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6i dung cua sach trinh bay
cac phuong phap giai phuong
trinh v6i nghiém nguyén, von
6t dé tai ly tha clia S6 hoc va Pai s6,
tir cac hoc sinh nhé véi nhimg bai toan
nhu Trdm tru trdm co dén cac chuyén
gia toan hoc véi nhimg bai toan nhu dinh
Ii Ion Fermat.
Séch gom 5 chuong:
Chuong | gi6i thiéu cac phuong phap
thuong dung dé giai phuong trinh nghiem
nguyén.
Chuong |l giéi thiéu nhimg phuong trinh
nghiém nguyén dugc sap xép theo ting ngay.

RINH/NGHIEMNGUY

(Tai ban Ian the hai) Cua tac gid NGND. VU HUU Bl
Sach day 224 trang, khé 17 x 24 cm, gia bia 42.000 déng

Chuong IIl giéi thiéu nhimg bai toan dua
vé giai phuong trinh nghiém nguyen,
trong d6 c6 nhing bai toan vui, bai toan
thue té.

Chuong IV gi6i thiéu mot s6 phuong
trinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell, Pythagore, Fermat,
Diophante, ...

Chuong V giéi thiéu nhimg phuong trinh
nghiém nguyén chua duoc giai quyét va
nhing budc tién cla Toan hoc dé giai
nhing phuong trinh nghiém nguyén,
trong d6 c6 nhimg dong gop cua Andrew
Wiles chimg minh dinh ly l6n Fermat va
Gido su Ng6 Bdo Chau ching minh B6
dé co ban trong Chuong trinh Langlands.
Phuong trinh nghiém nguyén c6 so
phuong trinh it hon s6 4n nén doi héi
nguoi giai toan phai van dung kién thuc
sang tao, vi thé phuong trinh nghiém
nguyén thuong c6 mat trong cac dé thi
hoc sinh giéi tir bac tiéu hoc, trung hoc co
so dén trung hoc phd thong. Cudn sach
danh mét phan thich dang néu nhimg
kinh nghiém gidi toan vé phuong trinh
nghiém nguyén nhu cach phan tich bai
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to4n, cach suy luan d@é tim huéng giai,
céch phan chia bai toan thanh nhing bai
todn nho dé giai quyét hon, cach “dua
khé vé dé, dua la vé quer, cach lién he
tinh huéng dang giai quyét voi nhing van
dé méi, cach chon huéng di phu hop VO
timg bai toan dét ra ...tat ca nhing diéu
d6 déu la nhimg ki ndng ma moéi nguoi
cén c6 trong hoc tap, trong nghién cu va
trong cudc song.

V6i nhimg cau tho & dau méi chuong, Voi
cach trinh bay ro rang, dé hiéu, tuoi mat,
v6i nhing théng tin cap nhat, voi nhing
kinh nghiém thyc té trong boi duong hoc
sinh gioi va viét sach, tac gia cudn sach,
NGND Vi Hiu Binh sé dem dén cho ban
doc nhing kién thic hé thong va nhing
kinh nghiém giai toan giup giai quyét mot
loai toan kho & bac phé théng.

Tin réng cudn sach khong chi hiu ich
cho hoc sinh va thay co giao, ma con la
tai liéu tham khao t6t cho sinh vién va
giang vién cac truong Pai hoc va Cao
dang nganh Toan, cung cac phu huynh
c6 nguyén vong gitip con em minh hoc
Toan tét hon.




- 7 A : ‘;%T’
M { x ””Hf&z ﬁmgg IR
TH HU g n‘i Ci 11& i.élé‘a: S{ iag !iali»
!g AN DI PIA mARR
!é Vi hi 2&5%%0 Uiiil suin‘{
vU HU'U CHIN
o ‘ (GV THCS Héng Bang, TP. Hai Phéng)
TRUNG HOC COSNG i
Bai viét nay gidi thiéu vai ban doc mot $bai Do d6 chi so tan cung cua SO

toan vé tim cc chir s6 cudi cing cua mot s6 tu
nhién va van dung dé giai mot s6 bai toan khac.
Dé bat dau, trude tién chung ta nhac lai mot sO
tinh chat vé dong du.
1. Véi a,b,c,d,meN’, néu a=h(modm) va
c=d(modm) thi: a+c=b+d(modm);
a—-c=b-d(modm); ac=bd(modm).
2.V6&i a,b,m,ne N, néu a=b(modm) thi
a" =b" (modm).
3.Vdi k,ne N, taco:
+1* =1(mod10) ;5" =5(mod10); 6 =6(mod10);
+ 3% =9% =1(mod10) ; 7* =1(mod10) ;
2% = 4% = 6(mod10);
+ n* En(modIO).
4. Tich ciia 2 s tu nhién lién tiép chi c6 tin cing
la: 0; 2; 6.
5. Sé chinh phuong c6 tin cung 1a: 0; 1;4; 5; 6; 9.
DANG 1. TIM CHU
TU NHIEN

SO TAN CUNG CUA SO

Bai 1.1. a) Tim chit 56 cudi ciing cia 50

- | L
A=13" 416" + 2009
b) Tim chit \uruwuwwuw 6)
B =12 422 4 3 4 420217 +2022°

Léi gidgi. a) Tacé 13* =1 (mod 10). Do d6
13 =13*"" =13*’.13=1.13 (mod 10)
= 13" =3 (mod 10). Ta cé 16'° =6 (mod 10) ;
=1 (mod 10) = 2009 = 2(0(9>'%4+!

=2009*""".2009 = 1. 2009 (mod 10) =9 (mod 10).
Viy A=3+6+9 (mod 10) = 4 =8 (mod 10).

A=13" +6' +2009" 1a8.

b) Chia tong B thanh 203 téng, trong do 202 téng
diu mdi co 10 sb hang, tong thir 203 c6 2 s6 hang:
B = (12022 + 92022 32022 4 102022)

+(112022 +122022 +...+202022)+

+(20117 +2012° + ..+ 20207
(20217 +2022%%).

Taco: n**' =n(mod10) =n*** =n’ (mod10);
2022 =4.505+2. Suy ra:
= (2427 +..+107)+ (117 +127 +..+207) +

+(2011% +...+ 20207} +(2021” +2022* ) (mod 10).
Xét 202 tdng dAu, mdi tdng du cb cac chir sb tan
cung cua cac sb hang 1a: 1;4; 9; 6; 5; 6; 9; 4; 1; 0,
(xép theo thir tw). Chir s6 tn cing cua mdi téng
ndy 1a 5. Do d6 B=202.5+1+4=5(mod 10).
Vay chir sd tn cung cua sd B 1a 5.
Nhin xét. D&i v6i phan b) ta c6 thé giai bai toan
tc"mg quat “Tim chit s6 cubi cing cua s6
=1"+2"+3"+ .. +2021" +2022" . D¢ giai bai
toan nay ta xét n =4k + re{O 1:2;3},keN.

Bai 1.2. a) Tim chiv 56 tin ci e clia so
S=1'+22+3 4+ +202¥™
b) Tim chiv 56 lin ciing cig 5O
S =2 +4 4 0" 4503200

Léi gidi. a) Chia téng S thanh 203 tong, trong dé

202 mbi tong dau c6 10 sé hang, tong thir 203 c6 2
s0 hang;:

S=('+22+..+ 10"’) +(11“ +122 +...+202")+

+(2011" 4+ 202077 ) 4 )+ (20213“2‘ + 2022""“)
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Xét 202 tong ddu, mai téng déu c6 cac chur s6 tan
clng cua cic sb hang 1a: 1; 4; 7; 6; 5; 6, 3; 6, 9; 0,
(khong ké thit tr). Chir s tan cung cua mo1 tong
nay la 7. Ta cé: 2021**' =1(mod10);

202272 = 2(224505+2 Z 9455 92 = 6 4 =4(mod 10).
Suyra: §=202.7+1+4(mod10)

= 8§ =9(mod10). Vay S co chir s6 tan cing 12 9.
b) Véi neZ,n>2,tacé n*" =n(mod10).
Ta c6 sb mii cla céc s6 hang cua tong S co dang
4n-T=4(n-2)+1=4k+1, véi k=n-2, con
co sb cta céc sb hang 1a céc sb ty nhién lién tiép
bat du tir s6 2 dén 503.
Suyra S=2+3+4+...+502+503(mod10).

_(2+503).502
2

Cach 1. Suyra S = (mod10)

=505.251(mod10) = 5(mod10).

Vay S co tan cung 1a 5.
Cich 2. Chia téng S thanh 51 tong, trong d6 50
téng dau mdi téng c6 10 sb hang, tong thi 51 ¢6 2
s0 hang:
S=(2+3+..+11)+(12+13+...+21)+...

+(492 4493 +...+501) + (502 + 503) (mod 10).
Xét 50 téng ddu, mbi tng déu co cac chir sb tin
cung cua cac so hang la: 2; 3; 4; 5; 6; 7; 8; 9; 0; 1,
(xép theo thir ty). Tacéd: 0+1+2+...+9 = 45;
S=45.50+2+3(mod10) =5(mod10).
Viy S co tan cung la 5.
Nhin xét. Trong phan a) xét 202 tong dau, mdi

Suy ra:

tdng déu co cac chir sé tan cling cua cic sb hang
1a: 1:4; 7; 6; 5: 6; 3; 6, 9; 0, (khong ké thir ty). Tu
phén b) ta c6 thé giai cac bai toan tuong tw: Tim
chif s6 tGn ciing cua tong

S=2"+3+4" + .+ + . +5077%

Bai 1.3. Tim hai chiv so tan cung cua s6

2003

2013 2013

Loi gidgi. Dit 4=2003" | B=2004™
Cich 1. Do 20044, nén B4,
2004 =-1(mod5) nén B=-1(mod5). Suy ra
B=5k+4, (keN").

TOAN HOC
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Lai c¢é

Do B4 nén 5k54:>kf4::>k=4t,(teN*)_

Vay B=20r+4,(teN") (1). Laico:
2003 = 3(mod 100) . Suy ra:

4=2003% =32 =(3%) .3 =1.81=81(mod100).

Véy hai chir s6 tan cling cia so 4 13 81.

Cich 2. Ta co6 2004= 4(mod20), nén
B= 4005 (mod20) . V&i ke N’ thi

45— 4= 4(4* 1) =4(16" ~1):20,
(vi 16°-1 c6 tin cing la 5). Do do

B = 4% = 4(mod 20). Viy B=20t+4,(teN') (I).

Laicod 2003 =3(mod100), suy ra:

A=2003" =3 =(3) .3* =1.81=81(mod 100).

Vay hai chit sb tin cing cia so 41281

Bai 1.4. a) Tim hai chi s6 cuoi cung cua so
A=41" +577%

b) Tim hai chir s6 cudi ciing cua s6 9",

Léi gidi. a) Cé 41° =81(mod 100)

= 41" =81*(mod100) = 61(mod100)

=41 =61.41{mod100) = 1 (mod 100)

= (41°)" =41'® =1(m0d 100) = 41" = 41(mod 100).

Tacé: 57* =1 (mod100)

=572 =(57')" .57° =1.49 = 49 (mod 100).

Suyra A4=41"" +57" =41+ 49 (mod 100).
Viy hai chit s6 cui cling cua 4 13 90.
b) Ta cé: 9" =1 (mod100)

9
— 9% _ giTe20amy _ (38742048.10+9

. Suy ra:
99" s (91(1

)38742048

9’ =1.9° = 387420489 = 89 (mod 100)
Viy hai chit s6 cudi cing cua sé 97 14 89.
Bai 1.5. a) Tim hai chiv s6 cudi Cung  cua

6 N =2""% 4200 92h0]

\ i T S
h, Iim hai chir 8o CHol cung cua  cde
2 3

Léi gidgi. a) Taco: N =2 (1+2+ ')

- 7.29.210.21%‘0 s 7.29'210.(220 )99 .
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Ta c6: 2° =12 (mod100); 2" =24 (mod100)
=2% = (z“’) = 24% (mod 100) = 76(mod 100).

Ta c6: 76" =76(mod100), véi moi neN'. Do
do: N=7.22"(2")" =7.12.24.76 (mod100)
= N =16 (mod100). Viy s N =2 +27% +2°™
¢6 hai chir s6 tan cing 12 16.

b) e Taco: 2'° =1024 = —1(mod 25)

=2 =(2°)” =(~1)" =1 (mod25)

Do d6 2 chit s6 cudi cing cua 2 c6 thé la: 01;
26; 51; 76. Do 2™ chia hét cho 4, nén hai chit sb
cubi cx:mg 2'% 1a 76. Chia sb nay cho 2 thi hai
chit s6 cubi cung la 38 (76:2=38) hoic 88
(176:2=88). Lai c6 2" :2=2"" chia hét cho 4,
nén hai chir s6 cudi cing cua 2°” 1a 88.

e Taco: 3* =81=-19 (mod 100)

= 3% =(-19)" =61 (mod 100). Suy ra:

3'° = 61.9 = 49 (mod100) = 3'* =49"° (mod 100).
Ta cé: 49°=1(mod100)=3'* =49" =1 (mod100)
Do dé 3" =1 =1(mod 100).

Viy hai chir sb tan cing cua 3 la 01. 8§ 3
1a bdi cia 3, nén chir s6 hang trdm cua no khi chia
cho 3 phai cho so du 14 2 (chia tiép thi s0 201 chia
hét cho 3, néu so du 1a 0 hay 1 thi s6 001, 101
khéng chia hét cho 3).

Viy sé 3% =3'":3 c6 2 chit s tan cung 1 67
(vi 201:3=501:3=801:3=67(mod100)).

Nhgn xét. Trong phan b) tim duoc
2" = 01(mod 25) , tir d6 tim hai chir sb cudi cing
cia s6 2™, 2", Tuwong ty tim duogc
3'% = 01 (mod100), tir 46 tim dugc hai chir so tin

9
ciing cua 3%,
Bai 1.6. '1) Tim 3 chiv so Cuoi CluUng  cua $O

A=11""

b) Tim 3 chit 56 cudi cing cua s6 B =2"
Loi gidi. a) Tacé: 11' =11 (mod1000),

112 =121 (mod 1000), 11° =331 (mod 1000),
11* = 641 (mod 1000),11° =51 (mod 1000),

11° = 561(mod 1000), 11" =171(mod 1000)
11® = 881(mod 1000), 11° = 691(mod 1000),
11" = 601(mod 1000),11* =201(mod 1000)

=11 = (11”) 11" =1 (mod 1000) (1).
xé&t 2011 =11(mod 50), 2011* = 21(mod 50),
2011 =31(mod 50), 2011* =41(mod 50),

2011° = 1(mod 50), 2011 =(201 15) 2011*
—1.41(mod 50) = 2011*"* = 50k +41(k e N) (2).
Tir (1) va (2) suy ra:
A= 1P S 1 = (110) 1L
=1.201%11(mod 1000) = 411(mod 1000).
1a411.

4
120|

Viy ba chir s6 cudi cia 4=1 1>
b) Ta cé: 2° =2° =512(mod 1000);
¢ =2 =(2) =512° =(512') =352(mod1000);

(2
( ) =752 = 352) =912 (mod 1000);

59 e ¥0 (29 ) =912° =952 (mod 1000);

4 9
2 = 29) =712° =152 (mod 1000);
9° 9* :
2 =(2 ) =152° =112 (mod 1000);
7 29) =112° = 752 (mod 1000);

1 10 9

v =(2" ) =752’ =512 (mod 1000).

Do d6 chu ky lap lai 1a 10. Vay B =2""" ¢6 ba
chir s6 cubi cung 1a: 752.

Nhdn xét. Trong phin a) ta tinh duogc
11 =1 (mod 1000) va 2011*** = 50k + 41(k e N).
Tir d6 tim duoc ba chir sé cubi cung. Trong phan
b) ta tinh dong du cia 2° theo mod 1000, v6i n
lan lugt cac gia tri 1; 2; 3; ...; 11. Khi d6 chu ki
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gid tri du [8p lai 1a 10, Tir d6 tim dugc ba chit 50
cudi cung cia sé @3 cho.
Bai 1.7. Tim chir 56 hang tram cua s0 A=29"".
Loi giai. Ta c6: 29 = 841(mod 1000),

29* =389 (mod 1000), 29* = 281(mod 1000),
29° =149 (mod 1000), 29° =321 (mod 1000),
297 =309 (mod 1000),29* =961 (mod 1000),
29° =869 (mod 1000), 29" = 201 (mod 1000),
29 =401(mod 1000), 29% = 601 (mod 1000),
29* =801(mod 1000),29%.29" = 0| 201 (mod 1000)
=29% =1(mod 1000). Do 2016 =40.50 +16
nén 4 =297 = 29%0416 _ (390)* Hgus

=1.29""° =29'°29° = 201.301=52] (mod 1000).
Vay chir s6 hang trim cua 4 13 5.

Bai 1.8. Tim 5 chiv 56 cusi cing cua 56

F, =2 41.
Loi gigi. Ta tim sb du cia F,, =2 +1 cho
100000. Vi 2¥" =2"2-2Y 2  Lan  péu
¥ =a(modc) thi 2°" =4 (mod c).

Tinh dong d cia 2% theo mod 100000 nhu sau:

2* =4;2% =16; 2% =256; 2% =65536;

2% =67296; 27 =51616; 2% =11456;

2% =39936; 27 =84096; 2*" =37216:

2% =30656; 2°° =90336; 2" = 92896;

2" =66816; 2" =77856; 27" = 56736

2% =73696; 2" =416; 27" =73056:

27 =79136; 2% = 6496; 2*° = 98016

2" =36256; 22" =97536.
Vay F,, =2%" +1=97536 +1 (mod 100000).

224

Vay nam chit s6 cudi cing cua sb F,=2
97537.

Bai 1.9. 7im 12 chir so tan cung cua so tie nhién

+1 la

5[04”

Laoi gidi. Ta cé: x* — y? =(x-y)(x+y).

TOANHOC
4 Cludifye S8 551 (5-2023)

Ta c6 s6 1024 1a sb ty nhién 16n nhat khong vi
qué 1040 ma viét duoc dudi dang liy thira 2, (v;

1024 =2'"). Xét
4 =500 _5'% = 511:‘(51024 _ l)z 515'[(55,2)2 ~ l] ’

nén A:5% (1).
A=5"(5" +1)(57 + 1) (5 +1)...
(5 +1)(5* +1)(5* +1)(5* +1)(5* -1).

V6i neN thi 5" 1a sb tu nhién lé. Do dé
(5" +1)i2. Suyra: (5% +1)(5% +1)(5 +1)...

(5 +1)(s* +1)(5* +1)(5* +1) chia hét cho 2°
Laico (5*=1):2°. Dodé 4:2" (2),
Tir (1) va (2) suy ra (5" -5')i10"2. vay §5'04
va 5'° ¢6 12 chir sb tan cing giéng nhau. Ta tinh
duge 5 =6103515625, 5'° =152587890625.

Viy 5% ¢ 12 chy 8 tan cing la
152587890625,

Nhgn  xét.  Ti  1024=2, 6 mi
1040-1024 =16 nén ta xét hidu A = 5'%40 _ 516

Tir d6 chimg minh duge 5" v 516 ¢4 12 chip sb
tdn cung gidng nhau. Tuong tu tim duoc 12 chit sé
tan cling cua s6 tu nhién
51038_ 51039_ 5]04]_ 5!042_ 51043,

Bai 1.10. 86 A =2 5 10 nhiéu chiv s6? Tim
chir 5o deu 1en bén trai cua $6 6.

Léi gidi. Taco 2'° =1024 5 107 = 210 5 1 (1).
Lai c6: 2'° =1024 <1025, Suy ra:

2“’°=[7-_‘° m{lozs}'” 41)"°
10 {10 1000) |40/ °

Tacod: Néu O<b<a th ab+b<ab+a

<:>b(a+1)<a(b+1)c>f—+-1-<£,
b+1
St dung bat dang thic trén, ta co:
41 40 39 32 31

— Sl 5

<—<,..
40 39 38 <31 30

e
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Do dé: -12;;2 <[:—é]m :—2?—:%%% =§ <2
Suy ra: 2'° <210 (2). T (1) va (2) suy ra:
10° <2' <2.10®. Vay 4=2""" c6 31 chir s va
chit 56 dAu tién bén trai 14 6 1.

Nhin xét. Ta giai bai toan dua vao tinh chét:

a+l a
<—.
+1 b

Tir d6 suy ra; 10%° <2'% <2.10%.

Néu O<b<a thi

Bai 1.11. Tim bon chiv so dau tién bén trdi cua $0
A=1+2"+3"+._+1000"".

Loi gidgi. Ta co: 1000°” >1000" -1 (1).

1000 —1=(1000-1)(1000™ +....+1000 +1)

=999.(1000™ +....+1000+1). Suy ra:

1000%° —1>999%° +998°%* + ..+ 2% +1 (2).
Tir (1) va (2) suy ra:
1000°” > 999 + 998%™ + . +2% +1.
Do d@: 1000 +1000™ >
>1000"°° +999%° + 998" 4+ _+2°+1=4 (3).
Laicdé A>1000"" (4). T (3) va (4) suy ra:
1000'™ < 4 <1000'*™ +1000°”

— 1000.1000* < 4 <1001.1000°”.

Ta co khi viét trong hé thap phan, s6 1000.1000°°
bit dau bing 1000 va tiép theo 1a 2997 chit 56 0.
Lai c6 sb 1001.1000° bat dau bang sé 1001 va
theo 1a 2997 chir s6 0. Do d6 bdn chit sé diu tién
bén trai cuasé A4 lanlugtla1,0,0,0.

DANG 2. VAN DUNG CHU SO TAN CUNG DE
TiM CAC SO TU NHIEN

Bai 2.1.a) Tim 50 abed biét rang

abed +bed +cd + d = 4574,

b) Tim so abcd biét rcfrng abe.c = dac (a.b.d
khdc nhauw doi mor).
Loi gidi. a) Tir gia thiét ta c6:

1000a + 20056 +30c + 4d = 4574 (1).

Xét hang don vi thiy tich 4d c6 tan cung 12 4.
Suyra d €{1;6}.
+Néu d =1 thay vao (1) ta co:

100a + 206 + 3¢ =457 (2).
Xét hang don vi ta ¢6 3¢ c6 tan cing 1a 7. Do do
¢ =9, thay vao (2) ta dugc 10a + 26 =43 (loai).
+Néu d = 6, thay vao (1) ta co:

100a + 206 +3c =455 (3).
Xét hang don vi ta c6 3¢ cé tan cung 1a 5. Do do
¢ =5, thay vao (3) ta dugc 10a + 2b=44 (4).
Tich 2b c6 tan cing 13 4, suyra b€ {2,7}.
Voéi b=2,suyra 10a+2.2=44=a=4
V&i b=7,suyra 10a+2.7=44=>a=3.

Viy abcd € {4256,3756}.
b) Tir gia thiét ta co:
100ac +10bc + ¢* =100d +10a + ¢ (1)
Suy ra ¢’ c¢6 tin cung la c¢(c#0) nén
ce{1;5;6}.
+ Néu e=1 thi abc=dac, khong xiy ra vi
a,b,d d6i mot khac nhau.
+Néu ¢ =5, thay vao (1) ta co:
S0a+5b+2=10d +a (2).
Suyra 50a+5b+2=10d +a<100=>a=1.
Thay vao (2), taco 50+5b+1=10d4 (loai).
+Néu ¢ =6 thay vao (1) ta cé:
60a +6b+3=10d +a (3).
Suyra 60a+6b+3=10d +a<100 =>a=1.
Thay vao (3), ta co:
60.1+6b+3=10d +1 = 6b+62=10d <90.
Do d6 6b<30 va 6b co tan cing la 8. Suy ra

b=3,d =8. Vaysb abcd =1368.
Bai 2.2. Tim s tw nhicn N =abed thoa man:
+ be.4 6 hai chiv 56 tan ciing bang .
+ abcd ~be.4 1 56 chinh phirong.
Léi gidi. T gia thiét co:

abed —be.4=n*.100, (neN") (*).

TOAN HOC
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& a.1000+pc.10 + d - be.4=n’.100
©100.(n* ~10a)=6.bc+d  (1).
Do 0<b,c,d <9 nén 0<6.bc+d <640 (2).
Tir (1) va (2) suyra: 0<n*-10a<6.
Ma 0<a<9,aeN do d6 chi c6 cac cap (a,n)
1a: (1,4),(2:5),(3;6),(6:8),(8;9).

+ Véi a=Ln=4 thay vao (1) suy ra:

100.6=6.bc+d = d =6,bc =99 = N =1996.
+ Véi a=2,n=5 thay vao (1) suy ra:
100.5=6.bc+d =>491<6.bc <500 =>b=8.
= 500=480+6c+d =6c+d =20, d la sb chin
= (c,d)e{(2:8),(32)} = N =2828; N =2832.
+ Vi thay vao (1)

a=3,n=6 suy ra:

100.6=6.bc+d = d =6,bc=99 = N = 3996,

+ V61 a=6,n=8 thay vao (1) suy ra:
100.4=6.bc+d =391<6.bc<400=>b=6.
=>c=6,d=4= N =6664.
+ Voi a=8n=9 thay vao (1) suy ra:
100.1=6.bc+d =91<6.bc<100 = b =1
=c=6,d=4=N=8164.
Vay cac sd N =abed la:

1996; 2828; 2832; 3996; 6 664; 8164 .

Thur lai thay rang ca 6 so trén déu 13 s can tim.

Bai 2.3. Tim s6 tir nhién c¢6 4 chiv s¢ N = abed
sao cho:
+ ab,ad la hai ¢ neivén 1o,
+db+c=b +d.
Léi gidi. Do ab,ad 13 sb nguyén t6, nén b.d 1
cac sb 1é khac 5 (1). Tir dé bai ta co:

10d +b+c = b* +d < 9d +c=b(b-1).
Ta co: 9d+029:>b(b—1)29:>b>3, ma b 1é
khéc 5, nén be{7;9}.
+ V&1 b=7 thi 9d+c=42:>3<d<5, trdi vini
(1).

TOANHOC
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o Ve =9 thi 9d+c=72=>7<d <8, ma g

1¢.nén d =7. Suyra 9.7+c=72=>c¢=9.

Do dé a9 1a s6 nguyén té, nén a € {1;2;5; 7;8).

Cé a7 lasdnguyén t5, nén a € {1;3; 4,6;9}.

Suy ra a=1 va s6 N =abcd =1997. Thi lai, ta

c6 d6 1a so can tim. |
Bai 2.4. Tim cdc s6 nguyen to ¢o 3 chir s6 sao cho
néu ta thay doi vi ol cua cac chir s6 theo thir tir

bét kv ta van co cac so ld nhirng so nguyen (o,
Loi gidgi. Goi so can tim la

a_f;E, 1<a,b,c<9,a,b,ceN.

Theo d& bai cac sb EE, ach, BE» E’ c?b,
cha ddu la sb nguyén té. Suy ra a,b,c déu 12 sb
1é khac 5. Suyra a,b,c €{1; 3; 7; 9}. Do d6 c6 céc
bd (a,b,¢) 1a: (L13),(1L L 7),( 1 9),(3 3 1),

(333:7),(3:3.9).(7: 7:1).(7: 7:30.(7: 7, 9).(%; 9; 1),

(9:9:3).(997),(1: 3, 7),(L; 3; 9:(l 759):(3: % 9).
Béng phép thir (s dung cac ddu hidu chia hét cho
37 1513) tacé: 117:3, 119:7, 13317, 33913,
177:3, 377313, 779119, 99313 ., 199117 , 37127,
319:11, 791:7, 793:13.

Cac bd (L 1; 3.(% % 7).(%; 9; 1) thod man, ta c
céc s6 can tim 1a:

113;131; 311; 337373133 991;919;199.
Nhén xét. Dua vao tinh chét sd nguyén té (16n
hon 10) chi ¢6 tan cung 1 15 3; 7: 9, tir d6 ta tim
duge cac 56 da cho bing céch thir lai.

Bai 2.5.’ Tim s6 tw nhién c6 4 chiv 56 thoa mdan cdc
tinh chat sau:

+ Tong cac chiv $6 ciia 56 do bang 26.

+ Ba chir 6 cudi cé dung aba

va la so nguven
10,

Loi gidgi. Goi sb cin tim la: N =xabg
0<xa,6<9;x,a#0. Ta cd: x+2a+b=26

=9+2a+92x+2a+h=26,



Suyra: 2a>8=>a24=>ae{7;9} (v aba lasb

nguyén td).
*Néua=7 thi 14+x+b=26=>x+b=12.
Suy ra:

(b,%) €{(3:9).(4:8).(5:7).(6,6).(7:5).(8:4).(9:3)}.
Céc sb abae{737;747,757,767,777;787;797}.
Dé aba 1a sb nguyén t6 thi aba e { 757;787,797)
Cac so can tim la: 7757;4787;3797.

* Néu a=9 thi 18+x+b=26=x+b=8. Suy
ra.

(53x) € {(0:8),(1,7),(2:6).(3:5),(4:4).(5:3).(6:2).(7:1)}
Cic sb aba e{909;919;929;949;959;969;979} .
Dé aba 1a sb nguyén té thi aba e {919;929}.

Cac s6 can tim 1a: 7919;6929. Viy cac sb cin tim
la: 7757;4787;3797;7919;6929.

Bai 2.6. Tim cac chir so a,b,c,d khac O va tung

doi mot khac nhau sao cho sé tw nhién abcdal

(chir so tan cung la 1) thoa man abedal —4n=n",

(nef‘i‘).

Loi gigi. Ta co: abedal —4n=n*

2

<::>abcdal+4=n2+4n+4©abcda5=(n+2)

Suy ra abcda5 1a sé chinh phuong cé chit sé tin

cung 14 5, nén abcdaS 1a sb chinh phuong c6 hai
chit s6 tan cung 1a 25 va n+2 c6 chit sb tin cung

4

1a5.Dod6 a=2,suyra 2bcd25=(n+2)

Suy ra: 213425 < (n+2)’ <298725

:>465£n+25545:>n+2e{465;475;485;...;545}.
Thr lai ta thy n+2=525 (théa man a,b,c,d

khac 0 va timg d61 mt khac nhau).
Khi d6 abcda5 =525% =275625.
Viy a=2,b=7,c=5,d=6.

Nhén xét. Dua vao s6 chinh phuong c6 chir s6 tan

ciing 14 5 thi s8 d6 c6 hai chir sé tan cung la 25.

Bai 2.7. ay Tim $6 chan lon nhdt ¢6 'S chiy so ma 3
chir s6 dau (gitr nguven thie b i trai sang pHidi)
tao thanh so chinh phuong va 3 chii $G cudi 1ao
thanh ldp phirong dung.

b) Tim s0 fir nhien nho ahat ma lap phirono o do

¢6 4 chit 6 cudi cing bén phai déu la chiv 5o 3.

Loi gidi. a) Goi s6 cin tim 14 A=abcde, véi

abc=x*, cde=y; x,yeN". Do 4 1 sb chin
— e la s6 chdn = y 1a sb chén.

Ta c: 100 <cde=y"<999 =5<y<9.Do y 1
s6 chan = ye {6; 8}.

*Néu y=6 = y'=6'=216=>cde=216=>c=2.

"

T abc=x*=c chi c6 tan cing la
{0;1; 4; 5, 6; 9} . Do d6 ¢ =2 (loai).

*Néu y=8 =)’ =8=512=>cde=512 = ¢ =5.
Suy ra ab5 =x*. Suy ra ab5 =152=225 hoac
ab5 =25*=625, (con ab5> 35 >1000).

*Vi A 12 sb 16n nhidt = 4=62512.

t) Goi s6 can tim 14 x. Ta ¢6: x° =....3333 nén x
¢6 tan cung 1a 7. Xét cac sd: 07°,17%,27%,...97%.

Trong cac s6 ndy sb c6 2 chit sé tin cung 33, ta
77, Xét cac  sb
077°,177°,277%,...977°. Trong céc s nay sé co 3

chon  duoc sO

chit s6 tan cling 333, ta chon duoc s 477,
Xétcac s 0477°,1477°,2477°,...9477° .

Trong céc s6 trén sd c6 4 chir sb tdn cung 3333.
Chon duoc sb 64777 .

Viy s6 tu nhién nho nhét cin tim 6477 .

DANG 3. VAN DUNG TiM CHU SO TAN
CUNG PE GIAI CAC BAI TOAN.

Bai 3.1. Cho n dicm (n >2) trong do khong ¢o ba
diem nao thang hang. Cir qua hai diém ta vé diroe
mot dirong thang. So dirong thang vé diroce ¢6 thé
la 2022 dirge khong? Vi sao?

Léi gigi. Véi n diém, trong d6 khéng c6 ba didm
nao thang hang ta c6 mbi diém nébi duoc véi
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(n-1) diém con lai tao thanh (n—1) duong

thang. D& ¥ ring mdi dudmg thang dugc liét ke 2

n(n—l)_ G
2

14n nén sd duong thing vé dugc 12

sit & dudng thing v& duge la 2022, suy ra
n(nul)
=
hai s6 tr nhién lién tiép la sé ¢6 chit sb tan clng
1a: 0; 2; 6, nén 4044 khong la tich cua hai s6 tu
nhién lién tiép. Vay sb duong thang vé dugc
khong thé 1a 2022.

Bai 3.2. Co thé tim dwpe 56 nr nhicn n thoa man

=2022 :>n(n—1)=4044. Do tich cua

(?(?ng thiee sau khong?
1+2+3+....+n=2
Loi gigi. Gia su tim dugc s6 tu nhién »n thoa min:
1+2+3+....+n=2%

1)
= v+l 2° < n(n+1)=2" (*). Ta c6 tich

cua 2 s6 tu nhién lién tiép chi co tan cung la: 0; 2;
6. Do d6 tich n(n+1) c6 tan cung 1a: 0; 2; 6.
Suy ra: 27 =(2')".2' =6“.8=6.8=8(mod 10)
hay 2 ¢6 tan cung 14 8.
Viy diéu (*) khong xay ra. Do d6 khong thé tim
duoc s6 tr nhién 7 thoa man d& bai.
Bai 3.3. Cho s6 A ¢o 1997 chiv s6 trong da co
1996 56 5 va mét chir 56 khae 5. Hoi A ¢é thé 1a s6
chinh phicong khong? Tai sao?
Loi gidgi. Goi a la chir s6 khac 5 cua 4, ta cb
tong cac chir s cua 4 1a:

1996.5+a=9980+a =8 +a(mod 9).
Suyra A=8+a(mod9) (1).
Néu 4 & s6 chinh phuong thi
A=0;54;7(mod 9)  (2). Tur (1) va (2) suy ra
ae{l;2;5;8} ,ma a#5 =ae{l;2;8}.
+Xét A4 ¢ chirsé tan cung 12 a.
Do 4 la sb chinh phong, nén a khéng thé c6 tan
cung 14 2; 8. Suy ra @ ¢6 tdn ciing 1a 1.

Do dd 4 c6 dang: (10m+1)2 =100m* + 20m +1.

TOAN HOC
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Suy ra chir s hang chuc cﬁa’ A la sb chén khc s,
nén truong hop nay khong xay ra.

+ Xét A c6 chu s6 tan cung khiac a (a#5), ngp
4 cb chit sb tan cung 1a 5. Do d6 4 c6 dang;

(10m+5)3 =100m’ +100m+25:]00m(m+1)+25l

Suyra a=2 va chir s hang trim cua A4 la s§

chin (vi m(m+ 1) la s6 chin). Chir sb hang tram
khac 5, (mau thuan voi gia thiét). ’

Vay trong moi trudng hop A khéng la s6 chinh
phuong.

Nhan xét. Loi giai trén dua vao cac tinh chét:
Tdﬁ.g cdc chir s6 cia mot 56 tu nhién va 56 do chia
cho 9 citng s6 du, mot s6 chinh phirong chia cho 9
nhén gid tri dw la 0;1;4;7. Tir d6 ta tim duoc gia

tricua sé a.
Bai 3.4. Tim gia tri nho nhat cua ne N sao cho
56 n* +n+1 phan tich thanh tich 4 s6 nguyvén (o.

Loi gigi. Gida st n’+n+l=pp,pp,, VO
Pi Py Pp, la cic s nguyén td va
P <p,<p,<p,. B¢ tim n nho nhit ta tim
Pis Pys Py p, la céc sb nho nhét,

Ta ¢ n’+n+l=n(n+1)+1 1la sb 1, nén
Pis Py Pys Py 1a cac s nguyén td lé. Suy ra
P 23. Lai ¢6 n(n+1) c6 tan cung la: 0; 2: 6.
Suy ra n’ +n+l=n(n+1)+1 6 tan cung la: I;
3;7.Suyra n* + n+1 khong chia hét cho 5.

Do dé py; pys ps; p, khac 5.

+Voi p =3, tacé: n2+ﬂ+]=3p2p3p4
:>(n2+n+])f3.8uyra n=3k+1,(k eN).

Do do: (3k+1)"+3k +1+1=3p, p p,
:>3k2+3k+1:p2p3p4. Ta co6 3k +3k+1
khong chia hét cho 3. Suyra p, >7.

Véi p,=7,tacod 3]{2+3k+1=7p3p4.

Suy ra (36*+3k+1):7. Do d6 k=7r+1 hoge
k=T1+5,teN. Vi n bénhat, nén chon k = 7¢ 41,



Voi k=Tt +1 thi: 3(7¢+1)" +3(7t+1)+1="Tp,p,

— ) +9t+1= p,p,. Ta chon py=p,=7.Khi

a6: 216 + 9t +1=7p, = (21> +9r +1): 7

=(9+1):7. Suyra t=7m+3,meN. Viy
n=3k+1=3(7t+1)+1=3.[7(7m+3)+1]+1

=14Tm + 67. ‘

Do tim n bé nhit, nén chon n=67. Véi n=67,

tacd: n’ +n+1=67"+67+1=3.7.7.31

Viy n=67 thoa man diéu kién cta dé bai.

Bai 3.5. Cho x,y la cac so e nhicn khac 0. Tim

gid tri nho nhar cua biéu thie 4=|36' -5 t

Loi gidi. Ta ¢6 36" ludn c6 tan cung 1a 6, con 5

ludn ¢6 chir sé tin cung bing 5. Do d6 néu

36" > 5" thi 36* =5 c6 chit s tan cing 14 1, néu

36" <5’ thi 5" —36* co chir s6 tan ciing 1a 9.

Véi x=1,y=2 thi 4=[36-5|=11. Do tim gi

tri nho nhét cua A4 ta chi con xét 4 co thé lay gia

tri bang 1 hoac 9 hay khéng!

+ Xét 36" -5 =1, suyra 36" -1=5" (1).

Ta cb: 36" —13(36-1)=>36"-1:35. Suy ra

36 —1 chia hét cho 7, ma 5’ khéng chia hét cho

7. Do d6 (1) khéng xay ra, nén khong ton tai x, y .

+ Xét 57 —36"=9,suyra 36" +9=5" (2).

Taco 36° +9:3, ma 5 khong chia hét cho 3. Do

dé (2) khong xay ra, nén khong ton tai x, y .

Vay gia tri nho nhatcua 4 la 11, khi x=1y=2.

Nhin xét. Dua vao chit sb tan cung cua 36" va

5 . khi d6 tim duoc gid tri nho nhét cia bicu thi

A " .

Bai 3.6. Tim d6 dai canh hinh vuong la so nguyen.

Biét rang dién tich cua hinh vuong la so nguven

¢6 4 chir so, trong do cdc chir so hang don vi,

hang chuc, hang tram giong nhau.

Léi gidi. Goi canh hinh vudng la x,(xeN").

Theo dé bai co

? =acec,(a#0,0<a,¢<9,a,ceN).
S6 chinh phuong co tan cing la ¢, nén
c€{0;1;4,6;9} (1).
+Néu ¢ lasdlé thi x 1asé1¢, nén
accc=x* =(2k+1)’ =4k(k+1)+1, keN",
Tir x* = acce =100.ac +cc =100.ac +11c

=100.ac + 8¢ +3c
suy ra so nay chia cho 4 du 1, do do 3¢ chia cho 4
du 1. Suy ra ¢ chia cho 4 du 3, nén ce{3;7},
khéng théa man (1). o
+ Néu ¢ la sé chan thi x la sO chan, nén
acce = x* = (2k)" =4k,
Do d6 x? =100.ac +8¢c + 3¢ chia hét cho 4, do d6
3¢ chia hét cho 4. Suy ra c €{0;4}, ¢ khong thé

14 8 do (1). V&i ¢=0 thi x*=4000=10%2.5.a,
khong co6 chir s& a nao thoa man.
Véi c=4 thi x? =a444. Néu x chia hét cho 3 thi
x* chia hét cho 9. Suy ra:
(a+4+4+4)9e (a+12):9.

Suy ra a=6, nhung sb 6444 =6".179 khong la
s6 chinh phuong.
Néu x khong chia hét cho 3 thi x* chia cho 3 du
1, a+12 chia cho 3 du 1. Suyra a €{1;4;7}. Cac
s6 4444; 7444 khong 1a sb chinh phuong.
Con sb 1444 =38 1a s chinh phuong. Vay canh
hinh vuéng 14 38 (don vi dai).
Nhiin xét. Dua vao s6 chinh phuong cé tan cung
1a 0;1;4;6;9 . Két hop voi ddu hiéu chia hét dé tim
s6 di cho.

MOT SO BAI TOAN TUONG TU
1. a) Cho A=1+2+3"+...+2021™". Tim chir
s tan cling cuia A .
b) Cho B =12 422 13 4 +2014™" +2015"".
Tim chit s6 tan cung cua B .

(XNem tiép trung 20)
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HUONG DAN GIAI DE THI CH

ON HOC SINH GIOI LGP 9

TiNH QUANG NGAI
NAM HOQC 2022-2023

Bai 1. 1) Tim s6 nguvén 1o p sao cho p+ 10 va
P+ 14 la cac sé nguveén 1o.
2) Tim  tat ca cac nghiém nguyén x,y cud

phuong trinh x° + xy = 2x - 3y-4=0.

3) Cho ba s6 abcel thoa man

a+b+e=2022203, Chimg minh a +b’ +c
chia hét cho 6.

Loi gidi. 1) « Véip=2thip+10= 1213 hop sb.
e Véip=3thip+10=13vap+ 14=171a cac

s6 nguyén té.
« V6i p >3 ma p la s6 nguyén t6 nén p c6 dang:
p=3k+1hodc p=3k+2 (ke N).
-Néup=3k+1thi p+14=3(k+5)!31ahop
s0.
-Néup=3k+2thi p+10=3(k+4)'3 la hop
sO.
Viyp=3thip+10va p+ 14 l1a cic sé nguyén
to.
2)Tacd: x* +xy—2x-3y—4=0.
S xP=3x+xy-3y+x-3=1
S x(x-3D+y(x-3)+x-3=1
S x-3)(x+y+D)=1.
Ta c6 céc trrong hop sau:

THI: x-3=1 - x=4 '
x+y+1=1 y=—4

THZ;{X_3=—1 {x:Z

X+y+1=-1 y=-4

Vay nghiém nguyén cua phuong trinh 13

TOANHOC
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() e{(4-4).(z-4)}-

3) Taco:
@ +b+c =(a’—a)+(b3—b)+(c3-c)+(a+b+¢)

@’ —a=(a-1)a(a+1):6
(tich ba s6 nguyén lién tiép nén chia hét cho 6).
Tuong tu: &° —b36, ¢’ —ci6
vacod: 202206 = a+b+c=2022"716.
Viy @’ +b° +c* 6.

Bai 2. 1) Cho biéu thirc:

(2} ([ 1 2Jx
M=|1- . e = = 5
x+1 kl-#\f’.\' XX+ X +x 41 )

N\
vai x 2 0.
Riit gon biéu thire M va tinh gia tri cua hiéu thire
M khi x=2023-22022..
2) Cho ba so diwong x,y,z thoa man
X+ y+z-=1.

Tim gia i lon nhdt cia biéu thire:

Loi gidi. 1) Vi didu kign x>0, ta co:

Rl
x+1 1+x x\/;+\/;+x+1
=x—2\/;+]'(1

LA Vx (V)

) s
X+ (x+ D)1 ++/x)

)



=(\/§—1)2 (x+ 1)1+ V)

=1+\/;.

(x+ D(Vx -1y}

Khi x=2023-22022 = (/2022 - 1)’ thi

M =1+\/(\/2022 Y =l 2023.

2) Tacod —1___1_;
x+1 x+1
I IR O
V41 y+1 z+1 z+1
p._* Ly Lz

x+1 y+1 z+l

=3- L + 1 *).
\x+1 y+1 z+1

Ap dung bét diang thic Cauchy véi 3 sé duong

Nhién timg vé hai BDT trén ta dugec:

(a+b+c)(l+l+lJ29

\a b ¢

Déu “=" xayrakhia=bh=c.

Ap dung BDT trén vio (*) ta dugc:

9 9
P<3- =3-—=
x+l+y+l+z+1 4

3
2
Diu “=" xdy ra khi

x+y+z=1
x+l=y+l=z+1

SO XxX=yYy=Zz=—.
r=ETS

1

Viay rnaxPzi- khi x:y=z=§.

Bai 3. 1) Giai phirong trinh

= | S / P
Jr+3+2x/x+1=2x+x +ady+3,

2) Giai hé phong trinh

{ |

(
L g 1 s
] .l‘t\ Y
1
1\' + - —+ﬁ —=4
vy
x+320
Loi giai. 1) PK: {x+120 S xz-1

x> +4x+320

Ta co:

Jx+3+2xfx+1=2x+ (x+3)(x+1)
@(\/§+_3—2x)(\/ﬁ—1)=0
l:\/x—+§=2x )

i I =rs )
{ (2x>0
()©i4x’«-x—3=0
x=20
= (x=1)(4x+3)=0

& x =1 (thoa man).

(2) & x =0 (thoa man).

Viéy tap nghiém cua phuong trinh 1a § = {0;1}.

2) PK:y #0.

H¢ phuong trinh twong duong véi

% +L2+x+i=4

y ¥

1 .
Xj +—3+;x—[x+l]:4
¥y ¥ ¥
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R
pit Y ta dugc hé phuong trinh:
-
y

L=
u@®-2v)=4

W +u-2v=4 |u*-2v=4-u
u —2uv=4

W —4u+4=0

{u=2
<~ .
v=1

{u2—2v=4—u
<

< {x =1 (thoa man PK).
y=1
Viéy nghiém (x; y) cia hé phuong trinh 12 (1;1).
Bai 4. 1) Mot hoc sinh ¢é tam bia hinh Viong
ABCD canh 20 cm. Em muén cdt tam bia nay
thanh bon hinh tam gidc vuong bang nhau va
pizd;n con lai la hinh vuong MNPQ thoa méan M. N,
PO lan leot thuge cac canh AB, BC. CD. DA.
Hay xac dinh vi tri cac diem M, N, P, Q dé dién
tich hinh vuéng MNPQ la nho nhir.

2) Cho dwong tron tam O diong kinh AB = 2R
Diem M di dong trén doan OA (M khic A). vé
dwong tron tam K duong kinh MB. Goi [ la fring
diem cua doan MA, dicong thane di yua I vuong
géc vii AB cat dwong tron (O) 1ai Cva [). Diraong
thang CB cdt diromg tron (K) tai P,

a) Ching minh rang ha diém P. M, D thang
hang.

b) Chirng minh r&ng Pl lg

tron (K).

TOAN HOC
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tieép tuven cua dircong

Loi

C @ (), CT“ d;'é” [’;Cf'l
o vt cua Motren (T()af? (2 :

‘) Tim vi tril C 4

lam Q[-’.’i(' IIIDK /(j,fi ”li?af.

gidgi. 1) Liy cac didm M € AB;N € BC;

pPeCD, Qe DA sao cho AM=BN=CP=DQ

— BM=CN=DP=AQ
—, ABMN = ACNP =ADPQ = AAQM (c.g.c)

-_—>MV:NP:PQ=QMva

NMB = MOA = NMB + OMA = 90°

= NMQ = 90°.
Do dé tir giac MNPQ 12 hinh vudng.

i c

D) —

Dién tich MNPQ nhé nhit khi dién tich cic tam
giac vudng 1a 16m nhét.

Dat AM=xthi MB=40 =20 —x.
, 1
Tacé: S, =EAQ.AM.

Siup 16m nhit < A0 AM 16 nhit.
Ma 4Q + AM =20 (cm) khong ddi nén
AQAM16n nhit < AQ = AM > x = 20 —x
<x =10,

Véy chon M, N, P, O 1in luot 13 trung didm cac
canh 4B, BC, CD, DA ta dugc dién tich hinh
vudéng MNPQ nhé nhét.



2)

C
a) Ta co: MPB= ACB-= 90° (goc noi tiép chan
nura dudng tron).
T d6 PM //AC (1).
Pudng kinh AB L CD nén [ 1a trung diém cta
CD. Ma [ 1a trung diém cia AM nén tir gic
ADMC 1a hinh thoi. Viy DM //AC (2).
Tu(l)va(2)suyra P, M, D théng hang.
b) Ta co CBA=CDP (cung phu véi 5&78).
Do tam giac PKB céntai K nén CBA=KPB.
Ta lai c6 CDP=IPD (do tam gidc IPD cén tai ).
Suy ra IPD=KPB ma DPB=90°, suy ra
IPK =90° nén [P L KP hay PI 1a tiép tuyén
cua(K).

1 . 1 A

C)Vi KM:EMB va IM:EAM nen

1K=-;—AB:R.

Ap dung dinh ly Pythagore ta cé:
PI? + PK* = IK* = R* (khong dbi).
Mit khac 4S? = PI*.PK* (S la dién tich cia tam
giac IKP).
Do d6 dién tich tam gidc /PK 1ém nhét khi

PI=PK=R\/§

Ma BM =2PK = BM =~2R.

Vay M cich B mdt khoang bing 2R thi dién
tich tam gidc [PK 16m nhét.

Bai 5. Nguwoi ta lam mot cai hop cé day la hinh
viuong dé dung dugc 5 cdi banh hinh tron co
dircng kinh 6 cm, sao cho khong co bat ki hai cdi
banh nao dugc chong lén nhau. Hay tinh canh nho
nhdt cua cai hop.

Loi gidgi. Gia st day cua hop bénh 1a hinh vudng
ABCD. Goi O la tam hinh vudéng ABCD canh la
@ > 6 chita 5 c4i banh hinh tron ban kinh bang
3cm sao cho khong cé bt ki hai cai banh nao
trong chung c6 diém trong chung.

A

Suy ra tdm cua nim hinh tron ndy nam trong hoic
trén canh hinh vuéng MNPQ tim O c¢6 canh la
(@a—6) (M c0O4;NeOB; MN /| AB va MN cach
AB mét khoang 3cm). Cac duong trung binh cua
hinh vuéng MNPQ chia hinh vudng nay thanh 4
hinh vuéng nho bang nhau.

Theo nguyén li Dirichlet ton tai mot hinh vudng
nho chita it nhét hai trong nam tam cua 5 c4i banh
hinh tron néi trén, chéng han d6 1a O, va 0,.

Do 5 céi banh hinh tron nay khéng c6 hai cai banh

ndo ¢6 diém trong chung nén 0,0, > 6 (1).

TOAN HOC
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Sy i iNH DINH
PE THI CHON HQC SINH GIO! LGP 9 TINH BINH D!

NAM HOC 2022 - 2023
MON THI: TOAN
(Thei gian lam bar: 150 phiit)
tha hai 1a D, dung
duong tron (O). Go

cac duong kinh DE, AF cua

Bai 1. (2,0 diém) i G, 1 1An luot 14 cAc giao diém

1) Giai hé phuong trinh: hit hai cua duomg thing EP, FP v6i duong tron
x’ =5x=y" -5y (0), K 1a giao diém cua A7 va DG. Goi H la hinh
x4 +y2 =2 Chiéu Vu()ﬂg g(')c cua K trén OP, dl.r(‘)'ng thing OP

2) Giai phuong trinh: cét EF tai M.

\E(xz —3x+1) =—Jx*+x' +1 1) Chimg minh HO 14 phan gidc cua goc IHD.

Bai 2. (5,0 diém) 2) Chimg minh KD L DM.

1) Cho céc sb thue x,y thodmanx—2y+4<0. Bai4.(3,0 diém)

Tim gi4 tri nho nhét cua biéu thirc Cho tam giac ABC c6 cac duong phén giac trong

n AD, BE, CF cht nhau tai /. Chimg minh rang
4(y - 4x)
P=y’ —dx+—— L 5 =
(x—2y+4) E_;_ L,}. E>2
. s Via N Nic
2) Cho da thic P(x)=x +ax + bx"+cx+d. '
. ) ... BaiS5.(2,0diém)
Biét P(1) = 10, P(2) = 20, P(3) = 30. Tinh gia tri
. P(12)+ P(-8) Cho da gidc déu ¢6 2n dinh (n € N, n > 3). Co

biéu thic H= ———————~. . L ' .

2023 bao nhiéu tam gidc c6 dinh la dinh cua da giac va

B3 3. (5.0 didm) ¢6 mét goc 16m hon 100%?

Cho tam giac nhon ABC ni tiép dudmg tron (O) BUI VAN CHI

vi mot diém P bat ky nim trong tam giac (P khac ~ (21/2 Lé Hong Phong, TP. Quy Nhom, Binh Dinh)

0). Pudmg thing AP cat dudmg tron (0) tai diém Gidi thigu

A ok ok ok 2k ke ook Sk ok ok sk R ook sk R e ok sk s of sk ok ok sk s ofe st sk sk ke sk st kokok skoR ko ok sk ok sk ok sk ok sk sk ook ok sk ok s ok sk sk sk ok sk ok ok ok ok 3K 3K ok ok ok oK

a-6
2

&> Mait khac 0,0, ciing niam trong hodc trén canh

N226 4262 +6.

a-=6
2

hinh vuéng nhé c6 canh la nén VA canh nho nhat cua hop banh hinh vudng

ABCD 13 652+ 6 (cm).

a~6 = a-6 TRUON
< = 0 :
00,s0M ) 2 (2) (trong do6 2 N2 1a G QUANG AN

dudmg chéo hinh vudng nho). (Xa Nghia Thang, huyén T Nghia, Quding Neai)
Tir (1), (2) suy ra: Gidi thiéu

TOARN H
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CHUAN 8| 'B,. .
CHO KY THI

Trong d& minh hoa thi tdt nghiép THPT Qudc gia
mdn Toan, ndm 2023 cua Bd Gido duc va Dao tao
¢6 cau phan loai (cau 50) dé cap dén dang toén tim
didu kién cia m d& ham sé ddng bién (nghich
bién) trén mot mién. Thuc tién giang day trén 16p
ti thay cac em con lang ting va gap rat nhiéu kho
khan khi giai dang toan nay. Dé giup cic em 6n
tap va chuén bj t6t cho ki thi sép téi, bai viét nay
xin giéi thidu dén cac em phuong phap dé giai
dang todn nay.

Trude hét, ta nhd lai ndi dung dinh li sau: “Gid s
ham s6 y=f(x) c6 dao ham tén K. Néu
f'(x)20(f'(x)<0),vxeK va f'(x)=0 chi
xay ra tai mot s6 hitu han diém thi ham $6 dong
bién (nghich bién) trén K, ¢ diy K la khodng
hodc doan hodc nia khodng”.

Khi gip dang toan tim diéu kién cua tham sb m
dé ham sé y = f(x,m) ddng bién (nghich bién)
trén K ta thuong lam nhu sau:

o Tinh y'= ['(x,m)

« Ham sé da cho ddng bién (nghich bién) trén K
khi f'(x,m)20(f"(x,m)<0),vxeK (1)

« Bién dbi (1) vé dang toan tim m dé bat phuong
trinh nghiém ding trén K. Giai bai toan nay ta
thu dugc diéu kién m can tim.

Sau day la mot s6 dang ham thudng gap.

1. Ham da thire

Cau 1 (D¢ minh hoa nim 2019). Tap hop (at ca
cac gia tri thuc cua tham S6 m dé ham sé
y=-x'—6x>+(4m-9)x+4 nghich bién trén

khoang (—o0;~1) la

P R——————

n wiMt DICU KIEN CUA ’szz::f sg m

e —

i e e e e e A et e

- LA "‘_ Lk q: ¥ fRdmnMEE WS 'ﬂ’l‘ "ﬁﬁ‘“ ‘“" "f"ﬁ‘ u““ 5{
TRQ‘I‘G HQC ‘EE gg.,M Ea 3»*: Ei;!': Ei&l-’atnr{ﬂ i?:""" E ki ““ ”"‘i LD
PHO THONG NGUYEN CONG CHUAN
Qﬂé(‘. GI A ; (GV THPTchuyen Dgz hoc Vinh, Nghé An)
\ e

3
A. (fvg;O] B. {—Z;%—ffv}
> S0y
C. (vff;:—z} D. [0:+%)

Léi gidi. Taco y'=-3x" —12x+4m—9

Ham sé da cho nghich bién trén khodng (—o0;-1)
khi y'=-3x"-12x+4m-9<0,Vxe (—o0;-1)

o 4dm<3x* +12x+9,Vx e (—00;—1)

< 4m < min (3x +12x+9)<:>4m<—-3

(==i-1)

oSm< —%. Chon C.

Cau 2. C6 bao nhiéu gid tri nguyén m € [—lO:lO]

dé ham s6 v = ;_\"‘ +(m=1)x" +9x—m" nghich
3 ;
bién trén khoang (—4;-1)?
A.6 B. 8 C. 7 D. 5.

Léi gidgi. Taco y'=x"+2(m-1)x+9.

Ham s6 @4 cho nghich bién trén khoang (—4;-1)
khi y'=x"+2(m—1)x+9<0,Vx e(—4;-1)
—4;-1)

—4;-1)

Xét ham f(x)z—x—g trén (—4;-1). Ta cé:
X

< 2(m-1)x<-x -9,vxe(

<:>2(m—1)2—x—2,Vxe(
x

' 9 = 2+9
f(x)=_1+F= xl :
X

['(x)=0x=-3 (vi xe(—4-1)).

Ta c6 bang bién thién:

TOAN HOC
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S

e ——— e —— ']
L X T . =3 7—#—_?’—:2 _J'
|y -0 + |
P "
] 6 .

Ti bing bién thién ta dugc diéu kién 1a

2(m-1)210¢> m>6. Két hop voi gid thiet ta

dugc m e {6,7;8,9;10}. Chon D.

2. Ham phén thic

Déi véi ham y=F18 e =975 pg
ex+d (cx +d )

ham sb nay ddng bién (nghich bién) trén K thi

»'>0(y'<0),VxeK va y' phai xac dinh trén

K.

Céu 3 (Thi tot nghiép THPT nim 2020, ma dé

103). Tap hop tat ca cdc gia tri thue cua tham s6

x+2

m dé ham so y= dong bien trén khoang

X+m
(—x‘;—S) la

A.(2:5] B.[2:5) C.(2Z+%) D.(2;5).

Loi gidgi. Ta ¢c6 y'= Ham sé d3 cho
g y

(x+m)2-
dong bién trén (—o0;—5) khi
y':L-z—-; >0,Vx €(-o0;-5)
(x+m)

m-2>0
& < 2<m<5.ChonA.
-m=-5
Cau 4. Co bao nhiéu gid i nguyin
‘ X+5
m 6[72023;2023] dé ham so y = ko nehich
X+m
bién trén khodng (1,4)?
A. 2023 B. 2025 C. 2026 D. 2022 .
m-5

(x+ m)2

Léi gidi. Ta ¢6 y'= . Ham sé d3 cho
nghich bién trén khoang (1;4) khi
i m=5

= (x+m)2 <0,Vxe(1;4)

TOAN HOC .
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Két hop voi m nguyén thudc [-2023;2023], 1

dugc me {—2023;—2022;...,4} U{-1;0;...;4}.

Chon C.
3. Ham hop ) ) :
Cau 5. Cho ham so 3 = f ( x) co dao ham

W

7(x)= x(x—1) (f + X+ 9) voi moi xeR. Co

bao nhiéu so nguyén duong m dé ham so

g(x)=f(3-x) déng bién trén khoang (3;+)?
A.S B.6 C. 7 D. &.

Lo gigi. Taco: g'(x)=—f"(3-x)

= (3-x)(3-x-1)'[(3-x) +m(3-x)+9]

hay ham sb d4 cho dbng bién trén khoang (3;+)

khi

£'(x)=(x=3)(x-2)[(x-3)" =m(x-3)+9]20,

Vx € (3;+00)

© (x=3)" =m(x=3)+920,Vx e (3;+w)

© (x=3)m<(x=3)" +9,Vx e (3;+0)

om<x—3+

2 3 ,Vx € (3;400)

X —

Sm<min| x—-3+
(3;+cu)

JcamS6
x—3

K&t hop voi gid thiét ta duoge m €{1;2;3;4;5;6}.
Chon B.
Ciu 6. Cho ham s6 y :A/‘(.\')

Cco bang bien thién

nhie sau:

[x [0 o 2 4o |

o o0 |
y'$ + 0 - o 1

SN ;
R Y Pl

s MUSESIISTOR |

Co bao nhidu sg nguven m <2023
g (\) =f (\ ~2x+ m)

(1;+00) 2

aé ham so

dong bién treén khoane

A. 2023 B. 202] C. 2022  D. 2024,



Léi gidi. Ta co g'(x) =(2x-—2)f'()c2 -2x+ m).

Ham sb g(:f):f(.vc2 —2x+m) dong bién trén
khoang (1;+e0) khi

g'(X)=(2x—2)fv(x2 -2x+ m)?_ 0,Vx e (1;+)
¢:>f'(x2 _.2x+m)20,vxe(1;+oc).

Tir bang bién thién ta c6 2 truomg hop:
THL: x* —2x+m> 2,Vx e (1;+0)

<:>m2-x2+2x+2,Vxe(l;+oo) oSm=3

2

(Vi —x* +2x+2=3-(x~1)" <3,Vxe(l+x))
Két hop vai gia thiét m ta dugc:

TH2: x2—2x+anO,V.re(l;+oo). Truong hop

nay khong xay ra vi lim (x2 -2x+ m) = 400,

Két hop ca 2 truomg hop ta chon dép an B.

4. Ham chira ddu gia tri tuvét déi

Khi ta biét d6 thi ham s y = f(x) d& v& @6 thi
ham s6 vy = !f(l)l ta lam nhu sau:

- Gilt nguyén 46 thi ham sé y= f(x) véi phan
nam trén truc hoanh.

- L4y déi ximg qua tryc hoanh d6 thi ham s
y=f(x) véi phan ndm phia duéi truc hoanh ta
dugc phan d6 thi con lai.

Tir do6 ta suy ra:

a) Dé ham sb y =lf(x)| dbng bién trén (a;+0)
thi

THI: {f "(x) 20, 9x e+

T {_/"(X)SO,Vxe(a,m)
/()20

f{a)<0

y "
4+ y = fix) |
L /T y =[x
‘ 1 > a Q| :
a 0 X [
| Sr=fo

|
b) Dé hamsé y = |f(x)l ddng bién trén (a;b) thi

THI: {f(x) >0,Vxe(a;h) THD: {f‘(x) <0,vx e(a;h)

f(a)20 f(a)<0
ya
Y&y = fx) ‘
& ;
' y =)
/‘\// /"/ '
: } ~3 a OT b;—;

¢) Pé ham sb y =|f(x)| ddng bién trén (—w;a)
thi

f'(x)20,vxe (—o0;a)

f(x)>0,Vx e (—0;a)

f'(x)<0,Vx e (—;a)
hoic .

f(x)<0,Vx e(-o0;a)
d) Diéu kién dé ham y=|f(x)| dong bién trén
doan hodc nira khoang tuong tu nhu trén.
e) Bang lap luan nhu trén céc ban hdy rat ra diéu
kién dé ham y=|f(x)| nghich bién trén khoang,
doan hodc nua khoang.
Sau déy 12 mot sb vi du minh hoa:

Cau 7 (D€ minh hoa nam 2023). Co bao nhiéu

gia fri nguveén cua tham sé a €(—=10;+x) dé ham
56 y= i_\"" +{a+2)x+9-a°| dé g bién  trén
khoang (0:1)?
A2 B. 11 C. 6 D. 5.
Loi gigi. Dat f(x)=x"+(a+2)x+9-a’
= f'(x)=3x*+a+2. Ham s6 )’zlf(.\’)' dong
bién trén khoang (0;1) khi
(x)=20,V 0;1
THI: (%) xe(0:1)
£(0)20
{a > -3x* -2,Vx €(0;1)
=

; < -2<ag<3,
9—-a >0

(D& y ring 5 <-3x* =2 <-2,Vx €(0;1)).

TH2:{f'(x) <0,Vxe(0;1)
f(0)<0

TOARN HOC
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a<-5.
9-a’<0

Két hop ca 2 TH va gia thiét a nguyén thudc

{a <-3x? —27Vxe(0;1)
=

(~10;+0) , suy ra:
€ {—9; -8;-7;-6; -5;—2;—1;0;1;2;3}. Chon B.

Cau 8 (Thi thir lan 2 Truong THPT chuyén DH
Vinh, ndm hoc 2019 - 2020). Goi S /a tdp hop tat
ca cdc gia tri nguvén cua m sao cho ham 50
y= '—.\"i +mx +2m7x - H dong hicn  trén
khoang (L,+x). Tong tat ca cdc phan tir cua S la

Al -1 B.0 C. -2 D. 2
Loi gidi. Xét ham

f(x)=—x4 +mx’ +2m*x* +m—1 cb

F'(x)=—4x" +3mx? + 4m’x.
Ham s6 y =|f(
khi

x)| dbng bién trén khoang (1;+c)

T {f’(x)ZO,Vxe(lﬁoo)
f(1)=zo0
khéng xay ra vi I_i}rgcf'(x)z
_— {f’(x)SO,Vxe(l;ﬂo)
f(1)<o
{—4;;2 +3mx + 4m’ <0,¥x € (L40) (2)
<~ :

. Trudng hop nay

m'+m-1<0 (3)

—1—\/5_) (—1+\/§
2

<m<
2

Giai (3) ta duoc . Két hop

véi meZ,tadugc me{-1;0}.

Thay m=~1 va m=0 vao (2) ta thdy thoa man.

Viy me {—I;O} .Chon A.

Cau 9. Co hao nhicy Sid el neuven cua tham se

me(=5; 5) dé ham so v = VX =3 =2y 3;,;1
nghich bién irén khoang (2;3)9
A. 2 B.3 G 5 D. 9.

Loi gidi. Xét ham f(x)=vx* =3 -2x—13m trén
khoang (2;3). Ta cé:

TOﬂN HOC
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x—2Vx’ =3

rOrEs T s

(2 -4)
IR, . —

J7 —3(x+2x/x2 -3)

Suy ra ham s6 f(x)=\/x2 —3—-2x-3m nghich
bién trén khodng (2;3). Dé ham s6 y=|/(x)

nghich bién trén (2;3), ta chi cén dicu kién

J6-6
—

<0,Vxe(23).

g(3)20¢:>\[6_—6—3m20 oms
Két hop v6i m nguyén thuoc khoang (=5;5) ta
dugc m e {-4;-3;-2}. Chon B.

5. Ham so cho bdi do thi

] ‘ T - s predes TP
Cau 10. Cho ham so y = f(x) lién tuc trén R.
Hem 56 y = ["'(x) 6 do thi nhie hinh vé,
yT
[1
/T\ /
/1N 2 >
e
o\ x
/ 3\
’/ [ Y /
/.‘ \ /
/ [ \
/ | \‘.
’JI‘ 3 !_ ________ N
f
Goi S la tap hop cac gid tri nguven cua tham sé m
dé ham so y = ‘f (lnx)+3Inx+m’ = 2m| nghich
bien trén khoang (l;u" ) bict [(2)=-9.. Tone
cac phan tie cua S bhane
A4 B.3 .3 D. 6.

Loi gidi. Xét ham
g(X)==f(lnx)+3lnx+m2 - 2m.

N 3
T — 2 L '
acod g'(x) xf(lnx)+x-x(f(lnx)+3)
Vi xe(l;ez) ta co Inx e(0;2)
f’(Inx)>-—3,\7’xe(l;e2).

i ]
Do d6 g (x)=—-(f'(lnx)+3)>0,Vxe(l;ez).

- Tir 44 thi suy ra:

=



Suy ra ham sé g(x)=f(Inx)+3Inx+m —2m
dong bién trén khoang (l;ez). Pé ham sb
J’=|g(-\’)| nghich bién trén (1;92), ta chi can
g(el)£0c>m2-—2m—3$0 o-1<m<3.
Kéthop véi meZ taduge me {(-1,0;1;2;3}.

Viy tong cac phin tr cia S bing 5. Chon C.
Cau 11. Cho ham s6 v=f(x) lien tuc trén R.
Ham sé y=/'(x) ¢o do thi nhie hinh vé.

Y A

Co bao nhiéu gia tri nguyvén cua tham so m dé

5 £ | 3 2] N EEE
ham so y=|f(2x=1)+x" —x+m"| dong bién

/
trén khoang |

\ I3
|, biét £(0)=-4"

J|—

]

Z

I
o N!"n‘

A. 5 .3 C. 4 D. 6.
Loi gidgi. Xét ham sb
g(x)=f(2x—l)+xz—x+m2
c6 g'(x)=2/"(2x-1)+2x-1.

I 5
pit r=2x-1,taco xe(E;EJ@te(0;4).

¥y 4
y=/"'1)

: . ~t
Tir d thi ta thay f'(¢) <7,‘v’l €(0;4)

< 2f'(1)+1 <O,Vte(_0;4)

hay 2f-(2x—1)+ 2x-1<0,‘v’xe[l2;-;_)

) , . 5
Suy ra ham s6 g(x)=/(2x-1)+x" —x+m

15

nghich bién trén khoang (5’5)

Do d6 dé ham ) y:|g(x)| dong bién trén
] .5 2

hoang | —;— | ta chican

khoang (2 2]

1 _ S
o 2 0)+———+m’ <0
°(2J'O®‘f() 4 2

o1
<::>n'——7£0<:>
4

voi me 7 tadugc me {«~2;—1;0;1;2} .Chon A.
SAU DAY LA MOT SO BAI TAP CO LOI
GIAI TUONG TU

Cau 1 (TNTHPT, nim 2018, mi dé 101). Co
bao nhiéu gia tri nguyén cua tham s6 m d& ham

z 2 5 .
s6 y= it dong bién trén khoang (—ao;—lo),
X+ 5m
A. 2 B.Vos6  C.1. D. 3.

Ciu 2 (P& minh hoa nim 2018). C6 bao nhiéu
gid tri nguyén am cua tham s6 m dé ham sd

1 s o1
=" +mx—g-\_—5 dong bién trén khoang (0;+oo).

A. S B. 3 .0 D. 4.
Ciu 3. Cho ham sd y=/(x) c¢6 dao ham

f'(x) =.\‘(x—l)2 (3,\'4 +mx' + 1) vol moi xe R
C6é bao nhiéu sd nguyén am m dé ham s
g(x)= f(x:) dong bién trén khoang (0;400) ?

A.3 B. 4 C.5 D. 6.
Ciu 4 (D& minh hoa nim 2017). Tim tit ca cac
gida tri thuc cua tham s& m sao cho ham so

tanx-2 .z V4
y =——— dong bién trén khoang 0‘—].
tanx —m T4
A. m<0 hoac I<m<?2 B. m<0
C.1<m<2 D. m22.

TOAN HOC
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Ciu 5. C6 bao nhiéu gia tri nguyén cua tham SO
m @& ham sé y=|xS —5x% +5(m -1)x-—8l
nghich bién trén khoang (—oo;1).

A. 2 B. 0 C. 4 D. 1:
Ciu 6. C6 bao nhiéu gié tri nguyén cua m d¢ ham

r —
A

$0 y= ddng bibn trén khoang (0;+00) ?

x+m+1
A. 0 B. 1 C.2 D. 3.

Ciu 7. C6 bao nhidu gid tri nguyén cuia

m e [-2023;2023] dé ham 80

y=l\fx2 + —mx—l‘ ddong bién trén khoang

(,2)?

A. 4045 B. 4048  C. 4046  D. 4047.
Ciu 8. Cho ham s y = f(x) c6 bang bién thién

nhu sau:
X —o0 -3 1 +o0
Yo + 0 - 0 +

+
|

C6 bao nhiéu so nguyen €

[-10;20] dé ham s§

g(x):f(x2+3x-—m) dong bién trén khoang

(0;2)7
A. 18 B. 121
C. 16 D. 20.

Chu 9. Cho ham sb y=f(x) lién tuc trén R.

Ham sé y = f'(x) 6 do thi nhw hinh vé.

‘l 2

‘ . >

e \/ '
N P

C6 bao nhiéu gia tri nguyén cua tham s6 71 dé

ham sb y= ‘f(Zx)—sz +m?| nghich bién trén

N\

khoéang (—%;OJ ,biét £(0)=-1.

2 +o0
g Al B.3
Y s
—c0 =2 f C. 4 D. 2.
&
*******************$**$*****$***$*******$****$*$*$$*$***tk**$**$****$*$*$**$*******

TIM CHU'SO . .. (tiép theo trang 9)
2. a) Tim hai chit sé tin cing cua hidu
292516 29]9‘5

b) Tim hai chir sé tan cling cia phin nguyén sé

150
(V25 +vai)* .
¢) Tim hai chit s6 tin cing cua téng
20087 + 2009
3. Tich 4=1.2.3.4...800 c6 tan cung la bao nhiéy
chit 56 0 ?
4. Tim bén sb nguyén a,b,c,d phén biét trong tap
hop {10;21;37;51} sao cho:

ab+ bc—ad =637,

5. Tim 56 ty nhién 4 biét ring 3 ménh d& sau c4
2 ménh d& dung, 1 ménh dé sai.
1) 4+51 14 56 chinh phuong,
2) Chir sb thn ciing vé bén phai sé 4 13 chix s 1.

TOAN HOC
20) FcTusitze st 5-2009

3) 4—38 lasb chinh phuong.

6. a) Tim sO ty nhién c6 dang ****3 va 13 lap
phuong cia mot s6 tu nhién.

b) Tim cac s tr nhién c6 dang abba théa min
abba =(ab) +(ba) +a-b.
7. C6 tdn tai hay khéng hai sé tu nhién a,b thoa

man (3a+2b)(7a+3b)-4=22%12%2011
khong

hay

8. Chimg minh réng s6 a=27.7" 4+ 2021 khong
thé 1 tich cia m s§ ty nhien lLien tiép
(meN,m.>_2) vOi moi s6 tu nhién # chia hét
cho 4.

9. Chimg minh rﬁng s& cac chir s6 viét trong hé

thap phin cua haj s§ 20022 3 20022001 4 92001
14 bing nhau.
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CAC LOP THCS

Bai T1/551 (L6p 6). Tim sé nguyén n 16n nhét
sa0 cho s6 0=4" +4 L 4" 3 54 chinh phuong.
NGUYEN THI MINH
(GV THCS Cao Vién, Thanh Oai, Ha Noi)
Bai T2/551 (L6ép 7). Tim céc sb ty nhién x, y thoa
man:
x* +2021x+2022y + y = xp+2022x” +2023.

NGUYEN BUC TAN

(TP. H6 Chi Minh)

Bai T3/551. Cho a, b, ¢ 14 cac sd hitu ty duong
11

thoa min didu kién l+3+—=2_ Chimg minh
a C

A= ! abc
\(a+2bc)(b+2ca)+(c+2ab)
TRAN VAN HANH
(GV PH Pham Vén Pong, Quang Nga)
Bai T4/551. Cho tam gidc nhon ABC khéng cén
¢6 hai dudng cao BE va CF cét nhau tai H; M 1a
trung diém cua BC. Goi K 14 hinh chiéu vudng géc
cia H trén AM, hai duomg thing AH va BK cit
nhau tai 7. Chimg minh rang tia /H 14 phan gidc

1a mét sé hitu ty.

cua goc KIF.
NGUYEN DUNG
(GV THCS Luong Som, Binh Thudn)
Bai T5/551. Chimng minh bét ddng thirc sau
a b c 33
e - <
1+a* 1+6° l+c 4
trong d6 a, b, ¢ la cac s6 thuc duong thoa min

diéu kién ab + bc +ca=1.

LE XUAN PAI
(GV THPT chuyén Vinh Phuc)

CAC LOP THPT
Bai T6/551. Cho phuong trinh
(x—1)* (6% —2%) - (m+1)(x* -2x~1)~4=0.
Tim tAt ca cc gié tri cua tham sb m dé phuong
trinh trén c6 4 nghiém phén biét, trong d6 cé hai
nghiém x; , x, thoa man x,x, +1=x +x, #,
NGUYEN LAI
(GV THPT chuyén Lwong Van Chanh, Tuy Hoa,
Phii Yén)
Bii T7/551. Chimg minh ring
36a* +296° 36b°+29¢* 36¢*+29a°
b +4a’b ¢ +4b’c @’ +4cta
trong do a, b, c 1a cac sb duong thoa mén
1 1 1 117

e —,
a b ¢ 2023

>2023

PO BA CHU

(GV THPT Déng Hung Ha, Thai Binh)

Bai T8/551. Cho tam gidc ABC ndi tiép dudng

tron (O; R) va ngoai tiép dudng tron (f; r). Céc

dudng thing I4, IB, IC cit lai dudng tron (O; R)
lan luot tai A, B, C;. Chimg minh ring

(AIBI + BICI + CEAI)Z
AB BC,C 4

2 (a+b+c)

abc
trong 6 a = BC, b= CA, c = AB.
LE NGUYEN
(8V K32, Khoa Céng Nghé, BPH Can Tho)
Bai T9/551. Cho p, g, r 1a cac sb thuc khéng am
théa man p + g + r = 1. Chimg minh ring
T(pq+qr+rp)<2+9pgr.
DINH THAI SON
(SV lép BK79K48, BH Bdach khoa Ha Noi)
TIEN TO1 OLYMPIC TOAN
Bai T10/551. Cho day sb (x,) xac dinh boi
x=7,x,=29
{ 1 —10x,,Vn=1,2,...
Chimg minh rang véi mdi s nguyén dwong k thi

ton tai s0 nguyén dwong n sao cho x, +3: 7.

xn+2 = 7xn+

NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang)

TOAN HOC
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Bai T11/SS1. Tim tét ca cdc cac ham /: Z—-Z

thoa man: f(2/(a)+ £(b))=2a+b~4, YabeZ.

Bai T12/551. Cho tam giac nhon ABC, O la tim
dudmg tron ngoai tiép, K, L theo thir tu 1a giao
diém cua BO, CO véi AC, 4B. Gia sit ban kinh
clia dudng tron ndi tiép tam giac OAK bing ban
kinh ctia dudng tron néi tiép tam gidc OAL, ching

HO THANH LAI
(GV THPT chuyén Lé Quy Dén, Binh Dinh)

minh AR = AC.

NGUYEN MINH HA
(Ha Néi)

Bai L1/551. Mgt séng doc truyén theo truc Ox co

tan s6 15 Hz, bién d¢ 4 cm. Téc do truyén song la

12 m/s. Xét hai phﬁn tr B va C trén Ox ¢0 vi tri
can bing cich nhau 40 cm. Tinh khoang cach
ngin nhit giira hai phin tu B va C khi c6 song
truyén qua.
VIET CUONG
(Ha Ngi)
Bai L.2/541. Trong doan mach RLC nbi tiép. cudn
day thuén cam c6 46 tir cam L thay doi dugc. Ung
vGi hai gia tri khac nhau cua L 1a Ly = 3 mH va
L, = 6 mH thi dién dp hiéu dung trén cudn cam cé
gia tri nhu nhau. Tim gié tri cua L dé dién 4p hi¢u
dung trén cudn cam dat cuc dai.
THANH LAM
(Ha Néi)

**:r*****************************************************x:*********************

TIN TUC TOAN HOC

GIAI THUONG TOAN HQC ABEL NAM 2023

Nha nghién cru nguoi My gdc Argentina Luis
Caffarelli da & thanh chi nhan cua Giai thudng
Todn hoc Abel nim 2023 vi nhimg dong gdp noi troi

cho 1y thuyét vé cac phuong trinh dao ham riéng phi

DA CO CHU

tuyén tinh.

Nha nghién ciou ngeoi My goe A rgenting Luis Caffarell,

Vién Han lim khoa hoc Na Uy ngay 22/3 ¢
giai thuong nay, dong thoi cho biét ong Caffarelli s&
nhdn giai thuong trong buoi 1§ (rag gi

Oslo.

22
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acong bo

a1 ngay 23/5 (aj

Céc phuong trinh dao ham riéng phi tuyén tinh mé
hinh héa cach mot sé bién thay dbi twvong img véi
nhau va cé vai tro ndi bét trong nhidu nganh, bao
gom Ky thuat, Vat Iy, Kinh té va Sinh hoc. Vién Han
lam Khoa hoc Na Uy ca ngoi nhimg dong gép ndi
bat cua ong cho linh vyc ly thuyét trong qua trinh
sudt hon 40 nam.

Chu tich Uy ban giai thuong Abel, dng Helge
Holden cho rang két hop sur hiéu bidt sau sic vé hinh
hoc véi cac cong cu va phuong phép phén tich khéo
I€o, cac cong trinh cua Caffarelli da va dang tiép tuc
cd tac dong to 1om dén Todn hoc.

Nam ngodi, giai thuéng ndy thude vé nha Toan hoe
nguoi My Dennis Sullivan nhy cong trinh nghién
clru cia ong vé cdu trae lién két v
loan.

a ly thuyét hdn

Buogc dit theo tén cpg nha toan hoc ngudi N

a Uy
Niels Henrik Abel (1802

- 1829), giai thuong nay di
kém véi phan thuong trj gla 7.5 trigu kroner
(710.000 USD).

(nguon: baotintyc. vi)



PROBLEM IN THIS ISSUE

FOR SECONDARY SCHOOL

Prioblem T1/851 (For 6" ¢rade). Find the largest
integer n such that the number Q=47 +4'07 L 47

is a perfect square.

Problem T2/551 (For 7" grade). Find the natural
numbers x, y satisfying

x* +2021x+2022y” + y =xy+2022x)° +2023.

Problem T3/551. Let a, b, ¢ be positive rational

numbers satisfying the condition l+l+ L 2

a b c

abc
(a+2bc)(b+2ca)+(c+2ab)

Show that A= J

rational number.

Problem T4/531. Given an acute scalene triangle
ABC, two altitudes BE and CF intersect at H; M is
the midpoint of BC. Let K be the perpendicular
projection of H on AM. Two lines 4H and BK
intersect at 1. Show that JH is the angle bisector of

KIF.
Problem T5/551. Show the inequality

a b c 3\/5
+ = 5 =S
l+a* 1+ 1+c 4

where a, b, ¢ are positive numbers satisfying the

condition ab + bc + ca = 1.

FOR HIGH SCHOOL
Problem T6/551 Given the equation with
parameter m
(=172 (x* —2x)— (m+1)(x* —2x~1)-4=0.
Find all the values of the parameter m so that the
above equation has 4 distinct solutions of which
two solutions x;, x; satisfying

X%, +1=x+X feal2.

Problem T7/551 Show that

36a" +29b" . 36b* +29¢ " 3654 +2?a4 s, 5003
b’ +4a’b ¢ +4b*c @ +4c’a
where a, b, c are positive numbers satisfying the
o111 117
condition —a—+ g+~c— 550—2—3.

Problem T8/551 Given a triangle ABC inscribed
in the circle (O; R) and circumscribed the circle (/;
r). The lines 14, I8, IC respectively intersect (0;
R) at 4y, By, Cy. Show that
(4B, +BC +CA) B (a+b+c)
AB,.B,C.C4

abc
where a = BC, b= CA,c=AB.
Problem T9/551. Given non-negative numbers p,
g, r satisfying p + ¢ + r = 1. Show that
T(pq+qr+rp)<2+9pgr.
TOWARDS MATHEMATICAL

OLYMPIAD

Problem TI10/351. The sequence (x,) 1S
determined as following
X =7,%=29
{xmz7xn+1—10x",vn=1,2,..f

Show that for each positive integer k there always

exists a positive integer n so that x +3: 7%

Problem T11/551 Find all functions f: Z—>Z
satisfying f(2f(a)+ f(b))=2a+b-4, Va,beZ.

Problem T12/551 Given an acute triangle 4BC
and O is its circumcenter. Let K, L respectively be
the intersections between BO, CO with AC, AB.
Assume that the radius of the incircle of the
triangle OAK is equal to the radius of the incircle
of the triangle OAL. Prove that 4B = AC.

Translated by NGUYEN PHU HOANG LAN
(College of Science - Vietnam National University, Hanoi)

TOAN HOC
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Bai TV/347. Tim tat ca cac cap so nguven duong

- -3

(a: b) sao cho (Th 7 cung la 50 nenven duong.
Loi gidi. Nhdn xét. Gia sit a° — 3 = (ab + 3)k v6i
cic 56 nguyén duong a, b, k.
Doa’-3>ab+324néna>3vaa>b>0.

Xét tich: bk(ab + 3) = b(a" - 3)

= ba*—3b + 3a—3a=alab + 3) - 3(a + b),
hay la 3(a + b) = (ab + 3)(a - bk).
Tr(a-1)b-1)=ab+1-a-b=0suyra:

a+b<ab+1<ab+3
nén 3(a + b) <3(ab + 3). Nhu thé chi xay ra:

3(a + b) =ab + 3 hodc 3(a + b) = 2(ab + 3).
eNéu3(@+b)=ab+3thiab+9-3a-3b=6,
hay (a—3)(b-3)=6,vdia>3 vaa>b>0theo
nhan xét trén, néna@ =9, b =4, hodca =6,b =5.
Thir lai thy (a ; b) nhur thé déu thoa mén dé bai.

« Néu 3(a + b)=2(ab + 3) thi
4ab +9—6a-6b=-3,

hay (2a-3)(2b-3)=-3,véia=23vaa>b>0
theo nhan xét trén, nén @ = 3, b = 1. Thu lai théy
a =3, b =1 thoa man dé bai.
Vay cac cap s6 nguyén duong (a ; b) bang (9 ; 4),
(6;5), (3 ; 1) thoa min dé bai.
Nhiin xét. Cac ban sau c6 o1 giai t6t. Ngh¢ An:
Hoang Vian Duy, Nguyén Truong Viét Anh, 6D,
THCS Ly Nhit Quang, D6 Luong; Quéing Ngai:
Huynh Diém Quynh, 6B, THCS Pham Vin Dfmg,
Hanh Phudc, Nghia Hanh.

NGUYEN VIET HAI
Bai T2/547. Cho  tam  giac  ABC  voi
BAC =30". ABC =80". Trén nua mat phing khong

chira diem B vot bo la duong thang AC, lav diém

TOAN HOC .
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D sao cho tam gidc DAC can tai D va
ADC =160". Tinh so do ctia goc DBC.

Léi gid.

B (3

Tam gidc ABC co BAC =30°,ABC =80 cho
nén ACB=70". Vi tam gidc DAC can tai D va
ADC=160" cho nén DAC =DCA=10°, va do
a6 DCB=80". Goi £ 1a giao diém cua DC véi
BA, ta co6 tam giac EBC cén tai E. Vi
EDA=20" = CEA nén tam gidc AED cén tai 4.
Ta c6 AE=AD = DC.
Liy / d6i xtmg véi D qua AC. Ta co
JCE=20°, IC=CD=AE . Tam gidc AEC=ICE
(c.g.c), va do 6 JEC=ACE =10".
Do CEA=20", cho nén E/ la phan gidc goc
CEA vi do d6 tam giac {BC cén tai /.
Vi ICB=ACB -ICA=70° 10" =60°, cho nén
tam giac /BC la tam giac déu. Ta co DC=BC
nén tam giac DBC cantai C. T do

— ] —

DBC=—(180° - DCB) = 50"

2( CB)=50"

Nhdn xét . Cac ban sau day c6 dap sé ding:
Nghé An: Hodng Vin Nhan, Luong Thi Hai Yén,
Nguyen Tat Han, Nguyén Thi Bang Tam, 7C, THCS

Ly Nhat Quang, D6 Luong; Ha Tinh: Liwu Khdanh
Huy, 8H THCS Nguyén Du, TP. Ha Tinh

VU DINH HOA
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Bai T3/547. x, v 1 hai 56 thue thoa man x > 2.

0<y< L. Chung minh w'cfng

X Vv { \
7t 5 ——x<2 —E_+_ L]
X4y ylex \x+a’ yrd)

Loi gigl. V&i gia thiét d3 cho, ta s& chimg minh

: X 2 ;
rang: < ; Y 2
X +y y+4 (1)’ y2+x_<-x+4 (2)

Thét vay, ta co: (1) < x(y+ 4)- 2(x2 + y) <0
Xy =2y+4x-2x’ <0 (x-2)(2x-y)20.
Bét dang thic cudi ding vi véi x>2, 0< y£1;
ca hai thira sb trong vé trai khong am. Diu déng
thiuc xay ra khi vachikhi x=2, 0<y<I.

Lai c6: (2) = y(x+4)-2(y* +x)<0
Sxy—2x+4y-2y° SO<:>(y—2)(2y—x)20.
Bit ding thirc cudi dung vi véi x22, 0<y<l;
ca hai thira sé trong vé trai khong dwong. Déu
dang thirc xay ra khi va chi khi x=2, y=1.
Cong theo vé cua (1) va (2), ta duoc:

’x +,y 52(1+] }
xX*+y y +x \x+4 y+4

Bét dang thirc trong déu bai dugc chirng minh.
Déu dang thic xay ra khi va chikhi x=2, y=1.
Nhén xét. Diéu then chét cua 15i giai 1a chirng minh
véi x>2, 0<y<I co cic bét dang thic (1) , (2).

Cé thé chimg minh x+£22+—)2—}, roi tr do suy ra
X

x
(1); va chimg minh y+ F > 2+5, suy ra (2).
y

Céc ban sau day c6 bai giai tot :
Ha Tinh: Liru Khanh Huy, 8H, Tréan Diéu Linh, 9}5},
THCS Nguyén Du, TP. Ha Tinh; Nghé An: Nguyén
Van Viét, 9B, THCS Ly Nhat Quang, D6 Luong;
Phu The: Tran Lan Anh, Pé Tudn Minh Hoc, 9A,
THCS Nguyén Quang Bich, Tam Nong; TP. Hd
Chi Minh: Nguyén Chanh Thién, 8/14, THCS L&
Quy Pon, Q3; Sem La: Lwong Hiru Bach, 9A1,
THCS Nguyén Tréi, TP. Son La.

NGUYEN ANH DUNG

Bai T4/547. Cho tam giac ABC can i C. 6
C=30", dwong cao AH. Tu trung diem M cud
canh BC dung duong vuong goc vai BC cat canh
AC tai N. Phan gidc cua goc NBC' cdt MN tai P.
Phan gidc cua goc NAH cdt BC tai Q. Chirng
minh PN = PO va AANP =ABOP.

Loi gigi. Cach 1. Tam gidc BNC can tai N va cé

NCB =30°,suy ra AWB:W/I:W:GO".

e — ] —
Lai c6 ABC=175°, NBP:ENBC=15°, suy ra

ABP = 60°.
Tir do suy ra tir gidc ABPN ndi tiép, ta co:

4PB = ANB = 60°, NAP = NBP = PBM .
Do dé tam gidc ABP la tam giac déu.

C

Vi AQ 1a phan giac goc CAH va XE@ =30° nén
tam giac AQC can tai Q.

Hon nita ABNC = AAQC (g.c.g), ta c6 CN = CQ, nén
AN = BQ. Hai tam giac ANP va BOP co:

AN = BO, NAP = OBP, AP = BP,
suy ra AANP = ABQOP (c.g.c). Dodo PN=PQ.
Cich 2. Tam gidc BNC ¢é6 NP, BP lin luot 13 phan
gidc cia goc BNC va NBC, nén CP I phan gidc
cua géc KIE:B
D& thay @:%EZ};’ =30°, suy ra tam giac AQC

can tai Q, hon nita, AAQC = ABNC.

TOAN HOC
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Vi tam gidc ABC cén tai C nén CP Ja trung truc €

AB, do d0 AP =BP.
Lai c0 P € MN la trung truc cia BC nén PB = PC.

—— i ]. e
Suyra PA=PC= PAC = PCA =~5CAQ-

Do AAQC = ABNC v ¢6 P déu la giao céc dudng
phan gidc trong, do d6 QP = NP. Cubi cing, hai tam
giac ANP va BQP cé:
AP=BP,PN=PQ, AN=BQ (do CN=CQ),

Suy ra AANP = ABQP.
Nh@n xét. Cac ban dudi déy c6 11 giai tét.
Son La: Lwong Hitu Bdch, 9A1, THCS Nguyén Trii;
Nghé An: Neuyén Vian Lam, Nguyén Céng Diing,
Nguyén Thai Triéu, Hoang Thai Phuong, 8A, Nguyén
Hdi Triéu, Nguyén Van Viét, 9B, Hodng Vin Nhén, TA,
Nguyén Tdt Han, THCS Ly Nhit Quang, D6 Luong; Ha
Tinh: Luw Khinh Huy, 8H, THCS Nguyén Du; Phi
Tho: Trén Lan Anh, Ha Phuong Anh, 9A, THCS
Nguyén Quang Bich, Tam Néng.

NGUYEN THANH HONG
Bai T5/547. Cho cac so thue a, b, ¢ thoa man
a #=0.2a -=b + ¢ = 0. Xét phuong trinh bic hai

ax” +bx+c¢=0 (1).
a) Cluimg minh rang hai sé nguvén lién tiép bt ky
khong thé dong thoi la nghiém cua phuong trinh
bdaec hai (1).
b) Chimg minh ring nghich dao cua can béic hai
cua hai sé nguyén dicong phan biét khong thé
dong thoi la nghiem cua phirong trinh hdc hai ( 1)
Lai gidi. Bigt thire cuia phuong trinh di cho
=(2a-b) +4a* >0,Ya 0

nén phuong trinh d3 cho ¢6 hai nghiém phan biét

X,,X, . Theo dinh ly Viéte, ta c6: X +x,= g va
a

c . . v Gk
% =~ Mt khac, gia thiét bai toan cho ta

2a=b-¢, kéo theo E—£=2. Do d6:
a a

-—(xl +x2)-x]x2 =2
hay twong duong: (5 +1)(x, + )=-1 (¥,

TOAN H
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a) Néu x.x, 1a hai s6 nguyén lién tidp

+1,x, +1 ciing 1a hai sé nguyén lién tiép, din
@i (x +1)(x, +1) chia hét cho 2 1a diéu may
thudin véi (¥). Do d6, phuong trinh khong thé g

hai nghiém la hai sb nguyén lién tlep |
b) Gia su phuong trinh c6 hai nghiém duong

1 . 1 5 I3 cac s
xl = va xz :T trong dO m,l’l C 80
/m n

nguyén duong. Khi d6 thi

(5, +1)(x, *”{”7%}(”57]”

ciing la didu mau thudn véi (*). Do d6 phuong
trinh d3 cho khong thé c6 hai nghiém 1a nghich
dio cua cac can bic hai cia cac sé nguyén duong.
Nhdn xét. Bai todn nay cc ban va c6 nhiéu hudng
giai. Ngodi ra thi ¢ khing dinh b) ciia bai toan, ta
thiy phuong trinh khong thé c6 hai nghiém déu
duwong.

Co nhiéu ban giri 101 giai cho bai nay, nhung dang
tiéc co6 mét ban giai chua chit ché. Trong céc 161 giai
giri vé Toa soan, cic ban sau ¢6 101 giai dung:

Ha Noi: Tran Viét Anh, 9C1, THCS Archimedes
Academy, Ciu Glay, Phi Tho: P Tudn Minh, 9A,

THCS Nguyén Quang Bich, Tam Néng; Son La:

Luong Hiru Bach, 9A1, THCS Nguyén Trii; TP. Hb
Chi Minh; Nguyén Chanh Thién, 8/14, THCS Le
Quy Pon, Q. 3; Nghé An: Nguyén Hai Triéu,

Nguyén Vin Viét, 9B, THCS Ly Nhat Quang, Pg
Luong.

NGUYEN TIEN LAM
Bai T6/547. Giai hé phirong trinh sau
[x)Qv>0:\O
] X+ P 3
Y+ 372 4 2 m 4
Loi gidi. Gia su hé phuong trinh d3 cho ¢
nghiém (x, y, z). biat S = xy +yz+z X

Vai trd cua x, y, 7z o tinh chit ho

an vi vong
quanh, khdéng 4

©Ong  quat pia g
Z) ﬁICla x>JJ>0Vax>Z>OISuy
ray2<xyzvaxz <x’z

x= max(x ¥,



LN U R iy R mmims mm mmn
Bai T5/547. Cho cdc s thue a, b, ¢ thoa man
a=0,2a —b +c=0. Xét phuwong trinh bac hai
ax’ +bx+c=0 ().
a) Chimg minh rang hai s6 nguyén lién tiép bat ky
khéng thé dong thoi la nghiém cua phirong trinh
bac hai (1).
b) Chitng minh rang nghich ddo ciua can bédc hai
cia hai sé nguyén dwong phdn biét khéng thé
dong thoi la nghiém ciia phwong trinh béic hai (1).
Lo1i gidai. Biét thic cta phuong trinh da cho
A=(2a-b) +4a>>0,Va#0

nén phuong trinh da cho c¢6 hai nghiém phén biét

X,,X, . Theo dinh 1y Viéte, ta co: x, +x, =—— va
a

c 9 ; i gpef wsg o 5
x,x, =—. Mat khac, gia thiét bai toan cho ta
a

2a =b-c, kéo theo 2—£=2. Do do:
a a

—_(xl +x2)——x1x2 =2

hay tuong duong: (x, +1)(x, + =-1 (».

TOAN H
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tiéc
gul
Ha

Aca
THC
Luo
Chi

Quy
Ngu)
Luor

Bai’

Loi

nghi
Vai
quan
X=n

ra y°



rung truc cua

én PB = PC.
0.

10 cac duong
cung, hai tam

N=CQ),

Nguyén Trii;
Cong Diing,
, 8A, Nguyén
‘an Nhin, TA,
)0 Luong; Ha
yén Du; Phi
, 9A, THCS

A\NH HONG
¢ thoa mdn
h bdc hai

n tié’p bt ky

hwong trinh,

2) Néu x,x, 14 hai s nguyén licn tidp gy
x, +1,x, +1 cling la hai s6 nguyén lién tiép, dip
| | A b A
toi (x +1)(x +1) chia hét cho 2 1a dicu may
thudn véi (*). Do do, phuong trinh khéng thé ¢4
hai nghiém la hai sd nguyén lién tiép.

b) Gia st phwong trinh c6 hai nghiém duong
xlz_l_' va xz:'}_ trong d6 m,n la cac sb

Jm Jn

nguyén duong. Khi d6 thi

(% +1)(x, +1) = [1+—\/%](1 +-j§] >0

cing la diéu mau thuin vai (*). Do d6 phuong
trinh d& cho khéng thé ¢4 haj nghiém la nghich
dao cua cic cin béc hai cia cac sd n

guyén duong.
Nhén xét. Bai toan nay co ban va ¢ nhiéu hudng



man KET QUA NAO?

Bai toan. Tong binh phiong t4t cé cdc gid tri cua

tham sé m @6 ham s6 f(x)=x" _3x* +mx—1 ¢co

=0
hai diem cuc tri X1, X2 théa man
1 X, +Xx, —2x%x, + 3x'x; =3 bang
A.2 B. 10 C.1 D. 9.
ding

Ban Hén dwa ra lap ludn nhw sau: Ham s6 fix)
1 =1 6 hai diém cuc tri x;, xp thi x1, x2 1a hai nghi€ém
cua phuong trinh f '(x)=0,t0c 1a x;, X2 la hai

nghiém cua phuong trinh 3x2 —6x+m=0.Theo

1) co
—1,2) dinh 1y Viete ta co: x, +x, = 2; X, X, =—n§-. Vi vay:
n— 0. 2

1 x1+x2—2x1x2+3x12x§=3<:>2—2:T+n; =3
:x2

m S0 2 -2m-3=0cm=-1m=3. Vithé:
(__1)2 +3% =10. Chon B.

ot €M e bgn cd tim ra két qua nhuw vay khong?

12 Ot . A A

 1a mo NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bdc Ninh)
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Taco: S=x"y+ p’z+ 2%y

3 l l 3
SXTv4ayz+—zix+—xi:
Pety =

-

=xy(x+z)+ —;-.\':(.\- +z)=x(x+ :){J. n %)

X X+2 z
=y il
272 (”2]

Ap dung BDT Cauchy cho ba sé duong
X x+z z 2 X XE
>’ ,y+5,hornnua —2-<T(do->0),ta

2

co: 554.5_;"_15(1.+£)<_‘1[£+x+2+r+_z')
2 2N 2) 27\2 2 T2

-

‘4 . 3
=—=x+y+2) (%)

Do §=4 vax+ v+ z = 3, két hop véi (*) suy ra
4 < 4, diéu nay vé li.
Vay h¢ phuong trinh da cho v6 nghiém.
Nhdn xét. Vai trd x, y, z trong hé phuong trinh c6
tinh chat hodn vi vong quanh nén ta chi chon dugc
0 16n nhat (hodc so nhod nhét, hodc sd nam gitra hai
s0 con lai) chir khong sip thit tw dugc chung. Bai
nay c6 it ban tham gia giri bai, mét s6 ban di quan
niém vai trd cua x, y, z binh dang nhu nhau va dat
diéu kién luon 13 x > y > = dé giai la khong dung.
Tuyén duong cac ban sau ¢6 101 giai ¢6 lap luan chat
ché va ngin gon.
Ha Ngi: Tran Viét Anh, 9C1, TH. THCS & THPT
Archimesdes, Cau Giiy; Binh Dinh: Lé Vinh
Quang, 11T, THPT chuyén Lé Quy Dén.

PHAM THI BACH NGQC
Bai T7/547. Cho 0<x,v<1.Chieng minh ring

8(x+y=1) -9v(x+y-1)+x0>0.

Ldi gidgi. Trudong hgp: x+y—1<0, bat dang thic
hién nhién ding.
Xét truomg hop: x+y—120. Bat dang thic da
cho tuong duong vai:

Bx+y—1) =Bxy(x+y-D)—xp(x+y-1)+xy>0
S8+ y-I)x+y=-l-xp)+xp2-x-y)20

S =Bx+y-DI-x)1-y)+xp(2-x-y)20(*).

Dita=x+y-Lb=1-x,c=1-y. Suyra:
x=a+c,y=a+b2-x-y=b+c,ab,cz0.
Khi d6 (*) tro thanh:
(a +b)(b+c)c+a)28abe (1),
Theo bit ding thirc Cauchy ta cé:
(a +b)(b +c)(c +a)2 2Jab 2Jbc ea = 8abe.
Viy (1) dugc chung minh.

. : 2
Dau “=" xay ra khi a = b = c hay x=y=z=5.

Nhgn xét. Céc ban tham gia déu giai ding bai nay
vai cach giai twong tr nhu trén. Mot s6 ban dung
phuong phap dao ham ciing cho két qua diing nhung
1o giai dai hon. Cac ban sau co 101 giai tot:
Ha N@iz Trdn Viét Anh, 9C1, TH, THCS&THPT
Archimedes Academy, Cau Giay; Nghé An: Thdi
Ba Nhin, 8A, Nguyen Van Viét, 9B, THCS Ly Nhat
Quang, D6 Luong: Quang Binh: Pham Thi My
Hanh, 11 Toan 2, Nguyén Tran Hoang, 12 Toan 2,
THPT chuyén V5 Nguyén Giap; Pa Ning: 76 Pong
Hai, 10A2, THPT chuyén Lé Quy Don; Quang
Nam: Tran Pham Minh Pat, 10/1, THPT chuyén Lé
Thanh Tong; Séc Triang: Tiét Trong Khiém, 11A2,
THPT chuyén Nguyén thi Minh Khai; TP. H6 Chi
Minh: Nguyén Chanh Thién, 8/14, THCS Lé Quy
bon, Q.3.

TRAN HUU NAM

Bai T8/547 Cho hinh chip SABCD o day
ABCD la hinh thoi canh f‘uj::g a S4 =8C = u\._‘;\
SB = SD. Goi o la goc tao hoi mat phing (SAB)
va mat  phing (SCD). Chimg  muinh

ranyg

VO
CoOsPp=—,

Loi giai. (Dya theo 1o giai cua ban Pham Thi My
Hanh, 11 Toan 2, THPT chuyén V6 Nguyén Giap,
TP. Dong Hoi, Quang Binh).

Vi AB // CD nén giao tuyén cua mp(SAB) va
mp(SCD) la duong thang x qua Sva x /4 4B // CD.
Trong mp(S4B) ke SI Lx(/e€ AB). ma x // AB nén
SI 1 AB. Trong mp(SCD) ké SJ 1lx(JeCD), ma

x//CD nén SJ L CD. Tir d6 ((SAB); (SCD)) = (ST
AV)

TOAN HOC
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Goi O la giao diém cua AC va BD. Tam gidc SAC
cén tai S nén SO 1 AC, tam giac SBD can tai S
nén SO 1 BD. Suy ra SO L (4BCD), két hop véi
AB 1 SI ta dugc AB L Ol Lép luédn tuong tu ta
ciing c6 CD L OJ, dan dén ba diém O, I, J thing
hang.

biat 04 = m (m > 0). Xét tam giac AOB vudng tai

O cd OB*=AB" - 40* =d* - m".
1 _ 1 1 1. 1 a
or* 04> OB* m’ a*-m* m(a’-m’)
al_ 2
por=Na —m_
d

Xét tam giac SAO vudng tai O co:
SO=\JSA* - 40? =\[3a* - m*.
Xét tam giac SOI vudng tai O co:

2 2 _ .2
S§1=4/SO* +Or* =J3a2—m2+ﬂ¥—)

4 4
=—§a—-m—, D@ thay:

4 4
3a’'-m

ASAB=ASCD (c.c.c)=> SI=SJ =

a
Tam giac SIJ can tai § c¢6 SOL L (do SO L
(ABCD)) nén O la trung diém cua IJ

2L ¢ g
a

2m\F —m? . \[3414 -m'
a a

=1J=20I=

lJ<SI <

TOAN HOC
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4

o 4m*(a*-m*)<3a’ -m

o2a’ - m’)’ +a'+m'>0.
Bét ding thirc ndy ding nén goc ISJ 1a g6c nhon
= ((S4B),(SCD)) =(SI;8))=15/=¢.

St dung dinh Iy ham sb cdsin cho tam gidc S/ ta
SI*+S8)-1*
281.57
B4t ding thirc cn chimg minh tuong duong voi:

3 +m' -2a°m’ >_\/_€_
3a* -m' 3
& 9a* +3m* —6a’m’ >3\[_a'4 \/_m4
(ruy doa >m nén 3a'—m*>0)

3a +m’ =2a’m?

cod: cos@p= 3 —m"

& (9-3v6)a* —6a’m* +(3+y/6)m* 20
2a°m>  3+6
o at- + m- =20
=416 9—3f
. 2a'm’

= 3f(93f)(2 f)

2a*m? 1 ;
oat- + m 20
3-J6 [15-6\%}

5

1 \‘-
= {az—— - ,_sz >0. BDT ding (dpcm).
3-V6

Ding thirc xay ra khi m = a\/3 - V6.
Nhén xét. S6 bai giai giri vé Toa soan kha it, Ngoai
ban Hanh, cac ban sau ciing c6 101 giai dung:
Nghé An: Phan Dai Hoang, 10A1, THPT chuyén
Phan Bg§i Chéau, TP. Vinh; Quang Binh: Lé Gia
Bao, 11 Toan 2, THPT chuyén V& Nguyén Gidp, TP.
Pong Hoi; Binh Pinh: Nguyén Hiu Tri, 11Al,
THPT S6 2 Phu Cat, huyén Phu Cat.

HO QUANG VINH

Bai 19/547. Chimg minh rcfug trong tam gidc
ABC bat ky ta luon ¢o
FooA A B
l+—< \m-—+ﬁlr1* Lsm—— < ’3+-—--- (1
2 V" 2R

trong do ky' hiéu r, R lan lwot la ban kinh diong

tron not tiep va ngoai tiep tam giae ABC.



Lot giai (cva Lé Gia Quang) Ta cb két qua quen

biét: €08 4 +cos B + cos C =I+4sin£sin—sin—
2 p.

=1+i

(2).
Ta lai co: cosA+cosB=2cosA+BcosA_B
2
=2sin—C—cos — SZsin—C—.
2 2

Tuong tu: cosA+oosC£-23in£;oosB+cusC‘_<25inf.
Két hop véi (2) suy ra:

5
1+E=cosA+cosB+cosC

. A . B C
<sin— +sin— + sin—
> > sin—.

A+ B A-B

Tacod: cosA+cosB=2cos cos
2

A-B S"""z C A-B
COS—CO0S

. C
=2sin—cos
2
cOs —
2
sin —
= c 2sin
cos —
2

. G
sin —

2 (sin 4 +sin B).
COS —
2

A+ B A-B
COS =

2

.a b . . A
Vi—+—22 véimoi a,b>0 nén
a

tanisinB + tangsin A= 2\/tanf—sin Btanﬁsin A
2 2 2 2

. A .
sin — sin —
=2 2 Zsingcos— Zsinﬁcosg
CcOS — CcOoS —
2

=4sin£sin—5—.

2 2
tangsinC+ tan—gsinBz 4sin£sin—;
2 2 2 2

. A . C
tan%sinA+tanﬁsinC24sm35m—2-. Nhung

w

sin & B-C

Coézsin‘g; 5
2

=cosC +cosB.

tan-g(sin B +sinC) =

Tuong ty: tan—g—(sin C +sin A) = cos C +cos 4;

tan—C-(sinA +sin B) =cos A+ cos B
2
Viay 2(cos 4+ cos B +cosC)
B, . :
= tanﬁ(sian sinC) + tan—z*(smC+sm A)
2

+ tan%(sin A+sin B)

B .B.C .C. A
.>.4(sin§sm5+sm-—2—sm—2—+sm35mE :

Suy ra: cos A +cos B+cosC

et Ol s CsinB+sinBsinAJ
> ~ sin— s P oni e+ i
>2 sm251n2+sm2 5 5 5
N coszﬁ-sinzﬁ +(°052£—sin2£J+
2 2 2 2

« C IC)
+| CO8" ——8Im —
[ 2 2

A s e B e B A]
> 2| sin—sin— + sin—sin— + S1n — SIn —
2 2 2 2 2 2

, A , B o7 [ A B . T
&> C08 —+CcoS" —+cCc0S — 2| siIn—+SsIin—+sln— | .
2 2 2 2 2 2

Mt khac,
. A . B ,C 1+cosA 1+cosB 1+cosC
CO§" —+COS™ — +COS” — = + +

2 2 2 2 2 2

sin£+sinB+sin£<JcoslA+c 22 oo
5 > 5 S 5 HO0S Sk G0g'

=, {2 Pt
2R
Bat dang thirc (1) dugc chimg minh hoan toan.

Nhan xét. Co thé s dung phuong trinh bac ba dé
chimg minh céc bat dang thic (1), (2), (3). Xem (1],
Bai 4.2.1 (trang 283), 4.4.14 (trang 332), 4.4.6 (trang
328) va Bai 4.5.1 (trang 344).

(1] Ta Duy Phuong, Hodng Minh Qudn, Phuong
trinh bac ba védi cac hé thac hinh hoc va lugng giac

TOEN HOC
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trong tam gidc, NXBGD Viét Nam, 2017. Dudai day
13 danh sach cac ban da giai dung.

Binh Pinh: Lé Gia Quang, 11T, THPT chuyén L€
Quy Pon. Ha Ngi: Tran Viét Anh, 9AT, Archim.?des
Academy Trung Yén, Cau Gidy. Qu;"m‘g Bll:lhi
Pham Thi My Hanh, 11 Toan 2, Nguyén Tran Hoang
12 Toan 2, THPT chuyén V& Nguyén Giap.

TA DUY PHUQONG

Bai T10/547. Cho P(x)e Z[x]. Xét day (x,),., Xdc¢
dinh boi x,=ceZ;x,_,=P(x,),Vk20. Biét méi 56
nguvén diong m deu la wéc cua mot 56 Xy (v, # 0)
nao do cua day. Chimg minh degP = 1.
Lo gidi. (Dya theo 161 giai ctia ban Nguyén Trdn
Hodng, 12 Toan, THPT chuyén Vo Nguyén Giap,
Quang Binh)
R& ring da thic hang P(x) = ¢ v&i moi x, khong
thoa man.
Gid sdt deg P(x) > 1. Khi do liml—lT—%:-koo
khi x — +o0 . Do dé tbn tai M > 0 sao cho:

|P(x)| > 2|x| v&i moi [x|> M.
Pat M, =max{|x,|:0<k<n} thi (M,) la day

ting. Tir gia thiét bai todn lLimM, =+, Goi
k €{l,2,...,n}

x, =M, . Taco lmM =+ nén tdn tai sd n,

1A chi s6 bé nhat sao cho

sao cho ’xn“,>M. Khi dé |P(xﬂn )r~|x”u| >

X

ny | °

Diat m :|Jc,,D+l =X, | Ta co
m _—.|x%+| = | == !P()cn'l ) —xnny

>|P(x,)

~|x.|>

xﬂ m

>max {| x, |,[x ...,

xn,,—l[} :
Véy m khong la udc cua mdi s6 hang khac 0 trong

CAC SO Xp,X,0 03X, X

ny=19""py "

Mit khac véi mdi
n>n thi x, —-x =(x,-x_)+(x_—-x_,)
+...+(Jc,lﬂ+i —~xnn) (1).
Cha ¥ rang v&i mdi k thi
Xpar =% :P(xk)—P(xkAl)f(x* '"x;.-_l) (2).

TO
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Tl‘I (1) va (2) ta suy ra: X, _xno chia hét cho
(x, o — %) PO @6 x,—x, chia hét cho
ng+1 My

. Vay mlaudccia x,—x, véi

m= xn0+l __x"u

- : T
mdi n>n,. Vim khong la wo " m

khong 1a udc cua X, v&i mdi n>n,. Thanh thi m
khong 1a udc cua moi sé6 hang trong day (x,),,,
tri voi gid thiét bai toan. Vay deg P(x) = 1.
Nhin xét. Ngoai ban Hoang, chi c¢6 hai ban gui 1o
giai. la: Quang Nam: Tran Pham Minh Dat, 10/1,
THPT chuyén Lé Thanh Téng; Binh Pinh: Phan
Trung Triee, 11 Toan, THPT chuyén Lé Quy Dén.
Hai ban trén co 10 giai ding tuy con hoi dai.

PANG HUNG THANG

Bai T11/547. Tim tat ca cdc  ham
/' (0:+00) = (0;+%0) sGo cho véi moi X, y duong ta
luén c6: fHx)z f(x+y)(f(x)+y) (1)

Loi gidi (Theo da s6 cac ban). Gia sur tdn tai ham

f{x) thoa man bai toan. Ta co:

M 1)+ ()2 [+ y)(f(x)+y)+ 3 (x)

o f@-fx+ 22 1o
e

Suyra f(x) la ham nghich bién trong (0,+).

Ung v6i x>0 chon n nguyén duong sao cho
1

f(x)>—.
n

Khi d6, véimoi k€{0,1,2,....n—1}, ta co:

k k+1 f{”ﬂ
f(x+~)—f[x+ ! )2 it >L
h n

nf{x+k)+1 2n
n

Lay téng tir (2) ta thu duge:

(2).

f(x)“f(x+l)2nx—l—=

1

n 3
Tu (3) ta suy ra: f(x)—f(x+1)gl;
2

—

J"(Jc+1)~f(x+2)zE

.......
..............................

El



f(x+2m—l)—f(x+2m)21.
. - 2
Cong Ve Vo1 vé ta thu dugc: SX) = f(x+2m)2m

hay S(x+2m) < J(x)-m (4.
viy néu trong (4) ta chon m > fix) thi
f(x+2m) <0, didu nay khong thé xay ra.

Keét ludn. Khéng ton tai ham sé thoa man cac
diéu kién bai ra.

Nhdn xét. Diy 13 dang toan vé phuong trinh ham co
ban voi cap bién tu do trén tap s6 duong. Pa sé cac
ban gui bai giai déu gidi theo cach d trinh bay ¢
trén. Céac ban sau day c¢ 15i giai ding:

Binh Binh: Phan Trung Triee, 11T, Lé Gia Quang
12T, THPT chuyén Lé Quy Dén; Hung Yén: Lt:
Tudan Nghia, 10T1, THPT chuyén Hung Yén;
Qu‘ang Binh: Pham Thi My Hanh, 11T2, Nguyén
Tran Hoang, 12T2,'THPT chuyén V4 Nguyén Giap;
Thira Thién Hué: Nguyén Nhw Thudt, 10T2,
Nguyén'Vén Hoan Long, 10T1, THPT chuyén Québc
hoc Hué; Quang Nam: Trdn Pham Minh Pat, 10/1,
THPT chuyén Lé Thanh Tong.

NGUYEN VAN MAU

Bai T12/347. Cho tam giac nhon ABC, khong can
wai A va noi tiép dirong tron (0) véi AB < AC.
Cac tiép nvén tai B, C cua (O) cat nhau o D. Goi
M. N lawn lwot la tam diwong tron ngoat tiép cac
tam giagc ACD. ABD. Goi K la giao diem cua BM
véi CN: E la trung diém cua BC. Duong thang
qua E va vuong goc voi AE cat cac dwong thang
OM. ON lan lwot tai X, Y. Gia su BC ld tiop tuven
cua duong tron ngodi ticp tam gide MEN. ( hirng
minh rang cdc dieemg tron ngoai ticp hai tam gidc
DBC, DXY ticp xiic voi nhau

Léi gigi. (Theo ban Trdn Pham Minh
THPT chuyén Lé Thanh Tong, Quang N am)
Ta cén c6 hai bd dé.

BS dé 1. Cho tam gidc ABC, (O) la ducmg tron
ién voi

Pat, 10/1,

ngogi tiép. D la giao diém cua cdc tiép 1y
(0) tai B va C. Khi d6 AD la dirong doi trung cua
tam giac ABC.

B6 d& 2. Cho tam gidc AB
Khi @o

C, AM la trung tuyén.

s — 7
(AC,AM)+(BC,BA)EE(modzz) = BAC=-2‘-

Phép chimg minh céc bo dé trén rat don gian,
khong trinh bay & day.

Tro lai giai bai toan T12.

Goi U, V theo thir t la trung diém cua AC, 4B; T

la giao diém thir hai cia DM va dudmg tron
(4CD).
D& thiy cc b bdn diém (O, M, X, U), (O, N, ¥,
V) thing hang va (OMXU) L AC;(ONYV) L 4B.
Tir dd, cha y ring

(EXY) L AE; XU L AU;YV L AV,
suy ra cac bo bdn diém (4, E, X, U), (4, E, Y, V)
cung thudc mot dudng tron.
D@ thay UE// AB;VE Il AC. Vay
(AX,AE)=(UX ,UE)=(UX,AB) = (AC,VY)

= (VE,VY)=(AE, AY)(mod 7).

Két hop voi EXY L AE, suyra EX=EY (1).
Theo bé d& 1, AD 1a duomg ddi trung cua tam giac
ABC.

Do do: (DM ,DE) = (DT,CT)+(0C.0D)
= (DA,CA)+(0C,0D)(mod )

E(AD,AC)+%(O_C,@)
=(AD,AC)+(AC,AB)=(AD, AB)(mod )

=(AC,AE)=(XM, XE)(mod 7).

Piéu d6 ¢6 nghia 1a D, M, E, X cing thudc mét
dudng tron.
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Tuong v, D, NV, E, ¥ cung thudc mét dudng tron.

Viy aﬁb? = 6555 =af_b_Y

Doddé M, N, x, Y cung thuoc mdt duong tron.

Vay, chl y ring duong tron (MEN) tiép xic voi

BC, taco

(DY,DE)=(NY,NE) = (NY,NM)+(NM, NE)
=(XY,XM)+(EM,EB)(mod )
=(XE,XM)+(EM,ED)+(ED, EB)

=(DE, DM)+(EM,ED)+—§—(m0d )

E(EM,DM)+%E(EX,DX)+%

=(YX, DX) +% Eq(m,n)+§(mod;z).
Do d6 (DY, DE)+ (XY, XD) = -;E(mod 7) (2).

Tir (1) va (2), theo bd d& 2, suy ra XDY = %

Két hop voi (1), suy ra £ 1a tam cua dudng tron
(DXY).
Vay cac dudng tron (DBC), (DXY) tiép xuc véi
nhau.
Nhan xét. 1) Bai toan nay khéng cén hai gia thiét:
AABC nhonva K = BM N CN.
2) Chi c6 ban Par tham gia giai bai nay. Tiéc
ring, vi khéng biét sit dung goc dinh hudng nén
1&1 giai cua ban Pat phu thudc hinh ve.

NGUYEN MINH HA

Bai L1/547. Mai lo xo nhe co do cing k = 100
N/m va chiéu dai tir nhién {, = 0.3 m. mot dau cé
dinh. mot daw pan voi khoi 96 hink hop chir nhat
nho ¢6 khai luong m = 1 kg, Hé vat (16 xo va khoi
g(j) dirore dat trén mat ban nam neans. Bict hé so
ma sat gitra khoi o va mar ban la g = 0.1, lav gia
toc trong trirong ¢ = 10 m %, Kéo khic Co trén
mat ban de lo xo dan théem 01 m roi tha nhe cho
khoi @6 dao dong. Xdac dinh chiéu dai ngan nhat
cua lo xo trong qua trinh khic w0 duo dong.
Loi gigi, Bién d6 dao dong luc dau cua khbi gb:
A=0,1 cm.
Do giam bién d6 sau mdi lan khdi gd qua vi tri
can bang:

TOAN HOC
32 “cusitre

S& 551 (5-2023)

2ymg_2.0,1.1.10

=0,02 m,
k 100

AAd =

Li d6 cuc dai cua vat sau khi di qua vi tri can bang
lin11a: A, =A—- 84=0,1-0,02=0,08 m.
Suy ra chidu dai cuc tiéu cua 10 xo:

[ in=1lo—A =03-0,08= 022 m.
Nhan xét. Chuc mimng cac ban da co6 101 giai ding
cho dé ra ki ndy: Binh Pinh: Lé Gia Quang, 11T,
truong THPT chuyén L€ Quy Dbén; Cian Tho: Trin
Thi Tuyé{ Trinh, 11A1, Trung tdm gido duc nghé
nghiép - Gido duc thudng xuyén, quan O Moén;
Thira Thién Hué: Trdn Thi Thanh Thu, 12T1,
THPT chuyén Quéc hoc Hué; Tién Giang: Truong
Phic Vinh, 11 Ly, THPT chuyén Tién Giang.

PINH THI THAI QUYNH

Bai L.2/547. Mot may bién ap li twong ¢6 cuin so
cap mdc vao dién dp xoay chiéu c6 gia tri hiéu
dung khong doi. Khi dong thoi giam 2a vong day
o cudn so cap va 3a vong dav o cudn thie cap thi ti
56 dién ap hicu dung o hai dau cuon thir (‘rj/) de
ho khong thav déi so voi ban dau. Khi J(}:f'?g thoi
tang b vong déay hodc dong thoi giam ¢ vong ddy
o ca hai cugn so cap va thir cap thi dién ap hiéu
(f{!.’!g hai !/tj!! cuon thir ('1:"[-‘- dé ho (3‘5;31 ff;;‘;j‘ doi maot
legng la 10% dién ap hiéu dung hai diu cuon so
S - b
cap. Tinh 1 so —.
g5
Léi gidi. Goi Uy va Us lan lugt 13 dién 4p hai diu
cudn so cap va thir cap lic diu. Theo dé bai ta co:
"
U, N, Ny~=2a

U2 Fz N: —3a
LU, _Ny+b _ LSN, +b

= N, =15N

1

{*_

=1.1:>b=4N|

U ~N+b N +b
09U, N,-c 15N, —¢ -
U, N, -¢ N, -c = =pe=oly;
b 2
Suyra:—==.
4 c 3

Nhdn xét. Chic mimg ban Ngo Huynh Thién Vinh,
11 Ly, THPT chuyén Tién Giang, Tién Giang da c6
161 giai dung cho bai nay.

NGUYEN XUAN QUANG
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IHEO CHU ONG lRI\u'\ A SEK MO 2
Trong Chuong trinh va Sich gido khoa todn nim
2006 (Chuong trinh ci), ngj dung Pai s6 t6 hop
dugc day & 16p 11. Trong Chuong trinh GDPT
2018 (Chuong trinh méi) ndi dung nay duge
chuyén xuéng day & 16p 10. Nhin chung ndi dung
nay tuong ddi khé va kha triny tuong dbi véi hoc
sinh 16p 11 truéc day va hoc sinh 16p 10 ndm nay.
Giai phép cua SGK 16p 10 1a bé tri ni dung nay
hoc & hoc ky II nhim hai myc dich: Mét 1a, dén
thoi diém d6 hoc sinh 16p 10 da “ chin hon” vé
mat tr duy nén s& dé tiép thu hon; hai 13, phuc vu
truc tiép cho viéc hoc ndi dung Xéc suit va hoc
Chuyén dé lva chon mén Toan 10 ndi dung khai
trién nhi thic Newton véi sé mil 16n hon 5 ngay
sau do.

Hoc sinh l6p 11 hoc theo Chuong trinh cii, hoc
sinh 16p 10 hoc theo Chuong trinh mdi néi dung
Dai 56 t6 hop d& mic sai 1am trong khi giai toan.
Bai viét nay xin néu mét sd sai 1am d& mic phai
trong qua trinh lam bai.

1. SAI LAM DO KHONG NAM VUNG KHAI
NIEM

Thi du 1. Trong mot lop hoc c6 20 nam va 23 ni.
Gido vién chu nhiom can chon hai hoc sinh mot
nam va mot nii di die 1¢ ki niém ming nga Quoc
khanh. Hoi gido vién chu nhicm co bao nhieu
cach chon?

Sai lim thuwomg gap. Ap dung quy tic cong, s6
cich chon la 20 + 23 = 43 cach chon.

MOT S0
KHI GIAI TOAN BAI SO TO HOP

SAI LAM THUGNG GAP

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén) /'

Phan tich sai lim. Hoc sinh nham lan gi%ta quy
thc cong va quy tic nhén trong bai toan t6 hop.
Néu bai toén yéu cau chi chon mdt hoc sinh thi
m&i ép dung quy tic cong.

Léi gidi ditng. C6 20 cach chon mét hoc sinh nam
va 23 cach chon mét hoc sinh nir. Ap dung quy
tic nhan ta ¢6 20.23= 460 cach chon.

'i‘hi du 2. Lop 10A ¢6 44 hoc sinh. Can chon mér
Ban cdn sic gom 1 Iép treomg, | lép phé va 2 uy
vien. Co bao nhiéu cach lap ra Ban can su lop?
Sai lam thwing gap.

Sai lim 1. Chon 4 ban tir 44 ban nén s cach lap
ra Ban cén sy gdbm 4 ngudi CJ,

Sai lim 2. Chon 2 hoc sinh dé 1 ban lam lép
truong, 1 ban 1am 16p phé c¢6 4, cach chon;
Chon 2 uy vién trong 42 hoc sinh con lai c6 4.
Theo quy tic nhan cé Aif!f3 cach.

Sai lam 3. Chon 2 hoc sinh dé 1 ban lam 16p
truéng, 1 ban lam 16p phd ¢6 C2, cach chon:
Chon 2 uy vién trong 38 hoc sinh con lai c6 L.
Theo quy tac nhén co C.Ci, cach.

Phan tich sai lam.

Sai lim 1. Hoc sinh hiéu don gian chon 4 ban tr
44 ban nén s6 cach lap ra Ban can su gbm 4 nguoi
la C,, nhumg khéng xét méi truomg hop lay dugc 4
ban, viéc ban nao lam lép truong, ban nao lam 16p
pho s€ cho cac cach chon Ban can si khac nhau.
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Sai ldm 2. Khi chon 2 ban lam 16p truong, 16P
pho thi €6 thir ty nhung khi chon 2 uy vién lai
khéong can thir ty nén sb cich chon 2 Uy vién la
€2 hoie CL.Cl,.
Sai lam 3. Chon 2 hoc sinh dé 1 ban lam 16p
trudmg, 1 ban lam 16p pho, khi d6 cach chon nay
€6 thit ty. Ching han khi d4 chon 2 hoc sinh 4 va
B € 1 ban lam 16p truéng, 1 ban 1am 16p pho thi
¢o hai cach: 4 1am 16p truéng con B lam 16p phd
va B lam 16p trudng con 4 1am 16p pho. Nén méi
cich chon 1a mot chinh hop chap 2 cia 44 phan tir
£,
Loi gidgi ding. Dé chon dugc mdt Ban can su cin
thuc hién 3 céng doan chon mot 16p trudmg, chon
mot 16p phd va chon 2 uy vién. Do d6 ta c6 1i
giai
Cach 1.
Céng doan I: Chon 1 16p truéng c6 44 cach.
Céng doan 2: Chon 1 16p phé trong 43 hoc sinh
sau khi da chon 16p trudng c6 43 cach.
Cong doan 3: Chon 2 uy vién trong 42 hoc sinh
con lai (3 uy vién cén chon khong co thir tw nén
dung 6 hop) c6 C2, céch.
Theo quy tic nhan c6:

44.43.C;, = 1629012 (cch),
Cich 2.

bé chon dugc mét ban can sy co thé thuc hién 2
cong doan chon 2 hoc sinh dé 1 ban lam lép
truéng 1 ban lam 16p phé va chon 2 uy vién. Do
do6 ta co 101 giai

Céng dogn I: Chon 2 hoc sinh dé 1 ban 1am 16p
trudmg, 1 ban lam 16p phé, khi dé cach chon nay

€d thi tir nén sb céch chon Ia A,

TOANHOC
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Céng doan 2. Chon 2 hoc sinh tl“OIlg 4:7. hQC’Sinh
con lai lam uy vién, cach chon ndy khéng cé thir
au nén sb cach chon la Co
Viy sb cach chon ban dai dién 16p 1a:

A2, CL=1629012 (céch).
Cach 3. pé chon dugc mdt ban can sy clng co
thé thue hién 2 cong doan. Trudc tién chon ciing 1
lic 4 hoc sinh sau d6 roi moi phan céng chirc vu.
Do d6 ta c6 101 giai:
Chon 4 hoc sinh dé lam mdt ban can su cach chon
nay khéng cé thir ty nén s6 cach chon la Cj,
cach. Vo&i mdi cach chon 4 hoc sinh trén chon 2
hoc sinh dé 1 ban lam 16p truéng, 1 ban lam 1p
phé, khi d6 cach chon nay cé thir tw nén s6 cach
chon 1a A7 = 12 cach, tiép theo chon 2 hoc sinh
con lai lam uy vién cé 1 cach chon.
Theo quy tic nhan co:

Cl x A2 x 1=1629012 (chch).

2. SAILAM KHI PHAN CHIA TRUONG HOP

Thidu 3. Tir cac chirso 1, 2, 3,7, 8 ldp diroc bao
nhiéu so ¢6 ba chiv s6 khéc nhau ma so do nho
hon 278,

Sai lim thuong gap.
Truong hop 1.
86 can 13p c6 dang 1ab: Co 4* = 12 (s6)
Truong hop 2. S6 cin 18p c6 dang 2ab, abcé the
chon a, b nhu sau:
+ achicé thé 13 1,5 nén co 2 cach chon a.
* €63 cach chon befl,5,7,8) \{a}.
Truomg hop ndy c6 2 x 3 = 6 (sd).

Viy ¢6 12 +6 =18 36 nho hon 278 .

Phén tich sai lim. Truong hop 2, chon 4 khong
chi 1 2 hodc 5 ma con c6 thé 4 14 7 khi d6 chi cin



chon b nho hon 8§, hay chon b 13 1 hodc 5. Do d6
(o gid thiéu 2 sé cin lap 12271 va 275,

Lo gidi ding (cho truong hop 2).
_Néualalhoics, cs2 cach chon; khi d6 ¢c6 3
cich chon b&{1,5.7,8}\ (o)

Truong hop ndy c6 2 x 3= ¢ (s4).

_Néua a7, khidb cé 2 cach chon b bang 1 hodc
5, Treong hop ndy ¢6 2 sé thoa man,

Do do trudng hop 2 13p duge 6 +2 = § (s4).
Viy c0 12 + 8 =20 56 nho hon 278 .

Thi du 4. Co 15 hoc sinh gioi gom 6 hoc sinh
khoi 12, 4 hoc sinh khoi 11 va 5 hoc sinh khoi 10.

Hoi co bao nhiéw cach chon ra 6 hoc sinh sao cho

méi khéi cé it nhar 1 hoc sinh 2
Sai lam thwong gap.
- Chon 6 hoc sinh gi61 trong 15 hoc sinh gioi cua
3 khéi co: Co =5005 céch.
- $6 cach chon dwoc 6 hoc sinh gioi tix 6 hoc sinh
gioi ciia khéi 12 13 Cg =1 céch.
-8 cach chon dugc 6 hoc sinh gioi tir 10 hoc sinh
gioi cua hai khdi 12 va khéi 11 1a Cj, =210 céch.
- Sé cach chon duoc 6 hoc sinh gioi tir 9 hoc sinh
gioi ciia hai khéi 11 va khéi 10 1a Cg =84 cach.
-$é cach chon dugc 6 hoc sinh gioi tir 11 hoc sinh
gi6i cia hai khéi 10 va khdi 12 1a C, =462 cach.
Do d6 sé cach chon 6 hoc sinh gioi sao cho moi
khéi ¢6 it nhat 1 hoc sinh la:

5005 — 1 — 210 — 84 — 462 = 4248.
Phin tich sai Igm. S6 cach chon duge 6 hoc sinh
gi6i tir 10 hoc sinh gioi cua hai khéi 12 va khéi 11
A C? =210 cach. Trong 210 cach nay co truong

hgp 6 hoc sinh gioi dugc chon déu 14 hoc sinh
khéi 12,

& céch chon dugc 6 hoc sinh gidi tir 11 hoc sinh
gioi cua hai khoi 10 va Khéi 12 12 C°, =462 cach.
Trong 462 cach nay c6 truomg hop 6 hoc sinh gioi
duoc chon déu 1a hoc sinh khéi 12.

Do d6 trong cach giai thich ctia ban hoc sinh cach

chon dugc 6 hoc sinh gioi d&u 12 hoc sinh khdi 12
din dén viéc chon sai két qua cua

da bi tru 3 lan,
bai toan. K&t qua dung phai 1a 4250 cach.

Loi gidgi dung.

- Chon 6 hoc sinh gioi trong 15 hoc sinh gioi cua
3 khéi co CJ; =5005 cach.

- S cach chon duoc 6 hoc sinh gioi tir 6 hoc sinh
gioi cia khéi 12 1a C; =1 cach.

_ 84 cach chon duoc 6 hoc sinh gioi tir 10 hoc sinh
gi0i cita hai khéi 12 va khéi 11 1a Cj, =210 céch,
trir di cach chon duoc 6 hoc sinh thude khéi 12
con 209 cach.

- S6 cach chon dugc 6 hoc sinh gidi tir 9 hoc sinh
gioi ctia hai khéi 11 va khdi 10 1a C; =84 céch.

- 86 cach chon duoc 6 hoc sinh gidi tir 11 hoc sinh
gioi cua hai khbi 10 va khdi 12 12 Cf, =462 cach,
trir di cach chon duge 6 hoc sinh thudce khdi 12
con 461 cach.

Do d6 s6 cach chon 6 hoc sinh gioi sao cho mdi

khéi c6 it nhit 1 hoc sinh 1a:

5005 —1-209 -84 — 461 = 4250 (cach).

trang va 6 bi vang. Can chon ra 4 vién tir hop do.
Hoi co bao nhiéu cach chon dé trong so 4 vién do
khong ¢o du 3 mau?

Sai lim thwong gap.

Sai lam 1.

- Sb cach chon 4 vién khong ¢6 mau trang 1a

Cy, =210 cach.
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-S4 cdch chon 4 vién khong co mau Vang la

C, =126 céch.
- 86 cach chon 4 vién khong co mau do 1a

C}, =330 cach.
Theo quy tic cong co:

120 +126 +330 = 666 (cich).

Sai lim 2.
Truong hop 1. Sé céch chon 4 vién chi c6 mot
maw: C; +C; +C; =21
Truong hop 2. S6 cach chon 4 vién c6 2 mau:
S6 cach chon 4 vién khéng cé mau tring la

Gy, =210 cach.
S cach chon 4 vién khong c6 mau vang la

C, =126 cach.
Sb cach chon 4 vién khong c6 mau do 1a

C;\, =330 cach.
Vay co:

Cl+C!+C +C},+Cy +C =687 (cach).

Phan tich sai lim.
Sai lam 1. Cach giai sai & chd da tinh l3p lai 2 lan
s6 céc vién cing mot mau do hodc ciing mau trfmg
hodc cung mau vang.
Sai lam 2. Cach giai nay thay cho viéc trir di sb
cach chon I3p lai 2 l4n sd vién cing mot mau dé
hodc cing mau tring hodc mau vang thi hoc sinh
lai cong thém vao. Truong hgp 2 chon 4 vién c6 2
mau, chiang han chon 4 vién khong c6 méu tring,
cach lam c6 cd truong hop 4 vién bi cing mot
mau d3 tich ¢ trudéng hop | ma khong trir di.
Loi giai dung.
Cich 1 (chon tryc tiép),.

- S0 cach chon 4 bi ciing mdt mau 1a:

Ci+C+C) =1+5+15=21.
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& cach chon 4 bi chi c6 hai mau do va trang la:

.+ GGG

on 4 bi chi co hai mau trang va vang

—6.10+4.5+4.10=120,

- S cach ch
la:
C.C+CCHGE

1 4 bi chi co hai mau vang va do la:

=10.15+10.6 +5.20 =310.

-Sé cach cho
C.C+CC+C.C =65+ 20.4+6.4=194.
64 :

Theo quy tac cong co: 120 +310+194 =645 cach.

Cédch 2 (chon gian tiép).
_Sé cach chon tuy y 4 vién la Cfs cach.
- Tinh s cach chon 4 vién du 3 mau:
Trong dé6 o6 2 do, 1 trfmg, 1 vang | co:
(FC.C cdeh.
Trong d6 co 1 do, 2 tring, 1 vang 1 cé:
C;.C:.C, céch.
Trong d6 ¢6 1 d6, 1 trang, 2 vang | c6:
C,.Ci.C? cach.
- Sb cach chon can tim la:
CL-(CLCL.CH+CL.C2.C+CL .CL.CP) = 645 céach.
Cach 3.
- Sé cach chon 4 vién ¢6 2 mau:
Sé cach chon 4 vién khéng c6 mau trfmg 1a:
Cy,—C; ~C? céch.
Sé cach chon 4 vién khong c6 mau vang la:
Cy —C} —C? cach.
S6 cach chon 4 vién khéng ¢6 mau do 1a:
C141 '_C; - CZ cach.
- Sé cach chon 4 vién chi c6 mdt mau:
Ci+Ci+C! cach.
Vay co:

Cot G +Cl —(CI+CH+C*) = 645 (céch).
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Lo ddn: Trong chuong trinh giso duc Phd thong
moi ndm 2018, phuong phap khu Gauss duge
giang day vao I6p 10. Pay la n¢i dung quan trong
¢ chuong trinh c@ thi phuong phap khir Gaus;
khong dugc ndi chi tiét, chi la gidi thiéu va hudmg
din su dl_mg’ méy‘ tir{h o thi dé giai hé phuong
tinh bac nhat nhiéu an. Vi vay dé giup gido vién
va hoc sinh ¢6 cach nhin t6t hon vé néi dung nay,
ching toi xin trinh bay chi tiét phuong phap giai
hé phuong trinh béc nhat ba 4n bing phuong phap
khir Gauss. Trong bai viét chiing t6i théng nhat ky
hiéu (a).n+(b)m chinh 14 ldy phuong trinh (a)
nhin thém n cdng hodc trir cho phuong trinh (b)
nhan voi m.
1. Phuong phap Gauss
¢ Két qua quan trong
Véi moi hé phuong trinh n énx|;x2;...;x"
a,x, +apx, +..+a,,x, = b,
@)X, +pXy + ot 8, X, =B

(1)

..........................................

a nlxl o au2x2 +...t annxn = bn

Ta luén bién dbi dugc bang phuong phip khu
Gauss dé dua vé dugc hé phuong trinh tuong

duong sau

a', x,+a', x; +. +a',x,=b

a'y, x,+.. +a =E2

(11)

..................................

Dinh . He phuong panh (11} co nghirem
; -
£ . . . : ' ' s s Iealuel “_”
nhat khi va chi khi a @ -0 ™ 0. Nguoe

duy

Parr Al ol THIEU PHUONG PHAP AP {11l GAUSS
' BE GIAl Ll’-‘ PHUONG TEINH BAC \I...

NE1EU AN VA AP DUXG

TRAN MINH VU (GV THPT Trdn Cao Vdn, Gia Lai)

NGUYEN DUY CHIEN (GV THPTPhan Bp: Chau Bmh B,mh]

néw a', .a'y,..a', = 0 thi hé (11) vé nghiem hodc

VO 56 nghiém.
Thi du 1. Giai h¢ pliwong trinh
(2x -3y =1 (1)
|x+2y=3 (2)
Léi gigi. Thuc hién thao tac (1).1-(2)2 va git
nguyén phuong trinh diu ta dugc hé tuong duong

(2x=1+3
{2x—3y=1 x5 Y
-T7y=-5 ==
y=—s|y=2
[ 11
xX=—
Lt 7
2.
uar

Viy hé phuong trinh c6 nghiém duy nhét

(13)
7 )

Thi du 2. Giui hé phiwong trinh

Léi gidi. Thyc hién thao tac (1).7+(2)4 va git

nguyén phuong trinh du ta dugc hé tuong duong

dpiig=3 | B=Soy
ay=11 T y=t
Y
49
X=E
—~
1
vy

Viy hé phuong trinh c6 nghiém duy nhat
o
47°47)
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Thi du 3- Tim m dé hé phicong trinh

J[(mn Dx-y =m+2 (1)

\i‘(m +1)x+2y=m-35 (2)

co nghiém duy nhat.

Loi

(1).(m+1)=(2).(m~1) va git nguyén phuoDS

gigi.  Thyc  hién  thao

trinh d4u ta dugc hé twong duong

—(3m~1)y=3(3m-1)

{(m—l)x-y=m+2

Do d6 dé hé co nghiém duy nhét thi

Thi

mx+2y=m 1
{(,,H)H(,,,_l)y:l (2)
Léi gidi. Thuc hién thao téc (1).(m—1)—(2).m
va gilt nguyén phuong trinh déu ta dugc hé tuong

m#1
(m-)(3m-1)#0e7 1.

3
dy 4. Tim m dé he phuong

duong

Pé bai yéu cau c6 nghiém nguyén thi khong cén
thiét phai c6 nghiém duy nhat nén ta cé cac lip

ludn trong truémg hop m (—m2 +3m - 2) =0 nhu

sau.

e Néu m=0 thi hé c6 c6 v0 s6 nghiém c6 dang

mx + 2y=m
(——m2 +3m—2)y=m2 —2m (3)

(x,0) nén thoa man yéu cau bai toan.

e Néu m=1 thi phuong trinh (3) vé nghiém nén

h¢ da cho vo nghiém.

e Néu m=2 thi phuong trinh (3) thoa man véi
moi y, va tir phuong trinh (1) suy ra dugc

x=1-y. Do d6 hé s& c6 nghiém nguyén dang

(1-y;9),y€eZ.

Néu m(-m’+3m-2)#0 thi tx phuong trinh

(3) ta suy ra dugc

38
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co nghiém nguyen.

mz—-zm _________’Z!_(_r_n__i)—-—
Y=g ram—-2  (m-2)(-m+])

& 1 co nghiém nguyén thi tube By 13

nghlém nguyén, suy ra -m+1 la udc cua 1. biéu
d6 xay ra 2 truong hop o
_m+1:1@m:0, truong hop nay da xét ¢

trén.

. —m+l=-le>m=2 truomg hop nay da xét ¢

trén.
m=0

Do d6 dé hé co nghiém nguyén thi [m =

Thi du 5. Tim tét ca cde cdp (a:b) sao cho hé

ax+y=2 (1)
phuwong trinh {6_\‘ Y (2)
L&i gigi. Thyc hién thao tac (1).6- (2).a va git
nguyén phuong trinh dau ta dugce hé tuong duong

ax+y=2 ax + y=2
{6x+by=4<:> (6-ab)y=4(3-a) (3)

Dé& hé vb nghiém, ta xét trudmg hop a(6—ab)=0

co vo sO nghiem?

. Do d6 c6 cac kha ndng sau
ea=0,tr(l)suyra y=2, thay vao (2) tatimra

2-b
xX=

-Viy hé c6 nghiém duy nhit néu a =0.

* ab=6, tir (3) suy ra h¢ c6 vd sé nghiém thi
a=3,dod6 b=2.

A diw o g Tw f - : L=
Vay hé s& c6 vo s6 nghiém néu{ 3,V2‘1 khi do

caf: nghiém cia hé co toa dd nim trén duodng
thang 3x+y=2.

Thi du 6. Xac '
0. Xae dinh a 6 16 = : [
/ T 16 tong Xy + vy dat gia tr
nho nhat biér (. - -
s L .
( wY) la nghem cua hé phong
[ 1
s T
Jo= Y 2 eg (1)

trinh
l.\'* Zl\':”_l_l (2}



Loi gidi. Thuc hign thao tac (1).1-(2).3 va gia
pguyén phuong trinh thy hai
duong

ta dugc hé tuong

x=a+1_2(4a+l)

x+2y=a+1
—7J~‘=—-4¢:1—1<::>

J_‘_4a+1
7
—-a

(¥}

X =

7
4a+1

y=
-

Do vay

X2+, :-.(S;GJ‘ +[4a7+])~

_ 17a* - 2a426

—_—

49

1Y 1
( 170——”—) +26 - —

J17
49
Ta két ludn téng x; + y2 dat gia tri nho nhét khi
1
a=—.
17
Thidu 7. Giai hé phuong trinh sau
| (1)
2v-9y+2-=8 (2).

(3)
Léi gigi. Thuc hién cac thao tac (1).2+(2).1;

(1).3+(3).1va gi nguyén phuong trinh dau ta
dugc hé tuong duong

—x+5y+z =2

y+4z=12 (4).
1y+4z =11 (5)

Thyc hién céc thao tac (4).11 ~(5).1 ta dugc h¢
tuong duong

—x+5y+z =2

y+4z =12
40z =121 (6)

121 ’ -
Giai tur (6) ta dugc z = 20 thay vao va gial (4) ta

duogc y:lié roi thay chung vao (1) ta duoc

21
x=—.
40

21 -1 121

Z

Do d6 hé c6 nghiém x=26;y =T6’ =70
Thi du 8. Giai hé phirong (rinh
(Sx+y—4z=2
g‘ v —y-z=-1I
3x+3v-2z=4
Léi gidgi. Truéc hét ta dbi ché phuong trinh thir
nhét va phuong trinh thir hai
x—y-z=-1 (1)
Sx+y—dz=2 (2)
x+3y-2z=4 (3)
Thuc hién cac thao tac (1).5-(2).1; (1).3—(3).1
ta dugc hé

x—-y—z =-1
—6y—z =-7 (4).
—6y—-z =- (5)

Lam gon khi thdy c6 hai phuong trinh giéng nhau,
ta duoc hé twong duong

x—y—-z=-1

{ 6y+z=1.
Rut z theo y tir phuong trinh th(r hai cua hé ta
dugc z=7-6y. Thé vao phuong trinh thir nhét
ta duoc x=-5y+6. Viy hé da cho cd vd sbd

nghiém va tip nghi¢m cua hé la

S={(-5r+6,;7-61)|t e R}.

Fhidu 9. Tim tdt ca cac gia tri cua tham so m dé

he phirong trinh sati vo nghiém
x+yv+3z=m (1)
\mx +y+8z=4 (2),
vrmv+dz=m (3)
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Léi gidi. Thyc hién céc thao tic (1).m—(2)-1;
(1).1-(3).1 va gi¥ nguyén phuong trinh du ta
duoc hé phuong trinh twong duong
X+y+3z=m
(m=1)y +(3m-5)z=m*-4 (4)
(1-m)y-z=0 (5)
Thuec hién céc thao tac (4).1+(5).1 ta dwoc hé
X+y+ 3z =m
(m=1)y +(3m-5)z=m"-4 (6)
3(m-2)z=m*-4 (7)
Do d6 @& hé vb nghiém, ta xét cic trudng hop:
(m-1)(m-2)=0.
m=1, tir phuong trinh (5) ta
dugc z =0, thay vao (4) ta thiy khong théa man.

e Truong hop 1:

Vivay m=1 la mét gia tri cin tim.

e Truong hop 2: m=2, tir phuong trinh (7) ta
thiy thoa man véi moi z, tir (7) ta dwge y=—z .
Cubi cung thay vao (1) ta dugc x=-2z+2.

Viay hé c6 vd sb nghiém, v&i tdp nghiém
S={(-2t+2-t1)|te R}.

2. Ap dung dé giai cac dang todn khac
Trong ndi dung nay, cac thi du dua ra s& dugc tinh
gian vé cach chirmg minh, nghia 1a ban doc c6 thé
tim dugc nhiéu cach chimg minh khac. Tuy nhién
chiing t6i chi sir dung phép doi va bit ding thire
Cauchy (BT AM-GM) dugc hoc & chuong trinh
16p 9, 16p 10 hién nay.
Thidu 10. Cho a.b la 2 56 dwone bat k. Chirng
minh rcfng
7 .
3a+5h 3h+5a 4
Loi gidi. Ta dit
{341 +5b=x (1)

x>0,y>0).
3b+5a=y(2) ( y>9)
Ta s€ giai hé trén dé tim ra a,b theo céc bién ma;

vira dat. Thyc hién thao tac (1).3-(2).5, ta dugc

TOAN HOC
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5x—3y

b=
3g+5b=x i
__160:3x—5y =__;.3.L5y.
16

¢ cAn chung minh tr¢ thanh

Bét ding thr 1 s 2 s
:2’115;14_%2{2‘@ 16[;: y]>§
Téi day ap dung bit déng thirc Cauchy cho 2 s6

duong, ta co
Zppd,
x Y

Déu bing xy ra khi x=y <>a=b.

Thi du 11. Cho a.b,c la cdc 5O thire dwong tiy y.

Chirng minh rang
a b c 3
+ .

C+d

b+c
Léi gidi. Ta d6i bién dé thuan loi cho vigc khai
thac méu cia céc phan so. Ta dit

a+b=x
b+c=y
ct+a=z.

Ta s€ gial hé trén dé tim ra a,b,c theo cac bién

mdi vira dat.
a+b :x(l) -6 a+b =x
btc=y(2) b+c=y
a4 +c=z (3) b—c=x—z(4)
CHw |9FE =X
P b+e=7y
2'= PR
(azx—y+z
2
@{b:ﬁ_y__i
2
@t Y ¥
Bét ding th :
ang thirc ¢3 ) 1
xg ¢ can chimg minh trg thanh
-y+
2y z+x+y~z+-x+y+z 3
y 25 )

2x 2



Téi ddy &p dung béy ding thire Cay

R chy cho 6 sé

Ta c6 diéu phai chimg minh,
Diu béng Xayrakhi x = y=
Thi dl_l ]2. (‘h” d

Ia=h=c.

b.e la d5 dii 1 ]
O do dar 3 ocanh o cua mot

tam giac bat ky- Chteng minh rane
abcz(a~+b— HWo+c¢—q e +a—b).
Loi gidi. Ta doi bién dé thuan loi cho viéc khai
thac tich o vé trai. Ta dat
a+b-c=x
b+c-a=y

c+a-b=z
Ta sé& giai hé trén dé tim ra a,b,¢ theo cac bién
mai vira dat.

a+b—c=x (U“ ) a+b-c=x
)+(2

—a+b+c=y(2)c% 2b=x+y
23
la-b+c=z (3) A=y+z
Z+x
a:
2
& b:x+y
| 2
AL
2

Bét dang thic can ching minh tro thanh
(x+y)(y+z)(z +x)z 8xyz.
Téi day ap dung bat dang thirc Cauchy cho 2 sb,
tacod
(x+y)2 2\/.\’7;()»+z) > 2\[;‘;;(z+x)2 2\[;”;
Ta ¢6 diéu phai chimg minh khi nhan cac bat ding
thic cung chidu trén. Dau bang xay ra khi

x:y':z@aﬂb=c-

Thi du 13. Cho iam giac ABC <o
BC=u AC=b_ A8 =c¢ va r la ban kinh duong
tron  noi  tiep  tam  gide.  Bier  rang
. A , R ; ; :
ol — col—.col— = ————_  chung minh rang
2 2 2 16+7

tam gidc da cho la tam gidce déu.

Loi gidi.

B

Goi I 13 tam dudmg tron noi tiép tam gide ABC
(la giao diém ctia 3 dudng phén gidc).

Ha IM,IN,IP lin lugt vudng goc véi cac canh
AC,AB,BC. Dit AM = AN = x; BN = BP = y;
CM=CP ==z Khidotacohé

Jx**"y:C(]) 0)-6) X+y=c

\y+z=a(2) & {y+z=a

z+x=b(3) ‘y_zzc_b(d')
gy | X TY=C

e 1_v+z:a

b+c—-a
x:
2
a+b-c
D2 = "
2
“a+c—b
| 2

Khi do ta co:

A A.(M b+C—a
cot—= = ;

B a+c-b
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C a+b-c
cot—= .
2r

Do d6 tir gia thuyét ta c6

4 B € be

t* =.cot—.cot—=—

co 2c0t2cot2 6
(b+c—a) (a+c—-b)(a+b-c) b'c

161° T 16rt
Ta dugc (b+c-a)’ .(a+c-b)(a+b-c)= bic’.
Lan luot 4p dung bt ding thirc Cauchy cho hai %)
duong, ta co
(b+c—a).(a+c-b)
[b+c—a+a+c—bj
< 2

2

2
=cC

(b+c-a)(a+b-c)

2
S(b+c—a42-.ar+b—cJ e

Do d6
(b+c—a) .(a+c-b)(a+b-c)<b*c.
Ping thic xay ra khi a=b=c hay tam giac da

cho la tam giac déu.

Thiduy 14. 7in ham [ R —> R thoa man:
f(x)+xf(=x)=x+1YxelR (1).

Léi gigi. Gia st ton tai ham s6 thoa man phuong

trinh da cho.

Trong (1), ta

f(-t)-tf (-t)=—t+1,v1 € R. Ddi bién tro lai ta

thay t=-x, ta duogc:

c0 phuong trinh
—xf(x)+ f(-x)=-x+1LVxeR (2)
Ta ¢6 hé phuong trinh
F(x) 5/ (~x) =x+1
{—xf(x) + f(-x)=-x+1

(1)-(2).x 5
= (1+2) f(x)=1+2 = f(x)=1.

Thir lai ham sb cin tim 1a:
f(x)=1,VxeR.

TOAN HOC
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f:RAVOY 5 R thoa

Thi du 15. Tim ham 50

man:

(,\'— l A N v D
- 2 =1+ X, Vx e ik l)

Loi gidi. Gia su ton tai ham s6 thoa man phuong
trinh da cho.

x-—1 y= 1
Trong (1), ta thay = x 1-

f(,l,}r flu)=2=2 ()

1-u

, ta duoc:

L

péi bién tra lai ta dugc

f@)+ S [1—_1—;} -22 ()

1 v—1
Trong (1), ta thay v=1—:-;:> x:—v_ , ta dugec:

v—1 I A  2¥—d
f(TJ*"f(lwa_ v

Déi bién tro lai ta co phuong trinh

x—1 1 _2x—1
f(ﬂx—}f[r_ﬂ— .
Ky hiéu a=f(x); b:f[Lj;

l1-x
\

c:f["‘] |

X

(4)

(5)-

Tir (1), (3) va (5), ta co hé

a+c=1+x
a+b=2_x

l—x
b+C:2x—y
. x

Giai h¢ ndy bing phuong phap Gauss ta dugc

The - 1 1 ;
hu lai voqf(x)zz[x+;+l_l._} thiay thoa
- X

man dé bai. Vay ham s6 cAn tim 1a

Y
f(x)“a(-"‘*"“’L———},VxeR\{0;1}_

X l—x



TIENG ANH QUA CAC BAI TOAN

PROBLEM. 4, cpivr. s

G 10N > g .
o | P fuel tank iy filled using
a cviindrical pipe with diameter 8 cm. Fuel
L& s ()
Jlows along this pPipe at a rate of 2 metres per
~ = [
sccond. It takes 24 minutes 10 fiff oo

Calculate the capacin

tank.

of the tank. Give VO
answer in litres.

Remark: This problem is collected from a
IGCSE past paper.

Solution: In 1 second, the amount of water runs

into the tank is equal to the volume of a cylinder
with diameter 8 cm and height 2 metres. This

amount is

BAI SO 92

V =hB=200xmtx4’ (cm).
Therefore in 24 minutes, the amount of water
runs into the tank is

24 x 60x 200 x Tx 4% = 14476459 (cm’)..
Thus the capacity of the tank is about 14476.5

litres.

TU VUNG
cvlindrical pipe cong dang hinh tru
diameter - dirong kinh

capacity s dung tich

Translated by NGUYEN PHU HOANG LAN

(College of Science-Viemam National University, Hanor)
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BAI DICH SO 90

BAI TOAN. X¢t tap hop S gom tat ca cdac tam
giac vuong voi hai canh goc vuong co do dai la
cae so tw nhién. Chirng minh rang tich do dai
cde canh hiyen cua hai tam giac bat ki trong
tap S lai la do dai cua canh huven cua cua mo
tam gidc vuong nao do trong S (chii ¥ rang ta
tap trung vao cac gia tri, khong phai don vi do
cua cac do dai).

Léi gidgi. Mot cach tuong duong, ta chimg minh
rang voi 4 s6 nguyén duong béit ki m, n, p, q

ludn tdn tai 2 s6 nguyén dwong a, b sa0 cho

(P + )t + gy =a b ().
Xét cac s phacz=m +nivaw=p~ gi. Ta co
thé chimg minh duoc hai tinh chat sau:
i 1a sb phuc lién

hay

1) m*+n*=z.z véi z=m—n

hop cua sé phitc z;

2) Sé phtc lién hop cua mdt tich hai sé phirc
bang tich cua hai sé phrc lién hop z.w=z.w.
Bay gio ki hiéu L 1a vé trai cia (*). Tt (1) c6
thé viét L:(z.z)(w.;;').'l"a c6 thé sip xép lai dé
duge L=(z.w)(z.w).Tu (2) ¢6 L=(z.w)(z.W).
Tinh tich z.w; va gia s rang zw = a + bi Vdi a,
b 1a cac sd nguyén duong. Tiép tuc st dung (1)
tathdy L =a’ + b* (diéu phai chimg minh).

Nhin xét. Cac ban Nguyén Quic Hoang Anh,
8A, THCS Ly Nhat Quang, D6 Luong, Nghé An;
Tran Thi Thanh Thuw, 12 Toan 1, THPT chuyén
Qudc hoc Hué, TP. Hué, Thia Thién Hué;
Nguyén Hing Cuong, xa Nhon My, TX. An
Nhon, Binh Dinh; Nguyén Vin Canh, GV THCS
Long Hau, xd Long Hau, huyén Cin Giugc, Long
An c6 bai dich t5t, gui bai v& Toa soan som. Xin
hoan nghénh tit ca cac ban.

HO HAI (Ha Néi)
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\. — . i /
T St aron et Y
BAI TOAN 71. Cho m s6 thue dwong
a,ay,.na, meN;m=22 va S=a, +a, +..+a,,.

C /nr‘ng minh rang

a, a, a, m
e i S T
S—-a, S- a,

e m-1

Léi gigi. Cach 1.

a, a, a

biat P= +——+ .. +—=— Tacohd
S-a S-a S-a,
sp=s|-G 4 %2 . 4 9
S-a S-a S-a,
2 2 2
S W, N +S
S—a S-a, S-a,
nén theo bit ding thirc Schwarz ta cé:
Sp> (g, +a,+..+a,) LS
m.S—(a +a,+..+a,)
2
= -] +85= ide) =p>"_
(m-1)§S m—1 m—1
Bing thirc xay ra khi va chikhi ¢, =a, =...=a_.
Bai toan dugc chirng minh.
= S—a
Cich  T= -
—a}. i=] S
m S i 3
= Theo bat dang thie
Schwarz ta co:
TQ2m' = (m-1)(P+m)zm’ & p>_""_
m-—1

m
af

Cach 3. Pat P = Z

S —a, N
..a_,T‘_; S _m—_la

!

szm:Sfa =P+m.

TOAN HOC
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Theo bét ding thirc Cauchy ta co:

a —a. G S_al
T:ZS a‘?_mmn[ S Js

1 S 1=l

Cich 4. D& thdy

i a, =zm:( a, +1J__m=m( S J—m
To—g S—g i=l S—ai

m 1 mZ mZ
R e
a, a m
— — ”I_ il
S ;S
a m
-m=—
m—l m—1

Cach 5. Bat déng thirc cn chimg minh tuong
dwong véi bat ding thirc sau
ma, - S ma, —S ma, —-S

(m-1)(S- a)+(m (S - a) (m 1)(S a )>O;

ma -§ ma,-§ -S
St —2 2 (T
S -q S-a, S—a 20 (%)

Bay giv ta di chimg minh (*)

Vi bit ding thire d3 ra va (*) déu la bat déng thic

dbi xiumg, khéng mét tinh tong quét ta gia su
24, 2..2a >0
ma, -—S>ma, -S> > ma, —§

= 1 1 1

S~a,

Theo bt dang thirc Chebyshev ta ¢o:

22 >0




1
vI(*)Z—(ma, -5 + ma,-§ 4

m

1 1
x
—_— + 1
[S——a‘ S-a, T35, J:O.
Cich 6. Dé thiy véi x> _ s

(X-a) 200 x> (220X -a*
X +1 )

. a, 1 T .
L {S -aq, WJ 20; Vi=1,m, theo bit
dang thuc trén ta duoc:

1a

[2-#‘-4- S, (N l__ﬂ :
al > (?N—l) _IS_G' m-1 =

S-a, = - NVi=1m
———+1
e
o B 2(m-f—])(m—l)a —(S—a,)
S—(JJ (m“l)-S
_ma~38 Vi=Lm
(m'—-])zS St
Vay
i a, 22“: m-a —\S _ (’”2 —"i)S
1=1 S—a, i=l (fn-l)- S (fn—l)— S
_m
m=—1
Ciach ~.

Véi m sb thuc duong x,, Xa,..., X, theo bat dang
thirc Cauchy ta co:

m-1

x"+(m=1)x] zmxx;

x"+(m=1)x; 2 mx, X"

m
=:>(m—l)(x,’"+x;” +o+xr)
| m-| + +Im—l)
> mx, (27 X7 H et K
m
m-1 mx,

X,
g ) D )

X mx;

2 —> - =
(x'"_'+x;"_'+...+xm 1) (m_'l)(x[ +x2m +---+xm)

..................

m

2 .
= 24 =1 m m i
(.r;" "+ +.,,+x,':ﬁ,) (m—l)(x, +x; +.._+xm)

Cong vé véi vé cua m bét dang thic trén roi rat
3 dit a =x""' Vi=1 sé dugc bai toan

gon va dit a, =, i=lm , o

can chung minh.

Léi binh. Bdi todn trén khéng kho, tuy nhién néu
ching ta chiu khé tim toi ra nhitng cach giai mdi
thi sé tiép cdn va phat hién diroc nhiéu phwong
phdp méi da dang, qua dé giip xu Iy bai toan tro
nén linh hoat hon. Trén ddy la mot s6 cach cua
tdc gid, hy vong nhdn dwgc s dong gop nhiéu
hon tir ban doc trong ca nudc.

PAO VAN NAM
(GV TH&THCS May Academy Hoang Mai, Ha Noi)
Nhén xét. Ban Nguyén Hiung Cuwong, xd Nhon My,
TX. An Nhon, Binh DPinh dong gop 6 cach giai
tuong tu nhu céc cach giai cua ban Pao Vin Nam,
ngudi dé xuét bai toan 71. Ban Nguyén Van Canh,
GV THCS Long Hau, Can Giudc, Long An dong
gop 2 cach giai: cach 1 nhu céch 1 trong 101 giai

trén, cach 2 sir dung bat dang thirc Jensen cho ham
g X
161 f(x)=——(0<x<8).
S-x
Xin hoan nghénh hai ban.
LE MAI (Ha Néi)
Mdi cac ban gui 181 giai BAI TOAN 73 du¢i day vé
Toa soan Tap chi TH&TT trudc ngay 30.6.2023.

BAL TOAN 73, Cho hunh vuone ABCD. Goi E la

PAO QUOC CHUNG
(GV THCS Van Phong, Dién Chdu, Nghé An)

TOAN HOC
“cruaige 45
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Co hao nliéu so

BAI TOAN 80 (AMC10, 2020).

nguyén duong n < 1000 thoa man

9907 T10007
[t — |
Lo LN

khéng chia hét cho 3.
Loi gigi. Trudce tién ta chung minh bo dé

B0 dé. V&i mdi s6 tu nhién n, N, khi d6:

Néu Nin thi [ﬁ}z{N_l]+l;
n n

Néu N/n thi {ﬁ}z[]v_l}.

n n

Chirng minh.Dat N=nk+r vo1 0<r<n-1.

-Néu Nin thir=0, suy ra: [ﬂ:lzk va
n

[Nn-l]{r(k])?nl} _— [n } -
[

-Néu N/n thil<r<n-1= {ﬂ}k va

n

]

. Bé dé duoc chumg minh.

Tré lai bai toan.

-
Pat A :[998J+ 9901, [1000]

n | n n
D& thdy n =1 thi 4'3, ta khong xét truong hop
ndy. Tir b4 dé trén ta c6 cac truong hop sau:

46

TOAN KOC
* Cludifre__ S8551(5-2023)

1000 .
98] 02201 iy
THI1: . n n

hop nay la udc cua 999, suy 1a 433 (logi).

000
998 | ?_9_2 1 } Truomg hgp nay
TH2: [_}1 :i"[ n

n
A:3 (loai).
1000
998 - _9_92:|+1={~——j|. Trudng
TH3: {—n—‘}'l [ # n

hop nay 999/n va 10002 Vi 1000 =2°.5® nén
56 gi4 tri n thoa man bai toan 1a:
(3+1)(3+1) - 1=15 (don=1).

9997 [1000 .
TH4: [998}1 [ } [ - Truong hop
n n k

nay 9991n va 1000/ n. Vi 999=3"37 nén s6 gia
tri » théa mén bai todn la:
3+1)(1+1) - 1=7 (don # 1).
Vay tdng céc gia tri n thoa man bai toan la
15 +7=22.

Nhin xét. Cac ban Pdao Varn Nam, GV TH&THCS
May Academy Hoang Mai, Ha Ndi; Nguyén Vin
Canh, GV THCS Long Hau, x3 Long Héu, huyén
Cin Giude, Long An; Nguyén Hung Cuwoéng, xa
Nhon My, TX. An Nhon, Biah Pinh ciing ¢6 1di
giai tuong tu nhu 161 giai trén. Xin hoan nghénh ba
ban.

NHU HOANG
Sau ddy 1a bai tap d& nghi. Ban doc hay gui 16i
giai v€ Toa soan TH&TT trude ngay 30.6.2023.

BAI TAP BE NGHI
BALTOAN 82, Cho P 1

/ i her
£ §
‘J("“ﬁ' 1O f'l“,-’,“ (17 o .
Hnn cau cho triege. B 7 ’
yid
] S BT RS
Ly P Vi 2
Y oc doi n ( a {
o i
1 £ .
'
L 1 Fetl B / P .
{ K. rgd F i
i Char direrp 7 Py ] ;
! PN ¢ inh Bap oy nha
jl .r*l, { 7
CL / N5 ’ % .
s 1 LIt gy Heh (!

KHANH HU'U (Ha Noi)



GIAIPAP: DAP AN ni(p»
w . .
(Pédang trén TH& TT o4 347, thing 1 nam 2023)

P;,-ﬁn tich sai h?m. Lap luan cia ban Cdm Tii sai &
cho “Do do, do thi ham 5§06 6 d{if;g mot tiém cdn
df?f’g khi phuong trinh (D) co dung m-él r;glrié;ﬂ
dieu ndy tuomg dicong v PT(1) c6 nghiém kéP-"- ,

Loi gidi diing. Ta biét, x=x |3 mét tiém cin

dimg cua do thi ham sé y=— x—2
X =2x+m
x=2
=1 hodc lim X2 = oo,

rx X =2X+m -5 XX —2x+m

suy ra X, la mdt nghiém cua phuong trinh
X =2x+m=0 ().

Do d6. o thi ham sb c6 ding mét tiém can dimg
khi PT(1) c6 ding mét nghiém x,, thoa man
x—2

=%o hodc lim—
=5 X" —=2x+m

: x—2
hm —
1= X0 = 2x+m
Khi d6 ta xét hai trudng hop sau:
THI1: PT(1) c6 nghiém kép. Taco:A'=1-m=0
x—2

om=1.Véim=1tacé: y=————va
x°=2x+1

=00,

g x—-2

11m~2— =——o=x=1
=l " —2x+1
duy nhéat cua d6 thi ham sb di cho. Vay m = 1
thoa yéu cau bai toan.
TH2: PT (1) ¢6 hai nghiém phan biét.
Tacd: A'=1-—m >0 m<]1.Khido, PT(1) co

hai nghiém phan biét x,,x,. Khi x—=>x, (i=12)

la tiém cadn dung

tace: x—2—x —2(i=12) va x’'—2x+m—0.

Do dé, néu x —2#0(i=1,2) thi x=x,x=x, 12

hai tigm cin dong cua d6 thi ham SO
x—2
}’=—1—-——-
x =2x+1

Viy dé dé thi ham sé da cho c6 dung mot tié{n
cin dimg thi x, =2 hodc x, =2 hayx=2 it

nghiém cua PT(1).

Khi x =2 1a mjt nghiém cia phuong trinh (1) ta
c62°-22+m=0=m=0.
Vé&i m = 0, ta ¢6 phuong trinh (1) c6 hai nghiém

hin bigt =2, x=0 VA ¥ =——z

= = va = .
phéan biét x , X y 2 _2x

—~ o1 f

Ta ¢6 lim— 2 =lim—=—=x=2 khong la

.t—;Zx _2x =2 x 2
tiém can dimg cua dé thi ham so.
lim—="2 _limL-40=>x=0 I3 tiém can
D i

ding cua d6 thi ham sé. Trong TH2, m = 0 thoa
yéu cau bai toan. Vay c6 hai gia tri m thoa man yéu
cau bai toan. Chon dap 4n B.
Nhin xét. Ban Nguyén Hiung Cuong, xa Nhon My,
TX. An Nhon, Binh Pinh va ban Tran Thi Thanh Thu,
12T1, THPT chuyén Qudc hoc Hué, Thira Thién Hué
da phat hién dugc sai lam va dua ra 1o giai ding. Xin
hoan nghénh hai ban.

KIHIVI

T

Bai todn. Tong binh phuong tdt ca cac gia tri cia

KET QUA NAO?

tham s6 m d@é ham sé6 f(x)=x" -=3x>+mx-1 ¢é

hai diéem cwc tri x;, x» thoa madn
X, + X, — 2x,X, + 3x’x} =3 bang
A.2 B. 10 Gl D. 9.

Ban Han dwa ra ld@p Iu@n nhir sau: Ham sé_ﬂx)
¢6 hai diém cuc tri x, x> thi x|, x> 1a hai nghiém
cia phuong trinh f'(x)=0,tc 1a x|, x» 13 hai

nghiém cua phuong trinh 3x* —6x+m = 0. Theo
dinh Iy Viéte ta co: x, +x, =2; x,x, = % Vi vay:

X +x, = 2xx, +3x7x; :3@2—%+%-=3

om'-2m-3=0m= —-1,m=3. Vi thé:
(-1’ +3* =10. Chon B.
Cic ban c6 tim ra két qué nhw vdy khong?
NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bdc Ninh)

TOAN HOC
* clusitre 47
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. Tep chi TOAN KOC ve TLGI TRE
" Mathematics and Youth Magezine

NUAT BAN TU 1964

56 551 (5.2023) o

Yirs suan - 1678 Biano Vo, Dony Da, Ha Noi
By 3ien @p. 024 35121607,

pT Ppal hani: 02 4142644 024 35682701
£mail: (panhotluotrevienam gma.com

BAN (O VAN KHOA HOC
GS TSKH TRAN VAN NHUNG
TS. NGUYEN VAN VONG
GS. DOAN QUYNH
PGS TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN

Téng Gidm d6c NXBGD Viét Nam
HOANG LE BACH
Téng Bién tap NXBGD Viét Nam
PHAM VINH THAI
Vién truemg Vién nghién ciu Sich va HLGD
" PHAN XUAN THANH

HOI DPONG BIEN TAP

Tong bien tap : TS. TRAN HOU NAM
Thu ki Toéa soan : ThS. HO QUANG VINH

7S, TRAN DINH CHAU. TAS. NGUYEN ANH DUNG, 7S. TRAN NAM DUNG,
7S, NGUYEN VIET HAL PGS 7S5, LE QUOC HAN, ThS PHAM V
GS TSKH. NGUYEN VAN MAU. Ong NGUYEN KHAC MINH. TS. PHAM THI BACH
ThS NGUYEN THE THACH. GS TSKH. DANG HUNG THANG, PGS TS. PHAN DOAN TH

DUONG THUY, GS TSKH. NGO VIET TRUNG.

pi téng bién 1dp : CN. TRAN THIKIM CUONG
7S. LE HONG MAI

5. NGUYEN MINH BUC, 7§ NGUYEN MINH HA,
AN HUNG, PGS. TS VU THANH KHIET,
NGOC. PGS. 7S. TA DUY PHUUNG,
OAl, ThS. VU KIM THUY. PGS T$. vU

TRONG SO NAY

o Danh cho Trung hoc Co s¢
For Lower Secondary School
Vii Hiru Chin - Tim chir s6 1an cung cua SO tu
nhién va van dung giai toan.

€D Huong din giai dé thi chon hoc sinh gioi lp 9
tinh Quang Ngii, ndm hoc 2022 - 2023,

€D) o thi chon hoc sinh gioi 1ap 9 tinh Binh Dinh,

niam hoc 2022 - 2023.

€@ Chuin bi cho ky thi THPT Quéc Gia
Nguyén Cong Chudn - Bai toan tim diéu kién
cua tham sé m dé ham so dong bién (nghjch
bién) trén mot mién.

0 Dé ra ky nay

T1/551, ..., T12/551, L1/551, L2/551.

@ Tin tirc toan hoc
Giai thuong toan hoc Abel nim 2023 da co
chu.

@ Problem in This Issue

Bien tap: LE MAL NHU HOANG

Tri su, phat hankh: HOANG TH] KIM PHUONG, TRAN TH] MINH HIEN

€2) Giai bai ki truéc
T1/547, ..., T12/547, L1/547, L2547,

Serfretierins fer ! oalis P

(A, x % 5

‘;‘__?; Dién dan day hoc todn
.Vguyé-n Thanh Giang - Mot so sai lam thudng
gip khi giai todn dai s6 16 hop (KV /7).

Qﬁ Phuong phip giai toan
Tran Minh Vi — Nguvén Duy Chién — Gioi
thiéu phuong phap khu Gauss dé giai h¢
phuong trinh bac nhat nhiéu an va ap dung.

@ Tiéng Anh qua céc bai toan - Bai s§ 92 - Bai
dich s6 90.

D Nnidu cich gisi cho mt bai toin — Giai bii
toan 71 - Bé bai toan 73.

Q Du lich thé gi6i qua cac bai toan hay — Giai
bai toan 80. Dé bai toan 82.

@ saitiméaan?

MG thudr: QUOC HIEP, THANH LONG
Thiet ké, ché bdan: MINH HOA

e ——————— T |
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Mathematics and Youth Magazine
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Mathematics and Youth Magazine
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Mathematics and Youth Magazine
Nam 2013

Mathematics and Youth Magazine

Nam 2010

Khé 19 x 26,5

Gia bia; 99.000 dong
Nam 2012

Khé 19 x 26,5

Gia bia: 152.000 dong
Nam 2013

Khé 19 x 26,5

Gia bia: 175.000 dong
Nam 2014

Khd 19 x 26,5

Gia bia: 185.000 dong
Nam 2015

Kh8 19 x 26,5

Gia bia: 199.000 dong
Nam 2016

Nsm 2014 Nam 2015 Khé 19 x 26.5
Gia bia: 199.000 déng
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Nim 2018
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Nam 2019
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Mathematics and Youth Magazine
Ném 2022

Khé 19 x 26,5

Gia bia: 199.000 dong
Nam 2018

Khd 19 x 26,5

Gia bia: 199.000 dong
Nam 2019

Kho 18 x 26,5

Gia bia: 199.000 déng
Nam 2020

Khd 19 x 265

Gia bia: 210.000 dang
Nam 2021

Kho 19 x 26,5

Gia bia: 240.000 déng
Nam 2022

Kh8 19 x 26,5

Gia bia: 260.000 déng

3 ‘

Moi chi tiét xin ken he:

TAP CHI TOAN HOC VA TUOI TRE

Dja chi: 187B Giang V6. Ha Nbi

® Dién thogi: 024.35121606 - 02435121607
® Email: toanhoctuoitrevietna m@gmail.com
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Lap trung va Khitn truomg  trong

met cong doan

il Sl Lo A, S |
NARGIVN du Kien phate hianh w
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L dam "I.‘;!Ll SUN RLELY T ki thim

NARGDVN

| i
L e O

Wi haw W00

m Jdon

SN G ban

ane hen Kha

o o v Qi chuan
By <an vim b de ven hanh in SGK lop
LR T ngay K oo kel gua lua chon
cua coe i phaomg. Hgn 304 oo mat
o o plareng SBng bo danh e o
Chgpn SGK fop 480 | theo C1GH1
2018 KOt quibsor B Cho thiy SGR
NXHRGDVYN \lh‘\lw i 80 cac this
w.“lnm\!‘mlunuln hoe sinh
tn taimg, RS e VAo day hod
1ol hoe 20PR204 Cling Voo e,
SR 0 o AR O phat hanh
ek, NXBGDY N g A8 Lap duon
iy song 1o oo phyg huyah, g o
”m vhanh ¢hong, thwin ten,
e b _; rong then guan cao dem
deér bhlhin"l Theo do, khi
hy m hoo sinh, nha traomy can
e & o sieh Bay phan anh cac
vin @8 liew, quan dén SUK co (¢ Tien
lpo e %0 didn hu.mtumu "
thong s tue orge i
1lp ol euc v kidn,

Gldy phép XB 88 SI4IGP-BTTTT cAp ngdy 19.11.2020; M& s6: BETEM23

In tal Xi nghiép Ban 46 1 - BQP

ahir gran dap nhimg vuong mae. Dong
thoa mo rone cae kénh ban SGK tiin
tven bén canb vige phat hiinh SGK

Dong
thar NNIWGIYN thue lagn eong Gk

guit cae kénh tuven  thong

Choan b day du, da dang ngudon ti
Ligu, O hign cho SGK cua @t ¢ cig

mon hoe hoat Jong o di 1*“\.1\‘ Vil

cang tac bor didmg, gom: Phién ban
dign e SR, SGYS e bido gip hwdn
o vien sue dung SGK slde bae

Lall)

Ay bk Frae vien su dung SUK
i thigu \hl\_

munh hoa

VY Vil \ tlit‘l.' TN

day Fan ca cae i hgu, Jdi
hidw ncu tren s@ duge so hoa, $ang
micn ph vd cap nhit thadmg xuydn
tren website taphuan nxbed vin. Ring
cach truy cap vae website (Khdng cin
@ Khoan dang nhap), thang qua cag
e e, die Bigu nay, cian b qudn Iy,
g vien, cae dia phironmg co thechu

it e, nghidn cuu v SGK

VL T hl‘\

dong

Cang ciap ban in SGR,SGY, ol lign
phue vy edng tie thp hudn

De ho e cde adng treng cong
We Wp huan, NXRGDVN oling s@
chuyncac ban in SGK, SGV, wi higo
PRUe v Wp hoan &5 G e cae tinh,
thanh phts 500 co nuor. NAXBGDYN
da sy dymg ke hoach,
Chie s hudin cho 100° pao vién s
g SCK Jop A8 11 can b guan
I i bl B ca cac ol thanh
B Bl thire e tuyens ket

hoh trinh

In xong va ndp lwu chidu thang 5 ndim 2023

\l

h\lp

vin e e BDE dap umg duoe
mat ki thude, dam
bao ehit luemg (unh ok, Sm thanh

fromg e @ik BacGan vicn Vil g

Gl Ydd dau e

nghec ) e cae bud wp houdn e
fuvaen, NXBGDVN 38 chuin B he
thong 30 phdng studio dat ten chuin
NARGDVN test ks

thugt van gt ca Qe can dia pharom

cing 10 gha
e ngay o chue chinh thue. Cang
v do, i dung cae buc (dp hudn s¢
Juge b thong ghi L 3¢ 2o vien co
the ray olp vio website xem, nghe
Tar ey dl.ll‘lg v dutimg cac imon e

heo ké hoach, NXBGDA N <@ tren
Khai ¢ding e bk iy SGK™ ca
mon hﬁ "W ;.u. dla phuong theo »
JoLAE 6282 3 A 2N ni

dot Sengay. Trong mol dat sé thin
bign tip Il d:n ducae tém sach toyp
LR L thin Regng ar 12 npdyden
| gy S('fk won hoe. Réy waith Jo.
Jo chuig b1 chotdng e
e Lep 1 dha Phuonyg,
SO e Wp hudn (e
e Hep) cho ddi ngd hao
Rlang vidn ol Dy
Fing, Vién nghi ] "\umn
[y, w0 vidn oot cln. . pha Rhap cac
tnh thanh trong ea mroe. L ye Taong
bilo cao vidn lti} LT SUDL VO CAC L

2028,

¢

el SGR dam bao d8p g duge nh

cau @p hudn eho 1007, WIAO Vidn oy
hoe SGK 4,811

NAXBGDAN

Gid: 18,000 ddng
Mudi tdm nghin ddng




