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TRUNG HOC

Trong ki thi vao céc truomg THPT chuyén vira qua
chiing t6i nhan thay cO mét dfmg thirc quen thuoc  Khi do: x\/
da dugc st dung rat nhiéu dé giai nhirng bai toan

(12-_+y£)(12+22)+ J(12+x2)(12+z2)
2+72 N 12+

trong cac dé thi. Bai viét nay xin gidi thiéu mot 12+ x*)(12 + y?)
vai ung dung cta dang thirc d6 théng qua mét so Vet
: 12 + 2°
thi du.
: TR A oy A (x+ )y +2)'(z+) J(x+y)(z+x)*(y+z)
1. DPANG T ' = ¥
HUC CO BA:I VA CAC HE QUA IJ (x + y)(z + x) Y (x + y)y + z)
+b+ =
a(a+b c)t+bc=a"+ab+ac+ bc 58 (x+y)2(y+z)(z+x)
= (a+ b)(a + ¢). (z+x)y +2)

e Hé qua 1: Néua+b+c=1thi =x(y+2)+y(z+x)+z(x+y)=2(xy + yz + zx)
a+bc=(a+ b)(a+:c). =212=24,

e HE qua 2: Néua+ b+ c=kthi Bai 2. Cho x, y, z la cac s6 thiee dwong thoa man
ka + bc=(a + b)(a + ¢). dieu kién x + y + z = xyz. Ching minh:

e Hé qua 3: Néuab + bc+ca=1 thi x 2y 3z _ xpz(x+day+ 3z)
a2+1=(a+b)(a+c). 1+x* 14+y* 142 (x+y)y+z)(z+Xx)

« Hé qua 4: Néu ab + bc + ca = k thi Loi gidi. Ta co:
a+k=(a+b)a+to). x5 wE xyz

Va cac hé qua khac twong ty nhu cac hé qua trén. 1+x*  yz+xxyz yz+x(x+y+2)

2. UNG DUNG et i

(x+ y)z+Xx)

2.1. CHUNG MINH PANG THUC

Bai 1 (Pé thi vao THPT chuyén tinh Lao Cai Tuong ty:
nam hoc 2022 - 2023). Cho x, y, z la cac sO thuec

dirong thoa man xy + yz + zx = 12. Chirng minh: 3z . 3xyz

1+ 2° (y+2z)(z+x)
\/(l2+v (12+2°) J(lQ-}«r )12 + z°)

12 + x?

2% sy e 2xyz _
1+y* (x+y)(»+2)

X 2y 3z
12 + y* = + +

1+x* 1+y° 1+72°
: \/(l2+r)(12+y) b e e, B o SN A
12+2 (x+y)z+x) (x+p)y+2z) (z+x)(y+2)
Loi giai. Theo hé qua 4 ta co: =xyz(y+z+2:z+2x+3x+3y)
12 +x* = (x + y)(z + x); (x+y)(y+2)(z+x)
12+y2=(x+y)(y+z); . xyz(5x +4y+32) '
(x+y)(y +2z)(z +x)

12 +2°=(z + x)(y + 2).
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2.2. TINH GIA TR] BIEU THU'C 1 1

= P= +
Bai 3 (D& thi vao THPT chuyén Ha N§i nim a(ab+bc +ca) b("’”b‘?“’;’)
hoc 2022 - 2023). Cho cac 56 thuc a, b, ¢ thoad + (ab+ bc + ca)
: cla C
man: ab + bc + ca = 1. Tinh gia tri biéu thuc: _ ab+bctca 1 1
pa oL b R 2 abc(ab+bc+ca) abc 3

= + 5 | 5 .
o e i S a+b+c—abce

L gidi. Ta cb: 1+ a®= (a+ b)(c + a): 2.3. CHUNG MINH BAT PANG THUC

1+b°=(a+b)b+c); Bai 5 (Dé thi vao THPT chuyén Thai Nguyén
1+ = (c+a)b+c) nam hoc 2022 - 2023). Cho cac sO thue dwong a,
b, ¢ thoa man ab + bc + ca = abc. Tim GTLN cua
F= : + : : a b o
(@+b)a+c) (b+c)(b+a) bieu thiec: P =\[ + J + \f ;
a+ bc b+ ac c+ab
+ = = :
(c+a)(c+b) a+b+c—abec Loi gidi. Ta co:
=a(b+c)+b(c+a)+c(a+b)_ 2 . . a’
(a+b)(b+c)a+c) a+b+c—abc a+bc—az+abcdaz+ab+bc+ca
[ 1 1 1 a’
=2 X | = _
(@+b)b+c)a+c) a+b+c—abc (a+b)(a+c)
Xét(a+b)(b+c)c+a)—a—-b-c+abc b x:
=a’b + a’c + ab® + abc + abc + ac® + bc Tuong tir: b+ ca 0 (a+b)(b+c);
+bc* —a—b-c+abc 5
2 2 2 2 Ci B g
=(a"b+a’c+abc)+ (ab” + abc + b°c) c+ab“(c+a)(b+c)'
+ (ac* + bc* +abc)—a—-b-c .
Khi do:
= a(ab + bc + ca) + b(ab + bc + ca)
2 2
+clab+bc+ca)—-a—-b—-c=0. P g T b
1 (ﬂ+b)(a+c) (a+b)(b+c)
Vay P=0.
2
&
n A . 5 a N.-u - =+
Bai 4 (De thi vao THPT cPuyen Ha No§i nam \ (c+a)(b+c)
hoc 2022 - 2023). Cho 3 so thuc a, b, ¢ duong P b
b e : et il e — ST
thod man: abc = 3. Tinh gia tri biéu thuc: \/(a +B)(atc) J(a +b) (b0
P | + ] + 1 c
o : 2 2 i 4 :
a’(b+c)+3 b°(c+a)+3 c(a+b)+3 \/(a+c)(b+c)

Loi giai. Ta co:

S5 Ap dung BPT Cauchy cho 2 sé duong ta co:
a’(b+c)+3=a’(b+c)+abc

| a a b b - "
= P<— T
= SR ool 2[a+b a+c+b+a+b+c+c+a+c+bj
Tuong tu: 1 3
bz(ﬂ+ﬂ)+3=b(ab+gg+bc); @PEEE’@PEE'

Cz(ﬂ + b) + 3 =c(ab + ac + bc). Dau “=” xayrakhia=b=c=3,

2 T?ﬂlh-'uggce S 550 (4-2023)




5 3
Viay maxpP = > Sa=b=c=3.

() mt s6 bai ta phai bién déi gia thiét, déi bién dé
lam xuat hién cdc déng thirc quen thugc. Ta xét thi
du sau

Bai 6 (D¢ thi vao THPT chuyén Pik Liak nam
hoc 2022 - 2023). Cho 3 so thuc a, b, ¢ dwong

thoa man: a + 2b + 3¢ = 24abc. Ching minh:

o
2b 3¢ a

nwe + >
H\/l 6H° +1 2!]\/36{'3 + ] 3(~J4”: 4 ]

l‘wJ|~.-u

Loi gidi. Doi v6i bai toan nay, dé 1am xuét hién
dang thirc quen thudc ta bién doi g1a thiét

a+2b+ 3c=24abc & 1 + : +L=4.

6bc 3ac 2ab

1 1 1
Dat x=—; y=—;z=—>2xy+z+zx=4.
*EATT R Al e

Bicn doi vé trai cua BDT dé xuat hién an phu:

2b 3c a
P: -+ +
aV16b® +1 2b336¢* +1  3cvda® +1
1 1 &
. a 4+ 2b + 3c
1 1 1
o L
x y z
= - - .
Jr+4 22 +4 xP+4
Ap dung hé qua 4 ta dugc:
X ¥
P= +
\/(x+y)(y+z) \[(z+x)(y+z)
z
+
\/(x+y)(z+x)
“”“;““‘“' 2x » 2y 2 2z
x+2y+z x+y+2z 2x+y+z
2% N 2y . 27*
dx2+2xy+zx v+ +2yz 2zx+yz+2°
BDTS;hwm 2(_1- +y+ z)z
B (x+y+z)2+(xy+yz+zx)‘
(x+y+zf

Talaich: xy+yz+2x s -

2(x+y+z)° S P

x+y+zf - 3
3

SN

(x+y+zf+(

MOT SO BAI TAP TUONG TU'
Bai 1 (Dé thi vao THPT chuyén Thai Nguyén,
néam hoc 2022 - 2023). Cho a, b, ¢ 1a céc s6 thyc
duong thoa man ab + bc + ca = 2022. Tinh gia tr
biéu thirc:
(2022 +a*)(2022 + b*)(2022 + ¢ )
(a+b)’(b+c)(c+a)

O=

Bai 2 (Pé thi HSG tinh Dak Lak, nam hoc 2015 -
2016).Cho x, y, z 1a cac s6 thuc duong thoa mén:

\[E+J;+JE=2 Vﬁx+y+z=2.

Tinh gi4 tri biéu thic:

Jx Ay J’]

+1 y+1 z+1

P..—_.J(x+1)(y+1)(z+l){

Bai 3 (Dé thi HSG tinh Phi Tho, nam hoc 2015 -
2016). Cho cac s6 thuc a, b, c duong thoa man:

a+b+c=5va JE+\/E+\/E=3.
Chirng minh:

Vo b A 4

a+2 b+2 c+2 \fa+2 b+2)(c+2)

Bai 4 (Pé thi vao THPT chuyén Lao Cai, nam
hoc 2022 - 2023). Cho céc sb thuc duong a, b, ¢
thoa man: ab + bec + ca = abc. Tim GTLN cua
biéu thirc:

s e
+ + .
a+bc b+ ac c+ab

Bai 5 (Pé thi vao THPT chuyén Hung Yén, nim
hoc 2022 - 2023). Cho 3 s6 thuc duong x, y, z thoa
man: 4xy + 2yz + 3xz = 24. Tim GTLN cua biéu
thurc:

2K " iy z
V2 +4 Y 49 yZ*+16

P=

S 550 (4-2023) TOﬁST':ﬁtllch);ce 3




HUONG DAN GIAI PE THI TUYEN SINH VAO LOP 10
THPT CHUYEN TINH HUNG YEN NAM HOC 2022 - 2023

Cau 1. Cho bieu thue nén (d) luén cit (P) tai hai diém phan biét 4 va B.
.-I_[ g, Joud Jh.' Theo e tirc Viste tactr 437 2= ™1 ).
.1‘+\/;—2 .\‘—\ﬁ' \,/J:— | XX, =m-5 (2)
a) Rut gon biéu thire A. Trir theo vé (1) véi (2) ta dugc:
b) Tim gid tri ciia x dé A = 3. X +x,-xx=06x-1+x, (1 — ) =d
Loi gidgi. a) PK: x>0,x #1. < (x -1)(1-x,)=5.

- x+2Vx i 2 1 Tacé: (x, -1)(1-x,)=5=15= -5)=35.1
- 2 (5 -1)(1-%)=5=15=(-1)(-5

_( Vx(Vx +2) 2 ] 1
P SV £ O 1)

=(‘5)'(—1) (do x,,x, nguyén).

Ta c6 bang sau:

T i,

x —1 A EYNELE
g ] : =vd o 5 O |
0 1 - X,
= x AN O B
X ;
\/;' X, -4 6 0 2
b) A=3@x+2=3 A oo S m=xx+3 | =3|| 3 5 | -3

Jx

@x—S\/;-FZ:D &

Vay m=-3 va m=5 la c4c gié tri can tim.

‘/J_C:l wel Gost) 2) x* =23 +x* -16y* +12x—-16y+4=0

_\/;=2<:> 'x=4 (nhan)

Sy +x =3 =32 +4x* +4x+8x+8

4y A = 3 khi x = 4.
Vay 4 =3 khix =16y> +16y +4

. : it phane toa do Oxy, cho
SN (5SS S S . & (x+1)x° =353 (x + 1)+ 4x(x +1) + 8(x +1)

parabol ~ (P):y=x va  dwomg  thang =16)y* +16y +4

3 (o 'm oid tri cua tham so
(d):y=(m+1)x—m+5. Tim gia tr} cua tnam so <:>(x+l)(x3—3x2+4x+3)=(4y+2)2

m dé (d) cat (P) tai hai diém phan biét A(x ), & (x +l)2 (xz —4x+8)=( 4y+2)2'

B(x,:y,) sao cho x;;x, la cdc so nguyén. ViyeZ=4y+2#0=>x#—1.
2) Tim cdc nghiém nguyén cua phwong trinh Vi x,yeZ nén (x+1)° va (4y+2)* la céic sb

4 3 - ;‘: 12:-_.1(1[?.]-4:0 ’
% 22 Fausdhy FlaE—=A0 chinh phuong khic 0 nén (x> —4x+8) ciing 14 sb

Léi gigi. 1) Phuong trinh hoanh d¢ giao diém ciia  chinh phuong.

(P) va (d) la: x* =(m+1)x—m+5 Gidsi x* —4x+8=m* (meZ)
o xr-(m+Dx+m-5=0 (%) Sx-2) ' +4=m" & (x-2) -m* =4
Tacé A=(m+1)> —4(m—5) =m’ —2m+21 < (x-2-m)(x—2+m)=—-4.
=(m—-1)"+20>0 v&i moim Do x, m 1a cac s6 nguyén nén ta c6 bang sau:

TOAN HOC
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— [x+y—1)(x2+y"—xy+x+y+1)=0

(x+y-1=0
=

_x2+y2—xy+x+y+l=0

Vi x nguyén nén x = 2. Thay x = 2 vao phuong e x+y-1=0< x=1-y thay vao (2) ta dugc:

trinh ban dau ta suy ra y = | hodc y = -2.
Vay nghiém (x; y) ctia PT 1a (2; 1); (2; -2).

Cau llL. 1) Giai phicong trinh

2) Giai hé phuwong trinh

3 3
X +y +xy=2x+4y-1

Xy +x+2y =1

3x-2 ! Y—ix
x—1 x—1

PK: 1< x<3. Khi d6 ta co:
*)V3x-2-V3-x=x-1
SV3x—2=x—-1+3-x

&3x-2=x-1+3-x+2J(x-13-x)

Loi giai. 1) \J =1(*)

& 3x—4=2(x-1)(3-x)

4 T
Xe— x2—
— 9 3 o 3
(3x—4)" =4(x-1)(3-x)  [13x’ —40x+28=0
X2 i
3
=4[ x=2 < x=2 (thdéa man di€u kién).
14
xX=—
Bl
Vay nghiém cua phuong trinh: x = 2.

) f+y3+xy=2x+4y-*l¢> X’ +y +xy=2(1-xy)-1
xy+x+2y=1 x+2y=1-xy
¥+ +3x=1 (1)

= A ;
x+2y=1l-xy (2)

(1){::>(.x:+y)3—3x1y—31y2+3xy—1=0
o (x+y) - =3xp(x+y-1)=0

<:>(x+y~—l) (x+y)2+x+y+l—3xy]=0

l-y+2y=1-(1-y)y < y(y-2)=0

y=0=>x=1
o y

=S p==]

Thay x=1,y=0 va x=-1;y =2 vao h¢ phuong
trinh ban dau ta thay théa man.

e X+’ —xy+x+y+1=0

& 2xP 42y =2xy+2x+2y+2=0
f:::r(xz-ny+y1)+(x1 +2x+l)+(y1+2y+l)=0
4@(:«:-y)2 +(.1|r+l)2 +(y+1)2 =0

x-y=0

S1ix+1=0 o x=y=-1.

y+1=0

Thay x =y =-1 vao hé phuong trinh ban dau ta
thdy khong thoa man. Vay nghiém (x; y) cua hé
phuong trinh la: (1;0),(=1;2).

CaulV. 1) Cho AABC nhon (AB < AC) noi tiep
dwong tron (O). Hai dwong cao BE, CF cat nhau

tai H. Goi K la giao diém cua hai dwong thang EF
va BC.

a) Chung minh tir giac BFEC noi tiép, tir @6 suy
ra KF.KE = KB.KC.

b) Puong thang AK cat dwong tron (O) tai diém
thir hai la M (M khac A). Goi I la trung diém cua
doan thang BC. Chirng minh ba diém M, H, I
rhffﬂg hang.

2) Mét chi tiét may gom hai nira hinh cau bang
nhau va mot hinh tru (hinh vé). Hay tinh thé tich
cua chi tiet may do theo cac kich thudc cho tren

hinh veé.

8 cm
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Loi gidi.

1) a) Xét tir gidc BFEC c6: BEC = CFB = 90"

— tir giac BFEC ndi tiép duong tron dudng kinh

BC. Xét AKFCva AKBE cé: K 1a goc chung :

KCF = KEB (hai goc nodi tiép cung chin cung
KF KC

BF) = AKFC ~AKBE = —— =
KB KE

< KFKE=KCKB (1)

b) Xét AKBAva AKMC c6: KAB=KCM (hai
g6c ndi tiép cung chin cung BM ) va K 1a goc
chung, do d6 AKMC ~ AKBA (g.g)

:>KM=KC<:>KM‘KA=KB.KC (2).
KB KA
T (1) va (2) suyra: KEKF =KM.KA
— el =KA.
KM KF

Ma K 1a goc chung, suy ra: AKFA~ AKME (c.g.c)

— KAF = KEM hay MAF = FEM

— tir gidc AMFE ndi tiép.
Mit khac AFHE noi tiép dudng tron duong kinh
AH (AEH = AFH =90°) nén 5 diém M, A4,E,
F,H cung thudc duong tron duong kinh AH
= AMH =90°. K¢ duong kinh AN cua duong
tron (0). Khi d6 NMA=90" (gbc ndi tiep chan
nira duong tron). Suy ra ba diém N,H,M thang
hang (3). Xét tir giac BHCN co: BH //CN (cung
vudng goc vai AB), CH //BN (cung vudng goc
v3i AC) = BHCN la hinh binh hanh. Ma 7 la
trung diém cua BC = [,H,N thﬁng hang (4).

6

TOAN HOC
" CTusilpe

S6 550 (4-2023)

Tw(3)va(4)suyra M,H,I,N thang hang.
2) Thé tich cua chi tiét may:
4 4 1216

V =-3-'R3.?r+ RIH.20=§.43.E+ 20.4° 7 =—3——?T (ET’I‘Ijl ).

Céiu V. Cho ba so thuc duong x, y, z thoa man
dxy +2yz+3xz=24.Tim gia trj lon nhat cud

2x V
e '

i - X
.T1+4 \/1;3-{-() J;b-%“,)

Loi gidi. Tacd: 4xy+2yz+3xz=24

P o
23 34

bieu thue P =

a2 e e
6 12 .38

X

2

] &

Pat: =a}0;§=b}0;§-=0}0 thi

ab+bc+ac=1. Ta co:
4a 3b 4¢

Jaa® +4 J9b? +9 J16¢2 +16

2a b o
= + +
Jat+1 B2 +1 c® +1
2a b

= -+
\/a2+ab+bc+ca \[bz+ab+bc+ac
C

P

+
'ch +ab+bc+ ac

- 2a = b ” C

Jla+b)(a+c) |(a+b)(b+c) (a+c)(b+c)

JZ& 2a 2b b c 2¢
= : - . - _ :
a+b a+c \a+b 2(b+c) 2(b+c) a+c
Theo BDT Cauchy ta co:
2a i 2a 22\/ | ;

a+b a+c a+b a+c
2b 1 b <9 | :
a+b 2(b+c) a+b 2(b+c)
S GRS ¢ 1=226
2(b+C) 4 e ol 2(b—|—(j) a+c

Suy ra:

Pil[2a+2a+2b+ b e . 2
2{a+b a+c a+b 2(b+c) 2(b+c) a+c

_b¥e |9
,:élﬁ

1{2(a+b) 2(a+c)

Tt t ==
a+b atc  2Ab+c)) 4



PE THI CHON HOQC SINH GIOI LOP 9 TINH QUANG NGAI
NAM HOC 2022 - 2023 - MON THI: TOAN - Thoi gian lam bai: 150 phut

Bai 1. (4,0 diém) 1) Tim sé nguyén td p sao cho
p+10va p +14 la cac s6 nguyén t6.

2) Tim tit ca cac nghi¢m nguyén x,y cua
phuong trinh x* + xy —2x -3y -4 =0

3) Cho ba sb6 abceZ thoa

a+b+c=2022%023 Chimg minh a’ +b" +¢’

chia hét cho 6.

Bai 2. (4,0 diém) 1) Cho biéu thirc:

b7 s e
x+1) \1+vx xdx+dx+x+1)

voi x> 0. Rt gon biéu thitc M va tinh gi4 tri cua

biéu thitc M khi x =2023 -2+/2022 .
2) Cho ba s6 duong x,y,z théa min x+y+z=1.

man

Tim gi tri 16n nhat cua biéu thic:
x

P= pod :

x+1 y+1 2z+1

Bai 3. (4,0 diém) 1) Giai phuong trinh

St 3 +2xle 41 =il 4 dni3,

'3 +x+l{1+lj=4
Y y

Z

2) Giai hé phuong trinh <
LS A |

X =ttt =4

Vvl M J

Bai 4. (7,0 diém) 1) Mét hoc sinh c6 tam bia hinh
vuong ABCD canh 20 cm. Em mubn cét tim bia
ndy thanh bon hinh tam gidc vuéng bang nhau va
phén con lai 12 hinh vuéng MNPQ théa man M, N,
P, Q lan lugt thugc cdc canh 4B, BC, CD, DA.
Hay xac dinh vj tri cac diém M, N, P, Q dé dién
tich hinh vuéng MNPQ 14 nhé nhat.
2) Cho dudng tron tam O duong kinh AB = 2R.
Piém M di dong trén doan OA4 (M khic A), vé
dudng tron tdim K duong kinh MB. Goi / l1a trung
didm cua doan MA, dudng thing di qua / vudng
goc vo1 AB cat duong tron (O) tai C va D. Pudng
thang CB cét dudng tron (K) tai P.
a) Chirng minh ring ba diém P, M, D thang hang.
b) Chirng minh rang PI la tiép tuyén cia duong
tron (K).
c¢) Tim vi tri caa M trén doan OA4 dé dién tich tam
giac IPK 16m nhat.
Bai 5. (1,0 diém) Ngudi ta lam mot cai hop hinh
vuéng dé dung dugc 5 céi banh hinh tron cé
duong kinh 6 cm, sao cho khong co bat ki hai cai
banh nao dugc chong 1én nhau. Hiy tinh canh nho
nhit cta cai hop.
, TRUONG QUANG AN
(Xa Nghia Thang, huyén Tu Nghia, Quang Ngai)
Gidi thiéu

s 3k 3k 3k 3k ok 3k s 3 ok 3k 3 3 sk ok ok ok 3k ok sk sk 3 3k 3k 3k ok 2k ok ke ok 3 ok ol 36 3k 3k ke sk 3k K 3k ok ok 3k 3k ok ok ok sk ke sk sk s ok sk okl ok ok e ok ok ok e ok o e ke ok ok ok ok ok ok e ok sk 3k e ok sk Kok

@& Déau "=" xay ra khi va chi khi:

[ 24 _ 2a
a+b a+c
fif AL
2 b o
a5 (7o) s [ 070
! P a+c=38c
2(b+c)=a+c hab+bc+cﬂ=1
ab+bc+ca=1
b=c
<:>4ﬂ=7b @b—c—a—\/ﬁ
a=7Tc Ty B5:°
hab+bc+ca=1

PR
J15 5
Do do: <C=—'—'—-:>z=ﬂ.
J15 15
L ERUT
(=15 15
Vay maxP=—z— khi va chi khi
a5 V15 4Vis
5 15
PHAM TRUNG KIEN
(GV THCS Hoé Tiung Mdu, An Thi, Hung Yén)
Gioi thiéu
_, TOAN HQC
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(Tiep theo ky trude)
DANG 6. Mgt 56 bai todn thue té vé dwong tron
Thi du 20. Mot da:fng ho chay cham 10 phit. Dé
clinh lqi dung gio thi phai quay kim phit mot goc

o tam nho nhat bang

A. 60 B. 150"

C. 120° D. 240"

Loi giai. Kim phut quay mdt vong mat 60 phut
nén moi phut tmg vdi 360 : 60 = 6 do. Do d6 dé
chinh lai d6ng hd chay chim 10 phut thi phai quay
kim phut 1 géc nho nhat 1a 10.6 = 60 db.

Pap an A

Thi du 21. Vinasat - 1 la vé tinh vién thong dia

tinh dau tién cua Viét Nam dwoc phong vao vu tru

lic 22 gio 17 phut ngay 18 thang 4 nam 2008 (gio
UTC). Du an vé tinh Vinasat - 1 da khoi dong tu

nam 1998 voi tong mire dau tu la khoang hon 300
triéu USD. Viét Nam dd tién hanh dam phdan voi
27 quéc gia va ving lanh thé dé co dwoc vi tri 132
do Pong trén quy dgo dia tinh. Hay tim khoang
cach tr vé tinh Vinasat - 1 dén mat dat. Biét rﬁng
khi vé tinh phat tin hiéu vo tuyén dén mot diém xa
nhat trén mat dat thi ur lic phat tin hiéu den mat
dat cho dén lic vé tinh thu lai duoc tin hi¢u phan
hoi mat khoang thoi gian la 0,28 s. Trai dat dwoc
xem nhw mot hinh cau ¢6 ban kinh khoang 6400

km. (lam tron dén hang don vi), gia su van toc

séng vo tuyén la 3.10° nvs.
TOAN HOC ;
8 ' Clugilye S8 550(4-2023)

Loi giai. Gia st vé tinh Vinasat - 1 & vi tri M, khi
d6 ta co6 MT (MT la tiép tuyén cia dudng tron (0))
la xa nhat.

1

Theo bai ra, ta co:

MT =3.10°.0,28:2 =42000 (km).
Vi MT 14 tiép tuyén, MAB la céat tuyén cua duong
tron (O) nén

MT? = MA.MB = MA(MA +12800)

= 42000% = MA(MA +12800)

& MA* +12800MA4 — 42000° = 0.

Giai ra dugc MA=36085 (thdoa man). Vay
khoang cach cta vé tinh v&i Trai dit 1a 36085 km.
Thi du 22. O cdc nuée xir lanh
thwong co tuyét roi dav ddc khap cac con dwong:
trée em o day thuong rat thich f?'fir:p hinh dang cua
nguoi tuyét. Co thé xem phan than trén va than
duoi cua nguoi tuyét la hai hinh cdu n'é;o xuc

nhau. Em hay tinh kich thieée cua hai vién tuvéet

, vé mua dong

can dap de dwoc mot ngurot tuvét cao 1.8 m biét




rang dwong Kinh phan than diecri phai gap doi

dwong kinh phan than trén cua NgUol tuyet.

Goi r l1a ban kinh cia duong tron nho (r > 0).
Puong kinh cua duong tron nhd, dudng tron 16n
lan luot 1a 27, 4r.

Vi 2 dudng tron (O’; 7) va (0; 2r) tiép xic ngoai
nhau nén 2r + 4r = 180, suy ra r = 30 cm.

Vay dé dap nguoi tuyét cao 1,8m thi can dap hai
qua cau tuyét c6 dudng kinh lan luot 12 60 cm va
120 cm.

Thi du 23. Kht cau la mot tii dung khéng khi
nong, thuong co khoi lwong riéng nho hon khéng
khi xung quanh va nho vao luc day Ac si mét nén
c6 thé bay lén cao. Gia sur co thé xem khinh khi
cau la mot khéi cau va cde day noi sé tiép xiic voi
khéi cau nay. Hay tinh chiéu dai ciia cdc ddy noi
dé khoang cach tir buong lai dén diém thap nhat
cua khi cau la 8 m, biét J‘fif?g ban kinh cua khoi

cau nay la 10 m.

i

Loi gidi. Hinh v€ minh hoa

A
Tacé: OB=0C=0D =10 m;
OA =AD + OD = 18m.
Vi tam gidc ABO vudng tai B nén ap dung dinh li
Pythagore ta dugc:

AB =\ AO? — OB? =+/224 ~15 (m).

Thi du 24. Mot chiec cau dwoc thiet ke nhw hinh
béen dwoi co do dai AB = 40 m, chieu cao

MK = 3 m. Hay tinh ban kinh cua dwong tron

chita cung AMB (biét MK di qua tam cua dwong
tron chura cung AMB).

Loi giai. Hinh v€ minh hoa:
Goi duong tron (O; R) la duong tron chira cung
AMB. Do MK 1a chiéu cao nén MK 1 AB. Goi

TOAN HOC
- CTuéilre
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MN 1a dudng kinh cua (0Q). Dé thay N, O, K, M
thang hang va K 1a trung diém cta AB. Suy ra:

KA=KB=—AZ—B=2Um.

N

Ta c6 tam giac AMN ndi tiép (O) dudng kinh MN
nén vuong tar 4. Xét tam gidc KAN va tam giac

KMA c6: AKN = MKA = 90°;

KNA = MAK (cing phu véi AMN )
KA KN

— AKAN ~ AKMA (g.g) => — = —
(g-2) T XA

— KA* = KM KN = KA> = KM (2R — KM)
< 20° =(2R-3).3= R~ 68,17 m.

Thi du 25. Pé giup xe lua chuyén tir mot duwong
ray tir huwomg nay sang mét dwong ray theo huong
khac, nguoi ta lam xen gita mot doan dwong ray
hinh vong cung (hinh ben). Biét chiéu rong cua
duong ray la AB ~ 1,1 m, doan BC ~28,4 m. Hay

tinh ban kinh OA = R cua doan dwong ray hinh

vong cung.

D

Thanh ray trung vé1 BC tiép xtc voi dudng tron
(O, OB) tai B nén la tiép tuyén cua dudng tron
(0, OB) = OB L BC. OA cit dudng tron (O; OA)
tai diém D (D=# A)= AD=2R. Vi tam giac
ACD nbi tiép duong tron (O) duong kinh 4D nén
tam giac ACD vudng tai C.

Ta ¢6 tam giac ACD vudng tai C, duong cao BC
nén CB’ = AB.BD < CB* = AB.(2R— AB)

< (28,4’ =1,LI2R-1,1) © R~ 367,2 m.

Viy ban kinh cua doan dudng ray vong cung xap
xi1 367,2 m.

DANG 7. Mot so bai toin thue té vé hinh hoc
khong gian trong chwong trinh l6p 9 THCS

Thi du 26. Non la la mot vt dung dé che nang,
che mwa va la mot biéu twong cua phu nir Viet
Nam. Non la c¢o dang hinh non, dwong kinh day
bang 40 cm va do dai dwong sinh la 30 cm. Nguoi
ta lat mat xung quanh hinh non bang 2 lop la non
kho. Dién tich la nén can dung @é tao nén mot
chiéc nén la nhir vay la bao nhiéu? (lam tron dén
'LZITl:}.




SO lan ganh dé d6 day bé nudc cia bac Tam la:
4:0,02 =200 (lan).

Thi du 28. Mot cai truc lan son nwoc co dang
hinh tru. Puwong kinh cua dwong tron day la 5 cm,
chiéu dai lan la 23 cm (nhu hinh vé). Sau khi lan
tron 15 vong thi truc lan tao nén birc twomg phang
co dién tich la bao nhiéu? (lam tron den hang don
vi).

N . 2. " \ z 23¢m
Loi giai. Vi dudng kinh day 1a 40 cm nén bén /
kinh day hinh nén 13 20 em. —
cm
Dién tich xung quanh cta hinh nén 1a: \

S =7rl = 7.20.30 = 6007 (cm?).

Vay dién tich 14 nén kho can dé tao nén 1 chiéc b , Ty a
; S e Yi eldl. én tich xung quanh cua cai truc lan
non theo yéu cau cua dé bai la: Lov\gui g &4

sonla: 27rh=27.2,523=1157 (cm?).
2.600r=12007 =3768 (cm?).

Dién tich birc tudng ma truc lan tao ra khi lan tron
Thi dl_l 27. Bac Tam moi Ifi_}’ mot bé chira nuwoc o 15 vﬁng la: 15x115x3,14= 5417 (CII]Z)
canh nha co dang hinh hop chir nhat kich thudc

b5 W b ! : ) Thi du 29. Mét chiéc mi bane vai cua nha do
2mx2mx1lm.. Hieéen tai, bé chwa co nwoc nén ' : g

e . y - _ thudt véi kich thuée nhw hinh vé. Hay tinh tong
bac Tam phai ra gieng lang dé ganh nudc do vao

bé dé dung. Méi lan ganh, bac Tam ganh dwoc
mét doi thung nwdce hinh tru bang nhau cé dwong
kinh day 0,2 m, chiéu cao 0,4 m.

dién tich vai can dé lam chiéc miu do biét rang
vanh mu hinh tron va éng miu hinh tru (bo qua
dién tich vai ghép noi).

a) Tinh luong nuéc (m’) bac Tam do vao bé sau
moi lan ganh, biét rang trong qud trinh gdnh

luong nuoc bi hao hut 10% (két qua lam tron dén

2 chir so thdap phan).
b) Hoi bac Tam phai ganh tat ca bao nhiéu lan dé
dé day bé (bo qua thé tich cua thanh bé).

35 cm

Léi gidi. a) Thé tich ciia mdt thung ganh nuéc ciia &) o
p Loi gidi. Ong mii 14 hinh tru vdi chiéu cao A = 30
bac Tam 1a V =nr*h=n(0,1)".0,4=—— (m’). _9
250 cm, ban kinh day R = = 22 & =7.35 (cm).

Mbi 14n bac Tdm ganh 2 thung va lugng nudc bi
hao hut 10% nén bac Tdm d6 vao bé mot lugng
nudc sau moi lan ganh la: S =27Rh+nR*=27.7,5.30+ n.(7,5)’

T ! =506,257 (cm?).
2x——x90%~ 0,02 (m”). 1
250 Dién tich vai dé lam vanh ma la:

b) Thé tich cua bé nudc la: 2x2x1=4 (m?). S = 7.(17,5)? = 7.(7,5)* =2507 (cm?).

Dién tich vai dé lam 6ng mi la:

M&%ﬁ 11



Tong dién tich vai dé 1am céi mii 1a:
506,257 + 2507 = 576,257 (cm?).

Thi du 30. Mot hop khong nap dwoc lam tie mot

tam bia cac tong. Hop co day la mot hinh

yuong canh x (em), duong cao la h (cm) va co thé

tich la 500 cm. Tim x sao cho dién

tich cua manh bia cac tong la nho nhat.

hcm

—P
-

h cm

w
-,

I A -

Loi gidi. Ta c6 thé tich cua cai hop 1a: ¥V = x2.h.

Do hop c6 thé tich 1a 500cm’nén

50011, i, ‘
x*.h =500 = h="—-. Tong dién tich cua tim bia
b
2
cactong la: S=x* +4xh=x" + 000.
b

Bai toan trd thanh tim gia tri nho nhat cua S.

2000 , 1000 1000
EX + +

X X X

’ 2
Taco: S=x"+

> 3{] 52 1000 1000 300 (theo BDT Cauchy).

X X

, : 1000
Déu “=" xay ra khi x* =—— < x=10(cm).
X

Thi du 31. Co mét chai nuwoc suéi nhw hinh vé
ban Nam do dwoc dwong kinh cua chai bang 6 cm
va chiéu cao cua chai bang 9 cm. Ldt nguoc chai
lai , ban Nam do duoc p/ﬁn hinh tru khong chira
nede la 7 cm. Tinh thé tich cua chai (fcfl*
7 =314, lam tron két qua dén hai chir so thap

phan ).

Lai gidi. Thé tich lwvgng nudc c6 trong chai la:
V. = 7R*h, = 7.3°.9 =81z(cm’)
~ 254 (cm’) = 254 (ml).
Thé tich phan khéng c6 nudc sau khi 1at chai la:
V, = xR*h, = #.3°.7 = 63x (cm’)
~198(cm’) =198 (ml).

Thé tich cuia chai nudc 13

V =254 +198 =452 (ml).

BAI TAP TU LUYEN

Bai 1. Toa nha Bitexco Financial Tower hay thap
tai chinh Bitexco la mét téoa nha choc tro1 dugc
xdy dung & trung tdm quan 1 thanh phé H6 Chi
Minh.Téa nha co 68 tang (khoéng tinh 3 ting ham).
Biét ring khi tda nha c6 bong in trén mat dat dai
473m thi mot coc tiéu cao 15m dugc cam thang
dirmg vudng goéc voi1 mat dat c6 bong in trén mit
dat dai 2,64m.

a) Tinh goc tao bai tia ning mat troi véi mit dat
(lam tron dén dj).

b) Tinh chiéu cao cia tda nha (lam tron dén chir
so hang don vi).

Bai 2. Mot ciy tre moc vudng goc véi mat dat bi
gio 1am gay gap ngang thin, ngon cdy cham dit va
tao voi dat mot goc 30°. Neudi ta do dugc
khoang cach tir chd ngon ciy cham dit dén goc
cay la 8,5m . Hay tinh chiéu cao cua cay tre d6
(lam tron d@én chir so thdp phan thir hai).

Bai 3. Mot chiéc cau trugt bao gom phan cau
thang ( dé budc 1én ) va mét phan mang truot ( dé
trurot xuéng ) noi lién véi nhau. Biét rﬁng khi xay
phan mang trugt can dé mang trugt nghiéng voi




mat dat mot goc 50° Hay tinh khﬂang cach tir
chén cau thang dén chan mang trugt néu xem phan
ciu thang nhu mot duomg thang dai 2,5m va phan

mang truot dai 3m (lam tron d@én chir sé thap phan
thir nhat).

Bai 4. Mot cong ty vién thong A cung cap dich vu
truyén hinh cap véi mirc phi ban dau la 300000
dmgﬁ va moi thang phai dong 150000 dong. Cong
ty vién thong B ciing cung cap dich vu truyén hinh
cap nhung khong tinh phi ban dau va mdi thang
khach hang phai dong 200000 dong.

vinaphone » maobifone
| AP

m

F-hr-ﬂ:hr- chci ol b

VIl & mobie

Yia‘mamoblie

a) Goi T ( dong) la sb tién khach hang phai tra cho
moi cong ty trong t (thang) sir dung dich vu truyén
hinh cap. Khi d6 hay lap ham so T theo ¢ d6i voi
moi cong ty.

b) Tinh sb tién khach hang phai tra sau khi sur
dung dich vu truyén hinh c4p trong 5 thang do6i voi
moi cong ty.

c) Khach hang can sur dung dich vu truyén hinh
cap trén may thang thi dang ki bén cong ty 4 s&
tiét kiém chi phi hon?

Bai 5. Bang gia cudc cua cong ty taxi Mai Linh
(khéng tinh phi cau duong, pha, bén bai) dugc
cho nhu bang sau:

=

e e s oy v g
Tis Okm dén 0,6km | [Tir 0,6km dén 25km | | Tir 26km tro lén

lm“.il B00im 1100{m

M6t hanh khach thué taxi di quang dudng 30km
phai tra s tién 1a bao nhiéu?

A. 382200 ¢ B. 310000 d

C. 333200d D. 390000 4.

Bai 6. Theo ké hoach, hai t6 phai san xuat 720 san
phim. Nhung do anh hudng cua dich Covid-19
nén td mot bj giam mirc 18%, to hai giam mirc
20% so véi ké hoach do d6 ca hai td chi san xuat
duoc 582 san pham. SO san pham to hai phai san
xuat theo ké hoach 1a
A. 300 B. 420 C. 282 D. 360

Bai 7. Mot ngudi ding trén dai quan sat & ngon
hai dang cao 100m so v&i mat nuoc bién, nhin mot

chiée tau & xa voi goc @ =15 ('so véi phuong
nam ngang). Hoi khoang cach tir tau dén chan hai
dang 1a bao nhiéu? (lam tron dén hang don vi)
A.373m BJ370m C.289m D.285m.
Bai 8. Sau gio tan hoc, hai nhém ban cung nhau di
in trua va uong tra sira tai cing mét quan an.
Nhém 1 3n 4 bat phé, ubng 3 cc tra sira va tra hét
185000 ddng. Nhém 2 4n 5 bat phd, udng 2 coc
tra sita va tra hét 205000 dong. Gia tién ctia moi
bat phd va mdi coc tra sita lan lugt 12

A. 35000 dong va 15000 dong

B. 45000 d6ng va 15000 dong

C. 15000 dong va 35000 dong

D. 40000 ddng va 20000 dong.
Bai 9. Mot chiéc cdc hinh tru dung nude c6 chiéu
cao 12cm, duong kinh day 4cm luong nudc trong
coc cao 9cm. Tha vao cdc 4 vién bi c6 cung duong

kinh 2cm. Hoi nudc dang cao cach mép coc bao
nhiéu?

2 |
A. 11— (cm B. 1- (cm
3 (cm) 3 (cm)
C 1—3- (cm) D 1l (cm)
i H .

Bai 10. HAim Hai Van 12 hAm duong bd trén quoc
16 1A & ranh gidi tinh Thira Thién Hué va thanh
phd Pa Ning, mién Trung Viét Nam. Him Hai
Vén xuyén qua nui, thay thé cho duong déo Hai
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Vin von co nhiéu doan nguy hiém cho giao thong.
Vi chiéu dai 6,28km 1dhdm duomg bs dai
nhat Péng Nam A. Him duoc khoi cong xay dung
ngay 27 thang 8 nam 2000, va khanh thanh ngay 5
thang 6 nam 2005. Tong chi phi cho toan bd Dy
an Ham duong bo Hai Vén 1a 127.357.000 USD.

Cira ham c6 hinh dang parabol y = gy (a#0).Pé
do chiéu cao h (khodng cdch tir mar ddt dén dinh)

ciia cira ham Hai Van, mot nguﬁn tién hanh do
khoang cach gitra hai chan céng duge L =10 m.
Ngudi nay thay rang néu dimg cich chan cira him
(ghn nhat) 0,5 m thi dau cham cong, bidt nguoi
nay cao 1,7 m. Tinh chitu cao cta cira him Haj

Vén (lam tron dén chit s6 thap phan thie hai).

Bai 11. Mot qua cau gb c6 ban kmh R =5 cm
duoc dit trén mot cai dé bang g0 ¢c6 dang 1a mot
nra mat cau cO ban kinh
bang % Hay tinh khoang
cich tir mit dat dén diém
cao nhat cia mit cau gb

(lam tron dén chir so thdp
phan thir hai).

Bai 12. Bac Toan mudn xay mdt bon chira nudc
dang khoi hop chir nhat trong mgt nha tim. Biét
chiéu dai, chiéu rong va chiéu cao cua khoi hop d6
lan lwgt 1a 5 m, 1 m, 2 m. Biét moi vién gach ¢
chiéu dai 20 cm, chiéu rong 10 cm, chiéu cao 5
cm. Hoi bac Toan phai sir dung it nhat bao nhiéu
vién gach dé Xay bon do va thé tich thuc cua bén
la bao nhiéu ? (Gia sir luong xi mang va cat la
khong dang ké).

1 4 T?'é{-"ug% S& 550 (4-2023)

Bai 13. Day cu roa 1a mét trong nhimg b truyén
duoc sir dung rong rdi trong cong nghiép. Chiéu
dai day cu roa dugc xac dinh theo cong thirc:
n(d, +d,) £ (d, —di)

2 4a

L=2a+

trong d6: L : chiéu dai day cu roa; 4: khoang cich
tdm cua 2 pu ly; d,: dudng kinh cua pu ly |
(dudng tron nho mau vang) ; d, :duong kinh cua
pu ly 2 (dudng tron 16n mau vang).

Cho biét d =10cm; d, =20 cm; a =60 cm.

a) Tinh chiéu dai day cu roa.
b) Goi 4B 1a chidu dai mot day cu roa, trong d6 4,
B lan luot 1a tiép diém cua diy cu roa voi cac
duong tron tao bd1 mat cit cua 2 pu ly. Tinh 4B.
Bai 14. Ban Nam di xe dap tir nha (diém 4) dén
truong diém B) gdm doan 1én dbc va doan xudng
déc. Biét 4=5° B=4" va doan lén dbc dai
325m.

a) Tinh chiéu cao cua doc va chiéu dai quing
dudng tir nha ban Nam dén truomg

b) Biét van tdc trung binh 1én déc va vén tdc trung
binh xudng dbc cta ban Nam lan lrot 1a 8 km/h va
15 km/h. Tinh thoi gian tir nha dén trudmg cua ban
Nam (theo phit, két qua phép tinh lam tron dén
chit s6 thdp phan thir nht).

Bai 15. Mot ngudi the co khi vé 4 nira dudng tron
trrén mot tam nhém hinh vudng c6 canh 1m, sau do
cat thanh hinh bong hoa
(phan t6 dam nhu trén hinh
v€). Dign tich cua bong hoa
dugce cat 1a (lay 7 =3,14)

A.0,57m’  B.0,44 m’
C.043m° D.056m
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Pa tu lau cac nha Lich sir Khoa hoc di co 1am
ro mot hién tugng 1a vi sao ma vio thé ky
VI-VI true Cong Nguyén nén van minh C5
Hy Lap lai phat trién mot cach nhay vot va di¢u

ky dén vay.

Ta1 day, cac trudng phai khoa hoc da duogc hinh
thanh tr rat som (thé ky VI trudc Cong
Nguyeén), trong d6 c¢6 truomg phai Triét hoc tu
nhién (thé ky V trudc Cong Nguyén) dimg dau
bo1 Democritus (460 - 370 trudc Cong Nguyén),
nha Triét hoc va nha Toéan hoc vi dai cua Co Hy
Lap. D6i véi hau thé, 6ng con 1a nha Thién vin
hoc, nha Pong vat hoc, nha Thuc vat hoc, nha
Ngon ngir hoc va la nha Luén 1y hoc. Ddi véi
Toan hoc, 6ng & mot vi tri hét strc doc déo ...

=

= *

DEMOCRITUS - BO OC BACH KHOA DAU
TIEN CUA CO HY LAP

Theo lich st truyén lai thi Democritus sinh ¢
thanh phé Abdera, mot dia danh trén bd bién xir
Thrace cua Hy Lap co dai. Bo ong la mot
thuong gia giau co, cho phép ong co nhiéu diéu
kién thuan loi dé du hoc ¢ nhiéu nudc trén the
giGi. Cha 6ng da dé lai cho ba anh em 6ng phan
lén tai san. Democritus chi 1dy mot phén tién
mat dé di du lich. Ong dén cac nhitng Phuong
Pong nhu Ai Cap c6 dai dé hoc Hinh hoc hay
dén Babylon huy hoang dé tim hiéu Thién vin

hoc.

Ong tu hao tuyén b6 rang 6ng di qua nhiéu
ving dat rong 16n va da luén ban voi nhiéu nha
bac hoc dugc rat nhiéu, tiép thu dugc nhiéu kién
thire triét hoc ciling nhu tri thirc cua cac nha

khoa hoc khac.

e ]

Democritus
(460 - 370 BC)

Khi trd vé qué huong, 6ng tré nén ngudi ngheo
kho. Theo B0 luat cia xir Abdera thoi bay gio.
Ong bi tudc quyén cu tra & thanh pho vi da tiéu
phi tién thira ké cua cha. Song cu dan thanh pho
kham phuc ong vi tri thirc uyén bac; van cur
cong nhan 6ng 1a cong dan thanh phd. Khac voi
Heraclitus (535 - 475 truéc Cong Nguyén) la
"nha Triét hoc c6 dom", Democritus 1a "nha
Triét hoc luén cwoi", vi khi ra pho 6ng ludn
luébn mim cudi va cit nghia giang giai cho moi
ngudi nhiéu van dé luan 1y. Ngudi ta ké rang
khi nghe dugc chuyén xua do, nha Triét hoc Hy
Lap Timon xu Phlius (320 - 230 trugc Cong
Nguyén) phai thot 1én:

"Cai éng Democritus that la mot nguot hien”.
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Cin ctr vao nhitng doi hoi vé mit thuc hanh tién
tién nhat cua thoi dai minh, nha bac hoc vi dai
nhéat thoi co dai 1a Archimedes 43 danh gia
phuong phap cua Democritus c6 gia tri rat cao.
Ong da ap dung dé giai nhiéu bai to4n phitrc tap
vé hinh hoc. Nguoc lai véi sy tran trong d6, nha
duy tam Vi dai nhét cua thoi ky c¢6 dai - Platon
(427 - 347 trudc Cong Nguyén) - lai 1a déi thu
khong khoan nhugng véi hoc thuyét "nguyén
tr" cua Democritus. Platon khong chi phé phan
hoc thuyét cua Democritus ma coOn muon mua
va dot hét cac cong trinh cua Democritus. Roi,
nhimg gi ma Platon chua kip lam thi nhirng
ngudi cung chinh kién véi Platon di lam trong
mot thol gian ngﬁn. Dén thoi Archimedes ViEC
tim cac tic pham cua Democritus 1a rit khé. R3
rang, diéu d6 da kim him su phé cép céc tu
tuong tién tién cia Democritus, dic biét cic ¥
niém vé toan hoc.

Chinh vi thé ma theo twong truyén lai, dng c6
khoang 70 tac ph:ffm vé nhiéu linh vuc: dao duc,
tu nhién hoc, toan hoc, k¥ thuat, am nhac ...
Nhung phan 16n da bi that lac, khong con luu
lai. Cho dén nay, ngudi ta chi suu tam dugc
khoang 300 trich doan.

K. Marx viét rang: "Democritus la nha tw nhién
hoc va bé éc bach khoa Cé Hy Lap dau tién" -
con Aristoteles thi cho rang: "Democritus hau
nhu dé suy nghi dén tat ca moi diéu ... va ngoai
Democritus ra, hau nhu chwa cé ai nghién cteu

mot cach can ké vé mot van de gi".

Tu tudng tdo bao cua Democritus vé ban chat
cua thé gidi tu nhién dugc thé hién trong thuyét
nguyén tir ciia ong (xuat hién khoang nam 450
truée Cong Nguyén). D6 ciing 1a vién canh cia
su phat trién khoa hoc cho nhiéu thé ky sau nay,
nhit 1a trong Vat ly va Hoéa hoc. Vay ndi dung

TOAN HOC
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chi yéu cua thuyét nguyén tir vé thé gidi ma
Democritus xay dung la gi?
Theo Democritus, khéi nguyén cua thé gioi

khong phai 1a mot sy vét cu thé nao nhu nuéc,
lira, khong khi, con s0, ... ma la cic nguyén tir
va chén khéng. O day, theo tieng Hy Lap cb,
nguyén tir 1a atomos c6 nghia 1a phan tir nho
nhét bét kha phan. Theo dng vat chét dugc cu
thanh tir cdc nguyén tu ton tai vinh vién va
trong long chung khong c6 van dong. Cac
nguyén tir thi rat da dang, chi khac nhau & hinh
thire, kich thudc, vi tri va thir tu. Chan khong la
thudn nhét. Chinh sy da dang vé hinh thirc cua
nguyeén tir la yéu td tao nén su da dang cua céc
vat ma chung cau thanh. Cac nguyén tu khong
thé bién thanh nhau va van dong 14 ban chat cia
chiing. Ciing theo 6ng, nguyén tir van dong vinh
vién trong chan khong vO tan, c¢6 khi va cham
nhau tao thanh nhitng con 16c nguyén tir. Cac
nguyén tir ¢c6 vai tro nhu nhirng vién gach xay
nén vu tru va ta nhan thirc dugc su vat la nho
cac vat thé phong ra nhitng chat rat tinh té tac
dong dén giac quan ...

Democritus 1a nha bac hoc da tai. Ong c6 nhiéu
cong trinh trong linh vyc tur nhién hoc. Chf'ang
han, ngudi ta cho rang céng trinh giai phiu sinh
Iy loai tic ke hoa 1a cua ong. Trong chuyén luin
"Ban chat con nguoi". Ong trinh bay nhimng
kién thirc vé giai phiu sinh ly rat quy bau. Vé
dong vat va thuc vat hoc ong ciling c6 nhimg
cong trinh nghién ciru rat quang bac. Ong da
tung dua ra tién doén thién tai vé su t6n tai cdc
vi sinh vat ma khi xdm nhip vao co thé nguoi sé

gay ra trong bénh. ..




DEMOCRITUS - NHA TOAN HOC LOI LAC
Democritus dd& mong mudn ap dung thuyét
nguyén tir cua minh vao trong céc linh vire khoa
hoc khac ma mdt trong céc linh vyuc d6 1a todn
hoc. Ong 1a nha toén hoc 13i lac va doc dao cua

Hy Lap co dai.

Quan ni€ém nguyén tir cua Democritus trong
toan hoc dugc thé hién & chd Ong xem céc vt
thé hinh hoc dugc cu thanh tir céc 16p mong
song song voi d§ day bang mot nguyén fir.
Cung voi do, 6ng ciing xem moi dai lugng hinh
hoc déu duoc ciu tao tu nhirng dai lugng géc la
"cac nguyen tw hinh hoc".

Democritus 1a nha bac hoc dau tién st dung ¥
niém phan hoach vat thé thanh cac 16p mong
lam co s& cho viéc tinh thé tich. Va, do d6 éng
da tao nén tién dé cho phép tinh tich phan va Iy
thuyét gi6i han sau nay. Chinh Democritus da
du doan trudc phuong phap bat kha phan va
"Nguyén Iy Cavalieri", dugc phat biéu nim
1635.

"Néu khi cat hai hinh
phang  bang  mot
duong thang tuy
song song voi mot
dwong thang khac ta
luon luon thu dwoc o
thiét tuyén hai day
cung bang nhau thi

dién tich cua hai hinh

MLcitore Primano di Matematua.. |
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phang d6 bang nhau".

Mot ménh dé tuong tu
Cavalieri

(1598-1647) ciing dung cho céc

hinh khong gian. Cac
nha toan hoc Co Hy Lap da biét ménh dé nay
nhung ho cong nhan khong chimg minh.

Thuyét nguyén tir trong toan hoc da giai thoat
To4an hoc khoi nhirng mau thuan dugc phat hién
ra trong d6 bai sy phé phan ciua Zenon (490 -
430 truéc Cong Nguyén). That vy, 1y thuyét
cua cac nha nguyén tu hoc khang dinh rang
phép chia vat thé khong thé tiép tuc mai mii va
rang d6i véi cac hat vat chét ton tai mot gidi han
tuyét doi cua phép chia: va nguyén tir bat kha
phan chinh 1a gi¢i han d6. Do d6 cac nha
nguyén tir hoc 1y gidi: vdt thé cau thanh khéng
phdi tir mgt s6 v6 han phan ma la tir mét s6 rat
[6m nhung luon luon la mot 56 hiru han nguyén
.

Gia thuyét cta cdc nha nguyén tir hoc rang cac
doan thing duoc céu thanh tir cac bat kha phan
cling din dén mau thuln! Chang han, tir dé
khong tranh khoi nay ra két luan rang moi
dudng tron dong tim déu duoc cdu thanh tir mot
sO phan tir, dudng chéo hinh vudng ciing cau
thanh tir chinh s6 "nguyén tir" nhu canh cua nd,
va nhu vay cac dai lugng vo udc khong ton tai!.

Mic du vay, su phat trién cua toan hoc ciing
chimg to6 rang tu tudng chu dao cia cic nha
nguyén to hoc da ham chira mot nguyen ly goi
maé vé cung quy bau. Va, dic biét thuyét nguyén
tor cua Democritus con ham chira mot tu tuong
cuc ky sau xa ma chi c6 Archimedes - nha toan
hoc vi dai nhat cua thé gidi co dai - nhan ra va
ap dung. D6 1a nguyén Iy vé kha nang xap xi
mét hinh cho truée bat ky béi mét hinh gan
dung voi do chinh xac tuy y.

Tir d6 xuat hién cach xap xi hinh (vat thé) boi
hinh hay vat thé bac thang ndi va ngoai tiép do
Archimedes dé ra dé tinh cac dai luong hinh
hoc, chiang han tinh dién tich hinh thang cong.
Ngudi ta xem phuong phap nay nhu 1a tién than
cua phuong phap vét kiét.
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Chﬁng han, Democritus di cho rﬁng hinh tron 1a
mot da gidc ma mdi canh gdm tir hai nguyeén tir.
Céc hinh try va hinh nén cling dugc 6ng xem 1a
cac lang tru va cac hinh chép tuong (g véi mot
sd rat 1on canh day. Trén quan diém xﬁp X1,
Democritus cung da xem hinh nén nhu duoc
ciu thanh tir mét so rat 16n cac 16p mong tron
sip xep song song v&i day cua n6 theo thir tu
ban kinh giam dan tir dui 1én dén dinh nén. Do
mong cia moi 16p phai & mic sao cho céc 16p
khong thé duge cam nhan bai céc giac quan cua
chung ta.

Mot trong nhimng nét tinh hoa cua quan diém
nguyén tr vé toan hoc dugc phat trién bai
Democritus 1a & chd ong cho rﬁng dién tich, thé
tich cling dugc cau thanh tir mot sé 16n nhung
hiru han cac "nguyén " bat kha phan. Do vay,
viéc tinh thé tich cua vat thé duoc cac nha bac
hoc quy vé phép tinh tong thé tich mo1 "nguyén
tir'" tao nén vat theé, trong d6 thé tich cua nguyén
tir xem nhur da biét.

Archimedes
(287 - 212 BCO)

Theo

Democritus da xac lap dugc rang hinh chop

su khao ciru cua Archimedes thi

dang tich voi % hinh lang tru c6 cung day va

. A 1 r F L ]-
chiéu cao nhu nhau va hinh nén dang tich voi 3
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hinh tru tuong tng. Dya trén mot s6 trich doan
ctia Democritus, Archimedes cling cho réng cac
két qua trén chua dugc cac nha nguyén tir hoc
chirng minh. Thét vay, ngay nay nguoi ta da
chirng minh rang khong thé thanh ldp mot hinh
chép tir mét so hiru han lang tru va cang khong
thé dwoc ddi véi hinh non. Do d6, de c6 cac két
qua ma Archimedes noi dén trén day can phai
qua gi¢i han ma do la diéu ma Democritus chua
co duoc.

Coéng lao cua Democritus trong Lich sir toan
hoc con & chd 6ng 1a mot trong nhing ngudi
dau tién nghién clru va phat trién cac van dé vé
Hinh hoc khéng gian. Chinh ¢ day ong da dua
ra nhirg phuong phap khao sat toan hoc ma sy
phat trién vé sau da din dén su ra doi cua ly
thuyét cac dai lugng vo cung bé - mdt thanh tuu
tuyét voi cta thuan tay tri tué con nguoi.

Cac tu twdng nguyén tir dd dugc phuc hung lai
vao thé ky XVII trong cac cong trinh cua J.
Kepler (1571 - 1630). B. Cavalieri (1598 -
1647) va R. Descartes (1596 - 1650).

%
* 2 S

Tuy thuyét nguyén tir cia Democritus it nhiéu
mang ve thd so mdc mac rﬁng ban chat cua thé
gioi la nguyén tir va chan khong nhung n6 da
chinh phuc cac nha khoa hoc hon hai nghin nim
qua k& tir Antifont (nira cudi thé ky V trudc
Cong Nguyén), Eudoxus (408 - 355 trudc Cong
Nguyén) va Archimedes véi viéc duc két nén
Phwong phap vét kiét.

Dac biét, ngay nay khi thuc té khoa hoc va cong
nghé phat trién nhu vii bio thi nguol ta cang
tran trong cai "th6é so va moc mac" cua cai thud
xa xua d6 ... DOi v&i nén vin minh Cé Hy Lap,
co 1€ day la thanh tuu ddc nhét vé nhi cua tri tué
Hy Lap ma su phat trién nhay vot cua né da di
trudce thot dai hon hai nghin nam.




LTS. Két qué sau vé tim dudng tron Euler 13 mot
két qua dep, dwgc em Nguyén Pinh Ha Diong,
hoc sinh Truong THPT chuyén Nguyén Chi
Thanh, Pdk Néng phat hién va duoc em Vi
Hoang Thién An, hoc sinh Trudng THPT chuyén
Amsterdam, Ha N§i ching minh véi sy giup d&
cua TS. Nguyén Minh Ha, Ha N@i. Tap chi Toan
hoc va Tudi tré xin gisi thiéu voi ban doc két qua
nay.

Dinh li va phép chirng minh

Pinh li. Cho tam gidc khong déu ABC, O, I theo
thir tw la tam dwong tron ngoai tiép va tam dwong
tron noi n'ép. D, E, F theo thir tw la diém doi xung
cua O qua Al, BI, CI. Khi do cac tam giac ABC,
DEF co cung tam dwong tron Euler.

Chirng minh.

Ta can c6 bén bb dé.

Bo dé 1. Cho tam gidc ABC, O la tam dwong tron
ngoai n‘é‘b, (1) la duong tron néi tiép. X, Y, Z theo
thir te la tiép diém cua (I) va BC, CA, AB. Khi d6
Ol la duong thang Euler cua tam gidc XYZ.

Phép chimg minh bé dé 1 rat quen thudc, khong
trinh bay & day.

Bé dé 2. Cho tam gidc khéng déu ABC, (0) la
duong tron ngoai tiép, H la truc tam. P ld diém
anti-Steiner cua OH d@oi véi tam giac ABC. S la
mét trong hai giao diém cia OH va (0). Cac diém
A,. B, C, thuéc (O) sao cho SA,, SB,, SC, theo
thir tw song song voi BC, CA, AB. d la trung truc
cia SP. T la diém doi xirg cua O qua A\B,. Khi
do:

1) AA, // BB, !/ CC, // SP.

2) Cac tam giac ABC, AB,C, bang nhau nguoc
huong.
3) ST song song voi OC.
Chirng minh.
1) Goi P la diém anti-Steiner ciia OH doi vi tam
giac ABC (diém dong quy cua 3 duong thang d6i
xing véi OH qua BC, CA4, AB; diém nay thudc
duong tron (O) (Pinh ly Collings)); d la trung truc
cua SP; X la diém dbi xtmg cua P qua BC; W la
giao diém thir hai cua OH va (O).
Vi X la diém dbi ximg cua P qua BC va
AC 1 HB; AB 1 HC nén

(XB,XC)=(PC,PB)=(AC, AB)

= (HB, HC)(mod ).
Do d6 B, C, H, X cung thuéc mot duong tron (1).
Vay
(SC,,SP) = (AB, SB)+(SB,SP)(mod ) (viSC,// AB)
=(AW ,SW)+(CB,CP)(mod )
(vi W e (ABS);C € (SBP))

=(AW,AS)+(SA,SW)+(CB,CP)(mod )

=
—
e

NN

+(CA,CW)+(CB, CP)(mod )

(Vi AW L AS:C e (SAW))

Il

+(CA,WA)+(AW ,CW)+(CB,CP)(mod )

STR N SR

+(CS,WS)+(AB,CB)+(CB,CP)(mod r)

(vi Se(CAW);Be(AWC())

TOAN
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=(HA,BC)+(C5,WS5)+(HC,HA)+(CB,CP)(modz)  Tir d6, cht ¥ ring T 1a diém d6i xtrmg cta O qua

|
(vi HA L BC;AB | HC:CB _L.HA) AB,, suy ra K, O, H, thang hang. [
Viy |

(ST,0C) = (ST, B,4,)+(B,4,,0C) (mod )
=(B,A4,,0H,)+(0C,, AB) (mod ) (vi(2)va(3))

=(HC,BC)+(CS,WS)+(CB,CP)(mod )
=(HX,BX)+(CS,WS)+(CB,CP)(mod ) (vi (1))
=(CS,BX)+(CB,CP)(mod ) (vi HX =WS )

=(CS,CB)+(BC,BX)+(CB,CP)(mod ) = (OH, BA)+(OC,, AB)(mod ) (vi (2))

=(PS, PB)+(BP, BC)+(CB,CP)(mod ) = (08, 5C,)+(0C,,5C,)(mod 7)

(Vi P e (SCB) va X, P d0i xtmg véi nhau qua BC) (vi OH =0S;AB// SC))

= (SP,CP)(mod r) =(0S,S8C, )+ (SC,,08)(mod ) |
=(8C,,CC))(mod ) (vi C, e(SPC)). (vi tam gidc OSC; céan tai O)

Do d6 CC,// SP. Tuong tu: = 0(mod ). Do d6 ST //OC.

B6 dé 3. Cho tam giac ABC, O, H theo thir tu la
tdm duong tron ngoai tiép va truc tam. Khi do O,
H la hai diém dang giac cua tam giac ABC.

Bo dé 4. Cho tam giac ABC véi O, H, N theo thir
tw 1a tam duong tron ngoai tiép, triec tdm va tam
duong tron Euler. M la trung diém cua BC. O’ la
diém doi xirng ciia O qua BC. Khi do

AA, I/ SP; BB, // SP

1) AH=20M =00".

2) N la trung diém cua AO’.
Phép ching minh cac bd dé 3, 4 rat don gian,
khong trinh bay & day.

Tro lai chung minh dinh Ii trén.

Vi tam gidc 4ABC khong déu nén néd phai khong
can tai mot dinh nao d6. Khong mét tinh téng quat
2) Theo phan 1, 4, By, C; theo thir tr 1a diém d6i  &14 st tam giac ABC khong can tai dinh B.

ximg v6i 4, B, C qua d. Do d6 cac tam giac ABC, Goi X, Y, Z theo thir tyr 13 tidp diém cua (/) va BC,
AB,C, bﬁng nhau ngugc hudng. CA, AB; r 1a ban kinh cua (1); U, V. W theo thit tu

3) Goi H, la truc tam cua tam giac 4,8,C,. K'la ., | , o1 ;
e ' . o la anh cua X, Y, Z qua phép vi tu V,7 ; T la diém

giao diém cua ST va A4,B,. Sl :
do1 xung cua / qua FD; M 1a trung diém cua AC;

Theo phan 1, (0); O, S, 41, By, C, H, fhe'f‘: “h'-f W H1a trwe tim cua tam giac ABC; N giao diém thir
la anh cua (0), O, P, 4, B, C, H quaphép doi ximg . . oy s (0)

trucd (2). x : 2 '
ol s P S Vi D, E, F theo thir tu 1 diém d6i ximg ctia O qua
2 b 5 WA SR SRRt T, (R VL VLI o Sp e il 10V T08 IR IR o D8 O S E.
gidc 4,B,C; (3). ‘ o, i , e
F cung thugc dudng tron (7,70) (1).
TOAN HOC :
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Theo bd dé 1, OI la duong thing Euler cua tam VAy cac tam gidc TAD, TCF bang nhau ciing
giac XYZ (2). hudng (4).

Vi OD, OE, OF theo thu ty vuong goc véi A1, BI, Ty (3), ap dung phan 2 cua bd dé 2 cho tam giac
CI nén OD, OE, OF theo thir ty song song vOi YZ, VW, suy ra cac tam giac DEF, UVW bang nhau

ZX, XY. ngugc hudng (5). Vay
Do d6 OD, OE, OF theo thir tu song song voi VW, (TA,TC) = (TD,TF)(mod ) (vi (4))

= (IF,ID)(mod r)
Tir (1), (2) va (3), 4p dung phan 3 cua bd dé 2 cho

. vi T, I d6i x(rng vGi nhau qua DF)
tam giac UVW, suyra TO//IV. ( g q

; =([U,IW)(mod ) (villatam dudng tron ngoai
Tu do, cha y rang IV =1Y 1 AC, suy ra

TO L AC tiép cua c4c tam giac DEF, UVW va (5))

=(IX,1Z)(modr) (vi IU=IX;IW =1Z)

Két hgp voi 04 =0C, suyra TA=TC.

% . ' =(BX,BZ)(modr) (vi IX L BX;IZ | BZ)
De thay /T la trung truc cua DF, do d6 TD =TF.
Dé thay AD=A0=CO=CF.

Vay cac tam giac TAD, TCF bang nhau.

=(BC,BA)(mod ) (vi BX =BC;BZ =BA)

(NC,NA)(mod ) (vi N €(BCA))
= —(NA, NC)(mod ).

A

T d6, chi ¥ rang TA=TC; NA=NC va T, N

thudc hai mit phiang bd AC khac nhau, suy ra ti
giac ATCN la hinh thoi.

Do d6 M 1a trung diém cia TN va TN L AC.

Chu y rﬁng E, 0D doi xung v&i nhau qua Bl, theo
bo dé 3, ta co:

(BE, BI) = (BI, BO) = (BH, BI) (mod 7).

Do d6 B, H, E thang hang.
D& thay tir giac BONE 1a hinh thoi.

Vay, theo phﬁn 1 cia bo dé 4, ta co

HE = HB+BE = 2MO+ON = M0+(M0+ ON)

Néu cac tam giac TAD, TCF bang nhau nguoc — MO+MN =MO+TM =TO.

huéng thi AC va DF c6 chung duong trung truc.  py, 46 tir giac OTHE 1a hinh binh hanh.
Tir 46, ch y rang IT 14 trung tryc cta DF, suy ra pia 46 6 nghia 1a OH va TE c6 cing trung
IT 1 trung truc cia AC. Két hop v6i IA=IC,, g&idm.

suy ra IAC =ICA. Do d6 BAC = BCA.. Piéu do Vay theo phan 2 cuia b6 dé 4, cac tam giac DEF va

c6 nghia la tam giac ABC can tai B, mau thuan. ABC c6 cung tam duong tron Euler.

,, TOAN HOC
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CAC LOP THCS

Bai T1/550 (Lép 6). Tim céc s6 nguyén duong a.
b sao cho: a” +b" =2020.

CAO NGOC TOAN

(GV THPT Tam Phong, Phong Dién, Thira Thién Hue)
Bai T2/550 (Lép 7). Cho a, b, ¢, d 12 bén sb
duong thoa man @ + b + ¢ + d = 16. Chirng minh

rang: 632 <Ya+b+c+Ib+c+d +c+d+a

+%/d+a+b<:8{5.

NGUYEN THI NGA
(SV K27C, Toan Tin, DHSP Ha Ni 2, Vinh Phiic)

Bai T3/550. Biét s6 tu nhién abcdefghi (co chin

chir s6) c6 wéc nguyén td 1én hon 199998. Hoi

phuong trinh bac hai ax’ +M.x+ﬂ§: 0 (an x)
c6 thé c6 nghiém hiru ty khong?

NGUYEN TAN NGOC

(GV THCS P. Binh Dinh, An Nhom, BInh Dinh)

Bai T4/550. Cho hinh chit nhdt ABCD
(AB < BC). Qua B ké dudng thiang vudng goc voi
AC va lay trén d6 diém E sao cho BE = AC. Tinh

s6 do goc EDC.

BUI VAN CHI
(S6 nha 21/2 duwong Lé Hong Phong,
TP. Quy Nhon, Binh Dinh)

Bai T5/550. Cho a, b 1a hai sé thuc duong thoa

- W e ey W sl
— + 1 =5_ Tim gia tri nho nhat cua bi€u
b* 4

man
a

thirc P = 4a + b.
NGUYEN THE ANH
(GV THPT Cu Huy Can, Vii Quang, Ha Tinh)

TOANHOC |
* CTudilre. S6 550 (4-2023)

22

CAC LOP THPT
Bai T6/550. Giai phuong trinh

xt = -4x* +3x+2=0.
TRIEU VAN HUNG

(GV THPT Duong Quang Ham, Hung Yén)

Bai T7/550. Cho ham s6 f(x)=x"+m. Tim m dé
phuong trinh f(f(x))=x ¢6 bon nghiém x,,x,,
X,,X, sao cho biéu thirc
O(x)=x>+x2 +x, + X5 — XX, X3 X,
dat gia tri 16n nhat. )
NGUYEN THANH GIANG
(GV THPT chuyén Hung Yen)

Bai T8/550. Cho hinh chop tam giéc S.ABC. M 1a
diém bat ky trén mat diy (4BC) va thudc mién
trong tam giac ABC. Qua M ké cac duong thang
song song vdi cac mat (SBC), (SCA), (SAB) theo
thir tur cit S4, SB, SC lan luot tai X, ¥, Z. Chimng

minh ring V,, ., <—Vs ssc» trong d6 ky hiéu

27
Vs Ve o tiong tmg 1a thé tich khoi chop
M.XYZ va SABC. Tim vi tri cia M dé dang thirc

Xay ra.

NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHOG Ha Néi)

Bai T9/550. C6 9 16 hang dé v& dugc danh sb lan
lugt 1 1, 2, ..., 9 can phai déng goi vao thung
chira hang hinh vuéng 3 x 3 gom 9 6
chira. Mot robot dugc giao cho viéc
dong goi nay. Robot dugc lap trinh
lan lugt dong go6i 16 hang thir nhit
t&i 16 hang thir hai ... theo cach sau: Mdi 14n dong
go1 mot 16 hang vao 6 chira, nd wu tién dong goi
moi 16 hang vao & tréng (tly ¥) khong c6 canh
chung vo1 cac 6 chira da c6 hang bén trong. Trong
truong hgp khong con 6 tréng nao nhu vay, no
moi dua hang vao mét trong cac 6 tréng tuy y con
lai. Hay xdc dinh xem, bang cich d6, cé thé c6
bao nhi€u cach dong goéi 16 hang (hai cach dong
goi 16 hang duoc coi 1a khac nhau néu c6 mot 16
hang trong lan déng go1 nay dugc dong vao 0
chira khac voi 6 chira n6 trong lan dong géi kia) ?

VU DINH HOA (Ha Néi)




TIEN TOI OLYMPIC TOAN
Bai T10/550. Cho day s6 (u,) xac dinh boi
u, =13
Uy =U, +6(n+1),Vn=1,2,...
Chimg minh rang khéng c6 s hang ndo cia diy
sO la 1ap phuong cia mot s6 nguyén.

TRINH XUAN TINH
(GV THPT Phii Xuyén B, Ha N¢i)

Bai T11/550. Tim cac ham f: [0;1]—> R lién tuc

4

trén [0; 1] va théa man: f(x)22x/(x?).

PO LE HAI THUY

(GV THPT chuyén Bao Loc, Lam Pong)

Bai T12/550. Cho tam giac nhon ABC khong can,

ndi ti€p dudng tron (0), cac tiép tuyén véi (O) tai

B, C cat nhau & X, cac duong cao BE, CF cua tam

gidc ABC cit nhau tai H, EF cat XB, XC lan luot

tai Z, Y. Goi M la trung diém ctua BC. Ching minh
HM chia dé1 cung YXZ.

NGUYEN HUU TAM
(GV THPT chuyén Lé Quy Don, Binh Dinh)

Bai 1.1/550. Mot con lac 16 xo ddt trén mat ban
nim ngang. Kéo qua cau doc theo truc 16 xo dén
vi tri B roi tha nhe cho con lic dao d6ng. Néu
khong c6 ma sat thi toc do clia qua cau khi vé téi
vi tri O (vj tri 10 xo khong bién dang) 1a 2,5 m/s.
Tmng thyc té, do c6 ma sat nén toc do cia qua
cau khl vé tdi O lan dau tlen la 2,4 m/s. Lay g = 10
m/s’ : BO =10 cm. H¢ sO ma sat gitra qua cau va
mat ba‘tn 14 bao nhiéu?

VIET CUONG (Ha Néi)

Bai 1.2/550. Poan mach dién AB géom hai doan
mach AM va MB n6i tiép nhau. Trén doan AM
chira bién trd va cudn cam thuan, trén doan MB
chi chira tu dién. Dt vao hai dau 4, B mét dién 4p

xoay chiéu upp = Uﬁcns(l{]{}mf —g) (V) va

didu chinh bién trd sao cho cong suat tiéu thu trén
doan mach 4B dat cuc dai Pna.x =45 W. Bi€t rang
khi d6 dién ap trén doan mach AM co6 bi€u thirc la

UM = 120fcns[l()0nt+ 4](\’) Dién dung cua

tu c6 gia tri la bao nhiéu?
THANH LAM (Ha Néi)
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©
7 PO VUI
DI XEM TRIEN LAM

Mot khu trién 1dam gom 20 phong, modi phong
dwoc biéu thi boi mot diém véi cac doan duong
noi cac phong nhu ¢ so d6. Ban hiy chi ra mot
duomg di xem trién 1dm, bat dau di tir phong 4,
sao cho chi dén mdi phong mot lan, cudi clng
trg vé phong 4, ma khong di qua doan duong
nao d6 qua mot lan. Ban c6 thé ching to ring
duong di do 1a duy nhat khong (khong ké di
theo chiéu nguoc lai) 2 Trong bai giai ban ghi
c4c tén phong di lién tiép theo thirtwy A - B - C -

... trén so do.

A

So do khu trién lam
NGUYEN VIET HAI (Ha N¢i)
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PROBLEM IN THIS ISSUE

FOR SECONDARY SCHOOL.
Problem T1/550 (For 6" grade). Find positive
integers a, b satisfying a’ +5° =2020.

Problem T2/550 (For 7" grade). Given positive
numbers a, b, ¢, d satisfyinga+ b+ ¢ + d = 16.

Show that 632 <¥a+b+c +¥b+c+d +¥c+d +a

+d +a+b <82,
Problem T13/550. Given the 9-digit number

abcdefghi has a prime factor which is greater

than 199998. Does the equation

ax’ +bede.x+ fghi=0 (variable x) have rational
solutions?
Problem 14/550. Given a rectangle ABCD

(4B < BC). Through B draw the line perpendicular
to AC and choose a point E so that BE = AC. Find

the measurement of the angle EDC.

Problem 15/550. Given positive numbers a, b

= e " W | .
satisfying & % = i Find the minimum value
a

of the expression P = 4a+b.
FOR HIGH SCHOOL

Problem T6/550. Solve the equation
X'—x—4x* +3x1+2=0.
Problem T7/550. Given a function f(x)=x"+m.

Find m so that the equation f(f(x))=xhas 4

solutions x,,x,,x,,x, and the expression
Q(x)=x] +x7 +x1 +X; — XX, X, X,

obtains maximum value.

Problem T8/550. Given a pyramid S.ABC and M
1S an arbitrary point inside the triangle inside the
triangle 4BC. Through M draw the lines parallel
to the planes (SBC), (SCA), (SAB) and intersect

TOAN HOC
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SA, SB, SC respectively at X, Y, Z. Show that
2

VM.xm S '2_7_ V.S'.ABC -

the equality happens.

Problem T9/550. There are 9 fragile packages. A
robot is going to place them in a
square container of size 3 x 3 with 9
rooms in the following procedure:
First a robot tries to find an arbitrary empty slot
which is not adjacent to an occupied one to put a
package in. If cannot, it puts; a package in any of
the remain slots. Determine how many different
ways the robot can arrange the packages in the
container with this method. Two ways are
considered different if in these two arrangements,
there is a place containing different packages.
TOWARDS MATHEMATICAL OLYMPIAD
Problem T10/550. Given the sequence (u,)

determined as follows

Find the position for M so that

u, =13
u . =u, +6(n+1),vn=12,...

Show that the terms of this sequence cannot be

cube numbers.

Problem TI11/550. Find all functions
S [0;1] >R which are continuous on [0; 1] and

satisfy f(x)>2xf(x%).

Problem T12/550. Given an acute triangle ABC
which is not isosceles triangle, inscribed in a
circle (O). The tangents at (0) at B, C intersect at
X. The altitudes BE, CF of the triangle ABC
intersect at /. EF intersects XB, XC respectively
at Z, Y. Let M be the midpoint of BC. Show that

—

HM bisects the arc YXZ.

Translated by NGUYEN PHU HOANG LAN
(College of Science - Vietnam National University, Hanoi)



Bai T1/546. Tim so tr nhién gom bon chiv so lién
tiep sao cho tich cua hai chir s6 cuéi bang mot so

diege viet tw hai chir so dau tién (theo thir tu tir
trai qua phai).

Loi giagi. Goi s6 can tim 1a n = abed | trong do a,
b, ¢, d 1a bon chit sb lién tiép (khong nhat thiét
sap xep theo thir tw ting dan hodc giam dan). Do
a, b, ¢, d 1a bon chir sb lién tiép thi c6 hai chit s6
I¢ va hai chit s6 chin (*). Theo gia thiét co
ab = c.d (1). Néu b 1a s6 1¢ thi ¢, d déu 1a sb 1é,
trai v4i (*), do do: b phai 1a sb chin, trong hai sd
c, d c6 mot s6 chin va mot sé 1&, con a la sb 1é.
Xet cac truong hop:
e Néu a = 9 thi 90 < c.d < 98. Khdng c6 chir s6 c,
d nao khac 9 nao ma c.d = 90, loai truong hop
nay.
e Néu g =7 thi 70 < c.d < 78. Ta cb 9.8 =72,
nhung 7, 2, 8, 9 khong 1a bon chir s6 lién tiép nén
loai trurong hop nay.
e Néu a =5 thi 50 <c.d <58. Taco: c.d=7.8=56
nén co hai so n 1a 5678 va 5687 théa man.
e Néu a=31thi30 <cd<38. Tacod:cd=5.6=
30, trrong hop nay bi loai.
eNéua=1thil0<c.d<18.Tacé:cd=3.4=12
nén co6 hai s n 1a 1234 va 1243 thoa man.
Bai toan c6 bén nghiém n 1a 1234 ; 1243; 5678 va
5687.
Nhan xét. Mot s6 ban chixéta, b, ¢, d 12 bon chir so
lién tiép sip xép theo thr ty ting dan nén chi tim ra
hai nghiém. Ban Nguyé"n Trinh Phuong Minh, 16p
6/14. THCS Lé Quy Pon, Q. 3, TP. Ho6 Chi Minh
da cho 101 giai dang.

NGUYEN VIET HAI

x—4
+ J
1009

I—Z_ X
505 674

b o]
Bai T2/546. Tim x biét ——+
2021

Léi gidi. Ta bién d6i tuong duong :
X=4
505 1009

] 1 1 |
—2022 =(x—-2022
= (%2 )(2021+505] (x )(674+1009]
2526 " 1683
~2022 = - 0.
s )(1020605 680066]

2526 1683 A
1020605 680066
d6 nghiém duy nhat cua bai to4n 1a x = 2022,

Nhdn xét. Cac ban sau ddy (chi danh cho cac ban
16p 7 va 16p 6) c6 dap so dung: Nghé An: Hoang
Van Nhan, Nguyé’n Tat Nam, Bui Thi Thuy Anh,
Luwong Thi Hai Yén, Nguyefn Thi Bang T&rf. Dau
Nhat Hiéu, 7C, Bui Hoang Bdch, 7B, Do Xudin
Hung, 7D, THCS Ly Nhat Quang, D6 Luong; Dau
Céng Nhdt Nam, 7C, THCS Cao Xuan Huy. Dién
Chau; TP. Ho Chi Minh: Nguyén Trinh Phuong
Minh, 16p 6/14 THCS Lé Quy Pon, Q.3. Ha Tinh:
Lwu Khanh Huy, 8H THCS Nguyén Du, TP. Ha
Tinh. Hung Yén: Lé Tuan Hiép, 7C THCS Doan
Thi Piém, Yén M§y; Phi Tho: Lwu Thé Vinh,
Nguyén Bdo An, Nguyén Tién Manh, Luong Chi Son,
Duong Minh Quan, 7A, Kiéu Birc Manh, 64 THCS
Nguyén Quang Bich, Tam Nong.

2

0 do

C6 thé kiém tra thay

VU PINH HOA
Bai T3/546. Tim nghiem tw nhién cua phuwong
trinh 5°+12° =y*.

Loi gigi. Tir phuong trinh, néu x=0= )’ =2,
khong thda man. Do d6 x 1a s6 nguyén duong.
Nhan thay: 12* = O(mnd3) va v4i mdi s6 nguyén
duong k c6 25 =1(mod3)= 5* =1(mod3),

5% =2(mod3).
Do d6 néu x la so nguyén lé x=2k+1 thi vé trai
5* +12* =2 (mod3);vé phai y’ =0;1(mod3)
phuong trinh khf::ng thoa man.
Viy x phai 1a so chan, x =2k, k>1,keN. Khi
d6é phuong trinh tré thanh:

5§ +12% = y? & 5% =(y-12")(y+12")>0.

Vi 5 1a s6 nguyén td va 0< y—12% < y +12;

TOAN HOC
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(y+12")~(y-12")=2.12" khong chia hét cho 5

ry—IZ* = ]

, suyra: 2.12* =25 -1 (%),
el 2= 5

nen -

Néu k=1: thoa min (*), ta dugc x=2; y=13
thoa dau bai. Néu k>2: ta cb
25 —1> 24" > 2.12" khong thda man (*).

Vay phuong trinh c6 nghiém tu nhién duy nhat 1a
(x7)=(213).

Nhén xét. 1) Diéu then chdt cua 18i giai 1a chimg
minh x 12 s6 ty nhién chin dé co:

man

R Bk
H2 =(y—12*)(y+12"’), suy ra: <$+:; =;2k va

212" =95F 1,
2) C6 thé chimg minh x 12 sé chin nhu sau:

Xét x=0; x =1 khong thoa man phuong trinh.
Xét x=>2: ¢6 12" =0 (mod8) va tir PT suy ra y 1a
sO 1¢ nén vé phai y* = 1 (mﬂd 8).

Neu x 1a s0 1& thi 5 =5(mod8) nén vé trai
5" +12" =5(mod8) phuong trinh khong thoa man.
Vay x phai 1a sé chin.
Cac ban sau day c6 bai giai tét : .
TP. Ho Chi Minh: Nguyén Chdnh Thién, 8/14,
THCS Lé Quy Pon, Q3; Pha Tho: Ha Phwong Anh,
Tran Lan Anh, 9A, THCS Nguyén Quang Bich,
Tam Nong; Nghé An: Nguyén Vin Viét, Nguyén
Thai Hoang Anh, 9B, Nguyén Van Lam, 8A, THCS
Ly Nhat Quang, D6 Luong; Son La: Lwong Hiru
Bach, 9A1, THCS Nguyén Trdi, TP. Son La.
NGUYEN ANH DUNG

Bai T4/546. Cho dwong tron (O), AB va CD la
cac duong kinh. Tiép tuyén ciia duong tron (O) tai
B cat AC ¢ E. DE cit diweong tron (O) o F (F khac
D). Chitng minh rang cdac dwong thang BC, AF,
OE dong quy.

Loi giai.

Goi M la giao diém cia AF va BE. Ta c6 AB la
duong kinh nén BF 1 AF. Vi BE la tiép tuyén cua (O)

TOAN H
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tai B nén BE L AB. Viy FMB=FBA. Vi tir giéc
ABFC ndi tiép nén FBA=FCE . Suy ra
FMB = FCE .

Tir d6 tir giac CEMF noi E
tiép. Suy ra:
CME = CFE =90°. C M

Vi CM 1 BE, AB 1 BE
nén CM // AB. Tir d6, do

ok i A B
O la trung diém cua AB, O
ap dung bd dé hinh thang
ta c6 AM, BC, EO dong
quy. 3

Nhin xét. Co thé sir dung dinh li Ceva cho ba dudong
EO, AM, BC trong tam giac EAB dé chimg minh ba
dudng d6 ddng quy. Cac ban dudi day co 161 giai tot.
Son La: Lwong Hiru Bach, 9A1, THCS Nguyén Trii;
Pha Tho: Trdn Lan Anh, D6 Tudn Minh, 9A, THCS
Nguyén Quang Bich, Tam No6ng; Thanh Héa: Dinh
Nhdt Y Anh, 9K, THCS Tran Mai Ninh; Nghé An: Luu
Trong Phuc, 9B, THCS Dgi Cung, TP. Vinh; Ba Ria —
Viing Tau: Pé Tién Diing, 9A, THCS Huynh Tinh Cua.
NGUYEN THANH HONG
Bai T5/546. Cho trueée cdc so thuce x, y phdn biét.

Biet a, b, ¢, d la cac sé thuc dwong thoa man cac

i " A g F. 7 . P
dieu kién x° =a’* +c*, y° =b* +d*,a+b=c+d.

Tinh gia tri cua E =b> +¢* khi F=ac+cb+bd+da
dat gia tri lém nhat
Loi gidi. T cac diéu kién da cho, ta co:
F=ac+cb+bd+da
=(a+b)(c+d)=(a+b)=(c+d)
Do d6: 2F = (a + b)* + (¢ + d)’
= (a’+ ) + (b*+ d) + 2(ab + cd)
=x* +y2+ 2(ab + cd).

Ap dung bat ding thirc Bunyakovsky ta c6:

(ab + ::'c:;{)2 <(a*+ CE)(bE + d)= .rzy :
Plng thirexdy rakhi & =2,

¢ a

Suyra: ab+cd< |ab+ cd|<|x|.|y|.
Do d6: 2F < x* +y*+ 2[x|.ly| = (x| + y)>

-2




suy ra: F<Uxl+]y)’
2

(x|+]|y])?
2

. F dat gi4 tri nho nhat

nb_a+b_
d c+d

bang khi 1 va

a
#

ab + cd20. Suy ra: a::c:-lx—l-b: =-|-y—|-.
V2’ V2
* 4

Dod6 gty E=p* 4+ o2 XtV

2

Nhdn xét. Bai nay ¢6 it ban tham gia gui bai. Mot sO
ban di suy lugn tr (ab + cd)® <x’)y’ suy ra
ab + cd <xy 1a chua dung. Tuyén duong céc ban sau
c6 101 gidi ¢6 1ap luan chit ché va ngin gon: TP Ho
Chi Minh: Nguyén Khanh Thién, 8/14, THCS Lé
Quy DPon; Phi The: Tran Lan Anh, 9A, THCS
Nguyén Quang Bich, Tam Néng; Son La: Luwong
Hiru Bach, 9A1, THCS Nguyén Trai, TP Son La.

PHAM THI BACH NGOQC
Bai T6/546. Giai hé phuong trinh sau

l l 1
+ +

s x+1 y+1 z+1

2x - l+\/2y—l+«./2z—1—3\r

=]

1 1 1
Loi giai. PK: x2—,y2—,z2—
g el e
Dit a=+v2x-1,b=2y-1,c=v2z-1 thi
) a” +1 b* +1 ¢’ +1
a,b,c=z0 va x= Y = s :
) 2
Theo gia thiét: a+b+c=3v3 (1), dong thoi
2 2 202 i g

+ +
a2+301 B3 w43
Ta sé& chirng minh v&i moi @ 20 thi
0L b 2\/3a by
a3 18
That vay, bat ding thic ndy twong duong vai bat

2
dang thirc dung sau day a(a L%3 ) > 0.
Diu bing xay ra khi va chi khi a=0 hoic

4 =3
Tuong tu ta cling cO:
A szm 2 _12- 2&:

b3+3 18 ¢’ +3 18

(5).

Cong ba bat dang thirc cung chiéu (3),(4),(5) va sur
2 2 2
2 =g 2 + 2
a‘+3 b°+3 c +3
Két hop voi (2) thi diu biang & cac bat dang thirc
(3),(4),(5) phai xay ra. Luu ¥ 1a déu bang &
(3),(4),(5) xay ra khi ba sé a,b,c bang 0 hodc

dung (1) ta duoc: >1.

bing /3 nhung theo (1) thi ta phai c6
a=b=c=+3,thcla x=y=z2=2.
Viay, hé dia cho c6 nghiém duy nhat

(x/y,2)=(2,2,2).

Nhdn xét. Bai toan nay khong kho, chi don gian la
bai toan chimg minh bt déng thic phat biéu dudi
dang bai toan giai hé phumlg trinh. C6 nhiéu ban guri
loi giai cho bai nay, da s6 déu phat hién 1a ban chat
bai toan la chirng minh bat dang thirc, tuy nhién cac

ban mac céac 16i sai sau day

1) Viét Ja=—— ma quén mat xét truong hop

f

o < a i
a = 0. Céc ban chi viét dugc Va = T- vol a > 0.
a

2) Ciing twong tu nhu trén, khi sir dung ky thuat
Cauchy ngugc dau, cic ban déu mic 16i 1a “quén
truomg hop” a = 0. Cu thé, chirng minh dudi day chi
ding néu a >0 (vi co rat gon a).

a’ a’ a’

a
> — —
a+3 2Jz23 23a 23

Co6 thé khac phuc bang cach xét riéng trudng hop

2

- B a a
a = 0 hoac chirng minh bat dang thirc > —
= = a’+3 2J—

bang phuong phap bién doi tuong duong. Néu quén
xét a =0 rat c6 thé cac ban xét bi thiéu truomg hop
khi dau bang xay ra. Trong cac 10i giai guri vé toa
soan, cac ban sau co6 101 giai dung:
Nghé An: Phan Dai Hoang, 10A1, THPT chuyén
Phan B6i Chau; Thira Thién Hué: Poan Van Hoang
Lén, Phan Quéc Thang, 11 Toan 1, THPT chuyén
Qudc Hoc Hué; Binh Pinh: Nguyén Hiru Tri, 11Al,
THPT s6 2 Phu Cat.

NGUYEN TIEN LAM

Bai T7/546. Giai phurong trinh

X=X —16x+2=24x*+4x (1).
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Loi gidi I (Cia Lé Gia Quang) Tap xéc dinh cia oy 414 11252 49 =16x7 + 64x + 8/ x” +4x +1
(1) 1a tht ca nhitng x thoa mén bat ding thirc

:
- : 1=(-4 2 L 4x +1
x*+4x20< x<—4 hogc x>0 (™). <:>(2x +3) \/x - )

Vi dieu kién (*) thi 2t +3=4Jx? +4x +1 & xXF +1=2Vx? +4x

()< (x*+2x° "'1)+(«"E«‘2 +1]=4(f +4x)+2Jf tax 2 +ax+2=xX +4x+20x +4x +]
- 2
o (¢ +1) +(¢ +1) = 4(F rax)e i rar @) ©20x+1) =(Vr +ax+1)

Ham sb f(¢):=t+/t xc dinh va lién tyc trén tap <> V2(x+1)= i(JxZ +ax + 1).

[0;40) €6 f'(t)=1+——>0 véimoi t>0 nén  Dén ddy gii tiép nhur cach 1.

2 t - A 1 "y -~
3 A \/_ Loi gidi 4 (Cta Nguyén Tran Hoang, Nguyén Hiru
f(¢) tang trén (0;4<0). Suy ra: Tri, Lé Tudn Nghia) Ta c6:

)= ft)=11) ot =t, (S 43P+ 2=4x +16x+2Vx* +4x

::>-(.)::2 +1)2 =4(Jr:2 +4x)@x4 - 2x* —=16x+1=0 <:>(x1 +1)2 +(x"" +1)=(f4;i:2 +1f:'u::)+2\/.7t:2 +4x
& x' + 6x° +9=8f +16x:i—8 «::::-(xz +1-2vx° +4¢1'.1::)(JrI +1+ 227 +4:;c+1)=0
' x2+3=2\6(x+1)
_xz +3-'=—2\/5(x+1)l

THI1: x* +3=-2V2(x+1) x* +2V2x+3+22 =0

e (5" +3);1 =8(x+1) o

| i 1
& 2 +1-2ac +16x =0 2(x+1) =(J¥ +ax+1).
Pén day giai tiép nhu cach 3.

Nhén xét. Day la bai dé, nhiéu ban THCS ciing lam
A'=-1-242<0: PT v6 nghiém. dugc. Ca 4 cach giai trén thuc chat la khéo léo bién

TH2: x* +3=2J§(x+1)<::;x2 = d0x £3=0:0:=0 doi twuong duong tuong tu nhau. Dudi day la danh
sach cac ban da giai dang: Binh Dinh: Lée Gia

24242 -1 Quang, 10T, THPT chuyén Lé Quy Dén; Nguyen
thoa man diéu kién (*). Hiru Tri, THPT s6 2 Phu Cat. Ha Noi: Tran Viét
Dép sé: x= 2+ \[2 -1, B Anh, 9A7, Archimedes Academy Trung Yén, Cau

Gidy. Ha Tinh: Nguyén Pang Ding, 11 Toan 1,
Loi gigi 2 (Cua Trdn Viét Anh, Nguyen T rung . Nguyen Dinh Nam Khanh, 10 T1, THPT chuyén Ha

Diing, Phan Quoc Thang) Ta co: Tinh. Hung Yén: Lé Tudn Nghia, 10 Toan 1, THPT
(1) < x* —2x* =16x +1=2Vx* +4x —(x* +1) chuyén Hung Yén. Phi Tho: Trdan Lan Anh, Nguyen
4 o.% [ Trung Ding, 9A, THCS Nguyén Quang Bich, Tam
&S xt=2x" —-16x+1=- ~ : £x 162+ Nong. Quang Binh: Pham Thi My Hanh, 11 Toan 2,
2\/.1: e +(x ¢ l) Nguyén Tran Hoang, 12 Toan 2, THPT chuyén V6
’f I \ Nguyén Giép. Thira Thién-Hué: Phan Quéc Thang,

@(xq - 2x° —16x+l) L+ 2\/3:3 +4x+(f +l) e 11 Toan 1, THPT chuyén Quéc hoc Hué.
: ’J TA DUY PHUQNG

< x* —2x* —16x +1=0. Pén day giai nhu cach 1.
‘ - Bai T8/546. Cho tir giac ABCD c6 chu vi khong
Léi giai 3 (Cua Tran Lan Anh, Pham Thi My

: doi 2p, noi tiep dwong tron (O) va ngoai tiép
Hanh) Ta cé: - &%

dirong tron (I). Churng minh rang

(D) < 4x* —4x* —64x+8=8\/x1 +4x
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\ﬁ 14+ ;j;]i_j{;(::?a)? THCS & THPT Archimedes Dong Anh; Hung Yén:
Lé Tudn Nghia, 10 Toan 1, THPT chuyén Hung
Yén, TP. Hung Yén; Ha Tinh: Nguyén Pang Diing,
10 Toan 1, THPT chuyén Ha Tinh, TP. Ha Tinh;
Quéang Binh: Pham Thj My Hanh, 11 Toan 2,
Nguyén Tran Hoang, 12 Toan 2, THPT chuyén Vo
Nguyén giap, TP. Pong Hai; Gia Lai: Phan Trinh
Nguyén, 10A1, THPT Chi Lang, TP. Pleiku; Binh
Pinh: Lé Gia Quang, 11T, THPT chuyén Lé Quy

| +J(IA+ D) +(IB+ICY* <2p.
Dau “=" xay ra khi nao?
Loi giai. Goi M, N, P, O
lan lugt 1a cac diém tiép
xuc cua cua duong tron
(/) vo1 cac canh 4B, BC.
CD, DA; r la ban kinh

duong tron (/). Ta c6: i A
H UANG VINH
2 2 rz rz p 7 A 2 C , Q
A"+ 1IC" = | 1A+ 1C=r cot -2—+cut E"'z Bai T9/546. Giai hé phuong trinh
2 2" =2=3y=3" (1)

% L ¥ D =322 (2 '
=r2(tan1£+cnt2£+2) (do £+£=90") Edat s (2)
2 2 222

Loi gidi. Lay (1) tnix (2) ta co:

2
e [tan'§+cnt‘—;] - 2 -3 =3(y-x)-3+2
& (21 =27)H (3" =3")+3(x=p)=0 (5}
: _\/ 2 2 A A , Z ,
Suyra: VIA* + IC” =r tanE-i-COtE Néu x > y thi VT(3) > 0; Néux <y thi VI(3)<0;

Néu x = y thi (3) thoa man. Thay x = y vao (1) ta

A C
=r(cﬂt§—+mtEJ=AM+CP. c0:3"+2*-3x-2=0. PDat f(x)=3"+2" —-3x-2.

= f'(x)=3"In3+2"In2-3

Tuong tu ta cling co: JIB® + ID* = BN + DQ.
= f"(x)=3"In*3+2"In*2>0,Vx.

Tur d6, chu y rang tir gidc ABCD ngoai tiép duodng RE ..
tron (/) ta thay: Do d6 f'(x) la ham s6 dong bién (va lién tuc)

JIE 107 +JIB 1 ID" = (AM + BN)+ (CP+DQ)  'Tén R nén f'(x) cé toi da 1a mdt nghiém, do d6
f(x) co to1 da 1a hai nghiém.

=(AM + BM)+(CP+DP)=AB+CD=AD+BC=p. Mait khac ta thdy f10) = f{1) = 0 nén f(x) c6 dung
hai nghiem la x =0 va x = 1. Vay h¢é da cho co

Ap dung bat dang thirc Minkovsky ta dugc: ding hai nghiém (x; y) 1a (0; 0) va (1; 1).

J(4+ IBY +(IC + ID)* <VI4* +IC* +VIB*+ID*=p  Nhdn xét. 1) Dé khing dinh f{x) c6 tbi da hai
nghiém ta c6 thé lap ludn nhu sau: Do
£"(x)>0,¥x nén f'(x) 1a ham so dong bién trén
[+ IB) +(IC+ID) +|UA+ID) +(IB+IC)* <2p. 1 Mit khic lim f'(x)=+e, lim f’(x)=—3 nén

Dau "=" xay ra khi /4=1IB =IC = ID, luc do tu f'(x)=0 c6 dung mdt nghiém x, (cling c6 thé 1ap
giac ABCD la hinh vuong. ludn: Do

Do do:

X—r+a0 X——a0

Nhan xét. MaAu chét cua bai toan la viéc chi ra dugc £10).f'(1)=(n2+In3-3)(3In3+2In2-3) <0

hé thirc \I4? + IC? +VIB* +ID* = p. Céc ban sau
c6 151 giai dang: Ha N@i: Tran Viét Anh, 9A7, TH,

nén f'(x)=0 co6 ding mdt nghiém x, €(0;1)).

Ta c6 bang bién thién:
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X —00 X0 +00
f(x) - 0 +
S(x)

NEG st i o

Vay phuong trinh flx) = 0 cé nhiéu nhat 1a hai
nghi¢m.

2) Céc ban sau c6 10i giai tot: Quang Binh: Pham
Thi My Hanh, Nguyén Tran Hodng, 11 Toén 2,
THPT chuyén V& Nguyén Gigp; Thira Thién Hué:
Nguyén Vin Hoang Long, 10 Toan 1, Tran Thj
Thanh Thu, 12 To4n 1, THPT chuyén Quéc hoc
Hué; Binh Dinh: Lé Gia Quang, 11 Toan, THPT
chuyén Lé Quy Pon; TP. Ho Chi Minh: Nguyén
Chanh Thién, 8/14, THCS Lé Quy Pon, Q.3; Pong
Thap: Lu Gia Hung, 11T1, THPT chuyén Nguyén
Quang Diéu; Gia Lai: Nguyén Nhdt Ludn, 12A2,
THPT Chi Ling; Séc Tring: Tiet Trong Khiém,
11A2, THPT chuyén Nguyén Thi Minh Khai; Ha
Noi: Tran Viét Anh, 9A7, Archimedes Academy
Trung Yén, Cau Giay.

TRAN HUU NAM
Bai T10/546. Tim tat ca cdc s6 nguyén duong n
thoa man o(n).r(n)=144, trong do t(n)la s6 cdc
wée nguyén dwong cua n va o(n)la tong tat cd
cac woc nguyen dwong cua n.
Loi gigi (Dua trén 1oi giai cia ban Nguyén Tran
Hoang, 12 Toan 2, THPT chuyén V06 Nguyén
Giap, Quang Binh va ban Tran Viét Anh, 9A7,
Archimedes Academy Trung Yén, Ha Noi).
Ta d3 biét néu n c6 phan tich tiéu chuan ra thira

sO nguyén to n = p*...p;* thi
r(n)=(1+a)..(1+a)
va o(n)=(1+p, ++ pf )o(14 o+ 4 ).

Néu n c6 it nhdt 3 wdc nguyén to phan biét

P> p; >p; 22 thi
o(n)=(1+2)(1+3)(1+5)="72
r(n)=(1+1)(1+1)(1+1)=8.

Do &6 o(n)zr(n)=576. Vay n chi c6 nhiéu nhat

2 udc nguyén to phan biét.

30

va

TOAN HOC ,
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1) Néu n = p” thi:

144=cr(n)r(n):(l+p+---+p*)(l+k)
> (14242 )(1+ k) 2 (2" -1)2

=5 P L TF=s k< 5.

Néuk=1thi (1+p)2=144= p=T1.

Néu k=2 thi (1+ p+p’)3=144=> p(p+1)=47

(loai vi p(p + 1) chin).

Néuk=3thi (1+p+p’ +p’)4=144

= p(l+p+p’)=35=>pe{57. Thr lai

khong théa man.
Néu k=4 thi (1+k)=5| 144 (loai).

Néuk=5thi (1+p+p’+p’ +p' +p’)6=144
=>p(1+p+p2+p3+p4)=23:>p=23(10§li).
2) Xét n=p°q" (p <gq). Néu b>2 thi
144:(1+p+.--+p")(1+q+---+q*’)(1+a)(1+b)
2(1+2+-~+2")(1+3+-~+3")4
=(2" -1)(3"" -1)223.(26)2=156: Vo Iy.

Vayb=1.Do d6 n= py.
Néu a>2 thi
144=(1+p+---+ p*)(1+q)(1+a)(1+1)

2(1+2+---+2”)(1+q)(1+a)2

>(2"' -1)(1+3)(1+2)22 7432 =168, v ly.
Vay a = 1. Thanh thir n = pg. Khi d6
144=(1+p)(1+¢)4=36=(1+p)(1+q)

}(1+p:1:>5::-p.

Vorp=3 = q =8 (loal). Véi p = 2 = g =11
—>n=22.Vayn=22hoacn=71.
Nhdn xét. Cac ban sau day c6 10i giai tot:
Séc Tring: Tiéet Trong Khiém, 11A2 THPT chuyén
Nguyén Thi Minh Khai; Gia Lai: Phan Trinh
Nguyén, 12A1, THPT Chi Ling; Quang Binh:
Pham Thi My Hanh, 11 Toan, THPT chuyén Vo
Nguyén Giap.

PANG HUNG THANG



Bai T |’|f54ﬁ. Cho so nguven n > 1. Tim tat ca cac

ham s0 1,2 (03490) — (0;40) thiq man diéu ki¢n
S+ ny)= f(nx+ yy+ (n? -n)y (1),

yoi moi x>0,y > (),

Loi giai. Gia st ing v6i s6 nguyén duong n > 1,

ham f thoa man (1) va gia sir ton tai x, € R* sao

cho f(x,)<nx,. Suy ra: Yo =nx, — f(x,)>0.

Thay x =X, y=f—“—l- v6i y, €R* vio (1), ta
thu dugc ny, =0, v ly. Véy nén

f(x)2nx,VxeR" (2). Ap dung (2) ta co:
fx+y)+(n® —n)y = f(f(x)+ny)
>nf(x)+n’y, Vx,ye R’
hay f(nx+y)>nf(x)+ny,Vx,yeR" (3).
Trong (3) thay y boi f(y), ta dugc:
f(nx+ f(y)) 2 nf(x) +nf(y)
=f(x)+nf(y)+(n-1)f(x),Vx,y eR" (4).
Tu (3) va (4) suy ra:
f(ny+x)+((n* —n)x
> f(x)+nf(y)+(@* —n)x,Vx,y e R’
hay f(ny+x)2 f(x)+nf(»),Vx,yeR" (5).
Suy ra: f(ny+x)> f(x),Vx,yeR" tac [ Ia
ham ddng bién trén R*. Ap dung (5) va (2) ta co:
f(nx+y)+((n* —n)y = f(f(x)+ny)
> f(f(x)+nf(y)
= f(fN+ )+ (-1 f(y)
> f(f(x)+ f(¥)+(n" —n)y,Vx,y e R
hay f(nx+ )= f(f(x)+f(¥)+(n" —n)y
> f(nx)+ (), Vx,yeR".

Suy ra: f(x+y)2 f(x)+ f(¥),Vx,y e R (6).
T (6) suy ra:
f(nx+ y)+(n’ —=n)y = f(f(x)+ny)
= f(f(x)+y+(m-1y)
> f(f()+y)+f{(n=1)y)
> f(f(x)+y)+n(n=1)y,Vx,yeR"

hay f(nx+y)z f(f(x)+y),Vx,yeR".
Do f dbng bién nén suy ra:
nx+y2 f(x)+y,vx,yeR' & f(x)Snx,VxeR".
Két hop v6i (2) suy ra: f(x)=nx,VxeR".
Ham s6 nay thoa man phuong trinh ham da cho.
Két ludgn: TAt ca cac ham s6 f:R" >R’ thoa
man diéu kién (1) 1a f(x)=nx.
Nhdn xét. Ta ciing c6 thé chimg minh tinh don dnh
cia ham f théa man ding thirc (1) ma khong can
chirng minh tinh chit ddng bién ctia ham f va ciing
cd cach giai tuong ty. Ban Nguyén Tran Hoang,
12T2, THPT chuyén V3 Nguyén Gidp, Quang Binh
c6 101 giai dung.
NGUYEN VAN MAU
Bai T12/546. Cho tam giac ABC va diém I cach
déu AB. AC. E, F theo thir tr la giao diém cua B,
CI va AC, AB. X, Y theo thir tw la giao diém thu
hai cua BI, CI va duwong tron ngoai n'ép tam giac
AEF. S la giao diém cua XY va BC. Chirng minh
rang SA = SI.
Loi gigi. Bo qua truong hop don gian 4B = AC.
SA=SI. Goi K,N theo thr tr la giao diém cua
BC,AI va EF; S' la giao diém cua BC va
duong thang qua / song song véi EF ; R 1a giao
diém cta ST va AK ; T 1a giao diém cua S'4 va
KN. Vi KN=EF //RS' nén
(RIS)=K(RIS'N)=K(AIBN)=-1.

Do a6 S7=SR (1). Vi A(KIBC)=-1 va
(AI,AB)=—(Al,AC)(mod ) nén

AR = AK 1 Al (2).
Tir (1) va (2) suy ra S’A=S7 (3). Két hop véi
TN//S'I, suyra TA=TN . Do do:

TA*> =TN? =TF.TE (hé thirc Newton).
Viynén S'4=TA tiép xtic voi (AEF) tai A (4).
AXF
YAEJ’
chiit ¥ ring XE N AF = B;YF N AE=C, suy ra

Ap dung dinh 1y Pascal cho sau diém [
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AAN XY € BC. Két hop v&i S = XY A BC, suy
ra S e AA. Diéu d6 c6 nghia 1a SA4 tiép xuc voi
(AEF) tai A (5). Tu (4)va(5)suyra §'=S (6).

Tu (1) va (6) suy ra SA =351 .

Nhdn xét. Bai toan nay khong khé va cé nhiéu cach
giai nhung chi c6 hai ban tham gia gidi: Quéng
Binh: Nguyén Tran Hoang, 12T2, THPT chuyén V&
Nguyén Giap; Séc Triang: Pham Nguyén Khang,
11A2T, THPT chuyén Nguyén Thi Minh Khai.

NGUYEN MINH HA

Bai L1/546. Do thi vin toc - thoi gian cua hai
con lac (1) va (2) dwoc mé ta nhuw hinh dudi. Biét
bién d@é cua con lac (2) la 9 cm. Tinh téc dé trung
binh cua con lac (1) ké tir thoi diém ban dau dén
thoi diém dong nang bang ba lan thé ndng lan
dau tién.

Léi gigi. Tur d6 thi ta x4c dinh duoc:

| Vimax =87 = w, 4, :;.,i= 3% el A
Vomx =T =0,4, 4, @V, |
T oeBl 3.0 (£3 12 A)'7 8w fud 8 g
=—= = — =9 :
I 2 o 2049 D=7 (rad/s)

Ta viét duogc phuong trinh van tbc cua dao dong

(1): v,=8x cns[rrr —%] = x, =8cos(zt—x)(cm).

Vi tri dong ning bang 3 lan thé ning Ung voi

A . S £ o U
x :iE_ Do d6 vi tri dong niang bang the nang

A , g
lan dau tién 1a A chuyén dong theo chiéu

duong. Quing dudng di dugc va thoi gian ké tir
thi diém ban dau la:

A ]
s=— =4cm va .&t=z=—s.
2 63
At

Nhdn xét. Rit tiéc dd khong c6 ban nao co 101 giai
dting cho dé ra ki nay.

PINH THI THAI QUYNH

Bai 1.2/546. Tir mot tram dién, nguoi ta dung mot
may tang ap dé truyén mot cong suat dién khong
doi dén noi tiéu thu bang dwong day tai dién mot
pha. Biét dién ap va cuong dé dong dién Iuon
cung pha, dién ap hiéu dung o hai cuc cua may
phdt khéong doi. Ban dau hiéu suat truyen tai la
92%. Giir nguyén so6 vong ddy cua cuon so cap,
néu bét sé6 vong dday cudn thir cap n (vong) thi
hiéu sudt qua trinh truyén tai la 80%. Sau do quan
thém vao cudn thir cap 2n (vong) thi hiéu suat qua
trinh truyén tai la bao nhiéu?

Loi gidgi. Hiéu suit ciia qua trinh truyén tai dién
5 AP . PR TR
nang di xa: H:I—a=l— T

=]1—-H.

1
JI=H

Goi U, va U, lan luot 1a dién ap trudc khi truyén
tai (dién 4p & cudn thir cap cua may bién ap) cho

hiéu suat H> = 82% va H, = 0,92% .
U, m=m_ Jl—H, - J1-0,92

U 7 v -~ W - (iloRE 3

Véi 2 va R khong ddi, ta ludn co: U =

n :

2 s n A ~ x - ~ - r A
—>n= L V01 n; 1a s6 vong day cua cudn thir cap
ban dau. Khi quan thém vao cudn thi cap 2n
(vong) thi s6 vong day cua cudn thir cap lic nay la
n, + n. do do ta co:

\/I—Hl - nmtn

J-H, n "'n,
Suy ra H3;= 0,955 = 95,5%.

NGUYEN XUAN QUANG




Nam 2007 trén Tap chi Mathematical Reflections,
thc gid V6 Quoc Bd Cdn c6 dua ra mot két qua
nhu saw: Véi a,,a,,...,a, la cdc sé thuc khong dm
cé tong la n. Khi dé ton tai i‘E[O;l] sao cho
a +a, +-+a’ =n+2CH va
1—-(n—1)t£a‘. <l+(n-1)¢, Vi=12,..,n.

Day la két qua hay va hiru dung. Pic biét, vai
n=3 két qua trén con dugc di kém voi két qua
(1+1) (1-2t)< aa,a, < (1-1)’ (1+2f) (thuong
duoc goi 1a bd dé chan tich). Khi d6 rat nhiéu bai
toan BDT 3 bién c6 thé dugc giai quyét triét dé du
d6 1a cac BDT kho va chat. Bai viét nay s& dé cap
dén ba van dé. Thir nhat xay dung bd dé chén tich
cho trudmg hop nhiéu bién (16n hon 3 bién). Tiép
theo, 12 tng dung bd dé chan tich trong chimng
minh BPT. Bb dé con 1a cong cu hiéu qua trong
khau lam chat, tim hang sO tot cling nhu séng tao
BDT, day sé la noi dung cua phén cudi bai viét.
R4t mong nhan dugc gop ¥ tir ban doc.

1. BO PE CHAN TiCH CHO NHIEU BIEN

Bo de. Voi a,,a,,....a, la cac 5o thue khéng am
c6 tong la n. Khi do ton tai t€|0;1] sao cho
a’ +a; +otal =n+2C* va

@) 1-(n=-Dt<a <1+(n- ). Yis L2, .;n

(i) (1+0)" ' [1=(n-D]<aa, --a,s(1-1) [T+ (n=1)1].

Chirng minh. Theo BPT Cauchy, ta co:

(3 )astsnz(a ) =

j=]

Hay noi cach khac Y a 2n. Khido ton tai >0

i=1

n

2 2,2

sao cho: » a/ =n+2Ct".
=]

(L n
Hon nua: Zaf S(Z:::.'f)2 =n’,nén t bén trén
=]

i=l

khong vugt qua 1.
(i) Ap dung BDT Schwarz ta dugc:

(" T
al'
n
2 =2
n+2Ct* =al +» a’ 2a} +~

i=2

-1
=a’ + (@4 )2 .
n-—1
Suy ra 1-(n—1)t<a, <1+ (n-1)t. Tuong tu cho
cac a khac, tinh chat dau tién cia bd dé dugc
ching minh.
(ii) Néu ton tai @, nao d6 bang 0, gia st a, =0..
Khi do:
n+2Ct' =a; +al +..+a’
2—-—1-(a1 Bttt

n-—1

HE

-n—l'

Suy ra tz-Ll . Do d6 khing dinh cua b dé la
n_

hién nhién. Nguoc lai, ta xét véi @, >0 véi moi i.

Xét ham da thie: H(x) = ﬁ(x -a,)
i=1
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n(n—1)(1-1%) =

n-I|
=X —-nx  + ; + Z(—f)fb,.x""' +(=1)"P
i=]
trong d6 b, >0 va P=aa,..a,.
H
Xét ham s6 f(x)= (x), lay dao ham ham f
X

" 3.?“!;9 (x), VO
X
O(x) =(n—2)(n—=1)x" —2n(n—2)x""
+n(n=1)(1-1")x""

cap n—3, ta co: " V(x) =

—-2P.
Pé ¥ rang:
11m Q(x)=-2P <0 va lim Q(x) = 4o,

X—+20

Tir d6 ta c6 bang bién thién cho ham Q nhu sau:

X 0 1 —t¢ 1 +1¢ +00
Q' + 0 ~ 0 +
O(1-1) +00
O /
—2P O(1+1)

Vi H(x)=0 c6 n nghiém duong nén " phai
c6 it nhat 3 nghiém (c6 thé c6 trung). Diéu nay
xay ra khi va chi khi:
O(1-1)>02=Q(1+1¢).
Hay no1 cach khac:
A+ N=m-1D)]<P<(A-0)""'[1+(n-1)].
B6 dé dugc chirmg minh.
Nhin xét. V&i n=3bd dé c6 mot chiung minh
don gian khac 1a khai thac tir mot dang thirc.
Hé qua 1. Vi a,b,c>20,a+b+c=3 th ton tai
E[U;l] sao cho a* +b* +c* =3+ 6t*. Khi do:
|-2t<a,b,c<1+2t va

(1+!)2(l—2r)£ub££(l"t)z(l+23‘).

Hon nira, trong cach chirng minh trén véi n=3 ta

khong can xdy dung ham f nén két qua trén van
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ding v&i a,b,c 1a céc sb thuc co tong bang 3 (va
diéu kién ¢ khidoséla 1>0).
He¢ qua 2. Voi a,b,c,d>0,a+b+c+d =4 th

ton tai t e 0;1] sao cho @ +b + +d* =4+12r

vd 1-3t<a,b,c.,d <1+ 3t va

(141)' (1-31) < abed < (1-1) (1+3t).

2. UNG DUNG

Mot lru ¥ nho khi van dung la vdi cac bién 1a cac

s6 duong thi 7 e j{];l) :
Thidu 1. Véi a,b,c la cac $6 thuc duong. Chung

minh rang:

| "+ b’ +¢ =3abc
(a+b+c)(l+l+lJ29+lﬁm+ s 1&”;}*

a-1b ¢ (a+b+c)

Loi gigi. Ta chuan héa a+b+c=3. Khi d6 ton
tai IE[O;I) sao cho a’+b>*+c*=3+6t". BPT
dugc viét lai la:
3{3"3’212% 676 ) s o 16t
abc 27
Theo hé qua 1, ta chi can chimg minh:

2
3 L >9+16¢°.

(1-1)" (1+2¢)
Quy dong va thu gon biéu thitc, BPT trén tuwong
265 (4t -1

1-D2t+])

BDT dugc chimg minh. Pang thirc xay ra khi

e

duong voi:

; | i
t=0 hodc t= 2 tuc dang thac xay ra khi
a=b=c hoac a=2b=2cva cac hoan vi cua nd.

Thi du 2. Véi a,b,c la cdc so thue diwong. Chimg
minh rang:

{ja1+b3+{‘3 ab + be + ca
: + > 2.
3abc

a’ +b* +¢’
Loi gidi. Ta chuan hoa a+b+c=3.Khi d6 ton
tai £€(0;1) saocho @’ +b* +c* =3+6¢°.

Ap dung hé qua 1, BDT duogc viét lai l1a:



] gr}: I fz

——

h;_b;+]+l+2t"“22'
Nhu vy ta chi can chimng minh:

3 9¢? : | = F ,
w16 o 2

V(l—-t)z(l+2:) | + 2¢°

| 2 2
i ?t +125£ +1'
V(=) (1+2¢) 72681

Liy thira 3 hai vé, BDT twong duong voi:

98+ (1=1) (1420) (26 41) > (1=0)* (14 20) (52 +1)' .
Thu gon ta dugc:

9t (=261° +47t* —14f> +208* 21 + 2)20.
BDT cudi dung vi véi V¢ e 10;1) thi:
=26t" +47t" —14r" + 208> — 2t +2 > 21t* + 61> > 0.
Bai toan hoan tat.
Néu ban doc dé y c6 thé thiy, hai thi du bén trén
abc xuat hién rat thuan loi dé ta ap dung h¢ qua 1.
Nguoc lai, abc Xuat hién & nhiéu vi tri khac nhau
trong BDT, ta sé gap kho khan khi sir dung. Luc
nay, mot ky thuat nho dugc sir dung la khao sat
ham so.
Thi du 3. Vdi a,b,c la cdc s6 thuc diwong cé tong

N 75

ing 3. Chil nh rang: —+—+—2 .
bang 3. Churng minh rang P i

Loi gigi. BPT dugc viet lai la:
(9+16abc)(ab + bc + ca)—75abc = 0.

te|0;1) sao  cho

Khi d6 ton tai

@ +b2 +c* =3+6t>. Ap dung hé qua 1, BDT

dugc viét lai 1a: (9 +16abc)(3-3¢7)—75abe > 0.

Ta xét ham sé6 f(x)=(9+16x)(3-3)-75x

(v&i ¢ 1a tham s6). Ta co:
f‘(x)=16(3—-3r2)—75{0 (vi te[0;1))

Do d6 f(abc)i_*f((l—t)z(1+2r)). Véy nén ta

chi can chirng minh:

[9+ 16(1—-1)" (1+ 2:)](3—3:1)— 75(1-1)" (1+2¢)>0.
BDT trén tuong duong voi: 67 (1—1)(4t—1)" 2 0.
Chimg minh hoan tat. Dang thirc xay ra khong chi
con xay ra VoI

vOl =] "ma

va cac hoan vi cua no.

Thi du 4. Voi a,b,c la cac so thuc khong am sao

cho khéng cé hai s6 nao dong thoi bang 0. Chimg

minh rang:
a h ¢ Iﬁ{ub+br:+c'a)}8
+ + Z 0.
b+c c+a a+b a b

Léi gigi. Ta chuin hoa a+b+c=3. Khi d6 ton

tai £ €[0;1] sao cho a” +b*+c* =3+6¢.

Ap dung hé qua 1, BDT dugc viét lai la:
3abe +9 +187 16(3-3¢)

- > 8.
—abc+9—9¢° 3 + 6¢
Ta thiy rang ham s6
048 - L :
)= vol ¢t la tham so
el ~x + 9 -0t ( )

la ham s6 ting trén khoang (—00;9—91*2 ) va
x=abc,x=0 cung thudc khoang d6. Tat nhién
ring abc>0 nén BPT sé& duoc chimg minh néu
ta ching minh dugc rang:
0+ 18 16(3—31’2)
2 T 2
99 3+6¢

9(22 -1)

(1-£)(2¢* +1)
thirc khi wva chi khi
a=0,b=kb',c=kc' vo6i k>0 va b'.c' la hai

nghiém ctia phuong trinh X° —3X + % =),

>8 hay > 0.

Pang Xay ra

Bai toan hoan tat.
Nhdan xét. Trong hai bai giai bén trén, ta dd su
hai danh gia

abc>(1+1)*(1-2¢).C6 mot dau hiéu dé chon

dung abc =0 va

danh gia hop 1y d6 1a dua vao diéu kién dé ding

thirc xay ra. Tuy nhién trong mot sb bai toan khac
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hai danh gia nay can phai két hop véi nhau (vi voi
rz-;— danh gia thir 2 bén trén kha 1dng 1éo va c6
thé khong thé hoan tat bai toan).
Thi du 5. Véi  a,b,c la cdac so thuc khong dm
thoa man ab+ bc + ca=3. Ching minh rang

a +b' +c¢ +7Tabe>10.

Loi gigi. Ta viét lai BDT dudi dang thudn nhat
nhu sau:

27(a’ +b* +c* + 7abc)2 >100(ab +bc +ca) .
Pén day ta co thé chuidn hoa lai a+b+c=3. Khi
d6 ton tai 7 €[0;1] sao cho a® +b* +c* =3+ 61>,
Theo hé qua 1, BPT dugc viét lai la:

27(27¢* +10abc) 2100(3-31*)’.
Ta co hai truong hop sau:

THI: Véi rz% ,BDT dung vi:

3
27(27¢ +10abe)’ 2 2L > 18223
16~ 16

3 ? 2\3
=100[3——] 3100(3—3;* ) |
4

TH2:*VO1 < % , ta can chirg minh:

27 27 +10(1+1)"(1- 2)] 2100(3-3¢)

hay 27¢ (4 - 51)(60~100¢° —104¢* —25¢) > 0.

BDT cubi ding vi:

100 © 104 .. 25
2 4t* + 25t < =3 + ==
100" +1041° + ” 2 >

Bai toan hoan tat. Pang thirc xay ra khi va chi khi
a=b=c=1.

> I

Pham vi 4p dung cua bb dé s& rong hon khi ket
hop véi k¥ thuat thuan nhat héa va chuan hoa.
Thi du 6. (Chon ddi duw thi VMO 2022 — Kién
Giang) Voi a,b,c la cac sO thue khong am thoa
man a* +b* +c¢* =1. Chirng minh rang:

3—5(ab + bc + ca) + 6abc(a+b+c)=0.

Loi gigi. Trudc tién ta thuan nhat héa BDT nhu

Sdu:
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3(a’ +b7 + ¢ )2 ~5(ab+bc+ca)(a’ +b* +c7)
+6abc(a+b+c)=0.
Ta chuan héa a +b+c=3.Khi d6 ton tai ¢ €[0;1]
sao cho a’ +b* +¢* =3+6¢*. Ap dung hé qua 1,
BDT trén dugc viét lai la:
3(3+6) =5(3-3¢)(3+61*) +18abc > 0,

18abc >18—198¢" — 63¢°.
Ciing theo hé qua 1, BDT trén sé dugc ching

hay

minh néu ta chimg minh dugc rang:

18(1+1¢)" (1-2¢)>18-198¢* — 631"
= 9:‘2(22:.‘2 —4f + 1)20.

BDT cubi la dung, bai toan hoan tat.
Nhdn xét. Dya trén bd dé ta c6 thé lam chiat BDT

trén. Mo1 ban doc xem trong muc tim hang so6 tot.

Hoan toan tuong tu ¢6 ta 101 giai cho bai toan sau:

(Viét Nam TST -2021) Voi cac thuc khong am

a,b,c thoa man:
2({13 + b’ -l—i‘:)-l- 3(ab+bc+ca)=5(a+b+c):
Chirng minh rang:
-4({1E +b° +¢° ) +2(ab +bc +ca) + Tabc < 25.
Tiép theo ta dén vdi cac BDT nhidu bién hon
Thi du 7. Voi a,b,c,d la cac sé thiee khong am.
Chirng minh rang:

(ab+bc+cd+da+ac+bdYa+b+c+d)
4

> 3\}({!: +b” +¢* +d? )ﬂb{'d.
Loi gigi. Néu it nhat mot trong bon s a, b, ¢, d
bang 0 thi BPT 1a hién nhién. Nguoc lai ta chuan
héa a+b+c+d=4. Ap dung hé qua 2, BDT
duoc viét lai la:

6-6t* >3,/(4+12¢ ) abed .

Khi d6 ta chi can chimg minh:




6-6t* > 3\/(44- 1212)(1 _1)3(1 +3t). 2(\/; —M)(n —~ i)l t(t+ I)H

-+

Binh phuong hai vé va thu gon, BDT trén tuong Jn=1D)[(n=1)¢ +1]
duong vor: J_ 1 l
—n- -D)*(+1)"
47 G =1y"(1-1)* 2 0. 2 (Vo ln=t)a-tfieen™
BDT dugc chimg minh. (n=1)2 +1)J(n=1)[(n=1)£* +1]

Thidu 8. Voi a,a,,---,a _li cic so6 khong am co

i 1
. : tecla f"(1)=0 vé1mo1 £ € O;——l—].
tong bang n. Chuing minh r.-:ing: L =

Suyra f'()2 f'(0)=0.Diéu nay dan dén:

- ﬂ': +ﬂf 4 e {1:
J{”I]{ i P, 3 " ] f(f):i’f(ﬂ):ﬂ
| Phép chirng minh hoan tat.
+(‘G —vn-l )”1“:---“” >\n.  DPékét lai muc nay ta s& dén véi 1oi giai bai toan
Loi giagi. Theo bo dé, ton tai ¢ €[0;1] sao cho: sau, mot cach sir dung chin ctia bién lién quan dén 1.
‘312 "‘Hf +---+aﬁ =n+2Cjt2 va Thi du 9. Voi a,b,c,d la hon so thuce duong co
A+0)"'[1-(n -Df]<aa,..a, <(1-0)""[1+(n-1x]. tong bang 4. Chirng minh rang:
: [ LS B o 4 By el o
TH1: Vb1 ¢t 2 , ta chi can chimg minh: 4[-—+—+—+J3’4+3(u +b" +c" +d )
n—1 ooy 8 d
Léi gigi. Theo bd dé thi ton tai ¢ €[0:1) sao cho:
\/(n—l)[1+(n-1)rz]z\/’; hay ¢ > l o1 gidi. Theo bo dé thi ton tz [0;1)
S a* +b:+c*+d? =4+12¢
Vay BDT la dung.
1 va 1-3t<a,b,c,d <1+ 3t.
TH2: V& Oﬂr-::n—_—l-,tachicﬁnchﬁngnunh: Vo PL0° e 'l M =b=c=d=1, BDT ¢in
(_\/__ fn_l)(l_l__r)”_l[l_(ﬂ_l)t] Chﬁ'ﬂglﬂ]ﬂhladﬁﬂg Voi O{f{l,

BDT dugc viét lai nhu sau:

> i - \(n=1)[1+(n-1)¢], " »
1+(n—1)t 42( - ]E4+3(4+12r2)——
hay (Jn—Jn-1)(1+1)" 2 _ e\ ok 3t 1+3¢
Jn=)[1+(n=1)2]+n 3
bl T Z(1+3r—a }12:(9: +3t+4)
Xet ham so: y 7302 . > — |
f(t)=(\/_.—\!n—l)(l+t)n_lx e B Behiteid) & 85
l+3t—a) _ (1+3t—-a)’
1)1 1):2:|+\/_) ] (n 1); ;( a ] E}Zfa(1+3r-a)
X — — ni—1-— - 1
(\/(” )I: g 5 144¢°
L A ~4(1+3t)-4-12r
f'(f)=(\/;'—\fﬂ—1)(?1—2)(?‘!—1))( 3 144;2 - 12¢
12¢-12¢> 1-¢

x(\/(n — I)[(n D¢’ + l:l + J;)(r + I)H Do d6, ta can chirng minh:
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12¢(9¢* + 3t + 4
1264 ( )
1—=¢t 14 3¢ 3t +1
2 2
12t (3t -1) 5.0,
(1-1)3t +1)
Bai toan hoan tat.
Mot so bai toan trong ti dé ban doc tir luyén:

~

1) (Iran MO nim 1996) Véi a,b,c la céc sb thuc
khong dm sao cho khong c6 hai s6 nao dong thei

bﬁng 0 . Ching minh rﬁng:

1 1 1 9
—+ ~ ~ (22,
(a+b)" (b+c¢) (c+a) ] 4

2) (Chon dji tuyén truwdmg AMS — 2021) Véi
a,b,c>0,a+b+c=3.Ching minh rang:

2 Jvabc J
+ 4 3

(ab + bc + ca)

abc
<1
(1+a)1+b)(1+c)

3+ab+bc+ca 6

3). (Vasile Cirtoaje) Véi a,b,cla cac so thuc.
Chimg minh rang;

(@ +b* +c*) 2 (a+b+c)ab+be+ca)(a +b +c°).

4) (PTNK - 2021) Véi a,b,c 1a cac s6 thuc duong
thoa man a” +b* + ¢* =3. Ching minh ring:

a” +b" +c" +a"b" +b"c" +c"a" >6,YneN.
5) V&i a,b,cla cac s6 thuc duong thoa min

a’ +b* +¢* =3. Chirg minh rang;

2
" B e (%/a”b"c” ) (a”b" +b"c" +c"a” ] > 6,

VneR,n=2.
6) V&i a,b,c la cac s thuc duong. Chimg minh

rang:

ﬁ:13+bj+f:3 ab+bc+ca:}2
T2z 2 £~
3abc a‘+b" +c

7) (AoPs) Véi a,b,c 1a cac so thuc khdng 4m sao
cho khong co hai s6 nao dong thoi bang 0 va

a+b+c=3. Ching minh rang:

u cl'umg:ce S6 550 (4-2023)

1 ] 1 12

c+a a+b 9-abc

b+c
8) V4i a,,a,,..,a, la cic so khong am cO tong
bang n . Ching minh rang;
2 2 2 g 42
(n-1)af +a, +...+a,)+naa,..a, 2n".
9) V6i a,a,,..,a, (v6i neN,n>4) la cac so

thuc thoa man:

“  n(n-1) 2 2=n’*ﬁ‘(n—1)
;ﬂl_ = va ;a,. (-2

. 2(n—1
Ching minh rang g,a,...a, < ( 2).
n —

10) Véi k>—-1va a,b,c 12 cac s6 thuc khong 4m

va c6 tong bang 3. Ching minh rang:
(3+ka)(3+ kb)(3 + kc) 3

(3-a)(3-b)(3-¢)

3. MOT SO HUONG KHAI THAC BO PE

nﬁn{%(k+3)3,(k+2)z}.

a) Str dung bé dé 1am chit BDT
Véi a,b,c >0 c6 tong bang 3 thi theo hé qua 1,

3t €[0;1] sao cho ab+bc+ca =331
va (1+r)2(1—2r)£abc£(1—1)2(1+2r).

Khi 36 @’ +b° + ¢ —3abc =27¢*. Ta s& chon mot
BDT co ban, chang han:
Véi a,b,cla cac sé thuc khong am sao cho
ab+bc+ca>0 thi:

(a* +b° +c*)(a+b+c)

(ab + bc + m:z)2

=3

) 2
BDT trén duogc viét lai la: SR >3

()

Bay gid ta tién hanh 1am chat, don cir ta thém cho

vé phai mot luvong nhu sau:
61’
7 ia g

(=)

=3+ kt?.

k(a’ +b* +c* —3abe)
(a+b+cf




Téat nhién 14 ta tim & 16n npée dé BDT trén vén
dung. VO1 =0 BDT 13 hién nhién. Véi ¢ e (0;1),

3+6¢

3(«4-—1'1)_(1_.1:?-)2

(1’2—])2 - 1'2 Ek,VIE(U;]).

—

A
ta can.

Cho ¢t — 0" (d6i khi ta tim GTNN cua biéu thirc

ve trai), ta duge k <12. Kidm tra lai BDT trén la
ding xin danh cho ban doc. Vay ta c6 bai toan
sau.

(¢12+.4'_’:i2 +f.'2)(u::.'+.‘T::+:u::)2

12(::*" +b’ +¢’ - 3abc)
(ﬂb+b{.‘+{.‘ﬂ)1 '

(a+b+cf

23+

Nhu véy, ban doc chi can mot BDT don gian cé
thé 1am chit né va thu dugc mot BDT kho hon.
Chéng han nhu:

Véi a,b,c la cdc sé thuc khéng am sao cho khéng
c6 hai sé nao dong thoi bang 0. Chimg minh

rang:

(a+b+c)2 }3_'_3(:13 +b’ + ¢’ —3abc)
ab+bc+ca (a+b+r::)3 '

b) Véi a,b,c >0, chirmmg minh rang:

16(a’ +b° + ¢’ —3ab
IR (U L
a>-b..e (a+b+c)
g o g L SH
3 450 b ek 234_2(& +b +c 33::15)0)-
b+c c+a a+b 2 (a+b+c)
2 2 2
d) + +
a+b b+c c+ta

5 2(J§—1)(a3 +b* +¢* —3abc)

§ (a* +b* +c*)(a+b+c)

a+b+c

24(::13 +b’ +C3) § 168(ab + bc + ca)

©) (a+b)b+c)cta) (a+b+c)
(13\/5 = 29)(::" +b° +¢* —3abc)
> 65+ 3 *
(a+b+c)

Va con rit nhiéu BDPT ciing nhu nhitng kiéu lam
chit khac, ban doc c6 thé kham pha. Luu ¥ ring
cac BDT nhu trén chi mang y nghia thuc sy khi
ban doc da nam dugc cach 1am chiat, mot cach hoc
BDT thay vi gidi tirng bai toan.

b) Tim hiing s6 tot

Song song v&i ¥ tuong lam chit 12 § tudng tim
hing s t6t. Ta dén véi hai thi du sau.

Thi du 10. Voi a,b,c la cac so thuc khong am.
Tim s6 thuc dwong k nho nhat sao cho BPT sau
day la dung:

2 P 2
(l+k).a+;7+c?_\fa +Z TC +k-Yabe.

Loi giai. V6i a=b=c=0 BDT luén dang voi

moi k. Ta chi can xét véi a+b+c>0. Khong
mat tinh tong quat, gia st a+b+c=3. Theo hé
qua 1, 3¢ €[0;1] sao cho ab+bc+ca=3-3t

va (1+1’)2 (1—23)£abc£(1—1)2(1+2r).

BDT duoc viét lai 1a:

k+1>1+2¢ + k3/abc.
Theo b6 dé, diéu kién du cua k dé BDT trén ding

do 1a k£ thoa man:

k+1241+27 +k{/(1—t)2(1+2r).

Vo1 t=0 BDT trén ludén ding véi moi k. Nhu

vdy, dé tim & ta chi cin xét voi 1 e (0;1] Khi do ta

V1422 -1
1=3(1=1) (1 +2¢)

Bing khao sat ham s, ta thu dugc:

can: k>

max \/1+2r2 . =i(7+3\/§).

D<t<l | — d(l - t)l (1 + 2{) 11

Do do, diéu kién dacua kla: k2> 11—1(7 - 3\/5)

S4 550 (4-2023)
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1
T4t nhién, véi & = ﬁ(7 + 3J§) BDT bai to4n s&

ding (vi ta dang c6 diéu kién du) nhung nhu viy
chura cho phép ta tim dugc & thoa man bai toan vi
c6 thé co gia tri k nho hon BPT trén van con
diung (voi mot cach tiép can khac ndo d6). Véi
tinh chit cua bo dé, ta hoan toan c6 thé hy vong
day ciing la diéu kién can. Dé thdy dugc didu do6 ta
hdy dé y ding thirc xdy ra trong diéu kién du.
_183-7
71
Tir d6 ta gidi tim dugc a,b,c xdy ra ding thirc 1a:

(5+3\/_)b— (5+3J_)

Dua vao day ta c6 cach kiém tra diéu kién cin nhu
sau (ddy cling 1a budc thuong thiy trong bai toan
tim hing sb tdt nhung it dugc trinh bay chi tiét vi
sao thay thé boi nhirng gi4 tri dic biét nhu vay).

1 ‘
Thay a:Z(5+3J§),b=c=l, vao BDT dé bai,

Ping thirc xay ra khi va chi khi:

ta thu duoc:

3J23+10J_ 34/3 =13
13433 -6310+ 643

—(’? + 3\/.'_3'-)

N
Nhu vay, didu kién k bén trén ciing la diéu kién

: : 1

cin. Tir d6 ta rat ra duoc két lun k=ﬁ(7+3\6)

la gia tr1 nho nhét can tim.

Nhén xét. Ta c6 thé rat ngin trinh bay bén trén

bang cach trinh bay ngugc cic bude suy ludn. Co

nghia la thay a =%(S +3\/§),b =c=1,dé cb diéu

kién can 1a & }ﬁ('? +3J_) Sau d6 sir dung bd

P 1 a
dé dé kiém tra voi =ﬁ(7+3J§) BPT vin

TOAN HOC
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ding. Lam nhu vay chi lam ngén ngon vé mit
trinh bay nhung khéng thé hién hét ¢ tudng ciing
nhu cach tim ra vi tri thé a,b,c hop 1y.
Tiép theo ta quay lai BDT trong dé chon déi cua
tinh Kién Giang.
Via’+b*+c’ =1 nén

3abc(a+b+c)<1.

Cau hoi ty nhién dugc dit ra 1a: S6 thyc k nhod
nhat dé BDT sau luén dang 1a bao nhiéu?

k —5(ab+bc+ca)+3(5—-k)abc(a+b+c)20.
Thi du 11 (Lam chat de Kién Giang) Vdi a,b,c

thwc khong am thoa man

Tim s6 thuc k nho nhat dé BBT

la cac so

2 . P
a +b +c =1.
sau luon dung:

k—5(ab+bc+ca)+3(5-k)abc(a+b+c)=0.
Léi gigi. Thuan nhat héa BDT nhu sau:
Jc(.r:2 +b* + ¢ )2 —5(ab+bc+£‘a)(az +b? +cz)
+3(a+b+c)(5-k)abc=0 (*).

Chuan héa a+b+c=3 nhu vi du bén trén. Ap
dung h¢ qua 1, BDT dugc viét lai la:

k(3+62) —5(3-3¢2)(3+66*)+9(5—k)abc = 0 (**).

V61 t=0 ta dugc a=b=c=1, BDT (**¥) dung

voi moi k. Do d6 ta chi can tim & dé BDT (**)

ding voi1 £ (U;l] ;

BDT (**) dugc viét lai 1a

—~45abc + 5(3 ~ 3¢ )(3 + 61‘3)
“9abc+(3+62)

k>

—45x + 5(3-—3:2)(3+6r2)

Vi ham s0 f(x)=
—9x +(3+6¢° )z

la

ham giam trén khoang (—m; l) va

{abe,(1+1)" (1-21),0} < (~oc;1)



ta c0 hai trudng hop sau:

1 —45ab.:+5(3-3ﬁ)(3+6ﬁ)

e VO1 t 2 — thi
2 —9abc + (3 + 6t° )2
{5(3—3:2)(34.6:1)_5(3—3:2)
[ (3+6r’)2 3468

Tim GTLN biéu thirc vé phai ta dugc:
—45 — 3¢ -
abe +5(3-3¢)(3+67%) ; 5(3-3¢) o
—9abc + (3 + 61 )2 3+6t° 2

8 by B ~45abc +5(3 -3 )(3+61*)
= -9abc+(3+6t )1

~45(1+1)" (1-2)+5(3-37)(3+6¢7)
~9(1+1) (1-2)+(3+612)

<

3 10(—£* +1+2)
45 L+
Tim GTLN biéu thirc vé phai ta dugc:
~45abc +5(3-31")(3+6¢°)

—9abc +(3+61%)

il(}(—tz +r+2)£ﬂ

4> +2t +7 3
(d3ng thirc cua danh gia cudi dat duogc khi va chi

5
khi f=3\€ ). Tir @6 suy ra k}T\/_ thi BDT
3
s€ ludén dung: -5—3\/: —5(ab + bc + ca) +

+3{5 —iJabC(a +b+c)20.

Twong tu nhu vi du trude do, ta s€ chimg minh

5\/3

k>2Y2 ciing la diéu kién can dé BDT dé bai
3

SR ai aior ahd
luén dung (va nhu vay k = 53 la gia tri nhé nhat

can tim). Ta xét a=\3-1Lb=c=1 thay vao

(*), ta dugc:

_6(4J§_7)k—70\f§+1203}0@k?i

Vay k 2 %5- a diéu kién can va du dé BDT dé

5v3
bai ludén dang. Hay noi cach khac k = TJ— la gia

trj nho nhat can tim.

Mot s6 bai toan tuong tu:

Véi a,b,c la cac so thuc khong am sao cho khong
¢6 hai s6 nao dong thoi bang 0 .

1) Tim 56 thuc duong k lom nhat sao cho BPT sau
day la dung:

a* +b* +c* +kmz(k+l)a+§+c.

\ 3
J6

Goiy: k.. =—-1.
O1Y: Ko 5

2) Tim s6 thuc duwong k lom nhat sao cho BPT sau

day la dung:
a+b’ +c’ k(ab+bc+ca) §+£
(a+b)(b+c)(c+a) (a+b+c)* 8 3
9(3+2v3)
Goiy: k_ = .
8
3) Tim sé thuc duwong k nho nhat sao cho BPT
sau day la dung:
8abc k(a +b+c) .k
(ﬂ+b)(b+ff)(c+a) (@a+b+c) el
27
G kv
i y: 8
4) Tim s6 thuc duong k lon nhat sao cho BDT
sau day la dung:
a’ +b* + ¢’

+k2>— (1+k)( + 2 . oo ]

ab+ bc + ca b+c c+a a+b

Goiy:. k_, =—.

01 y 5
5) Tim s6 thuc k lém nhdt sao cho BPT sau ddy
la dung:

TOAN HOC
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8kabc

et Db eclerd)

\/az 24 4 6 q
ab + bc + ca
Goiy: k.. =~2-1.

¢) Séng tao bit diing thirc

Sang tac mot BDT s& c6 rat nhiéu con dudng khac
nhau. Trong muc nay ta sé sang tac BDT (chat
nhat c6 thé) ttr mot BDT co trudc va cong cu ho
trg chinh 1a bd dé ta dang c6. Ta xét don cir bai

toan sau.

Thi du 12 (Chon d¢i du thi VMO tinh Binh
Dwong nam 2021). Voi a,b,c>0 thoa man

a’+b° +c¢* =3. Tim so thuc k lén nhat sao cho
BDT sau day luon dung:
a+b+c'+k(l—abc)£3.

3(3-6)

Sir dung b6 dé, ta tim dugc k= i

Bai toan c6 cach phat biéu don gian nhung giai nd

s& mat mot it thoi gian (chu yéu danh cho tinh
toan — mot dic trung cho bai toan). Tir gia thiét
bai toan ta suy ra: 3abc <3Jabc <a+b+c<3.

Pay 14 co so dé ta sang tac cac BDT bén dudi.

e Trudc tién 1a hoan d6i a + b + ¢ <> abc trong dé

toan. Ta c6 bai toan sau:

Véi a,b,c>0 théa man a* +b* +c* =3. Tim s6

thue k Iém nhat sao cho BPT sau day luén dung:
abc+k(3-a-b—-c)<l.

3+«/§

6
e Hoin d6i abc <> 4/abc;(k =2,3) trong dé toan.

Goiy. k_. =

Ta co6 bai toan sau:
,o * -~ 2 2 2 _3 T" ' 4
Voi a,b,c >0 thoa man a“+b" +c¢” =3. 1im 50

thuc k lon nhat sao cho BPT sau day luon dung:

a+b+c+k(l—@)£3-

TOAN H
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Goiy:. k_., =3— J6.
a+b+c+k(l—{/a_br;)£3.
Goiy. k. =3- J6.
e Pio dai lugng lon-nho lai voi nhau, ta dugce bai
toan sau:
Véi a,b,c>0 thoa man a* +b° +c* =3. Tim so

thuc k nho nhdt sao cho BPT sau day luén ding:
3£a+b+c+k(l —abc)

Goiy. k_._ =2.
e So sanh hai dai lugng ldn-nho ciing 1a mot y
thudng khai théc:
Véi a,b,c>0 théa man a* +b> +c* =3. Tim s6
thuc k lén nhat sao cho BDT sau day luén ding:

k[3—(a+b+c)]£l—abc.

3+J§

6

Goiy: k__ =

k[3—(a+b+c):|£1—m.

i 3-3
Goiy: kyw =

2
e Cudi cung, ghép mot cach “co hoc”. DPay cting
la cach ma mot 6 BDT dugc sang tac. Ta co bai
toan sau:
Voi a,b,c>0 thoa man a* +b* +c¢* =3. Tim s6

thuc k 16m nhat sao cho BPT sau day luon dung:
k[3—(a +b+c)]

<(1-abc) +(1-abe) +(1-Yabe).

Loi ket. Trén 1a nhitng tmg dung cho bé dé chin
tich. Vi truong hop nhiéu hon 3 bién danh gla cua
bo dé cho tich cac chua hin 1a chat va tdt nhat.
R4t mong nhan dugc nhirng danh gia chat va tot

hon tir ban doc.



TIENG ANH QUA CAC BAI TOAN
BAI SO 91

PROBLEM. 7he graph below shows Marilyn's

distance from her campsite during a 3 - hour hike.
She stopped for 30 minutes during her hike to
have lunch. Based on the graph, which of the
following is closest to the time she finished lunch

and continued her hike

A. 12:40 pm B.1:10 pm
C. 1:40pm D. 2 :00 pm
Marilyn’s Hike

20
g9
& = 1.5
$e 10
5 g 0.5'

0
12:00 M. 1:00 M. 2:00 M. 3:00 pm.

Remark: This problem is collected from a SAT

practice test.

Solution: Part of the graph is of the form a
horizontal line-segment. This part shows that the
distance from the campsite does not change and
this corresponds to the period when Marily had

lunch. We can see that she finished her lunch and

continued her hike at about 1:40 pm.

TU VUNG
distance - khoang cach
horizontal © ndm ngang

line-segment . doan thang

Translated by NGUYEN PHU HOANG LAN

(College of Science—Vietnam National University, Hanoi)
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BAI DICH SO 89

BAI TOAN. Chirng minh rang (2")! chia heét
cho 2% véi moi s6 nguyén duong n.

Léi gigi. Taco 2™~ =2" x 2" 'va(2")! =1
%D o = L) X 2" Do d6 ta chi can
chimg minh 1 x 2 x... x (2" = 1) chia hét cho
2P

Nhung vdi moi s6 nguyén duong n, ta co
-1 < 9n _1. N6i cach khac 2" ' phai xuat hién

’ " # 4 . s K
& vi tri nao do trong tich cua cac so lién tiep

1 x 2 x... x (2" =1). Nhu vay (1) dugc ching
minh.

Nhén xét. Cac ban Nguyén Quoc Hoang Anbh,
8A, THCS Ly Nhat Quang, P6 Luong, Nghé
An; Tran Thi Thanh Thw, 12 Toan 1, THPT
chuyén Quoc hoc Hué, TP. Hué, Thira Thién
Hué; Nguyén Hung Cuong, xa Nhon My, TX.
An Nhon, Binh Dinh c6 bai dich tét, giri bai vé

Toa soan sém. Xin hoan nghénh tat ca cac ban.

HO HAI (Ha Noi)




BAI TOAN 70. Cho cac sé thue dwong a, b, ¢

théa man ab+ bc +ca =2022. Chimg minh rang

Ja? +2022 +Vb* +2022 + 2 +2022

Jab4 Jbo N ea i

Loi giai. Cach 1. Su dung BDT Cauchy, ta c6:
b+c>2bc Sa+b+e>a+2Ube

< ala+b+c)>a’ +2abe
& a’+ab+ac+be>a® +2abe + be
& a® +2022 > (a+bc)
< a? +2022 > a+be.
Tuong tu ta co:
Jb* +2022 > b +ea;
Je? +2022 > c+ab .

Cong cac BDT theo vé ta dugc:
Va? +2022 +Vb? + 2022 ++/c? +2022

aa+b+c+JEE+JE+JE.

Mat khac ta luon co :

a+b+c£@+\/§+&

suy ra:

Va? +2022 +Vb? + 2022 +Jc? +2022
> Z(JE +~Jbe + JE)

Ja? +2022 +/b* +2022 ++/c? +2022

Jab ++/bc +ca

(dpcm). Ping thirc xay ra khi a =b=c =/674.

22

hay

Cach 2. St dung BDT Cauchy, ta co:

2022 \/ ab + bc + ca
=-Jﬂ* a +
a

Na? +2022 =Ja.la+

a

44 T?'j-'r“u;',gce S8 550 (4-2023)

—JE\/g+b+g+ }\/—JE?*!-C-J—Z\/EC.
Suy ra: va® +2022 > Ja(\Jb + o).

Tuong tu ta co:

Jb* +2022 > Jb(Jc +Va);
Je? +2022 > Je(Ja +b).
Cong cac BDT theo vé ta dugc:
Ja? +2022 +Vb? +2022 +Jc* +2022
> 2(JJab ++/bc +ca)

” Ja? +2022 +Vb? +2022 +Jc? +2022

Jab +bc ++ca

Cach 3. Ta co:
Ja? +2022 =/a* + ab+ac +bc = [(a+b)(a +c).

>2.

Tuong tu:

Vb +2022 = /(b +c)(b + a);

Vet +2022 = [/(c +a)(c +b).
Theo BDT Bunyakovsky ta co:
(@a++bc) =(NaNa +bAlc) <(a+b)a+c)
&> J(ﬂ+b)(ﬂ+£) > a +/be.

Tuong tu:

JB+c)b+a)>b+-Jea:

Jc+a)c+b)>c++Jab.
Cong cic BDT trén theo vé va sir dung BPT

a+b+c}\f_+x/_c+\/c_a ta duoc:

Va? +2022 +/b? +2022 + Ve + 2022

2.2,
Vab +/bc +ca

Cich 4. Ap dung BDT Minkovsky ta c6:
va® +2022 +vb* +2022 + e + 2022
> \(a+b+c) + (2022 +v2022 + V2022 ).

Ta ludn co:

(a+b+c)’ >3(ab+bc +ca) =3.2022;

Vab +/bc +Jca < \[3(ab + be + ca) =/3.2023.



Do d6: A B B L L a2
\/ 2 VP =2 tana-tm]-i-l- tﬂﬂ—z*tﬂﬂ-z"i' taﬂEtﬂﬂ'E
a” +2022 +/b* + 2022 + Jc? + 2022

Jab + Jbe A
C+JC—H S2.J3[tan-dtan-3—+tan£tan—c-+tan—tana-)
_ V32022 +9.2022 2 2 2 2 2
o V3.2022 <23,
ha Va® +2022 +b? +2022 +V/c? +2022 v 1 L%, o
ay 22, Wis——g " C
\/_+\/E+\/_ cosE cnsE cos—z—
Cach 5. Phtrﬂngphap Iugng g;ﬂrc_
Tt gia thiet ab+ bc + ca=2022 suy ra. > 9 Jtanitan-ﬁi +\/tan£mn£ +\/tan£mn£ :
i B b ; s " 2 2 2 2 Dty
- + ; ; —% & v ?
V20222022 " 2022 V2022 2022 V2022 MAI VAN NAM
Do d6 ton tai tam giac ABC c6 cac gﬁc thoa mén (GV THCS Khénh Hong, Yén Khanh, Ninh Binhn)
tani ., , tan B Nhgn xét. Ban Duong Gia Huan, 10B2, TH,
2 V2022 2022 THCS&THPT Lé Thénh Tong, TP. HY Chi Minh
va tang dong gop 1 cach giai tuong tu nhu cach 3; ban Ha
2022

Phuong Anh, 9A, THCS Nguyén Quang Bich, Tam

Khi d6 bai toan dua vé: Nong, Phit Tho dong gép 3 cach giai twong tir cach

Ch t . ’ , - i
o tam giac ABC. Chung minh rang 1, cach 2, cach 3; ban Nguyén Hung Cuong, xi

\]l+tan 2.4 +\/1+tan 2 +J +tan1£ Nhon M§, TX. An Nhon, Binh Dinh dong gép 3
22()-  Cach giai twong tw cach 1, cich 2, cich 3; ban
\/tan tan \/tan tan—-+‘jtan—tan— ~ . ) A .
Nguyén Van Canh, GV THCS Long Hau, Can
That vay, ta co: Giudc, Long An dong gop 2 cach giai: cach 1 nhu
;f " o i1 IB % IC cach 4 cua ban Mai Van Nam trong bai viét trén,
! il A cos > cos cich 2 st dung BDT Jensen cho ham 161
' 2
T o B C AT f(x)=Vx*+2022 trén (0; +x) két hop véi BDT
: > 2 \jtan—-tan—-+ tan — tan— + , [tan — tan — ,
2 @ 2 2 2 2 Bunyakovsky. Xin hoan nghénh tat ca céc ban.
Su dung két qua quen thugc: LE MAI (Ha Néi)
A B _.C_ 33 3 ,
cos= Hogs: TeOsS o Moi cac ban guri 101 giai BAI TOAN 72 dudi day ve
| | 1 Toa soan Tap chi TH&TT trudc ngay 31.5.2023.
taco: VT = ot 3 i C } :
cosé COS— - CO8— BAI TOAN 72. Cho tam gidc ABC. Goi D la
2 2 2 trung diém cua AB, E la diém thuoc canh AC sao
> v 98 = cho EA = 2EC. Goi F la giao diém cua DE va
CUS_?‘: % CGSE + CDSE BC. Chitng minh rang CF = CB.
9 TRINH VAN CANH
& i 2\[5 x £
343 (GV THCS va THPT Nguyén Khuyen,
2 TP. Thu Dau Mét, Binh Duong)
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{fw’ +x+y + 2’ 5!=Jw2 +x2+y2+zz.

Ta c6 diéu phai chirg minh.

Nhdn xét. Ban Pao Van Nam, GV THPT Phuong
Nam, Pinh Coéng, Ha N@i ciing c6 101 giai tuong ty
l&i giai trén. Ban Nguyén Hung Cuong, xi Nhon
M$, TX. An Nhon, Binh DPinh va ban Nguyén Vin

BAI TOAN 79 (WMSETS, 2000-2001). Ching Canh, GV THCS Long Hau, Can Giudc, Long An
cO nhan xét:

Do {w+x+y +2 <l +x +Dof +|f

, o i vi W+t + P+ <+ 1+ +

s sws 2 S VEL MY 2 -2~--t - .
Lot 3‘“_" bat 1= \(WZ +X +y + 2%, nén chi can chirng minh bai toan cho truong hop cac
s& w, x, y, z khong am. Khi d6 hai vé bat dang thirc
khong 4m nén liiy thira 6 hai vé, ta can chimg minh
w=x=y=z=0 va bat ding thic hién nhién bat ding thirc tuong duong:
Glng ™, T " W+ +y +22)Y <(wW+x*+y° +2°) (3).
Xett>0. Taco: | | |

minh r&'ng vm moi SO thue w, x, y, z ta ¢o

¥ o
{/w3+x +y +2 "_~'1.\fv.»’1+.:«:'z+y1 +2°.

X : ' ' |
Néus=0thi w*+x* + )’ +2* =0, suy ra:

| . - Pén day khai trién hai vé cua (3) va sir dung bat
[ETJ{E):GT +[5_T B ding thitc a® +b> > 2ab ciing din dén bt ding thirc

(3) dung, suy ra bat dang thirc can chirng minh dung.
Suy ra: | £ Xin hoan nghénh cac ban.

-E.z 'Ez Zziz
(t) ) (rj ] (1‘) =1 [e‘] <1 (D).

Nhén xét: Néu a la s6 thuc thoa man a” < 1 thi ta
luén c6: @’ <a* (2). That vay:

Q)= a’*(a-1)<0(3).

Do a* >0, a — 1 <0nén (3) ding. Vay (2) ding.

Do (1) nén %51,?51,%’-51,%1. Ap dung (2)

()66
(3 () )

Vit>0nén w' +x*+y*+2° <¢, suyra:

ta co:
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GIAI PAP: LOI GIAI CO PUNG KHONG?
(Pé ding trén TH&TT sé 546, thang 12 nam 2022)

Phdn tich sai lam. Loi giai trén 1a khong ding &
budc:
Va theo cach dat thi

ﬂ:\/(x_l)zﬂ =Y -—l=(x—1)2,
cho nén ta duwoc x—1=+q* 1.

x—1=+a®-1
_x—l=—-\é'a1——1‘

Loi gidgi dung. Ta bién dbi PT di cho nhur sau:
5x* —10x = 4(x —1)Vx* = 2x +2

L€ rafu nflz-—lz(,nr:—l)2 =

<:>4(x2 —2x+2)—4(x—-1]\/f —2x+2 -I-(.:ln:-l)2 =0,

2 .
Do 46 ta dugc: (2vx* —2x+2 —(x-1)) =9.

23 —2x+2—(x=1)=3

Suy ra: :
2V —2x+2 —(x—1)=-3

TH1: 24x* —2x+2—(x-1)=3
(x>-2

L4(x1 —2x+2)=(x+ 2)1 |

<:>2sz —2x4+2=x+2>4

Khi d6: 4(x* —2x+2)=(x+2)

6 E0.6
o

& 3x2 -12x+4=0x=
So véi diéu kién ta nhan ca hai nghiém trén.
TH2: 24x* —2x+2—(x-1)=-3
(x >4

4(x* —2x+2)=(x-4)".

Wt —2x+2=x-4 &

Ta co: 4(1’1 —2.:|::+2)=(Jl:—'4)2 < 3x*-8=0.

Phuong trinh trén c6 cac nghi¢ém déu nho hon 4

nén ta khong nhan cac nghiém nay.

Két ludn: Phuong trinh c6 nghiém x =

6+ 26
T

Nhgn xét. Ban Nguyén Hing Cuwong, xa Nhon My,
TX. An Nhon, Binh Dinh da phat hién dugc sai lam va
dwra ra 10 giai dang. Xin hoan nghénh ban.

KIHIVI

Bai toan. Dgi thanh nién tinh nguyén cua mot
truong THPT gom 15 hoc sinh, trong do6 c6 2 hoc
sinh khdi 12, 7 hoc sinh khoi 11 va 6 hoc sinh khoi
10. Chon ngdu nhién 6 hoc sinh tham gia mot
hoat dong tinh nguyén. Tinh xac suat dé chon
duoc 6 hoc sinh c6 du hoc sinh ca ba khoi.

M@t hoc sinh c6 loi giai nhu sau:
S cach chon 6 hoc sinh tir 15 hoc sinh la:
€ =5005.
S phan tir khong gian mau la n(€2) = 5005.
Goi A 1a bién ¢b “ Chon dugc 6 hoc sinh c6 du ca
ba khéi”. Khi d6 A4 14 bién cb “ Chon duoc 6 hoc
sinh khong du ba khoi”.
Xét s6 cach chon cua bién ¢ A:
TH1: 6 hoc sinh thudc cung mot khoi.
6 hoc sinh cung thudc khéi 10: Co Ci=1r(cach
chon); 6 hoc sinh cung thudc khoi 11: Cé C.f =7
(cach chon ). Truong hop nay c6 8 cach chon.
TFIZ: 6 hoc sinh thudc hai khoi.
S6 cach chon dugc 6 hoc sinh thudc khoi 12 va
khoi 11 1a C?; S cach chon dugec 6 hoc sinh
thuoc khoi 12 va khdi 10 1a C¢;Sé cach chon
dugc 6 hoc sinh thudc khéi 11 va khéi 10 1a CJ,.
Khi d6 sb phan tir cia 4 la:
n(A)=8+C¢ + C® + C5 =1836,
1836

Do d6 P(E) = 5005 Vay xac suét can tim 1a:

P(4)=1- P(d)—1_ 1836 _3169

5005 5005

Theo ban két qua trén dung hay sai?
NGUYEN THANH GIANG
(GV THPT chuyén Hung Yeén)

TOAN HOC
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XUAT BAN TU 1964

r n" D
Tap chi TOAN HOC va TUOI TRE shssoaan

DT Bién 1ap: 024.35121607,

Mll“l&lllﬂﬁts Illld YOl,lﬂl Mug(ﬂine BT Phat hanh: 024.35142649, 024.35682701

Email: toanhoctuoitrevietnam@gmail.com

BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
GS. TSKH. TRAN VAN NHUNG Téng Gidm d6c NXBGD Viét Nam
TS. NGUYEN VAN VONG HOANG LE BACH
GS. POAN QUYNH Téng Bién tap NXBGD Viét Nam
PGS.TS. TRAN VAN HAO PHAM VINH THAI
Vién truéng Vién nghién cu Sich va HLGD
PHAN XUAN THANH

HOI PONG BIEN TAP

Tong bién tap : TS. TRAN HUU NAM Phé téng bién tip : CN. TRAN THI KIM CUONG
Thu ki Toa soan : ThS. HO QUANG VINH 7S. LE HONG MAI

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, 7S. NGUYEN MINH DUC, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAI, PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGQC, PGS. TS. TA DUY PHUOUNG,
ThS. NGUYEN THE THACH, GS. TSKH. DPANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU KIM THUY, PGS.TS. VU
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY
o Danh cho Trung hoc Co s¢ @ Pé ra ky nay
For Lower Secondary School T1/550, ..., T12/550, L1/550, L2/550.
Vieong Dirc Thugn — Ung dung tir mot dang @ Problem in This Issue
thirc quen thudc trong cac de thi vao 16p 10,

€& Giii bai ki truée
T1/546, ..., T12/546, L1/546, L2/546.

Solutions to Previous Problems

THPT chuyén.

© 1uong din gidi dé thi tuyén sinh vao 16p 10
THPT chuyén tinh Hung Yén, ndm hoc 2022 -
2023. @ Phwong phap gidi toan

Nguygn Tuan Anh — B dé chin tich cho nhiéu

o Pé thi chon hoc sinh gioi 16p 9 tinh Quang

Ngdi, nam hoc 2022 - 2023. DIER:S0.
o Dién dan day hoc todn @ Tiéng Anh qua céc bai toin — Bai s 91 — Bai
Vii Thi Thiy, Pham Trung Kién — Huong dan dich s 89.

hoc sinh 16p 9 giai mot s6 dang toan thuc té
trong dé thi vao l6p 10 THPT (ki 2).

@ Lich sir toan hoc

@ nnitu cach gidi cho mot bai toan — Giai bai
toan 70 — P& bai toan 72.

Nguyén Thuy Thanh — Democritus va “Nguyén @ Du lich thé gidi qua cac bai toian hay — Giai
4" hinh hoc. bai toan 79. D& bai todn 81. |
@ Ban dgc tim toi
Nguyén Pinh Ha Dwong, Vii Hoang Thién An — @ Sai lam & dau?
Mot két qua dep vé tim dudng tron Euler trong
tam giac.
Bién tdp: LE MAL NHU HOANG Mi thudt: QUOC HIEP, THANH LONG

Tri s, phdt hanh: HOANG THI KIM PHUGNG, TRAN TH] MINH HIEN Thiét ké, ché bdn: MINH HOA




(T4i ban 1&n the hai) Cla tac gia NGND. VU HO'U BINH
Sach day 224 trang, khé 17 x 24 cm, gia bia 42.000 dong
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0i dung cua sach trinh bay

cac phuong phap giai phuong

trinh véi nghiém nguyén, vén

ot dé tai ly thu clia S6 hoc va Dai so,

tr cac hoc sinh nho v6i nhimg bai toan

nhu Tram trdu trdm co dén cac chuyén

gia toan hoc voi nhimg bai toan nhu dinh
li Ion Fermat.

Sach gom 5 chuong:

Chuong | gidi thiéu cac phuong phap
thuong dung dé giai phuong trinh nghiem
nguyen.

Chuong |1 gi6i thiéu nhing phuong trinh
nghiém nquyén duoc sap xép theo timg ngay.
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Chuong Il giéi thiéu nhing bai toan dua
vé giai phuong trinh nghiém nguyen,
trong d6 c6 nhing bai toan vui, bai toan
thuc té.

Chuong IV gi6i thieu mét s6 phuong
trinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell, Pythagore, Fermat,
Diophante, ...

Chuong V gi6i thiéu nhing phuong trinh
nghiém nguyén chua dugc giai quyét va
nhing budc tién clia Toan hoc dé giai
nhimg phuong trinh nghiém nguyen,
trong d6 co nhiing déng goép cua Andrew
Wiles chimg minh dinh Iy lon Fermat va
Giao su Ngé Bdo Chéu chimg minh Bo
dé co ban trong Chuong trinh Langlands.
Phuong trinh nghiém nguyén co so
phuong trinh it hon s6 an nén doi hoi
sang tao, vi thé phuong trinh nghiém
nguyén thuong co mat trong cac dé thi
hoc sinh gioi tir bac tiéu hoc, trung hoc co
s dén trung hoc pho thong. Cudn sach
danh mot phan thich dang néu nhimg
kinh nghiém giai toan vé phuong trinh
nghiém nguyén nhu cach phan tich bai
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to4n, cach suy luan dé tim huéng giai,

cach phan chia bai toan thanh nhimg bai
todan nho dé gidi quyét hon, cach “dua

kho vé dé, dua la vé querT, cach lién hé
tinh huéng dang giai quyét v6i nhimg van
dé méi, cach chon hudng di phu hop véi
timg bai toan dat ra ...tat ca nhimg diéu
d6 déu la nhimg ki nang ma moi nguoi
can c6 trong hoc tap, trong nghién ctu va
trong cudc sdng.

Véi nhimg cau tho & dau moi chuong, voi
cach trinh bay rd rang, dé hiéu, tuoi mat,
v6i nhimg thdng tin cap nhat, véi nhimg
kinh nghiém thuc té trong boi duong hoc
sinh gioi va viét sach, tac gia cudn sach,
NGND Vi Hiu Binh sé dem dén cho ban
doc nhimg kién thic hé théng va nhimg
kinh nghiém giai toan gitp giai quyét mét
loai toan kho & bac phd thong.

Tin rang cudn sach khdng chi hiu ich
cho hoc sinh va thay c6 gido, ma con la
tai liéu tham khao tét cho sinh vién va
giang vién cac truong Pai hoc va Cao
dang nganh Toan, clng cac phu huynh
CO nguyén vong giup con em minh hoc
Toan t6t hon.
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IS. Phcm? I HH"; That,
TBT NXBGDVN phat biéu tai buoi lé

T6éi ngay 31/3, Lé ra mit chuong
trinh truyén hinh “Chao Tiéng Viét”

=

va phat dong cudc thi “Tim kiém St

gia tieng Viét ¢’ nuwdc ngoai nam 2023~
da duorc to chire tai Ha Noi.

L& ra mat chuong trinh truyén hinh
“Chao Tiéng Viét” va phat dong cudc
thi “Tim kiém St gia tiéng Viét & nudc
ngoal nam 2023 la su kién do Nha xuat
ban Giao duc Viét Nam (NXBGDVN)
phoi hop véi Uy ban Nha nudc vé nguoi
Viét Nam o nudc ngoai (NVNONN) —
Bo Ngoai giao va Ban Truyén hinh Do
ngoai — Dai Truyén hinh Viét Nam to
chuc.

Tham du chuong trinh c6 éng Mai Phan
Diing. F'h{f:u Chu nhiém Uy ban Nha
nuoc vé NVNONN: ba Tao Thi Thanh
Xudn, Truéng Ban Truyén hinh Poi
ngoai — Dai Truyén hinh Viét Nam: fm
Dinh Hoang Linh, Vu tru'{mg VpT

o

tin = Van hud Uy b \ha nude

.....
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Day va hoc Tiéng Viét cho céc thé hé
ngudi Viét Nam ¢ nude ngoai la mot
van dé duge Pang va Nha nudce dac biét
quan tdm. Véi vai tro 1a don vi t6 chtre :
bién soan, bién tap, in, phat hanh sach *
gido khoa va cac an pham gido duc phuc !
vu nghién ciru, giang day, hoc tap cua |
cac nganh hoc, bac hoc, NXBGDV N da
td chirc bién soan va xuat ban b sach
“Chao Tiéng Viét” v&i mong muon cung
¢ va phat trién ngon ngir, ban *-.E:H,' van
hoa dan tgc Viét Nam; khoi day va phat
huy tinh than huéng ve qué huong, dat
nude: gop phan quang ba tieng Viét va
van hoa Viét Nam & nudc ngoai. Vi
tuyén nhan vit va cot truyén dugc xay *
dung theo phong cach hién dai. “Chao’ -:-_:-f
Tiéng Viét” hi vong co thé tao suw ich
thu cho tré em hoe tteng Viét trér
thé gidi. ¢

L& ra mit Chuong trinh truyén hinh
“Chao Tiéng Viét”

Chuong trinh_,nhfnn trién khai thue hién
Pé an “Ngay Ton vinh tiéng Viét trong
cong ddong NVNONN giai doan 2023-
2030" va Ké hoach Ngay Té6n vinh tiéng
Viét nam 2023 duogc Thu tuéong Chinh
phu phé duyét, véi nhitng noi dung hira
hen sé dong gop tich cuc trong viéc
gitr gin va lan toa tiéng Viét trong.-cong
dong NVNON®, dong thoi ho trg nang
cao hiéu qua day va hoc tiéng Viét cho
NVNONN.

Pac biét, nam 2023, NXBGDVN dﬂ
phoi hop véi Ban Iruyen hinh dm ngog |
VTV4 — Dai Truyén hinh Vlf;t 'Z_'.
khai chuong trinh day tiéng \" 6t
em Viét Nam & mmrc ngﬂ&l |
sach * Chaﬂ TlEI‘l t” dﬂ
bién u- 1 n 'Z:_-'~. ".':";'__,'-:j"'
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