


/..—...—_..u--

TR \l- Illll C “ s

Hang dang thuc 1a dang toan rét co ban cua
chuong trinh mén Toan THCS va THPT. Viéc st
dung ching & chimg minh bt ding thirc ciing
khé quen thudc. Xudt phat tir ¥ tuong bién ddi
f(x) bétki thanh dang

f()=(x-a)g(x)+h(x),aeR,

trong khudn khé bai viét nay tac gia mudn gidi
thidu dén ban doc cich “Tgo luong du két hop
hdng ddng thire dé chimg minh bat ddng thirc” aé
gidi mot dang toan bat dang thirc ma trudc nay
chiing ta thudng ding phuong phép hé sb bit dinh
aé xir li.

I. Dang f(a)+ f(b)+ f(c)=2 m(a* +b* +c*)

A
+c

—

hoic  f(a)+ f(h)+ [(c)<m(d" + D'

(m la so thue, k la s6 tw nhién)

Ta bt diu tim hiéu phuong phap nay véi thi du
sau:

Thi du 1. Cho a.h,c >0 va a+b+c=3 Chimg
minh rang:
1 .
I+a* .
Phan tich va hudng dén gidi.
Du doan diu "=" xay ra khi a=b=c=1 khi d¢:
11 1

1+a> 146 l+c

1
2"2_'

Bat f(x)=- L _ (x>0). BDT (1) tr thanh:
+Xx

f(a)+f(b)+f(c)2?12-(a+b+c).
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Trudc hét dya vao vi tri xay ra diu bing ta phan

tich nhu sau:
11 1=% g )Jl_”'_x)— (1.1).
1+x2 2 2(1+x%) 2(1+x%)

3 S 2 - 2
Tiép tuc phan tich dé tao hang dang thic (1-x)
va phin du dang da thic bac nhit dé khai thic
didu kién gia thiét:

(1+x) — (1+x) _l}}l—x
-0z - 20w 2] 2
g  oF 1—%
- +
4= S 2
—-X
>— (1.2
2 (1.2)
T (1.1) va (1.2) suy ra:
1 _l 1—-x
l+x* 2 2
= : ,21—-{.
1+x° 2

Vay khi chimg minh bat ding thuc (1) trude hét ta

chimg minh: >1-Zvgi x>0. Thay x boi
1+x° 2
a, b, ¢ ta co:
1 >1-2.
1+a’ 2
1 b
1+ 2’
L _pi-E
1+¢° 2
Cong timg vé cdc BDT trén ta dugc:
1 1
_ . 1223_a+b+c:é‘
l+a® 1+b° l+c 2 2
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Nhin xét. Nhu vay & thi dy nay voi diéu ki¢n
a+b+c=3 dya vao phan tich théng qua vi tri
déu "=" xay rakhi a=b=c=1 thém bot dé tao ra

hiing déng thirc (1~ x)? va phin du 1—;’5 . Ta tiép
tuc voi vi du sau véi gia thiét chira da thirc c6 béc
2,

Thi du 2. Cho ab,c>0 va a’ +b° +c* =3.
Chirng minh rang

) 3 )
2Ad’ + b +(=3)2—£+%(a+b+c) (2).

Phan tich va hwong din giai. Ta co:

bit f(x)=2x° —%x (x>0).
BDT () & f(a)+ f(B)+ (©) 2>

<:>f(a)+f(b)+f(c)2%(a2 +b’ +c2).
Dy doan dau "=" xay ra khi x=a=b=c=1, khi
do: 2x° —§x=l. Xét:

2”7 2

1
2;(3—%)4:——;-=()c—1)(2x2 +2x+5)

2)(2+2Jc+l

=(x*-1).
x+1

Ta c6 gng lam xuét hién hing diang thirc (x—1)
va phin du dang da thic bac hai dé khai thac gia

thiét a® +b* +c* =3:

1
2 —
2x -f-?.x+2 9 +9x2_2

2x3—éx—l=(x2—-1) T
2 2 x+1 4 4 4

1 5 9 9
(=1 Bx+T)+2x? =2
4(x ) ( ) 2t 3
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9 2

2222 (osx+7>0)
2" 3

3 .9, 7
3_~- > - -
= 2x 2)‘7 4x 4

Viay dé chimg minh bét ding thirc (2) trude hét ta

ching minh:
3 9 , 7
e S
2x % 2
sau do thayxlén lugt bai a, b, ¢ ta dugc:
7
ZaJ—EaZ—az——;
2 4 4
2b3—3b22b2—1,
2 4 4
3 .0 7
3_2.s22_°
2c 2c_4c 2

Cong timg vé cac BDT ta co:

) 3_31; 2 3—Ec
(24’ ~Za)+(26 =2 b)+ (2¢ 4

9 , . 5 21
4(a + c’) 2
_2_21___3'_

4 4 2
Viy ta c6 diéu phai chimg minh!

Qua thi dy 1, 2 ta nhéan thiy: D& chirng minh BDT
di cho, ta chi cén tao lan luot phan du 1a da thace
bac nhét, bic hai, bac ba,... ty theo bac cua da
thirc trong gia thiét va lam xuét hién hang ding
thire (x—1)%.

Ta tiép tuc nghién ciru mot thi du ¢6 bac da thirc &
gia thict 1a 3 nhu thi du sau day:

Thi du 3. Cho abe>0 v g b e =3

Chirng minh rang:
(1.1 1)

4 —+— 4+ = |+ 5(4 : Ns97 g
| % +/‘) 4- > ¥ 2
\a b ¢) | 23 G}

Phan tich va hiéng din gigi,

1 1 1
4[;+g+;)+5(a2+b2 +C2)227



4
@(—+5a2)+(i+5sz+(i+5cz]>27
d b C -
4 4
& | —+ 547 = + 542 4
(a a ]+(b+5b )+[;+5c2J
29(a3+b3+c3).
< 4 2
bat f(x)=;+5x (x>0). Khi d6: BDT(3) trd

thanh: f(a)+ f(b)+ f(c)29(a’ +b* + ¢’ ).

Du doan ddu "=" xay ra khi x=a=b=c=1. Khi

4
d6: —+5x* =09.
x
.2
Xét: i+5x2_9=(;¢_1).§)‘_ﬂ
x x
L _p| 3 5x-4
x(x"+x+1)

=(x’-1) M_z +2x* =2
x( +x+1)

2x*+x+4
-

=(x-1). 2% —2.

Vid +b +¢=3=0<a,bc<i3

=0<x<3=-2x"+x+4>0

“2x*+x+4

= (x-1)". +2x ~222x -2

:>ﬂ+5x2—922x3-2
X

:>i+53c2 >t 4 7.
X

Vay dé chimg minh bat dang thirc (3) trude hét ta
chitng minh: ;+5x2 >2¢ +7 véi 0<x<if3,
sau do thay x lan lugt boi a, b, ¢ ta dugc:

i+Sa’ >24° +7;

a

§+5bz >0 +7T;

i-+-5c2 >2c +7.
4

Cong tung vé cac BDT trén ta co:

4(1.,.14.1)4.5(02 +bz+c:’)22(a3+b3 +c)+21
a b c

=27
(vi d’+b+c* =3).
Phuong phap nay con xir li kha tét cho dang bét
dang thirc sau:
11. Dang [(a.h)+ [(h.c)+ [(c.a)znld B+t
hoic f(a.b)+ f(h.c)+ fle.a)<m(d" +b" +c")
(m ld so thue, k ld 5O tur nhién)

Thidu 4. Cho a,b,c >0 Chirng minh rang:

a' h' &
- _ —— = —
a +3ub+b" b +3bc+c ¢ +3dc+a
i f":i (_L )
5
Phén tich va huéng din gidi.
3
bit: f(x,y)=— > (x,y>0). Ta co:
x +3xy+y
a b c
+ +
at +3ab+b> b +3bc+c® ¢ +3ac+a’
>a+b+c
5
& f(a,b)+ f(bo)+ f(c,a)z%*—c.
Du doan déu "=" xay ra khi x = y, khi dé:
X3
X +3xy+ )y’ s
3 2 s
Kty e ax tyx
X +3xv+y 5 T SxT+15xy+5y°
4x* + yx 1) x-y
=(x-y)| i =
Sx*+15xy+5y° 5 5
3Ix+y X—y _X—y
== e gt
S5(x*+3xy+y7) 5 5
3
s _I_X_T i’ s
x +3xy+y" 5 5
3
s x > 2x-y'
x*+3xy+y° 5
, TOAN HOC
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Viy dé chimg minh bét ding thirc (4) trudc hét ta
chimg minh:
3
2 = 2 2 2x—
X +3xy+y 5

voi x,y>0

sau 46 thay (x, y) lan luot boi (a, b); (b, ) (¢, a)
ta co:
a’ 2a-b
2 2
a® +3ab+b* 5
B 2-c
b’ +3bc+c* 5
3
. c > 2c-a
¢ +3ca+a’ 5

b ]

Cong timg vé cac BDT trén ta duoc:

3
a b’ o
2 2 * 2 7+ 2 2
a’ +3ab+b” b’ +3bc+c”  ¢?+3ac+a
a+b+c
>

5
Nhdn xét va huong din gigi. Véi thi du nay ta
X ‘ 4 T 2. 5 A xX—=y
can lam xuat hién (x— ) va phan du = Sau
diy ta cung xét tiép mét thi du khac xem phuong
phap nay co con sir dung hiéu qua khong?
Thi du 8. Cho a.b.c >0 Chirne minh rang

Sa’ -k 5 -c¢ S5¢’

uh+ 3u- be +3b
Phan tich va huong dan gidi.

50—y
bit: f(x,y)=———y7 (x,y>0).
xy +3x

3 3 3_ 3 3 _ .0
S@-b Sh—e 54 yipie
ab+3a® bc+3b° ac+3c

@f(a,b)+f(b,c)+f(c,a)Sa+b+c.
Dy doéan ddu "=" xay rakhi x =y khi dé:

3 3
Sx -y2 =
xy+3x
-y 2x% + yx+y*
Xét =2 y2 —x=(x-y) - 2}’
xy+3x +3x
TOAN HOC
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2 + 2
=(x_y)(_2_x_+J£TL_1]+x_y
xy+3x
z AV € i
=—(x-y). +x—-y<x-—y
(x=») xy+3x2
3_ .3
xy+3x
3.3
@i{——yZSZx—y.
xy+3x
Viy dé chimg minh bat ddng thitc (5) trudc hét ta
chimg minh:
3.3
XY cox-y,
xy +3x

sau do thay (x, ) lan luot (a, b); (b, ¢); (¢, a) ta
duoc:
5q° - b
ab + 3a’
3 3
———Sb = <2b-c;
bc + 3b*
T
ca+3c*

<2a-b;

<2c-—a.

Cbng timg vé cac BDT trén ta co:

56° = ¢?
+ ~+
be +3b

5¢° -a’
—<a+b+c.

ac + 3¢’

5q4° - b
ab +3a’

Nhu vy bai toan dwoc giai quyét kha don gian
phai khong cac ban!

M rong hon ta xét mgt thi du cho 4 bién sau:

Ihidu6. Cho a.b.c.d >0 ng minh rang:
a b ¢ dt ] 1 ] s
o= S T TR (6)

) ] S 3 : %
0 ( d [?] a D (& o

it S ameafue s —

Phan tich va hiwéng din gidgi. Trudc hét dat:

1 1 1 1 ' ( _—
—= Z,—= s Vs Z, s ’:
b c g X, %25t »0) 146

|
-
I
I



SN+ 2)+ 12,0+ £(1,x)
2+ 4240
Dy doan déau "=" xayrakhi x=y=z=¢ khidé:

xs 3
=Y.

=

5

Xeét: -y V(v +3)
X

=(y—x)

Y (r+x)
Xy ey at

=(}’3—13)[ Y (y+x) "2-]+-§-(y3—x3

2 2
Xy +xy+xt 3

=(y=x)(»* +xp +x?)

3yt +3y°x - 2x%y? —2x°y —2x°

=’ -x).
3(x*y + Xy +x*)

2. 3 3
=0 —%
3(y )

(y—x)3»" + 6y x +4yx* +2x%)

=y’ —x") :
3(x2y2+x’y+x")
o3
+—=(y" —x
3(y )
3 2 2 3
=(y—x)2.3y +6y x+24yx +2x +E(y3—x3)
3x 3
2%-(y3—x’). Do do:
5 5
‘v—_,—-y3ZE(yB—xj)::zz—zzya-*x’.
x° 3 x 3

Viy dé chimg minh bét ding thirc (6) truéc hét ta

chimg minh:
5
Y 535 20 v x,y>0.
x* 3 3

Twong tu ta ching minh duoc:

5
z—zzéz] —-2+y";
y 3 3

5
t—zér’ —223;
2 3 3

5
'—r—Z—S—f -=r.
£ 3 3

Céng timg vé cac BDT trén ta co:

5 5
z 3 3.3
LB i < ¥ vy 40
l

HN|‘<:
<
N

Nhin xét. Viéc phéan tich nhdn tr cho mot biéu
thirc chira cin bac hai 12 diéu khéng dé dang.
Nhung trong thi du sau ching ta vin c6 thé lua
chon phuong phap nay dé c6 phép chirmg minh ty
nhién nhit,

Thidu 7. Cho x,y,z> 0. Chirng minh r(fmg:

S Ere————————

JI35° —8xy + 20y + /13y - 8yz + 2027

+y13"’f8vx_f'70_\ >5x+5y+5z (7).

Loi giai, Xét:

13x% — 8xy +20y* —25x

J13x% —8xy +20y” +5x
12x+ 20y

J13x% —8xy +20y° +5x

\,/13):2 —8xy+20y* —5x=

=(y—x).

12x+ 20y 16
=(y—x) - =
\/l3x‘—8.ry+20y +5x 3

J+—(y x)

25y - Sx—4,/13x* — 8xy + 205°
\/13x' —8xy+20y” +5x

16
+— p—
= (y—x)

== (y —x).

=2(r-0)x

625)° + 25x% = 250xy = 16(13x" —8xv +20)°)
(Vfl_h —8xy +20y° +5x)(25y — 5x+4\413r —8xy+20y7)

16
+_ —
5 (y—%)

=§(y—X)><

2 305y - 183x —122xy
(V137 = Bxy +20)° +5x)(25y — Sx + 4y/13x7 —8xy + 2037)

16
+—(y—x
5 (y—x)

TOAN HOC
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244
=g IR

Sy+3x

x
(132" —8xy+20y" +5x)(25y —5x+4413x" - 8xy +20y)

16

+—(y — x).

5(y )
Ma:

25y-5x+4\/13x2 —8xy+20y2 >0
© 25+ 413" —8xy + 20y° > 5x
< 625y +200y/13x* —8xy + 20°

+16(13x* —8xy +20y%) > 25x7
< 945y” +183x* —128xy

+200y,/13x* — 8xy + 20y >0
< 64(x—y)* +881y” +119x°

+200p,/13x? —8xy +20y> >0

(ludén dung)
nén voi x,y > 0 taco:

\/131’2 ---8,\}'-0-20):2 —-5x
_244
5

(y—x)* x

S5y+3x

x
(V13x° —8xy + 20y +5x)(25y — Sx+4y13x" - 8xy + 203%)

+%(_v—-r)

16
>—(y—x
3 (y—x)

7 716 9
= 13x“—81y+20y‘2—5-y+§x (7.1).
Tuong tu:

- 16 9
\/13y2—8yz+202‘ 2?z+§y (7.2);

- _ 16 9
\ﬁ3z2 —8xz +20x” 2—5—x+gz (7.3).

Tir (7.1), (7.2), (7.3) suy ra:

JI3x2 —8xy +20)" +4/13y° —8yz + 202°
++132> —8xz +20x* 25x+ 5y +5z.

Diu“="xayrakhi x=y=2.

TOARN HOC
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Loi két. BAt ding thirc 1a mot chu dé hay va kho
doi héi sy cb géng va séng tao khong ngimg cua
ngudi hoc toan. Chiic céc ban doc tim duoc nhiéu
niém vui khi doc va lam toan bat dang thic!

Sau day la mét s6 bai tap danh cho ban doc.
BAI TAP

1.Cho x,y,z >0 thoa man \/})_/+\/;;+\5=1

Tim GTNN cua biéu thic:

\/2x" +3xy+4y° +\/iy2 +3yz+4z2°
+\/221+3xz+4x2.
2. Cho x,y,z>0 thoa man x+ y+z=3.Chimg
minh ring:
1

1 1 >3
+ - = >3
JF+xy+y2 ﬁz+yz+z2 vzl +xz+x°

3. Ching minh rang voi a,b,c >0 thi

(2b+a+c)
26 + (@ +c)

, 2
(2::Tb+a) -
2¢° + (b +a)

(2a+b+c)’
2a° +(b+c)

4. Chirng minh ring véi a, b, ¢ khong am thi

3

a} b3 c

a+b+c
= — + > s
2a° +b

3 B 3 7 =
2b°+c¢ 2¢ +a’ 3

5.Cho a,b,c la cac s6 duong, chimg minh rang:

au+l + bn—l bllfl +Cn-rl Cn—! n Gn*l
n n n n + n n Z a +b +C
a"+b b" +c¢ c" +a
vG1 moi n nguyén duong .
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HUONG DAN GIAI PE THI CHON HQC SINH GIOI LOP 9
TiNH BINH DINH
NAM HOC 2022 - 2023

Bai 1. 1) Giai hé phuwong trinh:

{X]_sxz'““i" (1)
L_1.4 +},2 -9 (2).

2) Giai phuong trinh:

\/5(.\’: —3x+])=h\;'x‘ g~y

Léi gidi. 1) Bién d4i phuong trinh (1):
()< -y -5(x-»)=0
S - +xy+y -5)=0

x—y=0
|:x2 +xy+y’=5=0
Hé phuong trinh twong duong voi:
x—y=0
{x" +y’ =2

x2+xy+y2—5=0'

L LJC4 + y2 = 2
e . x-y=0
e Giai hé phuong trinh: < | 5 .
x'+y =2

Tir phuong trinh dau ta c6 x = y. Thay vao phuong
trinh sau ta dugc:
X 4+x-2=0

o @-D)+E*-1)=0

o (= Dx+ D +2)=0

<> x—1=0 hoéac x+1=0

& x=1 hodc x=-1.
Voix=1thi y=1; vgix=-1thi y=-1
Heé PT trén c6 2 nghiém (x; ») la: (1; 1), (-1;-1).
X +y +x-5=0(3)

e Giai hé phuong trinh:
1 P g {x4+y2=2 (4)

xZ—ny+y220

Qx2+_xy+y223xy.

Ta co:

Gia str hé phuong trinh ¢6 nghiém (x; ).
Tu (3) suyra: 5 =xX+xy+y 2 3xy
=P S% (5).
Tt (4) suyra: y*=2-x"
Thay vao (3) co:
P+2-xY+xy-5=0
= qu=x4—x2+ 3 (6).

Tur (5) va (6) suy ra:

Do dé hé phuong trinh trén vO nghiém.
Viy hé phuong trinh da cho c6 2 nghiém (x; v) la:
(1 1), L-D).
2) Ap dung BDT Cauchy ta cé:
G+l 2 RWx'xt1=3x

o Jxt+xt+1 zﬁ.]xl.

Suyra: VP < —\/3|x|. Diu “="xay ra khi x2=1.
Tacd: X -2x+120¢ X’ —3x+12—x

= \E(xz —3x+1)2—\/§.x

= VT >-/3x.
) TOAN HOC
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Dodé: VT=VPe —V3lx| = —/3x
=>x20vax=1= x=1.
Véy phuong trinh ¢6 mdt nghiém x = 1.
Bai 2. 1) Cho cac 56 thue v, v thoa mdan
X2y +4<0.

Tim gia tri nho nhat cua bidu thire

o 4(y* —4x)
P=y —d4x+—" ,
(x=2y+4)

2) Cho da thite P(x)=x"+ax’ + bx" + ¢x + d.

Biét P(1) = 10. P(2) =

o P(12)+ P(-8)
biéuthire If = ——— "~

T b
i Al

200 P(3) = 30. Tinh gid tvi

Loi gidi.
DTaco:x-2y+4<0 < x<2y—4

< 4x>-42y-4) & —4x>-8y+ 16

o Y -ax>)y? -8y +16

S Y -4ax>(y-4Y20= ) —4x>0.
Ap dung BDT Cauchy cho 2 sb duong: 1 va

, két hop véi (0 — 4x ) > 0 ta c6:

(x—2y+4)
4(y* -4
yr—4x+ (y x).,
(x—2y+4)'

, 4
=(v _4x)[1+(x~2y+4)2J

4
>(y'-4x)2 l—m—
2(» %) \[ (x* —2)/+4)2

.
"x—2y+4j

. N
lx—2y+4]

= (y2—4x)

= P> (y2 —4x)

Dau “=" xay ra khi:

TOEN HOC
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I:———4———2<-“-’(x—2y+4)2=4
(x—2y+4)
= x-2p+4=-2 (vix-2y+4<0)
& x=2y-6.
Khi do:
; 2 4 _ 28 24)
min P=[ y _4(2),_6)],—74()/ b

-
=2[(y-4)"+8] > 16.
Déu “=" xayrakhi y-4=0 va x=2y-6
=y=4vax=2
Vay gia tri nh6 nhit cua P13 16 khix=2;y=4.
2) Tir diéu kién bai toan ta cé:
P)=101+a+b+c+d=10
Sat+tb+cec+d=9 (1)
P2)=20<16+8a+4b+2c+d=20
o 8a+ab+2c+d=4 (2).
P3)=30<=81+27a+9b+3c+d=30
< 27a+9b+ 3c+d=-51 (3).
Ly (2) trir (1) va ldy (3) trix (2) ta duoc:
{7a+3b+c=—5 (4)
19a+5b+c=-55 (5)
Léy (5) trir (4) ta duoc:
12a+2b=-50= b=—6aq- 25
Thay vao (4) ta co:
Ta+3(-6a-25)+c=-5=c=11q+70.
Thay céc biéu thirc cua b va ¢ vao (1) ta dugc:
d=9—(a+b+c)
=9-(a-6a-25+ 114+ 70)
= —6a - 36.
Thay cic biéu thirc cua b, ¢, 4 vao da thirc da cho

taduge: P(x)=x* + gy’ _ (6a + 25)x*

+(11a+ 70)x — 6 — 36
(a dugc xem 13 tham s6),



Tir do:
P(12)=12° + a.12* — (6a + 25).12°
+(1la +70).12 — 6a - 36
=20736 + 1728a — (6a + 25).144
+(11a + 70).12 - 6a — 36;
P(-8) = (-8)" + a.(-8)" — (6a + 25).(-8)*
+(11a + 70).(-8) — 6a - 36
= 4096 — 512a — (6a + 25).64
+(11a + 70).(-8) — 6a — 36.
Do d6:
P(12) + P(—8) = 24832 + 1216a — (6a + 25).208
+(1la+70).4 — 12a-72
=(1216 - 1248 + 44 — 12)a
+ (24832 — 5200 + 280 - 72)
= 19840.
_ P(12)+ P(-8)
2023
19840

T 2023

Vay H

Bai 3. Cho tam gidc nhon ABC not fi({p dircing
tron () va mat diém P bat kv nam trong tam gicc
(P khac O). Duong thang AP car duwong tron (O)
tai diém thie hai la D. ding cac dirong kinh DFE
AF cua {./l.f'f)".{{_{ tron () Goi G, [ lan lirot la cac
giao diém thu hai cia dicorng thang EP, FP voi
dirong tron (). K la giao diem cud 1/ va DG. Goi
H la hinh chiéu vuong soc cua K tren OP, dicerng

thang OP cdr EF tai M.

1) Chirng minh HO la phan giac cua woc D
2) Chimg minh KD 1. DM.

Loi gidi.

1) Taco: AIF=90"= KIF =90

EGD =90" = KGP =90° va KHP =90".

Suy ra 5 diém /, K, H, G, P cung nam trén mot
dudng tron cé duong kinh KP. Do do:

JHP = IGP (=%sd }F).

Vi IGP = IDE [=%SGFE} nén IHP=IDE = tu
gidc IHDO ndi tiép.

Vi OI = OD nén OI = OD, suy ra IHO = OHD.
Vay HO )a phan giac goc JHD.

2) Ta c6 ADFE la hinh chit nhat nén O 1a tdm d6i
ximg. Vi M, O, P thing hang suy ra M va P a6i
xing qua O, do dé O 1a trung diém cia MP, df‘)ng
thi O 14 trung diém cua DE nén to gidc £PDM 1a
hinh binh hanh.

Suyra EP// MD. Vi EP 1L GD nén MD L GD.

Vay KD 1 MD.

Bai 4. Cho tam gidc ABC co cac duwong phan giac
trong AD, BE, CF car nhau tai 1. Chimg minh
rang

liE  [IF _

\ig \NiC

[iD

+
\ 74

~

Léi gidi. Goi 6 dai 3 canh cua tam giac ABC la:

TOAN HOC
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BC=a,CA=b,AB=c(a, b, c>0).

Theo tinh chat duong phén giac cua tam giac, ta

co:
DB _A4AB _c DB c
DC AC b DC+DB b+c
=y BB, o __ac
a b+ec b+c

ac

o B Pdeg o &

I4  AB ¢ b+c
Tuong tu, ta co:

IE_ b IF_ c
IB c¢+a IC a+b

/ID flE }!F
P=|——+|—+.,|—

14 B IC
\[a \[b \fc
= + + »

b+c c+a a+b

T do:

Vi a, b, ¢ la dd dai 3 canh cua tam gidc nén

O<a<b+c,0<b<a+c¢,0<c<a+b. Taco:

1fa(b+c)<%(a+b+c);
Jb(c+a) <%(a+b+c);
Je(a+b) <%(a +b+c).

Suy ra:

TOAN H
10 s

* Clugilre S3 552(6-2023)

Vb+(, c+a a+b

/ b+c) \Fc+a ﬂ+b)

2a 2C
> + R —
a+b+c a+b+c a+b+c

_2(a+b+c)_2
T a+b+c

o D JE L E
Vay\74 Vi Nic

Bai 5. Cho da giac déu ¢ 2n dih (m e N,

n=3)

Co bao nhiéu tam gidce co dinh la dinh cua da giac

3 i & . . (e
va ¢o mot goc lan hon 10077

Loi giat.

/ //7\\\ TN
o e
7 / \
| T
ol B
A ————————— — f‘ 1
\“ f"
\t‘. ﬂA
Ayin \ // -
\ /
N

S _——_:——w‘"(:' ”
Goi (0) la duong tron ngoai tiép da giac déu
A|A2...Agn (n EN,I123).

Ké duong kinh 4,4, , | cua (0).

Khi d6 4,4, . | 1a truc ddi ximg ciia da gic déu da
cho. Pa gidc déu c6 27 canh, nén ma; canh cua da

g1ac cang mét cung nho cua duong tron (0) cb sb
do la:

a_360‘J 180"
=S, s (2,



Goi k 14 6 tr nhién nho nhit kbic 0 sao cho
) . . 5 X
k.o >20% Khi d6 da gide ddu da cho sz c6 1 canh

hodc k canh lién tiép cing mot cung nho cé s6 do
16n hon 20°.

Ching han trén hinh V€, cung nho A A, cang boi

k canh lién tiép ctia da giac déu c6 sé do-

ko >20° <:>k1—8—0>20

n

ko1
S—>—k>L
n 9 9

Ta x4c dinh s dinh cua da gidc déu trén cung nho

A A

n+1“"k+]*

Trén cungnho 4, A4, co:
(n+1)=(k+2)=n—-k—1 (dinh)
(khong ké 2 mut cua canh A, . 144 . ).

Moi dinh trén cung nho nay nhin canh 4, . 4,4,

dudi mot goc co sé do bing

l
544,14, =—;~(180° +ka)

1
>5(180° +2o”) =100°,

Sé tam giac tao boi moét dinh trén cung nho
An+ 14k ndi vai canh A, . 1A, . 12

(n — k1) (tam gidc).

S dinh trén cung nho A A,., khong ké 2 dau

mut la (n — k— 1) (dinh).

Do d6 s6 tam gidc co 3 dinh 1a 3 diém trong
n-k-1) diém nay la s6 t6 hop chap 3 cua
(n—k—1), s6 tam giac do la:

C?,_, (tam gidc) (voi(n—k-123).

Do tinh déi ximg cua da gidc deu, so dinh trén

cung nhd A4, 4+ cingla(n-k-1) diém nén

s6 tam gidc c6 3 dinh trén cung nho nay néi véi
canh 414, .14 (n—k - 1) (tam giac). Mdi dinh
ndy nhin canh 4,4, _ 4 . | dudi mdt goc lén hon
100, cac tam gidc nay ciing c6 mdt géc 16m hon
100°.

Vi vay sb tam gidc c6 mét goc 16n hon 100” va ¢6
cac dinh trén nua du(‘mg tron dudng kinh 4,4, + |

la: [2.(n—k-1)+ C),_ ] (tam giac).

Do tinh déi ximg, s6 tam giac c6 mdt goc 1on hon
100" trén nira duong tron dudng kinh 4,4, + cOn

laila: [2.(n—k—-1)+ C__] (tam giéc).

Viy sb tam gidc ¢6 mdt goc 1ém hon 100° va ¢6 3

dinh 1a 3 dinh cua da gidc déu 4,45...4, 1a:

22—k~ 1)+ C,_,] (tam gic),

trong d6 neN,n>3 vakla s6 tur nhién nho nhit

1

k
khac 0 sao cho: —>—,
n 9

G = (n—k—l)(n—6—2)(n-k*3):

k—-1)=3.

vai (n—

(Néun—k-1<3thitadst Coyy =0).

BUI VAN CHI
(21/2 Lé Hong Phong, TP. Quy Nhon, Binh Dinh)
Gioi thiéu

TOAN HOC
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DE THI CHON HOC SINH GIOI LOP 9 TINH NAM DINH
NAM HOC 2022 - 2023

MON THI: TOAN

(Thoi gian lam bai: 150 phit)

Cau 1. (3,0 diém)

1) Cho a, b, c1a cac sd thuc duong thoa min

Saial ok oidmsenih
a b ¢ abe

bc+1 ac+l ba+l
5 L . =3,
a +1 b +1 e¢"+1

2) Cho da thuc

P(x)=(x+1)(x+2)(x+3)..(x+2022).
Khi khai trién da thire P(x) ta dugc

2 2021 2022
P(x) =dy+ax+a,x +..+a,, X" +dy,,

Tinh gié tri cua biéu thirc

_ata tat.tay a,

S

Qg+, +a, + ..+ yyy, 2(@,+ 8+ a5+ .+ Gyy)

Ciau 2. (5,0 diém)
1). Giai phuong trinh

(x+1)(3x+Vx+1-3)=4Vx' -2.
2) Giai hé phuong trinh
x(y+1)+y=3
\B—Z(x+y)+\f2—xzy2 =2

Ciu 3. (3,0 diém)

1) Tim tat ca cac s6 nguyén t6 P, q sao cho
2 2 2
p —q'(p‘ +q° +l)=(q2 +1) .
2)Cho m,n,p,q lacac s6 nguyén thoa mén
(m+n+p+q)i30.

Chirng minh riang (m5 +n +p’ +q5)530.

TOAN H
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Ciu 4. (7,0 @iém) Cho tam gidc nhon ABC Véi
AB < ACnéi tiép dudmg tron(O). Goi BH va
CQ la hai dudng cao cua tam gidc ABC. Tiép
tuyén tai B vatai C cuaduong tron (O) cit nhau
tai M . Doan thing OM cit BC va cit duong
tron (O) lan lugt tai N va D. Tia 4D cit BC

tai F; AM cét BC tai E va cht dudng tron (O)

tai diém thir hai 1a K (K khac 4).

1) Chimg minh ring: ABKC=ACKB va
ABM = AHN .

2) Goi / la tam dudng tron ngoai tiép tam giac
AFN. Chimg minh JOM + ADN =180°".

3) Qua E ké dudmg thing vudng géc véi BC cit
QOH tai G. Chimg minh ba diém 4, G, N thang
hang.

Chu 5.(2,0 diém)

1) Ly 2018 diém phan biét & mién trong cua mot
ngili gidc 101 cung véi 5 dinh cua ngh gidc do ta
duge 2023 dicm phan biét sao cho khéng cb ba
diém ndo thang hang. Biét dién tich cua ngii gidc
la 1 don vi. Chimg minh ring ton tai mot tam giac

c6 3 dinh 13y tir 2023 diém d3 cho co dién tich

khong vugt qua

don vi.

2) Xét a, b, ¢ 1a cac sb thuc duong thoa min
a+b+c>3. Hay tim gid tri 16n nhit cua bidu

. 1
s N MR S 1
a +b+C a+b2+c a+b+02
TRAN XUAN PANG

(5/7/136 Phan Dinh Phimg, TP. Nam Dinh)
Gidi thiéu
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THEO CHUONG TRINH VA SCh MOT
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(K3 2)

3. SAL LAM KHI AP DUNG CACH GIAI DANG
BAI TAP NAY CHO BAI TAP KILAC CO NOI
DUNG TUONG TU

Bai toan 1. 7ur 20 cdu hoi trac nghiém vom 9 cdu
de, 7 cau trung hinh va 4 cdu kho Nawai ta chon
ra 10 cdu dé lam deé kiém tra 15 phit sao cho phai
c6 du ca 3 loai de, trung binh va kha. Hoi c¢o thé
ldp dwoc bao nhiéu dé kiem ra?

Loi giai bai toan (bang cdach lam gidn tiép).

Bude I: Chon 10 cau tuy y trong 20 céu c6 Cjp
(cach).

Budc 2: Chon 10 cau khong thoa man dau bai (co
khong qua 2 trong 3 loai dé, trung binh va kho).

TH1: chon 10 céu dé va trung binh trong 16 céu
c6 C,; (céch).

TH2: chon 10 cau dé va khd trong 13 céu co
C)y (cach).

TH3: chon 10 cau trung binh va khé trong 11
caucoé C|] (cach).
Vay co:

Cl% —(C°+C+C|7)= 176451 dé kiem tra.

Trong thue té khi lam truc tiép 6 nhicu truong
hop xay ra va c6 nhimg truomg hop kho xac dinh
s6 cach thuc hién hoc sinh co thé giai bai toan mét
cach gian tiép. Tuy nhién khi s dung phuong phép
niy hoc sinh lai co thé méc phai cAc sai lim twong

tu nhr trong thi du sau day.

MGT S8 SAT LAM THUGNG CA
\ KHI GIAI TOAN BAI SO TO HOP

NGUYEN THANH GIANG
(G¥ THPT chuyén Hung Yén) s

Thi du 6. Tuw 20 cau hoi trac nghi¢m goni 9 cau
de. 7 cau trung binh va 4 cau kho. Nguwoi ta chon
ra 7 cau dé lam dé kiem tra sao cho phai co du ca
3 loai dé, trung binh va kho. Hoi co the lap duoc
bao nhicu dé kiem tra’?
Sai lam thwong mac.
Cach 1.

Bude I: Chon 7 cdu tuy y trong 20 cau co Clo
(cach).

Buée 2: Chon 7 cau khéng thoa man dau bai.

TH1: Chon 7 cau dé va trung binh trong 16 ciu cé
Cl, (cach).

TH2: Chon 7 cau d& va kho trong 13 ciu cé C)
(cach).

TH3: chon 7 cau trung binh va kho trong 11 céu
c6 C, (céch).

Vay ¢6 C,, — (CL+CL+C]) = 64034 & kiém
tra.

Cach 2.

Budc I: Chon 7 cau tuy y trong 20 cdu c6 Cj
(cach)

Bugce 2: Chon 7 cau khéng thoa man dau bai (co
khong qua 2 trong 3 loai dé, trung binh va kho).
THI1: Chon 7 cu d€ trong 9 cau dé c6 C] (cach).
TH2: Chon 7 cau trung binh trong 7 céu trung
binh c6 1 (cach).

TH3: Chon 7 cau dé va trung binh trong 16 ciu c6
CJ. (cach).

TH4: Chon 7 cu dé va kho trong 13 cau c6 C),
(cach).

TOAN HOC
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THS5: Chon 7 cdu trung binh va kho trong 11 céu
c6 C (cach).

Viyco: Cpp =(1+ C] + CL+CL+C ) = 63997
dé kiém tra.

Hai loi giai cho 2 két qua khéc nhau. Loi gigi ndo
sai hay ca hai loi giai déu sai?

Phn tich sai lim.

Cdch 1.

Cing 14 bai toin tuong tir bai toan 1 trén, 1oi giai
tuong tu ld1 giai cua bai toan 1 trén nhung 181 giai
lai méc sai 1am. Sai 1dm 6 ché 1a 1&i giai loai trir
khong hét cac diéu kién khong thoa mén bai toan.
O bai toan 1 thi sé cau dwge chon nhiéu hon sé
cdu ciia mgt loai dé hoic TB hodc kho (wic la
chon 10 cdu, trong dé c¢6 9 cdu dé, 7 ciu trung
binh va 4 cau kho). Trong khi thi du 5 thi sé cdu
dirge chon cé it hon mét trong sé cau ciia mpt
logi dé hoic TB hodc khé (tre la chon 7 cdu,
trong d6 c6 9 cdu dé, 7 ciu trung binh va 4 cdu
khé). Cho nén trong 7 cdu dugc chon loi giai da
s6t & chd 7 cau do co thé toan la cau dé hodc toan
1a cAu kho. Do d6 két qua sé it hon dap an dung.
Cach 2.

Tuy d tinh céch chon dugce 7 cau dé trong 9 cau
dé, c¢6 C, céach; chon dugc 7 ciu trung binh trong
7 céu trung binh, c¢6 | cach. Nhung o TH 3 khong
trir di cac cach da tinh 0 THI va TH2; TH4 khong
tror di cac cach da tinh ¢ THI1; THS khong trir di
cich da tinh & TH2, do d6 1o giai vin mic sai
lam.

Loi gidi dung.

Buéc I: Chon 7 cau tuy ¥ trong 20 cau co CJ,
(céch).

Bugc 2: Chon 7 cau khong thoa man dau bai (c6
khong qué 2 trong 3 loai dé, trung binh va kho).

TORN HOC
14 OMHC
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THI: 7 ciu chon duge déu 14 cau dé hodc déu 1a
cau trung binh

- Chon 7 cau dé trong 9 cau dé c6 C, (cach).

- Chon 7 céu trung binh trong 7 céu trung binh c6
1 (cach).

Vay THI c6 C] + 1 ( cach).

TH2: 7 cau chon dugc c6 dung hai trong ba loai
ciu dé, trung binh, kho.

- Chon 7 cdu dé& va trung binh trong 16 céu c6
C’ cach, trir di cach chon duge 7 cau déla C,
trir di céch chon duge 1 cau trung binh con

Cl — C] -1 céch.

- Chon 7 cau dé va khé trong 13 clu co C,g cach,
trir di cach chon dugc 7 cau dé la Cg con
cl, - C] cach.

- Chon 7 céu trung binh va kho trong 11 céu co

C7

', cach, trir di 1 cach chon dugc 7 cau trung binh
con C), —1 céch.
Vay TH2 co:
&~ £ 1 w8~ O 5 € -1
= Ci+ Cl,+ C), ~ 2C] -2 céch.
Ca hai TH c6:
(G +1+C + CL + C - 2C7 -2)
=C] + Cl+ Cl - C) -1 cach.
Vay ¢6 Cj, -

dé kiém tra.

(C|76+Ci73+C171 _C; —]) = 64071

Bai todn 2. Cho tdp hop 4= 10:1,2;3;4; 51

i A
co the lap dioc bao nhiéy so tw nhién gom S chir
L 2 g -

80 khae nhau, trong d6 nhdr thiée phai co mat chii

56 0 v [?

Loi gidi bai todn nhuw say.

Goi s6 tu nhién c6 5 chir s6 khac nhau duge lap tir
tap 4 la: m, a, =0,

SO céch chona; ¢o 5 cach,



£, R
So cich chon a,a,a,a, 13 5§ chinh hop chap 4

cua 5 ¢0: 4 (cach).
Suyra:c65. 4=600 (sd).
Trong 600 s trén thi:

- S6 khéng c¢6 chir s§ ¢ dugc lap tr tip
A ={1;2;3;4;5} 1a s hoan Vi cia 5 s6 thude 4,
néncéd P, =120 (sd).

- S0 khéng c6 chir s§ 1 dugc lap tr tap
4 ={0;2;3;4;5} :

S6 céch chon a, # 0 ¢6 4 cach,
S6 cach chon a,a,a,a,

P, (cach).

1a 50 hoan vi cua 4 c6

Suy ra c6: 4.P,= 96 (sb).
Viy sb céc sb cén 1ap 1a: 600 — (120 + 96) = 384.

Thi du 7. Cho rdp hop A=10:1:2;2:4), tir 4 ¢o

thé lap diroc bao nlicu so ur nhién 20m 3 chir 6
khac nhau, trong do nhat thiét phai c6 mat chiv so
Oval?

Sai lam thuwing gap khi thi du 7 lam twong tw 167
gidi bai todan 2 nhir sau.

Goi sb tu nhién c6 3 chir sb khac nhau duogc lap tir

tap 4 la: aa,a, ,a, # 0.
S cach chon a; ¢6 4 cach.
$& cach chon a,a, la sb chinh hop chép 2 cua
4 c6: A (cach).
Suy ra co: 4.4; =48 (s6).
Trong 48 sb trén thi:
- Sé khong cé chix s6 0 dugc ldp tr tap
4, ={1,2;3;4} la s6 chinh hop chip 3 cua 4:
A2 =24 (s0).
- S6 khéng co chi s 1 dugc lap tir tap

4,={0;2;3;4}:

F 28V a &F

S cach chon a, # 0 c6 3 cach.
S cach chon @,a, la s6 chinh hop chap 2 cua
3 c6: 4 (cach).
Suy ra co: 3.A,2 =18 (sé).
Viy theo yéu céu bai toan ta co:
48 — (24 + 18) = 6 (s).
Phan tich sai lam.
Trong thi du 7 néu bo ra chit s6 0 va I thi con lai 3
s& 2; 3; 4 nén lap duoc s6 c6 3 chir s6 khac nhau
khéng c6 s6 0 va 1.
Vi vay trong 48 s6 gbm co:
s6 khong c6 chit s6 0
s6 khong cé chirs6 1
s6 khong c6 chir s6 0 val
s6 céchits6 0 val
Céch lam trén ta thiy s6 khong cé chir s6 0 va 1 bi
trir di hai l4n nén din dén truong hop mit sb. S6
khong ¢6 chir s6 0 va 1 co6 tit ca 6 sd va bi trir di
hai 1dn nén két qua cua 101 giai bi mét di 6 s so
voi két qua ding 1a 12 sb.
Con trong bai toan 2 néu bo ra chir s6 0 va 1 thi
con lai 4 sb 2;3; 4 ;5 nén khong thé 1ap duoc sb
¢6 5 chit s6 khac nhau. Chinh vi thé ma trong bai
toan 2 chi ¢6 3 loai sé nén 1&i giai nhu thé véi bai
toan 2 hoan toan ding.
Ngodi cach bé sung 10i giai trén cho ding c6 thé
giai thi du 7 bai cach giai ding nhén gon sau day:
S6 cach chon sb tu nhién gém 3 chir sb khac nhau,
trong do nhét thiét phai c¢6 mit chi s6 0 va 1,
chinh 1a s6 cach xép 3 chir sé tr tip A vao 3 vi tri
lién tiép nhau:
Vi nhit thiét phai c6 mit chit s6 0 va 1 nén ta chon
56 0 va 1 xép trude
Vi s6 0 khong dugc ding & vi tri ddu tién nén co 2
cach xép vao mét trong hai vi tri sau cua sb cin

~

lap.
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S6 1 ¢6 2 cach xép vao 2 vi tri con lai.

S6 cach xép 1 s6 trong 3 sé con lai vao vi tri con
lai s€ 1a 3 cach.

Vay s cac sb lap dugesé 1a 2.2.3=12.

(Bdi toan 2 gidi twong e cach giai trén sé ** dep
hon™)).

4. SAT LAM LIEN QUAN DEN NHUNG KIEN
THUC KHAC

Thidu8. GoiSli tap hop cac so tie nhién co sedu

chit 56 khac nhau ¢6 dang Ju‘;‘_.x ldp tir cac
chit s60,1,2.3, 4.5, 6. Trong S ¢ bao nhiéu s6
thoa man a. + a,=a,+a,=a. +a_=c vdiclasé
le.

Sai lam thuong gap. Céc sé cin tim xac dinh tir
hai truémg hop sau:

THI: g, +a,=a,+a,=a,+a,=7.
Céc cdp s6 (a,;az),(a3;a4),(a5;a6) s€ la:

(6:1),(5;2),(4;3).

Coi méi sb ;2';,0351‘,,4:1:..0'6 14 mdt vi tri trong s6
can xdc dinh hay s6 cin x4c dinh c6 3 vi tri it cac
cap s noi trén.

Dat 3 cap s6 trén véo 3 vi tri, khi d6 co 3! cach
dat. M6i lan dbi vi tri 2 chit s trong méi cip sb ta
dugc mét s6 khéc thoa mian, do dé trudng hop nay
co 31 x 2 x 2 x2 =148 (sd).

TH2: g, +a,=a,+a,=a, +a, =5.

Céc cip sb (a,;a, »(ay;a,),(aga,) sé la:

(5;0),(4;3),(3;2).

Lam tuong tu truong hop 1, c6 48 s6 thoa man.
Do d6 sb phén tur cua A la: 48 + 48 = 96,
Phin tich sai ldm. S6 phan tr cua A lap dugc
trong truong hop 2 khéng bing sé phan tir cuia A
lap duoc ¢ truomg hop 1: Khong thé déi vi tri haj
chit s6 trong cap sé (5;0) dé duoc sé can lap do sb

0 khéng thé & vi tri dau.

TOAN HOC
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Léi gigi ding (cho triweong hop 2) nhu sau.
TH2: a,+a,=a,+a,=a,+a, =5

Céc cap 56 (a,;a,),(ay;a,).(as;a,) s€ la:

(5;0),(4;3),(3;2).

Lam tuong tu truémg hop 1 (ké ca s6 c6 sb 0 ding
déu) c6 48 sb.
Xét chc sb ¢6 sb 0 dimg dau: Dit cap sb (0;5) vao
vi tri thir nhét; dat hai cap s6 con lai vao 2 vi tr
con lai ¢6 2! cach; d6i vi tri 2 chit 5'6 trong moi
cap s6 & hai vi tri sau s& duoc cac so khac nhau,
khi d6 s€ c0 2! x 2 x 2 =8 (s0).
Trudng hop 2 c6 : 48 x 8 = 40 (s).
Do d6 sb céc s6 can tim 1a: 48 + 40 = 88.

Thi du 9.

nhi thire Newton va rit gon

Sau khi sie dung cong thire khai trién

2

0 4 k
20 ( 1 w

Y\ ko _20-k :
= Lo X /

(.
o~{x-7)

20

=2 (-1'Cx™™ . Khai trién c6 21 sb hang.

k=0
lwm

x

k=0

Ll 0 4, ‘ p
RZ(X __J - chra(x)).()—m L_
X m=0

10
= Y (=1)"C™x**" Khai trién ¢6 11 56 hang.

m=0
Trong khai trién Q s6 hang chira x' {mg véi k
thoa man 20-3k=14 k=2 va ¢6 hé sé la
Cy, =190.
Trong khai trién R s6 hang chira x"“tmg véi m
thoa man 30-4m

C! =210.

=14 m=4 va c6 he sé 1a

Trong khai trién 0 + R s hang chira x" ¢ hé s6




14 190+210=400. Do d6 khai trién va rat gon P

hé sb cua 56 hang chira x' 1a:
Cy+Ch =400 =190+ 210400 = 0

= P khéng c6 s6 hang chira x'*,

Do d6 khai trién P c6 21+ 11 -2 =30 54 hang.
Phén fich sai lam. Biéu thtc P c6 sb hang
400 x'* nén 10 giai méi xét khi ndo bidu thic P
sau rit gon khéng c6 sb hang chia x'. Lai giai
da mac sai 1am khi khai trién va rit gon biéu thirc
Q va R cb thé ¢6 truomg hop cac luy thira cé
cung s6 mi, chang han khai trién O ¢6 s6 hang
ax" , khai trién R c6 sb hang hx". Khi dé:

- Néu a+b=0 thi khai trién P sau rit gon
khong c6 s6 hang chira x”, khi d6 sb s hang cua
khai trién P giam di 2 sb hang.

- Néu a+b#0 thi khai trién P sau rat gon cb
s6 hang chira x" khi d6 sb sé hang cua khai trién
P giam di 1 s6 hang.

Loi gidi diing.
Ta tim cac sb hang co cling luy thira x" trong cac
khai trién Q va R tirc ]a tim
20-3k=30-4m (1)

k,melN
0<k<20:0<m<10

k,m thoa man

Tir (1) ta c6: 4m =3k +10,0 <4m <40
—=0<3k+10<40=>0<k<10.

Lai do (1) nén k chia hét cho 2 va khong chia hét

cho 4. Suyrak €{2; 6; 10}

14

o« V&i k=2m=4 hé s6 cua x 1a

€% +C! —400=0=> sau khi khai trién va rit
gon P khéng c6 sb hang chira x".

.« Véi k=6;m=7 hésbcia x*1a Cy=Cj 20
s6 cua x' 1a

e V&i k=10;m=10 hé

Cy +Clg #0.

L. Trouy e

Do d6 khai trién P c6:
21+ 11-2-1-1=28(sd hang).
Cubi ciing moi ban gidi mot sé bdi tap sau:
Bai 1. C6 bao nhiéu sé tu nhién gbm 6 chir )
khac nhau, trong céc $6 d6 c6 mat chir sb 0 nhung
khong c6 mat chir sb 17
PS: 33600.
Bai 2. Cén chon tir 9 hoc sinh nir va 7 hoc sinh
nam ra 3 nam va 3 nif dé ghép thanh 3 cip nhay
nam- nir. Hoi ¢ bao nhiéu cach ghép?
DS: 17640.
Bai3. Tir 8 chirsd 0, 1,2,3,4,5,6,7co thé lap
dugc bao nhiéu sé gdm 6 chir s khac nhau trong
@6 nhét thiét phai co mat chit s6 4.
HS: 13320.
Bii 4. Vi cac chit s6 0; 1; 2; 3; 4; 5; 6 ¢ thé 1ap
bao nhicu sé gdbm 5 chit s6 khac nhau trong d6
nht thiét phai c6 mat chit s6 57 Nhit thiét c6 mat
ca chir s 2 va 5?
DS: 1560; 1056.
s C6 5 tem thu khac nhau va 6 bi thu cling
khac nhau. Nguodi ta mudn chon tir do ra 3 tem
thu, 3 bi thu va dan 3 tem thu dy 1én 3 bi thu da
chon. Mot bi thu chi dan 1 tem thu. Hoi co bao
nhiéu cach lam nhu vay?
BS: 1200.
Bai 6. Co6 bao nhiéu sé tr nhién gf")m 6 chir sb
khac nhau ma téng céc chir sé bang 187 C6 bao
nhiéu sd tu nhién ¢ thoa man didu d6?
DS: 1800; 768.
Bai 7. Biét tong tat ca cac hé s cua khai trién nhi
thic (x* +1)" bang 1024, hay tim hé sé cua sb
hang chira x' trong khai trién dé.
DS 210.

Bai 8. Tim hé s6 cua x* trong khai trién nhi thirc

1 40
Newton [—7 +x) .
x

DS: 9880.

TOAN HOC
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GIAI DAP PO VUI

DI XEM TRIEN LAM

Mot khu trién lam gom 20 phong. moi phong
diegre biéu thi boi mot dicm vori cac doan dirong
noi cac phong nhie o so do dieéi. Bun hay chi ra
mot dieong di xem tricn lam, bat dau di tie
phong A, sao cho chi dén moi phong mot lin,
cuoi ciing tro vé phong 4, ma khéng di gua
doan dirong nao do qitd gt lin. Ban c¢o thé
ching to rang dicomg di dé la duy nhdt khong
(khong ké di theo chiéu newoe lai) ! Trong bai
giai ban ghi cac 1én phong di lién ticp theo thir

twr A-B-C- ..

tren so do.

,/"..‘ ~—~
o *
/ e \ f" N
S e S~
o @ /
\ o ‘ \ /
- ‘ \ /
2 - ] | /
\ // “ !J
e 7 | N
| 2 J !
. 2 /.
By \ #
® /
@ (
e
A

So d6 khu trién lam
Lot gidgi. Dudmg di xem trién 1am thoa man yéu
chu dé bai la dudng di qua cac phong:
A-B-C-D-E-F-G-H-I-K-L-M-

N-O-P-Q-R-S§S-T-V-4 dugc ghi
trén hinh 1.

TORN HOC
18 “crsize
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Hinh 1

Dé chimg minh duong di nay 14 duy nhat ta can
cac nhan xét sau.

Nhén xét 1. Khi phong 4 1a dau mut cua chi 2
doan dudng di, ching han ¥ — 4 — B, thi d6 la
duong di xac dinh duy nhét nén duoc chon va
hai doan VA4, AB dugc t6 mau do.

Nhin xét 2. Néu di co hai doan duong di cing
qua phong A4 dugc xac dinh, t6 mau dd, ching
han 13 ¥4, AB, thi moi doan dudmg ndi tir phong
A @n bét ki phong nao khac V, B déu khong
dugc chon nira nén bi x6a va cac doan dudng

nay dugc té mau xanh.

Dua vao hai Nhdn xét trén, ta thuc hién thuit
todn theo thir fur sau.

1) ¥— 4 - B mau do.

2) B- C- D mau do.

3) E- F- G mau do.

4) V- T - S mau do.

5) Tur (1) va (2) thi BH mau Xanh.

6) Tir (5) thi G — H — I may do.

7) Tir (3) va (6) thi GI va GP mau xanh.
8) Tir (7) thi H— I - K mau do.

9) T (7) thi Q- P - 0O mau do.

10) Tir (1) va (4) thi ¥Q, VO, VN mau xanh.
11) T (10) th O —~N - M mau do



12) T (11) va (9) thi OM, OL, OK mau xanh
1) Tu (12)thi N-M L va M - L — K mau do

Xét hai phong D, E. Néu EQ mau do thi DE,
QR, QS mau xanh, DR va RS mau do, lic d6 c6
hai duong di gap khic khép kin, khong lién
thong nhau, nén bi loai. Néu t6 DE mau do thi
DR mau xanh, lac d6 t6 OR va RS mau do va ta
duoc dudng di duy nhét néu trén.

NGUYEN VIET HAI (Ha Néi)

PO VUI
TONG DO DAI CAC DOAN THANG
NHO NHAT

Trén mot ban do dia li mdi bén xe 6 t6 dugc
bidu thi boi mot diém, mdi tuyén dudng ndi hai
bén xe duoc biéu thi boi mot doan thang. Mot
hé hiru han cac diém va mot sé doan thing nbi
cic diém do trén mat phang dugc goi 1a fién
thong néu tir mot diém bét ki cua hé c6 the di
doddkokok ok ok ek ok d Rk R .k E

... BAI TOAN 81 (Tip theo trang 46)
H00, =m =30°. Suy ra duong thing
Euler O,H, cua tam giac BCI la phén giac cua goc
0,0,0,, tic la n6 di qua @m cua tam gidc déu

0,0,0s.

Thanh Thu, 12T1, THPT

Nhian xét. Ban Tran Thi )
a Thién Hué va ban

chuyén Quéc hoc Hué, Thir

ok kd kR kkkFAkRTEIEFR %k Pk FR kK

theo cac doan thing cua hé dén duoc diém bit
ki khac cua hé.

Cho bén diém 4, B, C, D trén mot mat phang
théa man diéu kién AB=BC=a,CD =b,AB
vudng goc véi BC , AC vuong goc voi BD va
2BD > AC.

Trén hinh 1 cho bén bén xe 4, B, C, D thoa man
diéu kién trén ma chua co tuyén xe nao duoc
xdy dung. Hiy xac dinh bén xe E va chira cac
tuyén xe cin xdy dung sao cho hé nam bén xe
A, B, C, D, E véi chc tuyén xc 1a lién thong va
téng do dai céc tuyén xe 14 nho nhét.

B .C

Hinh 1
NGUYEN VIET HAI (Ha Néi)

% s FeJe % ¥ % Rk A K kK Kk R T T s & &

Neuyén Van Canh, GV THCS Long Hau. xi Long
Hau, huyén Cin Giudc, Long An dua ra cach giai
twong tu voi cach giai 1 0 trén. Xin hoan nghénh hai

ban.
NHU HOANG

Sau day 1a bai tap dé& nghi. Ban doc hay gui loi

giai vé Toa soan TH&TT trude ngay 31.7.2023.

BAI TAP DE NGHI
H A\l 1()'\\ 83 ( ho I glde l"!f-’.‘ 4'”{‘\" RN nan \‘\‘,',‘
trong tam gidc ABC mad dien i h tam giac nay

la 1. Chung minh rang ha trong so cac di 1h cud
o dien fic h

fir grac nayv tao thanh mol tan gia

1

nho hon -
KHANH HU'U (Ha Noi)
. TORN HOC
ssss26-2029 __* cruentre 19




CAC LOP THCS
Bai T1/552 (Lop 6). Tim cac s6 nguyén té p sao
cho 5% +4p* 1a 56 chinh phuong.

NGUYEN bUC TUONG
(Pleikr)
Cho 7 1a mét diém trong
hinh vuéng MNPQ. biét ring IM =3v2 cm,

IN=5cm, IQ =11 cm. Tinh sb do goc MNI.
NGUYEN VAN BAN
(GV THCS Thanh Yén, H. Dién Bién, Dién Bién)

Bai 13 332 Cho da thirc bac ba f{x) vai hé sb cia
x la mit sb nguyén duong.  Biét
£(5)- f(3)=2022. Chimng minh rang f(7)- f(1)
1a hop sb.

-

Bai T2/552 (Lap 7).

NGUYEN HAM THANH
(GV THCS Pang Thai Mai, TP. Vinh, Nghé An)
Bai T4'552 Trén dudng tron (0) cho hai diém B,
C c¢b dinh va diém A4 thay déi. Goi [ 1a tim dudmg
tron noi tiép tam giac ABC. Trén tiép tuyén cua
(O) tai B lay hai diém D, E sao cho BD = BA,
BE = CA va A, D, E nam cung mot nira mét phing
¢6 b la dudmg thing BC. Chimg minh rang tam
dudmg tron ngoai tiép tam giac IDE ludn thuge
mot dudng thing cb dinh.

DAU ANH HUNG
(GV THPT chuyén Lé Quy Don, Quang Try)

Bai T5/552 Giai phuong trinh

£ +6x +12x=164x+3.

HUYNH THANH TAM
(CB Buu dién TX. An Nhon, Binh Dinh)

CAC LOP THPT

Bai 16/552. Cho cac 50 a, b, c duong thoa man

AN HO
T?g?u; Frcc S§ 552 (6-2023)

2{)

: ; 111

Tim gid tri nhé nhét ctia biéu thire: F=—= 47+
VU VAN PHAN
(SV PH Bdch Khoa Ha Noi, K-49, lop BK41)

Bai 17/352. Tim m dé hé phuong trinh sau day c6
bén nghiém thyc phan biét

{J?:}l sl 2x -2)7 -3x+8) +(4y-3p) =m
(3x+4y)’ +(4x-3y)* =100

NGUYEN VAN XA

(GV THPT Yén Phong 56 2, Bdc Ninh)

<2 Cho tam gidc nhon ABC ndi tiép
dudng tron (0), truc tam H, trung tuyén AM (M
thudc canh BC). Pudng thing qua H vudng goc
vOi AM cit AM tai N, cat BC tai T. DPudng tron
ngoai tiép tam giac OMN cit lai BC tai G (G khéc

M). Goi K la diém dbi xing véi G qua 7. Chimg
minh rang K4 = KN.

yal 1 ¢y

TRAN PAILO

(GV THPT chuyén Lé Quy BPon, Diéen Bién)

Cho da thic P(x)eZ[x] thoa min

P*(x)-x-1 chia hét cho x'®. Tim hé sd cua x*
trong khai trién cua da thic (P(x)+1)'".

PO LE HAI THUY
(GV THPT chuyén Bdo Lic, Lam Dong)

FTEN TO1LOLYMPIC TOAN

Bai T10/552. Voi mbi sb nguyen duong n, ta ky
hiéu t(n) va o(n) 1an lugt 1a s cac ude sb duong

va tdng cc woc sb duong cua n. Chimg minh v&i

= o(2k-1) n(n+1) o(k?)
2 Zr(k o

moin > 1 tacd
; r{2k—1)
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha Ngi)

Bai T11/552 Tim tit ca cac da thic P(x)eR[x]
thoa man: P*(x*+2x-3)=4P(x)-3, VxeR.

KIEU DINH MINH
(GV THPT chuyén Hing Vuong, Phi Tho)



A LB W i A AT T g R ST MO R

Bai T12/552. Cho tam gidc ABC véi trong tim G;
cac dudng cao 4D, BE. Goi X, Y lan luot la giao
diém cua céc tia DG, EG véi dudng tron (O) ngoai
tiep tam gidc ABC, XY cit BC, AC lin luot tai P,
Q. Goi 01, O, lan luet 14 tAm dudng tron ngoai
tiép cac tam gide CXQ va CYP. Chimg minh ring
CG vubdng goc voi 0,0,.
NGUYEN NGOQC TU
(GV THPT chuyén Ha Giang)
Bai L.1/552. M{t con lic don dao déng didu hoa
trong mét thang may chuyén déng thing dimg 1én
cao chia thanh 3 giai doan lién tyc. Giai doan mét,
thang méay chuyén dong nhanh din ddu tir trang
thai nghi dugc doan duong h. Giai doan hai, thang
may chuyén déng thang déu véi tie do bing tdc
d6 cudi giai doan mot va di dugc doan dudng 2h.
Giai doan ba thang méy chuyén dong cham dan
déu véi toe d6 dau bing tde do chuyén dong thing
déu, dong thoi di duge doan dudng h rdi dimg lai.
S6 dao déng toan phan trong giai doan mot va hai
trong (mg la 18 lin va 17 lan. Giai doan ba cia
thang mdy thi con lic thyuc hién dugc s6 dao dong
toan phan bang bao nhiéu?
VIET CUONG (Ha Nji)
Bai L2/552. Cho doan mach dién xoay chiéu
AMNB. Trong d6 doan mach AM chi chira cudn
cam thuan cé d6 tu cam L, doan mach MN chi

PROBI
FOR SECONDARY SCHQO!

T1/552 (For 6 il Find all the

Problem
primes p so that 5 +4p" is a perfect square.

Problem T2/552 (For 77 ¢ Let [ be the
point inside the square MNPQ with IM = 32 cm,
IN = 5 cm, and ]Q:Jﬁ cm. Compute the

measurement of the angle MNI.

Problem T3/552 Given a cubic polynomial f(x)
of which the coefficient of x’ is a positive integer.

f(5)-f(3)=2022. Show that
f(7)-f(1) is a composite number.

Suppose that

Problem T4/552. In a circle (Q) two points B, C

P G i

o aw - FEN 1 wer

chtra dién tro thuan R va doan mach NB chi chira
tu dién co6 dién dung C. Dat dién ap
u= U2 cos(wt + ) (trong d6 U, w, ¢ xac dinh)
vao hai ddu doan mach. Khi d6 dién 4p tirc thoi
hai diu doan mach AN 13 uy va MB 13 upp dugc
biéu thi ¢ hinh dudi. Tinh dién ap hiéu dung hai
dau doan mach MN.

PEPEETTTEXF TS E TR EEEE £ S

PINH CHINH: Trong TH&TT sé 551, thang 5 nim
2023, muc “Pé ra ky nay”, bai T3/551:

Daviét: ... A= aoe
(a+2b)b+2c)+(c+2a)
[ abc

xinsuala: ... A=
\/(a+2b)(b+2¢)(c+2a)

Thanh that xin 15i tac gia va ban doc.
Toa soan TH&TT

are fixed and let a point 4 vary. Let [ be the
incenter of the triangle ABC. On the tangent to (O)
at B choose two points D, E so that BD = BA,
BE = CA4 and 4, D, E lies on the same half plane
dectermined by BC. Show that the incenter of /DE
lies on a fixed line.

Problem T5/S52, Solve the equation

12x =163/x +3.

1 i .‘“;

3
x> +6x?
FOR F HOOL

Problem T6/552 Given positive numbers a, b, ¢

1+2\/f_l
3

a+b+c=

satisfying

aqa<—

3

Y5 .
(Aem fiepr trano 3())
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Bai TV/348. Tim tdt ca cic cap so nguven o (P q)

et

Ma p =qvapq —q déula so chinh phicong.

Loi gidi. Xét cac s nguyén td p va ¢ ma
P-qg=a 21thp>gq>2nénp phai la sb
nguyéntélé.Giz’nsi:p—q=a2v:‘1pq—q=b2.
T do b’ ~a'=pg—q—(p-q)=pg-p
=p(@-1)=1
nén b>a>1va(b+a)b-a)=p(g-1).
Tﬁb2<pq<p2thib—a <b<p, maplasd
nguyén td, p la ude sb cua (b+a)b—a)nén pla
uc'rcsf)cuab+a,métkhéch+a<p+b<2pnén
chixayra b+ a=p voiplasd lé.
Dob+a=b-a+2alaséléthib-acinglasd
le.
Tex (bra)b-—a)=p(g-1)suyrab-a =qg-1
la s6 le, ma ¢ la s6 nguyén td nén sé ¢ chin, suy ra
g=2.Dodéb—a=1haylab=a+ 1. Thay vao
cac hé thitc p— g =a” va pg-g = b* dugc:
p-2=dahaylap=da*+2va2p-2="5"
Tudé: 2a°+4=2p=h +2=(a+1)+2
=a +2a+3.
Do dd a® —2a+1=0hay (@ - 1> =0, suy ra
a=1va p=a’+2=3.
Thir v&i sé nguyén t& g = 2 va sd nguyén té p = 3
—g=1=1"vapg-q=q(p-1)=2°, thoa
man dé bai.

thi p
Viy chi ¢c6 mot cap sb nguyén td ( p; g ) thoa man
débailap=3vag=2.
Nhdn xét. Trong cac bai giai gui dén Toa soan, lap
luin déu khéng chit ché.

NGUYEN VIET HAI

22 T?pc?ug(écc S6 552 (6-2023)

Bai T2/548. Cho tam giic ABC vuing tai 4

géc ACB=30". Trén canh BC 1ay hai diem D, E
¢ BB
CE. Tinh tv s6 —

sao cho AB = BD, AC = .
BD

Loi gigi. Tam giac vudng ABC cb6 goc
ACB=30" cho nén géc ABC =60" vi Iz nua
tam giac déu. Tir d6 ta c6 24B=BC va tir dinh ly
Pythagore suyra AC =/34B. Thay vao ta c6:

BE _BC- C'E 24B - AC
BD 4B AB
_24B-4BV3 _,
AB
Nhin xét. Céc ban sau day c6 dap sb dung:
Nghé An: Hoang Vin Nhdn, Nguyén Tat Han,

Nguyén Cdnh Phuée Hung, Nguyén Thi Bing Tém,
7C, THCS Ly Nhét Quang; Quéang Binh: Hoang Ha
Uyén Nhi, 7/2, THCS Dtrc Ninh DPong; TP. Hé Chi
Minh: Nguyén Trinh Phuong Minh, 6/14, THCS L&
Quy Bon; Ha Tinh: Nguyén Ngoc Bdo Chéu, 7C,
THCS Nguyén Du, TP. Ha Tinh; Hung Yén: Lé
Tudn Hiép, 7C, THCS Poan Thi Diém, Yén My.

VU DINH HOA

Ba: TYE G L5 d 15 b i
Bai T3/548. Vicr fen nNang ho so

(—69; -68; -67 - 04: 95: 96).

Moi gt choi Quang Linh xoa di mér bé 6 s6 ¢6

dang:(a + bib +cic+a.a b, b —c; ¢ —a) voi
a. b, ¢ la cac so nguyén va thay boi bé 3 s6 c6
dang (2a; 2b; 2¢). Chirng minh rang Quang Linh

khang thé choi qua 51 luot.

Loi giai. Vi (a+b)+(b+c)+(c+a)+(a—b)
+(b=c)+(c—a)=2a+2b+2c

va (a+b) +(b+c) +(c+a) +(a-b) +(b-c)
+(C—a)2=(20)2+(2b)2+(26‘)2

nén sau mdi thao tc thi tdng céc s va tdng binh
phuong céc s6 trén bang khéng ddi. Do d6, tong

cac s6 trén bang ludn bing
(—69) +(—68) +-+-+95+96 = 2241



va tong binh phuong cac 4 trén bang luén biang

2 2
(-69) +(=68)" +---4.95% 4 962 _ 411431,

Gid sr ban Link ¢4 thé thye hién dugc nhidu hon
52 luot thi vi sau mdi luot 5§ lugng cac sé trén
bang giam di 3 nén say 57 lugt, trép bang con lai
ding 1080, gid st 14 a,,a,,....4, . Theo trén thi ta
cO: @ +a,+..+a, =224]

- 2
vi a +a +...+a, =411431.
Ap dung bat dang thirc Bunyakovsky, ta ¢é:

2 2 2 2

IO(a1 +a; +..-~|-am)2(al ta,+...+a,)
dan toi 10.411431> 2241%, didy ndy 1 khong thé.
Do do, diéu gia sir 13 sai, nghia 13 Link chi cé thé
thye hi¢n dwoc cac thao tac khéng qua 52 lin.
Nhdn xét. Mau cht cua bai toan nay 1a phat hién ra
hai bat bién: tdng va tong binh phuong cac sb trén
bang khong ddi. Trong nhiéu bai toan, viéc phat hién
cic bat bién la quan trong, chang han
1) Néu thay bd sd (a,b,c,a+b+c) bai bd sb
(a +b,b+c,c+a) thi tdng va tong binh phuong

cac s0O luén khong doi.

2) Néu thay cip sb (a,b) boi cip sb
Pl 5 Sl ] thi tdng nghich dao cac sé trén
a+2b 2a+b

bang s& khong d6i.
3) Néu thay cép s6 nguyén duong (a,b) badi cip sb
((a,b),[a,b]) thi tich cac sb trén bang s& khong dbi,

trong d6 ki hiéu (a,b),[a,b] twong ung la udc
chung 1on nhét va boi chung nho nhat cua hai so0
a,b.
Bai toan nay khong khé nhung chi c6 mdt ban giai
ding 1a: Tran Viét Anh, 9A7, THCS Archimedes,
Trung Yén, Cau Gidy, Ha N§i. Tuy nhién ban Viét
Anh chua chi ra 1 cac thao tac cua ban Lf!rlz sé phai
dimg lai vi méi lugt choi s6 lugng cac sO trén bang
giam 3.

NGUYEN TIEN LAM

Bai T4/548. Cho tam gidc ABC can tai A, mot
diém D bt ky trén canh BC (D khéc B. C). Puong

th ﬁfrg' qua D vuong goc vai AB cat dirong thing

qua Cyvuong gocvoi AC tai - Goi K lad giao diem
cua ED va AB, F la trung diem cua BD. Cling

minh f:il = Ij.T)A .

Ldi gidi. Vi tam giac ABC cn tai A nén ta co:

ECD =90°— ACB = 90°— ABC = KDB = EDC.
Mit khéc, tam giac BXKD vudng tai K ¢ F la trung
diém canh huyén BD nén tam giac FKD can tai F,
Tacé: FKD = FDK = EDC = ECD.

Suy ra t& gidc CKFE néi tiép. Tir d6 suy ra cac diém
A, C E F, K cing thudc duong tron duong kinh 4E.
Do d6: EAF = ECF = EDC = BDX.
Nhdn xét. Cic ban duéi day c6 101 giai tot:
Son La: Luong Himu Bdch, 9A1, THCS Nguyén Trii,
TP. Son La; Nghé An: Nguyén Van Viér, 9B, THCS Ly
Nhét Quang, D6 Luong; Luw Trong Phuc, 9B, THCS
D61 Cung, TP. Vinh; Ngé Van Trudng, 9A, THCS Mai
Hung, Hoing Mai; Pha Tho: Tran Lan Anh, Ha
Phicong Anh, D6 Tudn Minh, 9A, THCS N guyén Quang
Bich, Tam Néng.

NGUYEN THANH HONG
Bai T5/548. Giai hé phuong trinh sau

J.‘.-‘- +37+2=2(x+ v+ 1) (1)

| X+ Yy = L

2y
L 16 S

Loi gigi. Ta co:
(1)<::>(x+y)2 —2(x+y)+1=4xy—]
& (x+y-1) =4xy-120.
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1 £ .
Suy ra xy> 3 (3) . Dau dang thirc xay ra khi va
x+ y=1
chi khi 1
=
4
X, y la hai s6 cung duong hoic cung am. Néu
x<0, y<0=x"+y" <0 khéng thoa man (2)
nén x>0, y>0. Ap dung béat ding thuc
Cauchy cho hai sé duong, tir (2) ta co:

1 ;
<:>x=y=5. Tu (3) suy ra

1
—=x"+)'>2

16 () = x<

(4)-

Tu (3), (4) suy ra xy = % Sx=y= 1 thoa min

1
4

h¢ phuong trinh di cho.
Viy hé c6 nghiém duy nhit1a x= y< L
Y=3

Nhdn xét. Hau hét cac ban da lam theo céch trén.
Diéu then chot cua loi giai 1a ching minh
x>0,y >0va cac bat ding thic (3), (4) dé co:

1 1
Xy=—<x=y=—,
4 T2

C6 thé giai bai toan bing cach dit
S=x+y,p=xy; tim§, proisuyrax, y.

Céac ban sau day c6 bai giai t6t: Som La: Luong
Hitu Bach, 9A1, THCS Nguyén Trii, TP. Son La;
Phi Tho: Ha Phuong Anh, D6 Tuan Minh, Tran
Lan Anh, 9A, THCS Nguyén Quang Bich, Tam
Nong; Ha Tinh: Tran Diéu Linh, 9A, Luu Khdnh
Huy, Trdn Lé Nam Anh, 8H. THCS Nguyén Du, TP
Ha Tinh: TP. Hé Chi Minh: Nguvén Chanh Thién,
8/14, THCS Lé Quy Pon.Quan 3: Nghé An: Ngé
Van Truong, 9A, THCS Mai Hung, TX. Hoang Mai.

NGUYEN ANH DUNG
Bai T6/548. Tim gia tri lon nhat cua tham so a
sao cho phwong trinh a* =log, x co nghiem.
Léi gidi, Diéukién: a>0,a#1vax>0.
Pé tim GTLN cua a, trudc hét ta xét @ > 1, néu
tim dugc gia tri cua a thoa man thi ta lay gid tri do
ma khong can xét truomg hop 0 < a <1.
Xéta> 1, dit a* =log, x=u Khidda'=uva

x=d" Suyraag" +x=a"+u

TOAN HOC
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Xetham sd fif) = a'+ ¢ ¢6 £(1) = a'Ina + 1> 0 véi
moi 7 nén ham sé f{r) ddng bién trén R.
Dodé: da" +x=d"+u
o f)=fWex=ux=d ().
Xét ham sb y = @" — x lién tuc va c6 dao ham trén
khoang (0; + o) cd: y'=da'lna-1;
, . 1 1
y=0khia*=— = x,=log, | —|.
Ina 8 B []na)

Xét cac trudng hop:

L . N 1
e Vii | <a<ethiO<Ina < lne nén ln—>1, do
a

d6 xp > 0. Ta c6 bang bién thién nhu sau:

N e e e e e

i X iO xn +(D
Ly = 0 +
i-. Aﬂﬁilﬁl ‘oo |
TNl (L e
Y Ina B Ina

PERECon el

Suy ra phuong trinh (*) c6 nghiém khi

s -log (LJ£O<:> Ina.log, (L] |

“Llna Ina

1) 1 1 -
ol —I2le—>2es lna<— < a<er,
Ina e

\Ina )
s B 1
Dé thiy e >1. Khi @ =e*, lay x = e thi
|
a*=(e?) =e; log,x=log e=e
nén x =e la nghiém cua phuong trinh a* =log_ x.
* Vi a2ethilna21,suyra xo <0. Ta cling c6
y'20voi x2x, va do y(0) > 0 nén (*) vd
nghi¢m.
Viy gia tri 16n nhét cua tham s6 a dé phuong trinh
1
da cho co nghiémlaa = e-.
Nhin xét.. Bai ndy sb ban gui bai khéng nhidu.
Tuyén duong cac ban sau co 101 giai ¢6 lap luan chat
ché va ngén gon: Ha Ndi: Trdan Vit Anh, 9A7,
Archimesdes Academy Trung Yén, Ciu Giay; Ha
Tinh: Tran Minh Hoang, 10 T1, THPT chuyén Ha
Tinh; Vinh Long: Nguyvén Tudn Kiét, 11T1, THPT
chuyén Nguyén Binh Khiém.

PHAM THI BACH NGQC




Bai T7/548. Cho phurong 1rinh
K= =2m-Dx + (m=1) =0 (1).
Tim m Jcﬁ)/:{rm;g trinh o 4 nghiem phan biét.
Loi gidi. (Cua Trdn Minh Hoang va nhiéu ban)
Coi (1) nhu 1a phuong trinh bac hai cua m. Ta co
m =2(x* +m+x* —x* +2x° +1=0 (2)
A'=(x" +1) -(xﬁ -x*+2x +]) =x';
VA =2 m, = (2 +1) £ 2%, Viy
W@ e (m-x -1-x)(m-x ~1+x7)=0
CHx*+1-m=0 [P 4t+l=m (3)
L 3 2 s ’
X =x"+1-m=0 -x'+l=m (4)

Xét fi(x)=x"+x>+1 ¢o:
fl'(x):lrz+2_\'=0<:>x=0,x:—§.
Xét f,(x)=x" —x" +1 co:
J(xy=3x" —2x:0<:>x=0,x=%.

Ta c6 bang bién thién cua hai ham s6 nhu sau:

| X

} —0 _z 0 E +o0 i
| 3 &
S+ 0 - 0 o+ ?
i - oo |
| ! 2 ﬂ /
l fix) | 27 27 !
| | / \ S
; I —a0 _ 1 - B J
% | —o0 —g 0 g +o0 ;
| 3 3
fl(x) + + 0 - 0 + |
| T
‘ ] +00 i
7 / \ E/
f(x) /27 2 ‘
R i

Gia s (3) va (4) ¢6 nghiém chung, tirc 1a:

k) 2 _
{x +x +1Fm<¢x=0,m=1.

X' =x*+l=m

Khi iy (1) tro thanh: x* —x* =0

ey =x =x=x =0, =L =L
Véy m =1 phuong trinh chi cé ba nghiém phén
biét. D& (1) c6 4 nghiém phén biét thi chi c6 cac
kha ning sau xay ra:
e TH1: Phuong trinh (3) c6 ba nghiém phéan biét
va (4) chi c6 mdt nghiém hodc phuong trinh (3) ¢
mot nghiém va (4) c6 ba nghiém phan biét, tirc la

1<m<2 hoac 2<m<1.
27 27

« TH2: Phuong trinh (3) ¢6 2 nghiém phan biét va
(4) ciing c6 2 nghiém phan biét. Nhung (3) co hai

nghiém phén bigt khi m =21 vi (4) c6 2 nghiém
27

phén biét khi m = ;—3 Vay khéng xay ra trudong

hop ddng thai (3) va (4) c6 hai nghiém phén biét.
Két lugn: (1) c6 4 nghiém phén biét khi va chi khi

23 31

—<m<— vam=#l.

27 27
Nhdn xét. Tt ca cac ban déu dua duoc (1) vé dang
tuong duong voi (3) hodc (4). Tuy nhién, khéng ban
nio noéi rd cach phén tich (1) nhu thé nao. O day, cac
ban ¢6 thé hodn déi vai tro cia dn va tham sé: coi
(1) (phuong trinh bac 6 ddi véi x ) nhu phuong trinh
béc hai dbi véi m , tr do phan tich duoc da thirc ban
déu thanh tich cua hai da thire. Cac ban c6 thé xem
thém phuong phép hodn déi vai tro cua dn va tham
56 trong: Lé Thong Nhét, Phai chang day la mét
phuong phdp, Toan hoc va Tudi tré, 6 103 (thang 4-
1978). Céc ban dudi day da gui bai va c6 1o giai tét:
Binh Dinh: Nguyén Hitu Tri, 11A1, THPT s6 2 Phu
Cat. Ha Noi: Tran Viét Anh, 9A7, Archimedes
Academy Trung Yén, Cau Gidy. Ha Tinh: Nguyén
Thanh Bao, Tran Minh Hoang, 10T1, THPT chuyén
Ha Tinh. Quang Binh: Pham Thi My Hanh, 11 Toan
2, THPT chuyén V3 Nguyén Giap. Vinh Long:
Nguyén Tudn Kiét, 11TI, THPT chuyén Nguyén
Binh Khiém.

TA DUY PHUQNG

TOAN HOC
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Bai T8/548. lrong khonge gian. tren 3 tia Ox. Oy.

Oz doi mot vuong goc lan heot iu";_\' 3 dicm bat ky:
A, B. C khong trung voi O. Goi H la e tdm tam
gigc ABC. KV hicu Sy Si Sy Sc theo thi tr la
dien tich cdac tam giac ABC, OBC, OCA4, OAB.

Chirng minh rang

%]

, . So_S
;1 Sl’

S,
s,

Al

Lo gidi.

N

Tu gia thiét OC_L04;0C LOB=>0OC 1(0OAB)
=OC L AB. Lai vi AB 1 CH nén AB L (OCH),
suy ra AB 1| OH. Chimg minh tuong tu co:

AC 1 OH, do &6 OH L (ABC).
Goi D la giao diém cua CH va AB khi dé CDO la
gbc giira hai mat phang (4BC) va (OA4RB).
Sir dung cong thire hinh chiéu ta c6:

5. = § SHHODO = = §
[ €08 - u'DC ()'OC
(lwu y ring AODC vubng tai O véi OH L DC), hay
Er_=2]i Tugng i=£)£;~S—‘g=2'1—_{r-, SUY!’H
s, ocC S, 04'S, OB

TOAN HOC
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I 1
T=[—+——+—)-(m+n+p)22\/;,

m n p

voi didu kién m’ +n’ + p* =1.

Ap dung bét dang thirc Cauchy cé:
1 1 1
—+3m2 23— +3n2 23, —+3p2243 (1),
m n P

Mait khéc theo bét ding thirc Bunyakovsky thi:

m+n+p<3(m’ +n’ +p’ =3 (2).

Tir (1) va (2) suy ra:

1 1 1
T:(—+3m)+[—+3nj+(-—+3pj—4(m+"+P)
m n P
> 63343 =25,

Ta c6 diéu can chirng minh. Ding thirc xay ra khi

va chikhi m=n=p=—

V3

S

—2 < 04 = 0B = OC.
NE)

Lic d6 nr dién O4ABC 1a tt dién vudng can tai O.
Nhgn xét. Lwu y rang: S,'=S5,+85,”+S.* duogc

&8,=8,=5.=

g0i 12 hé thire Pythagore cho khéi tir dién vudng.

S6 bai giai gui vé Toa soan khéng nhiéu. Cac ban
sau ¢ 141 giai dung:

Quang Binh: Lé Gia Bao, Pham Thi My Hanh, 11
Toan 2, THPT chuyén V& Nguyén Giap, TP. Dong
Ho1, Binh Binh: Phan Trung True, 11T, THPT
chuyén Lé Quy Don, TP. Quy Nhon, Nguvén Hiru
Tri, 11A1, THPT S6 2 Phu Cat, huyén Phu Cat;
Vinh Long: Nguyén Tudn Kiét, 11T1, THPT chuyén
Nguyén Binh Khiém, TP. Vinh Long.

HO QUANG VINH

Bai T9/548. Cho n la so nguven dirong. Gia s a.

b, ¢ la cdac so  thiee  dicong  thoa midn
n n n . o’ = { N
a' +b" +¢" =3 Tim gia tri nho nhat cua bicu

; 7 o o ¥
thire P=— G P ST U AR
a+be b+ca oc+ab a +b +¢°

Léi gidi. Theo bat dang thie Cauchy ta cé:
a +1 . b+ _aT +b +c +1
2 2 2

a+bc<




a’ 2
e
a+b(_' a‘+b2+cz+l'

Tuong tu:
b 2—1___2_JL___. g 2¢c?
b+ca a +b- +Cz+l‘ C+ab—az+b2+('2__+1'

2 2
Dodé:p=—2_, & &
a+bc b+ca c+ab a+b +¢*
2 2 2
>M n

" Rib et T
A+ +C+1 a+b + 32

2 2 9
JAd b ) 9 a b el 9 "y
a+b+ct41 8 a’+b+¢? _§+m
BOTC n -
auchy - n--
= 3—24- - 18 =E+ :
8 a+b+¢ 8 d+b+c?
9
; 15 "Tg B
Viy P2 —+ Ta xét cac truomg hop:

8 a+bi+ct
eTHL: n=1.Khidé: a+b+c=3.
Suy ra: PEE——%.

8 Ba'+b+cY)

) 2(a+b+(:)3 _

Mat khac a +b* +c 3 nén

e« TH2: n=2. Suyra: n—g>0. Khi do:

P

L. 15 “7g 13
“4+b 4+ =3. Suyra: P2—+—=2=—,
a + ¢ y 5 3 .

e TH3: n 2 3. Theo BDT Cauchy ta c6:

n nl 2 2
a"+d"+n-2=d"+ad"+1+1+._.. +12n¥ya" =na
Sl e g
n=2x01

&2d" +n-2znda’.
Tuong ty: 2b"+n—-22nb"; 2¢" +n-22>nc’.
Suyra: 2(a”+h" +¢")+3n-62nla +b* +c?)
&23+3n-62n(a’ +bh" +c7)
oa +b +c <3
9 9
Do d6: P21—85+——n—_—é—2§ %A=9+62"'

: . ; 9+2n
Két hop ba truong hop taco: P2 T

a+bh +c

9+2n

Sy oo
=22 khig=b=c=1. Viy minP= =,

P

Nhdn xét. Mot s6 it ban chi tim gié tri nho nhét cua
P cho truomg hop n = 1 nén dan dén két qua khong

chinh xac la minP=—lgl. Pa sd cac ban déu co loi

giai ding véi cach giai twong tu nhu trén. Cac ban
sau c6 1o giai tot:
Ha Nji: Trdn Viét Anh, 9C1, TH, THCS&THPT
Archimedes Academy Trung Yén, Cau Gidy; Phi
The: D6 Tudin Minh, 9A, THCS Nguyén Quang
Bich, Tam Nong; Quang Binh: Pham Thi My Hanh,
11 Toan 2, THPT chuyén V& Nguyén Giap; Pa
Ning: 76 Péng Hdi, 10A2, THPT chuyén Lé Quy
Dén; Ha Tinh: Tran Minh Hodng, 10T1, THPT
chuyén Ha Tinh; Binh Dinh: Phan Trung Truc, 11T,
THPT chuyén Lé Quy Po6n; Vinh Long: Nguyén
Tuan Kiét, 11T1, THPT chuyén Nguyén Binh
Khiém.

TRAN HUU NAM

Bai T10/548. Cho dav s6 nguvén (a,) thoa man

o
|
i
(W
=
I

Loi gigi (Cua ban Tran Minh Hodng, 10T1,
THPT chuyén Ha Tinh, Ha Tinh).
Dé thay a, chia hét cho 2023 v&i moi n. Lai ¢é
2023 =1 (mod 6), do do:

2023" =1 (mod 6) véi moi se N,
Liy a =2023",se N = a=1(mod 6) = a cb
dang 6m + 1.
Tacé:a,. +a=a, +2023" chia hét cho 2023
va 16n hon 2023, do dé a,,,  +a 1a hop sb.
Nhin xét. a) Ngoai lo1 giai cua ban Hodng, cac loi
giai khac (ké ca loi giai cua tac gia bai toan) déu
thong qua viéc trudc hét chimg minh ring

a, = (n+1)2023"" .
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b) Tir 1&i giai cua ban Hodng ta c6 khing dinh tong
quat: Voi moi 50 nguyén diong n, tén tai vé sé sé te
nhién a c6 dang 6m + 1 sao cho a,+a la hop so.

¢) Co it ban tham gia giai baj toan nay. Ngoai ban
Hodng, céc ban sau day c6 1o giai tot

Vinh Long: Nguyén Tudn Kiét, 11 Toan, THPT
chuyén Nguyén Binh Khiém, Quing Binh: Pham
Thi My Hanh, 11T2, THPT chuyén V6 Nguyén
Giap.

DANG HUNG THANG

Bai T11/548. Tim rar ca cac ham [ RoR thoa
mdn.
f(,f (V) +1 +d)+dv=x+ ¢ v+ Vv veR (1)

Loi gidi. (Dua theo ¥ cua ban Trdn Minh Hoang,
10T1, THPT chuyén Ha Tinh, Ha Tinh)
Gia s f{x) thoa man diéu kién (1). Thay y = 0 vao
(1) ta thu duogec:
S +4)=x+ 22, VxeR (2).
Tiép tuc thay x boi f(x)+4 vao (2), ta dugc:
SUU @) +4)+4)= f(x)+4+ [*(2),vxeR(@3).
Tir (1) ta cling co:
SJUUx)+4)+4)= f(x+ f1(2)+4),VxeR (4).
Tir (3) va (4) suy ra:
fx+ [ (2)+4) = f(x)+4+ [1(2).VxeR
= f(x+c)=f(x)+c,VxeR (5)
véi c= [7(2)+4.
Tiép tuc thay y boi —y viao (1), ta dugc:
FUf)+y +4)—dy=x+ [*(-y+2),Vx,yeR (6).
Két hop (1) va (6) ta thu dugc:
fz(y+2)+Xv4y=x+j2(—y+2)+4_V,Vx,ye R
hay f2(y+2)- f*(-y+2)=8y,YyeR (7).
Thay y boi y+c¢ vao (7) va su dung (5), ta thu
duogc :
[f(y+2)+cF -[f(-y+2)—c] =8(y+c),VyeR
& A+ - (-y+2)
+2c[f2+ )+ f(=y+2D)]=8(y+c),VyeR.
St dung (7) ta thu dugc:

TOAN HOC 2
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fG+2+ f(-y+2)=4VyeR (§)

vi fr+2)-f(-y+2)= 2y,VyelR (9).
Ciéc hé thirc (8) va (9) kéo theo

fy+2)=y+ 2,Vy e R hay f(x)=xVxelR.
Thr lai, ta thiy ham nay théa man bai toan.
Két lugn: Phuong trinh ham d4 cho c6 nghiém duy
nhat f(x)=x. ’ ;
Nhan xét. Day 1a dang toan tuong doi phirc tap vé
lc')'p.phuong trinh ham v&i ham hop trong 16p ham
mot bién voi cap bién ty do. Chi ¢ ba ban tham gia
giai va d&u nhan dugc két qua dang. ’
Ha Tinh: Trdn Minh Hoang, Lé Hitu Manh Tién,
10T1, THPT chuyén Ha Tinh; Binh Dinh : Phan
Trung Truc, 11T, THPT chuyén Lé Quy Pon.

NGUYEN VAN MAU
Bai T12/548. Cho tam gidc ARC noi ticp duwong
tron (O). [ la tam dwong tron noi tiep. IB. 1C ldn

: L I

P4 . . ] o= . r _,,..
f"U‘{N celt H’/‘ tar diem thi nal £, | Goi E'.F'lan

lwpt doi xing voi E, F qua AC, AB. Chirng minh

Loi gigi. (Theo ban Tran Minh Hoang, 10Tl1,
THPT chuyén Ha Tinh, Ha Tinh).

Goi U, ¥ theo thir tu 1a diém ddi xtng cua 7, F
qua Al D& thiy cic b ba diém (O, E, E) va
(O, F, F’) thing hang. D& thdy EA = EI;FA=FJ.
Do d6 EF 1a trung truc cua AL Viy £, F, V thing
hang. Qua phép déi xtmg truc AZ, céc didm F°, F
theo thir ty bién thanh cac diém U, ¥ va duodng
thang AB bien thanh duong thing 4C.

Tir d6, chi y ring 4B 14 trung tryc cua doan F'F,
suy ra AC 1a trung truc cua doan UV,

Dé thdy OE=OF va F'UJ/ FE.

Vay (E'U,E'0)=(E'U,E'E) = (EE", EV)

=(EOQ,EV)(mod z) = (EO,EF)=(FE,FO)
=(F'U,F'0)(mod ).



—

Do d6 E°, F*, U ciing thuéc mét dudmg tron. Didu
d6 c6 nghia la tim cua dudng tron ngoai tiép tam
giac OF’F” thudc trung tryc cua FU.

Noi cach khac tim cua duong tron ngoai tiép tam
giac OE’F thudc Al

Nhén xét. Bai toan nay khong khé nhung, ngoai ban
Hodng, chi c6 bén ban tham gia giai. Nghé& An: Luu
Trong Phuc, 9B, THCS Déi Cung, TP. Vinh; Ha
Tinh: Nguyén Thanh Bdo, 10T1, THPT chuyén Ha
Tinh; Pa Nang: 76 Péng Hai, 10T2, THPT chuyén
L& Quy Dén; Vinh Long: Nguyén Tudn Kiét, 11T1,
THPT chuyén Nguyén Binh Khiém.

NGUYEN MINH HA

Bai L.1/348. VAot con lac dom dao done dicu h

trone mol thang may, chuven dono thane dime len
cao chia thanh 3 gial doan lien tuc, Giai doan

. > j g g
mol, thang way oh nodong silianh dan

[ / / ‘ [ o rert

frana theai noie dicoc dodn dicen . G do
radng ( 21 [
I - ] 1 7 Il . 4 y A
A, TRans midy ClidVvVeR dor e 1nadine aoett veorl Tod “o
D I .’r; cuor cidd doan maol va dr duoc doan

) / : / , / e
; g 3 - e $171 )y (TR o
cirong 2h. Gial doan ba thang mayv cleyen don

cham dan déu véi toc do d
dong thang deu, dong thai di dieere doan
roi dirng lai. So dao ding toan phdn trong giai
doan maot va hai twong tng la 18 lin va 17 lan
Giai doan ba cua thang mav thi con lac thue hién
dicoc 56 dao diong 1oan phan hang bao nhieu’

Loi gidgi. Giai doan I:

: ’ [ o o o
Chu ki cua con lac 7, =27 va véan toc &
g+aq

cudi giai doan: V* =2a,h ; thoi gian chuyén dong
; , 2h
cua thang may: ¢, = |—.
a4,

r l .
Giai doan 2: Chu ki cua con lac T, = Zz\/; va

théi gian chuyén dong cia thang may:
;o 2h _ |2h

2

1
v a,

Giai dogn 3: Chu ki ctia con lic T, =27
g4

2
v e o £ i
va a, =— =a, ; thoi gian chuyén dng cua thang

2h
A 2h 2h
may: t, = e a——t,.
3 1

— S dao déng toan phan :

t ! t
N, =2 ;N,=-L; N,=2L,;
T, T T

a (18Y 35
suy ra: —=|—| =-1= :
g \17 289
l—al
N _L_jgza _ | g V254
N T, \g+aq \Hg, 18
g

= N3~ 16 lan,

Nhin xét. Chiic mimg mét ban duy nhat d3 cé 1oi
giai dung cho d@ ra ki ndy: Trdn Thi Tuyét Trink,
ITAIL, Trung tdm gido duc nghé nghiép — Gido duc
thuong xuyén, Quian O Mén, Cin Thoe.

DINH THI THAI QUYNH

Bai  L2/548.  Ddar  dien ap  xoav  chicu

= UNZcos2Tft (V) co tan so f thay doi diroc
vao hai dauw dogn mach gom dién tro thudn R. i

dien co dien dung C va cuon cam thudn ¢o i nr
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cam L mac noi ticp (véi 21 > R'CY. Khi f = fo thi
e =Uva &R+ Z N7 + 7.) = TRIR + Z), khi
=R +75HzthiU, = U Tinh gid tri cua fy,
Loi gidi. DatR = nZ,.
e Khi f=f3thi Ur=U, suy ra:

Zi =R+ (2, - Zo)

Z,fzzg—R2 0

R+7Z 41 '

ZC:= 27 E= 7 Zl (2)
L

Theo d& bai: 6(R + Z,)(Z, + Zo) = TR(R + Z0) (3).
n’ +1

Thay (2) vao (3) ta cé: 6(nZ, + Z,)(Z, + Zr)

n’ +1

=7HZAHZL+ Zﬂ

= n*+Tn-18=0 :[

=Z. =

= 6(n + 1)(n* + 3) = Tn(n + 1)’
n=2

n=-9

nZ} +Z}

=2,5Z, (4).

L

e Khi f=/fo+75Hz thi Uy = U, suy ra:

. : ; o 2L
Z?=R+(Z, -2, =Z =?—R2 (5).
T (1) va(5)suyra: Z, =Z. (6).
Thay (6) vao (4) dugc: Z. = Z,SZ'C
. =2,5 : = f, =50 Hz.
2r f, 2r(fy +75)

Nhin xét. Rt tiéc 1a khéng c6 ban nao tham gia giai
bai nay.

NGUYEN XUAN QUANG

B R R e R R R R R R TR E kLt e

PROBLEMS IN ., ., (Tiép theo trang 21)

Find the minimum value of the expression

1 1 1
FH=—7+—?+‘?.

a b ¢
Problem 17/352 Find the values of the parameter

m so that the following system of equations has 4

different real solutions

Py +2x 4 f(2xt =2y —3x+8) +(dp=3)' =m
Bx+4y) +(4x-3y) =100

Problem T8/552 Given an acute triangle ABC
inscribed in a circle (Q), with the orthocenter H
and the median AM. The line passing through H
and perpendicular to AM intersects AM at N and
intersects BC at T. The circumcircle of OMN
intersects BC at the second point G. Let K be the
reflection point of G about 7. Show that K4 = KN,

Problem T9/552. Given a polynomial P(x)e Z[x]
satisfying P?(x)—-x-1 is divisible by x'™. Find
the coefficient of x” in the expansion of the

polynomial (P(x)+1)'"™.
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For each positive integer n,

denote by t(n) and o(n) respectively the number

of positive factors and the sum of positive factors
of n. Show that, for any n > 1, we have

n ey N (1 1 1" n 2
YES«‘zn*i;<£{n‘;?‘j)< 9_(’1; )

o (k1) 2 ekt o

. : Find all polynomials
P(x) e R[x] satistying

P(x +2x-3)=4P(x)-3,VxeR.

Froblem T12/552 Given a triangle ABC with the
centroid G; the altitudes AD, BE. Let X, Y
respectively be the intersections between the rays
DG, EG with the circumcircle (0) of ABC. XY
intersects BC, AC at P, Q respectively. Let Oy, O,
respectively be the circumcenters of CX(Q and
CYP. Show that CG is perpendicular to 0,0,.

Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietham National University, Hanoi)
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Xin duoc gidi thiéu véi ban doc vé ky thi “Chinh
phuc d6i chim sé” - Pay 1a ky thi do Truong Pai
hoc Téng hop Moscow va Nha xuit ban Thanh

nién Moscow cing phéi hop td chirc tir nam 2005
nhim tuyen chon sinh vién cho trudng Pai hoc

Téng hop Moscow. Xin duge ndi thém Trudng
Dai hoc Tong hop Moscow 13 truémg dai hoc lau
di nhit va ciing 1a truong dai hoc noi tiéng nhat
nudc Nga. Noi ddy di dao tao ra rat nhidu nha
khoa hoc danh tiéng. Thi d§ vao truomg 13 niém
mo udc cua rit nhicu hoc sinh Nga. Tham gia ky
thi nay la hoc sinh cac 1op tir 9 téi 11. Trong do6 co
ky thi riéng danh cho 16p 11 va cho cac ban 16p 9
va 10. Nam 2009 ¢6 500 ban hoc sinh di duoc
giai thuong ky thi nay va khoang 400 ban da tro
thanh sinh vién cua truong. Sau day la bai kiém
tra cua nam hoc 2020 - 2021,
Ky thi “Chinh phuc doi chim se” nam hoc 2020 -
2021 gdm hai vong va déu tién hanh thi online.
Vong tuyén loai (dién ra vao thang 11-12 nim
2020) kéo dai 24 h gdbm hai vong nho hon: Vong
blits c6 6 bai toan va kéo dai 3 gio, phan sdng tao
gdm 3 bai toan va can phai gui 191 giai trong
khoang thai gian con lai. Vugt qua vong loai, cac
ban tré s& duoc tham gia vao Vong chung két dién
ra vao thang 4 nam 2021.
VONG LOAI
(Vong blits)
Méi hoc sinh sé nhdn dwgc danh sach cac bai
todn riéng khdc biét voi nhimg ban khac. Sau day

la mot vi du vé sau bai todn cua vong Blits.

Jx+5—x—3>

|. Giai bt phuong trinh 2 —15x+54

nAnA RNt
bl P3P I A PRV R AR

c;% n’}a aaha
HOANG NGU HUAN
(GV Truong Dai hoc Mo - Bua chat).?
Trong 46 hay tim sé nghiém nguyén cua bat
phuong trinh trén.
2. Giai phuong trinh: cos 2x + cos 6x + 2sin® x = 1.

Trong d6 hay chi ra tong cac nghiém thudc doan
St \ R v R 2 T £ 2
?)—; 7 |, lam tron t&i hai chit s6 sau dau phéy.

3. Tir diém M nam trong tam gidc ABC ha céc
duong vudng goc xubng cac canh BC, AC, AB.
Céc dudng vudng goéc nay c6 d¢ dai twong Umg 1a
k, [ vi m. Tim dién tich cua tam giac ABC, biét
ring CAB=a va mzﬂ. Néu két qua thu
duoc khong 14 sé nguyén, hay 1am tron né t&i sb

nguyén g?m nhit.
Cho biét cac gia tri sb la: a=%, ﬂ=%, k=3,
=2, m=4.

3 3 _
4. Giai hé phuong trinh (xz +3 N 1 1.
Ix y+xy =6
Véi mdi nghiém (x,y) cua hé, hay tinh gia tri cua
s . X e i i ; .
biéu thirc —; sau d6 tim gia tri nho nhat trong céac
¥

gia tri thu duge, lay x4p xi t&i hai chit sé sau déu
phay.

5. C6 hai hgp kim. Hop kim thir nhét chira p % tap
chat, hop kim th hai chira g % hop chat. Hoi rang
can phai nung chay hai hgp kim theo mét ty 1€ nao
dé thu duoc mot hop kim méi chira » % tap chit.
Trong dap an khi tinh x4p xi ty 1& khdi lugng cua
hop kim thir nhét véi khdi luong cua hop kim thir

hai thi 1am tron téi hai chir s6 sau dau phay.
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Céc dir liéu s6: p=70, g = 5, r = 40,
6. Hiy tim tit ca cac sé nguyén g co gia tri tuyét
dbi khéng vuot qua 15 sao cho bt phuong trinh
4x—a—-4
e
6x+a-12
théa méan v&i moi x thude khoang [2;3]. Sau do

hay tinh tong tit ca cac gi4 trj a vira tim duoc.

VONG TUYEN CHON
(Cac bai tip yéu ciu tinh sang tao cao)
7. Tim tat ca cac s tu nhién » khong vugt qua
100 sao cho téng 1 + 2% + 3> +...+n’ chia hét cho
50.
Véi nhimg gia tri n vira tim dugc, hiy sép xép
chung theo tht tr ting dan: n, <n, <..<n, . Ti
d6 hay cho biét n, , 1a s6 nao?
8. Cho trudc mot dudng tron, trong tit ca cac tam
gidc ndi tiép duong tron c6 tong binh phuong cua
ﬂ_Z

cacgocla a*+ " +y° = (cac goc a, B,y
duoc tinh bang radian) hiy tim tat ca cac tam giac
c6 dién tich 16n nhat.
Véi mbi tam giac tim dugc, hdy tim gid tri nho
nhit cua tich cac cap goc. Gia tri nho nhét duoc
lam tron t&i hai chir sé sau diu phay.

9. Hay tim tht ca cac cap so duong x, y thoa min

ding thirc
4x°y + 6x° + 2xy — 4x +sin(3x’ Fxy+x-y-2
3x—y-2 \ Ix—-y-2
1 2 . 1
_2xy+y +£—+2x xy(x J )+ >
vy Bx-y-2Y (x+y)

2 2 N2
x| x? sin [ #.5) +y° sin(x+;‘) +2xysin—(ﬂ_1\
x ¥ Ix-y-2 )

Trong dap 4n hdy viét tong x* +y”cua tat ca cac

nghiém (x, y) . Két qua duge 1am tron té1 hai chi

s0 sau dau phay.
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VONG CHUNG KET
PE 1
10. Viét céc sb tu nhién bat ddu tir 20 thanh mot
dong: 20212223... Hoi rang trong day ky & thu
duoc, chir sb nao dimg ¢ vi tri 20217
11. Hiy tim tht ca cac gid tri cua @ sao cho
phuong trinh
| x| —arcsin x + b(arccos x+ | x| ~1) + @ =0

¢6 it nhat mot nghiém véi moi gid tri cua b.

12. Phuong trinh sau c6 bao nhiéu nghi¢m

ZJg(:A'z -3 lg 2,\'2 -2 ?
( 1
2x=-3y+—=6
xy
1
13. Giai hé phuong trinh 3z-—6x+—;= 2.
XZ
1
6y-2z+—=3
yz

14. GAp mot to gidy hinh vudng c6 dién tich la 17
theo duomg thing di qua tdim. Sau dd dinh céc
manh lai véi nhau. Hay tim dién tich lon nhat
trong céac hinh cé thé tao dugc.

AN VA LOI GIAl

DAP
VONG LOAI
1. Ddp an: 7.
Léi gidgi. Néu x > -3, thi
\/.r7+5—(x+3)2 i (,V+5)—(,‘c+3)" 5
x =15x+54 (x=6)(x-9)

—x* — By 4
69

-3,-1]U(6;9).

(x+ 1)(:{ +4) -
(x=6)(x-9)

Tirc 1a xe
Néu xe [—5; —3] , thi tr s6 va miu sé cia vé trai
cua bét ddng thic 1a duong.

Vivay xe[-5-1]U(6:9), sb nghiém nguyén la
S5+2=7.

2. Dép dn: 2,88 (gié tri chinh xac: %),
12



Loi gigi. Vi cos2x + 2sin? x=1, nén phuong

tinh dau twong duong véi phuong trinh

= A » ’ . n
cos6x=0. Trong tit ca cac nghiém x = LY

=—+—,

6

4 5w
neZ, trén doan \:*6—;71‘:! chi c6 mét nghiém

7T St lx
—+t—=—""
12 6 12 =58

3. Dap dn: 67.

Loi giai. Ky higu cac canh cua tam gidclaa, b, c
y=a+p,R la ban kinh duong tron ngoai tiép
tam gidc ABC. Ap dung dinh 1 ham s sin co:

ka+1b+me .
5 =R(ksma+lsinﬁ+msiny).

S=

Ngoai ra, vi §=2R? sinasin Bsiny , nén ta cb

ksma+lsm/5’+msmy
el L
2sinasin Bsin y

thé biéu dién R =

(ksina +Isin B+ msin ;')2

Zsinasin Bsiny

Vivay S=

Thé cacgiatrik, [, m, o, f8, y , ta thu duge:

S=(3sina+25inﬁ+4sin}1)2
2sin asin Bsin y

2

(3+4\/§+2J€)
= =67.
\5+1
1+217
4. Bdp dn: —1,31 (gia tri chinh xdc: —___f ).

Loi gidgi. Nhan phuong trinh thir nhét véi 6, tiép
d6 nhan phuong trinh thir hai véi (—11) va cong
hai phuong trinh lai:
6x —11x*y —11g? +18y" =0.
Chia ca hai vé cho »* vadat r= % , ta co:
6 —11£ 11t +18=0
o (t=2)(6t2 +t—-9)=0.

b= ENANT s i i
’ 12
tri t tim dugc, thay x = ¢y trong phuong trinh dau

tién va thu dugc nghiém cua hé.

Tir day ¢6 £,=2,

1+\/21

Gia tri nho nhit cua Xt b' ~-1,31.
Y

7
S. Dap an: 1,17 (dap an chinh xac: - ).

Lai gidi. Goi khdi lugng cua hop kim thir hai 12 a.
Khi d6 khéi lugng ctia hop kim thir nhat 1a xa.
Nhu vy x chinh 1a dai lugng can phai di tim.

Theo diéu kién ctia dé tai, khdi lugng cua cac hop

. sng X4 P 24
kim b . Mit khac, khéi lvong dé
PME 00 T 100
s xa+a)-
cling bang M. Tuc la

xa-p+a-q=(xa+a)'r

100 100 100
S xprg=(x+1)r o x=1"9
p—-r
Thay cac di liéu s vao, ta duge:
s 0= :1z1,17_
70-40 6
6. BDdp an: -7 .

Loi gigi. Ding phuong phap xét khoang dé giai
bét phuong trinh, ta thu duge két qua sau: vé trai

be'mg 0 tai X=1+Z va khoéng xac dinh tai

a § i s
=2_€. Hai gid tri ndy trang nhau tai a=22

.. 12 i .
Vai a>? nghiém cua bat phuong trinh |3

. a £
khoang [2—g;1+%il. Bat phuong trinh 6

Foit <2,
nghiém x (2;3] khj < a>8
3<1+—
¢ TOAN H
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.. 12 . g
Vi a<—5— nghiém cua bat phuong trinh 13

. a a
khoang [I+Z;2~€). Bat phuong trinh ¢é

nghiém xe[Z; 3] khi < a<—b6.

3<2-2
6
Nhu viy a e (—x;, -6)U[8: +0) . Tong tit ca cac
gid tri nguyén a e[-15; -6) U[8;15] bing
—15—14—13—...—8—7+8+9+...+14+15
=-7.
VONG TUYEN CHON

(Bai tip sang tao)

7. Dap an: 87.
Léi gidgi. Vi
P+22 43+ 407 = nfr1)(2n+1) ,
6
nén n(n+1)(2n+1) phai chia hét cho

300=2°-3-5". Boi vi cic s6 n, n+1, 2a+1
nguyén t6 cung nhau nén it nhat phai c6 mot sé
chia hét cho 25.

Néu n chia hét cho 25, thi n=25, 50, 75 hay 100.
Thay lin luot céc gia tri nay vao bidu thirc
n(n+l)(2n+1), ta thiy biéu thirc nay chia hét
cho 300 trong hai truomg hop n=75 va n=100.
Néu n + 1 chia hét cho 25, thi n=24, 49, 74 hay
99. Thay lan luot cac gia tri nay vao biéu thirc
n(n+1)(2n+1), ta thay biéu thirc ndy chia hét
cho 300 trong hai truémg hop n = 24 van = 99,
Néu 27 + 1 chia hét cho 25, thi n=12, 37, 62, 87.
Lin lugt thay thé cac gia tri nay vao biéu thirc
n(n+1)(2n+1). Dé dang nhan thiy biéu thirc
nay chia hét cho 300 khin =12 va n = 87.

Nhu vay cac gia tri thich hop 1a 12, 24, 75, 87, 99,
100. Tac la n,_, =87.
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8. Dip dn: 0,27 (gia tri chinh: %% ).

Léi gidi. Déu tién ta s& dua ra mot s6 goi ¥ giup ta

doan ding dap &n.

Néu cb dinh ban kinh cua duong tron ngoai tiép

va mét trong cic gbc cua tam giac (géc « ), thi

dién tich 16n nhat chinh 13 cua tam giac cén véi
T-a

céc goc a, ﬁ=7=—2—.

That vdy, néu biét ban kinh R va goc «, thi cling
c6 nghia 13 ta cing biét canh cua tam gidc
a=2Rsina. Trong sb cac tam gidc c6 cung day
va géc ¢ dinh bang a, thi tam gidc c6 dién tich
16n nhét khi chidu cao ha xuéng day a 1én nhét.
Do chinh 1a tam giac cén (h.1).

Hinh I
Ta thu dugc phuong trinh

7 _ 2 _ 2 2
of+LJr aJ +('T 21 =Z_
2 2

-
L g 2r .
Nghi€émcuand la a=0 va « =?. Nghiém thi

hai la hop ly, tir d6 thu duoce cac goc ciaa tam giac
. 2z T ;
la 0:=—3~, ﬂ=y=g. Gia tr1 nhd nhat cua tich

2
cac cdp goc bang ;T—6~ =0,27.

Ta da thu dugc dép én cua bai toan. Thé nhung
1ap luan trén la khéng chit ché vi ta da thira nhin
ma khong ching minh ring: tam giac cén thoa
man diéu kién vé tong binh phuong céc goc
(truong hop tong quét 1a khéng ding). Vi vay ta




VE.m can’ mét chimg minh khéc ma ta s& dua ra sau

day. Cach chimg minh nay khong hé don gian

nh'lITlg ‘n_o cl'fmh ld mét phin khac biét cua cac bai

toan doi hoi tinh sang tao trong ky thi Olympic

nay.

Nhu vay, ta cin phai tim dién tich 146n nhét
_ e | - . . .

§ =2R"sinasin Bsin ¥ VoI cac diéu kién rang
. 2

budc: a+f+y=r, a2+ﬁ3+y2:”—, Dé don

2

gian hoa, ta gia swring 0<a < g < y.

Dau tién ta sé chi ra rang, tam gidc thoa man dicu

kién cua d¢ bai chi ¢o thé 1a tam gidc tu hodc la

tam giac vudng. That vay

-

b4 < X
ST TO A <@ fry) =y

Rit y tr phuong trinh @+ f+y =7 va thé vao

2 2 5 T
a +pf +y =g ta thu duoc:

a*+f+(r-a-py 21‘;
hay
Na+pf) —dn(a+fB)+(a-pB)Y +x* =0.

it x=a-f va y=a+f.
Fo B
ido: xel —=:0[,ve|0:—|;
Khld() xr:l‘ - JI} (2:l
S =2R sinasin ffsiny
=R [COS(C" - f3) —cos(a +[J')]sin(;r-a =)

= R*(cosx —cos y)sin y.
Piéu kién vé téng binh phuong cua cac goc dan

t¢i phuong trinh:

Piéu kién yz%:- suy ra tor chinh phuong trinh

2 &
—_— -,
Y7373

trén vi tir phuong trinh suy ra ring

Luu ¥ 1a cling tir chinh phuong trinh nay, ta co thé
thu dugc dang tudng minh:

2 2
2r T X

Y=
Trudc tién, ta iy dao ham theo bién x:

x T
! = ——,0 5
y(x) 2z~3y’xe[ 2 :'

Nhan thiy »'(x) <0 trén mién dang xét cua x.

Nhu vdy bai toan quy vé tim cuc dai cua ham so

f(X)=[COSX—cos(y(x))]sin(y(x)) trén khoang
xe[—%;O]. Ta s& chi ra rang f'(x)20 trén

khoang dang xét. Diéu d6 c6 nghia la cuc dai dat
duogc tai diém x =0, tirc gia tri cuc dai la cua tam
giac can.

Cac dang thirc sau dung (tir nay vé sau thay vi viét
y(x), tachi viét nge"m gon y):

/(x)=—sinxsin y+ y'(x)(cos xcos y —cos2y)

—2x 2y

= ==+ y'(x)(cos y —cos 2y)
T

T

_ —4xy  x(cosy-—cos2y)

= 5 +
T 2r -3y

_—x  (4y(27-3y)
T 27— 3y ¥

+cos2y—cosy |
T

Trong phép bién doi trén, ta da sir dung bat dang

; 2y . . .
thirc siny = =Y pidu nay c¢6 dupc do ham sin y
T

16i trén doan y e {0; %J . Tuong tu nhu vy cé bat

2(~x)

ding trén doan

ding thic sin(-x)>
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T
xe|-=;0|. v 3 at a3
[ > ] Ta cing sy dung bat dang thirc

cosx <],

Vi = 20 VoI xXe —‘E'O ”.7[

nén ta chi cin Phai chimg minh: Vi moi

IEI-—[——;-J_T_
3 2)

A2 -3r)
_T— +¢os2t —cost > 0.

bat dz"mg thirc sau ding:

g(t) =

Ta s& chimg minh rang: Trén doan 7 bit ding
thirc sau dang :

g'n)=

4(27r—6t) ) _
- - 2sin2¢ +sint < 0.

Két luan trén suy ra tir bat ding thic g ( 7 J <0

s on -24
vatlr g'(1) =—5-—4cos2t+cost >0 trén doan /.
T
D& chimg minh bét déng thic cudi cing, ta s& xét
dao ham cua ham g"(¢).

Ta c6: g"(t) =8sin 2t —sint =sinz(16cost —1), vi

g"()=20 khi te[%;arccos%] va g"(t)<0

1 =
khi f €| arccos—;— |. Tiec la:
: E[ 16'2}

"{)> >n "[KJ ”[KJ >O

= mi — 1, — .

g'(t)zming g 3 8|3

Nhu vay ham sé g(f) don di¢u giam va dat gia trj
P Vs i .

nho nhat tai g Vi vay g(t) =z g(E} =0 v&i moi

tel

Piéu d6 c6 nghia la ham s6 f(x) dat gia tri lon
nhét tai x=0. Tic la ta di ching minh dugc ring
a = 3, tam gidc can c6 dién tich dat cuc dai.
9.Dap an: 4,33.

Léi gidi. Viét phuong trinh da cho dudi dang:
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f(au +ayu, + o)
=a,f(u)+af () +a,f(u),

2

x
trong d6: f(t) =1 +sint, & = (x+y)*’
2 2xy (x+y)?
a, = = 250"3: A
2 (x+y) (+2) *
x4p) )
e

Luu ¥ la ham f(f)=1* +sint 16i trén toan tryc sé,

Thém vao dé ¢,>0, a,>0, a,>0,
a +a, +a, =1 véimoi x,y>0.
Bét déng thic Jensen xay ra dau bang khi va chi

khi u, =u, =u,, tcla x=y" =3x—y-2

= 2y’ -y-2=0.

Tir day ta thu duoc cap s6 duong duy nhit:
_1+\/ﬁ x__9+\/ﬁ
T4 T 8

, 85T13\/f

Vivay: x*+)°

— =433,

10. Dap an: 7.

Loi gidgi. Céc chix s6 cua céc sé tir 20 t6i 99 chiém
80-2=160 vi tri dau tién trong chudi. Trong
2021 ~ 160 = 1861 vi tri tiép theo, thi cac chit sé
cac s6 tr 100 téi 719
(719-99)-3=1860 vi tri. Didu d6 c6 nghia 1a vi
tri thir 2021 1a chit sé dau tién cua sé 720. D6
chinh 14 chit s6 7.

cua chiém

T
L1.Dap an: — -1,
2
Laoi gidgi. Khi b=-1, phuong trinh c6 dang:
| x| —arcsin x — arccos x -|x|+1+a=0.

Véi xe [—l; 1] phuong trinh tuong duong vdi



T
]+a——-2—=0. Nhu Vay. khi b=-1 nghlém chi

ton taikhi a=Z _;
2
5 P . bia
Mait khac, khi a=-2-_1 phwong trint

]x]—arcsinx+b-(arccosx+|x|_.1)4..71_1:0
2

cé nghiém x =1 véi bit ky gia tri nao cua b.
Chii thich. Cic ban thi sinh c6 nhidu Wi giai
kh‘()ng ding vi dua trén suy ludn sau: ciu vin tir
dié}l kién cua bai toan “vgi moi gia trj cua b co it
nhat mot nghiém™ thi duoc hidu 14 “c4 cing mot
nghiém véi moi tri tri cua p” (day la mot bai toan
khac, don gian hon mac du dép an cua no tring
vOi dap an cta bai toan d3 cho).
12. Pdp an: 4.
Loi gidi. Phuong trinh duoc bién déi vé dang
t“ =a(t+1),

voi a=1g2e(0,1), t=x2-3>0.
Vi vé tréi cua phuong trinh f()=1* 1a ham liy
thira véi mién xac dinh > 0 yvavéi ae(0,1) thi
day la ham sd 16i. Trong khi d6 vé phai cua
phuong trinh g(f)=a(t+1) 1a ham tuyén tinh
v6i hé sb goc a duong nén 46 thi cua hai ham sé
f(t) va g(t) s& cit nhau tai khéng qua hai
diém.
Vi f(0)=0<a=g(0) va

S(1)=1=1g10>1g4=2a=g(1),
nén trong khoang (0;1) tén tai it nhat mot diém.,
vi f(1)>g(1),
f(10)=10%* =2=1g100 < Ig2" =11a = g(10)
nén trong khoang (1;10) ciing ton tai it nhat mét
nghiém. Diu d6 c6 nghia 1 d6 thi hai ham s fva

g cit nhau tai ding hai diém (mét diém nim giira
0 va 1, mot diém khac nim giira 1 va 10).

MJi nghiém duong ¢ lai sinh ra hai nghiém x cua
phuong trinh dau. Vi viy, c6 ca thay 13 4 nghiém.

1 1 ‘ 1
3. Pdp dn: x=—, y==, z=1 vi x=-3,
13. Pap dn 2 Yy 3
1
:——’Z=—1.
Y=73

Léi gidi. Nhian phuong trinh dau véi (2x—3y),
phuong trinh hai véi (3z - 6x), phuong trinh thir
ba véi (6y—2z). Sau d6 cong chung lai va thu
dugc phuong trinh hé qua:
(22— 3y)2 +(3z- 6x)2 +(6y- 22)2
" 2x -3y + 3z—6x+ 6y—2z
xy xz ¥z
=6(2x-3y)+2(3z-6x)+3(6y-22)

& (2x-3y) +(3z-6x) +(6y-22z)" =0
< 2x=3y==z.

1
s Y=

Thé 2x=3y=z vao hé, ta duoc: x= =

| —

z =1 hodc x=—l,y:-l, z=-1.

i 2 3
Chii thich. Dé dang nhén thay la néu 2x=3y =2
thi 14t ca c4c nhan tir nhan thém vao phuong trinh
déu bang 0. Thé nhung né6 khong lam xuat hién
nghiém ngoai lai vi phuong trinh téng vin 1i
phuong trinh hé qua cua hé di cho.

\4. Pdp an: 17(2—\/5).
Loi giai. Goi canh cua hinh vudng la a. Gia sir
dudng thing cit va tao trén canh hinh vuéng 4D

mdt doan AP=x<§ (h.2).

Hinh v& thu dugc dbi ximg qua dudng thé‘\ng PR.
Mit khac, hinh vuéng ABCD, 1a anh cia hinh
vuéng ABCD qua phép quay quanh tdm cua hinh
vudng. Khi do:

x=AP =P/, =C,R=RC=BM=MD1.
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Vi Vay cac tam giéc vuc‘mg AQP BNM C NR
k) k] 1 ’
DIQM la bé"lng nhau.

B,

Hinh 2

Nhu vay dién tich cia hinh thu dugc bing téng
dién tich cua hinh thang vuéng PD,CR va dién
tich cua hai tam gidc vuéng bing nhau AQP,
BNM. Dién tich hinh thang vuéng bang 12_- . Vi
vy ta cin tim dién tich 16n nhét cua tam gidc
vudng AQP . Chu vi cua né la:

AP+ AQ+ QP =BM + AQ+0OM = AB=a.

Trong sb cac tam giac vudng cé chu vi khong déi,
thi tam giac vudng can co dién tich 1én nhat.

Ta s€ chung minh khing dinh trén. Goi a, b 1a cac
canh cua tam giac vudng con c¢ la do dai cua canh
huyén. Chu vi tam giac 14 P =a + b + ¢. Su dung
bét ding thic Cauchy co:

P=a+b+Ja’ +b°
zz\/ﬁaw’ia“b:\/cﬁ(uﬁ).

b 1 P Y
Tir d6 suy ra: S:%SE(Z+\/§J .
Dang thirc xay ra khi va chi khi a = b.
e Ta cing co thé chimg minh khing dinh trén

thuin thay bing hinh hoc: Néu trong géc vudng
P
ABC dyng mot dudng tron 6 ban kinh la 5 ticp

TOAN HOC
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xiic v&i cac tia BA, BC thi duong tron nay sg 13
duong tron bang tiép cua tAit cad cac tam ik
vudng c6 chu vi la P va cac canh goc vudng BX,
BY nim trén hai canh cia goc. Vi chu vi cho
trude, cho nén tam giac co dién tich 16 nhét 1a
tam giac c6 ban kinh dudng tron ndi tiép 16n nhét,
Ban kinh nay dat gia tri 1on nhat khi duong tron
noi tiép tidp xic voi duong tron bang tiep (néu
ban kinh 16n hon nira thi hai dudng tron nay sg cat
nhau, d6 12 didu khong thé), tirc 12 khi tam giac

can.
Nhu vay: QPA=45°,

180° —45°

RPD = QPR = =67,5°.

Khi d6 a= AB=2x+xJ2. Tir ddy rit ra duge

a a(z_ﬁ)

- = , dién tich tam giic
* 2+42 2
AQPA biang

42 a2(4+2—4\/§) a‘“(B—Z\E)

2 8 - 4

Didu do co nghia la dién tich can tim 1a:

@ @ (3-22) @' (1+3-2V2)
4 -
2 4 2

5 I e

=a’ (2 — \,"?.).
* Van ton tai mot 161 giai khac hoan toan bang dai
s6. Gia st canh cua hinh vudng bang a, duong
thang cat canh 4D cua hinh vudng mot doan

a e
AP=x<?Z-. Ta s& di tim AQ. Ky hiéu cac goc

RPS=RPQ=a, OPA=f. Tl tam giac vuong
PRS (v6i § 14 hinh chiéu cua diém R 1én canh 4AD).

ta tim dugc tang= M

a
. Do d6 tan2a = i
2x 2x(x—a)

a_

AQ=x-tanﬂ:xtan(-2a)=f-2('(a;2;T)—).
a—x

(Xem tiep trang 41)
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S

Trong ky thi Austrian — Polish — Competition

1996, c6 bai toan phuong trinh ham da thirc kha
tha vi sau:

Tim tat ca cdc da thie P(x)eR [\] thoa man

P(x* +1)= P*(x)=Lvre R,

trong do P’ ()= (P(v }) .

Bai todn ndy c6 thé dugc giai bang cach xiy dung
ddy nghiém cua da thirc.  day, ching t5i xin dua
ra 11 giai cho bai toan nay nhir sau

Lo giai. Gia st ton tai da thire P(x) < R[x] thoa
maén phuong trinh di cho. Ta xét hai truong hop:
1) Néu deg P =0 thi P(x)=c, suyra:

1+/5
-

c=c2—1<::>cz—c—l=0<:>c=

2) Néu deg P>1. Xét phuong trinh:

1+iV3
5
vao phuong trinh di cho thi

X +l=xo X —x+l=0cx=x, =

Thay x=x,
P(x,)=c. Pit P(x)=(x-x) O(x)+c vsi
O(x,)#0,n e N". Thay vao phuong trinh da cho,
ta dugc:
(_rz+l—.tu)hQ(.r2+])+c:[(x
e[x+1-(x+1)] 0 +1)+c

=(x-x,)" 0*(x) ) O(x)+c* -1LVxeR
o (x-x,) (x+x,) 0(x" +1)

=(x-x)"Q (x)+2¢(x—x,) Q(x)+¢’ —c~1VxeR

-x) Q(X)+(':|2 -LvxeR

)+ 2¢(x-x,)

e o i s . e A . e S S St e et et e e,
T —— e e e

Bl Tim

puﬂmt.l,-ﬂ mql "H nq!‘g -! ’vr'-i Jq
{nhctstﬂ lﬂun“m bhaae & e llkbi

C0 NCHIEM HANG

(GV THPT chuyen Hing Viong, Phii 77}{3)/.

o (x=x) (x+x,) Q(X2 +1)
=(x=x)" 0*(x)+2c(x-x,)" O(x),Vx eR
= (x+x,) Q% +1)
=(x-x,)" O (x)+2cQ(x),VxeR,x = x,
= (x+x) Q(x2 +1)
= (x—xo)" o’ (x) +2¢:‘Q(x),Vxe R.
Cho x=x,, taco:

(2x,)" O(x} +1) = 2c0(x,)
©2'50(x) =2¢0(x,) < (1£1V3) =15,

(do QO(x,)#=0). Ding thirc cudi cung cho thiy

khéng ton tai s6 n € N” nao thoa man.

Két ludn: Tt ca cac da thirc can tim 1a-

P(x )_1+J_ 1-V5

(- ) -
Nhin xét. Mdu chét cua cach giai nay la ding

4

thirc (1+44/3 ) =1£/5 Kkhong co nghiém ne N’
va do do6 bai toan chi ¢6 nghiém 1a cac da thic
hing.

Trong qua trinh giang day va tim tdi, suy nghi,
chung t6i nhan thay co thé mo réng bai toan trén
theo cac hudng sau:

Muéng thir nhit. Thay x* +1 boi mot tam thurc
bdc hai day di ax® + bx + c.

Bai todn 1. Tim wit ca

da thire

P(x)e R [v]

thoa man: P’ {x)= !’( v+ 2x— 3)+ . Vyel®

Loi gidi. Ta xét hai trudmg hop sau:

] OAN HOC
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1) Néu deg P =0 thi P(x)=c, suyra:

1£+5
==

c=c’-1acd-c-1=0c=

2) Néu deg P> 1. Xét phuong trinh:

x=x"+2x-3x2+x-3=0

1413

Sr=x=—"

Suy ra P(x,)=c. Pt P(x)=(x-xo)"Q(x)+c
vOi O(xy)#0,n e N". Thay vao phuong trinh dé
cho, lam tuong tu nhu bai toan trén, ta duoc:
[((-x) 0(x)+e]
=(x*+2x-3-x,) O(x* +2x-3)+c+1VxeR
= (x-x,) 0 (x)+2c0(x)
=(x+x,+2)" Q(x* +2x-3),VxeR.

Cho x =x,, tacd:

2¢0(x,)=2" (%, +1)" 0(x +2x,-3)

< 2¢0(x,)=2"(x,+1)" O(x,)
< 2c=2"(x, +1) (*).

=

1+ -1+ .

Vai c= 4 va x, = 3 ta thay (*)
2 2

khong xay ra.

K&t luén: Tét ca cac da thirc cén tim 12
145 1-5

P(x)= 5 ;P(x)zT.

Huwéne thir hai. Nang bdc cua phuong trinh.

da thire P(x)ell [‘]

Bai toan 2. T ral ca ca [

thoa man (P(x)—6) =P{x +x-1).Vxe

Léi gidgi. 1) Néu P(x) =c thi

(c-6) = (c-8)[(c-5) +2]=0ec=8
2) Néu degP(x) 1, xét phwong trinh:

x=x+x-1ox=x=1.

TOAN HOC
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suyra P(x)=¢ D P(x)=(x=%) Q(x)+c,

voi 0(x)
cho va bién d
i Q’(x)+3(c—6)(x—xo)n 0 (x)
+3(c—6) 0(x)
)"Q(x3 +x—-1),VxeR.

e N°. Thay vao phuong trinh g3

&i nhu céc bai todn trén, ta dugc:

(x-‘xo

=(x* +2% +x;+1
Thay x boi Xo, ta duoc:

3(c - 6)Z Q(xﬂ ) = (3xg + l)" Q(xf, +- K~ 1)
—3(c—6) =(3% +1) =>12=4"
Ping thirc cudi cung 1a vo Iy véi neN".
Két ludn: Pa thuc can tim la P(x)=8,VxeR.

Huéng thi ba. Ndng bdc cua phwong trinh va

thay x bdi cde da thirc bdc cao khdc nhau.

Bai toan 3. Tim tat ca cdc da thirc P(x) ej[\]

Léi gidgi. 1) Néu P(x) = ¢ thi
3, ,
c3~£c‘:c<:>c(c-2)(2c+l):0

<:>C=O,c:2,c=——1-.
2

2) Néu degP(x) > 1, xét hé phuong trinh
x=2x-1
" S x=x,=1.
x=x +x—1

Suyra P(x,)=c. Pat P(x)=(x—xo)" O(x)+e,

v6i O(x,)#0,neN". Thay vao phuong trinh di
cho, ta duoc:

3 2

2|:(x-—xu)" Q(x)+c] -—3[(2)(—1—10)" Q(Zx"l)+c]

=z[(f+x-1_xn)"g(xa +x_1)+c}vxeﬂ%




= 2(x=%)" Q" (x)+6c(x~x,)' 0 (x) + 60 ()
=347 (x=x)" @* (2x~1) - 6c.2"Q(2x - 1)
= Z(x2 + XX, + X2 + 1)" Q(x3 +x—1),Vx eR.
Thay x boi xy, ta dugc:
6c*0(x,)~6¢.2"0(2x, - 1)
= 2(3x§ + I)Q(xfJ +X, ~1)

=3¢ -3c2" = 3x§ +1 (*)

- 1 .
Vi c=0,c=2,c=—z va x, =1 thi dang thirc

(*) khéng tén tai neN'.

Két lugn: Tht ca cac da thtrc cin tim la:
P(x)=0,P(x)=2,P(x)= _%.

Nhur vay, bang cach lam trong tu, ban doc c6 thé
tw sang tac cho minh nhing bai toan hay dé phuc
vu cdng tac giang day, boi dudng hoc sinh gioi
hiéu qua. Chuc cac ban thanh c6ng. Cudi cung la

mot sb bai tap tu luyén.

ok 3k 3k 2k 2k S sk 3k ke skook ok skok vk 3k 3k vk ok ok sk ok sk vk sk sk sk sk sk skosie sk sk ke sk ks skeske ok o e ol

OLYMPIC ...
Tir d6 suy ra, cac canh cta tam gidc vudng bang x

. ala—2x)
va ————

v A - 2 9%
(Tiép theo trang 38)

. Khi dé dién tich cin tim bing:

2(a—x)
a’  ax(a—2x)
2 2a-x)
Bang cach tinh dao ham, ta c6 thé suy ra raing ham
6 f(x)= M dat cuc dai tai
a—x

x=f_(2_;£l. N6 tuong Ung vOi cac goc

/4 iz k¥4

=L =" a="—.

4 447 8
TAI LIEU THAM KHAO

mo wmaremaruke  «Ilokopu

pbiD» — 2019-2020 / 5. A. byoax u
e. —2021. — Ne 1. C.

1. Onsmmouaga
BopoOreBslI 0
op. // MaremaTHKa B TIKOJT
28 —39.

BAI TAP LUYEN TAP

. Tim tit ca céc da thic P (x) el [x] thoa mén

2P (x)-3=—-P(x*-1),VxeR,

. Tim tht ca cac da thie P(x) € R[x] thoa man

P(2x -1)= Pz?fx) _1,VxeR.

. Tim tt ca cac da thirc P(x) eR [x] thoa méan

Pz(x)—l=2P(X2 —3),VxER.

. Tim tht ca cac da thic P(x) S ]R[JC] thoa mén

P(x* +2x-3)=4P*(x)-3,VxeR.

_Tim tit ca céc da thirc P(x) € R[x] thoa man

(P(x)+24) = P(x* —x+1),VxeR.

S ok s s s ok sk ok sk ke i st st sk ke s fe sk ok ok ok ok sk ok K ok sk sk sk sk okoke sk skook ok R K

. Ommmminafa o matematuke «[lokopyu Bopobsess

ropei'» — 2018-2019 / 5. A. Bydax u op. //
MaTtematuka B wmkone. — 2020. — Ne 4, C. 11 —
23.

. Omumnuana no Mmatemartnke «llokopn BopoOsessr

ropei!» — 2017-2018 / 5. A. Byoax u op. //
Matematuka B ikone. — 2018. — Ne 5. C. 20 —
32.

. Ommnnaza no marematuke «[lokopu BopoGrérb

ropei!» — 2016-2017 / 4. B. Iopswun u Op. //
MaremaTtuka B mkone. — 2017. — Ne 8. C. 31 —
40.

. Onumvnuana «Iloxopu BopoOeénel ropei!» / B. B.

laramenko u op. // MateMaTuka B LIKOTE, —
2017.— Ne2.C. 12 - 23,

. Onummnuana «Iloxopu BopoGnéssr ropsi!» / A.

C. 3enencxuu u dp. // MaTeMaTHKa B IUKOJE. —
2016.— Ne 4. C. 10 - 25.

Onumnuana «[lokopu BopoObésl ropei!» mo
matematuke (2013 — 2018) / A. C. 3enenckuii u
op. —M.: MIITHMO, 2019.-192 C.
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(umeu cAcu o S
CHD MﬁlT BAI TDAN

--.-..,ﬁ--——__.-.-.q_.._..- kA e

BAI TOAN 72. Cho tam giac ABC . Goi D la trung

dicm cua AB. E lq dicm thuic canh AC sao cho
EA=2EC. Goi F la giao diém cua DE va BC.

Chirng minh rdn_-_z CF =(B.

Laoi gidi. Cdch 1. (h.1) Sir dung dinh Iy Menelaus.
Theo dinh ly Menelaus vio tam giac ABC cho ba
diém D, E. F ta cé:

4D BECE 1 B 1 o proacr
BD CF AE CF'2
A
D
&
E

B’ C F

Hinh 1

Do d6 C la trung diém cua BF hay CF=CB.

Cicethi 2. (h.1) Vé duong phu qua C va song song véi
AB.

Ké CG /| AB(G € DF). Theo dinh 1y Thales ta co:

CG g:l Ma DA = DB nén —CE:l

AD AE 2 BD 2

Matkiike SO =< gsa8 FC L s pr-2rc
’ BD FB FB 2

hay C la trung diém cua BF.

Cach 3. (h.2) Vé duong phu qua D va song song
voi BC.

Ke DG J/ BC(Ge AC), suy ra G la trung diém

dinh ly Thales ta c6 —fDG HEG Mat
Y s ta co = A
cua AC. Theo dinh ly Thales CF _ EC z
EG 1 DG l
khic —— =— nén < 2DG =CF.
“EcT 2™ oF

- EATRERS 2 ]

Theo tinh chat dudng trung binh trong tam giic
ABCc6 2DG = BC, do dé BC =CF.

A

C
Hinh 2

Cich 4. (h.3) Vé duong phu qua E va song song
voi AB.

K¢ EG f/ AB (G € BC). Theo dinh li Thales ta c6:

EG CE .. CE 1
——=—. Theo bai ra —=— suy ra:
AB CA C4 3

E——-l £G—=-% Mait khiéc E FE nén
AB 3 BD 3 BD FD
FE

2 .
E=§. Xét tam gidc ABF c6 trung tuyén FD,

E € FD sao cho e = e nén £ la trong tim tam
FD 3

giac ABF . Do d¢6 AC 1a dudng trung tuyén cua
AABF hay CB=CF.

f [ \_\_ T
B G C F

Hinh 3
Cicl 5. (h4) Ve dwong phu qua D va song song
voi AC.
Ké¢ DG [/ AC(GeBC). Suy ra DG la dudng
trung binh cua tam giac ABC, do do:

DG—l DG——4C
AC 2 2
Mat khac theo bairataco AC =3EC nén
DG—— BEC——EC':.-.:>igcv——z
DG 3

Xét tam giac FDG ¢6 EC /| DG. Do d6:

TOAN HOC
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EC FC FC 2 FC 2
— e -

=—= —
DG FG FG 3 FG-FC 3-2

<::>FC=2CG=2.ECB<=>FC=CB.

4

G ¢
Hinh 4
Cach 6. (b.5) Dung trung diém cia BD (hodc qua

C ké dwong thing song song véi DE cit AB tai
G).

Goi G 1a trung diém cua BD. Ta cé: —-—AD =E

4G 3°
AE=3 Suy ra —ADz—AEDDE//CG (dinh 1y
AC 3 AG AC

Thales dao). Xét tam giac BDF c6 G la trung diém
cia BD va DF [/ CG. Suyra CG la dudng trung
binh cia tam giac BDF.Do d6 C la trung diém cua
BF hay BC=CF .

Hinh 5
Cich 7. (h.6) Vé duong phu qua E va song song
voi BC.
Ké EG j/ BC(G € AB). Theo dinh Iy Thales ta co:

GB _EC l GB 1

—_— o ——=— (vi AB=28D)
AB T AC 3 2BD 3
GB 2 GB EF . EF 2 )
D a nén —=—. Xét
BD 3 BD DF DF 3
EF 2
t ABF DF 1a trung tuyén va — ==
am giac cb g tuy 57

nén E la trong tim A4BF. Do d6 C la trung diém
cia BF hay CB=CF.

TOAN HOC
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B C
Hinh 6

Cich 8. (h.7) Vé duong phu qua A va song song
véi BC.
Qua A ké duong thing song song véi BC cat DE

EC _CF
tai /. Ap dung dinh li Thales ta co: — =
1
§£=_1_ nén g—=l hay CF =— Al
EA 2 Al 2 2

Vi D la trung diém cua AB va Al [/ BC nén dé
dang chimg minh dwgc [4 = BF.

Suyra CF = -;—BF hay C la trung diém cua BF.

A
I ——
S .
D/ : .
B c F
Hinh 7

Cich 9. (h.8) Vé duong phu qua B va song song
voi AC.

G_
No—D
3 L
\ —\F
\/ ke
B ¢  —— —F
Hinh 8

Qua B ké duong thing song song voi AC cht DE
tai G. D& dang chimg minh duge ADBG = ADAE
(g.c.g). Suyra BG = AE.

Ap dung dinh 1i Thales cho tam giac BGF ta co

FC _EE Th - A CE 1

FB BG eo gia thiét ~A—E:E Mit khéc

BG = AE (ching minh trén) nén — s E= 1
FB AE 2’




Do d6 C la trung diém cia BF hay CF =CB.

Cich 10. (h.9) Vé duong phu qua B va song song
voi DE.

Hinh 9
Qua B ké dudng thing song song v&i DE cit AC
tai G. Xét tam giac ABG c6 DE j/ BG va D la
trung diém cia AB nén DE la dudng trung binh
cua tam giac ABG. Do 46 EA=FEG. Mit khac
theo gia thiét AE=2EC. Do 46 EG=2EC hay
CE=CG. Khi &6 dé
ACBG = ACFE (g.c.g). Do d6 CB=CF.

chimg minh dugc

Cich 11. (h.10) Vé duong phu qua A va song song
voi DE.

A

<

[ N\
- \

{ N E

r\““—-____“ ‘\_\_“

[ \ e
B C F G

Hinh 10

Qua A ké duong thing song song véi DE cit

duong thang BC tai G. Xét AABG c6 D la trung

diém cua AB va DF /| AG. Suy ra DF la duong

trung binh cia AABG. Do d6 F la trung diém cua

BG hay FB = FG. Ap dung dinh ly Thales ta c6:
eF _EE 2 (vi theo gia thiét EA = 2EC).
FG EA 2

Suy ra CF=%FG. Ma FB =FG nén

C'F—1

—EFB hay CB=CF.

Ciach 12. (h.1) Sir dung vecto.
pit AB=b,AC=¢.Giast BF =xBC .

Biéu didn DE va DF theo cac vecto b va C ta

S — 1- 2._
co: DE:DA+AE=—5b+EC;

DF =DB + BF =

Suyra BF =2BC hay CB=CF .
TRINH VAN CANH.
(GV THCS va THPT Nguyén Khuyén,
TP. Thu Ddau Mét, Binh Duong).

Nhdn xét. Ban Ha Phuwong Anh, 9A, THCS Nguyén
Quang Bich, Tam Néng, Phd Tho dong gép 4 cach
giai, twong tu nhu cach 1, cach 2, cach 3, cach 4 cua
ban Trinh Van Canh. Ban Ngu_vez"n Van Canh, GV
THCS Long Hau, xi Long Hau, Can Gujc, Long
An dong gop 2 cach giai, cach 1 twong ty nhu cach
7, cach 2 sir dung phuong phap toa d¢. Ban Nguyeén
Hing Cwong, xa Nhon My, TX. An Nhon, Binh
Pinh dong gop 2 cach giai tuong ty nhu cach 1 va
cach 12. Ban Trdn Thi Thanh Thu, 12T1, THPT
chuyén Quéc hoc Hué, Thira Thién Hué dong
gbép 2 cach giai tuong tw nhu cach 4 va cach 5.
Xin hoan nghénh céc ban.

LE MAI (Ha Ngi)

Moai cdc ban gui 1oi giai BAI TOAN 74 dudi day vé
Toa soan Tap chi TH&TT trudce ngay 31.7.2023.

BAI TOAN 74. Giai

i PHEraone (riiih

IVAx+ | #4xy3xy~2 = "+ Y +
=B AT XN IX L =I3X +aX+

NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bdc Ninh)

TOAN HOC
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BAI TOAN 81 (Tap chi KOMAL, Hungary,
323, 2003). Goi I la diém dang giac

giac ABC (tire la I nam trong tam

B

R

fﬁﬁ e
.

trong tam
giac ABC
thoa man AIB = BIC = C14=120").

Chung minh rang cac diecon thang Euler

cac tam giac ABI, BCI. CAJ dong quy.

cud

Loi gidi. Cach 1. Ta s& ching ba dudng thing
Euler noi trong dé bai di qua trong tim cua
A4BC. Do tinh @i xtmg, ta chi cAn chimg minh
cho duong thang Euler cua ABCY 1a du.

A

V& ra phia ngoai AABC mot tam giac déu BCA® va
goi O, 14 tam dudng tron ngoai tiép tam giac déu
6. Vi BIC + BA'C =120° nén tir gidc IBA’C nbi
tiép. Do A’B = A’C nén /4’ la duong phan gidc
cua goc BIC. Phén gidc ndy ciing chinh la dudng
thiang A7. Goi F la trung diém cua BC, G la trong
tim AABC, G, la tam ABCI. Vi
FG_FG _FO _1 .

=— nén cac diém G,
FA FI FA' 3
thing hang. Néi cach khac duomg thing Euler
0,G, cua ABCI di qua trong tam G cua A4BC.

trong

G], OI

Cich 2. Goi O, Hy; 0>, Hy; O3, Hy 13n luot 14 tam
dudmg tron ngoai tiép va truc tim cua cac tam
giac BCI, CAI, ABI tuong ung.

4 6 TOAN HOC
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5OC=C0A=A0B=120". v,
CO, nén bai duong thing 0,0; v

la phan giac cua cac géc BOI vy

Dé thf’ly
BO, =10\ =
0,0; lan luot
- - 00—-—120"—-60"
&al, suy ra: 0,0,0; 2B 2

. 6:0,0, = 000 =60" = A0,0,0,
+ T 58 chimg minh ba ducmg thang Euler cla
de: tam gidc BCI, CAI, ABI deu di qua tam ca
cé

iac déu 0,0:0s. Ciing do tinh ddi ximg, ta
g thang Euler cua tam

Tuong

tam 2
chi can chimg minh o

giac BCI di qua tam cua A0 0203.

Goi U, P lan luot 1a giao diém cua Bl , 0,0, véi
CH,; V, Q lan luot 1 giao diém cua CI, 0,05 véi
CH,. Do H, la truc tdim ABC/ nén BI 1 CH,,
CI L BH,. Do d6 ttr gidc H,UIV 12 tir giac ndi tiép,
mit khac UIV =120° nén Bm—'
H\BO,C ndi tiép.

=60" va tir giac

H
H,
o 00 308"
3 N
(0N "/ V£ \
¥ \ O,
I\ /N N
[0)' N0t AU
| / — \ \
| / AR '
| ¥ \// f 1 \\\\ P ]
“‘,./\ N\ /
B &\ ) /‘_\\’\"\
// \\\ f' /; X
I \\
\ \
\\\\ L Lo / Ll
0,

T BO, = €O, suy ra: BHO, = =CH,0, =30° ().

D
Hopg 10 /1 BH,, 0,0, CH, nén tir giic
17010 1a hinh biph hanh, két hop voi (1) suyra

(Xem f,‘t?-p trang 19)




Trong mét dé thi hoc sinh gioi c6 bai tap sau:
1

Cho ham 56 f(x)=log, x +3*—3*. Tim cdc gid

tri cuia tham s6 m dé phwong trinh
ST PR
4|x—m+1|+3 B e )_

c6 diung 3 nghiém thuc phan biét?

Co6 mét loi gidi nhwr sau:

Xétham sé f(x)=log, x+3" -3~

Piéu kién xéc dinh: x > 0. Ta co:

-1\ l - l ];_ x
f(x )—f( J log3x+3 3

X

1
=-(log3x+3" —3‘]

=—f(x)

1
va f(x)= +.°>".1113+—l,—3'r In3>0,
| xIn3 x
vx €(0;+), suy ra ham s6 f(x) déng bién

trén khoang (0;+%). Véy phuong trinh

1 N
f[ét],afﬂm-‘rIHBJ‘FJ(Jr & +7) 0
tuong duong VoI
f((4|x—m+1|+3)4|)+f(x2—4x+7):0

o (afp-m s+ 3+ S (7 —45+7)=0

c:f(4|x—-m+l|+3)=f(x2—4x+7)

¢>4|x—m+l|+3=x2—4x+7

=N 4|x—m+l|=(x—2)2
x* —8x+4m=0(1)

< LZ =4m-8  (2)
Ta nhén thiy (2) chi cé duy nhét 1 nghiém
duong khi m >2 va nghiém duong d6 la
x = /am -8 . Cho nén yéu cAu bai toan tré thanh:
phuong trinh

x* —8x+4m=0(1)

phai c6 hai nghiém duong phén biét khac \J4m—8.

Diéu nay twong duong voi

S=—2=8>0
a
P=S=4m>0
] a
A=16—-4m>0
L4m—8—8(\f4m—8)+4m¢0

m>0
Sim<4d
m—=1—-v4m-8=0
D<m<4
<= "
m—1#~4m -8
Khi m>2 thi

m—1=~4m -8
<:>(m—l)2 #4m -8 < m#3.
Két luan: 2<m<4 va m=3 la cac gia tri can
tim.
Cau héi: Theo cdc ban, 161 gidi trén ding hay
sai? Néu sai hay chi ra diém sai va diéu chinh
lai cho diing.

TRAN MINH VU
(GV THPT Tran Cao Van, Gia Lai)

, TOAN HOC
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