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C6 nhiéu dau hidu nhan biét hai dudng thing
vudng gbc, trong khudn khd bai viét ndy tac gia
xin phép néu umg dung cia hai dinh li co ban
trong sach gido khoa mén Toan l6p 8 vao vige
chimg minh hai duomg thing vudng goc nhur sau:

1, Trong tam gi4c vudng, dudng trung tuyén (mg
v&i canh huyén bang nira canh huyén.

2. Néu mdt tam gidc c6 duong trung tuyén mg
véi mot canh bing nira canh Ay thi tam giac do la

tam giac vudng.

Bai 1. Cho hinh vuong ABCD, !(}’_v E, F lin lueot
thuéc cdc canh AD, AB sao cho AE = AF. Goi H
la hinh chiéu vuong géc cua diém A trén duong
thang BE. Chimg minh CHF = 90°.

Lai gidi. (h.1)
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Hinh 1

Kéo dai AH cht CD tai M, ta c6 ABAE = AADM
(g.cg) =DM=AE=AF =CM=B8F
BFMC 14 hinh chit nhat. Goi I I3 giao diém cua
CFviBM = IF=IC=IM =1IB.

nén

Xét AMHB vudng tai H cd HI la dudng trung

myén (mg voi caoh huyen BM suy ra

HIl = éﬂ =£(-:- AFHC vudng tai H
2 2
= Cﬁ‘ =90°,

Bai 2. Cho hinh chiv nhdt ABCD (AB = AD) co O
la giao diém hai ducng chéo. Dwdng thang qud 0
va vuong goc voi BD cat €D, AD, AB lan lweot tai

E.F, G. Puong thang qua F song song voi AC cat

BC tai f. Chung minh f"'le =907,

L gidi. (h.2)

Hinh 2

Vi AF//HC viA AC//FH nén tr gidc ACHF la
hinh binh hanh = AF = HC = AB4F = ADCH

(c.g.c)::]ﬁ':@. Ma DHC = HDF (so le
trong) nén HDF = BFA . Do 6 tir giac BHDF 1A
hinh thang cén.

Goi M 1a trung diém cua EF, vi MO vira 13 dudmg
cao vira 1a dudng trung tuyén cua AMDB nén
MB=MD . Tam giac DEF c¢6 DM 1a dudng

trung tuyén \mg vdi canh huyén EF = MD = E;

=MD =MF =M thujc dudng trung tryc cua
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FD nén M ciing thudc dudng trung truc cia BH
(do BHDF la hinh thang cén) = MH =MB

EF

=>MH=MD=T = AHEF wvudong tai H

= F'Y-{E =90°,

Bai 3. Cho hinh chir nhdt ABCD, lay M va N trén
CD sao cho DM =CN. Puong thang qua M

vuong goc voi AM cat BC tai K. Ching minh

AN L NK.
Loi gidi. (h.3)
A B
I
K
D M X C
Hinh 3

Ta c6 ADMA=ACNB (c.g.c) = DAM =CBN

= MAB = NBA nén tir gidc ABNM 13 hinh thang
cin. Goi I 1a trung diém cua 4K, ta ¢o

AK ;
IB =—-2—=> IA=IB nén [ ndm trén dudng trung

truc AB, canh day cua hinh thang can ABNM nén /

thudc dudng trung truc MN suyra IM = IN.

Mait khac: tam giac MAK vudng tai M cd M7 1a

duong trung tuyén img v&1 canh huyén nén
AK AK .

Ml =——. Tu d6 suy ra IN :T nén tam giac

ANK wubng tai N = AN L NK.

Bai 4. Cho hinh vuong ABCD. Goi M. N lan luot
la trung diem cua AD, DC. Goi E la irung diem
cua DN va [ la giao diem cua AN va BE. Chung
minh MI L BE.

Lot gidi. (h.4)

Ta c6 AABM =ADAN (c.g.c)suyra AN L BM .
Ma ME //AN nén ME L MB. Kéo dai EM cit
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F Ta c6 AAMF =ADME (gcg)

AB tai
— ME =MF.
F A4 B
K
M
—
D E N c
Hinh 4

Xét ABEF c6 BM vira 1a duong cao vira 12 dudng
trung tuyén nén ABEF can tai B, suy ra BM la
dudng phén gidc cua ABEF.

. BM
Goi K la trung diém cua BM = AK = (1.

Vi AI//ME va BM L ME nén BM 1 Al . Xét

ABAI ¢é6 BM wvira la dudng cao vira la dudmg
phin gidc nén ABAI céin tai B suy ra BM la
duong trung truc cua ABAI = KI = 4K (2).

BM .
T (1) va (2) suy ra IK :T nén tam giac MIB

vudng tai [/ = M/ 1 BE.

B’:li 5. Che hinh « onge 1BCD Lay F £ {dn

lirort

P i 7 for 1cl ']
{revi cann ALY va tia doi cua tta CD sao cho

¢ o BE R £ - F § e
‘-'f_ =Csr. Gy "-J) i ""'.'U'() L?‘J’.”i‘ cua A( Va .’[-./

Chiene minh BM | EF.

Léi gidi. (h.5)

Ta co AABE =ACBF (c.g.c) suy ra BE = BF va
ABE =CBF = BE 1 BF . Goi M'1a trung diém
cua EF. Céc tam giac vuéng DEF va BEF co
DM'va BM'lan luot la cac duomg trung tuyén

mg v6&i canh huyén EF = DM'= BM' = = nén
2

M’ thudc dudng trung truc cua BD = M' e AC
=>M=M"nén BM 1 EF (do tam giac BEF
vudng can tai B).
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Hinh 5

Bai 6. Cho hinh vuéng ABCD. Lay hai dicm M, N
bat ki lan leot trén céc canh BC, CD sao cho
MAN =45°,

a) Chimg minh MN = BM + DN,

b) Ha AH vuong goc voi MN tai H BD cat AM,
AN ldn heot tai P, Q. Ching minh AH, MO, PN

dong quv.

Léi gidi. (h.6)

Hinh 6

a) Ly diém I trén tia ddi cua tia DC sao cho
DI = BM = AABM =AADI (c.g.c)=> Al = AM
va DAl = BAM . Mit khac

DAN + BAM =90° — MAN =90° -

45° =45°,

tir 46 suy ra: DAN + DAI = BAM + DAN = 45°,

Xét AIAN va  AMAN  co6  Al=AM;
m=ﬁm=45° va canh AN  chung

= AIAN = AMAN (c.g.c)
— MN = NI = ND + DI = ND + BM
(do DI =BM).
b) Vi Al =AM va

[AN + MAN =45°+ 45° = 90°
nén AAMI vudng cén tai A.

Goi Q' 1a giao diém caa AN va IM, vi tam giac
AIM vubng cén tai 4 c6 AN la dudng phan giac
nén AN ciing la dudng trung tuyén = /Q' = MQ".
Xét tam giac AMI vuong can tai 4 c6 AQ" 1
dudng tmng tuyén Vmg v&i canh huyén IM nén

AQ'=—. Ma CQ' la duong trung tuyén img

véi canh huyén IM cua tam giac vubng CIM nén
I

Q' = M

Do d6 AQ =CQ', nén Q' thugc dudng trung truc

ciaAC > Q'eBD=Q'=0 = MQ L AN.

Tuong tw NP L AM. Viy AH, MO, PN lan lugt 12

cic dudmg cao cua tam giac AMN nén chung
ddng quy.

Bai 7. Cho hinh vuong ABCD. Goi M, N lan lot
la trung diém cua BC va CD. Goi I la giao diém
cua AC va MN, F la trung diem cua Al Ké IK
K. Chirng

vieong  goc voi NF  tai minh

AKM =90°.
Loi gidi.
Cich 1 (h.7)

A\‘\ . |
i’\E/, ‘l
Nt
/[ \
D }V/ A‘C'

Hinh 7

Vi M, N lan luot 1a trung diém cua BC va CD nén
AC vudng goc voi1 MN tai 1.

Goi E la trung diém ctia AM, P 14 diém ddi ximg
véi F qua diém E. Ta c6 EF la dudng trung binh
cua tam giac AMI nén FP=MI va FP //MI .

(Xem tiép trang 26)
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HUONG DAN GIAI BE THI CHON HOC SINH GIOI LOP 9
TINH NAM DINH
NAM HOQC 2022 - 2023

Ciu 1.

1) Cho a, b, cla cdic sé thiec duong thoa man

LS P S .

2 5 o me ung minh
be+1 ac+1 ba+1
3 ek =
a+1 p +1

2) Cho da thirc

¢ +1 :

P(x)=(x+1)(x+2)(x+3)..(x+ 2022).
Khi khai trién da thirc P (x) ta duwoc

— _ 2 2021 2022
P(X)=ay+a,x+a,x" +...+ @y ™ +a,, x

Tinh gia tri cua biéu thirc
oA tatat. +ay, a,
a,+a, +a, +..+a,,,

Loi gigi. 1) Ta cé6:
1. 1. 1 1

—+—+—=—-ab+bc+ac=1.
a b ¢ abc

Khi d6:
bc+1 bc+ab+bc+ac  bla+c)+cla+b)

a*+1 a*+ab+bc+ac  (a+c)Xa+b)
b c
= + :
a+b a+c
, ac+1 a c
Chimmg minh tuong ty: — +

b*+1 a+b b+c
ab+1 _a . b

va c2+1 a+c b+c
Do 46:
bc+l+ar:+l_'_‘ba+l= b 2 € a
at+1 b +1 c*+1 a+b a+c a+b
Fod a b
+ + +
b+c a+c b+c
=(b+a)+(c+a]
a+b a+b a+c a+c
b, ¢ ]
\b+ec b+c
TOAN HOC "
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=1+1+1=3.
bt;:+1 af+1+b§z+1=3 khi
a+1 b +1 c“+1
l l.'..l:—l_- va a,b,c>0.
a b ¢ abc
2) Ta co:

P(x)=a, + ax +a,x* +...+ a,,, x**?
= (x4 1)(x + 2)(x + 3)...(x + 2022)

= P(l)=a, +a,.1+ a,.1* +...4+ a,,,, 1*?
=1+ 11+ 2)(1+3)...(1+ 2022)
= P(l)=a, +a, +a, +...+ a,,, = 2023!
Lai cé:
P(-1)=a, +a,.(=1)+ a,.(=1)* +... + @y, .(-1)*"
=(-1+1)(-1+2)..(-1+2022)
=>P(-)=a,—-a,+a, —...+a,,, =0
=yt oty =0 8 0y +oiF Gy

Ma g, +a +a,+..+a,,, =2023!

2023!
5

= ay+a,t..tay,, =0 +a;+..04,,, =

Ta co:

P(0)=a, +a,.0 + a,.0° + ...+ a,, 0"
={0+1)(0+2)...(0+2022)

= P(0) = a, = 2022!

Do 46:

S_al+a,+as+...+am, _ dy

a,+a, +a,+..+ a5, 2(a, +a, +a; +---+azozl)

2022 _ . 2022!
20231 2023!
T2

12022
2023  2023°

Z




Cau 2. 1) Giai phicong trinh
(x+1)(3x + V54T -3) = a3 —2,
2) Giai hé phuong trinh
x(y+1)+y=3
[m 2-xy =2
Loi giai.

x+120

1) Diéu kién x4c dinh: o x20
x*20 o

Khi d6 phuong trinh 43 cho twong duong véi

3x? +3x—3x =3+ (x +D)f(x +1) =4xv/x -2
&3 —Axx + x4+ (x+)J(x+1) - (x+1)=0
& x(3x-4vx +1)+ @+ D(Jx+D -1)=0

(x+Dx -0

Jx+1+1—
(x+1)

o x 3x—4\/;+1+-—~——-—-—]=0
( Nx+1+1

@x(3x—4\/;+1)+

(x=0

r—3 x+1 =0.
3x—4Jx + 1+ -
{ Vx+1+1

Ta thay:

1 x+2+Vx+1
3x—4Jx +1 X x4 ———
AL e 7 Y

_3(\/;1)25:?#__ Jrel 4
3 Jx+1+1 3
N —2J
=3[J_—2'J +6x+4 2Vx+1
3 ﬁ(Jx+1+1)
J_ 212 (\/x+l—l)2+5x+2
=3 e (e = >0.
( 3] 5(Jx+1+1)

Ta thdy x = 0 thoéa man didu kién. Viy tat ca céc
nghiém cua phuong trinh 43 cho 1a x=0.

5

L 5-2(x+y)20 |x+ysS—

2) Piéu kién: 2250 < 2.
Z—X}’ xzyZSz

X 4
Ket hop véi phuong trinh diu tong bé ta duge
diéu kién —;-Sxys\fi_!.
Tu phuong trinh

x()’+l)+}’=3<=>.xy+x+y=3C>x+y=3—xy
thév:lophuo‘ngtrinh

\/5—2(x+y)+\/2—_x2y2 =2

ta duge: 5-2(3-xy) +4/2-x7)? =2

S V5-6+2xy +2-x*)? =2

S V2 -1+2-x%? =2

©4-22xy-1-22-x*? =0

S 20y -1-2\2xy - 1+1)+ (2 - x*)
—22- 2 + 1)+ (x%y? =2y +1) =0

@(\[hy——l—l)z +(~J2_—ITJ/2—1)2+(A)'—])2=0.

((,/ny—l—l)zzo
Vi %Sxysﬁ thi 4(,/2-;2}3 -1)2 >0.

(xy-1)"20
Do do: M
(V2o —1-1) +(y2-257 -1) +Cw-1* =0
[(ﬁ"y_:‘])z=° Tyl
P (\/'2_-}?'—1)2:0@ J2-xy7 =1
(y=1)" =0 o=t
o xy=1.

Véi xy=1 kéthgp véi x+y=3-xy tadugc:
=2 x=2- x=2-
i e
xy=1 2-yy=1 (y=-1)*=0

ox=y=1
Ta théy x=y=1thoa man diéu ki¢n. Vay hé
phuong trinh ¢6 nghiém duy nhat 13 (x;») = (1)

TORN HOC
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Cau 3. 1) Tim tar ca cac sé nguyen (o p,q sao
X 4 2000 3 [ 2 >
cho p* -¢*(p +q +1)=(g" +1) .
2) Cho m,n,p,q la céc sé nguyeén thoa man

(m+n+p+q):30.

Chirng minh rang (m‘< +n'+p°+ qj]:.30.

Loi gigi. 1) Taco: p* —g*(p* +¢° +1)=(q2 +1)2
@ p =g+ ~¢*(p* +4* +1)=0

<::>(p2 +q2 +1)(pz—qr2 —l)—qz(p2 +q2 +1)=0
< (p? +¢* +1)(p* - 247 -1)=0

<::>(p2+qr2 +1)(1:;o2—2q2 —1)=0

< p-2¢-1=0 (do p,q 1a cac sé nguyén t)
< pP-1=24°
< (p-D(p+1) =24

Néu p=2= C-D2+D)=2¢* = 4* =% (loai
do g lasb nguyén tb).
Néu p>3ma p nguyén t5 thi p—1 va p+11a
cac sb chin, do d6: (p—1)(p +1):4
=2¢’14=4%2, magnguyéntd = g=2.
Thay g=2 viao p’-1=2¢"= p? =9=p=3
thda man.

PO A LA , |p=3
Vay tat ca cac nguyéntd p,qg la 5

q =

2) Ta cé:
m’ —m=m(m* —1) = m(m—1)(m+1)(m*> +1)
=m(m—1)(m+1)(m* +1)
=m(m—1)(m+1)(m* —4+5)
=m(m —1)(m+1)(m—2)(m+2)+ Sm(m —1)(m +1).
Ta c6 m(m—1)(m+1)(m—2)(m+2) la tich cua 5
s6 nguyén lién tiép nén chia hét cho 2,3 va 5.
5m(m —1)(m +1) 1a tich cua 5 va 3 s nguyén lién
tiép nén chia hét cho 2, 3 va 5.
Vi(2,3)=1va(5,6)=1nén
S8 553(7-2023)
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m(m =1)(m +1)(m = 2)(m + 2):30
va 5m(m —1)(m +1):30.

Do dé:
m(m —1)(m +1)(m — 2)(m + 2) + Sm(m — 1)(m + 1):30

:>(m5 —m)f30.
n —ni30
Ching minh trong tur ta dugce < p° — p:30.
g’ —q:30

Do d6 (m5 +n’ +p’° +q5)—(m+n+p+q)530
ma (m+n+ p+q):30, viy
m’ +n’ +p° +q°:30.

Cau 4. Cho tam giac nhon ABC voi AB < AC
ngi tiép duong tron(0Q). Goi BH va CQ la hai
dieong cao cua tam giac ABC. Tfép tuyén tai B va
tai C cua dwong tron (O)cat nhau tai M. Pogn
thing OM cdr BC va cdt dicong tron (O) lin
leot tai N va D. Tia AD cdt BC tai F: AM cdr BC
tai E va cat diomg tron (O) tai diém thir hai la K
(N khac A).
1y Chitng minh rang: BKC=ACKB va
ABM = AHN.
2) Goi [ la tim ceomg tron ngoai tiép tam gilac
AFN. Chimg minh 1OM + ADN = 180"
3) Qua E ke dwong thang vuong goc voi BC cdt
OH 1ai G. Chieng minh ba diéem A. G. N thang
hang.
Loi  gidi. 1) Trong dudng tron (O) c¢6
MBK = BAK (géc noi tiép va gbc tao bai tia tiép
tuyén va day cung chin gf).
Xeét AMBK va AMAB cbé:

MBK = BAK va chung BMK

= AMBK va AMAB ddng dang



BK _MB
BK_MB
AB MA
x
B
o
4
xky = G
2 H
M = W s
C

Tuong tu ta chimg minh duge AMCK va AMAC

X CK MC
déng dang = —=—— (2).
& GRng AC MA (2)

Do MB;MC 1a tiép tuyén cua dudng tron (O)
nén MB = MC (3).
Tu (1), (2) va (3) suy ra:

—i—i; K = AB.CK = AC.BK.
Trong (O) co: ACB = ABx (goc ndi tip va goc
tao boi tia tiép tuyén va diy cung chin AB );

MB = MC; OB = OC = OM 1a dudng trung truc
cua BC = N la trung diém cta BC.

Do BH la duong cao cua A4ABC nén ABHC
vudng tai H, ma N la trung diém cua BC
nén NB=NC=NH nén ANHCcin tai N
= NHC = ACB. Do 86 NIIC = ABx.
Tacé: NHC + AHN =180
ABx + ABM =180,

NHC = 4Bx=> AHN = ABM.
2) Ké tia MO cit dudng tron (O) tai diém thir hai
4 S khac diém D = SN L BC = FNS = 90°
== N thudc dudng tron dudng kinh FS.

Trong (0)cé: DAS =90° (géc néi tiép chin nira
dudng tron) hay FAS =90° = Athuéc dudmg
tron dudng kinh FS.

Do d6 4 diém A, F, N, S cing thudc dudng tron
dudng kinh FS. Suy ra tam J ciia dudng tron ngoai
tiép AAFN 14 trung diém cua FS.

Trong ADFS c6 I 1a trung diém cua FS; O la trung
diém cua DS = OI 1a dudng trung binh

= OI /| DF = OI //AD => IOM + ADN =180°.

3) Goi G’ la giao diém cua AN va OH.

Chimg minh dugc AABH va ABMN dong dang

AH  AB AH AB
= = 3 : NB = NH = = ?
BN B> % NH  BM

ma AHN = ABM suy ra AAHN va AABM dong

dang. Do d6 NAH = MAB hay G AH = EAB (4).
Chimg minh dugc AAQC va AAHB ddng dang

A0 AL

, suy ra AAQOH va AACB dén
AH AB ¥ Q &

—

dang. Do @6 AHQ = ABC hay AHG = ABE (5).

Tir (4) va (5) suy ra AAHG' va AABE ddng dang

AG'  AH AH AN "
= = ma = (do AAHN va
AE AB AB  AM
\ ! 7
AABM dbéng dang) = A6 = AN :
AE  AM

Theo dinh li Thales ddo suyra EG'// MN.

Tacoé EG//MN (vicung vudng goc véi BC). Do
d6 E, G, G’ thing hang, ma G, G' € OH,suy ra G,
G' trung nhau. Vay ba diém 4, G, N thing hang.
Cau 5. 1) Ldv 2018 diém phéan biét ¢ mién trong
cua mot ngi gidae loi cing voi S dinh cua ngii gidce
do ta duoc 2023 diem phan biét sao cho khong ¢o
ba diém nao thang hang. Biér dién tich cua ngii

giac la 1 don vi. Chirng minh rang ton 1ai moér tam

TOAN HOC
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gide ¢6 3 dinh Ia‘:r tir 2023 diém di cho 6 dién

; . o
tich khong vieot qua —— don Vi,
4039
2) Xét a, b, ¢ la cic s6 thue duong thoa mdan
a+b+c23. Hay tim gia i lon nhét cua biéu
l 1 1

fhlll'(,' Q :—1__ =
a +b+c

a+b’ +c a+b+et
Lot gidi.
1) Néi céc diém trong 2023 didm d3 cho tao thianh
cdc tam gidc ddi mét chi chung nhidu nhit mét
canh, phu vira kin ngi gidc. Gid sir ¢6 n tam gidc
dugc tao thanh. Khi d6 tong tit ca cac goc cua n
tam giac nay l1a n.180°,
Tong trén c6 thé tinh théng qua nhimg téng sau:
- Téng céc g6c xung quanh mét diém trong ngi
gidc 1d 360° ma c6 2018 diém trong ngii gidc nén
téng s6 do cac g6c xung quanh 2018 diém d6 la
2018.360°.
- Téng cac géc trong cua ngii giac 13 3.180°.
Do @6 ta co:

n.180°=3.180°+2018.360° = n = 4039.
Nhu vdy ta c6 4039 tam gidc ddi mét chi chung
nhiéu nhat mdt canh tao thanh tir 2023 diém phan
biét nhur dé bai phu kin hinh ngi giac. Vi dién tich
cua ngii giac 12 1 don vj nén lubn ton tai mot tam

don vi.

i b dién tich khé ui
giac c6 dién tic ong vugt q 2039

2)Taco: x(y-1)*20 véi x,y>0
=0’ -2xy+x20=>x° +x22xy
=32+ + 0t +x2(x+y)?
= Y (x+ 1)+ x(x+1) 2 (x + y)?
= (Y +x)(x+1)2(x+y)?

1 x+1
y2+x (x+y)2 ‘

TOAN HOC
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Ping thirc xay ra khi y=1.

Vay ——<—* 9 usi x50,
Yo+x (x+y)
Ap dung BPT (*) ta co:
1 b+c+l

S .
a’+b+c (a+b+c)’

1 o ate+l
a+b’+c” (a+b+c)?’

1 < bta+l
a+b+ct " (a+b+c)’

Cong theo vé ba bat ding thirc trén ta duoc:

1 1 1
== 2 + 2
a‘’+b+c a+b'+c a+b+c
<2(.:1r+b+c)+3
T (a+b+c)

2(a+‘b+c)+3<

Ta chi inh:
4 Chtmg min (@a+b+c)’

That vay:
2(a+b+c)+3<
(a+b+c)?
S (a+b+cyY ~2@+b+c)-320
S @+b+c+i)a+b+c-3)20
ludn diing do a+ b +¢ > 3. Suy ra:
1 1 1
2 + 2 * 2
a’+b+c a+b’+c a+b+c
<2(a+b+c)~e~3

(a+b+c)
<l

Vay maxQ = 1 khi
a+b+c-3=0

a=1
Sa=b=c=1.
b=1
c=1
TRAN XUAN PANG
(5/7/136 Phan Dinh Phing, TP. Nam Bjnk)
Gidi thigu

-— e W W W




DE THI CHON HOC SINH GIOI LOP 9 TINH BAC NINH

NAM HOC 2022 - 2023
MON THL: TOAN
(Thoi gian lam bai: 150 phuir)

Ciu 1 (4,0 diém).
1) Cho biéu thirc

R

il H%. Rit gon bidu thisc P

véi x>0,

va tim gia tri cua x dé P:g-.
2) Goi 4 va B 1a giao diém cua dudng thing
d:y=-x+2 voi parabol (P):y=x* Tinh dién
tich tam gidc OAB (O 1a gbc toa do).

Ciu 2 (4,0 diém).

1) Giai hé phuong trinh

2x* +3xy -2y -5(2x-y) =0
{xz—ny—By2+15=0 '
2) Giai phuong trinh
Iax+1+4x3x -2 =3 +4x+5.
Ciu 3 (3,0 diém).
1) Tim céc cip sé nguyén (x;y) thoa man
y(x-1)=x*+2.

2) V&i mbi sb nguyén a, goi x,,x, la cic nghiém
cia phuong trinh x° +2ax—-1=0. Chimg minh
(x,z” —xf")(x,"’ - x,") chia hét cho 48 véi moi 56
tu nhién n.

Ciu 4 (6,0 diém).

1) Cho tam giac ABC ndi tiép dudng tron tim O,
D la diém bat ki thudc canh BC (D khac B va
C). Goi M, N lan luot 1a trung diém cua cic

canh AB va AC. Pudng thing MN cat dudng
tron (O) tai P, Q saocho M nim gita P va

N . Dudng tron ngoai tiép tam gidc BDP cat AB
tai 7 (khic B). Cac dudng thing DI va AC cit
nhau tai K.

a) Chimg minh PID = PAC . Tir 6 suy ra 4 diém
A, I, P, K cing thugc mét duong tron.

b) Chimg minh APBD déng dang voi APAK va
04_rp

0B PK

c) Dudng thing CP cit dudng tron ngoai tiép tam
gidc BDP tai G (khac P). Duong thing IG cét
dudng thang BC tai E. Chimg minh khi D di

chuyén trén doan BC thi ti sb % khong doi.

2) Cho tir gidc ndi tiép ABCD. Chimg minh
AB-CD + AD-BC = AC -BD.

Cau s (3.0 diem).

1) Cho 3 sb thoa

1€£a<3:1<h<3;1€c<3 va a+b+c=6.Tim

thuc  a,b,c man

gid tri 1dm nhat caa biéu thire F =a” +b* +¢7.
2) Cho da gidc 10i 4,4, ... 4,,,. Tai mdi dinh 4,
(k=1,2,..,2024), ngudi ta ghi mot s6 thuc a,
sao cho gia tri tuyét dbi cna hiéu hai s trén hai
dinh ké& nhau bang mét sé nguyén duong khéng
16m hon 3. Tim gi4 tri 16n nhét c6 thé dugc cua gia
tri tuyét déi cua hidu giira hai sb ghi trén méi cdp
dinh cua da giac di cho, biét rang cac sé ghi tai
cac dinh da cho d6i mét khac nhau.
NGUYEN VAN XA
(GV THPT Yén Phong 56 2, Yén Phong, Béc Ninh)

Gidi thigu
, TOAN HOC
S6 553(7-2023) " Suéifre 9
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CuA P

THEO CHUONG TRI‘;\H VA ‘2( K M1

Trong cude sc'mg hang ngay, ai ai trong chung ta
ciing déu phai udng nudc. Thuong thi nude sé
dugc udng bang ly (hay con goi 1a cée). Co ngudi
sé udng hét ly nhung ciing c6 ngudi udng dugce
mot phin nuéc trong ly réi dimg lai. Ching han,
¢6 mét chiéc ly hinh tru chira day nudc, ta sé udng
di mot phan nudc va phin con lai dugc thé hién
nhu trong hinh 1 va hinh 2 dugi day.

Hinh 1 Hinh 2

Mét cau hoi ty nhién dugc dat ra ¢ day la: Lugng
nudc con lai trong cac ly 1a bao nhiéu?

Doi v6i hinh 1, vi nudc con lai trong ly vira pha
tron mit ddy nén ching ta dé dang suy ra dugc

P 5 1 : .
phan nudc nay bang 3 thé tich cua ly. Tuy nhién,

dbi v&i phan nuéc trong ly nhu & hinh 2 thi viéc
dua ra mét con so chinh xéac la khong dé dang, dé
tinh dugc chinh xac thé tich cua né, ching ta cin
phai dung dén phép tinh tich phan.

Trong bai viét nay, ching t6i sé dé cap vé img
dung cua phép tinh tich phan dé tinh thé tich cua
nudc trong mot chiéc ly hinh try khi chiing ta

" nghiéng chiéc ly & cic goc nghiéng khac nhau,

Két qua nay nhim dong gép mot phin nho bé
dugc thé hién trong quan diém khi xdy dung
chuong trinh mén toan ddi véi Chuong trinh gido

TOAN HOC
* CTuditre  S8553(7-2023)
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MUT U G BU!QS

» TRy
HEP TINH TICH PHAN

Mo s o oy g

PHAN THE HAI

(GY CDSP Ba Rya - Viing Tiju{)-
duc phé thong 2018, d6 la: Chuong trinh mon
toan chii trong tinh img dung, gdn két véi thuc
tién hay cac mon hoc, hoat dong gido duc khac,
ddc biét véi cdc mén hoc nham thuc hién gido duc
STEM, gcfn véi xu huomg phat trién hién dai cua
kinh té. khoa hoc, doi sc";ng xd héi va nhing vén
dé cap thiét ¢6 tinh toan cau, ...
1. N§i dung )
I.1. Cong thire tinh theé tich cua mét vat thé
Gia sir ching ta cat mot vat thé T boi hai mat
phing (P) va (Q) vudng gbc véi truc Ox lin lugt
b (a < b). Mét mat phang tuy y
vudng géc voi Ox tai diém x (a<x<bh) cit T
theo thiét dién c6 dién tich 1 S(x) (xem hinh 3).

tai x =g, x =

Hinh 3

Gia st S(x) 1a mét ham sb lién tuc trén doan
[.b], khi d6 thé tich ¥ cia phén vat thé T gioi
han bdi hai mat phing (P) va (Q) duoe tinh theo

b
cong thirc ¥ =IS(x)dx_

1.2. Tinh thé tich con lai cua nuée trong ly

Trong phin tlep theo sau day, chiéc ly duoc xem
xét 1a chiéc ly thuy tinh hinh tru ¢6 ban kinh day r,
chiéu cao L va tim day la C. Gia st chiée ly dugc
d6 day nudc. Khi do, thé tich cua nudc trong ly la

V, =nr’L. Bay gi0, ching ta s& dd bét nude ra

ngoai trong cic trudmg hop cu thé nhu sau:



bompavan

Trudmg hop 1. Ching ta s& nghiéng chiéc ly sao
cho phén nuéc con lai trong ly c6 giao tuyén tao
bdi mit nuéce va thanh ly (khong phai day ly) cach
chu vi day & chd ngén nhat mot khoang 12 4. Khi
d6, thé tich nudc trong ly con lai la bao nhiéu so
vl Vy?

Loi gidi.

Hinh 4

Trude hét ching ta chon tryuc toa 6 Cx, (xem hinh
4). Mit phing POBA la mit phang vudng goc véi
truc Cx va di qua tdm C. Biy gio ta cat khéi nuée
theo mot thiét dién vudbng goc véi truc Cx va di
qua diém c6 hoanh d6 x, khi d6 thiét dién 13 hinh
thang vudng STUV c6 chiéu cao la SV. Néu
S(x) la dién tich cua hinh thang STUV thi thé tich

cua khéi nude s& 13 ¥ = [ S(x)dx. Dé tinh di¢n

tich hinh thang STUV , ta chiéu vudng goc hinh
thang nay lén mit phang chira hinh thang vuéng
POBA. Goi hinh chiéu cta hinh thang STUV la
hinh thang ST'U'V’ (xem hinh 5). Khi d6, ta c6

PQ=h, AB=L, PA=2r, SfV’ZSV=2\/r2 _xz 5 do
do:

PS' =V A= (PA=SV") =2 -2 =7
—rr -
va PV’=PA—V'A:2r—(r—\/r2_x2)
=r+\lr2 -xt,

p__0Q

s I’

V* <

4 B B
Hinh 5

Lic nay ta co:

PS' r—Nrt-x* . PV’ _ r+rl—x?

—= va
PA 2r PA 2r
Xét hinh thang POBA thi ching ta d& dang chimg
PS'
i ST=ST' =h+(L-h)—
minh dugc: S ( ) P
f—\li‘z —JC2
= N i, -
h+( ) e
PV’
: VU=VU =h+(L-h)—
va ( ) i
f2 2
=h+(L- h)L’___x__
2r
Do d6: S(x) :%.SV.(ST+ vU) =%.2. rP—x* x
2 2 2 2
x[h+(L_h)L—_;:f_+h+(L_h)r+__ \fzﬂ]
¥ ¥

=(L+h)\/‘r2 -x*. Vay V = J'(L-i-h)\/rz —x’dx

=(L+h
( ) 2 2 r

r
2
ANF *Xz )"'2 . X
—— 4+ —.arcsin—
-r

“(L+h 2
_mLHR) 1, arth
2 2

Nhin xéto Khi h=0 thi y =1y 770 _1,
2 2 27

Day chinh 14 truémg hop nudce trong ly nhe Hinh 1
d dugc dé cap & phan dau cia bai viét nay.

-Khih=£thi
3
1 ar*h 1 il 1 1
Foal gt Doy BP0 ol 2
2% 19 2°+6 2V°+6V°‘3V°'

Day 12 mdt két qua bit ngd va rt thi vi vi khi ta

TOAN HOC 11




N 1 [ % ’
nghiéng ly sao cho A bang 3 chiéu cao cua ly, luc

: o s 1 oua
d6 lugng nudc bi do ra ngoai dung bang 3 thé

tich cua ly.

2
L
e Khi h=L thi V:%V,ﬁ’"

=¥,. Déy chinh

14 ltic nudc dang day ly.

e Trong 1&i giai néu trén, chung ta da dung mot
cong cu manh dé giai quyét bai toan, d6 la phép
tinh tich phan. Thuc ra, trong truong hop nay,
chung ta co thé tinh toan don gian hon nhu sau.
Ching ta s& chia hinh try thanh 2 phan. Phan 1 13
hinh try c6 chidu cao bing  tinh tir day 1én. Phin
2 14 phén hinh tru con lai. DSi véi phan 1 thi thé
tich caa nudc s& 14 ¥, = 7r’*h (do phan niy chira
diy nuéc). Pbi voi phan 2 thi do n6 cé chiéu cao
12 L —h va nude chiém mét nira nén thé tich nudce

s 1a ¥, =%n’r2(L—h). Nhu vay, thé tich nuéc

hgp 1 sé& 1a
ar* (L +h)
—
Trudng hop 2. Chung ta s€ nghiéng chiéc ly sao
cho phan nuéc con lai trong ly c6 giao tuyén tao
bol mit nudc va ddy ly cach tdim C mot khoang 1a
h v& phia trén. Khi d6, thé tich nudc trong ly con
lai la bao nhiéu so vdi Vy?

Loi gidi: V& tryc Cx song song v&i mit nudc khi
nghiéng. Bay gid ta cat khéi nudc theo mét thiét
dién vudng goc véi truc Cx va di qua diém co
hoanh dé x thi trong truomg hop nay, van dé trd

con lai  trong trudng

V=V, +V2=;rr2h+%m-2(L—h)=

nén phuc tap honm. Cu thé la, trong doan

[_J,Z —n: P ~h2:t trén truc Cx thi thiét dién

1A hinh tam gidc nhung tai cic doan
[—r; —\!rz—hz] va [v‘rl—hz; r:l trén truc Cx

thi thiét dién lai 1 hinh thang.
+ Truéc hét, ta can tinh todn trong truong hop
thiét dién 1a hinh tam tirc

xe[—\/rz — % P —hz}.

giac,

TOAN HOC .
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Ciing 1y luan nhv truémg ho? 1, clh\'mg ta chon ;:;1;
toa 46 Cx va mot s6 thong tin khac nhu trong

6 dudi day.

Hinh 6

Bay gio ta cét khdi nudc theo mot thiét dién vudng
gbc voi truc Cx va di qua diém c6 hoanh dd x, khi
6 thibt dién 13 tam gidc vudng DEF (vudng tai E).
Chiéu vudng goéc tam gidc nay lén mit phang
vudng goc voi truc Cx va di qua tam C. Khi do,
c4c canh cua tam giac DEF c6 quan hé voi L, rva
h duoc thé hién nhu trong hinh 7.

f L !
Hinh 7
DE EF
1 =— nén EF = L DE.
r+h r+h

_ .2 2 A g L g ;
Do DE =+r"—x" +h nén ta co dién tich cua tam

giac DEF la: S(x) =%.DE.EF - DE?

2(r+h)
L 2 2 2 2 P
_2(r+h)[(r X' )+ + 2 —x‘]
ViyV, = S(x)dx = L 2_ 2
1 J,'Tl'_',,‘z 20 +7) _m(r x)dx+
+h? j dx +2h I = e
R P



« 25 j r —x?dx
N R
Jr:—hz
xNri=-x*
=2h —2—+— arcsin —
i Wears

+—.arcsin
2 r

2

2 12
=2h£hv’r2 —h 4+ arcsinr—h—}.
r
L {Z[Zrzxfrz —H +h2\/?‘2 ~n ]

Do do: ¥, =

2r+h) 3

" 2 12
120 — i +2h{h\/r2—h2 T Ll ]}
5

28 - 1

L 2P e R
r+h 3

r

r’—h?
+hr? arcsin ———

L [2#%2 B+ TR R

+h 3 r

J 2 2
+hr? arcsin - A }

+ Tiép theo, ching ta cin tinh toan trong truomg
hop thiét dién 13 hinh thang, tirc 1a x thudc céc

doan [—"; —Vr —hz] va |:\lr2 -h*, r].
Ciing ly ludn nhu trén, ching ta chon truc toa dd

Cx va mét s6 thong tin khac nhu trong hinh 8 dudi
day.

Hinh 8

Mit phang PAB 1a mit phing vudng géc véi truc
Cx va di qua tam C. Khi ching ta cét khéi nudc
theo mét thiét dién vudng géc véi truc Cx va di
qua diém c6 hoanh dé x ma x thudc cic doan

[-r; =7 =i | va V= #; 7 | thidt dien

1a hinh thang vuéng STUV c6 chiéu cao 1a SV.

Gia su hinh chiéu vudng goc cua hinh thang STUV
1én mét phing PAB 1a hinh thang S'TU'V" (xem
hinh 9). Khi d6, xét hai tam giac dong dang la

APS'T' va APAB ta co: £=£
PA AB

V'L 4
A L B
Hinh 9
' L(h —Vr?—x? )
=>ST=S'T'=AB'PS = :
P4 r+h
Mét cach twong tu, ta co: —]1 = V_U
PA  AB

TOAN H
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VU <y < ABLAVA)
PA
L(("+h)—r+\/r2—x3) L(h+\fr2—x2)
B r+h - r+h '

Do d6: S(x)= %.SV.(ST +VU)
2 2

L{h=r' =) L(h+dr =2

L]
2 r+h

2hLNF - X .
=————— Viy

r+h

r 2 2 r
2hlNr - x dx=4hL J_Lmdx

r+h

V=2
r+h r+h

r—n? 2

4hL | xNPF =x* P

"
. X
= +—.arcsin—
[ENE)

_P‘+h 2 2 r
NEyT)
csin————
r

_anL(at mlron P
=

r+h\ 4 2

2 2
L [hnrz—thdrz-hz-zhrzarcsin” A ]

r+h r

Tom lai, thé tich cua khéi nuéc trong treomg hop 2

nay la

V=V1+V2=

L {[2)’2\11‘2 R+ TR - i

r+h 3
r2_h2
r

[2 42
+[Imr2 — 2K\ r? = h* = 2hr* arcsin r_h_”
p
L [Zrz\/rz—kz + B P =R .

+ hr? arcsin

T+ h

3

2 .
+hzr? — hr? arcsin

r2_h2
¥

=)
TORAN HOC ]
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r+h

2 2
= A [\/r2 - K .Ef*;i+hr" [n’ —arcsin
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Nhdn xét.

3z
chinh 1a truémg hop nudc trong ly nhu Hinh 2 da

2 2 X
« Khi h=0 thi V=2’3L _ 2y ~0,21¥, Pay

duogc d& cap o phéan déu cla bai viét nay.

2
7L _ly  bay chinh 1a
2 2

o Khi A=r thi V=

truomg hop nuée trong ly nhu Hinh 1 da dugce dé
céip & phan du cua bai viét va ciing da dugc binh
luin trong trwomg hop 1 khi h=0.

Trwong hop 3: Ching ta s& nghiéng chiéc ly sao
cho phin nuéc con lai trong ly ¢6 giao tuyén tao
boi mit nude va day ly cach tim C mot khoang la
h vé phia dudi (véi diéu kién 14 A=r). Khi dé,
thé tich nudc trong ly con lai la bao nhiéu so véi
Vo?

Lai gigi: Chung ta chon truc toa d6 Cx va mot sb
thong tin khac nhu trong hinh 10 dudi day.

Hinh 10

By gid ta ciit khéi nuéce theo mét thiét dién vudng
goe vai trye Cx va di qua diém c6 hoanh db x, khi
do tl’liét dién 1 tam gidc vudng DEF (vudng tai E).
Chiéu vudng géc tam gisc nay 16n mat phing
vudng goc véi truc Cx va di qua tam C. Khi do,
cac canh cta tam gisc DEF ¢4 quan hé véi L, r va

h dugce thé hién nhy trong hinh 11



D
ELF r_|:h
f L {
Hinh 11
Vi 5 =-E£ nén EF = L DE.
r—h B

Do DE =+r* —x* —h nén ta co dién tich cia tam
giac DEF la:

S(x)=l.DE.EF= & .DE?
2 2(r—nh)
=2(Lh)[(rl—x2)+h2—2h\}r2—x2:|.
.
Viy
.. b V?(rz—xz)dx++h2 F[T il —
Ar=h| gz e
—2h J.h \/rz-—xzdx:l.
NS
Ta co:
. I (rz—xz)dx=2 I (rz—xz)dx
R 0
, WA-r?
=2[r2x—f-:|
3
| o m (RN R
3
_9 FZrZ\[rz N
=2. Z )
\/r:_‘_; 1,3
o i h dx =[h1x]_:,J’:_—:; =2n* NP —h.
Ny
N
o —2h j Vrt = x*dx

I S

2

P =i
_zh[erz -x* xj\

+—.arcsin—
2 2 r [T
N 2 NP =R
=-2h +—.arcsin -
"

Wrr-h r? NP =R
) 4+ arcsin———
2 2 r
(2 2
=-2) [h\/rz —h* +rtarcsin r_h_]
Id

Do d6:
yo L[ 2P R arr R
200 -h)|

3
rl-_hl
r

+2h2r - P —21{}: r’ —h® +r* arcsin

r—nh 3

_ L [2r2Vr2—h2 N _

—hr? arcsin

h=0

Nhin xét. Khi thi

y-L2
r

3 3
2 A e il e oo .
-—-3—HV0 ~0,21V,. Day chinh la trudng hop nudc
trong ly nhu Hinh 2 &3 duoc && cap ¢ phin dau
cua bai viét ndy va ciing da dugc binh luan trong
truong hop 2 khi h=0.

2. Két ludn

Qua cac két qua néu trén, ching ta thiy viéc img
dung tich phan & nghién ciru cac bai toan thuc
tién 14 rt quan trong va cd ¥ nghia. Nhimg ndi
dung néu trén méi chi dimg lai ¢ viéc dung phép
tinh tich phan dé tinh thé tich con lai cua nude khi
chiing ta nghiéng mét chiéc ly hinh tru & cac goc
nghiéng khac nhau. Ching t6i hy vong ring,
nhimg ndi dung trong bai viét s& 1a nhing goi y dé
dbc gia cé thé dong hanh cung ching i trong
viéc dua toan hoc vao thuc tién nhim gop phin cai
tao thé gi6i ndy ngay mét tét hon.

TOAN HOC

15




e A i
e A e R .

e e et S
e e e e

.5
i S e
N p R,
P tr -y Ug
28 . £ Tuw B < "M } i
SN 1":_.‘&5‘___ " Vi gm Tb
ey s e

By ONG PHAP

GUIIXYT TOAT

Phuong trinh ham 14 mdt chi dé khé va thudng
xuyén xuét hién trong cac ky thi chon hoc sinh
gi6i cép Tinh, trong cac ky thi cip Khu vyre va hoc
sinh gidi cép Quéc gia mon toan. Ta xét mot bai
tap cu thé nhur sau:

Bai 1. Tim 1dr ca cdc ham so 1 xac dinh trén R
thoa mén diéu kién

)‘(3'\1L f(‘)) =2x+ \f'(r\‘_._ ,]“).\VJX,_]‘ cR.

Véi ding thirc hoan toan xéc dinh nhu trén, hoc
sinh hoan toan c6 thé xac dinh dugc nghiém ham
ciia bai tip bang ky thudt “thé triét tiéu” thich hop

la thay x boi %(y) Tuy nhién dé khai thic

sdu bai toan nay, dudi goc do cua ngudi gido vién,
c6 thé dat ra cau hoi “Bai todn cé thé gidi bang ky
thudt twong tw hay khéng néu ta thay déi mét sé
hé s6 trong ddng thirc ham?” ching han, xét bai 2

sau:

Bai 2. Tim (at cu gia tri thue cua so a dé ton 1ai
ham sé f xac dinh tren = thoa man diey kién

SBx+ f(y))=2x+af (x+y),

Vx,yelR,

Khi &6, tit ca hoc sinh déu nhin ra duge véi a=1
ta da giai quyét duoc & Bai 1. V&i bai tap 2 nay
gido vién cin huéng din hoc sinh tim cac cach
gidi dé tra 181 cho cac cau hoi: “Con gid tri a ndo
khéc hay khong dé ton tai nghiém ham théa man
dang thicc ham?”, “ Phai chang méi gid tri cua q
ta c6 thé xdc dinh dwgc mot ham sé twong ung véi

no?” hay “C6 bao nhiéu ham s nhe vdy img véi

ToﬁN HOC
16 “cmus

¢ S0553(7-2023)

TON ANI{, DO ANH, SONG AN

myYan

PHUTNG TRINH BAM CHUA THAM 83

NGUYEN VAN MEN

(GV THPT chuyén Nguyén Tdt Thanh. {(_o_nffft)
méi gid tri cia a?”, ... Trong b viét nay chung
to1 dua ra mot huong giai phuong trinh ham chira
tham sé bing cach sur dung céc tinh chét cua don
4nh, toan 4nh va song anh.
I BAI TOAN MO DAU VE TOAN ANH, DON
ANH, SONG ANH
1. Bai todn 1. Cho ham s6 R — R thoa man
dieu kién

f(Af(x)+Bx+C)=Dx+EVxeR voi D # 0.
Chirng mink riang [ la mét toan dnh.
Chirng minh. V&i moi s6 thuc y, do D=0 nén

ton tai s thuc x:A_f(J"EW+B‘(y—E c
D ) UD

Khi déf(x)zf(A.f(y—BE-)+ B.(y—l"gg}»c]

— K
:D[y J-{—E:y_
D

Véy f 1a mdt toan anh.

2. Bai toan 2. Cho ham s 1 - R —y R

/ lhoa nian

dicu kicn
A1 (x)+B)= Cf(x)+Dx+EVxeR

Vot D#0.Chitng minh réng 1 1a mét don dnh.
Chiing minh. V&i mo; 4 thue x
S(x)=f(x,). Kni do:
Cf(x)+Dx, +E=f(A.f(xl)+B)
=f(4f(x,)+B

1»X, sao cho

)= Cf(x,)+Dx, +E



= Dx, =D.x,.
Mi D#0 nén x, =x, hay f 1a mdt don anh.
3. Bai toan 3. Cho ham s6 f:R — R thoa man
diéu kién
FAS(x)+B)=Cx+D,VxeR véi C#0.
Chimg minh rang [ la mét song anh.
Chirng minh. V&i moi sé thuc x,,x, sao cho
f(x)=f(x). Khidé:
Cx,+D=f(Af(x)+B)
=f(Af(x,)+B)=Cx, +D
=Cx, =Cx,.
Ma C#0 nén x, =x, hay f 12 mot don anh.
Vi moi s6 thue y, do C#0 nén ton tai sb thue

y—-D

x=A.f[

f(_r):f[A.f(y;D)+BJ=C.(y;D

Suyra f la toan anh. Viy f la song anh.

J+B.Khidé

1+D=y.
J

Nhin xét. Viéc nhan dang dugc céc tinh chit don
anh, todn 4nh va song 4nh cuia ham sb 1a dic biét
quan trong trong viéc giai bai toan phuong trinh
ham. Qua ba bai toan trén ban doc nhan thiy, néu
mot vé cua déng thirc ham c¢6 chira bién twdo x,y
& bén ngoai va vé con lai khong cé thi thong
thuomg / 1a ham sé c6 tinh don 4nh hoic toan
anh.

IL SUDUNG TINH TOAN ANH, DON ANH,
SONG ANH CUA ANH XA GIAI BAI TOAN
PHUONG TRINH HAM CHUA THAM SO.

1. Sur dyng tinh toan anh coa 4nh xa giai bai
toian phuong trinh him chira tham sé.

Néu f l1a mét toan 4nh ta thuong sir dung cic k§y

thuét sau dé giai bai toan phuong trinh ham:

- Sir dung tinh chét toan anh dé xac dinh ham s
nhén gia tri dic biét nao do6 la ton tai, tirc 13
phuong trinh (4n x) f(x)=y ludn cé nghiém.

- Bién dbi ding thirc ham dé tao ra
/(o(r(2)=4(s(x))= 1 (x)= (¢ (x))
(trong d6 ¢(x) 1a mét song anh). Dic biét, ta

thuong sir dung két qua:

f(a.f(x)+b)=c.f(x)+d,‘v’xeR, az0

suy ra f(x)=c.x +d,VxeR.

Thidu 1. 7im tat ca agia tri thue cua a de ton lai

ham s f xdc dinh trén R va thoa médn diéu kién

S(3x+ f(v))=2x+af (x+y),¥x,yeR (L.1).

Loi gidi. Trong (1.1) cho y=-x, ta cé
f(3x+f(—x))=2x+af(0),\‘/xe]R nén theo
Bai toan 1 ta ¢6 f 13 mot toan anh. Trong (1.1)
lai cho x=0 suy ra f(f(y))=af(»),VyeR,
két hop véi S la mét toan anh suy ra
f(x)=ax,VxeR. thdy

Thua lai, ta

3ax+a2y=2x+a2x+azy,‘v‘x,yeR nén a=1
hodc a=2.

Viy véi a=1 ton tai ham sb f(x)=x,VxeR.,
V6i a=2 ton tai ham sé f(x)=2x,vxeR thoa
man yéu cau bai toan.

Thi du 2. Tim tat ca gic tri thiee cua o dé ton tai
duy nhat ham sé [R->SR thoa main
FO () + () =an+ v g () + /(o). Ve, ve B (1.2).
Lai gigi. Trong (1.2) cho x=0 ta c6:

S (0)+ 1 (y)=ay+y.r(0)+ £(0), 9y eR ( 2.a).
Ta xét hai trudng hop:

TH1: f(0)=-a. Pang thirc (1.2a) duoc vidt lai:

S(=ay+f(y))=-a;¥y R (1.2b).
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Tir (1.2b) cho y =0 tacod f(-a)=-a.
Trong (1.2) lai
f(-a)=-a taco:

f(_—ay+f(y)) = f(-ay);¥x,yeR (1.20).
Tir (1.2b) va (1.2c) suy ra f(—ay) =—a,VyeR.

cho x=-a va két hop

Néu a#0 tacd f(x)=-a,VxeR. Thi li, ta

thay ham sb nay thda man bai toan.

Néu a=0 taco f(0)=0 va tir (1.2b) ta ciing c6

f(f(»))=0;¥yeR. Mit khic, trong (1.2) ta

f(x) va

f(f(¥))=0;VyeR taduge:
f(f(x)y)=0,vx,yeR

nén f(x)=0,YxeR (vi néu nguoc lai ¢6 sb thuc

thay x  boi vin  dung

¢ sao cho f(c)#0, ta cho x=cy=——thi

(e)
fle)

Toém lai, trong trudng hop 1 voi moi gia tri cua a

0= f[f(c) ]= f(¢) mau thuén).

¢6 duy nhit mot ham s thoa man yéu ciu bai toan
la f(x)=-a,vxeR.

TH2: f(0)#-a. Tir dang thirc (1.2a) két hop
f(0)#—a nén theo Bai toan 1 ta c6 f 13 mjt
toan anh. Khi d6 voi y =1 ding thic (1.2) duge

viét lai

S(f(x)+f()=a+/(x)+/(x)
=2f(x)+a,vxeR

Ma f 12 mdt toan anh nén f(x)=2x+b,VxeR
v6i b=a-2f(1). Thu lai, ta thiy:
4xy+2by+4y+3b=4xy+(a+b)y+b,Vx,yeR

nén a=4 va b=0,

T6m lai, trong truong hop 2 véi a=4 thi c6 duy
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nhét mot ham s thoa méan yéu ciu bai toan Ia
f(x)=2x,VxeR, a#4 khong tdn tai ham sb
théa man.

Mat khac ta nhan thiy f(x) =—qg,VxeR la mt
nghiém ham ciia bai toan nén @ # 4 14 tit cé gid
cin tim cta bai toan.

2. Sir dung tinh don anbh cia dnh xa gidi bai
toan phuong trinh him chira tham sb

Khi f 1a mot don anh ta thuong sir dung cac k§
thuat d6i
F(o(x))=£(#(x)= o(x)=4(x) & giai bai
toan phuong trinh ham.

bién tao ra biéu thic

Thi dy 3. Tim 1t ca gia tri cua a.b de ton tai

™

ham s6 [ R — R thoa man dieu ki¢n:

fxf(v)+a)+ f(xy)=2xv+bVx,yeR (2.3)

Loi gigi. Trong (2.3) cho x=1 ta duoc
f(f(»)+a)+ 7 (¥)=2y+bVyeR, do db theo
Baitoan 2 tacod f la mt don anh.

Mit khac, trong (2.3) khi hodn vi x va y ta dugce
F(pf (x)+a)+ f(3x)=2px+b;¥x,yeR (2.3a).
T (2.3) va (2.3a) ta duogc
f(xf(y)+a)=f(yf(x)+a),‘v’x,yE]R, ma f

1a mot don anh nén ta ¢o:
xf(y)+a = yf(x)+a,\ix,y eR
f(x)=f(1)x,VxeR.
Thur lai, ta théy
S () +af(1)+f(1)xp =20y +b,vx,y R

cho nén {f(l):l hodc {f(1)=—2

hay

a:b “20::[)

Viy véi a=p tdp tai ham sé f(x)zi'c,VJfE]R

hO@C Vol —2a = b t(:jn tai haim Sé
X)=— G .
f ( ) 2x,Vx e R thoa man yéu cau bai toan.



Thidu 4 Oim tdi co wa i cua tham so a b dé

ton tai duy nhdt ham sé [ 22 > R thoa main
() +af (y)=S(v)+ 3 +b Ve yeR(2.4).
Loi giai. Trong (2.4) cho y=0, ta dugc:
f(f(x)+af (0))=f(0)+4x+bVxeR

nén theo Baitoan 2 tacé f 1a mét don anh.

Trong (2.4) lai cho xz—g, ta co

f[f[—%)wf(,v)J=f(y):VJ’€R» ma f la
mot don anh nén
b
f(—ﬂﬂff(y) =y;VyeR.
Do 45, ta nhin thiy a#0 va
1 .. 1 b
f(¥)=—y+c;VyeR (voi c=——.f(———]).
a a 4

Thur lai, ta thay

1 1
——2-x+—y+£+2c=4x+1y+c+b,Vx,yeR
a a’ a a

aecl Ja=3
nén " 2 hoic .
b
c=-b c=—
3

Két lugn:

- Vai a=%,beﬂ%, tén tai duy nhit ham sb
b
f(x)=2x+§,VerR.

- Véi a=—-21—,be]R, ton tai duy nhit ham sb
f(x)=-2x-bVxeR.

3. S&r dung tinh song anh cua anh xa giai bai
toin pbwong trinh ham chira tham 55

Néu f 12 mdt song anh, dé van dung tinh chat nay
vao giai toan ta cé thé chi sir dung tinh chat don
anh hodc chi sir dung tinh chit toan 4nh cua f nhu

5 FNew

trong muc IL1 va I1.2 hodc ta c6 thé két hop ca hai
tinh chét nay mdt cach linh hoat.

Thi du 5. Tim tar ca gia i cua a dé won tagi ham

so f R >R thoa man di¢u kién

P mE n flax)+ f(f{x) )
et ays L DN o ek B 5

Léi gidi. Trong ding thic (3.5) cho x =1 ta cé:

() SU0)

Flleled)

nén theo Bai toan 3 ta c6 f 14 mdt song anh.

Trong (3.5) lai cho x =0 suy ra:
0 0
£(0)=21 )+£(f( )

hay £(0)=/(/(0));

ma f la mdt don anh nén suy ra f(0)=0.
Vi f 12 mdt toan 4nh nén tén tai s6 b sao cho
f(b)=a-1 va thyc hién thé y=» vao ding

thitc (3.5) ta cé:

f(ax)=xb+ ;VxeR

fax)+ /£ (/(x))
2

hay f(f(x))=f(ax)-2bx,VxeR.
Khi do, diing thirc (3.5) dugc viét lai
S (% (¥)+x)=x.y+ f(ax)-bx;Vx,y e R (3.5a).
Trong (3.5a) cho y =0 suyra
f(x)= f(ax)-bx,VxeR (3.5b).
Mait khac, f 12 mot todn 4nh nén ton tai s ¢ sao
cho f(c)=-1. Trong (3.5a) cho y=c vén dung
/(0)=0 ta dugc
0=x.c+f(ax)—bx;Vxe]R
hay f(ax)=(b-c)x;VxeR
Két hop véi (3.5b) suyra f(x)=-cx;VxeR.
Thir lai, ta thay:

—a.cx+ctx

xy—cx=xy+ ,Vx,yeR

TOAN HOC

S 553(7-2023) ' CTusifre

19




. le=1 _ fe=-1
nén {a:} hodc {a:l ;
Vay voi a=1 ton tai ham s6 f(x)=xVxeR
hodc véi a=3 ton tai ham sé f(x)=-x,VxeR
thoa man yéu cau bai toan.
Thi du 6. Voi hai s6 thiwe a,b, xét ham 50
f:R—>R thoa mdn diéu kién

‘f‘(.\_‘/'()') +x)=axy+ [(bx),Vx,y e R (3.6).

Tim tat ca gia tri cua a va b de ton tai ham 56 f
thoa man bai toan.
Léi gidi. RS rang ta nhin thiy voi a=0 ton tai
ham s6 f(x)=0 thoa min yéu cau bai toan. Do
d6 ta chi can xét a 0.
Trong (3.6)
f(f(»)+1)=ay+f(b),¥yeR nén theo Bai

toan 3 ¢6 f la mét song anh.

cho x=1 ta duogc

Trong (3.6) lai cho x=1 va y=0 ta dugc
S(f(0)+1)=f(b), két hop véi f 12 mot don
anhnéncod b= f(0)+1.

Bay gi¢ voi moi s6 thuc x khéc 0, ta thay y boi

f(0)-/(¥%)

- ta dugc:
e ). 0
suy ra: xf[.ff@;x_f@}x -0,
tirc 1a f[——————f(o);f(bx)}—l:f(c)

(do f 1a toan 4nh nén ton tai s6 ¢ thoa min
f(c)=-1). Tix gé:
f(bx)= f(0)-acx,Vx=#0 (3.6a).

Miit khac dang thirc (3.6a) van ding véi x=0 nén
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f(bx)=f(0)-acx,Vxe R (3.6b).
Pén day, ta s& chimg minh ham s6 f ludn co
dang f(x)=Ax+f(0) trong hai trudng hop
b=0va b#0.
THI1: b#0. RS rang tir (3.6b) suy ra:

f(x)z—-%f.x+f(0),Vxe]R hay f co dang

f(x)=A4x+f(0).

TH2: b=0. Tir (3.6b) suy ra ¢=0 hay

£(0)=-1. Péng thirc (3.6) duoe viét lai:
f(xf(y)+x)=axy—1,\7’x,ye]R.

Vi f 1i mot toan 4nh nén tdn tai s& d sao cho

f(d)=0.

f(x)=a.a’.x—1,Vxe R

voi y=d ta dugc
hay f ¢

f(x)=4x+ £(0). Do do, khang dinh trén duoc

Khi d¢6
dang

ching minh.
Thir lai, ta co:

Axy + Axf (0)+ Ax+ f(0) =axy + 4bx + f(0),Vx,y €R

. A =a

nén .
Af(0)+A=Ab

Do d6 dé tdn tai ham s6 thoa man yéu cau bai toan
thi @a>0.
Két luan.
Véi a=0,bcR tdn tai ham sb f(x)=0,vxeR
thoa man yéu ciu bai toan. Véi a>0,beR tdn
tai him s6 f(x)= Jax+b-1VxeR hoic
f(x)= ~a.x+ b-1,YxeR thoa min yéu cau
bai toan.
4. Bai tap thng hop
Bai 1. Co hav f\/h'iu‘;‘- SO thire a dé ;’(ji. tal ham ,\‘(3’
[ =T’ thoa min

S () + 21 ) =af ()= x.Vx,yeR? (41



Huwong ddn gidi. Gia si tdn tai s& a va ton tai
ham s6 théa min yéu cau bai toan. Trong (4.1)
cho x=1taco f(f(y)+2/(1))=af(1)-y nén
theo Bai toan 3 dé thiy f 13 mot song anh.

Vi f la mdt song anh nén tn tai s u sao cho
f(u)=0.Khi g6, trong (4.1) véi x=y=u taco

f(0)=—-u". Trong (4.1)lai cho x=u,y =0 thi
f(~u’):0=f(u)

suyra —u’ =u hay u=0 hay f(0)=
Khi do, trong (4.1) cho y =0 ta duoc:
f(zf(x))“_‘af(x),VXER.

. T " a
Mi f la mot toan anh nén f(x):Ex,VxeR.
. az
Thir lai, ta thay T ~1 (v6 nghiém).
Vay khéng ton tai s thuc @ dé ton tai ham sé
thoa man yéu cau bai toan.

cua o de ton tai

Bai 2. Xac dinhi 1ar ca cdac gia i
ham so [ 2 — B thoa man diéu kien

f(f(x)+~v)=ax+ f(/(v)=-x).vx,yeR (4.2)

Hudng din gidi.

Ta thdy, néu a=0 thi tén tai ham s f(x)=0
thoa man yéu ciu bai toan. Do do ta chi cin xét
a#0.

R4 rang, ta thiy véi a# 0 ta nhén thdy néu f 1a
mét don anh thi bang cach cho x=0 vio trong
(4.2) ta dugc f(f(0)+y)= f(f(y)),Vy eR
nén f(y)=y+f(0),vyeR. Vén dé con lai ta
cn chimg minh f 1a mét don anh.

Trudc hét ta dé nhan thay f 13 mot toan anh. Thit
véy, trong (4.2) thay y bai —f (x) ta dugc

f(O):a.x+f(f(—f(x))—-x),VxeR

nén theo Bai toan | khing dinh f 13 mjt toan
anh. Bay gio, gia sir ton tai hai s6 p,q sao cho
f(p)=f(q) tacé:
f(f(x)+p)=a.x+f(f(p)—x)
=ax+f(f(q)-x) =f(f
Ma f la mét toan anh nén
f(x+p)=f(x+q),VxeR (42a).
Mit khéc (4.2) duge viét lai:
ax=f(f(x)+y)-1(f ()
Khi d6, van dung (4.2b) lin lugt véi x=p, x=¢q
va két hop (4.2a) ta dugc:
a-P=f(f(p)+y)—f(f(y)—p)

(x)+4)-

~x),vx,y€R (4.2b).

=f(f(@)+»)-f(f(»)-(p+a)+a)
—f(f(q )+y)-f(f(¥)-(p+4) +p)
=f(f(@)+»)-F(f(¥)-9)=a

Do d6 p=g, hay f la mét don anh. Vay theo
nhan xét ban diu ta thiy f(x)=x+b,Vxe]R..
Thar lai, ta théy a=2.

Viy véi a=0 hoic a=2 thi ton tai ham sé f
thoa man yéu cédu bai toan.

Bai 3. V61 hai s6 thue a.b.xét ham sé6 [ R - R
thoa mén diéu kién

f{(a

D))=y (f(x)+b). V. yeR (4.3).

I s )

Giai va bién fil(ll.'i heo a va b nel iem ham  thoa

man hai toan.

Hudng dén gigi. Nhan thdy bai toan c6 dang
trong Bai todn 3 nén y twong ta di chimg minh tinh
don anh hodc toan anh cua ham sb.

Nhan xét ring néu S/ 1a don anh thi bai toan troy
nén dé dang. Thét vay, néu diéu d6 xay ra, véi moi

s6 thue x ta cho y=1 ding thirc (4.3) duge viét
lai: f((a+x)/(1))=f(f(x)+8),VxeR.
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Kéthop v&i f 13 mot don dnh ta cé:
(a+x)f(1)=f(x)+b,VxeR.

hay f(x)=f(1)x+af(l)-bVvxeR.

Mit khic véi x=1 suyra a.f(1)-b=0 do do ta

c6 f(x)=Ax,VxeR. Thr lai, ta thiy

A*(a+x).y =y(A1x+ A.b),\'/x,y €R nénsuyra

A=0
Aa=b"

Vién dé con lai ta xét f khong phai 14 don 4nh,
tirc 13 tdn tai hai sd thyc X, Xy, X #X, sao cho
f(x)=f(x,) tadiching minh f 1i ham ddng
nhit 0. Ding vay, trong (4.3) lan lugt thay y bai
X, va x, ta dugc
x,.f(f(x)+b)=x2.f(f(x)+b),VerR
Do d6 f(f(x)+b)=0,vxeR nén ding thirc
(4.3) dugc viét lai:
f((a+x)f(»))=0,vx,yeR (4.3a).

RS rang chi c6 ham sé f(x)=0,¥x e R thoa man
diéu kién (4.3a) vi néu nguoc lai néu cb

Yo

S ()

f(yo)¢0 ta co thé thay x= —a va

y =y, dan dén:

= d: =f méu thuin
O-I([f(yo)}f(yu)J S () thuén.

Quay lai Nhin xét cua bai toan ta c6 thé két lun:
_la=0
- Véi {
#*
f(x) =0,Vx € R thoa min bai toan.

=0
-vei 1°
b =i

f(x)=4x,vxeR, véisd thue 4 tuyy.

c6 duy nhit ham sé

nghiém ham cua bai toan c6 dang

TOAN H
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- Vi {”0 ¢6 dung hai nghiém ham ciia bai
b#0

: b
toanla f(x)=0,VxeR va f(x)z;x,VxeR.

Bai 4. Véi hai so thiee ab, xét ham 50
[ R R thoa man diéu kién
f(x—v+af (X)) + /() S(y)=xy+bVx,yeR (44)
Tim tat ca gia tri cua a va b dé 1on tai duy nhat
nehiém ham [ thoa man bai todn.
Huréng din gidi.
Nhin thiy bai toan cé x,y tw do nim ngoai f
dua ra cho ta y twong chimg minh tinh don anh,
toan 4nh ciia ham s6. Mit khac, ta thz‘iy biéu thirc
y—x+af () 1a biéu thic khéng dbi ximg gitta
hai bién x va y con vé phai la biéu thirc d6i ximg
gitta ching nén khi hoan d6i vai trd cua x,y ta
duoc ding thic
flx=y+af(x))=f(y-x+af (»)).

Tir d6, néu f 1a dom 4nh ta cé:

x—y+af(x)=y—x+af(;,*),‘v’x,y eR.
Dén day, ta c6 thé d& dang xac dinh dugc ham sb
f thoa man bai toan.
Ta bat diu di chimg minh f don 4nh bing viéc
gia su nguoc lai néu cé hai s XX, VOi X #x,
sao cho f(x)= f(x,).
Trong (4.4) lan lugt cho X=y=x, va x=y=x,
woon S (5)+ S (n)=R b e
f(a]'(xz))+f2 (%)=x2+b nén x +b=x; +b.
Do @6 x =-x, #0. Mt khac, trong (4.4) thay
y=af (x) ta co:

S )+ S (%) (af (x)) = xaf (x)+ b, vx e R (44.0).



Trong (4.4a) thay x ldn lugt boi X, va x, va so
sanh hai vé cuia ching ta dugc:

ax, f(x,)=ax.f(x)
Dodé f(x)=f(x,)=0 hoic a=0.
Ta di ching minh trong hai truong hop nay déu
khéng c6 ham s6 thoa min bai toan. That vay
TH1: a = 0. Ping thic (4.4) duoc viét lai:
S(x=y)+ f(x)f(y)=0+b;Vx,yeR . (4.4b)
cho y=0 ta co

Trong (4.4b)

f(x)+f(x)f(0)=b va vi ham s6 hing
f(x)=C khéng la nghiém ham cua bai todn nén
£(0)=-1va b=0.

Trong (4.4b) lai cho x =0 ta dugc:

S(=»)+f£(0)f(y)=b;VyeR

Ké hop voi f(0)=-1 va b=0 ta dugc
f(=»)=/(»);¥veR hay f la ham sé chin.
Trong (4.4b) thay y boi —y va két hop / ham

s0 chan ta dugc:

flx=y)-xy=f(x+y)+x,Vx,yeR (4.4c).

Trong (4.4c) thay x,y boi % ta duoc

f(x)=—%2—1,VxeR. Thir lai ta thdy ham sb
ndy khong thoa min yéu cau bai toan.
TH2: f(x)=f(x,)=0. Trong (4.4) cho x=x,
ta co:

f(x-y)=x.y+bVyeR (4.4d).
Trong (4.4d), néu cho y=0 suyra b=0, va néu
thay y=x —x, suy ra x.(x, —x,)=0< 1 =0,
méu thuin. Do d6, ding thirc (4.4d) cling khong
thé xay ra.
Viy diéu gia sir 1a khong dung hay f la mot don

anh. Quay lai bai toan ta c6 dugc két qua:

x—y+af (x)=y-x+af(y),Vx,yeR.

RG rang véi ding thic trén thi =0 va

f(x)=—zx+f(0),VxeR.

a
2 |la=-2
hoéac .

b=0

a=

Thir lai, ta c6 {

Két lugn:
- Vé&i a=2 va b=0 tdn tai duy nhét ham s6
f(x)=—x+1VxeR
-Véi a=-2 vi b=0 tdn tai duy nhat ham sé
f(x)=x+1vxeR,
5. Bai tdp tu luyén
1. Tim tit ca gié tri cua tham s6 a dé ton tai ham
s6 f:R — R théa min diéu kién
f(xf(y)~1)+f(xy)=a.xy—-l;Vx,yelR :
2. Tim tit ca gi4 tri ciia tham sé a dé tdn tai duy
nhit him sé f xéc dinh trén B va thoa man diéu
kién
Sy+ (s ) =f(y-x+a)+y.f(x).Vx,yeR.
3. Véi sé thuc a, cho ham sé6 /:R >R thoa
man didu kién
S (y)+x)+a=xp+ S(f(x),Vx,yeR.
Tim tét ca gid tri cua a dé ton tai ham sé £ thoa
man bai toan.
4. Tim tt ca céc gid tri cia @ d& tdn tai duy nhat
mét hiam sé £ xac dinh trén tip sb thuc R va
thoa man diéu kién
f(x+f(Y))=‘7+x+f(J’)+xf(y),VX,yGR.
5. Véi sb thuc @ ty Y. Cho ham sé fRoR
théa man diéu kién
f(xf(x)’rj’"(x)+f(y))=f2 (x)+ 4y +a,Vx,yeR.

Giai va bién luin theo a nghiém ham thoéa man
dang thtc d3 cho.

TOAN HOC
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CAC LOP THCS

Bai T1/553 (Lép 6). Cho 625 sb nguyén duong 1,

2,3, ..., 625 ta chon ra 312 sé sao cho khong co

hai s6 nao c6 téng bang 625. Chung minh trong

312 s6 dugc chon bao gidr ciing c6 it nhét hai sé
chinh phuong.

NGUYEN PUC TAN

(TP. H6 Chi Minh)

Bai T2/553 (Lép 7). Cho tam gidc ABC cb

BAC=15", ABC=60". Dit AB = a. Tinh BC, CA

theo a.
CAO NGOQC TOAN
(GV THCS Tam Giang, Phong Pién, Thira Thién Hué)
Bai T3/553. Cho tap A={1,2,...,2023}. Hoi c thé
chon ra nhiéu nhét bao nhiéu phén tor cua 4 sao
cho trong nhimg phan tir dugc chon ra khong tén
tai ba phan tir @, b, ¢ ma a — b chia hét cho ¢?

NGUYEN TIEN LAM
(GV THPT chuyén KHTN, DHQG Ha Nei)
Bai T4/553 Cho tam giac ABC (BC > CA > AB).
Trén hai tia BC va CB lan luot liy hai diém D va
M sao cho BD = CM = AB. Trén hai tia CA va AC
14n lugt lay hai diém E va N sao cho CE = AN = BC.
Trén hai tia AB va BA lan lugt liy hai diém F va P

sao cho AF = BP = CA. Chimg minh

a) Sper =Synes
b) Sper > S
LUC BINH
(GV Truong Trung Vuong, TP. Pong Ha,
Quang Tri)
Bai TS/553. Giai phuong trinh

(Ax* +x-DVx* +x+2 - (5x° +3x+4)0Vx' -1=0.

POAN CAT NHON
(GV THCS P. Binh Dinh, TX. An Nhon, Binh Dinh)

TORN =
24 Oaee
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CAC LOP THPT
Bai T6/553. Cho a, b, ¢ 12 ba sb thuc duong.
Chimg minh ring
bS

a
+
b2 \(a* +3ab+b*) (b? +3bc+7)’
S
C

3
+ S s,
az\/(cz+3ca+a2)3 5V5
NGO VAN THAI
(Théi Bink)
Bai T7/553. Cho x la s6 nguyén 16n hon 1 vi
a,beN’. Chung minh hé phuong trinh

x+1=5%"
i b
i 4, F TR =S

vO nghiém vo1 Vme N
NGUYEN VAN LUONG
(GV THPT Cam Lé, Quang Tri)
Bai 18/553 Cho tam gidc ABC c6 d dai cac canh
BC, CA, AB lan luot 14 a, b, c. Goi 1,,1,, 1 1an luot
la d dai cdc dudng phan giac trong ke tir cac d‘inh
A, B, C cua tam giac. Ching minh rang
a b

+
Lol

a

+—2>4,
]r.'l‘b
HOANG LE NHAT TUNG
(GV THPT Khoa hoc Gido duc, Pai hoc Gido duc,
DHQG Ha Noi)
Bai T9/553. Tim s duong k 16n nhét sao cho
a+b +¢* +k(a+b+c)23+k(ab+bc +ca)
véi moi s6 duong a, b, ¢ thoa man gbe = 1.
LEONARD GIUGIUC - DANIEL SITARU
(Romania)
TIEN TOI OLYMPIC TOAN
Bai T10/553. Chimg minh ring
" 41),VneN n>4,

trong dé o(m) 1a sé cac sé nguyén duong khong

vuot qua m va nguyén td cung nhau véi m
meN’",

3

NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang, Tién Giang)



Bai T11/553. Timham f: R* - R* thda min:
@+ =3f () +— v, ye R
S(x)

NGUYEN HUU TiNH

(SVlop K5241S, PHKHTN, PHQG Ha Nji)

Bai T12/553. Cho tam gi4c 4BC, O, H theo thit ty

la tAm duong tron ngoai tiép va tryc tAm cia tam

giac. Ao, Bo, Co theo thir ty 14 giao diém ciia AH,

BH, CH va BC, CA, AB. A, 1a giao diém cua

dudmg thing qua B song song v&i 4pB va dudng

thing qua C song song véi 4¢Cy. 4, 14 trung diém

ctia Ad,. Cac diém B,, C, dwoc x4c dinh tuwong tyr.

Chimg minh tam dudng tron ngoai tiép tam gidc
A>B,C; thude OH.

NGUYEN MINH HA

(Ha Ngi)

Bai L1/553. Trén mit thoang cua chét 16ng, tai hai

diém 4 va B cich nhau 20 cm, ngudi ta bd tri hai

ngudn déng bd c6 tin sb 20 Hz. Téc d6 truyén

FOR SECONDA R

Problem T1/553 (For 67
numbers from 1, 2, 3, ..., 625 so that no two
numbers have their sum equal to 625. Show that,
among 312 chosen numbers, there are at least two

 Choosing 312

perfect squares.

Problem T2/553 (For 7" gradc). Given a triangle

ABC with BAC =15°,4BC = 60°. Assume that
AB = a. Compute BC, CA in terms of a.

the set

Problem T3/553 Consider

4={1,2,..,2023}. What is the maximum number

of elements we can choose from A4 so that among
the chosen numbers there do not exist 3 numbers

a, b, ¢ with @ - b is divisible by ¢?

Problem T4/553. Given a triangle ABC with BC
> CA > AB. On the rays BC and CB choose two
points D and M respectively so that
BD = CM = AB. On the rays CA4 and AC choose

song trén mit thoang chit 1ong v = 50 cmy/s. Hinh
vubng ABCD nam trén mit thoang chit long. / 1a
trung diém cia doan CD, M la diém nam trén CD
gan I nhét dao déng véi bién d6 cuc dai. Tinh
khoang cach tir M dén I.

VIET CUONG (Ha Néi)
Bai L2/553. Dién ning dugc truyén tir noi phat
dén mt xudng san xuét bing duomg day mot pha
vi hiu sudt truyén tai 1 90%. Ban diu xuong
san xudt nay c6 90 may hoat déng, vi muén mé
rong quy mé san xuat nén xuéng da nhap vé thém
mot s6 may. Hiéu sut truyén tai lic sau khi c6
thém cac may mdi cung hoat ddng giam di 10% so
v6i ban dau. Coi hao phi dién ning chi do téa
nhiét trén duong diy, cong suit tiéu thu dién cua
céc may hoat déng (ké ca cic may médi nhap vé)
déu nhu nhau va hé sé cong suit déu bang 1. Néu
gilt nguyén cong suit dién noi phat thi s6 may
nhap vé 12 bao nhiéu?

THANH LAM (Ha Néi)

two points £ and N respectively so that CE = AN
= BC. On the rays 4B and BA choose two points F
and P respectively so that AF = BP = CA. Prove
that

a) SDEF = SMNP;

b) SDEF > SABC‘

“

[5/553 Solve the equation
(4x2 er—l)\hc2 +x+2 —-(sz +3x+4)\/)c2 ~1=0.

FOR HIGH SCHOOL
Problem 16/553 Given 3 positive numbers a, b,
c. Show that
a’ b’

+
B (@ +3ab+b')  A\J(B2 +3bc+c))

5
c

3
+ & .
az\/(cz +3ca+a’) 5J5
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% Problem 17/353 Given a,beN'. Show

that, for any m € N', the following system of

x+1=5°

equations ’
{l«v—x2 xt o axtmt=8

cannot have a solution which is an integer and
greater than 1.

Problem T8/553. Given a triangle ABC with the
lengths of the sides BC, CA4, AB are a, b, c
respectively. Let [ ,[,,I respectively be the
lengths of the angle bisectors from the vertices 4,

2 2 2
Cc

B, C. Show that 2—+—+—>4,
LE" b . LL

Problem T9/353. Find the maximum positive
number & show that

@ +b* +c* +k(a+b+c)23+k(ab+bc+ca)
for any positive numbers a, b, c¢ satisfying
abc=1.

TOWARDS MATHEMATICAL OLYMPIAD
Probiem T10/553 Show that

= sk %k %k

o2 (p(ZZ"" + 1),Vn eN,n=4,

where @(m) 18 the number of positive integers
which are not greater than m and coprime with m,

meN".
Problem r11/553. Find all  functions
f: Rt >R’ satisfying

,Vx,yeR".

of (f(x+9) =9 (2)* fzx)

4/553. Given a triangle ABC and let

Problem Tt
circumcenter and

0, H respectively be 1its
orthocenter. Denote 4o, Bos C, respectively the
intersections between AH and BH, CH and BC,
CA and AB. Let 4, be the intersection between the
line through B parallel to ApBy and the line
through C parallel to AoC,. Denote by A the
midpoint of A4,. The points B, C, are determined
in the same way. Prove that the circumcenter of
A>B,C, belongs to OH.

Translated by NGUYEN PHU HOANG LAN

(College of Science - Vietnam National University, Hanoi)
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(Tiep theo trang 3)

CHUNG MINH HAI ...
Do dd tr giac FPIN la hinh binh hanh
— NF// PI . Goi J 1a trung diém cta K7 ta c6 EJ
la dudéng trung binh cua hinh thang PFKI/
= EJ// FK = EJ L KI . Tam giac EKI c6 EJ vira
la dudmg cao vira la duomg trung tuyén nén tam
giac EKI can tai E = EK = E] . Ma EI 1a duimg
trung tuyén Ung voi canh huyén cua AM cua tam
giac vudng [AM nén E[:% ::>EK=%
— AKAM vudng tai K = AKM =90°.
Cich 2 (h.8) Vi M, N lan luot 1a trung diém cua
BC va CD nén AC vudng goc voi MN tai 1.
AF FN
FK AF

= AMFN < AKFA (c.gc) = FAN=FKA (1)

TORN HOC
26 *crsige

Tacd: AF* =FI*=FK.FN =

S3 553(7-2023)

TR
AN
| “;\ -
L\ \F
N\ ) 1
AN ™\ M
\ -~ |
\ N S
D ¢

Hinh 8

Mt khac: & _ K _FI _F4

IM IN FN FEN
= AKIM < AMFN (c.gc)

(do NFI = NIK = AFN = KIb{ )
= IKM=FAN (2).

Tir (1) va (2) suy ra IKM = FKA = AKM = 90°.
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Bai T1/549. Tim cdc bo so e nhién (a. b, ¢, d)
thoa man: a>b>c>d. b+ c+dchia hét cho
a. 2a + ¢ chia hét cho b + d vi
UCIN(b +d, )= 1,

Léi gidi. Tir gia thidta > b > ¢ > d>0suyra
c>1,b>2,a>3,dodob+c+d <3avi
b-d=(b-c)+(c-d)=1+1=2

Teb+c+d <3avab+c+d chiahétchoa
suyra:hoacb+c+d=a,hoichb+c+d=2a
eNéub+c+d=athi
2a+c=2b+c+d)+c=2(b+d)+3c

ma 2a + ¢ chia hét cho b + d nén 3¢ chia hét cho
b+d.Do(b+d,c)=1nén 3 phai chia hét cho
b+d.Tuddob+d=23vadob—d>2nénchicd
thélab=3vad=0.
Khic=1thia=b+c+d =4va2a+c=9nén
2a + ¢ chia hét cho b+ d =3,

con (b+d,c)=(3,1)=1, thoa man.
Khic=2thia=b+c+d =5val2atc=12
nén 2a + ¢ chia hét cho b + d = 3,

con (b+d,c)=(3,2)=1, thoa man.
e Néu b+ c+d=2athi

2a+c=(b+c+d)+c=b+d+2c
ma 2a + ¢ chia hét cho b + d nén 2¢ chia hét cho
b+d.Do(b+d,c)=1thi2 phai chia hét cho
b+d.Tuwddéb+d=2vadob-d>2nénchico
thélab=2vad=0.
Licddc=1va2a=b+c+d =3,suyrasc“3a
khong 12 s6 nguyén.
Vay bai todn c6 hai nghiém 1a: a=4,b=3,c=1,
d=0vaa=55b=3¢c=2,d=0.

Nhdn xét. Céc ban sau c6 101 giai ding. Nghé An:
Hodng Vian Duy, Vé Nhat Hoang, Pang Ba Khoi
Nguyén, 6D, THCS Ly Nhat Quang, b6 Luong; TP.
Hd Chi Minh: Nguyén Trinh Phwong Minh, 6/14,
THCS Lé Quy Pén, Q. 3; Cin Tho: Dwong Ngii
Kim Ldn, 6A6, THCS Doan Thi Diém, Q. Ninh
Kiéu.
NGUYEN VIET HAI
Bai T2/549. Cho x, y. z la cac so nguven thoa
man dang thire xy + yz +zx = =1 Cluing minh
A=(x"+2yz+ Ty +2zx+ IN=2"-2xy-T)
la mot s6 chinh phiong.
Loi gidgi. Taco :
X +2yz+7=x" +2yz—(xy+yz+zx)
=x’—x(y+z)+yz
=(x-y)(x-z).

Tuong tu: y° +22x+7=(y—x)(y—z) va

-2y -T=—(z-y)(z-x)=(y—-2)(z~x).
Tir d6 c6:

A:(Jc2 +2yz+ 7)(}12 +2zx + 7)(—22 —2xy—7)

=(x-y)(x-2)(y-x)(y-2)(y - z)(z - x)
=[(x-y)(y-2)(z-x)]
1a mot s6 chinh phuong.
Nhiin xét. Cac ban sau day co 101 giai dung:
Hung Yén: Lé Tudn Hiép, 7C, THCS Doan Thi
Diém, Yén My; TP. Hé Chi Minh: Nguyén Trinh
Phurong Minh, 6/14, THCS L& Quy Ddn; Nghé An:
Nguyén Vin Lam, 8A, Nguyén Tdt Han, Hoadng Van
Nhén, Nguyén Thi Bing Tém, Nguyén Tat Hodng
Anh, 7C, Dang Ba Khéi Nguyén, Hoang Van Duy,
6D, THCS Ly Nhat Quang; Pdu Céng Nhdt Nam,
7C, THCS Cao Xuéan Huy; Quang Tri: Lé Thi Ngdn
Tam, 8G, THCS Phan Dinh Phing, Nguyén Phi Tién
Khoa, THCS Tran Hung Dao, Péng Ha; Phu Tho:
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Nguyén Xuan Hong, Nguyén Poan Anh Ti, 8A,
THCS Nguyén Quang Bich, Tam Néng.

VU PINH HOA
Bai T3/549. Cho a, b. ¢ ld cdc s6 nguyén 16 lon
hon 3. Chirng minh

(@a=h)"+(b=c)" +(c—a)"i72

véi moi s6 tw nhién le n.

Léi gidgi. Goi A=(a-b)" +(b-c)" +(c-a)”

bit x=a-b,y=b—-c,z=c—a thi
x+y+z=0.

Suyra z=—(x+y)vatrdé A=x"+y" +2z".

Vi n 1& nén x4y chia hét cho

X4y =(x+y) =3xy(x+y)=-2" +3xz.

Vi a,b,c la cac sb nguyén td 1én hon 3 nén ba sb
nay khoéng chia hét cho 3. Theo nguyén ly
Dirichlet, ton tai hai s6 c6 cung s6 du khi chia cho
3. Khong mit tinh téng quat, c6 thé gia sir ¢,a ¢6
cung du khi chia cho 3, din t6i z chia hét cho 3.
Do vdy, x*+° chia hét cho 9. Tir 46, 4 chia
hét cho 9.

Mait khac vi a,b,c 1a cac s nguyén t6 1én hon 3
nén ca ba sb nay déu 1é, kéo theo a—b,b—c,c—a
la cac sé chin tirc 12 x,y,z déu chin. Suy ra
bRt déu chia hét cho 8, din t&i A chia hét
cho 8.

Tir cac chimg minh trén véi chu ¥ (8,9)=1 nén
A chia hét cho 72.

Nhin xét. Bai to4n nay co ban va c6 nhiéu ban tham
gia giai, tuy nhién mdt s6 ban giai qua dai. Khi giai
bai todn nay, cac ban chu y tinh chit a” +b” chia hét
cho a+b v&i moi sb tu nhién n 1& va a,b nguyén
thoa man a+b # 0. Ngodi ra ta ciing ¢6 a" —b" chia
hét cho @a—b v&i moi sb ty nhién n va a,b nguyén
phén biét.

TOAN HOC
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Céc ban sau c6 101 giai dung

Nghé An: Hoang Van Nhdn, Nguyen Thi Bing Tam,
Nguyén Tat Hodng Anh, TC, Nguyén Hdi Triéu, 9B,
THCS Ly Nhat Quang, D6 Luong; Ngé Van Truong,
9A, THCS Mai Hung, Hoang Mai; Ha Ni: Nguyén
Trung Hiéu, Nguyen Vii Minh Khoi, Ngé Minh Chén,
Nguyén Nam Anh, 8AS, THCS Archimedes, Péng
Ach, Trdn Viét Anh, 9A7, Archimedes Academy
Trung Yén, Ciu Gi:‘iy, Bui Minh Khang, 8A1, THCS
Lomonoxép Ha Pong; Phu Tho: Ha Phuong Anh,
9A, THCS Nguyén Quang Bich, Tam Néng; TP. H}
Chi Minh: Nguyén Chanh Thién, 8/14, THCS L&
Quy Dén, Quén 3; Son La: Luwong Hiru Bdch, 9A1,
THCS Nguyén Tréi, TP. Son La; Cin The: Duong
Ngii Kim Ldn, 6A6, THCS Doan Thi Piém, Ninh

Kiéu.
NGUYEN TIEN LAM
Bai T4/549. Cho tam gidc ABC vudng tai A
(AB < AC) dwwrone cao AH va trung tu en AM. Gor
] la trung 1H. d 3] cat AM
Ial p ( /?‘L K (}
i 7
Loi gidl,
A
i M
/ Np S
/ | ,;.P e
/N N
/ D | ‘\ \‘\
/ /\.; \ ~
/// \ | \
& NN N
H K M c

Cich 1. Ap dung hé qua dinh 1i Thales cho tam giac
. MP_MK _PK PK
'MA MH  AH  2H ()

Ap dung dinh Ii Thales cho tam giac BKP ta co:

AMH taco

PK _KB
W mg @

Tir (1), (2) ta co:
MP  KB+KM MB BC
MA MH+ 2BH  MB+HB 2(MB + HB)



T _W”w,m T —

_kB ___ BC-KB _ KC
2HB 2MB+HB)-2HB 2MA’

MP KC
Tir 36 suy ra —— =——_ Suy ra KC = 2PM. Bai

MA 2MA

toan chimg minh xong.
Cich 2. Ké HD /| AM, (D € BP). Ap dung hé qua

HD [H
inh li Thalestacod: —=—= =
dinh P 1,suyra AP=HD.
Apdungdmhh"[halestaco £=£ MB.

PA HD HB
MP M

L"““’Oﬂzﬁ Tir 46 suy ra:

MP MK MB _MK+MB _KC
PA KH BH KH+BH T KB

KC MP KC

—_—
MP+PA KC+KB  MA BC
Ma BC = 2MA nén KC =2MP.
Nhin xét. Cic ban dudi day c6 10i giai tbt.

Suy ra:

Nghé An: Nguyén Ding Quang, 9B, Luong Thi Hai
Yén, 8C, THCS Ly Nhit Quang, D6 Luong; Cuao Long,
9A, THCS Cao Xuin Huy, Dién Chéu; Lieu Trong Phiic,
9B, THCS Déi Cung, TP. Vinh; Phi Tho: Ha Phuong
Anh: Trén Lan Anh, 9A, THCS Nguyén Quang Bich,
Tam Nong; TP. Hd Chi Minh: Nguyén Chdnh Thi¢n,
8/14, THCS Lé Quy Dén, Q.3; Son La: Luong Hitu
Bach, 9A1, THCS Nguyén Trii.

NGUYEN THANH HONG
Bai T5/549. Giai plhong trinh

7}

(x? +6x+10) +(x+3)3x° +20x+36)=0.

Lai giai. Dat t=x+3

=3x* +20x+36=3(x+3)" +2(x+3)+3

=31 +2t+3.

Phuong trinh trd thanh:
(t2+1)2+t(3t2+2t+3)=0

S +30 +45 +3t+1=0  (*)

SO (f+t+1)+2(2 +t+1)+£ +1+1=0

<::>(nt+l)2(tZ +t+1)=0

2
ot=-1,vi t2+t+1=[t+lj Ho5 0,
2) 4

Ta dugc x+3=-1< x=-4, thoa man bai toan.
Viy phuong trinh dd cho co nghiém duy nhét
x=-4.
Nhin xét.
1) C6 thé giai bai toan bang cach:
Pit a=x>+6x+10; b=x+3 khido

3x? + 20x + 36 = 3a + 2b, phuong trinh trd thanh:

@ +b(3a+2b)=0<> (a+b)(a+2b)=

2) Nhin thiy ¢=0 khéng thoa mén (¥). vei t#0,

chia ci hai vé ciia phuong trinh nay cho ¢* ta dugc:

t2+—12-+3(t+1J+4=0‘
¢ ¢

1 1
Dit a=t+-, ta co: |a|22; r2+?—=a2—2, ta
; >

dugc phuong trinh: a*+3a+2=0.

Chc ban sau day c6 bai giai tot:

Ha Npi: Tran Viét Anh, 9A7, Archimedes Academy
Trung Yén, Cau Gidy ; Dodn Tri Anh, 8A, THCS
Dan Phuong, Dan Phuong; Quéng Tri: Lé Thi Ngan
Tim, 8G, THCS Phan Dinh Phung, Dong Ha; Phu
Tho: Trdn Lan Anh, Phan Théi Ting, Ha Phwong
Anh, 9A, Nguyén Xudn Héng, Ngé viét Tinh,
Nguyén Bd Duy, 8A, THCS Nguyén Quang Bich,
Tam Néng; TP. Hd Chi Minh: Nguyén Chanh
Thién, 8/14, THCS L& Quy DP6n, Quéan 3; Nghé An:
Pdo Van Phudce Sang, 9C, THCS Diang Thai Mai,
TP. Vinh, Nguyén Ding Quang, 9B, Nguye:n Céng
Diing, Nguyén Thdi Triéu, Bui Thi Thiy Linh,
Nguyén Vin Ldm, Pham Xudn Hoang, 8A, Nguyén
Thi Bang Tam, 7C, Lwong Thi Hai Yén, 8C, THCS Ly
Nhit Quang, P6 Luong; Ha Tinh: T ran Diéu Linh,
9A, Luu Khanh Huy, 8H, THCS Nguyén Du, TP. Ha
Tinh; Som La: Lwong Hitu Bdch, 9A1, THCS
Nguyén Trai, TP. Son La.

NGUYEN ANH DUNG
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Bai T6/549. Cho a. b, ¢ vor a = b < ¢ la bu

nehicm cita phuong trinh x- — x + 1 =0 Chung
a h ¢

minh rang —+—+—=-"0.
h ¢ u

Léi gigi. Ap dung dinh li Viéte d6i voi phuong
trinh bac ba mét 4n, ta co:

a+b+c=0;ab+bc+ca=-3;abc=-1.

Cdchz.aatA=3+9+5;B=2+3+5,taco
b ¢ a a ¢ b

A+B=a+c+b+a+c+b=—_b+:£+:£=_3.
b c a b ¢ a

2 2 2

at & b bec ab ac
AB=3+—+—+—+—S+—5+—
bc ab ac a* ¢ b

=3—(a’+b +)+ b’ +c’a’ +a’h (do abe =-1)

Vi a, b, ¢ 1a ba nghiém cua phuong trinh
X -3x+1=0nénd°=3a-1; P=3—-1

&=3c— 1. Suy ra:
@+b+c’=3a+b+c)-3=3.0-3=-3;
a’h’ = 9ab-3a-3b+1;
B =9bc—3b-3c+1;
a’c®=9ac-3a-3c+1.
Do d6: b°c® + ’a*+ a’h’ = 9(ab + bc + ca)
-6a+b+c)+3
=9.(-3)+3=-24.
Viy4B=3+3-24=-18.

TeA+B=-3vadB =-18,suyrad va Bla
nghiém cua phuong trinh y* + 3y — 18 = 0 (1).
Phuong trinh (1) ¢6 hai nghiém y,=— 6; y,= 3.

(a-b)b-c)c—a)

Laico: A-B=
abc

=—(a-b)(b-c)c-a)<0 (doa<b<c),
nén A<B (2).

TOARN HOC ]
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Tir (1) va(2)suyrad == 6 (dpcm).
Cich 2. D& thiy cac nghiém cua phuong trinh da
cho thudc [ 2; 2]. Pat x = 2cos { (voi t € [0;7]),

ta ch: 8cos’t—6cost+1=0

1
o 4cosjr—3cost=—5

1 27 2z
_ =+ 4 k— (ke Z).
&>cos3t 2@: 5 3 ( )

Do ¢ €[0; 7] nén c6 ba nghiém:

27 4r 8z
L 3—9—';1'2 =—5-;l‘3 =—é—‘ 5

Via<b<cnén

27
a =200$8—7£; b =20054i; c=2c08—.
9 9 9

Két hop voi cong thic ha bic, ta co:
a=2+c; b =2+a; c?=2+b.

a b ¢ dc+bla+c’h
Suy ra: E+—+—=—r—4———

¢ a abe
_(2+C)C+(2+a)a+(2+b)b
- abe
_2a+b+c)+(a+b+c) —2ab+be +ca)
T abc
_ 20+0° -2.(-3) 6

~1

Nhin xét. Da s6 cac ban gui bai déu giai theo mot
trong hai cach trén. Tuyén duong cac ban sau c6 1oi
giai c6 1ap luan chit ché va ngin gon.

Ha Tinh: Trdn Minh Hodng, 10 T1, THPT chuyén
Ha Tinh; TP. Hd Chi Minh: Nguyén Lé Tri Pur,
10B11, TH, THCS&THPT L& Thanh Toéng, Pa
Néing: 76 Péng Hai, 10A2, THPT chuyén Lé Quy
Dén; Binh Pinh: Phan Trung Tryc, 11T, THPT
chuyén L& Quy Pbén; Séc Tring: Tiét Trong Khiém,
11 T2, THPT chuyén Nguyén Thi Minh Khai; Thira
Thién Hué: Tran Thi Thanh Thir,12T1, THPT
chuyén Québc hoc Hué, TP. Hué.

PHAM THI BACH NGOC



Bai T7'S49. Gl e phucone triih

Q' +4 ::7(?,\%'5"-\-"_‘,1-' (2)

Léi gigi. Diéu kién: xy > 0. Khi d6, 4p dung bat
ding thirc Cauchy ta co:
xy+1

3.3
1 22
x’y’ x_yz_+__ =xp.x0y. (XY —xy +1).

4
. xy+xy+,\}‘+x2y2—xy+l xy+1
i 4 B

5 (xy+1) ’ v+l [ ay+1 ’
4 B2 OL g )

Tir phuong trinh (1) suy ra diu dang thic trong
bat

dang thic trén phai xay ra

1
=4 .rzyz —.ry+1=¢\y<:>xy=13y=;.

Thay vao phuong trinh (2) ta duoc:

9" +4* =70x-57 (3). D2 théy x > 0.

I

Xétham sb: f(x)=9"+4*—70x+57 véix> 0.

|
Tacd: f'(x)=9" 1n9—i24-‘ In4-70;
X

o B ° =,
f"(x)=9"In" 9+—34" 1n4+i44" In“4>0,vVx>0.
b X

Do f"(x)>0,Vxe(0;4+00) nén f'(x)1a ham ddng
bién trén (0;+cc), suy ra phuong trinh f'(x)=0c6
nhiéu nhit mét nghiém trén (0;+c0). Theo dinh ly
Rolle, phuong trinh f(x)=0c6 nhiéu nhat hai
nghiém trén  (0;+%). Mat khac ta co:
f(1)=f(2)=0nén phuong trinh (3) chi c6 hai

nghiém la x = 1 va x = 2. Vay h¢ da cho co6 hai
nghiém (x; y) la (1; 1), (2;%).

Nhdn xét. Cac ban tham gia déu giai dang véi cich

giai trong tr nhu trén. Cac ban sau ¢ 1&1 giai tét:

Ha N@i: Trdn Viét Anh, 9A7, Archimedes Academy
Trung Yén, Cau Gidy, Nguyén Trung Hiéu, Nguyén
Nam Anh, Ngé Minh Chdn, Nguyén Vii Minh Khéi,
8A5, THCS Archimedes Dong Anh; Bui Minh
Phong, 8A1, THCS Lomondxép Ha Péong; Quang
Binh: Pham Thi My Hanh, 11 Toan 2, THPT chuyén
V& Nguyén Giap; Binh Pinh: Phan Trung Truc,
11T, THPT chuyén Lé Quy Dén; Bac Liéu: D6 Vin
Duwong, 11CA, THPT Trin Vin Bay, Phudc Long.

TRAN HUU NAM

Bai T8/549. Cho tam aide déw ABC voi tanmi (1. M

li dicm tiy Y nam trong tam giac. Goi D ET lin

Irot la trune diém cua BC, CA, AB va Y EF

lan heat 16 hinh chicu vuong coc cua M trén cde

canh BC, CA, AB. Chirng minl r"{;',ﬂ'fg frone bha ti
VIS \f F' ( 30 ¢ U

Léi gidgi. (Ctia ban La Pai Cuong, tac gia dé toan).
Khong mat tinh téng quat, gia st M nam trong
(hodc trén bién tam giac AGF).

Bé @é: Xhi M nim trong (hoac trén bién tam giac
AGF)taco: EE'=FF'+ DD".

Chirng minh:

A

FLLRE \

/0 \

F./ \i .  E
//' G \
/ \
B L — ,,l, SRS .,k,\- C

D" D

Goi G la tim cua tam giac déu ABC; P 1a giao
diém cua ME' va GA; Q 1a hinh chiéu vudng goc

. TOAN HOC
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caa P trén AB; H, K lan luot 13 hinh chiéu vudng
goc cua M trén PQ, PG.

Khi d6 tam giac MHK déu, vi M thugc MP 14 phin
glac cua goc HPK (hru y HPK = 120°%;
HPM =KPM =60"). Ti day ta suy ra dugc:

F'OQ=MH=MK=D'D (1).
Vi FQ, EE' d6i ximg nhau qua 4D nén hién nhién
FQO=EE' (2). Tu (1) va (2) suyra:
EE'=FQ=FF'+F'Q=FF'+ DD' (dpcm).

Tro lai bai T8/549.

Goi M ' 1a diém d6i ximg ciia M qua AD, T 14 giao
diém cua ME'va AD; H, K lan luot 1 hinh chiéu
vudng goéc cua M 'trén AD, ME .

A
/T\
/ | \. Er
FJ/ T\‘g/’\\ E"
TN
‘MOH MY
/ | \
# \ | \

F \ \ E
/// ' .ﬂl‘ //’ “\
o i G\

D'D ¢

bit MF'= p, ME'= gq; MD'= r; h la d6 dai
dudmg cao cua tam giac déu ABC. Khi d6 ta thay:
Hptqg+r=h=3GD.

+YMM K =60°, M'T la phan giac trong cua
AMM'K. Goi E"la hinh chiéu vuéng goc cuia
M'trén AC.

+) MK =ME'-M'E"=ME'-MF'=q-p.

MK g-p
+) M'K = MK .tan30° =—— =1L
) G B

M'K MK gq-p
+) TK =TH = = = .
) tan60° 3 3
TOARN HOC
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-p_29-p
+)MT=MK—TK=(q_p)_q3p= (3 ),
MD'+GD r+GD _ .,

Do dé: SMGDD-=_§__—-DD'= .DD";

L %GT.MM' = %(GH +HT).MM'

=[GH+2§£}DDg

_MEMTE

STM'E'E' -

o ME +(A§E —-MT) E

o g-2a=7)
3 ! 5p+q t
.DD' ==—=.DD
2 6

"Ef

(theo bd d& trén: EE'= FF'+DD', E'E= FF'
suyra E'"E'= DD").

Tir nhitng két qua trén ta suy ra:

SMGDD' — SGA-ITA:" - STM'E'E' =

DD’
=r+GD_[GH+q—p}_Sp+q
2 3 6
=r+GD—((r—GD)+q_'D)—5p+q
. 3 6
_3GD-r g-p Sp+gq
2 3 6
_3(3(}D—p—q—r)_0
= : = 0

Vay Syepp = Seune + Sty prg > Suy ra

Swcee =Seme +(Seyme + Styrere)
= Svcrr + Syepp
vi SM(,‘FF‘ = SGME'E‘
Nhin xét. Rat it ban tham gia giai bai toan nay, hai
ban Tran Viét Anh, 9A7, TH, THCS &THPT
Archimedes, Academy Trung Yén, Ciu Gidy, Ha
N&i va ban D Vin Duong, 11CA, THPT Tran Vin
Bay, Phuéc Long, Bac Liéu sir dung c6ng thic tinh
dién tich théng qua tich co huéng ciing cho 15i gidi
dang,
HO QUANG VINH
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D

Bai T9/549. Cho cde 56 thye a, b, ¢ thoa man
L) X 2 o - o 2 ’
a + b+ =2 Tim gia tri nho nhét cua biéu
3 3 3
thire P=(a=bh) +(b=c) +(c—a)’ —(ub+bc+ca).

Loi gidi. (Cua Trdn Minh Hodng va Ngé Van
Truong) Trudc tién ta co B4 dé:

Néu x+y+z=0thi X’ +)° + 2° =357
Chitng minh:
Py +z =(x+y)(x2—xy+y2)+23
:—z((x+y)2 —3ch)+z3
=-z((—z)Z —3xy)+ 2’ =3xyz.
Ap dung: Vi (a=b)+(b—c)+(c-a)=0nén
(a=b) +(b—c) +(c—a)’ =3(a~b)(b—c)(c-a).
Vay P=3(a-b)(b-c)(c-a)-(ab+bc+ca).
Khéng giam tong quét, ¢o thé coi a = max {a,b,c}.
Trudéng hop 1: a2 c2b. Khido
(a-b)(b-c)(c—a)20
vd ab+bc+ca<a’ +b*+c¢’ =2 nén P2-2.

Truong hop 2: a>b>c. Ap dung bét ding thirc
trung binh cdng va trung binh nhén ta c6

(a_b)(b_c)S((a_bp(b-c)y:(a-cjz_

2

Vie—-a<0 nén (a—b)(b—c)(c—a)z (
Mait khac: Z(az +b* 4+t —ab-wbc—ca)
=(.:1—£2)2+(1:»—c)2+(c-a')2

 (a=)+(6-c))

2

hay 2(2—ab—bc—ca)2%(a—c)2_

a 3 3 3 2
Vay PZ—Z(a—c) +Z(a—c) -2.

bat t=a-c>0. Khi dy

¢ =(a—c)z S2(a2 +c2)s2(a2 +b2+c2)=4‘
Suyra ¢t <2. Do do:
P -r=(2-1)(2+147) 424

Suy ra:

3 s 3 2 3, 3,
e 2= sl = —_—) == =2
Pz 4(a c) +4(a c) -2 4: +4

3 3
=Z(r2 -r3)—222(—4)—2=—5.

K&t hop ca hai trudng hop taco P> -5.
Bfmg thic xay ra khi a—c=¢=2, a-b=b-c
vidt+br+cf=2< a=1b=0,c=-1.
Thay dbi vai trd cta a, b, ¢ ta di dén
Két lugn: P nho nhit=—5 khi (a,b,¢)=(1,0,~1)
va hoan vi cia chiing.
Nhén xét. Ban Chu Dirc Bdo va Nguyén Trong Viét
dd co ¥ tuomg kha hay la dat P:=P(a,b,c) va
chirmg minh dugc P(a,b,c) > P(t,t,c) >-2vdoi t
la nghiém cua phuong trinh

£’ +2tc = ab + be + ca.
Tuy nhién, xét P(7,7,¢) l1a khéng dat yéu cau vi
nghiém khong xay ra khi t=a =5 (theo cach giai
trén).
Cac ban dudi day da giri bai va co 16 giai tht:
Bac Ligu: PG Vian Dwong, 11CA, THPT Trin Vin
Bay, Phuéc Long; Ha Ndi: Nguyén Nam Anh, Ngé
Minh Chan, Nguyén Trung Hiéu, Nguyén Vi Minh
Khéi, 8A5, THCS Archimedes Dong Anh; Trdn Viét
Anh, 9A7, Archimedes Academy Trung Yén, Ciu
Gidy; Bii Mai Phong, 8A1, THCS Loménoxép Ha
Dong; HA Tinh: Tran Minh Hoang 10T1, THPT
chuyén Ha Tinh; Hung Yén: Chu Dirc Bao, Nguyén
Trong Viét, 11T1, THPT chuyén Hung Yén; Nghé
An: Ngé Van Truong, 9A, THCS Mai Hung, TX.
Hoang Mai; Quiéng Binh: Pham Thi My Hanh, 11
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Toéan 2, THPT chuyén V5 Nguyén Giap; Séc Trang:
Tiét Trong Khiém, Vi Hodng Tudn, 11A2, THPT
chuyén Nguyén Thi Minh Khai; Son La: Lwong
Hiru Bdch, 9 A1, THCS Nguyén Trai, TP. Son La.
TA DUY PHUQNG
Bai T10/549. Cho dav §6 thuee (x,) thoa man
(5 =0 % =3

A‘E#l } i
[3 To451vn=12,..

n+l

1
5
J
Tim gioi han limx, .

Loi gigi. (Coa ban Nguyén Huy Hoang, 12T,
THPT chuyén Lé Quy D6n, Binh Dinh)

Dé thdy x, >0 vdin>1. Taco:

1 . A
xn+2—2=§[3 2 1—1}:3 2 —%,Vn=1,2,... (1).

Xét ham sé f(x)=3 2. RS rang f{x) lién tuc va

¢6 dao ham trén R. Vi f(2)=§ nén tir (1) tacod:

X, =2 =|f(x,)- F(2)] Q).
Theo dinh ly Lagrange ton tai ¢, nim giia x,_ va
2 sao cho: f(x,)— f(2)=f"(c,)(x,-2) (3).

Taco: f'(x) :—%3_5 =%

/()| 5-15‘2—3,v,rz 0 (4).

bat q=ln2—3 <1. Tu(2),(3) va (4) suy ra:

X, =2/ < glx, - 2.
Tir d6 bang quy nap dé thay v&i moi n ta co:
]xZ" - 2| Lg™ lxz - 2|
va - It =2 g™ -2 (5).
Vig<1 nén limg"" =0. Tl d6 va (5) suy ra:
limx, =2 va limx,,_, =2.

Thanh thtt limx =2.

TORN HOC
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Nhén xét. Bdi nay dugc céc ban tham gia giai voi
nhiéu cich khac nhau. Loi giai néu trén cua ban
Hoang 1 16i giai ngén gon va hay nhét. Cac ban sau
day c6 1oi giai tot:
Séc Trang: Tiét Trong Khiém, 1172, THPT chuyén
Nguyén Thi Minh Khai; Ha Tinh: Trdan Minh
Hoang, 10T1, THPT chuyén Ha Tinh; Thira Thién
Hué: Hé Tran Quoc Thang, 10 Toan, THPT chuyén
Qubc hoc Hué; Vinh Long: Nguyén Tudn Kiét, 11
Toan, THPT chuyén Nguyén Binh Khiém; Quéng
Binh: Pham Thi My Hanh, 11 Toan 2, THPT chuyén
V& Nguyén Giap.
DPANG HUNG THANG

Bai T11/549. Tim cac ham lién tyc [f: R—=>R
thoa man:  f(f(3)+2/(x)=f(f(x+y)). Vxy (D).
Léi gidi. (Theo ¥ cua da s6 cac ban).
Giai su f{x) thoa man diéu kién (1). Thay x = 0
vao (1) ta thu dugc:

FUON+270)=f(fO)).VyeR < f(0)=0.
Thay y=0 vao (1), ta dugc:

2f(x)=f(f(x).VxeR (2).
T (1) va (2) suy ra:
2/(7)+2f(x)=2f(x+y),¥x,y R

hay  f()+f()=fx+y).Vx,yeR (3).
Nhéin xét rang (3) 1a phuong trinh ham Cauchy
trong 1op ham lién tuc nén f(x)=ax véi aeR.
Tiép tuc thay f(x)=ax vao (1), ta thu dugec:

a2y+2ax:az(x+y),Vx,yeR<:>a(2-a)=0.
Suyra a=0 hoic a=2.
Két ludn: Phuong trinh ham da cho c6 2 nghiém
S(x)=0va f(x)=2x.
Nhdn xét. Day la dang toan twong d6i don gidn vé

16p phuong trinh ham v6i ham hop trong l6p ham




mot bién véi cip bién ty do nén c¢6 nhidu ban tham
gia giai va déu nhan dugc két qua dang.

Binh Dinh: Nguyén Huy Hoang, 12T, Phan Trung
Tryc, 11T, THPT chuyén L& Quy Bén; Hung Yén:
Chu Bikc Bao, Nguyén Vin Khiém, Nguyén Trong
vigt, 11T1, THPT chuyén Hung Yén; Vinh Long:
Nguyén Tuédn Kiét, Nguyén Lam Thio Trang, 11T1,
THPT chuyén Nguyén Binh Khiém; Phu Tho:
Nguyén Phic Hung, 10T, THPT chuyén Hung
Vuong; Séc Trang: Lé Hupnh Duy Khang, 11A1,
THPH chuyén Nguyén Thi Minh Khai; Quéng
Nam: Ngé Gia Tuong, Pham Tran Minh Dat, 10/1,
THPT chuyén Lé Thanh Téng; Thira Thién Hué:
Nguyén Nhu Thudt, Phing Hoang Hitu Phi, 10T,
THPT chuyén Qudc hoc Hué; Nghé An: Phan Pai
Hoadng, 10A1, THPT chuyén Phan Boi Chiu; Ha
Tinh: Lé Hiru Manh Tién, Tran Minh Hoang, 10TI,
THPT chuyén Ha Tinh.

NGUYEN VAN MAU

Bai T12/549. Cho tam gidac A5 (D) la dirong
tron ngoai f/'é]n, M la diem chinh ginta cung BC
khong chira A. K la diém hat ky thuoe AM
(K khdng la tam duong tron noi licp tam gidc
ABC). U, V theo thir tiw la tam dirong tron ngoai
!ié}) cac tam gidge ABK. ACK; P, O theo thir tu la
giao diém thir hai cua BK. CK va (O). N la giao
diéem cua UQ va VP. S la giao diem cua PQ va
UV. Chieng minh

1) N la diém chinh giita cung BC chira A.

2) SK song song vai BC.
Loi gigi. (Theo ban Tran Minh Hoang, 10T1,
THPT chuyén Ha Tinh, Ha Tinh).

a) Goi V" 1a diém chinh gita cua cung BC chira
A cuaa (0).
D2 thiy:

(UB,UK)=2(AB, AK) = 2(AB, AM )
=2(N'B,N'M)=(N'B,N'C)(mod r).

Tir d6, chu ¥ rang o8 =1 i ,
UK N'C
gidc UBK, N’BC dong dang cling hudémg. Do do:
(N'B,N'U)=(CB,CK)=(CB,CQ)
=(N'B,N'Q)(modr).

suy ra cac tam

Diéu d6 c6 nghia 1a N, U, Q thing hang.
Tuong tu N, V, QO thang hang.
Vay N'=UQNVP=N. Néi cach khac N la

diém chinh gitra cua cung BC chira 4 cua (0).

b) Chi y rang UA=UB; AM LUV;NM 1 BC;
céc tam gidc BKU, BCN ddng dang cing hudng,
ta cd:

(UA,UV') =(UA, BA)+(AB, AM ) +(AM UV (mod 7)
=(BA,BU)+(NB,NM)+(NM, BC)(mod )
=(BA, BP)+(BK,BU)+(NB, BC) (mod )
=(NA,NP)+(BC,BN)+(NB, BC)
=(NA, NU)(mod 7).

Do d6 4, N, U, ¥V ciing thuge mot dudmg tron.

T d6, chi ¥ ring 4, N, P, Q cing thudc mét

duomg tron, suy ra 4 la diém Miquel cua tir giac

toan phén x4c dinh béi cic dudng thing UV, PO,

UQ, VP. Do @6 4, U, Q, § cung thugc mdt duomg

tron. Tir d6, chd ¥ rang 4, K d6i ximg véi nhau

qua UV, suy ra:
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(SK,SU) =(SU,S84) = (QU,04) =(QU,04)
= (ON, QA)= (MN, MA) (mod ).

Két hop v6i SU =UV | AM, suyra SK | MN.
Piéu d6 c6 nghia la SK // BC.

Nhgn xét. 1) Gia thiét K khong phai 1a tim dudng
tron ndi tiép tam gidac ABC khing dinh ring
UzQ;V + P

2) Kha nhiéu ban tham gia giai bai todn nay nhung
1&1 gidi cua tit ¢a cac ban hodc phu thudc hinh vé
hodc khong hoan chinh (k& ca ban Hodng) bai: Hoic
khong sir dung géc dinh huéng hodc sur dung goc
dinh huéng khong diing cach.
3) C6 thé giai phan b theo cach khac (ban doc tr v&
hinh): Goi §” 1a giao diém cua PQ va tiép tuyén tai K
ciia dudng tron (KPQ). Dé thiy:
S'P KP?
50 KO
Do d6 AS” tiép xic tai A v6i duong tron (4APQ).

KP* KM® AP* CM® AP

KM KQT  BM? AQ®  AQ?

Vay S'A=/SP.SQ = SK. Tir 4, ch ¥ ring UV 1a
trung truc cua AK suyra S'eUV.
Piéu d6 conghiala S'= PONUV =S.
Do d6 SK tiép xiic tai K véi duong tron (KPQ).
Viy (SK,BC)=(SK,PK)+(BP,BC)

= (QK,QP)+(QP,0C) = (QK,0C) =0(mod ),
Noi cach khac SK // BC.
5) Xin néu tén tit ca cac ban: Hung Yén: Nguyén
Vin Khiém, 11T1, Chu Pirc Bdo, Nguyén Trong
Viét, 11T1, THPT chuyén Hung Yén; Nghé An:
Nguyén Pdng Quang, 9B, THCS Ly Nhit Quang,
b6 Luong; Phan Pai Hoang, 10A1, THPT chuyén
Phan Béi Chau; Thira Thién Hué: Dodn Vin Hoing
Ldn, Phan Quéc Thing, 11T1, THPT chuyén Quéc
hoc Hué; Pa Ning: 76 Péng Hdi, 10T2, THPT
chuyén L& Quy Pén; Quing Nam: Pham Trin
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Mink Pat, 10/1; Ngé Gia Twong, 10/1, THPT
chuyén L& Thanh Téng; Phd Yén: Nguyén Tin
Nguyén Chuong, 10T1, THPT chuyén Luong Vin
Chénh.

NGUYEN MINH HA

Bai L1/549. Trén hé mdt chit long ¢6 hai nguon
phit song két hop A, B (AB = 16 cm) dao dong
citng bien do, cung tan s6 25 Hz, cung pha, coi
hién do song khong déi. Biét toc do truyén song la
80 cmis. Xét cdc diém o mat chit long nam trén
dong thang vuing géc voi AB tai B, dao dong
vor bién do cuce tiéu. Piém cdch B xa nhdt, gc'}n
nhdt bang bao nhiéu?

Léi gidi. Goi M la diém ¢ mat chat 1ong nam trén
dudng thing vudng géc véi AB tai B, dao dong

véi bién d6 cuc tiéu nhu hinh dudi.

{//M
| //’, i
N
A 770€ ”B
P v 80
Budc song:7x=—l=2—=3,2cm_
5

Véi hai nguén ciing pha:
- Cuyc ticu xa B nht (gén O nhat) tmg véi:

A
Xmin = T nén vz’ + AR —z=2.0,254

=>Vz' +16* =2=2.0,25.3,2= z=79,2 cm.

- Cuc tiéu gin B nhét (xa O nhét) img véi:
niA A

= —+4—

MR T 4



nén vz’ +AB  —z=nd+050 v&i n 1A sb
nguyén 16n nhét thoa min:

OB-xn, 8-08
0,54 0,532

n< =4,5=>n=4

=zt +16° -z=432+1,6=2=1,69 cm.

Nhdn xét. Chic mimg cic ban da c6 1oi giai ding
cho dé ra ki ndy: Pham Véan Anh, 11 Ly, Trung tam
gido dyc nghé nghiép — Giao duc thudng xuyén,
Quén O Mén, Cin The; D6 Van Duong, 11A1, Thai
Théng Minh, 11 Ly, THPT chuyén Nguyédn Quang
Diéu, Pdng Thip; Trdn Thi Thanh Thu, 12TI,
THPT chuyén Qudc hoc Hué, Thira Thién Hué;
Ngé Hupnh Thién Vinh, 11 Ly, THPT chuyén Tién
Giang, Tién Giang.

DINH THI THAI QUYNH

Bai 1.2/549. Poan mach dién AB ¢om doan mach
AM mac noi fié’p vor doan mach MB. Trén doan
AM chira bién tro va cuon day thuan cam, trén
doan MB chira tu dién. Mdc vao hai diu doan
mach dién dp xoay chiéu c6 iin s6 goc w (vor
2w2LC=3}. Khi R=R, thi céng sudt tidu thu
trén doan mach dat cuc dai, va dién ap cifia hai
ddiu doan mach AM co hiéu thire Ia:

u = 24032 coswi (V).
Viér biéu thirc dién ap gitta hai diu cua doan
mach AB.
Loi gidi. So d6 mach dién dugc bidu dién nhu
hinh a, tir 36 ta c6 gian d6 vecto nhu hinh b.

L M C
.)K—-{ilj—/ﬂm'\————ﬂ—fﬁ

al
=D
Sl

b)

S
?—.

V6i 202LC = 3= Z, = 1,5Z¢ ().
Khi cong suét trén mach 4B cuc dai :
Ry=2; -Z¢ =0,5Z¢.
Tir (1) va (2) ta c6 quan hé :
Z; =3Ry;
Z; = 1,5Z¢0 = 3R;.
Theo gian dd vecto, d léch pha gilta u s va ug la
Qam:  tanQqpy = %— =3
= oy =72°.
D6 léch pha gitra uyp va ugla @pp :

Z; —Z¢
tan(pAB=—R——=

1
= (PAB = 450.
5 x ; o 3m
Vay uyp tré pha hom wu gy, goc 27° = =0 (rad)

:>pha cua iy la QAR :

3n 3n
Pag = Qap —— = ot —— (rad).

20 20
Ta co:
Usg _ |RP+ (2 -Zc)
Usv \  RP+ 2}

s
NG

1
I>U0AB=U .—r_=240.—:
0AM R (5

=48J10 (V).

Viy dién ap giita hai dau cua doan mach 4B la:

Ugg = 48@008(@ = %g] (V).

Nhin xét. Hoan nghénh céc ban: Truwong Phic Vinh,
Thai Théng Minh, Pham Vin Anh, 11 Ly, THPT
chuyén Nguyén Quang Diéu, Pdng Thap co 1oi giai

dung.
NGUYEN XUAN QUANG
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Nhén dip ky niém 133 nim ngay sinh cia Chu
tich Ho Chi Minh, t5i xin gi6i thidu vé cude doi va
sy nghiép cua mét ky su dién, nha toan hoc, nha
phat minh ngudi My gdc Hungary Rudolf Emil
Kalman (tiéng Hungary: Kalmadn Rudolf Emil) c¢6
cung ngay sinh véi Bac H kinh yéu. Ong duoc
xem | dong phat minh va phét trién cua b6 loc
Kalman, mét thuit toan toan hoc cung cép mot
cach tiép can dé quy cho vén dé loc, dugc sir dung
rong rdi trong xw [y tin hiéu, hé théng diéu khién
va dan dudng, hoa tiéu va didu khién. Ly thuyét
Kalman, dugc thiét lap vao diu nhimg nam 1960,
da mang lai mét cai cach co ban cho kj thudt diéu
khién va tr d6 dit nén moéng cho sy phat trién
nhanh chong cua ly thuyét diéu khién hién dai. Dé
ghi nhan dong goép nay, Tong théng Hoa
Ky Barack Obama da trao cho éng Hudn chirong
Khoa hoc Quéc gia ngay 7 thang 10 nam 2009.

Rudolf Emil Kalman
sinh ngay 19 thang 5
nam 1930 tai Budapest,
thu d6 cua Hungary, 1a
con trai cua Ofto va

Ursula  Kalman (née

Rudolf Emil Kalman
(1930- 2016)

Grundmann) - mot ky
su dién. Gia dinh di cu
tr Hungary dén Hoa Ky trong Thé chién thtr hai.
Nam 1943, khi chién tranh ¢ Dia Trung Hai vé co
ban da két thiic, ho di cu qua Thé Nhi Ky, Chau

Phi va cubi cing dua ho dén Youngstown, Ohio,
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TRONG LY THUYET BIEU KICN
PANG THI KIEM HONG
: (Dai hoc Tai chinh Ké todn Quing Ngaiy,

vao nim 1944. Rudolf theo hoc truong Cao ding

Y oungstown ¢ do trong 3 nam trudc khi vao Vién

Cong nghé Massachusetts (MIT), Hoa Kjy.
Kalman 1in luot nhan bing cir nhan va thac si vé
ky thuat dién tai MIT vao nam 1953 va 1954.
Kalman hoan tit bang tién si vao nam 1957 tai
Pai hoc Columbia ¢ thanh phb New York.

Mbi quan tim ban diu cia ong d6i v&i céc hé
thdng diéu khién duoc thé hién rd rang qua nghién
clru cua 6ng tai MIT va dic biét la & Pai hoc
Columbia. Nghién ctru ban d4u cta éng dua trén
khai niém vé cac biéu dién bién trang thai, dugc
ning cao vé mit toan hoc nhung duoc thic diy
boi cac van dé thuc té. Ong ciing di cho théy,
ngay tir nhing ndm dau tién nay, cach tiép can
nghién ciru mang tinh ca nhin cao di tiép tuc
trong sudt phén con lai cho sw nghiép ruc r& cia
6ng.Tir nam 1957 3én nam 1958, Kalman duoc
tuyén dung véi tr cich 1a ky su nhdn vién tai
Phong thi nghiém nghién ctru cua IBM o
Poughkeepsie, New York. Trong thoi gian d6, 6ng
da c6 nhimg dong gop quan trong trong viéc thiét
ké cac he thong kiém soat dr liéu lay méu tuyén
tinh bang cach sir dung tiéu chi hiéu suit bac hai,
cung nhu trong viée sir dung Ly thuyét Lyapunov
dé phan tich va thiét ké cac hé thong diéu khién.
Vao thoi diém do, Ong da thiy truéc tim quan
trong cua may tinh k§ thuat s§ ddi v6i cac hé
thong quy md 1én. Nim 1958, Kalman gia nhap

Vién Nghién ciru Cag cap (RIAS) do Solomon




Lefschetz qua cb thanh lap. Ong bit diu voi tur
cich 1a mot nha nghién clru todn hoc va sau do
dugc thang chirc Phé Giam déc Nghién ciru. Nam
1958, Van phong Nghién ctru Khoa hoc Khong
quén (AFOSR) da tai trg cho Kalman va Bucy dé
thyc hién nghién clru nang cao vé wdc luong va
Kidm soat tai RIAS. Cudi thing 11 nam 1958,
khong lau sau khi dén RIAS, Kalman bit chuyén
tu tr&r v& Baltimore sau chuyén tham Princeton.
Vio khoang 11 gio tdi, doan tau da dimg lai
khoang mot gid ngay bén ngoai Baltimore. P
muén, dng mét moi va dau dau. Trong khi bj méc
ket trén tau trong gio d6, mdt y tuong nay ra trong
diu ong: Tai sao khong ap dung khai niém bién
cho bai

Kolmogorov. Ong di qua mét moi dé nghi nhiéu

trang thai toan bd loc Wiener—
hon vé diéu d6 véo budi tdi hom d6, nhung né
danh ddu sy khoi dau ciia mot s6 déng gop tién
phong thue s cho 1y thuyét diéu khién hién dai.

Y tuong cua Kalman d3 duogc phan hdi véi mot sé
su hoai nghi gira cac dong nghiép cua minh va
ong éy d3 chon mot tap chi k¥ thuét co khi (chir
khong phai 12 mét tap chi ki thuat dién) dé xuit
ban. Bai bao thir hai cuia 6ng, vé truong hop thoi
gian lién tuc va dong tac gia véi Bucy, di ting bi
tir chdi boi vi - nhu moét phan bién di néi - mot
budc trong chimg minh “khéng thé 13 sy théat”
(trong khi d6 1a sy that). Ong kién tri trinh bay bd
loc cia minh va ngay lap tirc c6 nhidu sy chap
nhin hon & nhitng noi khac. N6 nhanh chong trd
thanh co s& cho cac dé tai nghién ciru tai nhiéu
tredmg dai hoc va la chu dé cua hang tram ludn én
tién si vé ky thuat dién trong khoang mot thap ky
sau do.
Cac bai giang va 4n phim cua ong trong khoang
thoi gian d6 cho thiy kha nang séng tao to 16n cua
dng va viéc ong tim kiém mét 1y thuyét diéu khién

thong nhat. Nghién ctru clia dng vé cac khai niém

hé théng co ban, ching han nhu kha ning kiém
soat va kha nang quan sat, da giap dat nén tang 1y
thuyét vimg chic cho mot s6 khia canh ciu triic hé
théng k¥ thuat quan trong nhit. Ong da théng
nhit, trong ca truomg hop thoi gian roi rac va thoi
gian lién tuc, ly thuyét va thiét ké cua cac hé
théng tuyén tinh déi véi cac tidu chi bac bai. Ong
d3 c6 cong gidi thiu cong trinh cua Caratheodory
trong 1y thuyét didu khién t6i wu va lam 18 moi
twong quan gita nguyén ly cuc dai cua
Pontryagin va phuong trinh Hamilton-Jacobi-
Bellman, cling nhu phép tinh bién phan néi chung.
Nghién ctru cua éng khong chi nhan manh tinh
tbng quat cia toan hoc ma con dugc huong dan
boi viéc st dung mdy tinh ky thuat s6 nhu mot
phdn khong thé thiéu trong qua trinh thiét ké va
trién khai hé théng diéu khién.

Nam 1964, Kalman dén Pai hoc Stanford, noi ong
duoc lién két voi cac khoa K§ thuat Pién, Co hoc
va hoat dng nghién ctru. Trong thoi ky d6, nhirng
nd luc nghién ciru cia 6ng chuyén huéng sang cac
van @& co ban lién quan dén 1y thuyét thye chimg
va Iy thuyét hé théng dai s6. Mot 1an nira, 6ng di
mo ra nhitng con dudng nghién ciu modi trong
mét linh virc méi va nhimg dong gop cua 6ng da
gitp dinh hinh mét linh vue nghién ciru méi trong
Iy thuyét hé théng hién dai. Kalman khéng chi
dinh hinh linh virc Iy thuyét dicu khién hién dai
ma con thac déy viéc sir dung rong rai nd. Véi
céch trinh bay cudn hit, cac bai giang cua ong tai
cac truong dai hoc, héi nghi va nganh céng nghiép
da thu hat v6 s nha nghién ciru chiu 4nh huéng
l6m fir y tuong cua éng.

Nam 1971, Kalman dugc bd nhiém lam giao su
nghién ciru sau dai hoc tai Khoa Toén hoc, Ky
thuat dién, Ky thuft cong nghiép va Hé théng, Dai
hoc Florida ¢ Gainesville. Ong ciing trg thanh
Giam dbc cia Trung tam 1y thuyét hé théng toan
hoc, cac hoat déng gido duc va nghién ciru cua
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ong lién quan dén cac khoa k¥ thudt dién, ky thuét
cong nghiép va toan hoc. Hai nam sau, trong khi
tiép tuc gift cac vi tri nay tai Pai hoc Florida, ong
cing tré thanh Gido su tai Eidgendssische
Technische Hochschule & Zirich, Thuy Si.
Kalman thdi gir chic vu tai Pai hoc Florida nam
1992 wva tai Technische
Hochschule & Ziirich nim 1997. Ong cling dong
vai trd c6 vén khoa hoc cho céc trung tdm nghién

ciru & Ecole des Mines de Paris, Phap.

Eidgendssische

Kalman d3 xuét ban hon 50 bai bao k¥ thuat, dong
tac gia cubn sach "Chau dé trong Iy thuvét hé théng
todn hoc” (McGraw-Hill, 1969) v&i Peter L Falb,
Michael A Arbib va co nhiéu bai giang. Ong la
thanh vién cua nhiéu héi nghé nghiép va éng phuc
vy trong ban bién tdp cua nhidu tap chi. Nim
1962, dng duoc Vién Han lam Khoa hoc
Maryland vinh danh 1a Nha khoa hoc tré xuét sac
cua nim. Ong tr¢ thanh thanh vién cua IEEE
(Institute of Electrical and Electronics Engineers)
nim 1964. Nam 1974, 6ng nhdn Huédn chuong
Danh du cua IEEE, "Vi di di tién phong trong céc
phuong phap hién dai trong ly thuyét hé thong,
bao gém cac khai niém vé kha ning kiém soat,
kha niang quan sat, loc va céu truc dai s6." Ong
ciing nhan dugc Huy chuong Thé ky cua IEEE
nam 1984, giai thuong Steele cua Hi¢p hoi Toan
hoc Hoa Ky nim 1987 va giai thuong Bellman
cua Hoi ddng Piéu khién Ty dong Hoa Ky nim
1997.

Nim 1985, nim dau tién Quy Inamori trao giai
thuémg Kyoto, Kalman dugc trao giai thudng
Kyoto vé Cong nghé tién tién. Trong chuyén thim
Nhat Ban dé nhan giai thuong Kyoto, éng di noi
véi bao chi vé mot biéu tugng ma ong di nhin

thiy lan déu tién trong mot quan ruou & Colorado
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Springs vao ndm 1962 va n6 di gy an tugng voi
ong. N6 noi ring:
Nguoi nho bé ban ludn vé ngudi khdc.
Nguedi binh thuong thio luén vé cdc su kién.
Nguoi Iom thao ludn vé ¥ tuong.

Ong cam thiy céng viéc ciia minh lién quan dén
cac y twémg. Kalman la thanh vién cua Vién Han
1am Khoa hoc Quéc gia Hoa Ky, Vién Han lim
K# thuat Quédc gia Hoa Ky, Vién Han ldm Khoa
hoc va Nghé thuit Hoa Ky, ddng thoi 13 thanh
vién nudc ngodi cua Vién Han ]Jam Khoa hoc
Phap, Hungary va Nga. Nam 1990, nhéan dip sinh
nhét 1én thi sdu muoi cia Kalman, mot hoi nghi
chuyén dé quéc té dic biét da duogc triéu tap voi
muc dich tén vinh nhimg thanh tuu tién phong cua
ong trong ly thuyét hé théng toan hoc. Vao ngay
19 thang 2 nam 2008, Hoc vién K thuat Qudc gia
Hoa Ky di trao cho Ka/man Giai thuong Draper,
giai thuéng uy tin nhét cua Quéc gia vé k¥ thuat,
vao mot budi téi budi 1€ tai Washington, DC.
Trong mot budi 1& tai Nha Tring vao ngdy 7 thang
10 nam 2009, Kalman da duge Tong théng Hoa
Ky Barak Obama trao tang Huédn chuong Khoa
hoc Quédc gia. Ong da duoc trao nhiéu béng tién si
danh du tr cac trudmg dar hoc khac. Nam 2012,
ong tro thanh mot thanh vién cua H31 Toan hoc
Hoa Ky. Ong méat vao mot budi sang ngay 2 thang
7 nam 2016 tai nha riéng & Gainesville, Florida.
Kalman qua ddi vai tuin trude khi trao bang tién
si danh dy cua Politecnico di Milano, vi vy vo
ong la Dina da thay mét 6ng tham du budi 1& duoc
td chirc tai Politecnico di Milano vio ngay 12
thang 9 ndm 2016.

C(’)' thé n6i Kalman 1a ngudi di du trong viéc phat
méf’ mét 1y thuyét chat ché vé cac hé théng diéu
khién. Trong s6 nhiéu déng gop néi bat ciia ong 1d
viéc xdy dung va nghién ctru hiu hét cac khai
miém khong gian trang thii co ban (bao gbm kha
nang dieu khién, kha ning quan sat, tinh ti thiéu,




kha nang thye hi¢n duge tr d ligu déu vao/diu
ra, phuong trinh 'Riccati, diéu khién béc hai tuyén
tinh v nguyén tac phén tich) phé bién ngay nay
trong kiém sodt. Mdc di mét sé khai niém nay
ciing g&p phai trong c4c bdi canh khac, ching han
phu 1y thuyet di€u khién tdj uu, nhung chinh
Kalman da nhan ra Yai trd trung tdm cua ching
trong phan tich bé thong. Cac mé hinh do Kalman
xéy dyng v che két qud co ban ma dng thiét lap
43 tro thanh mét phan ndi tai cua nén tang cua 1y
thuyét diéu khién v hé thong va 1a cong cy tidu
chuin trong nghién ctru cling nhu trong moi trinh
bay vé linh vuc nay, tr sich gido khoa ky thuat
dai hoc dén nghién ciru toan hoc cip sau dai hoc,
sach chuyén khao. Cach tiép can cla Kalman, dya
trén viéc st dung cdc ky thudt khong gian trang
thai va thuft toan binh phuong nho nhét dé quy,
da mo ra nhiéu kha ndng 1y thuyét va thuc tién
méi. Tac dong cua bd loc Kalman dbi véi tht ca
cac linh vyuc toan hoc, ky thuét va khoa hoc ing
dung 14 rét 16n. Tham chi khéng thé bit dau liét ké
cac ung dung thyuc té cua no. Ciing giémg nhu céac
vi du vé su da dang cua ching, ngudi ta cd thé dé
cap dén hudémg din cua tau vii tru Apollo va may
bay thuong mai, st dung trong xi ly dir lidu dia
chén, thiét bi nha may dién hat nhan va mé hinh
nhén khéau hoc, ciing nhu cc img dung trong kinh
té lugng.
Nhitng ¥ tuémg vé théng ké cua Kalman rét kich
thich tr duy va 6ng da viét mot sé bai bao thu vi
vé chu dé nay ké tir khi nghi huu. Vi dy, 6ng dé co
mét bai giang khéng chinh thirc dugc xuét ban
dudi tén Xdc suat va khoa hoc (1993), trong 46
ong (trich ddn tr mot bai phé binh cua Zeno G
Swijtink) than thd vé sy phét trién bung nd cua céc
g dung x4c suédt sau Thé chién thir hai va dat
cdu hoi liéu x4c suat c6 tdn tai trong thé gidi thue
hay khéng. Tinh ngiu nhién cé, va dé nim bét n6
tot hon, 6ng d& xust mét dinh nghia méi: nglu
nhién khéng dugc x4c dinh duy nhét boi cac quy

tic c6 dién don gian. T4t c4 cac sb vé ty dugc cho

12 ngiu nhién theo dinh nghia nay. Tac gia két

luan, sy ving mit cta sy tuong tac giita cac nha 1y

thuyét hdn loan va céc nha 1y thuyét x4c sult ciing

cho thdy cac mé hinh xac suét cé dién khong lién

quan dén thé gi6i thuc nhu thé nao. Niam 1995,

ong da xuit ban Tink ngdu nhién va xdc sudt, va

vao nim 2002, 6ng di thao luan vé Mé hinh thong

ké la gi? Ong tin rang khai niém hién dugc chéap

nhén vé m6t md hinh théng ké 1a khong khoa hoc;

ding hon, d6 13 sy phong doan vé nhimg gi c6 thé
chu thanh thuc té (khoa hoc) ma khong c6 yéu td
phan hdi quan trong, nghia 13 khéng kiém tra mé
hinh dugc gia thuyét, dinh d&, mong mudn co vé
tu nhién (nhung trén thuc té chi 1a phong doan)
déi véi thuc t& d6. N6i thing ra, theo nhu nhimng
gi dugc biét dén ngay nay, khong c6 thir goi 1a
i.id cu thé (i.i.d 1a viét tit cua independent and
identically distributed, nghia 14 qua trinh ddc lap,
phén bd gidng hét nhau), khéng phai vi diéu nay
khéng dugc mong mudn mi boi vi thién nhién
dudong nhu khéng gidng nhu vay. Nhu Bertrand
Russell d noi khi két thiic cudc doi dai céng hién
cho triét hoc cua minh, "Néi mét cach dai khdi,
nhitng gi chiing ta biét la khoa hoc va nhiing gi
chiing ta khong biét la triét hoc." Trong bbi canh
khoa hoc, nhung c6 1& khong phai trong linh vyc
{mg dung, ong e ring md hinh théng ké ngay nay
thude vé linh vuc triét hoc.

TAI LIEU THAM KHAO
[1.] Grewal, M. S., & Andrews, A. P. (2014).
Kalman filtering: Theory and Practice with
MATLAB. John Wiley & Sons,

[2] https://en.wikipedia.org/wiki/Rudolf_E._K%C3
%A1lm%C3%Aln

[3.] https://ethw.org/Rudolf_E._Kalman

[4.] https://mathshistory.st-
andrews.ac.uk/Biographies/Kalman/

(5]
http://www.cs.unc.edw/~welch/kalman/index.html#A
nchor-Rudolph-6296

TOAN HOC 41

S6553(7-2023)  * CTugilre










Mat khic, vi BH LCF = F, + B, =90°. Ma tam
giac BFC vudng tai B nén

F+C,=90° <> B, =C, = AUBK = ABCF (g.c.g)
= AK = BF. ViAK = BI (= BF), EC = EI

= AK+EC=BI+EI=BE hay BE = AK + CE.

Cédch 4. Tao ra doan thang bang tdng AK + CE rdi
ching minh BE bz"mg doan th?mg vira tao, cu thé:

4 B

3

Hinh 2

Trén tia ddi cia tia CD Ky didm G sao cho
CG = AK, khi d6 AABK = ACBG (c.g.c). Do @6
ta suy ra: }5}3 =§1 =§z

= B+ EBC =B, + EBC

= KBC = EBG,
Talai c6: Bi + KBC =90° = Bs + EBG = 90",
Ma §3+a=90°:>61=EEE;=>AEBG can tai
Enén EB=EG = EB=FEC+ AK.

Cdch 5. Qua B vé dudng thing vudng goc véi BK
cét DC tai G.

Ta ¢6: B, =B, (vi cing phy véi KBC), do 46
AABK = ACBG (g.c.g) = AK = CG

= EG=EC+ AK,
Ta lai ¢6: B: + EBG =90°, B + G =90°
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= EBG =G, = AEBG cin tai £ = EB = EG,
Ma EG = EC + AK nén EB = EC + AK

Cach 6. Trén tia EC liy diém G sao cho
EG =EB. Vi EC < EB nén EC < EG nén ba diém
E, C, G thing hang theo thir ty.

Ta ¢6 tam giac EBG cin tai E = G, = EBG.
Vi Gi+B,=90° = EBG+ B, = 90°
< EBC +2B, = 90°,
Ma EBC+B, + B, =90° < EBC + 2B, = 90",
do dé: Bs = B, = B:=> A4BK = ACBG (g.c.g)
= AK=CG = EG=EC+ AK

= BE=CE + AK.

C(J:Ct’.! 7

-/

T S
E C
Hinh 3

Trén tia ddi cua tia AK ldy diém M sao cho
AM = EC. Khi 86:

AABM = ACBE (c.g.c)= EBC = ABM.
Ma ﬁl =§2 = E‘EE'+§2 =ABM+§|

< MBK = CBK.




-

Mit khac, ta lai ¢6 CBK =K, (so le trong) nén

MBK =K. Do @6AMBK cin tai M = MB =

MK.

Ta lai c6: AABM = ACBE (c.g.c)=> MB = BE.

BE =MK = BE = AM + AK nén
BE=AK + CE

Suy ra:

Cich 8. Qua B V€ dudmg thang vudng goc véi BE
cat tia KA tai M.

Ta cb: EBC = ABM (¥i cing phu v6i ABE)
— AABM = ACBE (g.c.g) = AM = EC.

Suy ra:
AK+ CE=AK+ AM = MK.

Talai c6 EBC = 4BM , B = B>

= EB—Z‘ +§2 = m +§1

& MBK =CBK.

Mit khac, ta lai cé C"EI? =K (so le trong) nén
MBK =K,. Do 46 AMBK cin tai M suy ra:
MB = MK.
Ta lai c6: AABM =ACBE (c.gc)=> MB=BE
nén BE = MK hay BE = AK + CE.

Cach 9.

Hinh 4

Tir C va E vé cac dudng thing vudng goc véi BK
cht duémg thing 4B theo thir ty tai F va N.

Khi d6 tam gidc BNE c6 BK vudng goc voi NE va
B, =B> nén tam gisc BNE can tai B, suy ra:
BE=BN.

Ma ti giac ECFN c6 NF // EC, NE /| CF nén
ECFN 1a hinh binh hanh = CE = NF.

Mit khac, AABK = ABCF (g.c.g)
= AK = BF.

Do d6: BF+ NF=AK+CE

= BN=AK + CE,
ma BN=BE = BE=AK + CE.

PAO QUOC CHUNG
(GV THCS Van Phong, Dién Chdu, Nghé An)

Nhdn xét. Hai ban Nguyén Vin Lam, Thai Ba Nhan,
8A, THCS Ly Nhat Quang, B6 Luong, Ngh¢ An,
mbi ban déng gép mot cach giai twong tw nhu cach 4
va c4ch 5 & trén; ban Nguyén Vin Cdnh, GV THCS
Long Hau, xi Long Hau, huyén Cén Giudc, Long
An va ban Nguyén Minh Tho, 214, Dién Bién Phy,
Q. 3, TP. Hd Chi Minh dua ra hai cach giai: Céch 1
twong ty cach 4 & trén, cach 2 ban dit 4ABK =a,a
12 canh hinh vudng, sau d6 biéu dién BE, 4K, EC |
theo a va céc ham sb lugng gidc cia géc a ciing di !
@én hé thic cin chirng minh. Xin hoan nghénh céc
ban.
LE MAI (Ha Ngi)

MOdi céc ban gui 161 giai BAI TOAN 75 duéi day vé
Tda soan Tap chi TH&TT trudc ngay 31.8.2023,

BAI TOAN 75. Cho tam gide ABC vuéng tai A,
dicong cao AH, diem D doi xing voi A yua B. .
Buccng thang di gua A va vuong goe voi DI cat :
BC tai I Chung minh IH = IC.
vO MONG TRINH E
(GV THCS Cat Minh, Phii Cat, Binh Dinh) ;
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BAI TOAN 82 (IMO 1978). Cho P la diém co

dinh nam bén trong mot hinh cau cho trueoc. Ba

T T —— e e

f”'

doan thang P4, PB, PC vuing goc doi mot co
ba dau mit A, B. C nam trén mar cau. Goi Q la
dau mut thie hai cua duwong chéo PQ cua hinh
hép chir nhdt ma ba canh la PA, PB, PC. Tim
quy tich cua diem Q khi ba diem A, B, C chay
trén mat cau.

Lé&i gigi. » Phan thuén. Goi O 1a tam hinh ciu di
cho. Dit OP = d. Goi (S) 1a mit ciu (O; R) di cho
(hinh v&).

Ta c6: PO =PA+PB+ PC. Do PA, PB, PC d6i
mot vudng goc nén PO’ = PA* + PB* + PC*.
2 ——=2 AR g
Nhu viy 0Q* =0Q =(PQ - POY
= PO? + PO? —=2PO(PA+ PB + PC)
= PQ? + PO* + OA4* + OB* + OC*

—(PA* + PB* + PC*)-3PO’
hay OQ® =3R’—2d* (1). Vay Q nim trén mat
cAu tam O, ban kinh bing V3R* —2d° > R.

e Phén dio. Liy diém Q bat ky trén mat cau tam

O ban kinh v3R? —2d* > R. Ta phai chimg minh
tén tai mét hinh hop chir nhat nhan PQ lam mot

TOAN HOC
46 clusige
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duong chéo va cé ba canh 1a PA, PB, PC v6i 4, B,
C nim trén mit ciu (S) di cho.
That vay trong truomg hop téng quat O khong nim

trén PO va (PQ, O) xac dinh mot mat phal?g (o)
ndo diy. Néi O véi trung diém I cua PQ, rdi qua

— 1=
diém G trén PQ dugc xac dinh boi PG=§PQ,

dung mit phing (B) L OF, (B) cét mit cau (S) theo
mét dudmg tron (C) nao déy (xem hinh vé).

A

° \/ ‘
©)

Ké PH L (B) va OW L (). D& thdy ring ba diém
H, G, W thing hang va HG = 2GW.
Trong mit phang (B) dung tam gidc ABC ndi tiép
(C) nhan G va H theo thir tu la trong tdm va truc
tam (chi viéc ldy 4 tuy v thude (C) rdi dung BC
tiép theo). Néi PA, PB. PC ta dugc PABC la tr
dién trire tdm (cac canh d6i mot vudng goc) (2).
Tir (1) suy ra: PQl =PA’ + PB® + PC*.
Tir (2) suyra: A4'= BB =CC'".
Nhu vdy AA'=BB'=CC'=PQ. Suyra
PALPB,PALPC,PBLPC va
PAB’C.BC’QA’ 1a hinh hop chit nhat.

hinh  hdp

Nhdn xét. Loi giai cua mot s6 ban khong ding, mét

s6 ban khac chi lam phin thuin ma “quén” khéng

lam phan dao nén 1&i giai ciing khdng chit ché.
NHU HOANG

Sau ddy 1a bai tip dé nghi. Ban doc gui 15 giai vé

Toa soan TH&TT trude ngay 31/8/2023.

BAl TOAN 84. Tim 1t ca cac oap SO ngiyen

hoa man a = h".

KHANH HUU (Ha Ngi)

dicome (d; h)




(Dé ding trén TH&TT 56 549, thing 3 nim 2023)
Phdn tich sai lam.

Ban Mai sai @ t_;uc'rc 2. Cach lap cua ban Mai
khong dam bao s0 18p duoc chia 2 chir s6 I¢ dimg
canh nhau (chang han, theo cach lap cua ban Mai
c6 thé lap dugc s0 2460 nhung s nay khong thoa
min yéu cau cua bai toan).

Léi gidi ding. Ta xét mot day gdm 4 & nhu sau

M3i sé can lap ung v&1 mot cach chon ra 4 phf?m
tir cua tap {0;2;4; 6;a} va hoan vi 4 phin tir vira
chon vao 4 & trén sao cho & dau tién khong phai
chit sé 0, 6 cudi cung phai 1d chir sb chin, voi
a e{13;31;15;51;35;53}.
Bude 1: Chon a €{13;31;15;51;35;53}, c6 6 céch
chon.
Buéc 2: Truomg hop 1, chon 6 dau tién dé dién a.
Sau d6, chon 3 trong so cac chir $6 0:2; 4: 6 va
xép vao 3 6 con lai, c6 A, céch.
Truong hop 2, chon & thir 2 hodc 6 thir 3 dé dién
a. c6 2 cach. Chon 1 trong so cac chir s6 2: 4; 6
dé dién vao 6 dau tién, co 3 cach chon. Sau do,
chon 2 trong céc chir s6 0; 2; 4; 6 (trir chir s6 da
xé vao 6 diu tién) va xép vao 2 6 con lai, c6 A4
céch. Sé cach hoan thanh budc 2 la:

1.4} +2.3.4] =24+36=60 cich.

Viy lap duoc tht ca 6.60 =360 sb theo yéu cau
cua bai toan. Chon C.

Nhdn xét. Cac ban: Neuyén Hiru Picc Nam, 10A1,
THPT Cam Xuyén, Ha Tinh, Nguyen Nhu Diong
Long, 10B1, THTHCS&THPT Lé Thanh Tong, TX.
Phi My, Ba Ria-Viing Tau, Pham Xuan Khanh,
10A2. THPT Tam Phudc, TP. Bién Hoa, Dong Nai,
Nguyén Hing Cuwong, xa Nhon My, TX. An Nhon,
Binh Pinh d phat hién dung sai lam va dua ra 19
giai dung. Xin hoan nghénh cac ban.

KIHIVI

DUNG HAY SAl?

Pé bai. Trong cdc cdp so thuc (a,b) ::fé" bt
phuong trinh
(x-1)(x-a)(x* +x+b)2 0
nghiém diing véi moi xeR, tich a-b co gia tri
nho nhat bang
A.—% B. -2 C. -};
Loi gidi ciia ban Tung.
pé (x-1)(x—a)(x* +x+b)20,¥xeR ta xét
hai trurdng hop sau day:
- Truweong hop 1:
(x—1)(x—a)=20,vxeR
{(xz +x+b)20,‘v’xe R

Doddé a-b 21.
4
- Truomg hop 2: x=Lx=a déu la nghiém cua

tam thirc bac hai x’ + x+ b, tic la

{pb:o {b=—2
C> el

Dintéi a-b=-2 hodc a-b=4.
Vay gia tri nho nhat cua a-b bing -2. Chon dap
an B.
Céc ban c6 nhin xét gi vé loi gidi ciia ban Ting
khong?
NGUYEN VAN XA
(GV THPT Yén Phong 56 2, Yén Phong, Bdc Ninh)
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Tep chi TOAN BOCva TUOI TRE Lo
PY Blin Wap: 02435121607,

M-:.f‘?hema*?ics ﬂﬂd YOI,?}i M:‘jggzige OT Phat hanh: 024.25142549, 024.35682701

Email: inanhactoollrevieinam@gmail.com

BAN CO VAN KHOA HQC CHIU TRACH NHIEM XUAT BAN
GS.TSKH. TRAN VAN NHUNG Téng Gidm d6c NXBGD Viét Nam
TS.NGUYEN VAN VONG HOANG LE BACH
GS. POAN QUYNH Tdng Bién tap NXBGD Viét Nam
PGS.TS. TRAN VAN HAO PHAM VINH THAI
Vién truéng Vien nghién ciu Sdch va HLGD
PHAN XUAN THANH

HOl PONG BIEN TAP

Téng bién tip : TS. TRAN HU'U NAM Phé téng bién tgp : CN, TRAN THI KIM CUONG
Thu ki Toa soan : ThS. HO QUANG VINH 7S. LE HONG MAI

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, 7S. TRAN NAM DUNG, TS. NGUYEN MINH BUC, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAlL, PGS. Ts. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS, 7S. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS PHAM THI BACH NGQC, PGS. TS. TA DUY PHUDUNG,
TAS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU KIM THUY, PGS. TS. VU
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

P
.Y Danh cho Trung hoc Co sé . Problems in This Issue

For Lower Secondary School
Gidi bai ki trwée

Nguyén Anh Tudn — Chimg minh hai duéng
T1/549, ..., T12/549, L1/549, 1.2/549.

thing vudng géc.
"::} Huémng dén giai aé thi chon hoc sinh gioi 16p 9 Saolutions o Previous Problems
tinh Nam Djnh, nim hoc 2022 - 2023. Ljch sir todn hoc

{¢ B thi chon hoc sinh gidi 16p 9 tinh BAc Ninh, Bang Thi Kiém Hong - Kalman, nguoi tién

nam hoc 2022 - 2023.
t:} Dién dan dgy bhoc toén

phong trong 1y thuyét didu khién.
Tiéng Anh qua céc bai tosn — Bai sé 94 - Baj

. A
Phan Thé Hai — Mot img dung cia phép tinh dich 5692,
tich phan. ...» Nhidu céch giai cho mft bai todn — Giaj baj
€} Phuong phép giii toén to4n 73 — D& bai todn 75.
Nguyén Vin Mén — Toan é4nh, don 4nh, song
anh véi bai toan phuong trinh ham chira tham - Du lich thé gi6i qua céc bai todn hay — Giai
s bai toan 82. Dé bai toan 84.
§.J Pérakyna ™ o
€ ra ky ndy 1.3 Saildim & dau?
T1/553, ..., T12/553, L1/553, L2/553
Bién tip: LE MAIL NHU HOANG M thuar: QUOC HIEP, THANH LONG

Ty su, phar hanh: HOANG TH] KIM PHUQNG, TRAN THI MINH HIEN Thiéi ke, ché ban: MINH HOA



