi<3t°, AR Fih <15’

Chimg minh rang QRP =90 .4 OR = RP.

Lii gidi.

Ky hiéu AB = ¢, BC = a, CA = b va § ]a dién tich
tam giac ABC. Ap dung dinh 1y ham s6 sin cho
tam giac ACQ, ABR, BCP ta cé:

A__bsin30° ~ b b
~sin105°  2sin(90° +15%)  2cos1s’
C b b .
oc= J2sin105° 2cos15®’
B _csin15°=csin15°:‘_c_;
AR =BR="—""200 = 5in30° 2coslS’
a > =____a|———.
BP:ZCOS]SO, J2 cos15°
ke
; kb oc=*0 ar=BR=",
Nhur vay: QAS_z—'QC_ﬁ’ 5
1
k _ka i k= _
BP:_;"CP’\E val cos15’
Ap dung dinh 1y cosin ta ¢o: )
OR? = AR’ + 04’ _2ARQAcos(A+ 60%)

k_z(cz 4 47 — 2bccos(d+60"));
4

PR® = BR? + PB* - 2BR.PBcos(C +60°)
= f‘:.:*(cz +a? = 2accos(C + 60° ))

PQ* =CP* +CQ* -2CP.CQ cos(C +60°)
=£22_(a2 +b? — 2abcos(C + 60° ))

Ta ching minh: QR? = PR?

& +b* —2bccos(A+60°)=c” +a’ —~2accos(C +60°)
3
&b - ZbC[COS A.% —sin Al—;’—:l

1 . 3
=g’ - 2ac[cos C.E —sin C%J

&b —becos A++3besin A =a’ —accosC+ V3acsinC

2,2 2 2, 2 32
b+ —a g+ b o hs

o B +235=4

_!3v2+c:2-a2 _ 2_a"’+cz—b2
2
dlng nén ta c6 OR* = PR*> hay OR = PR. Ta cé:

b . ding thirc nay

k? ~
OR? + PR? =20R* =—2~(c2 +B? —2bccos(.4+60°))
Ma tuong tu nhu trén ta chimg minh dugec:
¢? +b? —2bccos(A+60°) =a? +b2 —2abcos(C+60°)
Do d6 QR?+ PR* = P(Q’ hay tam gidc POR vudng
tai R (dpcm).
Nhin xét. Ban doc c6 thé dung phép quay dé giai
bai toin ndy. Hoan nghénh cac ban: Ha Phiong
Anh, 9A, THCS Nguyén Quang Bich, Tam Noéng,
Phi Tho va Nguyén Hing Cuong, xa Nhon My,
TX. An Nhon, Binh Dinh da c6 1&i giai ding.

NHU HOANG

Sau day 1a bai tap dé nghi. Ban doc hiy gui 15
giai vé Tda soan TH&TT trnude ngdy 31.3.2023.

BAI TAP PE NGHI

BAI TOAN 79. Chimg minh rang véi moi sé
thucw, x, ¥, z ta ¢co

{/;V; +x' 4 Yy +z' g \/w2 +x? +)x2 +2%,

KHANH HU'U (Ha Noi)
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GIAI PAP: LO1 GIAI CO PUNG KHONG?
(pé ding trén TH&TT 56 543, thang 9 ndm 2022)

Phén tich sai lam. Loi giai la khong diing ¢ buéc:

Va theo cach dat thi

¢1=\((.'c—1):+1<.:a2 -1=(x-1 F
)

cho nén ta duoc x—lz\/r_l_
az—]

Lt a -1=(x-1) &
x—1=—/a’-
Lai gidi ding. Ta bién ddi PT d cho nhu sau
Sx:—10x=4(x—l)v'x2—2x+2
o 4(x - 2x+2)—4(x=1)Vx* —2x+2+(x~1) =9.
2
Do d ta dugc (2\/x2—2.r+2—(x—1)) =9.

(2 2+ 2-(x-1)=3
2V —2x+2—(x-1)=-3
THL: 2V —2x+2—(x—1)=3
x3-2

4(.u|r2 —2x+2)=(x+2)z'

Suy ra

o2 x:—2x+2=x+2c:>{

Khi d6 4(x* —2x+2)=(x+2)
6+26

3 .
-2J6
3

=
S -12x+4=0&

X =

So véi didu kién ta nhan ca hai nghiém trén.

TH2: 2vx* —-2x+2 —l =-3
J’— xz4
S -2x+2=x-4& 4(12_2x+2)=(1_4){

Taco 4(X _2x+2) (I 4)26293.'(2-8:0'
PT trén c6 nghiém d&u nho hon 4 nén bi loai.
626

Két lugn: PT c6 nghiém x=—>"

Nhan xét. Ri tic 13 khong ¢6 ban nao phét hién duge
sai lam,

KIHIVI

PAP ANNAO?

Trong mdt dé thi c6 cdu hoi sau day: Tir cac
chit 56 0, 1,2, 3, 4, 5, 6 ldp dugc bao nhiéu 56 te
nhién chan cé 5 chir sé d6i mgt khac nhau sao cho
c6 ding 2 chir s6 1é va 2 chir 56 lé do luon dung
canh nhau?

A. 860 D. 240.

B.408 C.360

Ban Mai dua ra 1ap luidn nhu sau: Ta xét mot
day g6m 4 6 nhur sau:

M3i sé can 1ap img v&i mét cach chon ra 4 phan

tir cua tap {0;2;4;6;&} va hoan vi 4 phan tir

vira chon vao 4 6 trén sao cho 0 dau tién khong

phai chir s6 0, & cudi cang phai 1a chi s chan, voi
a € {13;31;15;51;35;53}.

Budc l:Chon @ € {13:31;15;51;35;53},

¢0 6 cach chon.
Buéc 2: Truomg hop 1, chon chi s6 0 dé dién vao
o cubi cung, ¢ 1 cach. S6 cich dién vao 3 6 dau

tién bang véi s chinh hop chap 3 cia {2: 4;6; a}

nén cod A: céch.
Trudmg hop 2, chon chir sé 2 hodc 4 hoic 6 dé
dién vao 6 cudi cung, c6 3 cach. Co 3 cich dién sb
vao 6 dau tién, c6 A’ cach dién s6 vao 2 6 ¢
gira.
Sé cach hoan thanh budc 2 1a

1.4 + 3.3.47 = 24 + 54 = 68 cich.

Vay lip duge tit ca 6.68 = 408 s6 theo yéu cau
cua bai toan, Chon B.
Cic ban ¢6 dong ¥ véi lgp Iugn cia bgn Mai
khing?
NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Béc Ninh)

TOAN HOC
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GIAI DAP: :
LOI GIAI CO DPUNG KHONG?

(Dé diing trén TH&TT s 544, thang 10 nim 2022)

Phan tich sai lam.

r n
Taco: O<x<—=—=0<2x<—,
4 2
; 4
ma cos2x=g suy ra:
0<2x<§©0<x<§:>0<tanx<l.

Léi gigi dung nhwr sau.
_1-cos2x

Cdch 1. Ta cé: tan’ x = .
I+cos2x

Khi do, v&i cos2x =% ta dugc:

=
tan® x = i:—.
tes ?

Ma 0<2x<37ﬁ, 0052x=% suy ra:
O<2x<% ®0<x<%:> O<tanx<l.

Viy tanx:%.

l+cos2x
2

Cdch 2. Ta cé cos’ x =

Khi dé, voi cos2x :§ ta duoc:

4
1+-
cos’ x = 5=_9___
10
Laicé tan’ x = ~1, suy ra:

cos’ x
tan2x=—1—=1 -1
9

5

10

TOAN H
46 e
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3 4
Ma 0<2x<—> COSZX:g, suy ra:

T Vs
0<2x<’2‘ <:>O<x<Z:>0<tanx<14

1
Viy tanx =3

_I-tan?x

. cb cos2x=— """
Cach 3. Ta l+ tanz %

4
Khi d6, vai cos2x = E ta duoc:

2
. 4

1 tan2x=—<:’>tan2x:1,
l[+tan“x 5§ 9

iz 4
2 5
O<2x<§ <':>0<x<%:>0<tanx<1,

Viy tanx = 1 .
3

Nhin xet. Ban Nguye:n Hodang Anh Thu, 10 Toéan 2,
THPT chuyén Qudc hoc Hué, Thira Thién Hué va ban
Nguyén Hing Cuong, xi Nhon My, TX. An Nhon,
Binh Pinh da phét hién ding sai lim va dua ra 19i giai
nhu ¢ cich 1 trén. Xin hoan nghénh hai ban.

KIHIVI

3-”:2\)

Trong gitr bai tap tai 16p 12 Van, thiy gido c6 néu
bai toan say:

DAP ANNAO ? f’
bt
L'/!l

I~

x-2

Cho ham sé Pomeae T =
X' =2x+m

. Co bao nhiéu gia tri
m dé ds thi ham 56 ¢4 diing mét tiém cdn dimg?

A. 1 B. 2 C. 3. D. 0
Sau vai phit suy nghi, ban Cdm T xung phong 1én
bang giai. say day 1a 16 giai ctia ban Cdm Ti.
Lai giai: Tq biét x = x, la mdt tiém can dimg cua
dé’thihémséyz x-2

—~—— khi
X" =2x+m



PROBLEM . ..

(Ticp theo trang 23)
FOR Higy SCHOOL
problem T6/548. Fing the largest value of the
parameter a4 SO that the equation ¢® = log x has
f=n
Soluﬁon.

problem T7/348. Given (he equation with a
parameter m: x° —x* _a¢,, _ ¥ +(m-1) =0.
Find the values of m so that the equation has 4
distinct solutions.

Problem T8/548. On 3 rays Ox, Oy, Oz (on the
space) which are mutually perpendicular to each
other choose 3 arbitrary points 4, B, C which are
different from O. Let H be the orthocenter of
ABC. Denote by Sp_S,, Sz, Sc the areas of the
triangles ABC, OBC, OCA, OAB respectively.
Show that

S-* SB SC SO So So

Problem T9/548. Given a positive integer n.

Suppose that a, b, ¢ are positive number so that
a" +b" +¢" =3. Find the minimum value of the

expression

6m + 1 so that a,, .

points E, F. Let
reflection points of £, F in AC, AB. Show that the

2

2 2 [l n
a b g,
= + = 2 2 il
F a+be b+ca c+ab a +b +c

TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/548 Consider the sequence (a,)

a, =2023; a, = 2.2023° |
,=2023a,+ 2.2023""%,vneN

a

Show that for any positive integer k, there exist

infinitely many natural numbers of the form

+a is a composite number.
|

Find all functions

Problem  T11/548.
/: R—R satisfying

f(f(x)+y2+4)+4y=.r+f2(y+2),‘v’x,ye]R.

Problem T12/548 Given a triangle ABC

inscribed in a circle (O). Let I be the incenter of

the triangle. /B and /C intersect (O) at the second

E' F'respectively be the

circumcenter of OE'F' lies on the line A/.

Translated by NGUYEN PHU HOANG LAN

(College of Science - Vieimam National University, Hanoi)

PR bt AR S R R R R S b R

&
. x—2
Ilm7———=i°°
iz, Xo —2X+mM
) x-2

hoic im ——— =%

ron X2 =2x+mM

= x, la mot nghi¢m cua phuong trinh:

Z-2x+m=0 (1)
Do dé, 4 thi ham s6 c6 dung mdt tiém can ding
khi PT(1) c6 dung mot nghi¢m, diéu nay tuong
dwomg  vsi  PT(1) €6
SA'=]-m=0m=1l

nghiém  kép

Véim =1 ta co:

L x-2
va lim— =—0

. x—-2
-l —2x 41

T -2x+1
= x=1 la tiém can ding duy nhit cua do thi
ham s6 da cho. Vay m = 1 thoa man yéu cau bai
toan. Chon dap an A.

Sau khi giai xong, cac ban trong 1op 12 Vian to
thai d¢ dong y vai 161 giai cia ban Cam Tii. Thiy
gido hoi: Cdc ban c6 nghi ngo gi vé loi gidi cia
ban Cam Tu khéng?

Ca 16p tré 101 dong thanh: Puing réi a!

Y kién ciia ban thé nao?

NGUYEN ANH VU
(GV THPT chuyén Chu Vin An, Binh Dinh)

TOAN HOC
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