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1. PAT VAN DE
Bai toan tim s6 nguyén té dé thda man didu kién
nao do6 la mot bai toan kho, giai n6 phai sir dung
nhiéu kién thic cua 1y thuyét s6 nhu: 1y thuyét
chia hét, Iy thuyét dong du, phuong trinh nghiém
nguyén,... Phuong phap lap luan doi hoi phai logic
va chit ché. Pé giam bat do kho loai toan nay,
trong bai viét chiing t6i phén loai va hé thong mot
s0 dang: Tim s nguyén to dé biéu thirc 1a mot sb
chinh phuong, sd lap phuong; Tim s6 nguyén to
dé phan thirc 13 mot s nguyen, ...
2. MOT SO KIEN THUC LIEN QUAN
e SO nguyén to 1a s tw nhién 16n hon 1chi chia hét
cho 1 va chinh no.
o S6 trr nhién 16n hon 1 khong 1a sb nguyén té
duoc goi 1a hop sb.

e 2 12 s6 nguyén t6 nho nhat va sé nguyén t6 chén
duy nhat.

e Néu a, b 1a hai s6 nguyén to cing nhau va b 1a
uoc cua tich ac thi b 1a uoc cua c.
e« Néu g 13 sb tu nhién va p 1a sb nguyén t6 thi
hodic a nguyén té véi p hodc a chia hét cho p.
« Dinh 1y (Zsigmondy) Cho a, b la céc so nguyén
duong va neN'. Khi d6 ton tai mot udc nguyén
to pcua a"—b" nhung p khong la uéc cua
a* —b* V1< k < n trir cac truong hop sau:

i) 2°-1°%

ii) a*> —b* va a + b 1a mét lity thira cua 2.

eVx,y,neN :x"<y" «:(x+2)" = y" =(x+1)".

i i apryp—— i

3. MOT SO DANG TOAN TIM SO NGUYEN
TO

3.1. Tim s6 nguyén t6 dé mot biéu thirc 12 s6
chinh phuwong

Bai toan. 7im tat ca so nguyén 16 p sao cho biéu
thire f(p) la mot so chinh phirong.

Phuwong phap giai.

- Gia sir ¢6 sb tu nhién a théa man f(p)=a’.

- Giai phuong trinh nghiém nguyén f(p)=a’
bang mot trong cac phuong phap nhu: Dua vé
phuong trinh tich, nguyén 1y kep, phuong phap
dong du thiec, ...

Thi du 3.1.1. Tim tat ca so nguyén té p sao cho
4p+1 la mot sé chinh phweong.
Loi giai. Gia sit c6 sO tu nhién ¢ thoa man

2

4p+1=a*. Ta c6 4p+1 1a s6 1é nén a 1é

= a=2n+1,neN". Do do:
filjzf::+1=(2mt-1—l)2 S4p+1=4n® +4n+1
& p=n(n+1).

Vi p la sO nguyen tb nén n=1=> p =2.Vay
p = 2 thoa man bai toan.
Thi du 3.1.2. Tim tat ca sé nguyén té p sao cho
p>+ p+6 la mét sé chinh phirong.
Loi gidi. Gia st ¢6 s ty nhién a thoa man:
PP+p+6=a’ < 4p’ +4p+24 =44

& (2a)" - (2p+ 1)" =23

< (2a-2p-1)(2a+2p+1)=23.

S6 554(8-2023)

TOAN HOC
* cTusitre 1




Vi 23 la $O nguyén td va
2a—-2p—-1<2a+2p+1 nén
2a-2p-1=1 ;
P - a
2a+2p+1=23 |p

Il
Wb

Vay p =5 thoa man bai toan.

Thi du 3.1.3. Tim tat ca so nguvén 6 p sao cho
5" +127 la mét so chinh phieong.

Loi gigi. Gia so c6 sO tu nhién a théa
57 +127 = a’.

e Véi p=2 =5 +127=13* =5” +12” 1a sb
chinh phuong.

e Xét p23, taco p la sO 1é nén p=2m+1,
meN’". Ta co:

57 +12° =5""" 412! = 2?"*! (mod 5)
= 5" +12*™! =2.4™ (mod 5)
= 52" +12*™! =2.(-1)" (mod 5)
= 57 +12” =2(mod5)hodc 57 +12” =3(mod5).
Mit khac: o’ =0,1,4(mod5). Vay truong hop

p 2 3 khong thoa man bai toan.
Két lugn: Vay chi co6 p =2 thoa man bai toan.
Thi du 3.1.4. Tim tat ca sé nguyén t0 p sac cho
p*+ p’ +1 la mét so chinh phwong.
Loi gidi. Gia sir c6 s6 ty nhién a thoa man:
p'+pP+l=a’ & 4p*+4p° +4=4q".
Ta co:
(2p* + p-1) =4p* +4p> +4-(3p* +2p+3)
<4p*+4p’ +4
va (2;:}2 -t-J,;::.-+1)2 =4p* +4p’ +4+(5p3 +2p-—3)
>4p* + 4p3 + 4.
Suy ra:
(207 + p-1) <4p +4p’ +4<(2p" + p+1)

TOAN HOC
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’
«::>(2pz+p—1)z~=:(2a)z{(2p1+p+l)
Dodé: (2a) =(2p* +p)

4 3 2 £
o ap' +4p* +4=(2p" +p)
-<::>p2=4:>p=2.
Viy p =2 théa man bai toan.

Thi du 3.1.5. Tim tat ca $o nguyen to p sao cho
FeF-]
p

Loi giai. Gia su cd sO tu nhién a thdéa man

la mét so chinh phuong.

27! _1 = pa*.Hién nhién p la s6 nguyén tb 1é
— p=2k+1,keN = p—1=2k. Taco:

2% _1=pa* & (2 -1)(2" +1)= pa’.
Do (2k-1,2k+1)=1 nén ton tai cac so tuy nhién

b,c thoa man:

: k_ g bE rzk_].:bz
{2 : = hDEC 4 2 5
k2k+1=r:2 125+ 1= pe
(2% ~1=pp* |28 =1=pb ,
o < P —2 ¥ . Suy ra ton
D% x 1=’ 2* =(e-1)(c+1)

tai t>ssaocho c—1=2"vac+1=2"'voit+s=k.
Do dé: 2=c+1-(c-1)=2'-2°=2°(2"" -1}
=2 =227 =1=13s=1vai=2=3Fk=3.
Khi dé 7 = pb* = p =7 vi7 la s6 nguyén to.

2F 1=

(2% =1+ 1 o
. J s Vib laisoile
2" +1=pc

2" +1=pc?

— 9

%9
nén b°=1(mod4). Do d6 k=1= pc’=3
=> =3,
Vay p=3va p=7thoa man bai toan.

Bai tip twong tu

1. Tim tat ca s nguyén td p sao cho p’—-p+l11la
mot s6 chinh phuong.




p=i
dmer ]l viy
P

2. Tim tat ca s6 nguyén té p sao cho

mot s6 chinh phuong.
3. Tim tat ca céc so nguyén to c6 2 chir s6 p = ab
sao cho ab +ba 14 sb chinh phuong.

4. Tim tit ca sb nguyén t6 psao cho

p*+p’+ p*+ p+1 lamét s6 chinh phuong.

3.2. Tim so nguyén to dé mot biéu thire 1 so lap
phuong

Bai toan. Tim tat ca so nguyén to p sao cho biéu
thiec f(p) la lap phwong cua mét so tie nhién.
Phwong phap gidi.

- Gia sur ¢6 s0 ty nhién a théa man f(p) = a’.

- Giai phuong trinh nghiém nguyén f(p)=a’

bing mét trong cic phwong phdp nhu: Dua vé
phuong trinh tich, nguyén Iy kep, ...

Thi du 3.2.1. Tim tat ca so nguyén to p sao cho

13p +1 la lap phwong ciia mét sé tw nhién.
Loi gidi. Gia sir c6 sO ty nhién a thoa mén:
13p+l=a’=13p=a’ -1
< 13p=(a-1)(a’ +a+l).

Vi 13 va p la sd nguyén t6 nén

a—-1=13 ~[a-1=p
hoac | | .
a+a+l=p a’+a+1=13
a-1=13 =14 ,
-<a @{a :>p=2]1 la SO
ka1+a+1=p p=21]
nguyéntén.

a=-1=p {p=2

© — .
a*+a+1=13 |a=3

Viy p =2 va p=211thoa man bai toan.

Thi du 3.2.2. Tim tat ca so nguyén 1o p sao cho

p’ =3p—1 lalap phuong cua mot so tu nhién.

Loi gidgi. Gia si c6 sO tu nhién a théa min

p1~3p-*l=a3.

e Néu p=2 thi a’ = p* =3p—1=-3 khéng thoa

man.

e Xét p=23. Vo1 p = 3 thi a = —1 (khong thoa

man). Vay p > 3. Ta co:
p’-3p-l=da’ & p’-3p=a’+1

& p(p-3)=(a+1)(a*—a+1) (). Vi p>3
nén a 1asé1é. Taco: (p,p-3)=1;

; 3 a<0
a —a+l>a-1a -2a>0&

a>?2

RO rang a = 0, a = 1 khong théa man (1). Vay tu

[a+1=p-3 (a+4=p
(1)suyra: § | S »
a —a+l=p a"—a+l=p
‘p=a+4 B e
<:><p é :>4p ;
a’—2a-3=0 a=3

Vay p =7 thdéa man bai toan.

Thi du 3.2.3. Tim tat ca s6 nguyén té6 p sao cho
p’ —9p* +28p-30 la ldp phuong clia mét 5o tir
nhien.

Loi gigi. Gia st ¢ sO tu nhién @ théa man
p’—9p® +28p—-30=a’. Taco:

p’-9p” +28p-30=(p-4) +(3p2 ~20p +34)

>(p-4)

(Vi 3p* -20p+34>0,Vp>2) va
p’-9p’ +28p-30=(p-2) -(3p* -16p+22)
-::(p—?.)};

(vi 3p> -16p+22>0,Vp >2).

Do do: (p-4) < p*—9p* +28p-30<(p-2)

o (p-4) <a* <(p-2).

Suyra: @’ =(p —~3)3

TOAN HOC 3
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&S p -9p°+28p-30=p ' -9p* +27p-27
<> p=3. Vay p =3 thoa man bai toan.
Bai tap tuong tu

I. Tim tat ca s6 nguyén td p sao cho 2p+1 la lap
phuong cua mét so tu nhién.
2. Tim tat ca so nguyén td p sao cho p? - p+1 1a
lap phuong cia mdt s6 tur nhién.
3. Tim tit ca sb nguyén t0 psao cho
p’ —14p® +66p -104 1a lap phuong ciia mot sb
tu nhién.
3.3. Tim so nguyén to dé mdt phan thire 1a so
nguvén

Bai toan. 7im tat ca s6 nguyén to p sao cho phan

thiee f(p) la mot so nguvén.

Phuwong phdp gidgi. Dung 1y thuyét chia hét, tim
diéu kién dé tir sd chia hét cho miu sé.

Thi du 3.3.1. Tim tat ca cac so nguyén té p sao

5p—1 ,
cho —F la 56 nguyén.
p —-p+l |
. ® 3. ;. 5 S 1 k] -:u - L]
Lot giai. Dé — £ la s6 nguyén thi
R

p’—-p+1|5p-1 (1)
(Sp-D(5p+1)

=p’ —-p+1|25p° -1 (2).

:>p'1'—p+l

Taco: 25p° —1=25(p> - p+1)+5(5p-1)-21.

Tu (1) va (2) suyra p’—p+1|21.Do p la $0
nguyén to nén:

pP-p+123=p° —p+1€{3,7}.

eVéi p* —p+1=3,suyra: p°—p-2=0
o p=-1(logi), p=2.

821

e =3 e L.
2 =2 +1

Thu lai: p=2thi

eVéi p> —p+1=7, suyra: p°’-p-6=0
< p=-2(loai), p=3.

4 T?g?uglgct S4 554 (8-2023)

53-1
3 =341

Vay p=2va p=3thoa man bai toan.

=ZEZ.

Thir lai: p =3 thi

Thi du 3.3.2. Tim tat ca cac so nguyven (0 p sao

a +p trong do a la so

cho la so nguyen

ap” — 2
nguyen dirong.

Loi gigi. » Xét p=2, ta c6 4a—21a udc cua
a’+2 = 4a-2|16a’ +32.

Ma 164 -32=(4a—2)(4a+2)+36 = 4a—2]36.
Do 4a—2>0,l1a sé chin va khong chia hét cho 4
nén: 4a -2 {2,6,8} = ae{l,2,5}.

| , . 2742
Thir lai: Véi p=2 va a=2thi > 52

=leZ;

V&i p=2 va a=1 hodc a =5 khong thoa man.

e Xét p=3, ta c6 9a—21a uéc cia a’+3
= 9a - 2|8la’ + 243.

Ma 81a’ +243=(9a—2)(%a+ 2)+ 247

= 9a-2|247.

Do 247=13.19 nén 247 khdéng c6 udc dang

9k — 2. Truong hop nay vo nghiém.
e Xét p >S5, khi d6 ton tai s6 nguyén duong k sao
cho a’ +p=k(ﬂ’p2 —2)<::>az ~kp*a+2k+p=0.
Suy ra a la nghiém nguyén duong cua phuong
trinh: x° —kp’x+2k+p=0 (*).
v, BT 2}
Ta co: ﬁ:(kp ) —4(2k+p)-¢:(kp ) :
W 2
Lai co: A —(kp’ ~1)" =—4(2k + p)+2kp* -1
=2k(p* -4)-4p-1
El(pz —4)—4p—1=2p(p—2)—9}0-
. y 2
Suy ra ("fj'?2 -l) <A< (afqu)2 => A khong thé so
chinh phuong nén phuong trinh (*) khong c6



nghtém nguyén duong. Truong hop nay vo
nghig¢m,

Vay p =2 thoa man bai toan
Thi du 3.3.3. Tim tat ca cace so nguyen 10 p>2

{‘;Jr+2_]I}r”j(ﬁ—~2)”'E -1
(p+2) 3(;}—2)"“: i ]

sao cho

la so nguyen .

Loi gigi. Dat M =(p+2)"7(p-2)"" -1 (1).

Taco: (p+2)"" (p-2)""-1-M
=(p+2)"" (p-2)"" = (p+2)"* (p=2)""
=(P+2)" (p=2)"[(p+2) - (p-2)']

Gia st p>21a s6 nguyén té thoa man bai toan.
Khi do ta co:

(P+2)" (p=2)"|(p+2)' ~(p~2)']
chia hét cho M (2).
Vi mo1 udc cua (jr:;-+2)‘”“2(;::—2)’”_I cung la udc
cua (p+2)1”"2(;::!“2)‘“':1 nén néu goi d 1a UCLN
cia (p+2)" " (p-2)"" va M thi tir (1)suy ra
d|1=>d=1. Tu (2) suy ra:

(p+2) -(p-2)"iM.

Dodé: M<(p+2) —(p-2) <(p+2)' -1

=(p+2)" 7 (p-2)"" -1<(p+2)' -1

=(p+2)""(p-2)

Suyra: p—6<0= p<6

—- L]

vi p=7 thi (p+2)"°(p-2)
e V41 p=35 taco: (;:::+2)‘!']_46(}:."»'—Z)W=7"3T >1.
e V&1 p=3 taco:

(p+2)"(p-2)"" -1_5-1
5—1

=78l e Z

Vay chi c6 p =3 thoa mén bai toan.

3.4. Tim s0 nguyén to p dé fip) biéu dién duge
duwdi dang nao doé

Bai toan. 7Tim tat ca so nguyén to p sao cho p
hoac bieu thue [(p) hiéu dien dwoc dudi dang
phan tich tieu chudn.
Phuwong phdp giai.
- Xét cac truomghop p=2, p=3, ...
- Gidi han mién nghiém va sir dung phuong phép
chia hét.
Thi du 3.4.1. 7im tat ca s6 nguyén to p sao cho
p? +2p—8 O thé biéu dién duoc dudi dang 3°
trong do a la cac so nguyén duong.
Loi gidi. Ta co:

pr+2p-8=3" < (p+4)(p-2)=3"
Dit p+4=3" va p—2=3 thido p nguyén td

nén x>y. Tacod: x+y=a va
- =63 (37 -1)=6=23.

3 =3
Suy ra: - =
37 =l=2

=1
x—y=1

Dodd a=x+y=3va p=2+3"=2+3=5.
Thular p=5 va a=3 thoa méan bai toan
Vay p=51asd nguyén td can tim.
Thi du 3.4.1. Tim tat ca sé nguyén t6 p sao cho
17" biéu dién dicoc dudi dang 2°.3" +1 trong do
a,b la cdc sé nguyen dwrong.
Loi giai. Xét b>3 khi d6:

2°3" +1=1(mod27) =17” =1 (mod27).

Ta c6: 17° =4913=-1(mod27)=>17° =1(mod27).

Suy ra p:6, v li vi pla sé nguyén to.
Do do b<2.
e Xét a=>6 khi do:

2°3" +1=1(mod 64) = 17” =1 (mod 64).

TOAN HOC
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Tacod 17" =1(mod64). Suyra pid, volivi pla
s6 nguyén t6. Do d6 a <5.
Thir truc tiép taduge: b=2,a=5,p=2.
Vay p =2 1a s6 nguyén tb cin tim.
Thi du 3.4.2. Tim tat ca s6 nguvén 6 p sao cho
3 p: +2p-1 co thé biéu dién dicoe duoi dang
35" trong do a,b la cdc so6 nguyen dwong.
Loi giai. » Vo1 p=2 théa min bai todn vi
32°+22-1=35"
«Xét p23.Tacé: 3p-1)(p+1)=3-5" (1)
=3"|(3p-1)(p+1).

Do (3°,3p—-1)=1nén 3°|(p+1) (2)

va 5" |(3p-1)(p+1).
Tacé: (3p—1)+2(p+1)=5p+1 khong chia hét
cho 5°, suy ratrong haisd 3p—1 va p+1c6 mét
s6 chia hét cho 5°.
- Néu p+1:5°, kéthop véi (2) thi p+1:3°5".
Theo (1) thi 3°.5":p+1.Suyra: p+1 =3°5°
=3p—1=1, vo li. Do d6 3p—1:5°, ket hop voi
(2)suyra: p+1:3° Theo (1) thi

395i3p-1=53p-1=3p-1=5"

vi p+1=3° Hai phuong trinh nay vo nghiém vi
3p—1va p+1 lasdchincon 3° va 5" lasolé.
Viy chi c6 p =2 théa man bai toan.

Thi du 3.4.3. Tim tdt ca s6 nguyén o p sao cho p

a’ -4

co thé biéu dién dwoc duoil dang \/

o trong
dé a.b la cac so nguyen durong.
TOAN HOC ,
6 *clusipe S8ss4@-2029

_ 4 -4
Léi gidi. » p =2 thoa man bai toan vi 2=\/22 =

o Xét p 23, taco:

p=\j£;:j ::>):;!z(b2 ~—])=f.12 —4
o p (b -1)=(a-2)(a+2) (1)
= p*|(a-2)(a+2) (2).

p khoéng thé dong thdi l1a u6c cua hai s0 a—2 va

a+2 vikhido: p|(a+2)—(a—-2)=4,voli

Tir (2), do p nguyén to, suy ra:
p’|(a—2) hodc p*|(a+2).

Véi diéu kién bai toan a > 2 ta duogc:
a-2>p* hoic a+22p’

hay a>p*+2 hoic a>p’-2.

Do d6 2a+1> p* -4 (3).

Tir (1) ta duge p°b* =a’ + p° -4 (4),do p>3
nén p°b* >a* (5).

Hon nita tir (3) va (4) ta co:

(ﬂ+1)2 =a’ +2a+1>a’*+ p* —4=p°b* (6).

)

Tir (5) va (6) ta dugc a® < p?b* <(a+1)", VO
li. Do d6 khong ton tai sé nguyén to p > 3.

Vay p =2 thoa man bai toan.

3.5. Mt so dang khac

Thi du 3.5.1. Tim tat ca s6 nguyén té p co6 dang
p=a’+b>+c* trong dé a.b.c la cdc s6 nguyen
duong thoa a* +b* + ¢* chia hét cho p.

Loi giai. Do vai tr0 a,b,c nhu nhau nén gia su

a>b>c taco:

4 4 4 2 2
a’+b" +c =(a +b2+c2) —2(a2bl+bzcl+cza2)-




Vi p nguyén t6 va theo gia thiét nén p >3 suy
ra: a' +b' +c'ip= a®h? + bt +ctatip
= a’b’ +c'(b* +a’)ip = a’b + A (p-ct)ip
=a'b’-c'ip = (ab—ﬂz)(ab+c2)5p.
Do p=a*+b*+c*>ab+c*>ab-c*20 va p
nguyén to nén ab — c? =0=>a=b=c= p=3a°
vacling vi p nguyéntdnén a=b=c=1.
Vay p =3 thda man bai toan.
Thi du 3.5.2. Tim tat ca cac cap sO nguyén to

(».q) sao cho p* +15pq + ¢ la mét lity thira cia

& g

Loi giai. Gia st (p,q) 1a cip sd nguyén t6 sao
cho p’>+15pg+q*=17", trong d6 n la s
nguyén duong. Vi p,g >1 nén

17" = p* +15pg+q® >17=s n22.
Do d6: p°> +15pg+4q* =0 (mc-dl?z)
< (p-9)° +17pg=0(mod17*) (1).
Suyra (p—g)° =0 (modl17) (2).
Tu
(p—g)* =0(mod17*) (3).

Tx (1) va (3)suy ra: pg=0(mod17).Lai vi

(2)-%vi 17 la sO nguyén td

17, p,q la cac sO nguyén t6 nén
p =17 hodc g=17. Do vai tr0 p,q nhu nhau nén
quat, gia su p=17.

khong mat tong

Khi d6 tir (2)suy ra: ¢° =0(mod17)= g =17.
Nguoc lai voi p=q =17 taco:

p+15pg+q° =17" +15.17° +17° =17°.
Vay c6 duy nhat cap s6 nguyén tb (17,17) thoa

man bai toan.

Thi du 3.5.3. 7im tat ca so nguyén to p sao cho
p’ = 19" = 2" trong do a,b la cac SO nguyen
dirong.
Loi giai. Ta co:
19" =20 =(19-2)(19"" +19"7.2+...+19.2"* +2*)
=17M
= p'=1TM =>17|p" =217|p= p=17.
Néu b > 2 theo dinh 1y Zsigmondy 19” —2° c6 uéc
nguyén t& ¢ #17 vo li. Tir 6 b=2 hodc b=1.
Kiém tra lai b=1va a =1théa man bai toan.
Vay p =17 thoa man bai toan.
Thi du 3.5.4. Tim tit ca s6 nguyeén (6 p sao cho
27 + p* la SO nguyén (6.
Loi gigi. e Véi p=2 =2 +2°=812=2"+p°
1a hop so.
o V6i p=3 =2 +3* =17 1a s6 nguyén to.
e Xet p > 3, ta co:
2=-1(mod3)= 27 =-1(mod3)
vai p’=l (mod3). Suyra 27+ p’ = 0(mod3)
hay 27 + p*? chia hét cho 3.

Vay p =3 thoa man bai toan.

4. KET LUAN

- Su phéan loai cac dang bai toan trong bai viét 1a
theo y chu quan cua tac gia.

- Mot s0 thi du trong bai viét c6 thé cé nhitg cach
tiép can khéc nhau do d6 ¢ nhing cach giai khac
ngan gon va hay hon.

- T4c gia bai viét mong doc gia tiép tuc phat hién

nhitng dang mdi dé bai toan tim so nguyén to

dugc phong phu hon.
, TOAN HOC
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HUONG DAN GIAI PE THI CHQN HQC SINH GIOI LOP 9
TINH BAC NINH

NAM HOC 2022-2023

Cau 1. 1) Cho biéu thire

o w1 e

l
\ﬁfl}afihiiih

7\\/_ + X - \/‘i.
| -+ 1\[1
Rt gon biéu thire P va

tim gia tri cua x dé P —%

2) Goi A va B la giao diém cua duong thang
d:y=-x+2 voi parabol (P):y=x*. Tinh dién
tich tam giac OAB (O la goc toa do).

Loi giai.

x—:g+1 nén P=%¢>xe{9;$}.

2) Tim duoc A(I;l),B(—2;4), str dung cong thirc
tinh dién tich tam gidc vudng va dién tich hinh thang
vuong ta tim dugc S, ., = 3.

1) P=

Cau 2. 1) Giai hé phuwong trinh
~-2y*-5(2x-y)=0

337 +15=0

i =
2x” + 3xy

l x' —2xy—

2) Giai phuong trinh
3Vax+1+4x3x -2 =3x" +4x+5.

(2% +3xy —2y° —5(2x—y) =0

Léi gidgi. 1) -

x*—2xy-3y" +15=0.
r_y=2x
S x=5-2y
x*=2xy-3y*+15=0
< (%) e{(12).(-34),(-1-2)}-
2) Giai phuong trinh

3Wax+1+4x3x—2=3x" +4x+5 (1).

TOAN HOC
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Piéu kién: x&%.Tacé:

(1) & 3Vax+1+4xy3x =2 =3x" +4x+5
&> 63/4x+1+8x/3x -2 =6x" +8x+10

4@»(3.—~.J4x+1)z +2x.(2—\/3x—2)2 0

3-Jax+1=0
& 4 <::>x=2.
2-+/3x-2=0

Do d6 phuong trinh (1) c6 nghiém duynhat x=2.
Cau 3. 1) Tim cac cap so nguyén (x;y) thoa man
y(x—1)=x"+2.

2) Véi moi s6 nguyén a, goi x,,x, la cac nghiem
cia phwong trinh x°* +2ax—1=0. Chirng minh
(,xf” —xf”)(x]"'” - x;”) chia hét cho 48 véi moi s6

i nhien n.
Loi gigi. 1) Dé thay y(x—1)=x" +2
3
x—1
Tu do tim duge cac cap nghiém nguyén (x; y) cua
phuong trinh la: (-~2;—2),(O; —2), (2;6),(4;6).

2) Véi moi a phuong trinh x* +2ax—1=0 ludn

co hai nghiém phén biét x,,x, thdéa man

X +x, =-2a

XX, =—1
Pit S, =x" +x,”". Ta c6:
1 2n 2n 4n 4
M :E(x, - % )(xl =% ”)
1



1
=55 <4)-5, =

(3153

;! chﬁ‘ng mlnh vl moi neN thi S,, — .I|2" +J[,‘22"

(S, - 2)(S, +2)S,
8

ludn 13 s6 nguyén duong chin (*).
That vay: V6i n=0 thi §, =2 la s6 nguyén

duong chan.

V&1 n=1 thi S, =.r,2 +Jc'22 = (x, +_:;;2)2 - 2x,X,

=4a’ +2=2(24" +1)

la s6 nguyén duong chén (do a 1a sé nguyén).

Gia st (*) ding dén n=k, thcla S, va S, la

cac sO nguyén duong chin. Ta cé:

2(k+1
8= gy

20k+1)
+1 =

2

= (xlz n xlz )(xlzk N xzzk)__
e xlzxzz I:xlz(kq] + xzz::k—n]
=8,.8; — Sk
1a mot s6 nguyén duong chén.
Chimg t6 S, =x""+x,”" 1a s6 nguyén duong

chan vd1 moi sO tu nhién n.

Vi M = i*l .S"‘. S”+1] la tich cta ba sb tu
2 2% 2

nhién lién tiép nén M chia hét cho 6.

Vay (x" —x")(x" —x") =8M : 48.

Cau 4. 1) Cho tam giac ABC noi tiep duwong tron
tam O, D la diém bat ki thugc canh BC (D khéc B
va ). Goi M, N lan lwot la trung diém cua cac
canh AB va AC. PDuong thang MN cat dwong tron
(O) tai P, Q sao cho M nam gitka P va N. Puong
tron ngoai tiép tam giac BDP cat AB tai I (khac
B). Cdc dwong thing DI va AC cat nhau tai K.

a) Chung minh PID = PAC. Tir do suy ra 4 diém
A, I, P, K cung thuéc mot duong tron.

b) Chitng minh APBD dong dang véi APAK va

04_PD

OB PK

c) Puong Ihfif:’g CP cat dwon g tron ngoaqi f.f'e':;;' tam

giac BDP tai G (khac P). Puong thing IG cat

dwong thang BC tai E. Ching minh khi D di

chuvén trén doan BC thi ti s6 Gl
' CE

2) Cho tir giae néi tiep ABCD. Chirng minh

AB-CD+ AD-BC=AC-BD.

Loi giai.

khéng doi.

1.a) Vi PAC + PBC =180°, PID+ PBC =180°
nén ﬁz’j:ﬁf‘:

Lai ¢c6 PID+PIK =180°; PAC + PAK =180°.
Do d6 PIK = PAK © ma hai goc nay cung nhin
canh PK => tir gidc AIPK noi tiép hay 4 diém
A, I, P, K nam trén cung mdt duong tron.

B D E
b) Ta c6 APK=AIK=BID=BPD va

PBD = 180° — PID =180° — PAC = PAK .
Suy ra APBD dong dang voi APAK (g.8)

i PBzPD.
24 WPK

TOAN HOC
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Vi tir gidc APBQ néi tiép nén tam gidc PMB
dong dang véi tam gidc AMQ (g.g) va tam giac
OBM dong dang voi tam giac APM (g.g). Do d6

‘PB MP
<QA'"MA _, PB QB _ PB _ QA
QB _MB ~ QA PA PA OB
\PA  MP

vay 24 _PD
Y 0B PK’

¢c) Trén doan AB xac dinh diém H sao cho
APH = KPI . Vi tr gidc AIPK ndi tiép, nén
KPI =BAC. Lai ¢6 A, P cb dinh va BAC
khong doi nén H l1a diém c dinh. Dé ¥ ring:

KI KP
e AKPI ~ AAPH (g.g) =5 —— =" L)
. AH AP ()

KP KD
e APKD ~ APAB (g. 2).
&R AP 1 AB ( )

Tur (1) va (2) suy ra:

KD
KD_KI _ KD_48B
AB  AH T..KI_ AH

Ta c¢6 PGI = PBI =PCA nén GI /| AC hay

IE)aC = L_KD
CE KI
CD AB AB
Tu (3) va (4 a ma —— khon
()va()suyr CE AH AH "
d6i nén i khong doi.
CE

2) Yéu cau cua cau hoi nay chinh la chimg minh
Dinh li Ptolemy, ban doc c6 thé tham khao trong
cuén An sau dinh li Ptolémé cia PGS.TS. Lé
Quéc Han (Tu sich Toan hoc & Tudi tré), Nha
xuat ban Gido duc Viét Nam, 2006, trang 65.

Cau 5. 1) Cho 3

1fsag£3lsbs¥lLeci]

so thuwe a,b,c thoa man

va a+b+c=6. Tim
gia tri lon nhat cua biéu thirc F =a” +b” +

2) Cho da giac loi /, 6 R R moi dinh A,

(k=12,..,2024), nowoi ta ghi mot % thue a,

1 0 TQngu:gce S0 554(8-2023)

sao cho gia tri tuveét doi cua hiéu hai so tren hai
dinh ke nhau hang mot so nguven dirong khong
lon hom 3. Tim gid tri lén nhat ¢o thé dirge cua gid
tri tuyét doi cua hiéu gitra hai so ghi trén moi cap
dinh cua da giac da cho. hict f'fj”‘i’ cac so ghi tai
cac dinh da cho doi mot khac nhau.
Loi gidi. 1) Ta cé:

F=a*>+b*+c* =(a+b+c)’ —2(ab+bc+ ca)

=36-2(ab + bc + ca).

Vil<a<3;1<b<3;1<c<3 néntaco:

(a-=3)b-3)c-3)<0
< abc-3(ab+bc+ca)+Ha+b+c)-27<0

& abe < 3(ab + be + ca) - 27 (1).
Va (a-D)(b-1)(c-1)=20
< abc—(ab+bc+ca)+(a+b+c)—120
< abc>(ab+bc+ca)-5 (2).
Tu (1) va (2) suy ra:
(ab+bc+ca)—5<abc <3(ab+ bc+ca)—27
= ab+bc+ca>11
= F =36-2(ab+bc+ca) <14.
Piang thic xay ra khi a=1b=2c=3 va cic
hoan vi. Vay gié tri 16n nhat cia F bang 14.
A oA Khi . d6
(k=12,..,2023). Khong

mat tinh tong quat, coi a, 1a nho nhit, a 1a 16n

2) Xét da giac 1di
e{1;2;3},

lak —a .,

nhat (dé thiy » > 2). Dat d = max

i#j

a-a, ' khi dé
d = a, —a, vala mot sé nguyén duong.

Gia sir theo chiéu kim ddng hd ¢6 n —2 dinh nim
gita A4,A . Suy ra theo chiéu nguoc voi chiéu
quay cia kim dong hd c6 2024 — n dinh nim gitra
A4, A4, . Hon nita gia tri tuyét ddi cua hiéu giita hai
s6 ké nhau khong vuot qua 3. Do do6:

e ‘ﬂ]

. E‘al —-¢::‘2|+|.':12 —-a3‘+...+‘an*l —-a

< 3(n - 1). (Tiép theo trang 12)



PE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN,
DAI HOC SU PHAM HA NQI
NAM HOC 2023 - 2024

VONG 1
(Thoi gian lam bai: 90 phiit, danh cho moi thi sinh thi vao truong chuyén)

Bai 1. (2,5 diém)
a) Rut gon biéu thirc:

2
e +8Jx +2x+\/E+16—-4x!mix}0_
x—2x +4 Jx Jx +2

b) M{t khay nude c6 nhiét 36 125°F khi bt dau
cho vao tu da. O trong ti d4, cir sau moi gio, nhiét
do cua khay nudc lai giam di 20% . Hoi sau bao
nhi€u gi0, nhi€t d§ cua khay nude chi con 1a 64°F ?
Bai 2. (3 diém)

a) Cho phuong trinh:

x* —(2m—1)x—(m’ +1)=0(1) (m 1a tham sb).
Chimg minh rang véi moi gia tri cua m , phuong
trinh (1) ludén c6 hai nghiém x,x,. Tim hé thic
lién hé gitra x,,x, sao cho hé thirc d6 khong phu

thudc vao m .

b) Cho parabol (P):y=ax’(a#0) di qua diém
A[ﬂl;%j. Tim toa do cua diém M trén parabol

(P) sao cho khoang cich tir diém M dén truc
tung gép hai 1an khoang cach tir diém M dén tryc
hoanh.

Bai 3. (2,5 diém)

Cho hinh binh hinh ABCD c6 ABC =120° vi
BC =2AB . Dung dudng tron (O) co duong kinh

AC. Goi E, F lan luot 1a cac giao diém thir hai cua
AB, AD véi duong tron (O) . Puong thang EF lan
lwot cit cac dudng thing BC, BD tai H, S. Chimng
minh

a) Tam giac ABD la tam giac vudng.

b) Tir gidc OBEH la tir gi4c ndi tiep.

c) SC la tiép tuyén cua duong tron (O) .

Bai 4. (1 diem) Co6 hay khong céc s6 nguyén a, b sao

cho

(a+b2023)* = 2024 + 2023+/2023 ?

Bai 5. (1 diém) Trén bang ta viét da thirc
P(x)=ax’ +bx+c (a#0).

Ta viét 1én bang da thirc moi

P(x+1)+P(x-1)
2

H(x)=

roi xoa di da thic P(x) .
Ta viét 1én bang da thitc méi

R(x+1)+R(x-1)

F,(x) = -

roi x6a di da thirc Bi(x):
Ta cir tiép tuc lam nhu thé nhidu 14n.
Ching minh rang néu ctt lam nhur vay nhiéu lan

thi dén mot lic nao d6 ta nhan duge mét da thirc
khong c6 nghiém.

VONG 2
(Thoi gian lam bai: 120 phut, danh riéng cho thi sinh thi vao chuyén Todn va chuyén Tin)

Bai 1. (2,5 diém) a) Chimg minh rang tich cua bén
s6 nguyén lién tiép cong vdi 1 1a binh phuong cia
mdt sd nguyén.

b) Tim céc cdp s6 nguyén (x;y) la nghiém cua hé

2xy—x=10
x+y+xy=11.

phuong trinh: { &

A
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&~ Bai 2. (3 diém) a) Cho a, b 1a céc sb thyuc
khong 4m, ¢ 1a so thuc duong thoa man déng
thire: Va —Va+b—c =b +/e.

Chimg minh ring Ya + b -3Yc =Ya+b-c .

b) Tim cac sO nguyén duong a va b sao cho

"
5 +b

Bai 3. (2,5 diém) Cho tam gidc ABC. Pudng tron
(I) noi tiép tam gidc ABC lan luot tiép xuc véi
cac canh BC, CA, AB tai cac diém D, E, G. Hai
duong thing DE, DG lan luot cit dudng phan giac

la sO hiru ti.

ngoai cia goc BAC tai M, N. Hai duong thing
MG, NE cit nhau tai diém P . Chirng minh:

a) EG song song vai MN.

b) Piém P thudc duong tron (7).

Bai 4. (1 diém) Bay luc giac déu dwoc sip xép va
td mau bang hai mau tring, den nhu & Hinh 1.

Hinh 1 Hinh 2

MJi lan cho phép chon ra mét luc giac déu, dbi
mau cua luc giac do va cua tat ca cac luc giac déy
¢6 chung canh véi luc gidc d6 (trang thanh den
hodc den thanh tring). Chirng minh rang du cé
thyc hién cach lam trén bao nhiéu lan di nira, cung
khong thé nhan dugc cac luc giac déu duoc t6 mau
nhu & Hinh 2.
Bai 5. (1 diém) Chirng minh rang ton tai s6 nguyén
duong n>10"" sao cho tong tat ca cédc sb
nguyén t6 nho hon n 1a mot s6 nguyén to cing
nhau vai n

NGUYEN THANH HONG

(GV THPT chuyén, DHSP Ha Néi)

Gidi thi¢u

e b 3k 3k 3k 2k 3k sk sk sk sk ok sk sfe ok ke ok ok ok ok sk ok ok ke sk sk sk s sk 3k sk sk ok sk sk sk ok sk s sk ok sk ok sk sk sk ke sk s sk st sle sk sk sk sk ok ok ok ok sk ok ok sk 3k ok ok 3k 3k sk ok ok 3k ok ok ok ok ok ok

HUONG DAN GIAI ... (Tiép theo trang 10)

Tuong tr ta cé: d <3(2024—n+1).
3(n—1)+3(2024 - n+1)
2
Néu d =3036 thi hiéu giita hai s§ ghi trén hai
dinh ké nhau dung bang 3 hay ta co:

@ —a,;| =3, i=12,:.,2023

I

= 3036 .

Suyra: d <

= |, _HHII =14y — 4,
d. — d. I =4a.. ., —a.

— i i+ i+] i+2 (I‘ - ],,2022)
| 4; =4d;s

= a;—q,,=a,,,—4a,,
= A =y =Q,— A, + A, — Ay + ...+ Ay — Ay
= 2023(&, - az)

= |ﬂ1 = HZIL}M‘ = |2023(£11 —ll, )l = 3=2023x3.

Diéu nay khong xay ra. Suy ra d <3035.

TOAN HOC :
12 - CTudilre S8 554(8-2023)

Ta xdy dung moét truong hop cho 4 =3035 nhu

sau: g, =0,a,=2,a, =a, ,+3=3k—-4
vol k=3,4,..,1013;

Q014 = Qi3 —2=3033,aq, =q,_, —3=6075-3k
vol1 £ =1015,1016,...,2024.

Khi d6 hi¢u 16n nhét 1a a,,,, —a, = 3035 .

Céc s6 a,,d;,...,a,,, 1a cac s6 nguyén duong ting
dan c6 dang 3t—-4 chia cho 3 du 2. Céac sb
Q0145 Gro155-+ > Bogps 12 CAC 5O nguyén duong giam
dan c6 dang 6075-3h chia hét cho 3. Suy ra cac
s a,,a,,...,a,,, d6i motkhac nhau.
Vay gia tri 16n nhat cia gia tri tuyét ddi cua hiéu
gitra hai s0 ghi trén méi cidp dinh bang 3035.
NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Yén Phong, Bdc Ninh)

Gioi thiéu
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KHI GIAI mm

Day hoc phat trién tu duy cho hoc sinh (HS) la
mQt trong nhirng muc tiéu cia chuong trinh 2018.
Trong thuc té, ni dung day hoc hé phuong trinh
chira dung nhiéu tinh hudng c6 thé khai thac nhim
phét trién tu duy toén hoc cho HS. Do do, giao
vién (GV) can chi ¥ thiét ké noi dung va hinh
thirc day hoc thich hgp dé vira hoan thanh muc
tiéu vé kién thire, k¥ nang, ... vira dat dugc muc
tiéu phét trién tr duy toan hoc cho cic em. Bai
viét nay gidi thiéu véi ban doc mdt sb bién phap
plilﬁt trién tu duy toan hoc cho HS khi giai bai tap
vé hé phuong trinh.

1.1 Bién phap 1: Quan tim diing mirc dén viéc
sir dung hinh hoc

Thi du 1. Giai hé phwong trinh

ot ry+xy* =1

1 s ; (1).

X y=—% +x) o W G
Dinh huwong va lugc giai.,

Pé hd tro HS dinh hudng cach giai, GV dung

phﬁn mém v& do6 thi cua dudng cong
(C,): X’y —x* +xy =1 nhu sau (6 dy ching ti

sir dung GeoGebra 5):

Pidu GV mong mubn 1a tir do thi trén, HS phat
hién dugc phuong trinh thir hai cia hé ludén c6
1

dang hypebol quen thugc y =;. Tuc 1a, HS nay

sinh suy nghi rang phai ching (*) ludn c6 nhan tir
chung xy —17?
Sau d6, GV cho HS kiém tra du doan néi trén. Cu

thé: (o x’y-x"+xy=1

@xz(x;v—l)+xy—-1'—-0
<::>(Jn;|f—1)(.7¢:2 +1)=0
<> xy—-1=0
1
&S y=—
X
(vi x=y =0 khong la nghiém cua (I)).
Tu do, thay y =l vao phuong trinh th{r nhat cia
X

hé va gii ta dugc nghiém (x;y) cua (I) la
(L),
Cudi cing, GV co thé sir dung phan mém vé d6 thi

dé minh hoa ciing nhu gitp HS kiém tra két qua
vua tim duoc:

(Cy) :a* =2y +a2%y? =1

TOAN HOC 13
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Thi du 2. Giai h¢ plweong trinh

J\/ZI+_1-+I—\/I+_1* = | 0

13.\'+ 2y =4 (%)

Dinh huwdng va lwgc gidi,

Hé phuong trinh chira cin bac hai nén GV ¢6 thé
huéng HS nghi ngay dén binh phuong dé 1am mét
can. Mat khac do

(%)

(Vax+y+1) +(Jaty) =3x+2p+1=4+1=3

nén GV c6 thé huéng HS dén cach dat

u=\/2x+y+l
v=4x+y -

Khi do, (I) tro thanh:
(u>0
v20
4 (1D).
u-—v =1
huz +v =5

Pén day, GV cho HS vé dd thi cua dudng thing
d:u—v=1 va duong tron (C):u’+v* =5 trén

cung mit phing toa 46 Ouv thi sé& c6 ngay két qua

d cit (C) trong goc phan tu thir nhat tai 4(1;2).

Tir d6, ta d& dang giai dugc nghiém (x;y) cia hé
(1) 1a (2;-1).

1.2. Bién phap 2: Rén luyén ky ning nhin biét
diém dic biét & gia thiet
Thi du 1. Giai hé phuong trinh

r,,r(,r+_u1—])—3 =0 (”

o : 5 (I)
{X-Fﬂla’}" —*—._J‘FI =0 [2)
x>

Dinh hwong va lwgc giat
Phuong trinh (2) ¢6 x”* & dudi mau, d6 12 diéu dac

biét, cho nén méach bao ta can bien doi (1) theo

huéng nay (hon nira, trong (1) c6 x(x+ y+1)

chira nhan tu x).

Véi diéu kién x # 0, ta co:

3
x+y+1l=—
(I) < - "5‘ (II).
(x-l-y)z—F-i-]:O

Pén day, HS nhan ra ngay chi can gidi theo
phuong phép thé thong thuong. That vay,

3
x+y=—-1
(1) < < 3 .
(x+y)° -=+1=0
; X
3
x+y=—-—1 (")
X
=2 i .
3 8 ek
;_1 —F-I‘l:{) ( )

Khai trien (**) va rat gon cho ta:

| |
4‘7-‘6-—+2=0
X X
b1
=l
| X
1 1
I
x =1
~ i
X=2




Thay x=1 vio (*) taduge y=1.
Thay x=2 vao (*) ta dugc y=—%.
Vay nghiém (.r,y) cua (I) 1a:

(1;1),(2;—%)_

Thi du 2. Giai h¢ phieong trinh

22x 4 y e

Dinh hwong va lwoc gidi,

Trir \/2x+ y ra, cic phan con lai ctia h¢ déu 1a da

thirc thong thuong, do d6 2x+y 1a diém can

cht y dong thoi hudng ta vao vide phan tich theo

2x+y.

Véi diéu kién 0<2x+ y<3.taco

r2\/2x+y :3—(2x+y)

1)< 4
( ) hxz -y(2x+y) =%

(2x+y)+22x+y -3 =0 (1)

L 2
hxz-—(2x+y)y+2 =0 (2)

(ID).

Pén day, HS thay ngay (1) 12 phuong trinh bac hai

theo ¢ = -\/2.1' + y > 0. Hon nira, chi can giai (1) thi
ta c6 thé tiép tuc giai (2) theo phwong phap thé
thong thuong. That vay:

[2x+y=+120

_\/2x+y SAs 0,

(1) <

Vi ta loai \/2x+y = -3 <0 chonén

o 2x+y =]
( )4::} x!__y_z =0
x+2x-3=0

o~ y:x2—2 ‘

Tir diy d& dang c6 duoc nghiém (x,y) cta (I) la:

(1;-—1),(—3;7).

Thi du 3. Giai he phicong trinh
2x —(v+ 2)a 4+ %y =2 (1)

| €x=y =3 (2]

DPinh hwong va lugc giai.
Nhan thdy & (1) c6 thé rit x lam nhéan tir chung,
day 1a didu dic biét. Hon nita, néu bién déi (1)
theo hudng nay:

(1)-c:':»xI:ZZ.JIr:‘T1 —(y+2)x+y: =72

thi ta thdy phuong trinh 2x* —(y+2)x+y =0 cb
a+b+c=2-y-2+y=0

nén c6 nghiém x, =1 va X, =-§.

Tdng hop cac nhan dinh trén ta dugc:

(1) & 2x(x- 1)(3:—%) =2

o x(x-1)(2x-y)=2.
Mit khéc, bién d6i (2) theo nhirng nhén tir thanh
phan cta (1) ta co:
) (2)eox —x+2x—-y=3

< x(x-1)+(2x-y)=3.
Pén day, HS nhan ra ngay phuong phap dit

-

¥ =x(x~—1)
Vv =2x-—y
dé giai hé da cho.
i PN, =2
Khi 4y, (I) tré thanh: {”V
u+v=73
(=2
] a
v=1 ()
=% R .
N =
(v=2 (A)
e Giai hé:
u=x*-x =2 [¥-x-2=0
({I)H < <
v=2x-y =1 y=2x-1

dugc hai nghiém (x,y) 1a (2;3),(-1;-3).
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u=x’-x =1 x2=-x-1=0

e Giai hé: (ﬁ):{v—zx—y

y=2x- 2
duoc hai nghiém (x, y) 1a

[1 +2‘E " +J§],{1 _2‘/3 1 —JEJ.

Tom lai, hé (I) c6 bon nghiém (x,y) nhu sau
(2;3),(-1;,-3),

{Hﬁ;'ﬂﬁ}(l_\g;“l"ﬁ}
2 2

Thi du 4. Giai hé phuong trinh

-4

ka;v(f +_v2)+ 2 =(x+y)"(2)

X'y

(I).

Dinh huwong va lugc giii.

Nhan thay (2) c6 tinh dbi ximg, day 1a diéu dac
biét ma ta quan tdm dé cd ging phan tich (2) thanh
nhan tir. That vay, ta co:

(Z)Qxy(xl-i-yz)ﬁ-il:x: +y° +2xy
@(f +y1)(xy+-l)+2(1—xy)=0
< (-1)(x* +y* -2)=0.

Vi xy =1, két hop cing (1):x’y=4 ta dugc

nghiém (x,y)= (4; %)

Tuy nhién, trong truong hop X+ y2 =2, viéc két

rxz-i-yz =
hxzy =4

Vay, hé (I) da cho chi c6 nghiém (x,y) duy nhat

la [4;1] |
4

1.3. Bién phap 3: Pinh huwéng loi gidi trén co so

hop vai (1) cho ta hé < vO nghiém.

két noi kién thire cii
Thidu 1. Giai he phuong trinh

{J:p+.r+] =Ty (1)

2.2 2 (1).
xy +xy+l1 =13y" (2)

1 6 T?g?-'uggce S6 554(8-2023)

Dinh hwong va liege gidi.

Nhén thay (2) cH vé trai giémg hﬁng dﬁng thirc
binh phuong ciia mot téng nén GV ¢6 thé huéng
dan HS bién déi theo huéng nay, cu thé:

xy+1+x =1y
I
()Q{x2y1+2xy+1—*1y =13y2
(y+1)+x =Ty (*)
4 II).
s h(x}’_}_])l_xy =13y1 (**) ( )

Vi (*) c6 x va (**) c6 —xy nén theo I€ thudng
HS s& nghi can nhan (*) cho y roi cong hai
phuong trinh ay theo vé dé lam mat s6 hang xy.
Hon nita, néu thuc hién nhu vay thi vé phai & (*)
s& c6 7y la da thirc dong dang vdi vé phai cua

(**), diéu nay cang cung c6 thém rang cich giai

nay la phu hop.
Dé thdy x=y=0 khong la nghiém cua () nén
y # 0. Khi d6:
i s
(II)w}EiB}_*xf’ wid
Suy ra:

(xy+1)° +y(xp+1)-20y> =0 (3).
GV goi y cho HS nhan thay (3) 12 phuong trinh
bac hai theo #=xy+1 va néu huéng giai trén 1a

hop 1y thi A sé& 1a s6 chinh phuong.

Xét (3), ta co:
A=y ~4-1-(-20y%) = y* +80y* =81)?
=(9y)".
Suy ra:
i -y -9
wl==L"2__35,
(3) < 2
JLJL’+1=_"');{';"v="-1y
Kéo theo:



#"'I+7y=xy+1
(1) <= [ xy +1= =5
[y =i
_;—x+7_y =—5y ( )
X +1 =-S5y *
=gl *
_hxy+l ::4y )
(x=12y

Heé (ar)c::»«:

122 +5y +1 :0: vO nghiém.

xX=3y

ta duogc hai
3y" 4y +1=0 r

Giar hé (ﬂ){:}{

nghiém (x,y) 1a (3;1),(1;-:1)—'].

Hon nira, day ciling chinh 13 hai nghiém cua hé (1)
da cho.

Thi du 2. Giai hé phuong trinh

(x* + 2xy—-3y° =0 (1)

Ay =2 @

Dinh hwong va lwoc gidi.

Truc giac gitp HS nhan ra ngay (1) co6 vé trai
gidng hang dang thirc binh phuong ciia mot tong
nén GV c6 thé goi ¥ cho HS bién dbi theo hudng
nady, cu thé:

Do x> +2x+y°-4y* =0

< (x+y) =4y’

x+y=2y
<~
x+y=-2y
gl
L= .
ﬂx:——3y

Vé6i x=y, phuong trinh (2) tro thanh

y|y| =—1<0, diéu nay kéo theo y <0. Va tir d6,

y<()

Yy =-1e-y" =1

y<0
oy =leoy=-l=ux

Tuong ty, trong truong hop x=-3y, thay biéu

thirc nay vao (2) roi giai ta dugc y >0 ma cy thé
] pod, 3 )
hon la y=—2-. Khi do, x:ﬂE tuong ng.

Vay hé (I) c6 hai nghiém (x,y) la:

1.4. Bién phap 4: Rén luyén tu duy bién chimng,
tu duy phé phan

Thi du 1. Gidi h¢ phuong trinh

f 1
AR T] — |
(x=) )( ny

(m_v:)(u 'J =21 (%)

| > A

(1).

DPinh hwdng va lugc gidi.

Phuong trinh (*) cia hé (I) 1am cua HS nghi dén
viéc dit S =x+y, P=xy. Hon nira, néu cic em
dung 4n phu z =—y thi hé (I) tré thanh:

r(x+ z)(1+L] =1

X<

(x’*+z2)[1+ 21_?_] =721

X Z

la dang qua quen thudc ma HS thudng xuyén giai
quyét bang cach dit S'=x+z, P'=xz.

Tuy nhién, néu giai theo cach dat an phu tong, tich
nhu trén thi 101 giai co thé s& dai. O day, GV can
cho HS thiy d6i khi ta can nhimg hudng giai khac
biét v6i dinh huéng thong thudomg, roi tir d6 mdi
c6 thé tim dugce phuong an téi wu. Cu thé doi véi
bai tdp nay, cdc em nén nhan vao rdi cin ci tinh
hinh cu thé ma dit 4n phu cho thich hop.

d EL s
Va1 diéu kién < Jiaieh:
y#0

(x-y)-—==1
xy

x>+

()
=21

(x> + 7 )+ =

h.
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5 1
Dita=x+—
%

(=+3-+3)
X+—|=|y+—|=1
A Y
[x2+£2-]+[y3+%]

1
=a’ =x"+—+2
X

|
<:>x2+—2=a2 =2

24

Khi d6 (IT) c6

Thay b=a -1

e

—

e Trudong hop:

X

=:>y2+iz=b2—2.

¥
(a-b=1

dang: <

b=ag-1
e

vao (**) ta duoc:
.:12+(|r1—1)2 -25=0
2a* —2a-24=

a=4 =pbh=3
a=-3 —=b=—4

r —=4
T x+x

< . — 4 1
L2 S8 [ T,

4

a’-2+b*-2=2]

@ +5*—25=0 (**)

, _3++/5

x*+3x+1=0 x= %0
9, & 1_04:::»4 2

..y " y+ o Ly:—z:t\/g;&(]

hay {_SZJE;-—M@M_?’;JE;—M@J la

bon nghiém cua (I).

Vay h¢ (I) c6 tAm nghiém:

(2+ V3; 3i2‘/§],[2—\/§; 3:1:2\6],

(_BZJE;—Z iﬁ}(d& ;Jg;—Z iﬁ].

Thidu 2. Giai he phirong trinh

| |
x| 1+ —5——|=2
5 SR 30 &
E L]
'1.1(] — . J“—“ 3
H X )y

Dinh huong va lugc gidi.

Nhiéu HS théy bai tap nay khé giong Thi du 1 cua

muc 1.4 & trén nén s& nhan vao. Song, thuc té

khong phai vay, khi nhan vao hé phuong trinh

cang phuc tap hon. Tuy nhién, néu quan sat tinh
1

x* +y°

mdt chit, sy xuat hién cua thanh phan 1+

lam ta lién twéng dén viéc giai quyét bang quy tic
cong dai sd.

x#0 ,
, ta co:

+ :
hay {2+\/§;3i2\/§} [2-—\/5;3_2\/3J la bon

(% —4x4+1=0

1?2 —3y+1=0

rx=21\f?_>¢0

L s
y=3i2\/§¢0

nghiém cua hé (I).
X+—==3
‘ a=-3 X
e Truong hop: { = :
b=-4 2y
Y
TOAN HOC ,
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That vay, vai diéu kién {

(I) <=+

L

y#0

1 — _
x* 4

Lay (1) +(2) va (1) - (2) ta duoc hé:

2 1

e W
g

2 3 2 ‘
i M > (4)
X Yy X +y



Nhan (3) va (4) vé theo vé ta co:
R AN

S — —_—

x* + y2
& 4yH (x4 ) =02 (& +y?) = axy?

o 4y" —9x%y? —9x* =0

xz0 ) t :
SORCES
X X

2
@(Z] =3 & y* =3x° «:::»y:i\@x,

X

Thay lan luot y=\/§x,y=—~/§x Vao (3) ta

2 13
duoc: + =2<:>x=2+‘/§
x  3x 2
LA 2\/§+3;
2
.. =26> X = 2-43
X /3x 2
“—".>y:—\/§x= -—2\/2§+3.
Thur lai, ta nhan
2+\/§‘2\/§+3 2—-\@_—2\/§+3
o S T | L B
1a hai nghiém cua (I).
Thi du 3. Giai hé phuong trinh
x° — xXy+y =0 (1) (D
4x° —y* —8x+4y+4 =0 (2)

Dinh hwong va lwgc gial.

2 4
. Nhung néu deé

Te (1) ta cO ngay y:x

nguyén biéu thirc cua y nhu thé ma thay vao (2)
thi sau khi rat gon, ta s€ that vong do nhan dugc
phuong trinh bac bon:

3¢ —12x° +20x”> —16x+4=0
ma viéc giai n6 rat kho khan. ‘
Do d6, muon giai dugc hé (I), ta can tim duogc

hudng bién doi thich hop.

x=1

D@ thay + khong 1a nghiém cta (I). Suy ra

yeR

x # 1. Khi do6 ta co:

X ]
=x+1+

(1) y= - (*).

x—1
Mat khac:
(2)@(4.}:2 —-8.1L'+4)+4=y2 —4y+4

o 2x-2) +4=(y-2)

) : Aais
<(2x-2) +4 = x-l+-}:

o, — —12+2+
S4(x-1D)"+4=(x-1) =1

0

o 3(x—1) +2—(x_1)2:

&3(x-D+2(x-1)°-1=0

1
<:>(x—1)2=§}0

3 3iJ§_

Sx=lt—=
3 3
3 =~y
Thay lan lugt x—3+3ﬁ,x= 3f vao (*):
¥ 6+4V3  6-443
y= ta dugc: y = , Y= :
x—1 3 3

Vay hé (I) c6 hai nghiém (x, y) la:

{3+\/§_6+4\/§] {3—\/5_6—’%5]_

3 3 3 3

Két luan.

Rén luyén tu duy cho HS 1a rat quan trong trong
qua trinh day Toan, GV c¢6 thé tao diéu kién thuin
loi cho cac em rén luyén va phat trién tu duy bang
cach phan chia nhimg budc 16n trong quy trinh
giai thanh nhirng budc nhé hon ma & nhirng budc
d6 HS c6 thé hiéu, rén luyén duoc k§ ning, phat
trién duoc su sang tao ciia minh. Sau khi dugc rén
luyén nhi€u lan, cic em s& tich luj dugc kinh
nghiém, c6 sy nhay cam dé phat hién, dé xuit cac
phuong phap giai phu hgp, vuot qua nhitng thach
thirc do dé bai dit ra.
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CAC LOP THCS
Bai T1/554 (L6p 6). Tim tat ca cac cip sO nguyén
(m; n) sao cho

n* +2n° +16n* +30n+15=m>.

NGUYEN PUC TUONG
(Pleiku, Gia Lai))
Bai T2/554 (Lép 7). Tim sb x sao cho
|x =2021|+|x -2022|+|x - 2023
=2(2022x +1)—(x* +20222).

CAO NGOC TOAN
(GV THCS Tam Giang, Phong Pién, Thira Thién Hué)

Bai T3/554. Xét s6 nguyén duong a=2"p véi n
1a s6 nguyén duong va p 1a s6 nguyén t6 1&. Goi S
1a tong cac udc sé duong cia clia @ ma cac udc sd
nay nho hon a. Hay so sanh gia tri cia S va a.
NGUYEN VIET HAI (Ha Noi)

Bai T4/554. Cho hinh thang ABCD c6 AB // CD,
%-Q{AB <CD. Goi E va F lan luot 13 trung diém
cua cac duong chéo AC, BD. Qua E vé duong thing
d, vudng goc vai AD, qua F vé duong thang d>
vudng goc véi BC. Hai duong thang d; va d, cat
nhau tai O. Chimg minh O4 = OB.

BUI VAN CHI

(Nha 21/2 dwong Lé Hong Phong, TP. Quy Nhon,
Binh Pinh)

Bai T5/554. Cho a, b, ¢ 1a cac so thuc duong.
Chimng minh ring ta luén c6

B b’ 3 =
3 R IPE R (B
a +(b+c) b’ +(c+a) ¢’ +(a+b)
NGUYEN HUNG CUONG
(GV THCS Nhon An, TX. An Nhon, Binh Djnh)

TOAN HOC :
* CTudilye SO 554(8-2023)
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CAC LOP THPT
Bai T6/554. Véi x, y la cac sb thyc thay doi thoa
man 13x% +y? +36x+y<0. Tim gia tri nho nhat
cua biéu thirc P = y(y+4x-9).
CHAU HOA NHAN

(HV Cao hoc khoa 29, Toan ung d-',tngaBHKH TN,
PHQG TP. Ho Chi Minh)

Bai T7/554. Giai phuong trinh

X (x* =27 =(9x" Fx+2Nx+2.

NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha Noi)

Bii T8/554. Cho hinh vuéng ABCD. Trén canh
BC lay diém E. Goi F 1a chan duong vuong goc ha
tir D xubng AE. Tia BF cit AD tai G, CG cat DF
ta1 H. Ching minh HE // AB.

LUC BINH
(GV Truong Trung Vuong, TP. Dong Ha, Quang Tri)

Bai T9/554. Cho a,b,ce|—;2|. Hay tim gia tri

'_1”
%
[6n nhat cta biéu thirc

Iab(a —b)+bc(b—c)+cal(c -—a)'

abc

KIEU PINH MINH
(GV THPT chuyén Hung Virong, Phu Tho)
TIEN TOI OLYMPIC TOAN
Bai T10/554. Tim gia tri nho nhét cia biéu thirc
E=a’+b’trong d6 a, b 1a cac s6 nguyén duong
sao cho a® + b chia hét cho 2023.
TRAN XUAN PANG
(5/7/136 Phan Dinh Phung, TP. Nam Dinh, Nam Pinh)
Bai T11/554. Tim tat ca cic ham sé f: Q—Q
thoa man f{(1) =3 va
SO +2f(x+y)=f(x)f(»)+2, Vx,yeQ.
HO THANH LAI
(GV THPT chuyén Lé Quy Dén, Binh Pinh)
Bai T12/554. Cho tam gi4c nhon khong can ABC

ngogi tiép dudng tron (/). D, E, F lin luet 1a tiép
diém cua (/) va BC, CA, AB. P 1a hinh chidu



vuong goc cua D trén EF. DP cét (I) tai diém thir
hai K, L la hinh chiéu vuéng goc cua A4 trén IK.
Puong tron ngoai tiép cac tam giac LEC, LFB cit
() lan tht hai twong tng tai M, N. Chimg minh
rang M, N, P thﬁng hang.
LUU CONG DONG
(GV THPT chuyén PHSP Ha Ngi)
Bai L1/554. Mot vét dao dong diéu hoa c6 dd thi
ctia vén toc theo thdi gian nhu hinh dudi. Hay viét
phuong trinh cua gia toc cua vat.

A v (cm/s)

L e P
sn./3 /\
o /

Bai 1.2/554. Cho mach dién xoay chiéu nhu hinh

dudi.

A M N B

Biét dién tré thudn R = 120+/3 Q, dién tr& thudn
ciia cudn day = 30+/3 Q. Dién 4p hai diu doan
mach ¢6 biéu thic:U 45 = U cos100mz (V), higu

dién thé hiéu dung giira hai diém 4, N la
U,y =300V, va giita hai diém M, B la

U, = 6043 V. Dién 4p tirc thoi U 4y léch pha

> ; ; L R !
% \/ £(8) 2 so voi U,z. Viet biu thirc dién ap gira ha
Sl 11751 e SR . £ 2
dau mach.
VIET CUONG (Ha Ngi) THANH LAM (Ha Néi)
PROBLEMS IN THIS ISSUE.

Problem T1/554 (For 6" grade). Find all pairs of
integers (m; n) so that
n'+2n° +16n* +30n+15=m*>.
Problem T2/554 (For 7" grade). Find numbers x
so that
x—2021|+|x —2022 | +|x —2023|
—2(2022x+1)—(x* +2022%),

Problem T3/554. Consider the number a=2"p

where # is a positive number and p 1s an odd
prime number. Let S be the sum of all positive

factors, which are less than a, of a. Compare § and

a.

Probleni T4/554. Given a traj:ezi_um ABCD with

AB. /[ €D, 2

== e AB<CD.  let. E and F
D5 .

respectively be the midpoints of AC and BD.
Through E draw the line d; perpendicular to 4D,
th;qugh F draw the line d, perpendicular to BC.
The lines d, and d; meet at O. Show that O4 = OB,

Problem T5/554. Given positive numbers a, b, ¢
Show that

a’ B3 e
3 gtz Fere e\ e 3 21.
a _+(b+ﬂ') \b’ +(c+a) ¢’ +(a+b)

FOR HIGH SCHOOL

Problem T6/554. Consider the real numbers x, y

satisfying. ~ 13x* +y* +36x+y<0. Find the
minimum  value of the  expression
P=y(y+4x-9).

Problem T7/554. Solve the equation

X (x*-27)=(9x* +x+2)Jx+z. .
(Xem rié}; trang 30)
TOAN HOC 1
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Bai T1/550. 7im cac so nguven dwong a, b sao

cho: a’ +b" =2020.

Loi gigi. Giasurangb>a>1 (néua > b > 1 thi
d6i s6 a cho s6 b trong gia thiét). Tir gia thiét c6
2020 = a°+ b*>a"+ a°= 24°

nén a” <1010 <5°=3125,suyra a<4.
* Néu a = 1thi 1°+ b' = 2020, suy ra b = 2019
(thoa man).
* Néua=2thi2°+ b*°=2020 ma 2'°+ 10°= 1124
<2020 <2+ 11°= 2169, suy ra 10 < b < 11
(khong théa man).
* Néu a = 3 thi 3+ 5’ = 2020 ma 3°+ 6% = 945 <
2020 < 3"+ 7° = 2530, suy ra 6 < b < 7 (khong
thoa man).
* Néu a =4 thi 4°+ b*=2020 ma 4’ + 5* = 1649 <
2020 < 4°+ 6*=5392, suyra 5 < b < 6 (khong
thoa man).
Vay chi c6 cac s6 (a ; b) bang (1; 2019) va (2019; 1)
thoa man dé bai toan.
Nhan xét. Cac ban sau co 101 giai ding. Nghé An:
Hoang Van Duy, 6D, THCS Ly Nhat Quang, Do
Luong; Quang Ngai: Luvong Thanh Nha, 6B, THCS
Hanh Trung, Nghia Hanh.
C6 mot ban nira giai dung nhung khong ghi tén trén
bai lam.

NGUYEN VIET HAI
Bai T2/550. Cho a. b, ¢. d la bon so dwong thoa

mana +b +c¢ +d = 16. Chirng minh rang:

(ﬁﬁ*‘ii/{f-i-h'ﬁ'(' . VX?“F c+d+ U["i’i!'-i-ﬂ

+d +a+b<8Y2.
Léi gidgi. Vi a,b,c,d la cac s6 duong, cho nén ta
cO: a+b+c<a+b+c+d;
b+c+d<a+b+c+d;

TOAN HOC
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c+b+a<a+b+c+d;

d+a+b<a+b+c+d.

a+b+c b+c+d _
Suy ra: <l <l
a+b+c+d a+b+c+d
c+d+a ot d+a+b #
a+b+c+d a+b+c+d
va do d6 ta cé :
a+b+c J atbtc ..
a+b+c+d Va+b+c+d
b+c+d \j b+c+d 21
a+b+c+d a+b+c+d
c+d+a Jc+d+a <1
a+b+c+d a+b+c+d
d+a+b <1

d+a+b J
=)
a+b+c+d Va+b+c+d

Cong theo vé céc bat dang thirc trén ta co:

Ja+b+c+Jb+c+d +¥c+d+a+¥d+a+b

Ja+b+c+d
Thay a+b+c+d =16, ta thu dugc bat ding thirc

can ching minh:
62 <Ya+b+c+yb+c+d +
+¥c+d+a+dd+a+b<82.

<4,

Nhan xét. Cac ban sau day co 101 giai dang:

Hung Yén: Lé Tuan Hiép, 7C, THCS Poan Thi
Piém, Yén My; TP. Hd Chi Minh: Nguyén Trinh
Phuong Minh, 6/14, THCS Lé Quy Don; Nghé An:
Tran Quang Anh, 8C, THCS Hd Xuin Huong,
Quynh Luu.

vU PINH HOA

Bai T3/550. Biet s6 tw nhién abedefghi (co chin

chir s0) co woc nguyén to lon hon 199998. Hoi

phuong trinh bdc hai ax® +bedex+ fghi =0 (dn x)
co thé co nghi¢m hiru ty khong?

Loi gigi. Goi P 1a udc nguyén tb 16n hon 199998
cua sO abcdefghi thi abcdefghi = Pt (v6i t e N').

Phuong trinh bac hai ax® + bede .x+ fghi=0 (1)

—_—2 — 2 "
c6 A =bcde —4a. fghi . DE thay A 14 s6 nguyén.



Gia su phuong trinh (1) c6 nghiém hitu ti thi A
phai 1a s chinh phuong, ki hiéu A = m* (meN).
Khi do:

2 s S i
bede —4a. fghi=m* < bede —m® =4a. fghi.

Do 4a.fghi> (0 nén bcde >m* < bede>m.

Ta co;

4a.Pt = 4a.abcdefghi=4a.(a.10® +bcde. 10" + fghi )
=(2a.10*)? +2.(2a.10*).bcde + bede” — m?

=(2H.104 + bede )2 —m?.

Suy ra:

4a.Pt=(2a.10° +bcde—m).(2a.10* +bede +m) (2).
Do d6: (2a.10° + bede —m): P

hoic  (2a.10* +bede +m): P (3).

Mat khac, dé thay 4a. Pt va 24.10* +bede+m 13

cac s6 nguyén duong, tr (2) suy ra

2a.10* +bede—m cling 1a sé nguyén duong. Do

do:  1<2a.10* +bcde —m<2a.10* +bede +m
<2a.10* +bede +bede
:2(&'.104 +bcde]=2.abcde
< 2. 99999=199998< P

nén(2a.10* + bede —m) va (2a.10* + bede +m)
déu khong chia hét cho P (4).
Nhin thay (3) va (4) mau thuan véi nhau. Vay
phuong trinh (1) khong ¢6 nghiém hiru ti.
Nhan xét. Da sb cac ban giri bai déu giai cho 10 giai
dung. Tuyén duong cac ban sau cé 101 giai voi lap
luan chat ché va ngan gon:
Ha Noi: T ran Viét Anh, 9A7, Archimedces Academy
Trung Yén, Ciu Gidy; Thanh Hoa: Nguyen Bao
Khanh, 8C, THCS Nhir Ba Sy, Hoang Hoéa; Nguyén
Trinh An, 9K, THCS Tran Mai Ninh; Nghé An: Ngo
Xudn Truong, 9A1, THCS Mai Hung, TX. Hoang
Mai.

PHAM THI BACH NGQC

Bai T4/550. Cho hinh ABCD
(AB < BC). Qua B ke dirong thang vuong goc voi

chir  nhat

AC va lay trén do diem E sao cho BE = AC. Tinh
so do goc EDC.
Loi gigi. e Truomg hop E, B khac phia so véi AC.

E

B c
Goi G la trung diém ctia DE, O 1a tim hinh chir nhat
ABCD. Ta ¢6 BE = AC = BD nén tam giac EBD can.
Suy ra BG L DE. Tir d6 suy ra G thugc dudng tron
tam O duong kinh AC.
Mt khac, GO // BE (tinh chat dudng trung binh)
suy ra GO L. AC, nén tam giac AGC vuong can.
Xét duong tron (ABCDG) co

GDC=180°~GAC=135°.

Do d6 EDC=135°.
e Truong hop B, E cung phia so v&i AC, lam hoan
toan tuong fu, ta tinh duoc EEC’=45°.

A

Nhgn xét. Mot s6 ban khong chia hai truomg hop ciia bai
toan. Céc ban dudi day c6 1oi giai tot.

Phu Tho: Ha Phuong Anh, 9A, THCS Nguyén Quang
Bich, Tam Nong; Nghé An: Nguyén Vin Lim, Pham
Xuan Hoang, 8A, Luong Thi Hdi Yén, 8C, THCS Ly
Nhat Quang, D6 Luong; TP. Ho Chi Minh: Nguyén
Chanh Thién, 8/14, THCS Lé Quy Pén, Q.3; Ha Tinh:

S0 554 (8-2023)
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Lwu Khanh Huy, 8H, THCS Nguyén Du, TP. Ha Tinh;
Som La: Luong Hiru Bach, 9A1, THCS Nguyeén Trai.

NGUYEN THANH HONG

Bai T5/550. Cho a. b la hai so thuc duong thoa
& 1. 2

man —+—=—,

a4
thuc P = 4a + b.

Tim gia tri nho nhat cua bieu

Lai gigi. Ap dung bat dang thirc Cauchy cho ba $0
duong, ta co:

AP ”}3\/42_“,“ ¥l s e, )
s 152 N a~) 22 a
12+b+b 3\}1155 3:12+b}§(2)
s v b 88 4 b 4 4
Cong theo vé cua (1) va (2) ta dugc:
4 1 0. 15
b=k QiR
a b 4 4
5 4a+b_15
= — 2>
4 4 -
DL i PR ITET
o 4 4
4 _a
< ‘ ) ﬂz 2 walli: r
Dang thirc xay ra < < : b@a—b—2
b 8

Vay min P =10, gia tri do dat dugc khi va chi khi
a=b=2.
Nhén xét. Co thé giai bai toan bang cach:
1) Ap dung bat diang thitc Cauchy c6:
4 4 1 ] l
— +12 . 7 T e )
a a4 D 4 b
cong theo vé hai BDT nay va su dung gia thiét, ta
42 12 (4+1 125
dugc: - 2> 2 +l =—+ ( )
a5 Aa T b P
2) Ap dung bat déng thirc Cauchy cho 5 sO duong, ta
5 1 | | | I
cO: —=—F+—+—+—+—25}
4 Var gt ghal ghs bt a’b’
= a'b* >1024;

= P>10.

P=a+a+a+a+b>5Ja’b = P>10.

Céc ban sau day c6 bai giai tot :

TOAN HOC
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Son La: Lwong Hiru Bach, 9A1, THCS Nguyén
Trai, TP. Son La; Ha Tinh: Lwu Khanh Huy, 8H,
THCS Nguyén Du, TP. Ha Tinh; Ngh¢ An: Tran
Quang Anh, 8C, THCS H6 Xuan Huong, Quynh
Luu, Ngé Van Truong, 9A, THCS Mai Hung, TX.
Hoang Mai, Pham Xudn Hodng, Nguyén Van Lém,
8A, THCS Ly Nhat Quang, D6 Luong; Thanh
Hoéa: Nguyen Trinh An, 9K, THCS Tran Mai Ninh,
TP. Thanh Hoa, Nguyén Bao Khanh, 8C, THCS Nhir
B4 Sy, Hodng Hoa; Ha Noi: Tran Viét Anh, 9AT,
Archimedes Academy Trung Yén, Cau Giay, Poan
Tri Anh, 8A, THCS Pan Phugng, Pan Phugng; Phu
Tho: Ha Phuong Anh, 9A, THCS Nguyén Quang
Bich, Tam Nong; TP. Hb Chi Minh: Nguyén Chdnh
Thién, 8/14, THCS Lé Quy Pon, Quan 3.

NGUYEN ANH DUNG

Bai T6/550. Giai phuong trinh

x'=x’-4x* +3x+2=0 (1).
Loi gidgi. Truge hét ta giai phuong trinh trén doan
[-2; 2]. Pat x=2cost, t€[0;z]. Khi do (1) tro
thanh:

16cos* t—8cos’t—16cos’ t+6¢cost+2=0

t=k2n
& cosdt =cos 3t & k27 -
o
Do t€[0;7]nén IE{O;?':;4:;6;I}. Vay trén

doan [-2; 2] phuong trinh (1) c6 4 nghiém, mat
khac (1) 1a phuong trinh bac 4 nén co toi da la 4
nghieém. Vay (1) co tap nghi€ém S la:
S = {2 cnszj—r— casﬂ cosﬁ—ﬁ}
7 7 7

Nhdn xét. Day 1a mot cach giai ngan gon va hay (cua
tac gia dé toan). C6 nhiéu ban tham gia giai bai nay.
Hudng giai cia cic ban chu yéu 1a bién doi:
()< (x-2)(x* +x*=2x-1)=0 din dén giai PT
bac ba: x’+x’=-2x-1=0 (2). PT(2) dugc cac ban
giai theo mot s6 cach khac nhau, Tuy nhién 101 giai cua
mot sO ban con dai. Ban Nguyén Tudn Kiét sit dung
cong cu s6 phirc ciing cho 101 giai ngén gon. Xin néu



tén cac ban co 10 giai ding: Vinh Long: Nguyén T uan
Ki¢t, 11T1, THPT chuyén Nguyén Binh Khiém;
Quéng Binh: Pham Thi My Hanh, 11 Toan 2, THPT
chuyén VO Nguyén Giap; Thira Thién Hué: Phan
Quoc Thang, 11 Toan 2, Poan Van Hoang Lén, 11
Toan 1, THPT chuyén Qudc hoc Hué; Vinh Phic:
Bach Thai Son, 10A2, THPT chuyén Vinh Phuc.

TRAN HUU NAM
Bai T7/550. Cho ham s6 f(x)=x"+m. Tim m de
phuwong trinh f(f(x))=x c6 bon nghiém Xx,,x,,
X,,X, sao cho biéu thirc

O(x)=x +x +x3 +x2 - %X X X,
dat gia tri Iém nhat.
Loi gigi. (Cua ban Nguyén Tudn Kiét va nhiéu
ban khac) Vi f(x)=x*+m nén

FF@)=(£(x)) +m=(x+m)
Phuong trinh f( f(x)) = x tré thanh

2
+ M.

2 2
( +m)’ +m=2

. : 2 2
(x +m) —x+tx" +m~-~x=0

2

<

2 2
.«:::»(.:c +m+x)lx +m-x)+x +m—-—x=0
&

r

\
T

X +m+x+l):0

x“—x+m=0 (1)

0

_x2+x+1+m=0 (2)-

Pé phuong trinh /' (f(x))=x co bon nghiém thuc
thi ca hai phuong trinh (1) va (2) déu phai c6 hai
nghiém thuc, tirc la

ms——
k 4

Gia sir x;, x, 1a nghiém cua (1), x3, x4 la nghiém
cua (2), vai diéu kién (*) ta co:
O(x) = x? + X2 + X} + Xy — X, X, X, X,

rilly

=(x1 + X, )2 —2X,%; +(x3 +x4)

=1 —2m+1> —2(1+m)—m(1+m)

2
5 25 d)
=—~m1—5m=—4[fﬂ+§] et =y

4~ 4

25

S 1 —
Vay min Q(x)=T khi m =—— (théa man diéu

2

kién (*)).

Nhén xét. Mot sb ban quén dat diéu kién dé phuong
trinh ¢6 bon nghiém thuc. Piéu nay khong han sai vi
d4u bai chi noi “c6 bon nghiém” ma khong doi hoi
“c6 bon nghiém thuc”.

Tét ca céc ban d giri bai co 141 giai tot:

Binh Dinh: Neuyén Hiru Tri, 11A1, THPT s6 2 Phu
Cat; Phan Trung Truc, 11T, THPT chuyén L€ Quy
Pon. Ha N¢i: Tran Viét Anh, 9A7, Archimedes
Academy Trung Yén, CAu Gidy. Ha Tinh: Nguyén
Thanh Bdo, Hoang Ba Hiru, Phan Nhu Minh Quan,
10T1, THPT chuyén Ha Tinh. Hung Yén: Chu Dirc
Bdo, Nguyén Trong Viét, 10T, THPT chuyén Hung
Yén. Nghé An: Phan Dai Hoang 10Al1, THPT
chuyén Phan Boi Chau; Ngé Van Truong, 9A, THCS
Mai Hung, TX. Hoang Mai. Phi Theo: Ha Phwong
Anh, 9A, THCS Nguyén Quang Bich, Tam Nong.
Quang Binh: Pham Thi My Hanh, 11 Toan 2, THPT
chuyén V& Nguyén Giap. Séc Triing: Tiét Trong
Khiém, 11A2, THPT chuyén Nguyeén Thi Minh
Khai. Son La: Lwong Hitru Bach, 9Al, THCS
Nguyén Trii, TP. Son La. Thanh Héa: Nguyén
Trinh An, 9K, THCS Tran Mai Ninh, TP. Thanh
Hoa. Thira Thién Hué: Poan Van Hoang Lan, Phan
Quéc Thang, 11 Toan 2, THPT chuyén Quoc hoc
Hué. Vinh Long: Nguyén Tudn Kiét, 11A1, THPT
chuyén Nguyén Binh Khiém.

TA DUY PHUQONG
Bai T8/550. Cho hinh chop tam giac S.ABC. M la

diém bat ky trén mat day (ABC) va thudc mién

trong tam giac ABC. Qua M ké cdc dwong thang

song song voi cac mat (SBC), (SCA), (SAB) theo

thir tw cat SA, SB, SC lan leot tai X, Y, Z. Chiing
2

minh rang V,, v, S—V; -, trong do ky hieu

27
Viseyzs Vs i teong veng la thé tich khoi chop

M.XYZ va S.ABC. Tim vi tri cua M dé dang thirc

xay ra.

Léi gidi.
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Goi D, E, F theo thir tu 1a giao diém cua cac cip

duong thang: (AM , BC); (BM , CA); (CM , AB).

Khi d6 tir gia thiet bai toan c6 MX // SD, MY // SE,
. MD ME MF _.

MZ // SF. Dat x:}—b—;y=—ﬁ;z=a. Str dung

phuong phap dién tich trong tam giac ABC dé

ching minh dugc: x +y +z=1. Ta co:

Viisczy _ 4(M,(SBC)) Sycpy
d(A,(SBC))  Sg

_d(M,(SBC)) { | Ssr J

VS-ABC

 d(4,(SBC)) | Sg
_MD (I_SY Sz]_@_(l_ME MF
AD\ SB SC) AD BE CF

=V sczy =x(1=yz). V5 45c-
Tuong tw: Vy, o =y(1=x2).V 5 ;
Vig.asx =2(1=x3).Vg ,pc-

Vs y SX SY SZ_MD ME MF
SA SB SC AD BE CF

Mat khac:

VS-AB{'

=V oy =XV2.V 15c- T AO

Ku,m S4BT Vs.m _VM-EE‘E]’ " VM.ACH o VM,.-IE}';!['

= Vs i8¢ =2V 150 —X(1—y2).V§ 45c
—y(-x2).Vs i5c —2(01=29).¥5 15¢
=(-x-y—-2+2xy2).V 10c=2XV2.V5 i3c

2 3 2
‘—:E'(x'"}”"z) 'Vs.dﬂc'=E'V5.ABC'
Dang thic xay ra khi va chi khi
] ] : ,
Jlr=3,*=,:3'=§<:::>.S'HJ,‘,_,,‘,:=.S’{_wm=.'5',,m,fﬂ =§SAHC luc do

M la trong tam tam giac ABC.

TOAN HOC
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Nhdn xét. 1) Tu loi giai bai T8/550 chung ta s€ giai
quyét dugc bai toan sau: Cho trudc goc tam dién
S.xyz va m¢t diem M c6 dinh nam trong goc tam dién
d6. Mot mét phing («) thay @6i qua M cat Sx, Sy, Sz
theo thir tw tai A, B, C. Xdc dinh vi tri cua mat ph&:ng
() dé cho thé tich ur dién SABC dat gia tri nho
nhat (*).
2) Mdi ban doc phat biéu hai bai toan tuong tu doi
véi bai T8/550 va bai toan (*) trong hinh hoc phing
va giai hai bai toan do.
3) Rét it ban tham gia giai bai toan nay, ba ban Tran
Viet Anh, 9A7, TH, THCS &THPT Archimedes,
Academy Trung Yén, Cau Giay, Ha N¢i; Dinh Nhu
Phat, 11A1, THPT Lé Hong Phong, Tay Hoa, Phi
Yén; Nguyén Tuan Kiét, 11T1, THPT chuyén
Nguyén Binh Khiém, TP. Vinh Long, Vinh Long co6
lo1 giai dang.

HO QUANG VINH

Bai T9/550. C6 9 16 hang de vo dwoc danh so lan

luot la 1, 2, ..., 9 can phai dong goi vao thung

chuwa hang hinh vuong 3 x 3 gom 9 o

dong goi nayv. Robot dieoc lap trinh

lan Lot dong goi lo hang thir nhat
toi 16 hang thie hai ... theo cach sau: Moi lan
dong goi mot lo hang vao o chira, no wu tién dong
g0l moi 16 hang vao o Hﬁn;{ (tuy v) khong co canh
chung voi cac o chira da co hang bén trong.
[rong tricong hop khong con o .rrrin.s; nao nhie vay,
no moi dua hang vao mot trong cac 6 trong tiy y
con lai. Hay xac dinh xem, bang cach do, ¢o thé
co bao nhiéu cach dong ¢oi o hang (hai cach
dong goi lo hang dwoc coi la khae nhau neu co
mot 1o hang trong lan dong ¢oi nav dwoc done
vao o chica khac voi o chira no trong lan dong goi

kia)

Loi gidgi. Ta danh dau 5 6 vudng [ ]
cua bang 3x3 nhu hinh vé bén.
A
X X

Ta xét cac truong hop

TH1: Ba I6 hang dau tién duoc dong goi vao 3
trong 5 6 dwoc danh dau néi trén.




Do 3 6 bat ky dugc danh diu déu cé chung canh
voi tat ca cac 6 khong dugce danh ddu nén niam 16
hang dau tién sé dugce dong gbi vao 5 6 duge danh
dau. S6 cach déng goi nam 16 hang vao 5 6 duge
danh dau Ia 5!. Luc nay, cac 6 khong duge dénh
ddu déu chung canh véi it nhét mot trong cac O
duge danh dau nén Robot s& dong goi ndt bén 16
hang con lai vao 4 6 khéng dugc danh dau va do
do co 4! cach.

Trong trudng hop nay, s6 cach dong gbi 1a 5!.4!
TH2: Ba lo hang dau tién khong dwoc dong goi
vao 3 0 nao trong 5 6 duoc danh dau.

Do ba 6 bat ky khong dwoc danh déu déu cé
chung canh véi it nhat mot trong cac 6 dugc danh
dau nén bén 16 hang dau tién s& duoc dong go1
vao ca 4 0 khong dugc danh dau va co 4! cach
dong goi nhur thé.

Lac nay, cac 6 khong dugc danh dau déu co
chung canh véi it nhat mét 6 duge danh dau nén
nam 16 hang con lai s&€ dugc dong goi vao 5 6
dugc danh dau va do d6 c¢6 5! cach dong gbi nam
16 hang con lai. Trong truong hop nay, s cach
dong go1 cling 1a 4!.5!

TH3: Ba 16 hang dau tién duoc dat vao cd nhitng
6 dwoc danh dau va nhitng 6 khéng dwoc danh
dau.

Thé thi c¢6 hai kha nang dé dit ba 16 hang nay vao
3 & (chira chir o) trong cac hinh dudi day va anh
cia chung qua cac phép quay goc 90°,180°,270°.

Khi ning 1 Kha ning 2

o 0 0

ﬂ ﬂ

O ca hai kha nang thi cidc 6 chua dong goi déu
chung canh voi it nhat mot 6 da duogc dong goi
nén ba 16 hang dau tién sé co 3! cach dong go1 va
sau 16 hang con lai dugc xép vao 6 6 con lai nén
c6 6! cach dong goi. Moi kha nang lai c6 4 hoan
vi 1a cac anh cua cac hinh vudéng noéi trén qua cac

phép quay goc 90°,1807,270" neén s0 cach déng
g6i trong truong hop nay la 2.4.31.6!
Viy, s6 cach dong goi thoa man bai toan la:

5141+ 4!.5'+8.31.6!=40320.
Nhidn xét. Day la bai toan dém co ban, khéng qua
khé nhung chi c6 hai ban tham gia giai va ca hai ban
nay déu cho 16i giai dung: Ha Tinh: Nguyén Xudn
Minh Pirc, 10 Toan 1, THPT chuyén Ha Tinh;
Quang Binh: Pham Thi My Hanh, 11 Toan 2, THPT
chuyén V& Nguyén Giap.

NGUYEN TIEN LAM
Bai T10/550. Cho ddy s6 (u,) xdc dinh boi
ru1 =13

u, . =u, +06(n +ILNR=14;..

Chirng minh rang khong co so hang nao cua day
so la lap phieong cua mot sO nguyen.

Loi gigi (Dua theo 101 giai cua ban Phan Nhu
Minh Chau, 10T, THPT chuyén Ha Tinh, Ha
Tinh) Tacé: u, =u,_, +6n

u, =u, +6.2.
Cong vé theo vé ta thu duoc:
(n+2)(n-1)
2
=3n’ +3n+7.

u, =u, +06. =13+3(n* +n-2)

Nhdn xét. Vi moi s6 nguyén a, a° dong du véi
hodac 0 hodc +1 theo modulo 9.

That vay: Véi a=0 (mod3)= &’ =0 (mod9).
Vo1 a=+1 (mod3) thi @ = 3k + 1, suy ra:

a’ =3k £1)’ =27k> + 27k + 9k +1=+1 (mod9).
Nhan xét dugc chirng minh.

Néu 7 =0 (mod 3) hodac n=-1(mod3) thi

u, =3n" +3n+7=3n(n+1)+7=7 (mod9).
Néu n=1 (mod3) thin=3k+ 1, suy ra:

u, =3k +1)(3k +2)+7=27k* + 27k +13

=4 (mod 9).
S6 554 (8-2023) TQQPWH,% 2 7



Tir nhin xét trén suy ra khong c6 s6 hang nao cua
diy so 1a 1ap phuong ciia mot sb nguyeén.
Nhan xét. Bai nay dugc cac ban tham gia giai véi
nhiéu cach khac nhau. Céc ban sau day c6 10i giai
tot: Binh Dinh: Phan T rung Truc, 11T, THPT
chuyén Le Quy Don; Quang Binh: Pham Thj My
Hanh, 11T2, THPT chuyén V& Nguyén Giap; Séc
Tring: Lé Ho Trong Tin, 11T, THPT chuyén
Nguyén Thi Minh Khai; Phi Tho: Ha Phuong Anh,
9A, THCS Nguyén Quang Bich, H. Tam Néng;
Thira Thién Hué: Doan Vin Hoang Lan, 11T,
THPT chuyén Qudc hoc Hué.

DANG HUNG THANG
Bai T11/550. Tim cac ham f: [0;1]> R lién tuc
tren [0 1] va thoa man: f(x)22xf(x*) (1).
Loi gidgi. (Theo y cua da sb cac ban)
Gia st f{x) thoa man dieu kién (1). Tir (1) ta cé:

f0) >0 va xf(x)=2x* f(x*),Vxe 10,1]

hay g(x)22g(x*),Vx €[0,1]

< g(x) < %g(xE ), Vx €[0,1] (2)

trong d6 g(x)=xf(x) la ham lién tuc trén [0,1]
va g(1)<0.
Tir (2) suy ra (bang phuong phap quy nap):

| 1 I 1 1

1 = = =3
X)£—g(x*)—g(x?¥)<...<—9o(x?),
g(x) 23( ) = g2(x%) > g(x*)
VneN. Sir dung tinh lién tuc cua ham s6 g(x),

chuyén qua gidi han, ta thu duoc:

g(x) < lim zi g(x?) =0
o g(x) <0 j-‘(.r) <0,¥xe[0,1] (3).

%,1], ta coO f(x)EZ.xf(f)zf(xz)nén

Xet xe

Suy ra: f(—’f)if(xz)zf(le)z...Ef(f" ), VheN.
Chuyén qua gidi han, ta thu duoc:

f(x)2 llin;f(xzﬂ )= f(0)=20,Vxe %,1}.

Két hop voi (3) ta thu dugc: fix) = 0 véi moi
B

X € —,1], Xeét xE[O,l), ta co:
2 2
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f(x)2 2xf(x?) 2 2xx 2x* f (x> ) = o8 i F

>2x% 1 25 f(x‘ﬁz )= 2 xll'!f(-ff ) AT
Bﬁng phuong phap quy nap, ta thu duoc:
f(x)22"x" 7 f(x¥),VneN.
Chuyén qua giéi han, ta thu dugc:

: I
J(x)2 lim[(Z.r)"f" O )] =0,Vx e (U,E].

A=}

Két hop vai (3) ta thu duge fx) = 0 v6i moi
xe[ﬂ,é—].vay nén f(x)=0 véimol x e (0,1).

Do f(x) lién tuc trén [0,1] nén suy ra f(x)=0
vo1 moi x €[0,1].

Két lugn: Bit phuong trinh ham da cho c6 nghiém
duy nhat la ham f(x)=0.

Nhgn xét. Day la dang toan vé bat phuong trinh
ham trong 16p ham mét bién lién tuc can dén su vén
dung dinh 1y kep trong gidi han day s6 nén co it
ban tham gia giai va cac ban déu nhan duoc két qua
dung: Binh Dinh: Phan Trung Truc, 11T, THPT
chuyén Lé Quy Pén; Vinh Long: Nguyén Tuan
Kiét, 11T1, THPT chuyén Nguyén Binh Khiém;
Quang Binh: Pham Thi My Hanh, 11T2, THPT
chuyén VO Nguyén Giap; Vinh Phuc: Bach Thai
Son, 10A2, THPT chuyén Vinh Phuc.

NGUYEN VAN MAU
Bai T12/550. Cho tam giac nhon ABC khong can,
noi !fcjp duong tron (O), cdc n'é;u rfr_rcfu voi (O) tai
B, C cdt nhau ¢ X, cdc duong cao BE, CF cua tam

giac ABC cat nhau tai H, EF cat XB. XC lan lieot
tai Z, Y. Goi M la trung diém cua BC. Chiing

minh HM chia doi cung YXZ.
Loi gidi. (Theo ban Nguyén Tan Nguyén Chuong,

10T1, THPT chuyén Luwong Vin Chanh, Pha
Yén). Ta can co ba b dé.

Bo dé 1. Neu AD, BE, CF la cdc duong cao cia
tam giac ABC thi trung diém cia BC cing la

trung diém cua cung EDF cua diwrong tron (DEF).



Bé ﬂé 2. Né” cac d!»rd‘r?g cao AD, BE, CF cua tam
gidc nhon fB C dong quy tai H thi H la tam dwong
tron noi tiep tam giac DEF.

Bd dé 3. Néu cdc tam giac ABC, A’'B'C’ ¢6 cdc
canh twong ung hodc song song hoac b&'ng nhau
thi chung hodc la anh ctia nhau qua mot phép vi
tw hodc la anh cua nhau qua mét phép tinh tién.
Phép chimg minh cac bd dé trén rit don gian,
khong trinh bay ¢ day.

Tro lai giai bai toan trén.

Goi D 1a giao diém ctia BC va AH; T 1a trung diém
cung YXZ; S1a giao diém cua XD va Y7,

Theo bo dé, I, M 1a trung diém cua cung EDF
(1). Theo b6 dé 2, H 1a tam dudng tron ndi tiép
tam giic DEF (2). D& thay:

CY=EY,CM =EM;BZ =FZ:BM = FM.
Do do M la tam duodng tron ndi tiép tam gidc XYZ
(3). Dé thdy DE// XY;DF /| XZ: FE=ZY.

T d6, cha y ring cac tam giac DEF, XYZ khong
bang nhau, theo bd dé 3, suy ra cac tam giac DEF,
XYZ la anh ctia nhau qua mot phép vi tu va duong
nhién S 1a tdm caa phép tu d6 (4).

Tir (1) va (4) suy ra S, M, T thiang hang.

T (2), (3) va (4) suy ra S, H, M thing hang.

Vay H, M, T thang hang (dpcm).

Nh@n xét. 1) Bai toan nay khong kho6, nhiéu ban
tham gia giai, tuy nhién chi c6 ban Nguyén Tan
Nguyén Chuong 1a c6 101 giai ngdan gon nhu trén.
2) D& thay duong tron (O) chinh 12 duong tron
Mixtilinear d6i dién dinh X cua tam giac XYZ.
3) Xin néu tén tat ca cac ban: Phit Tho: Ha Phuong
Anh, 9A, THCS Nguyén Quang Bich, Tam Nong;
Ha N@i: Tran Viét Anh, 9A7, THCS Archimedes,
Cau Gifly; Thanh Héa: Nguyé'n Trinh An, 9K,
THCS Tran Mai Ninh; Nghé An: Phan Dai Hoang,
10A1, THPT chuyén Phan B6i Chau; Ha Tinh:
Phan Nhu Minh Chdu, Nguyén Khuong Duy, 10T1,
THPT chuyén Ha Tinh; Quang Binh: Pham Thi My
Hanh, 11T2, THPT chuyén V6 Nguyén Giap; Thira
Thién Hué: Phan Quoc Thang, 11T1, THPT chuyén
Qubc hoc Hué: Pa Ning: 76 Pong Hai, 10T2,
THPT chuyén Lé Quy Don.

NGUYEN MINH HA

Bai L1/550. Mét con lac lo xo dat trén mat ban
nam ngang. Kéo qua cau doc theo truc 16 xo den
vi tri B roi tha nhe cho con lac dao dong. Néu
khong c6 ma sat thi t6c dé cia qua cau khi ve téi
vi tri O (vi tri lo xo khong bién dang) la 2,5 m/s.
Trong thuc té. do cé6 ma sat nén toc dé cua qua
cau khi vé téi O lan dau tién la 2,4 m/s. Lay g =
10 m/s® ; BO = 10 cm. Hé s6 ma sat giira qua cau

va mat ban la bao nhiéu?

Loi giai. Ap dung dinh i dong nang cho chuyén
dong tir B vé O:
1 |
Emvé '—EH'IV; = Adfr :%kBOE (1)
Khi ¢6 ma sat:
l 1
—mv'g—amvﬁ =4, +4 =%I‘:.BO2 — umg.BO (2).

2
Tu (1) va (2) cb: (v; —v2)=2ug.BO.
(VZ L G vl?
Suyra: u=-——22- 245.
g 2g.BO

Nhgn xét. Chic mimg ban Pham Vin Anh, 11 Ly,
THPT chuyén Nguyén Quang Diéu, Pong Thap da
co o1 giai dung.

NGUYEN XUAN QUANG
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PROBLEMS ... (Tiép theo trang 21)

Problem T8/554. Given a square ABCD. Let E be
a point on the side BC. Let F be the perpendicular
projection of D on AE. The ray BF intersects AD
at G, CG intersects DF at H. Prove that HE // AB.

Problem T9/554. Given a,b,ce ?12-

.2 . Find the

maximum value of the expression

lab(a — b) + be(b — ¢) + ca(c — a)|
abc '

Towards Mathematical Olympiad
Problem T10/554. Find the minimum value of the
expression E=a’+b’, where a, b are positive

integers so that @’ +b” is divisible by 2023.

Problem T11/554. Find all functions f: Q—Q
satisfying f{(1) = 3 and

f)+2f (x+y)=f(0) /() +2, Vx,y€Q

Problem T12/554. Given an acute scalene
triangle ABC circumscribing the circle (/). Let D,
E, F respectively be the tangent points of (/) with
BC, CA, AB. Assume that P is the perpendicular
projection of D on EF. DP intersects (/) at the
second point K, and L is the perpendicular
projection of 4 on /K. The circumcircles of LEC,
LFB intersect (/) at the second points M, N
respectively. Show that M, N, P are collinear.

Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanoi)
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Bai L2/350. Doan mach dién AB gom hai doan
mach AM va MB noi tiep nhau. Trén doan AM
chuwa bién tro va cuon cam thuan, trén doan MB

cht chua tu dién. Dat vao hai dau A, B mot dién

Y

dp xoay chiéu uap = Lr\f}i..(}%([“[]ﬂf “_%_J (V) va

dieu chinh bien tro sao cho cong sudt tieu thu trén

doan mach AB dat cuc dai P,,. = 45 W. Biet

rang khi do dien ap trén doan mach AM co bicu
i

Fo . = £ i
thue la upp = 120+/2 cm[ 1007 + 1 l|{\«’). Dien

dung cua tu co gia tri la bao rhieu’

Loi gidi. So @6 mach dién dugc mod ta nhu hinh a.
Ta c6 gian d6 vecto nhu hinh b.
Khi cong suat tiéu thu trén 4B cyc dai thi :

.|, NAB =45°.

Theo d& bai MAB = 105°. Suy ra MAN = 60°.

U.=U,, cnsﬂm:l.’l(}coséﬂ” = 60V,

UE

R = = 80 Q2.

max
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U,= U, .sinMAN = 120sin60° = 603 V.

U. =U,+ U, = 603 +1)V.
Ze_Ue_f3

3+1.
R U

Suyra: Zc=218,6Q va C = 15 yF.

Nhan xét. Chuc mung cac ban di cd 16 gial dung
cho dé ra ki nay: Pham Van Anh, 11 Ly, THPT
chuyén Nguyén Quang Diéuy, Dﬁng Thap; bé Van
Duong, 11A1, TTGDNN-GDTX quan O Mén, Cén
Tho.

PINH THI THAI QUYNH



F ]
—

-
-
-

s ' ’
3 T, . i‘u

bW -
PHUONG PHAP

GUAXS TOIKR

s ——

1. MO DAU

Cac bai todn vé hinh hoc trong cac dé thi tu luan
hay tric nghiém, ngoai hudng giai hinh hoc théng
thuong va phuong phap toa 46 hoa, thi mot hudng
giai nita chung ta c6 thé nghi dén 1a phuong phéap
dung cong cu Pai sb. Véi phuong phéap nay, dua
trén co' s0 nhiing nhén xét va danh gi4 hinh hoc,
dé tr do giai quyét yéu ciu bai toan bang cac
phuong tién dai s6 nhu: giai phuong trinh, giai hé
phuong trinh, chimg minh bat dang thic, tim cuc
tri,...Pay 1a phuong phap rat hitu ich d6i véi
nhirng ban hoc sinh ¢6 tu duy dai s tét, thong qua
hurong giai nay, cac ban hoc sinh s& rén luyén hai
hoa gilra tu duy dai s6 va hinh hoc, hd trg déang ké
trong viéc giai toan.

Ciing trong bai viét nay, khong thé dua ra mot mé
hinh chung dé giai quyét, vi phuong tién dai s6 rat
da dang va phong phu. Tuy nhién, qua cac thi du
dudi day, chang ta c6 thé it nhiéu trang bi kinh
nghiém cho minh dé giai quyét cac bai todn tuong
.

2. MOT SO THI DU

Thi du 1. Cho duiong tron (O). 4 nam neoai (0).
Ve tiep tuvén AB toi duong tron voi B nam tren
(0). AO cat (O) tai I thoa man A, I cung phia doi
véi BO. Biét I4=+5 , IB = 3. Tinh do dai AB.

Phwong phdp. Véi tam giac vudng ABO tu hinh
v, c¢6 thé dit 4n phu doi véi AB va BO, roi ap
dung dinh 1y Pythagore dé lap hé phuong trinh d6i
v6i 2 an nay.

Léi gigi. Pat OI=OB=x,BA=y (x,y>0).

—— i s T IEIFSEIFE - —————— e B s SE

DT S0 TRONG HiNH HOC

B i P . = e "o .

A — T

PHAN DAI PHAP
(SV Lop K 7?CLE',# j’(haa Toan Tin, DHSP Ha E@ |

B [ e R e e

Ap dung dinh ly Pyhtagore cho tam giac vudng
OABtach: OA* =x" +y* =(x+ Jg)z_

Ké IE vubng goc vol AB tai E, IF vudng goc véi
BO ta1 F.

Ap dung dinh 1y Thales ta co:
IE KM _IE, .5 J5x
= = —= = IE = :
OB OA X x + \/g Y <4 \/g
IF, 10 .. IF
=i O e B g
AB A0 y x+5 x++/5

(do tir gidc IFBE 13 hinh chit nhét).
Ap dung dinh 1y Pythagore cho tam gidc vudng

5 2 .

s =k g
(x+5)"  (x++/5)?
Vay ta c¢6 hé phuong trinh 2 4n x, y sau
x* + =(I+\/§)2 (1)
(VO1x,y>0): §5x2 + x2)? _9 @

| (x++/5)

Tir (1) c6: y* =24/5x +5. Thay vao (2) cé:

IEB ta co:

5x* + x? (2\f§x+5) !
(e X]SyF-itg con

— 2\/§x2(x+\/§) ZQ(I-I-\/E)E
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= 2+/5x7 :9(x+\/5_)(dn x+\/§}0v6ix}0)
35

=k 3 :-— Thay vao (3) duogc:

y? =20=> y=2/5. Vay AB =2./5.
Nhdn xét. Khi thiet lgp phuong trinh dau tién, ta

mdi chi van dung duoc gia thiét 14 =5 ma chua
dung gia thiét IB = 3. Dé vin dung gia thiét con
lai nay ta ke thém cdac duong song song nhw trén
dé ghép IB vao tam giac vuong, tir dé van dung
dwoc dinh ly Pythagore.

Thi du 2. Tam giac ABC nhon cé 3 duong cao Al,
BJ, CK (I thuoc BC, J thuéc CA. K thuoc AB) va
truc tam H. Chung minh:

i ol HK. 3
a) —+# + >
H4 HB HC 2

ABAC BC.BA CACB
HBHC HC'HA HAHB

Phwong phap.

b)

O céu a nhin vao vé phai ta c6 thé lién tudong toi
bat dang thirc Nesbitt.

O cau b 15 rang & moi phan thire, tir thirc va mau

thirc gan nhu khong co lién hé gi nén c6 thé nghi

dén 1 dai lugng trung gian dé bién doi.

Lovi gidi.
A
7
K
: C
B I

Dat: dién tich tam giac ABC = §;
dién tich tam giac HBC = S5y;
dién tich tam giac HCA = 52;
dién tich tam giac HAB = §3.

a) Ta co: LAY, . .
"HA AI-HI S-S, §,+S,
TOAN HOC
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Chirng minh tuong tu:
HI S, HK__S
HB S,+S8, HC S +5,

Va1 S, 57, 87> 0, ta cO:

- T, . S8 . IPL.
SE+S3 S]+S| SI+SZ 2

(ap dung bat dang thirc Nesbitt cho 3 s6 duong).
Dau bang xay ra < S, =S, =35, < H la trong
tim tam gidc ABC <> tam gidc ABC déu.

y BK _BJ
b) ABKH -~ ABJA (g.g) nén —— BH BA
o AB BJ ABAC BJ.AC _ S
HB BK HB HC BK. HC S
Ching minh tuong tu:
BC.BA S . CACB: . &
HC.HA S ' HAHB S
Vay

ABAC BCBA CACB _ (1 1 1
HBHC  HC.HA HAHB 18578 8

=(‘S'1-+TS2+.‘S*3)[1 + 1 + IJ (*)

Ap dung bat dang thirc:

(a+b+c)[1 +1+]

]29 Vé‘iﬂ,b,c}o&
a' -Hlte

thi (*) duoc chirng minh.
Déau bang Xxay ra <> §,=5,=8S,< H la trong
tim tam gidc ABC <> tam giac ABC déu.

Nhdn xét. Bat dang thire Nesbitt va bit dang thirc

Patia)) [
(ﬂ+b+ﬁ')[—+—+—];‘-’:9 voi a, b, ¢ > 0 la

@ b, i
nhung bat dang thirc quen thudc trong dai so.

Thi du 3. Cho hinh vuong ABCD co AB = a. Layv
M N, 2,0 lan lwot thudc cac canh AB, BC., CD,
DA sao cho AM = BN = CP = DQ = x (0 <x < a).
Tim x theo a dé chu vi tir giac MNPQ dat gia tri
nho nhat.



Phuong phap. Chu vi cua tir giac MNPQ chic
chan s& dugc biéu thi dudi dang bidu thirc mot 4n
x. Khi d6 ta chi can tim gia trj nho nhét cua biéu
thirc nay 1a giai quyét xong bai toan.

Loi giai.
A X M a-x B
N
Q
D D C

ViAM=BN=CP=DQ = x nén
MB=NC=PD=QA=qa-x.

Do d6: AQAM = AMBN (c.g.c) = OM = MN.

Ching minh twong tu: MN = NP va NP = PQ.

Viy tir gidc MNPQ 1a hinh thoi va c6 canh bang

J** +(a—x)* = chu vi hinh thoi MNPQ bing

4\/1:2 +(a—x)? =44J2x% - 2ax +a’.

Ta co: 2x° —2ax+a’ =%.(4x2 —4ax+2a*)

[@2x-a) +a ]}%a

e

i
2
Dau bang xay ra <> x = %. Vay chu vi hinh thoi
MNPQ dat gi4 tri nho nhét 1a 2v2a khi M, N, P,
0 14n luot 14 trung diém 4B, BC, CD, DA.

Nhan xet.

- Tir gide MNPQ la hinh vudng, tuy nhién khong
can thiét phai chi ra diéu do, do chu vi tir gidac
MNPQ van két qua nhu vay.

- Bién doi trong bai todn nay tuong doi don gian,
do kién thirc chi xoay quanh gid tri nho nhdt cia

tam thwec bac 2.

Thi du 4. Cho hinh vuong ABCD. M trén canh
CD sao cho CM = % CD, N la trung diém CB. AM
cit BD tai E. Chung minh dieong rhdng AM
yuéng goc voi duong thang EN

(Tap chi TH&TT s6 504, thang 6/2019),

Phuwong phdp. Viéc chu'ng mlnh vudng goc, néu
str dung céac phép bién ddi dai s6 dé giai quyét thi

ta nghi dén 4p dung dinh ly Pythagore dao, cu thé
14 tinh cac canh cua tam giac vuobng lién quan roi

chimg minh chung théa man dinh 1y Pythagore

dao.

Loi gial
A l B
1/2
3/4
N
F G
1/4
D "3 2/3 ¢

Pat canh hinh vuéng ABCD = 1.
Ké duong thiang qua E, song song CD va AB, cat
AD tai F, cat BC tai G.

Vi CM=-§-C’D, nén CM=§. Suy ra DM=1.

3
Ap dung dinh 1y Thales, ta co:
DM ME 1_AF _FE _AE 3
BATAETIT D DM AM 4
::»AF:E,DF:l:GC
4 4
(vi tir gidc DFGC 1a hinh chit nhat)
::>FE=l:>EG=E.
4 4

Ap dung dinh 1y Pythagore cho tam giac vuong
AFE ta co:

AE =\ AF? + FE? = [EJ +[1T =il_9 (1)

\
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Theo gia thiét:
2 4

1

= GN =3 Tiép tuc ap dung dinh 1y Pythagore

cho tam giac vuéong EGN:
2 2
EN=VEG +GN* =,[[ 2] +(1 =—@ 2
4 4 4 ).

Tiép tuc 4p dung dinh Iy Pythagore cho tam giac
vuong ABN:

AN =V AB?* + BN? =

1 +[1T = _J_E_
V2 2
Keét hop (1), (2), (3) ta cd: AE? + EN? = AN?nén
theo dinh ly Pythagore dao, tam giac AEN vudng
cin tai £ hay AM vudng géc véi EN (diéu phai
chirng minh).

Nhan xet.

- Viéc tinh EF c6 thé dung tinh chat VUuong can
cua tam giac DFE.

- Trong loi gidi nay, tinh Pai sé khéng thé hién &
mot cong cu dai so dac trung nao, chi thong qua
nhitng tinh todn don thudn, chi ¢é diéu véi bai
todn nay, con cé nhiéu cdch giai mang tinh hinh
hoc hon, nén cé thé tam goi cdach gidi nay la céch
gidi kiéu "Pai 56",

Thi du 5. Cho hinh vuéng ABCD canh bang a.
Lan lieot lff}‘ M thuoc canh CD, N thuoc canh CB
sao cho CM = xa, CN = ya (x, y 2 0) va

X+ yi+ \/f +y* =2. Cho AM cat BD tai P.

a) Chung minh AM vuong goc voi PN.
b) Tim gia tri nho nhat, gia tri lon nhat cua dién
tich tam giac AMN.

Phuwong phap.
- Bai toan nay chinh la trudng hop tong quat cla
2 e e
bai toan 4 khi & bai toan trén, x=—3-+, y=§ va
+3G)°G)
—+—=+ /=] +|=| =2
3., 2 3 2
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- Gibng nhur thi du trén, cach giai cdu a van chi 13
nhitng tinh to4n Dai sb thong thuong, khong sir
dung céng cu didc trung nao ca. Tuy nhién, dé viéc
tinh to4n thuan loi hon thi nén c6 buoc xur li gia
thiét di cho.

- 3 cau b, cong cy chic chan sir dung Ia céc bat
ding thirc trong dai s0.

Loi gidi.
A a B
(1 =y)a
N
H K

A ine, B Y20
Diéu kién: :
x+y<s2

x+y+\[x2 +y2 =2'-':::>\/Jr:2+y2 =ZmX—y
S +y=4+x* +y  —dx—-4y+2xy
l—x
2—x
a) Ké duong thing qua P, song song v&i 4B va
CD, cat AD tai H, cit BC tai K.
Ap dung dinh 1y Thales ta co:
DM M. HD
BA PA HA

1D\ 1~% ¥
= = = t & ok
AN -y 5 Lomo{FC

S 2x+2y=xp+2 (*) =r§ (*%).

l—x

— HD = %.a = HP (do tam gidc DHP vudng cin
tai H) = CK =§.a (do t&r gisc DHKC 1a hinh

chit nhat nén DH = KC) = HA = PK = a_(l _i),
2

Theo gia thiét:

CN=y.a, ma CK = %.a nén KN=2 4.
2




Léan lugt 4p dung dinh 1y Pythagore cho cac tam
giac vuong AHP, PKN, ABN ta cé:

—

2 ] o)
AP? = a*. [l———y) +(£ S Y o :
: 5 > a’. > y+1]|;

- y 9 y 2 y:
PN* =a°. ( ——] +(_ et | 2 Y :
5 > a, > y+1|;

AN® =a’.[1+(1-y)’ 1= a*.(y* =2y +2).
Do d6: AP? + PN*> = AN®* nén theo dinh i
Pythagore dao, AP vudng goc PN hay AM vudng
goc PN.

b) Suv = Sasco = Susv —Scrw = S.om

=ag{l_l—y_x.y_l—xj
2 2 2

2 Xty —Xxy

. > .

Theo (*), xy =2x + 2y — 2, va theo gia thiét,

o

e

= da

.;ls:+y=2~\/x2+y2 nén:

x+y—2x—2y+2_a3 2—-x=y

2 2
A2 \/xz‘l‘yg
= .
2

2
S e ST

Do d6 dé S,,,, dat gid tri nhd nhat (16n nhat) thi

Jx* + y? dat gi tri nho nhét (16n nhét).

Ta co: x+y+\/x2 +y* =2. Ap dung bat ding

2
thire x* + yz > £ +2y) ta duoc:

2 <203 + y%) +/x* + )

2
2 2
Al x + = y
J Y 2 41

X=Y

=
X+ y+xt+y* =2

Dau bang xay ra

<::>x=y=2—\/i

2 - . 2 2 A,
me,yzﬂthlx+yi_=:\/x + y” nén:

22 2.x* +)° o +y* <1,

Déu bang xay ra:

r X+ y=qx+ )

G ¢
kx+y+¢f+y2:2
[ %.3:=0

-~
1x+y+Jf+y1=2
x=0,y=1

o .
x=1y=0

Vay:
- Dién tich tam gidc AMN dat gia tri nhé nhat bang

HZ

\E+1

- Dién tich tam gidc AMN dat gi4 tri 16n nhat bang

khi CM = CN=(2-+2)a.

2
% khi M trang D, N trung C hodc M tring C, N

trung B.

Nhan xét.

- Viéc trinh bay cdu a sé ruom ra hon néu khong
xit Ii sém gia thiét.

- Cau b ciing c6 thé dua vé ham sé mét an y (tir
gia thiét ta rut y theo x nhw cdu a) roi tim gia tri
I6m nhat, gia tri nho nhat trén doan [0; 1]

- Chit y rang tir két qua cdu b, ta ciing suy ra dugc
khodng cdch tir A dén MN luén =a khéng doi nén
voi moi M, N théa man de ra thi MN luén tiép xic
voi mét duong tron co6 dinh la dwong tron tam A,
ban kinh a.

Thi du 6. Cho tam giac ABC ¢6 do dai 3 canh lan
luot la a, b, c. Chirng minh:

a b C
+ + > 1.
2b+2c—a 2c+2a-b 2a+2b-c

Phwong phdp. Nhin vao dé bai thdy tam giac ABC
khong c6 gi ddc biét ca nén chi cé thé khai thac
dugc bat dang thac tam giac. Tir d6 co cac sO
hang ctia vé trai ludn duong vai a, b, ¢ duong. Khi
d6, c6 thé ap dung bit ding thic Bunykovsky
bang cach nhin thém vao vé trai mot luong phu
hop dé dua vé dang don gian hon.

TOAN H
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Loi giat. Vi a, b, ¢ 1a 49 dai 3 canh cua tam giac

2b+2c—-a>0
nén <2c+2a-b>0.

2a+2b-c>0
§ a b C
pat P = Lz
' 2b+2c—a 2(:+2a—b+2a+2b-—c'
Khi do:
P_[a(2b+2c-a)+b(20+2a—-b)+c(2a+2b—c)]

a + b i C
2b+2c—a 2c¢+2a-b 2a+2b-c

x[a(2b+ 2c=a)+b(2c+2a-b)+c(2a +2b-c)]

—
—

X

Pit biéu thic thu duge 1a O. Ap dung bat ding
thirc Bunyakovsky cho O ta cé:

0> Nab+2c—a) +

\/ a
2b+2c—a

b

b
+ Ab(2c+2a-b) +
J26+2a~b \/ LA a0

i
c
+ ; -
\j2a +2b—¢ A28 ¥ =g}

=(a+b+c).
Ma (a+b+c)’ =a® +b* +¢® +2ab +2bc + 2ca
>—a’ — b’ —c® +4ab + 4bc + 4ca (*).
That vay:
(*) & 2a* +2b* +2¢* = 2ab-2bc—2ca >0
& (@-b)P+b-c) +(c-a) 20
(bt dang thirc cudi hién nhién dung).
Do do tur (*) ta co:
(a+b+c)* 2ab+2c—a)+b(2c+2a-Db)
+c(2a +2b—c) (**¥).
Két hop (*) va (**) ta co:
0>a(2b+2c—-a)+b(2c+2a-b)+c(2a+2b—c)
< P21 (dpcm).
Dau bﬁng Xay ra

1 1 ]
&<32b+2c—a 2c+2a-b " 2a+2b-c
a=b=c

TOAN HOC
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& a=b=c <> tam gide ABC deu.

Nhan xét.

- Dang cua dé bai nhw vay, khong de dé tim ra
cach sir dung bat ding thirc Bunyakovsky.

- Bai toan nay, vai tro cua hinh hoc rat it, chi ¢é ¢
viéc khai thac bat dang thirc tam giac, con lgi déy
la cdc bién doi dai 56 va cong cu dai s6 don thudn

(cdc bat déng thirc dai s0).

Thi du 7. Chirng minh rang voi mot tam giac
nhon, tong cac khoang cach tir tam duwong tron
ngoai tiép ciia tam giac téi cac canh cua no bang
tong ban kinh dwong tron ngoai tiep va ban kinh
dwong tron néi tiep tam gidac do.

Phan tich. Dé bai c6 lién quan t&i ban kinh dudng
tron ngoai tiép va ban kinh duong tron néi tiép, do
d6 khi giai bai toan c6 thé sir dung nhimg hé thirc
c6 lién quan t&i 2 dai luong nay, két hop véi céc
bién doi dai sb.

Léi gidi.

Xeét tam giac ABC nhon c¢6 BC = a, AC = b,
AB = ¢ ndi tiép duong tron tdAm O ban kinh R,
ngoai tiép dudng tron tdm 7 ban kinh 7. Lin luot
ke OH, OK, OL vudng goc véi BC, CA, AB tai H,
K, L

bDatOH =h, OK = h,, OL = hy(h,hy,h, >0).

Ta co:
R+r=h+h,+h

< Rtr).(a+b+c)=(h+h +h)(a+b+c)
S Ra+b+c)+r(a+b+c)



-‘:”1-fH'I’z*h"'hl'c'{"hl'(b+{~’)+hz.(c+a)+hj,(a+b)(*)
Nhén thay:
r.(a+b+c)=h1.a+hz.b+h3_g=25

T ABC
neén:
M R(a+b+c)=h.(b+c)+ hy.(c+a)+ h,.(a+b)(**)
Vi OB = OC = OA4 nén H, K, L lan luot 13 trung
diém BC, CA, AB.

KLk

2

, b
Dod6:4 LH =—,
3

HE =<

2

Ap dung dinh 1y Ptolemy trong tir giac noi tiép
ALOK ta c0: AO.KL = AL.OK + AK.OL

«::»R—_

+
> 2h2 h, < Ra=

hy.c +hyb (1).

Rb=h.a+hc (2)
Rc=hb+ha (3)
Cong vé theo vé (1), (2), (3) ta duoc ngay ding
thtc (**). Khi d6 dang thitc R+r="h +h, +h,
dugc chirng minh.

Ching minh tuong tu: <

Nhin xet.

- Cach lam trén khong sur dung cong cu dai 56 ddc
trung nao, chi la nhitng bién doi dai so don thuan,
mdc dit hinh thire c6 vé phikc tap, sé rat khd néu
khong ap dung dinh ly Ptolemy.

- H¢ thirc lién quan t&i ban kinh dwong tron noi
tiep dwoc sir dung la p.r=S, vdi p la nika chu vi

tam giac, S la dién tich tam giac.

Thi du 8. Cho tam giac ABC déu noi .ﬂ'é}f} dirong

tron (O). D la trung diem AC. Ké dwong rh&:ng

qua D, song song BC, cat dwong tron (O) tai E (D
DE

o —

BC
(Dé thi MYTS 9 nam 2018)

va E cung phia doi voi AB). Tinh

Phuwong phdp. BD la doan thing thudc duong
Kinh ctia duong tron (0), do do ta co thé vé duong
kinh nay va tao ra tam giac vunng tai £. Sau do co
thé tinh BC va DE theo mot an chung (1am viéc
véi 4n chung thong qua dinh 1y Pythagore, la dinh
ly hay su dung trong cac bai toan hinh hoc st
dung cong cu dai 50).

Loi giai.

Ké duong kinh BH cua duong tron (0). Ta co: O,

. 1 2 :
D déu nam trén BH va BO =EBH =§BD (tinh

.. 1 |

chat tam giac deu) = HD = ZBH :

bit HD=a=>BD=3a.

Tir d6 tinh dwoc BC=2+/3a (1). Vi DE // BC nén
HDE = HBC =30° (2 goc ddng vi).

Ké EK vudng gbéc voi1 HB tai K.

E
X 2X
wl}
HK D 0 B

bat EK = x (x > 0). Tam giac EKD vudng tai K c6

EDK =30° nén EK =%ED:>ED=2.1:

=KD = \/ (2x)*=x* = \@x (dinh 1y Pythagore).

HK: —_— e s
Dodé:{ 2D —-ED =g ‘/5-",
KB =BD + KD =3a +/3x

Lan lugt 4p dung dinh Iy Pythagore cho 2 tam
giac vudng EKH va EKB ta co:

S 554 (8-2023)
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BH? = ER? + KH? =45 - 31 gx + o’
EB® =EK® + KB® =4x* + 6:/3.ax +9a®

Ap dung dinh 1y Pythagore cho tam giac vudng
EHB ta cé:

EH® + EB* = HB’
& 8x% +43.ax +10a? = 164>
< 8x? = 6a® — 43 .ax
& 4x? =3a% - 2\3.ax
& 5x% = (V3a - x)°

C)\,/EI:\/EH—I

(via—\@x:»(}nén \Ea}3x}x).
V3a

—~ X = :
J§+1
Do dé: DE=2x = 2332 (5
J5 +1
DE 1

Tur (1) va (2) suy ra: = _
BC 541

Nhan xet.

- Viéc dat an nhuw trén chi la mot cdch dat an, véi
hinh Vvé trén cé thé ddat an cdch khdc, tuy nhién
giai sé phuc tap hon.

- Cach lam trén khong thé hién mét cong cu dai s6
cu thé nao, ma chi la nhitmg bién doi dai sé don
thuan.

- Dinh Iy Pythagore duwoc su dung xuyén Suot
cach lam trén, day ciing la dinh ly thuwong ap dung
trong nhirng bai toan hinh hoc gidi bang phuong
phap dai sé, bén canh nhirng hé thuec khac.

Thi du 9. Cho hinh chop S.ABCD co day la hinh
vuong ABCD canh a, canh bén SA = h va vuong
goc mat day. M di dong trén canh CD sao cho
CM =x (0<x<a). Ké SH vuong goc BM tai H.
Tim vi tri M trén canh CD dé thé tich hinh chop

S.ABH dat gia tri lém nhat va tim gia tri lon nhat
do.

TOR
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] .
Phwong phdap. Vi V ., =5.SA..S'J,,,ﬂ,,.-_i.r (SA vubng

goc v6i day) nén ta chi cin tim vi tri diém M trén
CD sao cho S,,, dat gi4 tri 1on nhat. Van de I3
phai tim dwoc cach xac dinh diém H dudi khia
canh hinh hoc phing, cu thé & day néu khong xét
trong hinh hoc khong gian thi diém H s& dugc xac
dinh thé nao. Sau d6 ta dua vé giai hinh hoc phang
thuan tiy, két hop cong cu cuc tri dai s0 dé giai
quyét yéu cau bai toan.

Loi gidi.
S
:.n A . D
a—x
d
' i M
[ : "'l H
B ------- : ..... ILC“‘ X
"L}h '1M B a C
A D

Vi S4 vudng géc v6i mp(ABCD) va BM niam

trong mp(4BCD) nén SA vudng géc BM.

Theo gia thiét, SH vudéng goéc BM. Do d6, BM

vuong goc mp(SAH) nén BM vudng goc vo1 AH.
AAHB -~ ABCM (g.g)

| AHB = BCM =90°

(I o et s o Ere T
| ABH = BMC =90° — CBM

ﬁﬁ_HB_ABﬁAH_HB_ a
BC CM BM a x _\/a2+x2

2
AR f

2

N
B s S

‘_ Ja? + 32

AH .HB a’ x
= SABH iz =

2 2(a+x%)

Xét ham sd Flx)= zx =. 18 66
X +a
r AT
= 5 4 freams —
f(x) Cral) ffx)=0=a=x.




Voi 0<x=<athi f'(x)>0 nén fix) ddng bién
trén (0, a]. Do d6 gia tri 16n nhat cua f{x) trén
a ]

(0;a]la f(a)=— =

a‘+a: . 2a.

Vay thé tich ¥, 16n nhit cua hinh chop S.ABCD
bang

3 2
Vmax = lh < . I T E—'ﬁ&
3 2 28 1
dat dugc khi M trung D.

Nhan xét.

Dé tim gid tri lén nhdt cia fx), néu ding cach
lam chia ca tir ca mau cia fx) cho x roi ding bat
dang thire Cauchy dudi mau thi két quad van dwoc
nhuw trén, tuy nhién cach lam nay khéng vin dung
gia thiét 0< x < a,nén khong ding ban chat bai
toan.

Thi du 10. Xe¢r hinh non ngoai tiep hinh cau ban
kinh r. Khi theé tich hinh nén nay dat gia tri nho
nhat, tinh ban kinh mat day R va duong cao h cua

no theo r.

Phwong phdp. Biéu thtc tinh thé tich hinh nén
chic chin sé& duoc biéu dién theo hai bién A, R va
dai lvong khong d6i ». Do d6 can phai biéu dién
bién 4 theo R (hodc R theo ) dé dua vé tim gia tri
nho nhét cta biéu thirc mét bién.

Loi giai.

Xét hinh nén dinh S ngoai tiép hinh cau tim O,
ban kinh ». Cét hinh nén bdi mot mit phang («)

di qua truc cua hinh non. Khi dé6 mat phing («) sé
cat hinh cau tdim O theo mét duong tron tdam O
ban kinh r, cat hinh noén theo mét tam giac can c6
dinh céan 1a S, canh day AB (A, B thudc mat phﬁng
day).

Ké OD vubng goc vai AB, OF vudng goc voi SB,
OF vuébng goc voi SA lan lugt tai D, E, F. Khi d6
OD=0E=0F=r.

Vi tam gidc SAB cén tai S nén S, O, D thang hang
va SD = h.

Theo gia thiét: AD = BD = R nén:

SA =SB=+h*+R*> (dinh li Pythagore).

h.2R ,
Ta co: S 5 = %.SD.AB S =R.h va

Sﬂa o SSA{} T SSB{Z' + SAHG

1
" %.r.\/hz PR 4 %.r.\/;zz PRV ¢ E.r.ZR

=(R +\/h2 +Rz).r.

Do:dé: _RA= (R w1 + R ].r

& R(h—r)=rAlK + R?
< REL(B =2hr +r)=r*.(* + RY)
< h(R* —=r*)=2R%*r

AR TSN hr’

(do h — 21> 0) (*).
¥

Ta c6 thé tich hinh nén ngoai tiép hinh cau tim O,
ban kinh r la:

2.2
yilare gl EhT
3 3 b=2r

Vih —2r>0var>0nén ta ap dung bat dang
thirc Cauchy nhu sau:

1 h? 2 2 2
A LR AR Ol (NN A
3 h-=2r 3 r

(theo (¥)).

h—2
2 ) 2 A
sl b, 2.\/(h—2r). IS it
3 h—2r
T’ 871’

—
S

(2.2r+4r)= .
3 ")==3
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4r*
h-2r
4r°

<:>h—2r=2r<:>1:=4r<:>R1=T
'a

Dau bing xdyra < h—2r =

(theo (*))

R = \E.r,
Vay khi hinh nén ngoai tiép mat cau tim O, ban

kinh r c6 ban kinh day bang J2.7 va chiéu cao
biang 4r thi thé tich cua né dat gia trj nho nhat va

X 8?1‘?"3
bang :
3
Nhan xet.
) . kzrz
- Dé tim gia tri nho nhat cua o ta cing co
—2r

thé sir dung phuong phap ham sé6 nhu & thi du 9.
O day phuong phap bat dang thirc Cauchy nhanh
hon, thugn tién hon va hoan toan cé thé chdp
nhan su dung vi o day h khéng bi chan trén.

- Ngoai ra ta ciing cé thé tinh h theo R roi quy vé
chi con mét an R, tuy nhién can cir vao cong thirc
tinh thé tich hinh nén thi viéc tinh R theo h cing
sé don gian va tién loi hon.

3. LUYEN TAP

Sir dung phwong phdp va cong cu dai so dé giai I
s6 bai todn sau:

Bai 1. Tam giac ABC vuéng cin tai 4. D, E lan
lugt 1a trung diém cua AB, AC. Ké EH vudng goc
CD tai H. Ching minh tam giac ABH can.

Bai 2. Tam giac déu ABC c6 canh a va ndi tiep

duong tron tim O. M nam trén cung nho BC cua
duong tron (0). Pat MA = x, MB = y, MC = z.
Ching minh:

a) ¥ +y +2°=2a"

b) x*+y*+2* =24

Bai 3. Cho tam giac c6 do dai ba canh lan luot 1a
a, b, c. Chimg minh:

a ” b F. C
Jb+c—a Je+a—b Ja+b~—c

> Ja +b+4c.

TOAN HOC ;
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Bai 4. Cho hinh chép S.ABCD c6 ABCD Ia hinh
thang can day 4B va CD, AD=AB=BC=a,
CD=2a. Hinh chiéu ciia S 1én mit phang day
tring véi trung diém M cta AB. Lay diém N bat ki
thugc doan 4M. Mit phang qua N, song song vdi
SM va BC, lan lugt cat SA, SB va SC tai P, O, R.
Tim gia tri 16n nhét cua thé tich da dién APOBNR.
Bai 5. (Bat dang thirc Weizenbock)

Cho tam giac ABC c6 BC=a, CA=b, AB = c va
dién tich tam giac bang S. Xét cac s6x,y,zeR
(x+y20
y+z20

. Chirng minh:
z+x20

thoa man:

xy+yz+zx20

x.a’ +y.b2 +z.0° 2 4.S.\/xy+ ye-= 2%

Tir d6 suy ra két qua sau: Tam giac ABC co diém

M nam trong tam gidc, khi do:

aMA+bMB+c.MC =4S 5.

4. TAM KET

- Phuong phép dai sb trong hinh hoc c6 thé khong
phai 1a phuong 4n t6i vu cho mét sb bai toan hinh
hoc (trir trudmg hop bai toan d6 bat budc phai sir
dung phuong phap va cong cu dai s6 méi c6 thé
giai). POi véi nhitng bai toan nhu vdy, phuong
phap dai s6 chi c6 y nghia cho ta biét thém mot
khia canh nita cta 161 giai bai toan, chir khong
hoan toan khuyén khich sir dung. Va di nhién,
khong phai khi nao phuong 4n nay cting ludn dua
den dap so trong cac bai toan hinh hoc.

- Trong cac bai toén hinh hoc khong gian, phuong
phap nay thuong ap dung dudi dang mot cach giai
khac 1a khong nhiéu, chu yéu ap dung dudi dang
mot cach giai bt budc.

- Day cung la mét ngi dung ma nhitng ban doc
yéu thich dai s va thudng Gng dung né dé giai
toan c6 thé tham khao.
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Do 1a hai ket qua vé ti sé kép, chua duoc chimg
minh mét cach chi tiét bang cac kién thic so
cap nhung lai thuong xuyén dugc stir dung trong
viec gia cac bai toan ma 1oi giai cua no su dung
ti sO keép.

Dinh li 1. Cho duong tron (O) va cdc diém A,
B, C, D ¢o dinh trén (0). Biém M thay doi trén
(0). Khi d6 M(ABCD) khéng déi.

Chirng minh.

Lay M bat ki thudc (0). Goi X, Y, Z, T, X, Y,
Z’, T", H theo tht tu 1a hinh chiéu ctia O trén
AM, BM, CM, DM, AM’, BM’, CM’, DM,
MM

Puong nhién MA, MB, MC, MD, M4, M’B,
M C, M’ D, MM’ theo thir ty vuong goc voi OX,
OY, OZ, OT, 0OX, 07,07 ;0T ,OH (1)
Tu (1) suy ra:

(OX,0X"=(AM ,AM")

= -;—(OM',OM )
= (OM ,0H)(mod ).

Tuong tu, ta co:

(0X,0X")=(0Y,0Y")=(0Z,0Z))
=(0T,0T")
E(OM,OH) (de )

Do d6, qua phép quay tam O va bién duong

thang OM thanh duong thang OH (vé phuong
dién hinh hoc cé hai phép quay nhu vay), cac
duong thing OX, OY, OZ, OT theo thir tur bien
thanh cac duomg thang OX°, OY’, OZ°, OT (2).
Tir (1) va (2), chi ¥ ring phép quay bao toan ti
s6 kép, suy ra:
M (ABCD) = O(XYZT)
=0(X"'Y'Z'T")
=M '(ABCD).
Piéu d6 c6 nghia 1a M (ABCD) khong doi khi
M thay d6i trén (O).
Nh¢ dinh 1i 1 ma ta c6 dinh nghia sau.
Dinh nghia. Néu bon diém A, B, C, D cing
thuoc duong tron (O) thi so0 M (ABCD) voi M
thuoc (O) dwoc goi la ti s6 kép cua bon diém A.
B, C, D (chu y dén thir tw) va dwoce ki hiéu la
(ABCD).

Dinh 1i 1 c6 hé qua quan trong sau.

Hé qua 1. Cho dwong tron (O) va cac diém A,
B, C, D, M thuéc (O). M’ la diém bat ky. Khi do
M’ thuoc (O) khi va chi khi

M (ABCD)=M(ABCD).

Phép chimg minh hé qua 1 xin danh cho ban

doc
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Dinh li 2. Cho dwong tron (O) va bon diém A.
B, C, D thuoc (O). Diem E khong thuoc (O). A,
B', C', D’ theo thu tw la giao diem thir hai cua

EA, EB, EC, ED va (O). Khi do

(ABCD)=(A'B'C'D").
Churng minh.

Trong phép ching minh nay ki hiéu WW chi

tiep tuyén véi (O) tai diém W thudc (0).

Go1 S=DDNAC; S'=D'D'nA'C";
I.=ACABD: T'=A'C'r\B'D";

K=CD'nDA', L=CD'"BA".
DCA'

Ap dung dinh li Pascal cho sau diém [ADD J,

suy ra S, E, K thing hang.

b

J5*13’ dung dinh li Pascal cho sau diém (A 2 C]

VD
suy ra $°, E, K thing hang.
Vay s, E, §° thﬁng hang (1).
: g, [ A BD'
Ap dung dinh li Pascal cho sau diém ;
DCA'
suy ra T, E, L thang hang.

2

A'B'C
D'C’B

Ap dung dinh li Pascal cho sau diém (
suyral”, E, L thf'mg hang.
VayT,E, T théng hang (2).

Tir (1) va (2), sir dung phép chiéu xuyén tam E,
ta thu duoc:

(ABCD)= D(ABCD)= D(ATCS)
=(ATCS) =(A'T'C'S")
=D'(A'T'C'S") = D'(4'B'C' D))
=(4'B'C'D".

Dinh li 2 ¢6 hé qua quan trong sau.

TOAN HOC
* CTugilpe

S 554(8-2023)
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Cl
Qe
C B’
L 7 i
D’ '
S
K

Hé qua 2. Neu qua phép nghich dao N} (cuc
O, phuong tich k) cac diem A, B, C, D (cung
thuoc mot dwong thang hodc cung thuéc mot
dieong tron) theo thir tie bién thanh cac diéem A,
B.,C,D'th

(ABCD)=(A'B'C'D").
Chu y.
+ Cac diém A’, B’, C°, D’ cung thudéc mot
duong thang hoic thudc mot dudng tron.
+ A4, B, C, D ¢6 thé tring O hay tring o (diém
vO cung thudc mit phing phirc m¢ rong, xem
Bai tip ning cao va mét so chuyén dé to4n

10, hinh hoc, tr 163 - 171).
Pheép ching minh h¢ qua 2 xin danh cho ban
doc.



TIENG ANH QUA CAC BAI TOAN
BAI SO 95

PROBLEM. /f the sum of two diagonals of a kite
is 100, what is the largest possible are of the kite”

Remark: This problem is collected from

singapore Mathematical Olympiad.

Solution: The area of the kite is

1

2
I
=-—2-(AO +CO)x BD =%~AC>< BD.
We have: (AC+BD)’ 244CxBD .

But AC+BD =100 and hence the

2
possible area of the kite is ; X L

the equality happens when AC = BD =50.

largest

=1250. And

A
B D
&
TU VUNG
kite . tur gidac hinh con diéu
diagonal . dueong chéo

area - dién tich

NGUYEN PHU HOANG LAN

(College of Science—Vietnam National University, Hanoi)
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BAI TOAN 93. Mot phong vién truyén hinh nhin
vao biéu do nay va noi: * Biéu do cho thay rang
co su gia tang rat lon cua so vu cuop tie nam 1998

dén nam 1999

520 =
HU:'“bEIr CTF 5]5 a———
robberies per
year
518 =
% ':;: _:- ' '«fl;'*!. f

Ban c6 thé xem xét vé tinh hop li loi dién giai cua
phong vién doi voi biéu do tréen? Dua ra cau gial
trinh dé khang dinh cau tra loi cua ban.

Lwu y: Bai toan nay dwoc swu tam tw mot so cau

héi méu tir chuong trinh ddanh gia OECD's PISA

(PISA: Chuong trinh danh gia hoc sinh Qmifc té).
Léi gigi. Cau ndi cia phong vién 1a mot sy dién
giai khong hop i, vi su gia ting so6 nhitng vu cudp
tir nam 1998 dén nim 1999 chi la mdt phan nho
xét tir biéu d6 d cho. Trén thuc té s6 vu cudp tir
nam 1998 dén nim 1999 ting 1én chi vao khoang:

516-507
507

516 — 507 =9 hoic ~1,8%.

Phong vién da dua ra y tuong sai, boi vi phong
vién d6 da dwa vao biéu dd di cho va xem rang sb
nhirng vu cudp ndm 1999 gan nhu gip doi nhimg
vu cuop nam 1998.

Nhdn xét. Kinay ban Nguyén Hung Cuong, xa
Nhon My, TX. An Nhon, Binh Pinh c¢6 bai dich
tot, giri bai vé Toa soan sém. Xin hoan nghénh

ban.

HO HAI (Ha Néi)

TOAN HOC
 cTusitre 4 3
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BAI TOAN 74. Giai phwong trinh

3Va4x+1+4xvV3x—-2=3x" +4x+5.

2
Loi giai. Cach 1. PK: x 2 3 Vo1 x 2 3- thi

2

A=3V4x+1+(2x+5)>0,

B=43x-2+(3x+2)>0,

9x
+
A

> 0. Luc nay

3Wadx+1+4xV3x—-2 =3x* +4x+5

[3\/4x+ (2x+5):1+x[4\/T (3x+2)] 0
3+x[16(3x—2)—(3x+2)2]

9(4x+1)—(2x+5)

N —

A

4x% +16x—16 . x(—gxl +36x——36)

I

B

& —(x=2) [

A
4 9x
A

=0
B

s x=2,
B] )

Do d6 PT da cho c6 nghiém duy nhat x = 2.

2
Cach 2. DK IEE.V{fri % 2=

2
3

3WaAx+1+4xJy3x-2 =3x +4x+5

&l —2 +
( )[\;"4x+1+3 V3x—2+2

—2)=0&x=2.

. (x

12

12x

12 12x

6

_+_
vadx+1+3 3x-2+2
~—~2~J4x+1 2—\;‘31

it
J4x+1+3

-—3x—2]~—0.

-3x-2=0

\’3.1: 2+2*0(1)'

Dé thay x =2 la nghiém cua (1). Néu x > 2 thi

Védx+1>33x-2>2
—2+4x +1 2—+/3x -

6

+ 3x.

=
Vdx+1+3

44

< 0.

TOAN HQC

V3x—2+42

S 554(8-2023)

" CTugilre

0

Néu%ﬂx-ccz thi 0{J4x+l<3,0£«}3x—~2f:2

:>6—2\/¢Lx_+I 2-3x-
Vadx+1+3 \/3;: 2+2

Do d6 (1) c6 nghiém duy nhat x =2 . Vay PT da cho
c6 nghiém duy nhat x = 2.

Cach 3. PK: xE%.Vﬁi xE% ta co:

3Wax+1+4x3x -2 =3x* +4x+5
<> 63/4x+1+8xy/3x—2 =6x” +8x+10

& (3-Vax+1) +21.(2—\/3x—2)2 =0

- 3-ax+1=0 s 49
2-3x-2=0

Vay PT d cho ¢6 nghiém duy nhat x =2.

2 2 gy, 28 ;
Cach 4. DX: IEE . Vi xz—?:ap dung bat dang thirc
Cauchy ta co:

(4x+1)

3Wax+1=9(4x+1) < =2x+5;

24/3x — \/4 3x-2) < (3x 2) 3x2+2

= 3V4x+1+4x/3x—-2 <2x+5+2x. 3x2+2

=3x* +4x+5 ().
2

X = —
3

Dau “=" ¢ (1)xayrakhi <9=4x+1 & x=2.
4=3x-2

Suyra 3v4x+1+4xv3x—-2 =3x* +4x+5 < x = 2.
Vay PT da cho c¢6 nghiém duy nhit x =2 .

2
Cach 5. DK: x 2 Fie Gia su x, 1-2% la nghiém cua PT:
3Vax+1+4xV3x -2 =3x* +4x+5. Khidé

3\/4,1:” £:1 +4xﬂ.\/3xu -2 =3x; +4x, +5 ().
Ap dung bat dang thirc Cauchy ta co:

:i\[t-'il».lr:,:I +1 = \/9(4.:{,3 +l) < 9"'(4;:[1 +l) =2x, +5;
2
xﬂ\flru -2 = \[xﬂl (33:[, -—2) < %o +(32x” _2)



X

+(3x,-2)

=5 3\4x, +1+4x, 3%, — 2 < 2x, +5+4.

2

=2x, +8x,+1 (2).
Tir (1) va (2) suyra: 3x2 +4x,+5< 2xy + 8%, +1

<:>-I§—4xn+450¢:>(xn-2)2 )

X, = 2.

Thir lai thay x = 2 thoa mén phuong trinh da cho.

Vay PT da cho c6 nghiém duy nhat x = 2.
;)

: 2
Cach 6. DK: x> 3 Gia sir x, 2 3 la nghiém cua PT:

3Vax+1+4x3x—2 =3x? +4x+5. Taco:

3J4x, +1+4x,.3x, 2 = 3x2 +4x,+5 (1).

Ap dung bit ding thirc Bunyakovsky ta co:
(3Axg +1+2x,.2. 3%, 2 <(9+4x2 ) (4x, +

1+12x, —8)

= 64x] —28x2 +144x, - 63 (2).

Tu (l) va (2) suy ra:

(3x5 +4x, +5) <64x} —28x2 +144x, — 63

<> 9x5 +16x; + 25+ 24x; +30x2 +40x, < 64x. —28x> +144x, —63

& ng —40.1'3 + 74}:3 —144x, +88<0

& (x,=2)" 5% +(2x, -1)" +21]<0
< x, = 2. Thir lai thdy x =2 théa min PT
Vay PT da cho c6 nghiém duy nhat x = 2.

Cach 7. PK: .1:3_’%. Tadit t=+3x—2 thi t>0 va

2
: +2, PT da cho tro thanh:

b —

da cho.

: 2 2+2Y 42
3\/4.r +2+1+4r ;2;:3[ J + 4. A +5

3 3

<t —48 + 87 _8t+27-312 +33 =0

2
o (6 +12)(1-2)" (9127 +33) =0

t—-2=0

< < *‘:’t=2.
9-12/2+33=0

Véi t =2 thi x=2.

Vay PT di cho c6 nghiém duy nhét x =2.

Cach 8. PX: xE—i—.Ta dit t=v3x-—-2 t
¢ l Gt o
X = _ PT d3 cho tro thanh:
3

i 120 va

2 7 3 - 2
1° +2
3‘]4.! +2+]+4r +2.t=3 bl 2 +4, +5
3 3 3 3

&~ a8 +81 —81+27 =312 +33 (1).
Do ¢ = 0, ap dung bit ding thirc Cauchy ta cé:

2
\/sl(m2 +33) < 81”2; $ 2 G e

= 3v12¢* +33 < 262 +19(2).
Ta lai c6: t* -4 +8t> =8t +272 2" +19 (3)

o1t —ar’ +61° —81+820 (12 +2)(1-2) 20(4).

Vi (4) luén dung nén (3) ludén dang. Tur (2) va (3)

suy ra:

48 + 817 —8t+27 =312 +33 (5),V£ 2 0.

81= (121 +33)
(1-2)=0

Dau “=" & (5) xay ra khi - et

Do vay (1)< ¢=2.Véi t=2 thi x=2.
Vay PT da cho c6 nghiém duynhat x =2.
NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bac Ninh)

Nhdn xét. Ban Nguyen Van Canh, GV THCS Long
Hau, xa Long Hau, huyén Can Giudc, Long An
dong gop 3 céach giai; Ban Nguyén Minh Tho, 214,
Dién Bién Phu, Q. 3, TP. Ho Chi Minh déng gép 2
cach giai; Ban Nguyén Hung Cuong, xa Nhon My,
TX. An Nhon, Binh Dinh déng gop 2 cach giai
tuong tu nhu céc cach giai trén cua ban Nguyén Van

Xa. Xin hoan nghénh cac ban.
LE MAI (Ha Noi)

Moi cac ban giri 10 giai BAI TOAN 76 dudi day vé
Toa soan Tap chi TH&TT trude ngay 30.9.2023.
BAI TOAN 76. Cho ling try déu ABC.A'B'C’
¢6 canh ddy bang a va AB' L BC'. Tinh thé tich
kchoi ldng tru ABC.A'B'C”,

HOANG NGOC HUNG
(GV THPT Ky Anh, Ha Tinh)

S6 554 (8-2023) T?%@ug% 4 5




BAI TOAN 83 (RMO 1998). Cho tir gidc 16i PORS
nam ben trong tam giac ABC ma dién tich tam giac
nay la 1. Chirng minh rang ba trong s6 bon dinh ciia
tir giac tao thanh mot tam giac co dién tich hé hon

o $hlad]
hoac bang TR

Loi giai. o Trudc tién ta ching minh ring: Néu
PORS la hinh binh hdnh nam bén trong tam gidc
ABC thi dién tich lon nhat cia né la —; (")

Thét vay, gia thiét rang hinh binh hanh d6 c6 dién
tich 16n nhat. Néu hinh binh hanh d6 ¢6 it hon 2 dinh
nam trén cac canh clia tam giac thi ta c6 thé mé rong
n6 cho t&i khi duge 2 dinh nam trén canh cua tam
gidc (néu da c6 1 dinh nam trén canh thi kéo dai mot
trong hai canh chuira dinh d6 cho t4i khi gap canh kia
cua tam giac; néu chua c6 dinh nao thi c6 thé truong
mot trong hai dudng chéo). Viéc nay sé lam ting
dién tich cua hinh binh hanh, miu thuin véi gia
thiét. Vi vay, phai co it nhat 2 dinh nam trén canh
cua tam giac. Néu chi co dung 2 dinh, ta c6 thé dich
canh chira 2 dinh d6 ra mot ti, khi dé hinh binh hanh
sé khong con dinh nao nam trén canh tam gidc, ma
dién tich khong thay ddi, nghia 14 vin 16n nhét. Diéu
ndy mau thulin voi gia thiét. Nhu vay phai co it nhat
3 dinh cua hinh binh hanh nim trén canh cua tam

giac. Gia su c6 dung 3 dinh nim trén canh tam gidc,
Ta dich hai diém P, Q
P)), ta dugc hinh binh hanh S,P,0,R, c6 dién tich

ching han: Q, R thudc A
(twong ung S, R) doc
bang dién tich hinh binh hanh SPQOR. Ta thiy cho

BC, S thuoc AC, P
khong nam trén canh
FI P SI S
AU
theo cac tia SP, CQ sao e At
cho PQ // SR va van gilt nguyén khoang cach gitra

tam giac (xem hinh vg).
PQ va RS, cho dén khi P nam trén mot canh (P =

4 6 T?ﬁcPuéH,gce S6 554 (8-2023)

ting khoang cach giira hai canh P1Q va 5iR; thi
dién tich hinh binh hanh §,P;Q;R, s& hon dién tich
hinh binh hanh SPOR, diéu nay mau thuan. Vi vay
ca 4 dinh cua hinh binh A

hanh déu nam trén cac /\
canh tam giac. Gia su O, R 2 S

thuoc BC, S thugc AC, P / /\
thu¢c 4B. Liac nay ta dich

canh RQ doc theo CB sao 279 B

cho Q = B. Pidu nay khéng lam thay doi dién tich
hinh binh hanh PORS. Luc d6 ta co:

C

S AS AS’

B —a, - & meos
AAPS ~ AABC T = Sa03 =~
S cs’ CS’

ACRS ~ ACBA CRS  — =8 .= .

Do d6: Spops 16n nhit <> S,y +Sces 1h6 nhat. Dicu
nay nghia 1a ta can tim vi tri cia S trén AC sao cho
AS? + CS? nho nhat. Ta co:

AS? +CS? = AS* +(AC—- AS)* =2AS* —2AC.AS+ AC’

2 2 2
AC AC
= 2 AS~=£ + > :
2 2 2

; : |
Suy ra S phai la trung di€ém cua AC va maxSy T

Khiang dinh (*) dugc chirg minh.
e Bay gid xét tir giac 10i
PORS bat ky nhu hinh
vé. Dé thay rang tir giac / p
16i ndy luén chira didm X  /
dé ba dinh cia né cing  /
véi diém X tao thanh 3% =
hinh binh hanh, ching han nhu hinh binh hanh
POXS. Két hop vdi (*) ta co:

:l {l - 1.1 4
POS o TROKS =5 OpgRs =55 = (dpcm).

Nhin xét. Chi c6 ban Nguyén Vin Canh, GV THCS

Long Hau, H. Can Giudc, Long An c6 161 giai ding

vo1 cach giai tuong tu nhur trén. Xin hoan nghénh ban.
NHU HOANG

Sau day 1a bai tap dé nghi. Ban doc giri 1o gii vé

Toa soan TH&TT trude ngay 30/9/2023.

S

BAI TOAN 85. Tim tat cd cic s6 nguyén n > 1
2" +1

sao cho —
"2

la mét s6 nguyén.

KHANH HU'U (Ha Noéi)
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(Dé dang trén TH&TT s6 550, thang 4 nim 2023)

Phan tich sai ldm. Khi tinh sb phén tir ctia bién ¢b
bu A truong hgp 2: 6 hoc sinh thudce hai khéi 10
giai chua trir di s6 cach chon ¢6 hoc sinh ciia mot

khoi (da xét & truomg hop 1) do d6 bai toan cho
két qua sai.

Lot giai dung khi xét truong hop 2 nhir sau:
S6 cach chon dugc 6 hoc sinh thudc khoi 12 va
khoi 11 1a C§ -7 ( trit 7 cach chon dwoc 6 hoc
sinh cung khdi 11).
S6 cach chon dugc 6 hoc sinh thudc khodi 12 va
khoi 10 1a C{ —1 (trir 1 cach chon duge 6 hoc
sinh cuing khoi 10).
Sb cach chon dugc 6 hoc sinh thudc khdi 11 va
khéi 10 1a C]'E’3 — &8 (trir 7 cach chon dugc 6 hoc
sinh cung khéi 11 va 1 cach chon duge 6 hoc sinh
cung khoi 10).
Khi d6 sb phan tir cia 4 1a:

n(d) =8+ (C* —7)+(CS 1) +(C}, —8) =1820.
1820 _ 364
5005 1001

Viy x4c suat can tim la:

Do d6 P(A)=

364 637 7
1001 1001 11

P(4)=1-P(A)=1-

Nhin xét. Cac ban: Nguyen Hitu Dirc Nam, 10Al,
THPT Cim Xuyén, Ha Tinh va ban Nguyén Hing
Cuong, xa Nhon My, TX. An Nhon, Binh Dinh da
phat hién dung sai ]Aam va dua ra loi giai ding. Xin
hoan nghénh hai ban.

KIHIVI

SAO LAI THE NHI ?

Trong dé kiém tra c6 bai toan:

Giai phuong trinh

VP +x +4x% = 2x =2Vx* ()

Ban Hung giai nhu sau:

—_—

x>2

Piéu kién:

Néu x = 0 thi (1) luén dung.
Néu x > 2 thi

1) & Jx(x+1) +x(x=2) = 2J/xx

w Jo T fuli—2 =0 d%

< 2x —1+2\/(x +1)(x—2) = 4x

S WxP—x—2=2x+1
& 4(x* —x-2)=2x+1)?

=<9

< x=— (loal).
3 (loai)

Vay phuong trinh ¢6 nghiém x = 0.

Sau khi thay gido thu bai, ban Ha néi véi Hung:

=9 .
o ti cung la nghiém cua phuong trinh. Hung

=y, w5 ;
thay x=? vao phwong trinh (1) thay thoa

man. Hung ban khodan “Sao lai thé nhi ?”.
Theo ban sao lgi thé nhi ?

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén)

TOAN HOC
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TRONG SO NAY

o Danh cho Trung hoc Co so

For Lower Secondary School
Tran Vian Hanh — MOt sb bai toan tim sb
nguyén to.

0 Huéng din giai dé thi chon hoc sinh gioi 16p 9
tinh Bic Ninh, nim hoc 2022 - 2023.

@ b: thi tuyén sinh vao I6p 10 Truong THPT
chuyén, DPHSP Ha N§i, ndm hoc 2023 - 2024.

@ Dién dan day hoc toan
Trén Nhu Neoc, Mai Hodn Hédo — Mot s6 bién
phap rén luyén tu duy cho hoc sinh khi giai bai
tap h¢ phuong trinh.

@ Dé ra ky nay
T1/554, ..., T12/554, L1/554, L2/554

Q Problems in This Issue

e L g XD &

Bién tap: LE MAI, NHU HOANG

Tri su, phdt hanh: HOANG THI KIM PHUQNG, TRAN THI MINH HIEN
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e Giai bai ki truéc
T1/550; ... T12/550. L.1/550, L.2/550.
Solutions to Previous Problems

@ Phwong phap giai toan
Phan Pai Phap — Pai s6 trong hinh hoc.

0 Ban dogc tim toi
Nguyén Minh Ha — Hai két qua dep vé ty sb
kép.

@ Tiéng Anh qua cic bai todn — Bai sé 95 - Bai
dich s 93.

@ n~hidu cich giai cho mot bai tosn — Gidi bai
toan 74 — Dé bai toan 76.

@ Du lich thé gi6i qua cac bai toan hay — Giai
bai toan 83. Pé bai toén 85.

€ saitim i aau?
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MG thudt: QUOC HIEP, THANH LONG
Thiét ké, ché bdn: MINH HOA
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(Tai ban lan thir hai) Cuia tac gia NGND. VO HOU BINH

3 #ﬂUONG TRINH NGHIEM NGUYENIVA KINHINGHIEM[GIAT®
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Sach day 224 trang, khd 17 x 24 cm, gia bia 42.000 déng

0i dung cua sach trinh bay
cac phuong phap giai phuong
trinh v6i nghiém nguyén, von
ot dé tai ly thu cta Sé hoc va Dai s6,
tr cac hoc sinh nho véi nhimg bai toan
nhu Trdm trdu trdm co dén cac chuyén
gia toan hoc véi nhimg bai toan nhu dinh
If Ion Fermat.
Séch gém 5 chuong:
Chuong | gi¢i thiéu cac phuong phap
thuong dling dé giai phuong trinh nghiém
nguyen.
Chuong Il gii thiéu nhimg phuong trinh
nghiém nguyén duoc sap xép theo timg ngay.

"' x

Chuong Il giéi thiéu nhimg bai toan dua
vé giai phuong trinh nghiém nguyén,
trong do co nhimg bai toan vui, bai toan
thuc té.

Chuong IV gi6i thiéu m6t s6 phuong
trinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell, Pythagore, Fermat,
Diophante, ...

Chuong V gidi thiéu nhimg phuong trinh
nghiém nguyén chua duoc gidi quyét va
nhimg budc tién cla Toan hoc dé giai
nhimg phuong trinh nghiém nguyén,
trong do ¢6 nhing dong gop cua Andrew
Wiles chimg minh dinh ly lon Fermat va
Giao su Ngbé Bdo Chau ching minh Bo
dé co ban trong Chuong trinh Langlands.
Phuong trinh nghiém nguyén cdé s6
phuong trinh it hon s &n nén doi hoi
nguoi gidi toan phai van dung kién thuc
sang tao, vi thé phuong trinh nghiém
nguyén thuong cé mat trong cac dé thi
hoc sinh gidi tir béc tiéu hoc, trung hoc co
so dén trung hoc phé thong. Cudn sach
danh moét phan thich dang néu nhimg
kinh nghiém giai toan vé phuong trinh
nghiém nguyén nhu cach phan tich bai
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todn, cach suy luan dé tim huong gii
c4ch phan chia bai todn thanh nhing bai
toan nhd dé giai quyét hon, cach “dua

khé vé dé, dua la vé quer, cach lién hé
tinh huéng dang gidi quyét véi nhimg véan
dé mdi, cach chon huéng di phu hop voi
timg bai to4n dat ra ...t4t ca nhimg diéu
d6 déu 1a nhimg ki nang ma moi nguoi
can c6 trong hoc tap, trong nghién ctu va
trong cudc song.

V6i nhimg c4u tho & ddu méi chuong, voi
cach trinh bay rd rang, dé hiéu, tuoi mét,
véi nhimg thdng tin cap nhat, voi nhimg
kinh nghiém thuc té trong bdi dudng hoc
sinh gidi va viét sach, tac gia cudn sach,
NGND Vi Hiu Binh sé dem dén cho ban
doc nhimg kién thic hé thong va nhimg
kinh nghiém giai toan gitip gidi quyét mét
loai toan khé & bac phé théng.

Tin rang cuén séch khong chi hiu ich
cho hoc sinh va thay cd gido, ma con la
tai lieu tham khao t6t cho sinh vién va
giang vién cac truong Pai hoc va Cao
dang nganh Toan, cung cac phy huynh
CO nguyén vong giup con em minh hoc
Toan tot hon.
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_%“;XUAT BAN GIAO DUC VIET NAM

Nha xuit bin Gido dyc Vit Nam (NXBGDVN) dang tricn Mgt 5o hinh dnh trao bién ting sdch tai cdc

khai dong by Chuwong trinh tang sach Cu ung ticp bude em  dja phuwong:
(07 trieong nam 2023 tai 63 tinh/thanh pho trén ci nudc.

Thyc hién chi dao cua BO Giao duc va Pao tao vé viée dam W s %~
bao du sach giao khoa (SGK) phuc vu nam hoc 2023-2024 I'; : -

cho hoc sinh ca nude, vai muc tiéu gop phan hd trg cho céc ! SACH GIAO KHOA " HOC SINH NGHED,
em hoc sinh ¢6 hoan canh kho khan ¢6 di SGK theo C huong | :'f}f;ﬁ:ﬁ; ﬂmﬁ#

trinh Giao duc phn thong 2018 khi bude vao nim hm: mol,

NXBGDVN tiép tuc trién khai chuong trinh Cing tiép budc
em toi triecong nam 2023,

Trong cac nam 2021 va 2022, NXBGDVN di thuce hién

chuong trinh nay vai tong so sach trao tang moi nam 1a 50.000 Ong Ong Thira Phii - Giam doc NXBGD tai Da
bo cho hoc sinh ¢6 hoan canh khé khin tai 63 tinh/thanh phér Néng (bén trdi) trao bién tang SGK cho dai dién So
trén ca nuoc. GD&DT TP. Da Nang

Nam 2023, NXBGDVN lle tuc trao tang SGK cac I(J‘p 13

3,4,6,7,8,10, 11 voi tﬂngscrtren 100.000 bd. Tinh dén ngay
26/7/2023, chuong trinh Cung tlep budc em téi trudng da dén
vGi hoc sinh cac tinh Can Tho, Dﬂng Thap, Binh Phudc, Lai
Chau, Quang Ngai va Da Nang voi tong so sach tang 1a 11.675
bo, tri gia trén 2.8 ti dong.Chuong trinh s& dugc NXBGDVN
trien khai dong bo tai cac tinh, thanh trén toan quéc, hoan
thanh trudc ngay 15/8 véi muc tiéu gitp cac em hoc sinh
ngheo, hoc sinh ¢6 hoan canh kho khan c6 du sach trude ngay

khai g!ang nam ]]UC moil. ()Hg .f.'%"rg.i’ﬂ{;.-'f Thai An - Giam dﬂf N-XBGD“
T'PCan Thr:r (Hnr ur ur trai qua) rrmb { |

Ngoai chuong trinh tang sach cho cac em hoc smh cO hoan
canh khé khan, NXBGDVN trién khai chuong trinh téng Tu
sach gido khoa dung chung cho cac trudng/diém truong tiéu
hoc tai cac vung kho khan, ving sau, vung xa, bién gioi, hai

2.700 Bl] SAGH GIA[I KHOA

CHO HOC SINH NGHEO).

o 0

dao... trén toan quoc voi tong so tu sach du kién trao tang la . HOC SINH ) HOAN CANH Kio RIAT e I B

1.000 tu.

Trong nhi¢u nam qua, vdi tam nguyén dep d&, mong mudn
dugc chia s¢, ho trg, gip do nhimg hoan canh khé khan,
NXBGDVN da thuc hién nhiéu chuong trinh xa hoi nhu:
Cham soc cac ba me Viét Nam anh hung; xay dung hang tram Ong Tran V I g, P R
can nha tinh n ghi‘z{; tang SGK cho con thuong binh, li¢t si; TP HJ Chi Mir j,aiy .,:: _'}_
ting sach va hoe bong cho hoe sinh c6 hoan canh kho khan...  ha Ngd Thug Ank- 1g phong Phon g Gido duc
trong ca nudc. Mam non - J}éﬂ '**’U &D7 nnh aong Thap

Giay phép XB soO 534/GP-BTTTT cap ngay 19.11.2020; Ma s6: 8BT8M23
In t@l Xi I‘Ighle.p Ban do 1 - BQP Gia: 18.000 d&ﬂg

In xong va ndp lwu chieéu thang 8 nam 2023 - Mwéi tam nghin déng
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