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(T&i ban lan the hai) Caa tac gia NGND. VO HOPU BINH
Sach day 224 trang, kho 17 x 24 cm, gia bia 42.000 dong
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0i dung cua sach trinh bay
cac phuong phap giai phuong
trinh v6i nghiém nguyén, von
ot dé tai ly thu ctia S6 hoc va Pai s6,
tu cac hoc sinh nho véi nhimg bai toan
nhu Tram trau trdm co dén cac chuyén
gia toan hoc voi nhimg bai toan nhu dinh
li Ion Fermat.

ﬁésh gom 5 chuong:

Chyong | gidi thiéu cac phuong phap
thuong dung dé giai phuong trinh nghiém
nguyen.

Chuong Il gi6i thiéu nhimg phuong trinh
nghiém nguyén duoc sap xép theo timg ngay.
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Chuong Il gi6i thiéu nhimg bai toan dua toan, cach suy luan dé tim hudng giai,

Ve giai phuong trinh nghiém nguyén,
trong d6 ¢o nhimg bai toan vui, bai toan
thuc té.

Chuong IV gi6i thiéu mét s6 phuong
trinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell, Pythagore, Fermat,
Diophante, ...

Chuong V gidi thiéu nhimg phuong trinh
nghiém nguyén chua duoc giai quyét va
nhimg budc tién cla Toan hoc dé gia
nhimg phuong trinh nghiém nguyeén,
trong do ¢d nhimg dong gop cua Andrew
Wiles chung minh dinh ly Ion Fermat va
Gido su Ngo Bdo Chéau ching minh Bg
dé co ban trong Chuong trinh Langlands.
Phuong trinh nghiém nguyén cd s
phuong trinh it hon s6 an nén doi hoi
nguoi giai toan phai van dung kién thuc
sang tao, vi thé phuong trinh nghiém
nguyén thudng cé mét trong cac dé thi
hoc sinh gioi tir béc tiéu hoc, trung hoc co
s& dén trung hoc phd thong. Cudn sach
danh mét phan thich dang néu nhimg
kinh nghiém giai toan vé phuong trinh
nghiém nguyén nhu céch phan tich bai

cach phan chia bai toan thanh nhimg bai
toan nho dé giai quyét hon, cach “dua

kho vé dé, dua la vé quen’, cach lién hé
tinh huéng dang giai quyét véi nhing van
dé mai, cach chon hudng di phu hop véi
timg bai toan dét ra ...tat ca nhimg diéu
d6 déu la nhimg ki ndng ma moi nguoi
can co trong hoc tap, trong nghién ctu va
trong cudc song.

V6i nhimg cau tho & dau méi chuong, Vo
cach trinh bay ro rang, dé hiéu, tuoi mat,
voi nhimg thong tin cap nhat, voi nhing
kinh nghiém thuc té trong béi dudng hoc
sinh gioi va viét sach, tac gia cudn sach,
NGND Vi Hiu Binh sé dem dén cho ban
doc nhimg kién thuc hé théng va nhing
kinh nghiém giai toan gip giai quyét mét
loai toan kho & bac phd thong.

Tin rang cudn sach khong chi hiu ich
cho hoc sinh va thay c6 giao, ma con la
tai liéu tham khao tot cho sinh vién va
giang vién cac truong Pai hoc va Cao
dang nganh Toan, cling cac phu huynh
cO nguyén vong giup con em minh hoc
Toan t6t hon.
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- MGrLIEN HE GIGN HE SO A NGHIEN ciun.
' C0A CAC PHUONG TRINH BAC HAI MOY A

(GV THCS My Long Nam, Cau Ngang, Ty Vink). -

TRUNG HOC CO S6
Nhéc dén phuong trinh bac hai mot 4n cip THCS
ching ta nghi ngay dén cong thirc nghiém, hé thirc
Viéte nhung c6 mot dang toan hay va la 1a moi
lién h¢ gilra hé sd va nghiém chung cua hai hay
nhiéu phuong trinh bac hai mot an. Sau day tac gia
xin gioi thi¢u dang toan nay giap cac ban hoc sinh
va gi4o vién c6 thém tai liéu tham khao chuin bj
cho ky thi tuyén sinh 16p 10 sdp toi.

Thi du 1. Ching minh rang trong cdc phwong

trinh (an x) sau co it nhat mot phwong trinh co

nghiém: x +2ax+bc=0 (1)
x> +2bx+ca=0 (2):
x*+2cx+ab=0 (3).

Huong dan. Ta co:

Al =a’ —bc; A, =b" —ca; Ay =c* —ab.
Khi do:
A+ AL+ A, =%[(a— )} +(b-c)' +(c-a) ]
2 0.

Vay trong ba s6 Al; Al; A, c6 it nhat mdt so
khong am hay trong ba phuong trinh trén coé it
nhat mot phuong trinh c6 nghiém.
Thi du 2. Chung minh rﬁ'ng neu a+b=2 thiit
nhat mot trong hai phwong trinh sau co nghiém:

x> +2ax+b=0 (1), x* +2bx+a =0 (2).
Huéng dén. Taco: Al =a’ -b, A, =b* —q.
Maa+b22=>2-a-b<0.
Khi do:

AN —at-b+b*-a
>a’-b+b*—-a+2-a-b

-_-(J£:~.-—1)1+(.a!*»—l)2 > 0.

Viy trong hai s A]va A} c6 it nhat mot s6 khong

am hay trong hai phuong trinh trén co it nhat mot
phuong trinh ¢6 nghiém.

Thi du 3. Cho a.,b.c la cac so thuc dwong phan
hff;f‘ fh{j“ mf}'n d + ,b i — _3 tThIfﬂg H”.H.}f ."{}Hg
trong ba phwong trinh: x° —2ax+b=0 (1);
x> =2bx+¢=0 (2): x* —2cx+a=0(3)
c6 it nhat mot phuwong trinh ¢6 hai nghiém phan
biét va it nhat mot phweong trinh vé nghiém.
Hwong dan. Ta co:
PN W T Rl oo
A =a -bA,=b"—c;A; =c" —a.

Do bai toan khong thay d61 qua phép hoan vi vong
quanh a, b, ¢ nén khong mat tinh tong quat gia sur:

a = maxia, b, c}. Do a, b, ¢ phan biét nén co hai
truong hop:

THl: a>b>c. Via+b+c=3 nén
a>l;0<c<l;a*>a; c’ <e.

Khi d6: Al=a’-b>a-b>0, suy ra phuong

ttinh: (1) c6 hai

A, =c’-a<c-a<0, suyra phuong trinh (3) vo

nghiém phan  biét.
nghiém.

TH2: a > ¢ > b. Tuong ty nhu truong hop 1 ta co
Al >0, A} <0. Suy ra phuong trinh (1) c6 hai

nghiém phan biét, phuong trinh (2) v6 nghiém.
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Thi du 4. [1m a dé ha phuong trinh sau day co

| B [ . ; e
1 N CAUNE, j._"\ f (f"t- -0 ( 1 ):

Ja)x+3—a

7 W S
X" +3(2-a)x+7-2a=0 (2)
Fim nghiem chune do.

Hudng dan.
Goi x, la nghi¢ém chung cta hai phuong trinh, khi

rzxé +(S=-3a)x,+5-a=0 (1"

do: ¢ _ | :
12Xy +3(2-a)x,+7-2a=0 (2

Trir (17) cho (2) theo vé ta duoc: X, =a-2.
Thay x, =a -2 vao (1) ta duogc:

2(a-2)" +(5-3a)(a-2)+5-a=0e e

a=3.
V61 a =-1, hai phuong trinh ¢6 nghiém chung 1a
x =-3.

Véi a =3, hai phuong trinh ¢6 nghiém chung la
x=1.

Thi du 5. Cho phuwong trinh ax” +bx+c=0 (1)
co hai nghiem dwong x ,x,.Chung minh rang
phieong trinh cx” +bx+a=0 (2) ciing c¢o hai
nghiém duwong x,.x,vataco x, +x,+x, +x, 24,
Huong dan.

Vi phuong trinh ax® +bx+c¢=0 cd hai nghi¢m

(a#0
A =b*—4ac20
duong nén: < I=£.;,0
a
S] =—£}0
h a

Lac d6 phuong trinh ¢x® + bx +a =0 co:

c#0 f
A, =b* —dac = A, CAD

§ A, =0
<P2=; =HP;_::-0
Sz =—£:'--—_-—-£:'-r,E “‘SZ}O

C ac
TOARN HOC :
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nén phuong trinh (2) cling c6 hai nghi¢m duong

XX <1 cO:
X, + X, + X, + X, 2 2x%, +2,/X3X,

2 2\/ ZM 2\ XX,

o)

Vay x, +x, + x, + x, 2 4.

Thi du 6. Cho ba so a,b,c phan biét va ¢ #0.
Biét rang hai phwong trinh:x™ +ax+bc =0va
Y +bx+ca=0co mot nghiém chung duy nhat.

Chirng minh hai nghiém con lai cua hai phurong

trinh la  nghiem cua  phuong trinh

X +ex+ab=0.

Huwdng dan. Xét hai phuong trinh:
xX*+ax+bc=0 (1)

va x> +bx+ca=0 (2).

Goi x, la nghiém chung duy nhat cua phuong

trinh (1) va phuong trinh (2); x, 1a nghiém con lai

ciia phuong trinh (1); x, la nghiém con lai cua

phuong trinh (2). Ta co:

Xg +ax, +bc=0 va x; +bx, +ca=0
= (@-b)x,—cla-b)=0=>x,=c

(via-b#0).

Dung dinh ly Viete cho phuong trinh (1) va (2) ta

X, +x=—a _ [x,+x,=-b
0 | va 0 2
| Xo-X, =bc

cO: <

X5, =ica
2x,+x +x,=—a-b (3)
=saxs . =abe’ (4).

X (x, +x2)=c(a +b) (5)

T (4) va (5) ta co:

P=xp, =ab (6)

|S=x+x,=a+p (7) P %o=¢*0)

Thay (7) vao (3) ta duoc:




2x,+ta+b=—a-b=>a+b=—-x,=—¢
Suyra S=x,+x, =—c (8).
Tir (6) va (8) ta thay x,,X, la nghi¢m cua phuong
trinh: x° —Sx+ P=0. Tuac lax,x,1a nghiém cua
phuong trinh: x° +cx+ab=0.
Thi du 7. Cho hai phuwong trinh:

ax +bx+c=0 (a#0) (1)

mx* +nx+p=0(m=0) (2).

Chung minh rang neéu it nhat mot trong hai
phwong trinh trén vo nghiém thi phuwong trinh sau

luon luon co nghiem:
(an—bm) X*+2(ap—cm)x+bp—-cn=0 (3).
(Dé thi vao 16p 10 THPT chuyén Lé Hong Phong,
TP. H6 Chi Minh, nim hoc 2003 — 2004)

Huwoéng dan. Gia st phuong trinh (1) vo nghiém,
suyra A, =b° —4ac<0.
bat A=an—-bm;B =ap—cm; C =bp —cn.
Ta dugc:

cA—bB + aC = acn — bcm — abp + bcm + abp — can
=0 (4).

Phuong trinh (3) tré thanh Ax® +2Bx+C =0 (5).

e Néu A4 =0 thitir(4)taco:

aCth=O<3C=EB.
a

Phuong trinh (5) tr¢ thanh:

23x+C=0<:>ZBx+£B=0 (6).
a

+ Néu B=0thi phuong trinh (6) c6 nghiém
xeR.
+ Néu B=#0thi phuong trinh (6) c6 nghiém
_b

2a
Vi vay phuong trinh (5) (do d6 phuong trinh (3))

ludn ludén c6 nghieém.

X =

eNéu 420 thitir (S)tacod: A'=B* - AC.

+ Néu AC<0=A'20, suy ra phuong trinh (5)
(do d6 phuong trinh (3)) 1u6n luén c6 nghiém.

+ Néu AC>0, ta c6: b° —4dac<0= p? < 44c
= b*AC < 4acAC.

Tir (4) ta co: bB =cA+aC

— b*B* =(cA+aC) 2 4acAC >b"AC

b >0

ﬁbz(ﬂz—Ac)}oz:riBz_Ac}U.

Nhu thé A'>0, suy ra phuong trinh (5) (do d6
phuong trinh (3)) luén ludén c6 nghiém.
Thi du 8. Cho

x*+bx+c=0 (1) va x> +bx+c,=0 (2) trong

cac  phuong  trinh

d6 b,c,b,c, la nhimg so nguyén sao cho
(b—b, ) +(c-¢ ): >0. Chirng minh rang néu ca
hai phwong trinh c6 mot nghiem chung thi hai
nghiém thir hai cua hai phieong trinh trén la hai so
nguyen phan biét.

(Pé thi Vo dich Toan TAy Ban Nha, nim 1988)
Huwong dan.
Goi x,1a nghiém chung va x,,x,1an lugt 12 hai
nghiém con lai cia phuong trinh (1) va phuong
trinh (2). Theo hé thirc Viéte ta co:

Xg+x==b {.:1r:ﬂ,+.'x:2 =—b,
< va .

XX, =C XyX, =C,

(b=b

c=¢

Neu'  x =, = (trai  gia  thiét

(b—f}])2 +(c—c,)2 >0) =>x, #x,;b#b.

e} ~ie
b-b

Vi x, 1a nghiém chung nén x, =

Xét f(x)=x"+bx+c co6 hé s6 x* la 1, hé so

;
x,=—b—-x,eZ

nguyén nén x,€Z = do

2
X, =-b —x, €L

b#b =x #x,. Do d6 x,x,la hai sO nguyen

phan biét.
H
sssoamen TOINHOC o




Thi du 9. Cho phuong trinh x* ~97x+a=0 ¢o
cac nghiem la iy thira bic 4 cua cde nghiem cua

f}f”f‘fl‘!!}_{ ”'.‘;”h _‘L"ﬂ' X+ h

0. Hay tinh a.

Hudng dan.

Gol x,,x, la hai nghiém cua phuong trinh
x*=-x+b=0,

Theo gia thiét: x',x} 1a hai nghiém cua phuong

trinh x* -97x+a=0.

Diéu kién d¢ hai phuong trinh c6 nghiém la:

bi-l-;a£9409

4 4
Theo hé thuc Viéte ta co:

- i 4
rd4x=1 . I 4x =97
4 va ¢

xx, =b

XX =
Khi 46, x7 +x} =1-2b;x + x5 =(1-2b)" - 2b;
Suy ra: (1-2b)" —2b* =97 < b* —2b-48=0

b =-6 (nhan)

i b=8 (loai) '

Véi b=-6= x,.x, =-11:1::>¢:.1r=(.:=r:,..:r2)‘dl =1296.

Thi du 10. Cho a.b,c la cac so thuc phan biét
sao cho cac phuwong trinh: x* +ax+1=0 va
x +bx+c=0 co nghiem chung, cfrju;: thot cac
phuwong trinh x*+x+a=0 va Xx ‘+ex+b=0

cting co nghiém chung. Hay tinh tong a + b + c.

(D& thi vao 16p 10 THPT Ning khiéu,
PHQG TP. Ho Chi Minh, nam 2001)

Hudng dan.
Goi x, la nghiém chung cua cic phuong trinh

X +ax+1=0 va x> +bx+c=0.

x 1=0 _
Khido: 1° " =x=S"" (doarbd)
x, +bx, +c=0 a-b
TOAN HOC ..
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Twong ty, goi x, 1a nghiém chung cua cac phuong

trinh x* +x+a=0 va x> +cex+b =0, ta co:

r.r,2+xt+a=0 a->b
) =X = ;
X +cx, +b=0 ¢—1

Va ]

ay x, =—=0.

X

Thay x, s vao phuong trinh x*+x+a=0, ta
Xo

2
dugc: {LJ +L+a=0<:>mr§+xﬂ+l=0 (1).
X0 %o

Ta lai c6: x; +ax, +1=0 (2).
Lay (1) trir (2) ta dugc: (a—-l)(.x§ -—xﬂ)=0
< (a-1)(x,=1)=0 (vi x, #0).
Néu a=1 thi phuong trinh x*+ax+1=0 Vo
nghiém (trai gia thiét). Vay a # 1, do d6: x, =1.

Suyra: x, = LS 1 va do x; la nghiém cua phuong
%o

trinh x> + x+a=0 nén: a=—-x; —x, =-2.

Talai c6: x, +bx, +c=0. Suyra: b+c=-1.
Dodb a+b+c=-2+(-1)=-3.

Thi du 11. Cho bon so a.,b,c,d thoa man
ab+2(b+c+d)=c(a+b). Chirng minh n::'rng
trong ba phwong trinh sau day co it nhat maot
phirong trinh co nghiém:

x —ax+b=0

(1);
x*=bx+c=0 (2):
x*—cx+d=0 (3).
Hudng dan.
Taco: A =a’ —4b;A, =b* —4c;A, =c* —4d.
Gia sir ca ba phuong trinh trén déu vé nghiém khi

do: a’ +b° +c” <4(b+c+d). Suyra:



a+b+¢c?
2
_(-‘:I.!+b)2 i

 uén (32
Cauchy
2 c(a+d),

ab+2(b+c+d)>ab+

tréi voi gia thiet ab+2(b+c+d)=c(a+b). Vay

trong ba phuong trinh trén phai c6 it nhit mot
phuong trinh ¢6 nghiém.

Thi du 12. Cho phwong trinh x* +ax+b=0 ¢d
hai nghiém c va d. phuwong trinh ¥ +ex+d=0
co hai nghiém a va b. Tinh a, b, ¢, d (biét rang cdc
$6 d6 déu khac 0).
Huéng din. Ap dung hé thic Viéte vao cac
phuong trinh da cho ta dugc:
ctd=-a (1) . |la+b=-—c (3)
{cd=b @) {ab=d 4)

Te (1) suy ra: a+c=-d. Tu (3) suy ra
a+c=-b.Dodo b=d.
Tiua (2),do b=d #0,tacé c=1.
Tu(4)do b=d#0,taco a=1.
Thay a=c=1 vao (1), ta dugc d =-2, suy ra
b=-2.
Thi du 13. Gia sir bon s6 thue a,b,c,d déi mot
khac nhau va thoa man c?fﬁ:ng thoi hai dieu kién
sau:

1) Phirong trinh x° —2cx—5d =0 ¢o hai nghiém
la a va b.

11) Phuwong trinh x* =2ax—-5b=0 c6 hai nghiém
lacvad
Chirng minh rang:

a) a—-c=c-b=d-a;

b) a+b+c+d=30.

(Pé thi vao 16p 10 THPT chuyén PHSP Ha Ni,
nam hoc 2010-2011)

Huong din.

a) Theo hé¢ thirc Viete ta co:

‘a+b=2c (1)
ab=-5d (2)
le+d=2a (3)
cd=-5b (4)

T (1)va(B)suyra: a—c=c—-b=d-a.
b)Pit a—c=c-b=d-a=x

(c=a—-x
—{b=c-x =>a+b+c+d=4a-2x.

d=a+x
Tu (2) suy ra:

a(a—2x)=-5(a+x)= a’ - 2ax=-5a-5x (5).
Tir (4) suy ra: (a - x)(a+x)=-5(a-2x)

= a’ -x* =-5a+10x (6).
T (5) va (6) suy ra: x* —2ax = —15x.
Theo gia thiét @ # ¢ nén x #0, suy ra:
X—2a=-15=>x=2a-15
= a+b+c+d=230.
Thi du 14. Cho cac phwong trinh:
X +ax+1=0 (1); x> +bx+1=0 (2);
X +cx+1=0 (3)

Biet rang tich mot nghiém cua phwong trinh (1) va
mot nghiém cua phwong trinh (2) la nghiém cua

phuong trinh (3).

Chirng minh rang: a* +b° + ¢ +abe = 4.

Huwdng dan. Goi x,,x, lan luot 1a hai nghiém cia
phuong trinh (1), (2) sao cho tich x,x, la nghiém
cua phuong trinh (3). Khi do:

X + i —-a (4)
X)
1

1%, +—==b (D)
X,

1
XX, =—c (6)
X1 X2

TOAN HQC 5
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Nhan (4) va (5) vé€ theo vé va két hop véi (6) ta
T
X X

X, + iz =a’ -2
T (4) va (S)suyra:{

x;’ +—1*2- =b* -2
: A2
e
| 2

hay
(az —~ 2)(:!::2 - 2) =c’ +(ab+c) -4
& al +b* +c +abe=4.
Thi du 15. Chirng minh rang néu phuwong trinh

ax”+bx+c=x(a# 0) vo nghiém thi phuong

trinh a { ax- +bx+c )h + h(ux: + bx + .:"] +o=X

cung vo nghiem.

(Trich Sach Bai tap Toan 9 — tap 2)
Hudng dan. Dat f(x)= ax® + bx +c . Vi phuong
trinh  ax* +(b-1)x+c=0 v6 nghiém nén
A=(b-1)" —4ac<0.

Khi d6: f(x)-x=ax’ +(b-1)x+c

CE gy (=1 dac (b))
el ESre sty
[ b—-lT dac—(b-1) |
=a|| x+— | + : .
2a 4a

Ta thdy f(x)—x luon cung dau voi a vi bicu

thirc lubn duong (do
4{1&-(!}—1)1}0).
+ Néu a>0 thi f(x)—x>0 hay f(x)>x vO

moi gia tri cua x.

trong moc vuodng

TOAN HOC
6 cusitre
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Tir d6 suy ra af f(x)] +bf (x)+c> f(x)>x Voi
mo1 gia tri cua x.
Vay khong thé c6 gid tri nao clia x dé
a[f(x)] +bf(x)+c=x
+ Lap ludn tuong tu cho trudng hgp a < 0.
Thi du 16. Chirng minh rang hai phuong trinh
bac hai
ax’ +bx+c¢=0 va ex” +bx+a=0 (a#=*c)
co mot nghi¢m chung duy nhat khi va chi khi
‘f}! = ‘u + r.".
Huwéng dan. o Néu hai phuong trinh bdc hai
axt+bx+c=0 (1) va ex’* +bx+a=0 (2)
cé mét nghiém chung duy nhat thi |b|=|a +c|.

Gia sir x, 1a nghiém chung cua hai phuong trinh,

ta co: ax? +bx, +c=cx, +bx, +a
a-c

— =1 = x5 £l
d—C

+Néu x, =1,tacé a+b+c=0=>b=—(a+c).
+Néu x, =-1,tacd a-b+c=0=>b=a+c.
Do do: lbl=‘a+cl.
o Néu |bl =|a + c[ thi hai phuong trinh bac hai
ax> +bx+c=0 (1) va ex* +bx+a=0 (2)
co mot nghiém chung duy nhat.
That vay, néu b= —(a +¢) thi phuong trinh (1) va
(2) co dang:

2 ——ty R
ax" —(a+c)x+c=0 conghiém x, =L;x, =—.
a
z ’ = A y a
cx"—(a+c)x+a=0 cénghiém x, =L;x, =—.
¢

Vay hai phuong trinh ¢c6 mot nghiém chung duy

nhatla x=1 (x, #x, vi a # *c).

Lap luan tuong tu cho truong hop b=a+c.




HUONG DAN GIAI PE THI TUYEN SINH VAO LOP 10
TRUONG THPT CHUYEN, PHSP HA NOI
NAM HOC 2023-2024

VONG 1

Bai 1. a) Rut gon biéu thire:

. X 8V x 2x + \/.1' 16 —4x ~
= - e , voi x> 0.
X — 2\/: +4 Vv X

xn'J.l' + 2
b) Mot khay nudce co nhiét do 125°F khi bat dau

A

cho vao tu da. O trong ti da, cir sau moi gio, nhiét
do cua khay nwoe lai giam di 20% . Hoi sau bao
nhieu gio, nhiét d¢ cua khay nueéc chi con la 64°F ?
Loi giai. a) Dieu kién: x > 0.
2
e +8J/x  2x+x 16-4x

o 5 B AL S LN
x(x +8)  Jx@Vx+1)
= + +

Jx =2yx +4 Vx

+4(2—JE)~(2+JE)
\/;+2

=x(Vx +2)+2Vx +1+8—4Jx =x +9.

b) Cach 1. Sau mét gio, nhiét d§ cua khay nudc
1a: 125-20%.125 =80%.125 =100 (°F).

Sau hai gid, nhiét d§ cua khay nudc la:

100 —20% .100 = 80% .100 = 80 (°F).
Sau ba gio, nhiét d§ cua khay nudce la:

80 —20%.80 = 80%.80 = 64 (°F).

Dé thﬁy sau x gio, vo1 x > 3 thi nhiét d§ cua khay
nude 1a nho hon 64 (°F) (khéng thoéa man). Vay
sau 3 gi0o, nhiét d§ nudc trong khay chi con la
64 (°F)..
Cdch 2. Goi ¢ (¢t > 0, don vi: gio) 1a thoi gian dé
sau ¢ gio0 d6 nhiét do nudc trong khay chi con
64°F. Gia sir x (°F) 1a nhiét do cua khay nudc khi
bat diu cho vao tu da. O trong tu da, cir sau moi
gi®, nhiét do cua khay nudc giam di 20%, do do6
sau 1 gio nhiét d) cua khay nudc la:

x —20%x = 80%x.
Sau 2 gi¢r nhiét do cua khay nudc la:
80%x — 20%.80%x = 80%x(1 — 20%) = (80%)’ x.

Sau ¢ gi¢r nhiét d6 cua khay nudc l1a: (80%)’x.
Véi x = 125"F va sau ¢ gio nhiét d¢ khay nuée 1a
64DF, ta co:

L) iy .
(80%)'.125 =64 hay [—:-J =('§] , do d6 t=3.

Vay sau 3 gio, nhiét d0 nudc trong khay chi con
64°F.
Bai 2. a) Cho phirong trinh (m la tham $0):

x> —=(2m —I}_r——[m: + l) =0 (1).

Chirng minh rang voi moi gia tri cua m, phwong
trinh (1) luon co hai nghiem x ,x,. Tim hé thuc
lien he giva x,,x, sao cho hé thirc do khong phu
thuoc vao m.

b) Cho parabol (P): y=ax (a#0) di qua diéem

1 t ] » .
:I( —l;; . Tim toa do cua diem M trén parabol
""'-\. ——

(£) sao cho khoang cach tir diem M den truc tung

gap hai lan khoang cach nr diem M den truc

hoanh.

Loi gigi. a) Taco A=(2m—-1)°+4m’ +4>0 voi
trinh

x* —(2m—-1x—(m* +1)=0 c6 2 nghiém x, x>

moi m. Vay phuong

vo1 moi m. Theo dinh L1 Viete, ta co:
X, +x,=2m-1
X, X, =—m’ -1
x,+x,+1 -
s
& 2

i
XXy == —1

.
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X +x, +1

Thay m = VAo xx, = _(m2 +1)} ta c6:  Tam giac KBD can tai K va BKD =120, suy ra
KBD =30° (2). Tix (1) va (2) suy ra ABD =90°.

2
(3 +x, +1) e Vay tam giac ABD la tam giac vuong tai B.

4
Véy h¢ thuirc lién hé giira hai nghiém x,, x, sao cho
hé thirc d0 khong phu thudc vao m 1a:

(x, +x, + 1)2

X. X, +
il
4

+1=0.

b) Parabol (P):y:axz(a:tﬁ) di qua A[—l;%]

|
nén a=—,dod6 PT(P):y=—x.
2 2
Goi hoanh dd va tung do cua M trong ng la:
Xiss Vg 18 CO: yu:lxi, va ]x |=2‘y | ,
| A g Ml b) Co6 OB L AE va OA=OE ,suyra B 1a trung
dodo 2y, =4y, (%) diém cua 4AE. > * |
I Xét tam giac EAF c6 B 1a trung diém cua AE va
Tu (*)taCé: Yy =05.VM =Er BH//AF nén H la trung diém cua EF.

Suyra OH L EF .
+) ¥y =0:x, =0.

Tir gidc OBEH c6 OBE = OHE =90° nén tir gidc

1 .
+) y,, = s xXoo=1 eix =<1 holic.x,. =1, OBEH 1a tir giac ndi tiep.
: 1 ¢) Ta c6: CHS = BHE . Do tit gidc BEHO ndi tiép
! A: . —1,—* ,M ].,— . — — — — — 7 .
e Ml(ﬂ’o)’MZ( zJ 3( 2J nén CHS =BHE = BOE = BOA=COSnén t&

Bai 3. Cho hinh binh hanh ABCD ¢6 ABC =120° piae LHOSRrRey.

va BC =2AB. Dung dwong tron (O) cé dwong Suy ra ,ﬁ:%:QOU_ Vay SC la tiép myén
kinh AC. Goi E, F lan luot la cac giao diém thir  cua duong tron (O) .

hai ctia AB, AD véi dirong tron (O). Puong thang  Bai 4. Co6 hay khéng cac so nguyén a, b sao cho

EF lan luwot cat cdc dirong thang BC, BD tai H, 5. (b J2023 V2 = 2024 + 2023 m;’ )

Chung minh A LBl Y i L2100 £
Loi giai. Gia st tOn tai cac sO nguyén a, b sao cho

(a +b~2023)? = 2024 + 2023+/2023.

Ta ¢co:

a) Tam giac ABD la tam giac vuong.

b) Tir gige OBEH la tir gidc ndi tiép.

¢) SC la tiép tuvén cua dwong tron (O).
L% gidi. (a +bv2023)* = 2024 + 20232023

a) Goi1 K la trung diém cua doan AD. Ta c6 AABK & a® +2023b% —2024 = (2023 -2 ab) J2023.
déu, suy ra ABK =60° (1). Néu 2023 -2ab#0 thi

TOAN HOC
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a’ +2023b% -2024
=+2023 Y
2023 -2ab ®)

(loai vi vé trai (*) 1a sb hiru ti va +/2023 14 s6 vo
ti). Do d0 2023 -2ab =0 < 2023 = 2ab, lai suy
ra vo li vi 2023 1a s 1é, 2ab 1a sb chan.
Vay khéng c6 cac s6 nguyén @, b ndo théa man
(a+b\2023)* = 2024 + 2023+/2023.

Bai 5. Trén bang ta viéet da thire

P(x)=ax’ +bx+c (a #0).
Ta viét lén bang da thirc maoi

Px+1)+ P(x-1)

P(x)=
(x) >

roi xoa di da thirc P(x).
Ta viét lén bang da thirc méi

Flx+l)+ Bi{x—1)
2

Py(x)=

roi xéa di da thircc P(x). Ta cir tiép tuc lam nhu
thé nhiéu lan.

Chirng minh rang néu cir lam nhiwr vdy nhiéu lan
thi dén mét lic nao do ta nhan dwoc mét da thire

khong co nghiéem.
Loi giai. Ta tinh dugc:

I-}(x)=ax2+bx+c+a.

P(x)=ax’ +bx+c+2a.

E:,(.wn'):a;l.x'2 +bx+c+na,VneN'.
Xét phuong trinh ax’ +bx+c+na=0, ta co:
A =b* —4a(c + na) .
b* —4ac

2

, khi do

Chon n nguyén duong va n> z
a

A <0, dodéPT ax’ +bx+c+na=0 vo nghiém.
Vay néu ctr lam nhu vay nhiéu lan thi dén mot lac
nao d6 ta nhian dugc mot da thuc khong co
nghiém.

VONG 2
Bai 1. a) Chirng minh rang tich cua bén sé nguyén
lién tiép cong véi 1 la binh phuong ciua mét so
nguyen.
b) Tim cac cap so nguyén (x;y) la nghiém cua hé
2xy —x=10
phuong trinh: {x + PP :
Loi gidi. a) Goi 4 s6 nguyén lién tiép 1a
a,a+l,a+2,a+3.Taco:
P=a(a+1)(a+2)a+3)+1
=(f:;t1 +3a)(a2 +3a +2)+l .
Pit t=a’ +3a +1 (t € Z). Suy ra:
P=(s:11 +3ﬂ)(ﬂ2 +3a+ 2)+l
=(t-D@e+D)+1=¢"
Vay P la binh phuong cia mot s6 nguyén.
b) Tur hé phuong trinh ta suy ra:
Rxy—-x)—(x+y+xy)=10-11
&S xy-2x-y=-1<x-1)(y-2)=1 (*).

Do x, y 1a sd nguyén nén

(x—-1=1 (x=2
< <
—2: :3
M| N
x—1=-1 x=0
4 4
i =-1 _yzl

Thay cip sO (x; y) =(2;3) vao hé ban dau, ta thay
cdp s6 (x; ) =(2;3) la nghiém cua hé da cho.
Thay cap s (x; y)=(0;1) vao hé ban dau, ta thﬁy
cip s6 (x;y)=(0;1)khong 1a nghiém cua hé da
cho.

Vay hé PT da cho c6 nghiém nguyén duy nhat la
(x5 ) =(2;3).

Bai 2. a) Cho a, b la céc 56 thue khéng ém, ¢ la so

thue dwong thoa man dang thire:

Ja-Ja+b-c=+b+e.

Chung minh rang da+3¥b-Ye=Ya+b-c.

TOAN HOC
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b) 7im cac so nguven dirone a va b sao cho
Aaala Ta co:

e
V5 +b V3+va B+l ‘L—‘/TE@Loi
ld _H'{’j huru (1. '\/§+\/l—] ‘\[5_4-\/6 \/g 5 al.

Loi giai. a) Gia sir a #c . Suy ra: - Xét (a;0)=(15;1):

\/a+b——c—\ff_3¢0. Ta c6 \/5+\E_\/?_>+\/E

- = =3 ¢ Q Loai.
Tathdy: Va-va+b—c=b+e V5+b  \f5+1
oVa-vb=Va+b-c+Jc () - Xét (a;b) = (3;5):
Suy ra a > b, ta co: Tacéz\@Jr\/E_—_ﬁJ“‘@: Ee@Loai.
\/§+~f3 \/§+\/§ 5 ,

(*) < -2Jab =2\c(a+b—c).

T do,doc>0nénab=0vaa+b=c.
Néua=0thib=c;ndub=0thia=c Cihai Tacs Y3+Ve_V3+V5

- Xét (a;b)=(5;3):

=1eQ Thoa man.

nu&rngho*ptadéudédﬁngnhéndugc | \/g'l-\/g_\g*'ﬁ
%[;_1_%[5 e P | ot R Bai 3. Cho tam giac ABC. Puong tron (1) noi
REEY \/E tiep tam giac ABC lan lieot tiép xuc voi cac canh
b) Dat \E+\/E =reQ.Suyra r>0 va BC, CA, AB tai cac diéem D, E, G. Hai duong
thang DE, DG lan liot cat dieong phan giac ngoai
r("/g T JE) =3+a cua goc BAC tai M, N. Hai duwong thang MG, NE
- r\/g _\5 = \/E —rb. cat nhau tai diém P. Chirng minh:
Binh phuong hai Ve ta co: a) EG song song voi MN.
572 —2rJ15 43 =a—2rJab + br? b) Diém P thudc dwong tron (I).
= 2r(Jab =15)=a -3+ (b -5)r Loi giai.

@ﬁ_\/ﬁza—3+(b-5)r3
2r '

a-3+(b-5)r’
2r

\/E—JE=SC> ab=s+\/ﬁ.

Binh phuong hai vé ta co:

Pat =se Q. Taco:

ab=s*+15+2s\J15 < ab-s*-15=2s4/15.
Vi V15¢Q va ab-s*—15€Q nén s=0 va
ab—s*-15=0,ticla s=0 va ab=15.
Suy ra (a;b) € {(1;15);(15;1);(3;5);(5;3)} .
- Xét (a;b) = (1;15):

C
a) Vi 7 1a tam duong tron ndi tiép tam giac ABC
nén AI 1a phan gidc trong cta géc BAC. Ma AM

la phan gidc ngoai ciia goc BAC nén MN L Al .

TOAN HOC
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Do AE, AG 1a hai tiép tuyén cua duong tron (/)
nén EG 1L AI. Vay EG//MN .

b) Ta co: GDE = GEA (g6c ndi tiép va goc giira
tié“p tuyén vo1 day cung cung chin mot cung).

Mi GEA=EAM le trong),

(so suy ra

GDE = EAM . Do d6 tir giac AEDN la néi tiép. Vi
thé NED = NAD .
Ching minh tuong tu ta ¢6 tir gidc AGDM 1a noi

tiép. Suy ra MAD = MGD .

Ta c6: DEP+ DGP = DEN + MGD
= NAD + MAD =180’
Suy ra tr giac DEPG la ndi tiép. Vay diém P
nam trén dudng tron (/).
Bai 4. Bay luc giac déu dwoc sap xép va té mau

bang hai mau trang, den nhu o Hinh 1.

Hinh 1 Hinh 2

Moi lan cho phep chon ra mot luc giac deu, doi
mau cua luc giac do va cua tat ca cae luc giac déu
co chung canh voi luc giac do (trang thanh den
hodc den thanh trang). Chirng minh rang di ¢6
thue hién cach lam trén bao nhiéu lan di nira,
ciing khéng thé nhan duwoc cac luc giac deu duoc

to mau nhwe o Hinh 2.

Loi gigi. Néu luc giac déu dugc to mau trang ta
danh sd +1, néu t6 mau den ta danh sO -1.

0
026
G20

O moi trang thai, ta xét tich P cac sb trong cac luc
gidc déu 4, C, D, F.

Nhdn xét: Mbi lan thyc hién thuat toan chi c6 mét
s chén sb trong tich P 12 bi d6i ddu. Vi thé, tich P
khong thay dbi qua moi lan thyc hién thuat to4n.

3 trang thai ban dau (Hinh 1), ta c6 P = 1. Trong
khi ¢ trang thai Hinh 2 , ta co: P = -1, Viy ta
khong bao gid c6 thé nhan dugce trang thai ¢ Hinh
.

Hinh I Hinh 2

Bai 5. Chirng minh rang ton tai so nguyen duong
5§ R - r i - 1y o r
n>10""" sao cho tong tat ca cac so nguyén to

nho hon n la mot so nguyén to cung nhau voi n

Loi gidi. Véi mdi s6 nguyén duong n>1, ta ki
hiéu S(n) la tdng cua tat ca cac sd nguyén to6 nho
hon » . Ching han, S(7)=10,S(8)=17,...

Thé thi:

n(n—1)

Sn)<1+2+...+(n-1)= >

<n(n-1)*)

Xét p 1a s6 nguyén t6 tay y 1on hon 102 .

Goi g la sb nguyén té6 nho nhat sao cho ¢> p.
Suyra S(¢)=S(p)+p.

Gia st S(p) khong nguyén to ciing nhau véi p va
S(q) khong nguyén t6 ciing nhau véi g .

Suy ra S(p):p;S(q):q .-

Pat S(p)=pk(keN’).

Tu (*) ta suy ra k£ < p—1. Mat khac, ta co:

S(@)=S(p)+p=pk+p=pk+l)q.

TOAN HOC
*cTusitre 11

S6 555 (9-2023)




PE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN,

TINH HA TINH

NAM HOC 2023 - 2024
(Thoi gian lam bai 150 phut, khong ké thoi gian giao dé)

Cau 1. (2,0 diém)
a) Tim cac sb nguyén x, y thoa man
4x* +5y° —4xy +2(2x+3y) +4 <0.

b) Cho a, b, ¢ la cac so thuc khac khong thoa
Y

man —+—+— =0. Ching minh rang
a b ¢
,, 1 o 1 ol 1 'y
a +2bc b"+2ca c°+2ab
Cau 2. (2,5 diém)

a) Giai hé phuong trinh
(x+2)(2-y)=8

J11-4(x-y) +x°y* +1=3xy
b) Giai phuong trinh

N 3x il —x+2=2x-2.

Cau 3. (1,5 diém)

-1

, ‘ \ 5
a) Tim tat ca cac so thuc x dé p=
) x—x +2

la s6 nguyén.

b) Chirng minh rang véi moi so tu nhién 7

l6n hon 1 thi A=n""" +n*" +n* —n+1 khong
phai 1a s6 nguyén to.
Cau 4. (2,5 diém) Cho duong tron (O) duong
kinh AB c6 dinh, C la mot diém chay trén
duong tron (O) khong trung vo1 A va B . Cac
tiép tuyén cua duong tron (O) tai 4 va C cat

nhau tai diém M . Pudng thing MB cit AC tai
F va cit duong tron (O) tai E (E khac B).

a) Goi H la trung diém cua doan thing AC.
Ching minh tam giac OEM dong dang vdi tam
giac BHM .

b) Goi K 1a hinh chiéu vudng goc cia C trén
duong thing 4B . Hai duong thaing MB va CK

r , , Sl | - .
cat nhau tai /. Tinh ty s0 YT khi tong dién

tich hai tam gidc IAC va IBC 16m nhat.
¢) Chirng minh ring
1 1 o

e ———

BM BF BE
Cau 5. (1,0 diém) Cho cac s6 thuc a,b,c thoa
man a>b>c;ab+bc+ca>0 va a+b+c=1.
Tim gi4 tri nho nhét cua biéu thirc
I | 1 5

P= + + + ;
a—c 2ab+bc+ca

a-b b-c
Cau 6. (0,5 diém) Cho x, y, z 1a cac so chinh

phuong. Chiung minh riang (x+1)(y+1)(z +1)

ludn viét dugce dudi dang tE‘mg cta hai sb chinh
phuong.

LE BA HOANG

( Phong GD&PT TX. Hong Linh, Ha Tinh)

Gioi thiéu

3 3 ok 3 3 ok s 3k ok ok 3 3 ok ok ok ok ok sk ok sk s ok ok 3 3 ok ok 3 o ok ok ok ok ok ok 3k ok ok ke ok sk ok 3k sk 3k 3k ok ok 3k ok ok sk ok 3 ok 3k 3k dfe 3k ok ok 3k ok 3 ok 3k 3 ok ok ok ok ok ok ok 3k 3k ok ok kK

& Do(p,q)=1nén k+lig=k+12g=k=>2q-1

Nhung ta lai c6: k< p—-1<g—-1. Ta nhan dugc

mau thuan.
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Vay S(p) nguyén to cung nhau véi p hoac S(g)
nguyén to cing nhau véi g .

NGUYEN THANH HONG
( GV THPT chuyén, PHSP Ha Noi)
Gioi thi¢u



Trén sudt chidu dai lich sir, Toan hoc da cé
nhimg giai doan chao dao - rbi loan do ¢
nhimg mau thuan khong duoc hoic chua duoc
gidi quyet vé can cir 1ogic. Céc nha lich sir ton
hoc (LSTH) goi nhitng giai doan chao dao do la
cac cudc khung hoang va theo ho toan hoc da
phai trai qua ba cudc khung hoang chinh.

I. Cudc khiing hodng thir nhat

Cudc khung hoang cin cir toan hoc lan I da xay
ra vao khoang thé ky V truéc Cong Nguyén &
Hy Lap C6 dai khi ban than nén to4n hoc cua
quoc gia nay con dang trong qué trinh hinh
thanh nhu mot khoa hoc 1y thuyét, trong d6 ndi
tiéng nhat 1a Pythagoras (Pythagor) va truong
phai cua Ong.

La mot triét gia va la
moOt nha toan hoc,
Pythagor quan tam
nhiéu dén ban chat
va khoi nguyén cua
thé gidi ma theo 6ng
thi:

"Cac con

56 (tu
(khoang 570-495 TCN)  nhién va hitu ty) tao

nén toan bo vu tru".

Theo phai Pythagor, moi thir trén thé gian nay
déu 12 hién than cta céac con sb. Trong hinh hoc,

theo ho hai doan thing bat ky déu théng udc véi

BA CUGC KHUNG HOANG BG BAN

‘ A

TRONG CO S0'VA GAN cu cuwiﬁ@a

nhau, tac la c6 phdn woc chung. Vi vay ty s6
giira hai doan thiang bat ky déu biéu thi duoc boi
mot sO hiru ty va do d6 n6 tuong ing véi mot
diém goi 1a diém hiru ty. Do cac diém hiru ty rdt
nhiéu va tri mat khdap noi trén dudng thing sé
(tic 1a trong mot khoang bat ky bé tuy y déu cé
nhimg diém hiru ty) nén phai Pythagor lai ngé
rang cdc diém hitu ty choan hét toan bo truc sé
va do vy moi doan thing déu thong udc véi

doan thing don vi.

Nhung, ¢c6 mdt mon sinh la Hippasus lai kham
pha ra rang: Khong phai moi diém ciia duwong
thang déu twong vmg véi sé hiru ty. Diéu doé
cling c¢6 nghia 1a t6n tai doan thang vé wée véi
don vi do. Do d6 trén duong thing s6 ngoai
diém hiru ty con c6 nhitng diém khong hiru ty.
Chang han, mot diém cach gdc toa do mot doan
bang dudng chéo hinh vudng véi canh dai bing
doan ty 1€ xich (tirc 1a doan thiang don vi) la mét
diém nhu Hippasus di néu. Ngay nay ta biét do
la diém vé ty x =+/2.

RO rang viéc phat hién ra su ton tai doan thang
vé wbc la nguyén nhan dau tién dua dén cude
khung hoang trong toan hoc va Triét hoc Hy
Lap c6 dai, nhit 1a né di giang mot don ning né
Ién triét hoc va toan hoc cia phai Pythagor. N6
chimg t6 rang ban chat va khoi nguyén cia thé

gioi khong phai chi co cac s6 nguyén va so hiru

ty nhu ho tuong tugng.
: TOAN HQC
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Pang tiéc 1a phai Pythagor lai xem Hippasus 1a
phan do vi theo ho Hippasus da gieo vao vii try
phan tr doi nghich véi tin ngudng ma ho ton
tho. Ngudi ta da xir tr Hippasus bang céch ném
xudng bién nha toan hoc tai ba nhung bac ménh
nay!

Theo R.Courant va H.Robbins thi phat minh rq
s ton tai doan thang vé woc la mot trong
nhung phat minh sang choi nhat trong todan hoc
ngay tir thoi cé dai

Vi vay ta khong ngac nhién khi Platon (426 -
348, TCN) nha triét hoc vi dai nhat thai d6 da
viét rang: khi chua biét c6 nhitng doan thang vé
woc thi ong cing giong nhu mot con vat khong
c6 tri khon "

Nguyén nhén thir hai gép phan lam xuit hién
cudc khung hoang 1a su lan truyén cac nghich Iy

:
Zenon"'

c6 ham chira mot s6 quan diém ddi
nghich véi mot s6 quan diém triét hoc va toan
hoc cua phai Pythagor.

Trén day la nguyén nhan nay sinh cudc khing
hoang. Tiép theo ta s& néu nhimng thanh tuu da
dura toan hoc thoat khoi cudc khiing hoang lan 1.
1*. Viéc phat minh ra c4c doan thing vo udc 1a
nguyén nhan nhung dong thoi ciing 14 thang 1
ruc r& cua phuong phap toan hoc moi: Phuwong
phap quy nap va phwong phap suy dién (tr dinh
Iy nay dén dinh 1y khac). Cac nha toan hoc
trudc do6 déu xuat phat tir nhitng phép do truc
tiép nén khong thé phat hién ra cic doan thang
vo ude. Nguoi ta danh gia phat minh tuy¢t vor
nay da anh huong sau sac dén toan bd nén toan
hoc tir xura dén nay.

2. Nho phat minh néi trén ma nguoi ta nhan ra

rang kho cac dai lugng hinh hoc day du hon kho

sd hiru ty. Do d6 viéc xay dung toan hoc dud
dang hinh hoc duoc xem la hop ly. Trong LSTH
nén toan hoc méi nay co tén goi la Dai SO -
Hinh hoc. Hinh hoc da tré thanh ngon ngur cla
toan hoc. tham chi S6 hoc va Pai s0 cling dién
dat bang ngoén ngit hinh hoc. Pac bigt, trude
cong Vién Han lam cua
minh nha triét hoc vi dai
Platon da cho treo bang:
"Nguwoi nao khong thong

suot hinh hoc thi cho

vao day".

3", Sau cung, b sach Euclid
giao khoa bat hu "Cdc  (khoang 330 TCN)

nguyén Iy" cua Euclid ra doi nhu anh hao quang
cua toan hoc C6 Hy Lap toa sang dén tan ngay
nay ...
II. Cugc khung hoang thir hai
Vao thé ky XVII - XVIII van dé vé Pai lugng
vO cung bé (PLVCB) da tao nén mot canh
tuong that dac biét. Mot mat, thanh tuu ma
Phép tinh cac vo cung bé (PTVCB) dat dugc
that 1a 16n lao, nhung mat khac gan nhu chua c6
mot khai niém nao cua nd dugce dinh nghia
chinh xéc ké ca chinh khai niém PLVCB.

* 4
Nguyén nhan dau tién 1am xuét hién cudc khing
hoang lan thir hai trong LSTH 1a do cac nha
toan hoc thdi bay gior chwa xac dinh dugc
DLVCB la gi va do d6 ho khong dua ra dugc
bat cir sy ly giai nao cho khai niém d6 ngoai
mot s6 1ap luan 10 mé thiéu cin cir va rat ngheo
nan.

1) A.I. Mackusevic, ...:

S6 va Hinh, Ha Noi - 1962, tr.50-51

2) Tap chi Toan hoc va Tuoi tré, s6 508 ( thang 10 nam 2019)
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Phai dén dau thé ky XIX van dé d6 méi dugc
lam sang to chu yéu nho cac cong trinh cia A.
Cauchy (1789 - 1857) vé Ly thuyét gidi han.
Theo 1y thuyét gidi han thi: mét dai luong co
gioi han bci;'ng zero dwoc goi la PLVCB. Mot
cach day du - diéu d6 duoc phat biéu nhu sau:

Dinh nghia. Pai lirong bién thién x duoc goi la
PLVCB néu trong qua trinh bién doi gid tri
tuyét doi cua né tré nén bé hon mai mdi so voi
mot s6 € > 0 cho trude bat ky bé tiy ¥, tire la véi
moi s6 € > 0 déu ton tai gid tri x(g) ciia bién x
sao cho moi gia tri x tiép theo sau x(e) déu thoa
man bat dang thirc x < .

Pinh nghia vira néu dugc cu thé hoa cho cac
truong hop khac nhau 1a: diy s (ham s6 cla
d6i s6 tu nhién) va ham cua déi sb lién tuc.

1+. Day (s0) x, = x(n), ne N duoc goi 1a diy
VCB néu véi moi s6 & > 0 cho trude bé tuy y
ton tai sO N phu thudc € (N = N(g)) sao cho voi
moi s6 n > N(g) thi x, <E.

2", Ham y = f{x), xe R dugc goi la ham VCB
khi x — a néu véi mdi s6 & > 0 cho trudc bé tuy
y déu c6 thé tim duoc s6 & = 8(¢) > 0 tuong ing
sao cho véi moi x ma 0 <x —a < thi flx) <e.
Ta néu 2 vi du vé trinh tu chimg minh mot dai
luong 1a vo cung bé nhu sau:

(=1

2
N

1)Day a, =

la day VCB.

That vay, gia sir € > 0 1a s6 cho trudc bé tiy y. Ta
can chi ra s N phu thugc € (N = N(g)) sao cho

1l 1
Vn> N(g) thi ( 2) =—<E,
n n

Bat ding thirc nay tuong duong véi bat dang

thuc nzbl@n}\ji. Tu do ta co thé lf—iy
£ £

N(g)=|,/— | trong d6 [0] 12 phin nguyén cua

s60,1aséma [0] < O<[0]+ 1.

, I IS 7l A
That Vﬁy néu n > N(g) thi n> _1. +1;;,\/:
pve £
: 1 I
vadodo: |a,|=—< -=¢ (dpcm).

|t

2) Ham y = sin x, xe R 1a ham VCB khi x — 0.
That vay ta s€ sur dung bat dang thic sin x < x,
Vx. Cho sb £ > 0 bé tuy y va lay & = &. Khi d6

voix <& thi sinx<x<0=E.

Do d6 y =sinx 1a ham VCB khi x — 0.

Trén day la ban chat sau xa cua cac DPLVCB.
Piéu dang tiéc la mot thoi gian dai no da bi che
lép bdi mot mé nhirng 14ap luén 10 mo thiéu cin

cur va rat nghéo nan ...

Ching han: Dé tra loi
trudc su cong kich gay
git PTVCB va trude viéc
mdt sO ngudi xem
PTVCB 1Ia
nhitng sai lam tai hai"
[M. Rolle (1652 -1719)],
G. Leibniz (1646 - 1716)
d3a dé nghi thay tén goi
"nhimg BDPLVCB" boi
"nhitng dai luwong khong

"mot mo

G.Leibniz
(1646-1716)

so sanh dwoc kiéu hat bui

so voi qua dat hay qua

M. Rolle
(1652-1719)

dat so voi bau troi ...".

Ban than Leibniz ciing nga theo quan diém cho
rang "khong nén xem DLVCB nhie dai leong ton
tai thuc ma chi la dai leong hu ao nao do". émg
con nodi rang "nhimg dai lugng hu do" nay 1a hiru
ich vi n6 1am cho phép tinh dugc ngin gon va
chinh xac".

TOAN H
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Quan diém cua L.
Euler cing khong co
gi kha hon. Theo
Euler, wviéc xem
DLVCB khéng bing
zero 1a khong thé
tranh khoi dan dén su
khong chat ché.

L. Euler
(1707-1783)

Ong d¢ nghi xem PLVCB 1a ding bang zero
(tham chi bﬁng zero tuyét d6i) dé khi bo qua no sé
khong dan dén bat cir sai lam nao ..

Tir d6 PTVCB, dédc biét 1a phép tinh vi phan
(PTVP) lién ticp roi vao tinh trang nghich 1y trién
mién kiéu 4 +a = 4, trong d6 A4 la dai lrong hiru
han con o la BPLVCB.

* s

L6i thoat ctia cude khung
hoang kéo dai gan ba tram
nim dugc tim thidy & Ly
thuyét gidi han cua J

D'alembert va A.Cauchy.

J. D'alembert Ly thuyét d6 duoc hoan

(1717-1783) ~ thiégn mot cach triét dé

trong "Gidi tich dai s6"
(1821) va trong cac tac
pham khac cua nha toan
hoc Phép ndi tiéng thoi
bay gid 1a A.Cauchy.

Nhitng thanh tyu 1y thuyét
va thuc hanh tao nén
PTVCB da nhanh chong

dua dén su ra doi cuon

A.Cauchy
(1789-1857)

sach gido khoa chuyén nganh dau tién voi tén
20i "Gidi tich cdc vé cung bé" (1696) cua nha
toan hoc Phap L'Hospital (1661-1704) trong do
c6 trinh bay quy tac L'Hospital quen thudc trong
Iy thuyét gidi han. Trong so cé4c tén goi cua sach
giao khoa hién hanh vé mon toan nay c6 I& tén
201 Phép tinh cac vé cung bé (PTVCB) la phan

anh noi dung va déi tuong cta no tot hon ca...
II1. Cufc khung hoang thir ba
Ly thuyét tap hop (LTTH) dugc bat dau nghién

ctru vao cudi nira sau cua thé ky XIX. G.Cantor
da trinh bay 1y thuyét cia minh lan dau tién
trong tac pham "Co s¢ LTTH" (1883).

Ngay nay no da tro
thanh nén tang va
ngén ngir cua mol
nganh toan hoc quan
trong nhat. N.
Bourbaki danh gia

rang:

G. Cantor
(1845 - 1918)

"Ngay nay, vé mdt logic moi nguoi déu thira nhan
rang toan bé nén toan hoc hién dai déu cé thé rit
tir mot nguon duy nhat la ly thuyét tap hop" .

e

£ *

Pau tién, LTTH d3 duoc 4p dung dé tim cin cr
cho Ly thuyét s thuc 1a co s¢ dé xay dung mot
cach chit ch& PTVCB. Ngudi diu tién "dan
than" vao cong vi¢c gian nan nay 1a R. Dedekin
(1831 - 1916) 1a nguoi ban gan giii ludn ludn
d6ng hanh cung Cantor.

Trong Pai sd viéc ap dung cac y niém maoi da
dua dén su thay doi tan goc 1é ban chat cua doi

tirong nghién curu.

1) N. Bourbaki, Ly thuyét tdp hop, 1965, trang 25 (tiéng Nga).
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Néu nhu trude ddy muc tiéu cua Pai so 13 tim
|1 giai cua cac phuong trinh va h¢ phuong trinh
dai sO thi nay v&i sy xam nhép sau cua cac khai
niém va phuong phap LTTH nguoi ta bat dau
quan tam nhiéu hon dén nghién ciru cic phép
toan dai s& cho trén cac tip hop véi ban chat bat
ky.
Tai Hoi nghi Toan hoc Qudc té nim 1900 céc
nha toan hoc thé giéi da thé hién niém tin ring
LTTH la co so dé giai quyét van dé cin cir cua
toan hoc.
Tai day nha toan hoc 10i lac Phap H. Poincare
(1854 - 1912) dong dac tuyén bd: Toan hoc da
tim thiy cho minh mot nén ting vitng chac day
hy vong va nhd su sang tao cua Canfor ma
"Hém nay ching ta cé thé noi rang ching ta da
dat dwoc chinh xdc tuyét doi"
Trong lic tran day hy vong rang van dé can ctr
cua toan hoc sé dugc cung cb vimng chic nho
LTTH thi mét tai hoa da up xudng: ngudi ta da
phat hién ra cac nghich ly (lai nghich ly va
nghich 1y !!!...) trong co s& cua n6 V. Nghich 1y
thit nhat 1a nghich Iy Burati - Forti (1895);
nghich 1y thir hai 1a nghich ly Cantor (1898) va
nghich ly thi ba la nghich Iy Russell (1902,
1903) véi bién thé minh hoa: "Nghich Iy nguoi
tho cao" do nha toan hoc Anh la B. Russell phat
hién ra.
Ngudi ta cho rang cac nghich 1y nay ndy sinh 1a
do qua tuy tién khi dung khai niém tap hop ciing
nhu stir dung qua u tur do cac khai niém cua
LTTH: chang han tdp hop moi tap hop co thé cé
hay tdp hop khong tw chira no nhuw mot phan tir
la nhirng tap hop khong ton tai.
Noi kinh hoang ma nhirng nghich ly nady mang
lai cho toan hoc nhu "mot con giong bdao mang
sam sét giang vao bau khi quyén toan hoc". Vi
toan bo toan hoc c6 thé quy vé trén nén tang cua

LTTH nén khong con nghi ngy gi nira, cac
nghich ly nay la nguyén nhéan lam né ra cudc
khung hoang lan thir ba V€ cin cit todn hoc.
Cudc khung hoang nang né Xay ra vao lac
LTTH dat dwoc nhiéu thanh tuu to 16n va vio
lGc nguoi ta dat niém tin va g gfim vao do
nhiéu hy vong trong viéc tim cén ctr viing chic
cho toan hoc noi chung.

Gi day, trong khi dang cd tim cach thoat khoi
khing hoang thi Cantor gap phai su chi trich
ning né tir phia cac dong nghiép. Do do, 6ng da
chiu ap luc cang thang va c6 luc lung ting ...
Nguoi ta cong kich ong va goi "LTTH cua
Cantor la mdy mu trong swong mu" da "lam suy
doi gisi tré" ... Pang tiéc 1a thay clia ong - nha
Toan hoc va nha Triét hoc Plc ndi tiéng
L. Kronecker (1823 - 1891) thi go1 "do khong
phdi la toan hoc ma la than bi gido...". Dén nhu
H. Poincare ciing bi 16i cuén vao cudc khi vdi
vang tuyén b6 tai Rom (1908) rang:

"Céc thé hé mai sau sé xem LTTH nhw mot
chimg bénh can phai gidi ciru ho thoat khoi".

Bi cong kich va ap luc nang né nhu vay nhung
Cantor van khiang dinh :"T6i tin LTTH cua t6i
chac chan nhw da tang".

Theo y kién ctia nhiéu nha toan hoc cudc khung
hoang lan nay chua biét luc nao méi dén hoi keét
vi dén nay van chua tim dugc 16i thoat nao thoa
dang. Nguoi ta hy vong rang d6i vdi cac ung
dung thong thudng Ly thuyét tip hop ngdy tho
la hoan toan du.

Mic cho cudc khing hoang con lo limg, dau thé
ky XX cac nha toan hoc van tin tudng vao kha
ning tim dwoc cian cir vimg bén dang tin ciy
cho co s toan hoc noéi chung.

Cac nha toan hoc 16n nhat thoi bay gio nhu D.
Hilbert, B. Russell, ... 33 cung chia sé niém tin
do.

1) Nguyén Thuy Thanh, Lich sir toan hoc gian yeu, NXB Gido duc, 2012, tr.225-228.
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CAC LOP THCS

Bai T1/555 (Lép 6). Tim s6 ¢6 bon chit s6 abed

bidta+b+c+d=7, cd—ab=3 vi T.abcd 13
mot sd chinh phuong.

PHAM TUAN KHAI

(Ha N¢i)

Bai T2/555 (Lép 7). Cho tam giac ABC cb

BAC =125°, ABC =25°. Liy diém D sao cho 4 va
D niam vé hai phia cua dudng thing BC, ngoai ra
BAD =40°,CBD =75". Tinh s6 do cua goc ADC.

HUYNH THANH TAM

(CB Buu Dién TX. An Nhon, Binh Dinh)

Bai T3/555. Ching minh ring ton tai vo s sb tyr

nhién » théa man 2024" +2: n.

LUONG THI VI

(GV THCS Quang Lich, Kién Xwong, Thdi Binh)

Bai T4/555. Cho BC la diy cung cd dinh cua

duong tron (O; R) (BC # 2R). A la diém chuyén

dong trén cung lon BC sao cho tam giac A_BC

nhon. H 1a truc tim tam giac ABC. Pudng thang

qua H vudng goc véi tia phan gidc goc BAC cat

AB, AC lan luot tai D, E. Goi I la tam dudng tron

ngoai tiép tam giac ADE, K 1a trung diém AH.
Chirmg minh K7 luén di qua mét diém c6 dinh.

NGUYEN BUC TAN

(TP. Ho Chi Minh)

Bai T5/555. Cho x, y 1a cac s6 thuc thoa man

=2 | .

, g ; .Tim gia tri 16n nhat va gia tri nho
x +y <10

nhat cua biéu thic P=x" (.1'—1)+y3(y-—1).
NGUYEN ANH DUNG (Ha Noi)

TOAN HOC
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CAC LOP THPT
Bfii T6/555. Tim tat ca cac cap so tu nhién (m; n)
dé phuong trinh
X' —mnx® +(m* + m+n+1)x* —(m’n+mn)x

+m>+m'n+m+n=0
¢O nghi¢m nguyén.

NGUYEN THI DUONG

(K55 CD KT2, CBGT Thi xa Vinh Yeén, Vinh Phuc)

Bai T7/555. Cho tap X = {1, 2, 3, ..., n} gdm n s0
nguyén duong dau tién.

a) Véi n = 10, hay chi ra 10 tap con ciia X, moi
tap c6 ding 3 phan tir va 2 tap bat ky trong 10 tap
ndy c6 chung nhau khong qué 1 phan tr.

b) Vi n = 15, chimg minh rang ton tai it nhat 333
tap con cua X, moi tap c6 dang 6 phﬁn tr va 2 tap
bit ky trong d6 c6 khong qué 4 phan tir chung.

BUI VAN BINH
(GV THPT chuyén Lam Son, Thanh Hoa)

Bai T8/555. Cho duong tron (/) tiép xic trong Voi
duomg tron (O) tai T. Day cung AB cua (O) tiép
xuc voi (1) tai1 E. TA cat (/) tai diém N khac T va
TB cit (I) tai diém M khac 7. Biét AM cat BN tai J.

Chimg minh rang 7E la phan giac cua goc ATB
va EI 1a phan giac cua goc TEJ.

LA DAI CUONG

(GV THPT Cam Lo, Quang Tri)

Bai T9/555. Xét cac sé6 duong a, b, ¢ thdéa man
1 1 1

diéu kién + } =1. Chimg
l+a+b 1+b+c l+c+a
minh rang; = o +E>a+b+c
SUR
DUONG CHAU DINH

(GV THPT chuyén Lé Quy Pon, Quang Tri)
TIEN TOI OLYMPIC TOAN
Bai T10/555. Cho hai diy s6 (x )va (y )thoa
man X,,Y, €R va voimoi neN,
242x,,, =3+ 1)x, -(B3-1)y ,
242y, =(3=Dx, +(3+1)y .



Chimg minh ring ton tai TeN sao cho

Xt =Xps Ypur =Y,, VO1 MO1 n€ N,

NGUYEN HUY HOANG
(SV lop DHSP Todn K45, PH Quy Nhon, Binh Dinh)

Bai T11/555. Tim s6 thyc @ nho nhat dé

- " +—1—I"+l —-x+2024
n+2

]
f(Pr——x" +
n+l

n+3

dong bién trén |a;+o0) v&i moi s6 nguyén duong n.

NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bac Ninh)

Bai T12/555. Cho tam gidc ABC nhon, khong céan
ndi tiép dudng tron (0), ¢6 AD 1a duong phan giac
g6c BAC. Piém I thudc AD sao cho BI cét AC tai
E, CI cat AB tai F va IE = IF. Goi J la tam dudng
tron ngoai tiép tam gidc AEF va N la giao diém
cua Al va EF. Goi G la giao diém cta EF véi tiep
tuyén tai 4 cia dudng tron (O); goi L la giao diém
thir hai cua hai duong tron (O) va (J). Chirng minh
GL di qua diém chinh gitra cung ﬂF :
NGUYEN NGOC TU
(GV THPT chuyén Ha Giang)

-

Bai 1.1/555. Mot con lic don cé chiéu dai day
treo / = 20 cm, dugc treo tai mot diém cd dinh.
Kéo con lic khoi phuong thang dimg mot goc ban
0,1 rad vé phia bén phai roi truyén cho né mot
van tbc 14 cm/s theo phuong vudng goc véi day
vé phia vi tri can bang. Coi con lic dao dong didu
hoa, viét phuong trinh dao dong doi véi li do dai
cua con lac. Chon géc toa d§ tai vi tri can bﬁng,
chiéu duong hudng tir Vi tri cdn bang sang phia
bén phai, gbc thoi gian 1a luc con lac di qua vi tri
can béng lin thir nhat. Cho gia toc trong truong
g =98 m/s’.

VIET CUONG (Ha N¢i)

Bai 1.2/555. Hiéu suat truyén tai dién ning mot
cong sudt & tir may phat dién dén noi tiéu thu la
35%. Néu sir dung méy bién ap li tudng c6 ti s

" - ’ A L] A~ A . Nz A
gifra cudn thir cap va cudn so cap la F:s dé
]

ting dién 4p truyén tai thi hiéu suat truyén tai sau
khi str dung may bién ap nay 1a bao nhiéu?

THANH LAM (Ha Néi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/555 (For 6" grade). Find 4-digit
numbers abcd with the conditionsa +b + ¢+ d

=7, c¢d —ab=3 and 7.abcd is a perfect square.
Problem T2/555 (For 7" grade). Given a triangle
ABC with BAC =125°, ABC =25". Let D be the
point so that 4 and D are on the different half-
planes determined by the line BC, BAD = 40°,
and CBD=75". Find the measurement of the
angle ADC.

Problem T3/555. Prove that there exist infinitely

many natural numbers 7 so that 2024" + 2:n.

Problem T4/555. Fix a chord BC on a circle
(O; R) (BC # 2R). Let A4 be a point moving on the
major arc BC so that the angle ABC is acute. Let
H be the orthogonal center of ABC. The line

which passes through H and is perpendicular to

the bisector of BAC intersects AB, AC at D, E
respectively. Suppose that / is the circumcenter of
ADE and K is the midpoint of 4AH. Show that K/
always passes through a fixed point.

Problem T5/555. Consider the real numbers x, y

 x+y=2
x*+y* <10
and maximum value of the expression
P=x’(x-1)+y’(y-1).
FOR HIGH SCHOOL

Problem T6/555. Find all pairs of natural
numbers tu nhién (m; n) so that the following

equation x* —mnx’ +(m* + m+n+1)x> —(m’n+mn)x

satisfying < . Find the minimum value

+m’ +m’n+m+n=0
has integral solutions. (Xem fiép theo trang 28)

TOAN HOC
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Bai T1/351. Tim so nguyén n lén nhat sao cho so

_ 427 . 41017 A 3 1
Q=4" +4"" +4" la 56 chinh phuong.

Loi gidi. Tir yéu cau tim s6 nguyén n 16n nhit ta

c6 the xét n > 27 xem c6 nghiém khéng, lic d6

viét dugc 4”7 thanh thira sé chung dang
Q=42T+4101T+4n= 42?(1 +499E}+4n-2’?)

=7 (1+40+ 477 )

Pé O 12 s6 chinh phuong thi tong 1 + 4%% 4 47-27

can phai la sd chinh phuong, tirc 13
1+49‘9{]+4n-2‘?=aZ

v6i a 1a s6 nguyén duong (do n > 27 ). Co hai

cach giai gon nhu sau.

Cich 1. T a’=1+4"+4""7 thj o*> (2" 77 )2

néna’> (2" ¥ +1)%, hay 1a

1 44904 47275 4n21 4 5yon-27 1.
do d6 47" >2""*° suy ra 1980 > n — 26, hay la
n <2006. V61 n = 2006 thi co
1 +4%04 41791 4221904 (2197 y?

= (1+2"7).

Vay s6 nguyén » lén nhat sao cho sd
0 =42+ 410174 g

la s6 chinh phwong 1a n = 2006.

Cach 2. Tu

P=1+4%904 gn-27
=1+22" 2 4 (2" 21)2 4 1980 _pn-26
= (2" 7T+ 1)2+ 21980 _pn-26

Ta chon n = 2006, tirc 1a 1980 = n — 26, luc do
P=2""+1)?.

Véi n>2007 thi n—26 > 1981 nén

21980 _ 126
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lic dé o< (2" 2 +1)? haya < 2""* + 1, nhung
#=1+4+4"7>2""yYnéna> 2" % do
d6 véi a nguyén khong xay ra n > 2007. Viy s
nguyén » 16n nhat sao cho s0 0 = 477 + 4" 4 4
1 s6 chinh phuong la n = 2006.
Nhin xét, Ban Nguyén Bio An, 7C, THCS Nguyen
Quang Bich, Tam Nong, Phu Tho da giai ding bai
nay.

NGUYEN VIET HAI

Bai T2/551. Tim cdc so tw nhién X, y thoa man:
X2 +2021x+2022y" + y=xy+2022xy" +2023.
Léi gidi. Chuyén vé phai sang trai ta co:

x* +2021x+2022y° +y
—(xy+ 2022xy* +2023)=0.

Bién d6i, vé trai trg thanh:
(x* =1)+2021(x—1)— y(x—1)
~2022y*(x—-1)-1=0.

Taco: (x> —1)+2021(x—1)-y(x-1)
-2022y* (x-1)=1

& (x=1)[ (x+1)+2021-y-2022)° | =1

& (x-1)(x+2022-y-2022y*)=1 ().

Do x, y 1a s6 tw nhién, nén tir (1) ta co:

(x—-1=1
| x+2022-y-2022y°=1
(x-1=-1
hoac . .
x+2022 -y -2022y*=-1
Giai ra ta duoc: < e hoac x=0‘
y=1 y=1

Nhgn xét. Cac ban sau day c6 101 giai dtiing:

TP. Ho0 Chi Minh : Nguyén Trinh Phwong Minh,
6/14, THCS Lé Quy Pén; Hung Yén: Lé Tudn
Hiép, 7C, THCS Doan Thi Piém, Yén My; Nghé
An: Nguye:'n Tat Han, 71C, Hoang Van Duy, Pang Ba
Khoi Nguyen, 6D, THCS Ly Nhat Quang, DO

- Luong, Pdu Cong Nhat Nam, 7C, THCS Cao Xuin

Huy, Dién Chau.
VU PINH HOA




Bai 13/551. Cho a, b, ¢ la cdc so hitu ty dieong

] [ ] ¥ r g
—t—t—=2. Chung minh

a b ¢

abc

thoa man dieu kiéen

A= | _ -~ la mot s6 hitu ty.
V (a+2bc)(b+2ca)+(c+2ab)

Loi gidi. Tt gia thiét bai toan, ta suy ra
ab+bc+ca=2abc. Vi a>0 nén

b = ab + bc + ca

’

a
kéo theo:

ab+bc+ca a’+ab+bc+ca
a K a
o +b)(a+c)
= ; ‘
Chimg minh tuong tu, ta co:

b+2¢a=(b+c)(b+a),

b
g

a+2bc=a+

(c+a)(c+b) |

c+2ab=

Thay vao biéu thic 4, ta duoc

abc

AW[(Hb)(mc)(cm)T

abc
(a+b)(b+c)(c+a)

Vi a,b,c 1a cac sb hiru ti nén 4 ciing 12 mot s6
hiru ti.

Nhén xét. Day 1a bai toan bién ddi dai s6 cé dicu
kién, thudc loai dé. Céc ban khi giai toan cling hwu y
mdt s6 kinh nghiém sau

+) Néu ab+bc+ca=k thi

k+a’ =ab+bc+ca+a’ =(a+b)(a+c),
+) Néu ab+bc+ca=k thi
\/(k+az)(k+bl)(k+c2)=|(a+b)(b+c)(c+a)‘,

+)Néu a+b+c=k thi

ka+bc=a(a+b+c)+bc=(a+b)(a+c).

+) Néu ab + bc +ca = kabc thi

ab+bc+ca (a+b)(a+c)
“ p a
voi gia thiét a,b,c # 0.

a+kbc=a+

Bai todn nay dé nén c6 nhiéu ban tham gia giai. CAc
ban sau c6 loi giai dung
TP. Hd Chi Minh: Nguyén Chinh Thién, 8/14,
Nguyén Trinh Phwong Minh, 6/14, THCS Lé Quy
Pon, Q. 3; Nghé An: Thdi Ba Nhan, Nguyén Van
Lam, 8A, Nguyén Tt Han, 7C, THCS Ly Nhat
Quang, P6 Luong; Cao Long, 9A, Dau Cong Nhat
Nam, 7C, THCS Cao Xuan Huy, Dién Chau; Trinh
Ba Hiéu, 9A, THCS Lé Hong Phong, Hung Nguyén;
Luu Trong Phuc, 9B, THCS D§1 Cung, TP. Vinh;
Ha Noi: Ngé Minh Chan, 8A5, THCS Archimedes,
Dong Anh, Tran Viét Anh, 9A7, Archimedes
Academy, Trung Yén, Cau Gidy; Phi Tho: Tran
Lan Anh, 9A, THCS Nguyén Quang Bich, Tam
Nong; Som La: Lwong Hiru Bach, 9Al, THCS
Nguyén Trii; Quang Ngii: Lwong Thanh Nha, 8B,
THCS Hanh Trung, Nghia Hanh.

NGUYEN TIEN LAM

Bai T4/551. Cho tam giac nhon ABC khong can
¢6 hai duwong cao BE va CF cat nhau tai H; M la
trung diém cua BC. Goi K la hinh chiéu vuéng
goc cua H tréen AM, hai duong thang AH va BK
cat nhau tai 1. Chirng minh rang tia IH la phan

giac cua goc KIF.

Loi giai.
A
E
F
I P
B o oy C

Khong giam tinh tong quat, gia st AB < AC.

S8 555 (9-2023) T?ﬁNugi% 21




Goi D la giao diém cta AH va BC, P 1a giao diém cua
CF va AM. Cac tr giac BFHD, DHKM ndi tiép, suy
ra: AF.AB=AH.AD = AK AM .
Tir do suy ra tr gidc BFKM noi tiép, do do:

IKP = BFM.
Vi tam giac BFC vudng nén BFM = FBM , hon
nira, t&t gidc BFHD ndi tiép ta c6 FBD = DHP .
Do d6 IKP = IHP , suy ra tir gidc HIPK ndi tiép.
T d6, HIP =90° , dan t6i tir gidc AFIP noi tiép.
Ap dung tinh chat cta hai tir giac néi tiép AFIP va
HIPK ta c6: FIA=FPA= HPK = HIK .
Vay IH 14 tia phan giac cua goc KIF .
Nhdn xét. Cac ban tham gia giai déu c6 101 giai trong
d6i dai dong. Cac ban sau co 161 giai tot hon ca:
Thanh Héa: Nguyén Trinh An, 9K, THCS Trin Mai
Ninh; Quang Binh: 7Trwong Duy Thai, 9A, THCS An
Ninh; Nghé An: Nguyén Van Lam, 9A, THCS Ly Nhat
Quang, P6 Luong; Ngo Van Truong, 9A, THCS Mai

Hung, Hoang Mai; Cao Long, 9A, THCS Cao Xuan
Huy, Dién Chau.

NGUYEN THANH HONG
Bai T

§/551. Chirng minh bat dang thure sau

=
{a b ' 3

-l + b° 3

T
rong do a, b, ¢ la cac so thuc dwong thoa man
dieu kien ab + bc + ca = 1.
Loi giai. Ta co:
l+a*=ab+bc+ca+a’ =a(a+b)+c(a+b)
=(a+b)(a+c).

Tuong tu: 1+5° =(a+ b)(b +c);

l+c* =(a+c)(b+c).

Ta duoc vé trai cua bat dﬁng thuc:

Nl= E — + 0 — - s -
l+a® 1+b° 1+c°
= - + . - e
(a+b)(a+c) (a+b)(b+c) (a+c)(b+c)
TOAN HOC
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a(b+c)+b(c+a)+c(a+b)
(@a+b)(b+c)(c+a)

2(ab +be + ca) 2
(a+b)(b+c)(c+a) (a+b)(b+c)(c+a)
2
(a+b+c)(ab+bc+ca)—abe
2
a+b+c—abc
Do d6 bét ding thirc phai ching minh turong

- 2 3./3

tuong voi: =~
a+b+c—abc -

8

<:>a+b+c—abc2—-——3 3 (1).

AP dung bat cac dﬁng thirc quen thudc, ta co:
(ﬂ+b‘|‘ﬂ)2 23(ab+bc+ca)=3

(2)-
L = ab + be + ca >33 (abc)’

:>a+b+C2\/§

(3).

zbabc*i—:b —abc 2 ———=

1
33 W3

Cong theo vé cua (2) va (3), ta dugc:

\/_

a+b+c-— abc?«*-x/_——-—

33
Bat ding thirc (1) dugce ching minh.

Vay bat diang thirc trong dau bai duogc ching
minh.

Dau dang thirc xay ra khi va chi khi
a=b=c

3 1SS ag=0b=c=
ab=bc=ca= 3

Nhan xét. 1) Bt dang thurc
(a+b+c) >3(ab+bc+ca)

a»
=

Sat+b*+cet—-ab-be-ca>0

@%[(a—b)z+(b—c)2+(c—a)z]?_0

(luén ding). DE thiy hai vé cua ddng nhét thic
(a+b)(b+c)(c+a)

=(a+b+c)(ab+bc+ca)—-abc



bang a’b+a’c+b%a +b3c + c’a+c*b+2abe .
2) Ta co:
(1)< 3V3(a+b+c)>8+33abe (4).
C6 thé ching minh (4) nhu sau:
Ap dung bat ding thire Cauchy cho ba s duong, ta

co: a+b+c=(a+b+c)(ab+bc+ca)=9abe

= %(a +b+c)=3V3abe  (5).

Tir (2) suy ra: i(.*:-.s+eE:r+ c)=8 (6).

V3
Cong theo vé cua (5) va (6) ta dugc (4).

Ngoai ra, cac ban co thé chirng minh

(a+b)(b+c)(c+a)2%
2 233

(a+b)(b+c)(c+a) 4 |

désuyra: VT =

Céc ban sau day c6 bai giai tot :
Phii Tho: Tran Lan Anh, 9A, THCS Nguyén Quang
Bich, Tam Nong; Quang Tri: Lé Thi Ngan Tam, 8G,
THCS Phan Dinh Phung, TP. Péng Ha; Thanh
Héa: Nguyén Trinh An, 9C, THCS Tran Mai Ninh,
TP. Thanh Hoéa; Nghé An: Trinh Ba Hiéu, 8A,
THCS Lé Hong Phong, Hung Nguyén; Ba Ria —
Viing Tau: Po Tién Diing, 9A, THCS Huynh Tinh
Cua, Long Dién; TP. Hd Chi Minh: Nguyén Chanh
Thién, 8/14, THCS Lé Quy Don, Quan 3; Son La:
Lwong Hitu Bach, 9A1, THCS Nguyeén Trai, TP. Son
La.

NGUYEN ANH DUNG

Bai T6/551. Cho phwrong trinh
(x=1)(x* —-2%)—(m +1)(x% =2x-1)-4=0 ().
Tim tat ca cac gia tri cua tham so m dé phirong
trinh trén co 4 nghiem phan biet, trong do co hai
nghiém x,, x» thoa man
(L,

x X, +1=x+x,+v2.
Léi gigi. Diat 1= (x—1)’, (¢t =0), phuong trinh (1)
viét lai thanh: 1(t =1)—(m+1)(t—=2)-4=0

SE-m+2Dt+2m-2=0 (2).

Phuong trinh (1) ¢6 4 nghiém phan biét khi va chi
khi phuong trinh (2) ¢6 2 nghiém duong phén
biét. Goi 2 nghiém d6 1a #,, £, v6i 0 < ;< t, Theo
dinh li Viete, ta co:

(A>0 (m—2)* +8>0
t+t,>0 S><im+2>0
2m-2>0

S m>.

A

4, >0
Khi m > 1 thi phuong trinh (1) ¢0 4 nghiém phén

bistla: 1-1r,, 1-/t,, 1+ 1, 1+t, .

Lai co: x,xz+1=x1+x2+x/5

& (x, —1)(x, = 1) =v2.

Suy ra x; — 1 vax, — 1 cung dau. Tt d6 suy ra

X, =l—\/E,x2=l-J£:

hoac x, =1+ tl,x2=1+£.

Do do: (x, —1)(.1'2—1):\/5 — \/;E=\5

hay 2m-2=2 &m=2
(thoa mén diéu kién m > 1).
Thir lai véi m = 2, ta thidy phuong trinh (2) la
t* —4t+2=0 c6 2 nghiém phan biét duong:
t, =2—+/2,t, =2++/2. Do d6 phuong trinh (1)
c6 4 nghiém phan biét la:

1=y2—v2 ; 1=y2442 ; 1442=42 ; 14+42+42

thoa man diéu kién da cho.

Viay m = 2 1a gia tri can tim.

Nhan xét. Day la bai toan van dung dinh li Viéte sau
khi dat an phu dé chuyén phuong trinh bac bén vé
phwong trinh bac hai. C6 ban dit an phu
t=x"—=2x (t>-1) dan dén m can tim phai thoa
man phuong trinh £ — mt + m — 3 = 0 ¢ 2 nghiém
phai 16n hon —1, viéc giai diéu kién nay phirc tap va
dai dong hon.

Tuyén duong cac ban sau-co 101 giai lap luan chat
ché va ngén gon.

Ha Noi: Tran Viét Anh, 9A7, THCS Archimedes
Academy Trung Yén; Ngé Minh Chan 8AS, THCS
Archimedes Academy Do6ng Anh; Thanh Hoa:
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Nguyén Trinh An, 9K, THCS Tran Mai Ninh; Ha
Tinh: Tran Minh Hoang, 10T1, THPT chuyén Ha
Tinh; TP. HO Chi Minh: Nguyén Chdnh Thién,
8/14, THCS Lé Quy Do6n; Binh Pinh: Phan Trung
Tryc, 11T, THPT chuyén Lé Quy Don; Vinh Long:
Nguyén Tuan Kiét, 11T1, THPT chuyén Nguyén
Binh Khiém.

PHAM THI BACH NGQC
Bai T7/551. Chirng minh rdng

36a* +29b* 2 36b" +29¢*
b’ +4a’b e +4b%¢

4 4
JELEY TR

3 ¥
a +4c°a

trong do a, b, ¢ la cac so dwong thoa man

s IR STUR ) &
—t—+—< _
a b ¢ 2023

Loi giai. (cua da so cac ban).
36x* +29
1+4x°

Ta chirng minh: 28x+5,VxeR (1).

That vay vo1 VxelR ta co:

(1)< 36x* +292> (1+4x°)(8x+5)
&36x +29>32x° +20x* +8x+5
< 36x* —32x° —20x" —8x+24>0
< (x=1)*(9x* +10x+6)>0.

Bat dang thirc cudi luén dung vi (x—1)° =0, Vx;
9x° +10x+6>0,Vx. Vay BDT(l1) dugc chung

minh. Trong (1) thay x boi % ta thu dugc:

4
a
36(_‘] +29 4 4
b >8 E+5@36a +290 >8a+5b.

a ¥ b b’ +4a’b
I+4[E]

Tuong tir ta cling thu dugc cac bat dang thirc:
36b* +29¢* 36¢* +29a*

¢ +4b’c a’ +4cta

>8b+5c¢; >8c+3a.

Tu do suy ra:

36a* +29b°

. 36b* +29¢° N 36¢* +294"
b +4a*b

¢ +4b’c a’ +4c’a
>8a+5b+8b+5¢c+8c+5a
=13(a+b+c).

Mt khac theo bat dang thirc Cauchy ta co:
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]
(a+b+c-)(l+l+—]?—9-

a b ¢

Ket hop véi gia thiét suy ra:

2023 <sa
Sl adly ? = 1197 T
s b ¢ 2003
36a” +29b* 36b* +29c¢* 36c +29a* 132_@
b’ +44a°b ! c +4b'c a’ +4c’a 13
=2023.
x 2023
Déau “=" xay rakhi a=b=c= 29

Nhdn xét. Hiu hét cac ban déu giai nhu cach giai
trén. Cac ban sau co 101 giai dung:

Son La: Lwong Hiru Bach, 9A1, THCS Nguyén
Trdi, TP. Son La: Ha N@i: Tran Viét Anh, 9AT,
Archimedes Academy Trung Yeén, Cau Glay, Thanh
Hoéa: Nguyén Trinh An, 9K, THCS Tran Mai Ninh;
Nghé An: Cao Long, 9A, Pau Cong Nhat Nam, 7C,
THCS Cao Xuan Huy, Dién Chau; Quang Binh:
Nguyén Thanh Hai, 11 Toéan 1, Doan Ngoc Duy, 12
Toan 1, Pham Thi My Hanh, 12 Toan 2, THPT
chuyén V& Nguyén Giép; Binh Pinh: Tran Ngoc
Tuyén, 10 Toan, THPT chuyén Lé Quy Don; Phu
Yén: Nguyén Tan Nguyén Chuwong, 10 Toan 1,
THPT chuyén Luong Vin Chanh; Séc Tring: Tiét
Trong Khiém, 11A2, THPT chuyén Nguyén Thi
Minh Khai; Vinh Long: Nguyén Tuan Kiét, 11T1,
THPT chuyén Nguyén Binh Khiém.

TRAN HUU NAM
Bai T8/551. Cho tam giac ABC néi tiép duong
tron (O; R) va ngoai n'ép duong tron (I; r). Cac
dwong thang IA, IB, IC cdt lai duwong tron (O; R)
lan lwot tai Ay, By, C\. Chirng minh rri'ng

(A,B,+B,C,+C|A|)3

é (a+b+c)’
ABBCCA

abc

trong doa=BC,b=CA, c=AB.

Loi giai. Ki hi¢u Syy; chi dién tich tam giac XYZ.
Tu AIAB~AIB A4 (g.2) suy ra:

AB Y AB Y 1
Sfdgﬂl :[ z;B]) 'Sm.a':[ lcl] .E.P.L‘.




Tudod: S,pc =Sys +Spc +Sc 4

L el et

e C a b
_Susc__ 1 (AB’ BC LCA”
S e a+b+c c a b
2% A8, B.C..C 4 | 4R
4R abc
1 AR BCHC A
—_— 5 + +
a+b+c c a b
5 ABL T BOY GA]
C a b
S2OC i B EIOK ).
abc

Sir dung bat dang thirc Bunyakovsky va hé thirc

(*) ta duoc:
2
5, 2 2
[ AIBI .\/E+ B*:Cl ‘\/E_,r_ Cl;l \/EJ
4B’ BC' A CA J

c a
C a b

£(a+b+c){

2
C>(A131 +B,C, +C 4 )
a+b+c

<(a+b+c). AB .BC,.C A4,

abc

(A4,B,+BC+CA4) _(a+b+c)’
AB, B,C,C A4
Ding thirc xay ra khi va chi khi

abc

AB _BC, CA4
= = =k.
C ’ a ‘ b
Két hop vai (*) ta thay didu d6 tuong duong Voi:

k*(a+b+c)= a+o+c ka.kb.kc

abc
< k=1 A4BC=AA4,B,C
~ ~ B+C o 7 C+A ~ ~ A+B
«:::»A:AI=B+ ;B=B,= C=C. =
2 - 2
< A=B=C.

Khi d6 tam giac ABC la tam giac déu.

Nh@n xét. S6 ban tham gia giai bai toan nay khong
nhiéu, ba ban Tran Viét Anh, 9A7, TH, THCS
&THPT Archimedes, Academy Trung Yén, Cau
Giﬁy, Ha Noi; Tran Ngoc Tuyén, 10 Toan, THPT
chuyén Lé Quy Pon, Binh Pinh; Nguyén Tudn
Kiét, 11T1, THPT chuyén Nguyén Binh Khiém, TP.
Vinh Long, Vinh Long c6 101 giai dung.

HO QUANG VINH
Bai T9/551. Cho p, q, r la cdc so thuc khdng am
thoa manp + q + r = 1. Chung minh rang
TH(pg+qr+rp)<2+9pgr (1).
Loi gidgi. (Cua Nguyén Bdao An) Vi p,q,rla cac
s6 thuc khong am thoa mdn p+g+r=1 nén
0<p,q,r<l. Bat: x=1-p,y=1-¢qg,z=1-r.
Khiay 0<x,y,z<1 va
x+y+z=3—(p+q+r)=2.
Bat dang thure (1) trd thanh
1[(1-x)(1-y)+(1-)(1-2)+ (1-2)(1-x)]
<2+9(1-x)(1-y)(1-2)
<::>7|:3—2(x+y+z)+(xy+yz+zr):]
<2+9[1—(x+y+z)+(xp+yz+zx)-xz]
<:>7[3—2-2+(qu+yz+zx):|
<2+9[1-2+(xp + yz +2x) - xz |
& Ixyz < 2(xy + yz + 2x)
Sz <(x+y+z)(xy+yz+2x) (2).
Tur bat dang thirc Cauchy cho ba s6 khong am ta
co: .x+y+z?£3@

vdi xy+yz+zz2 3%/)(2);1:»:1 :

TOAN HOC
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Suy ra (2) dung. Do d6 (1) dugc chimg minh.

Nhgn xét. Mot s ban chimg minh truc tiép nén dai
va khong sang sua bﬁng ban An. Téat ca cac ban da
ouri bai co 101 giai tét:

Binh Pinh: Phan Trung Tryc, 11T, THPT chuyén
Lé Qui Don. Pa Ning: 76 Péng Hdi, 10A2, THPT
chuyén Lé Qui Don. Ha Ni: Tran Viét Anh, 9A7,
Archimedes Academy Trung Yén, Cau Gidy, Podn
Thé Anh, 8A, THCS Pan Phuong, H. Pan Phuong.
Kién Giang: Dwong Thanh Duy, 11T2, THPT
chuyén Huynh Man Pat. Nghé An: Cao Long, 9A,
THCS Cao Xuin Huy; Phan Pai Hoang, 10Al,
THPT chuyén Phan Boi Chau, Luu Trong Phic, 9B,
THCS Do1 Cung, TP. Vinh. Phi The: Nguyén Bdo

An 7€, (THCS Nguyen Quang Bich, huyén Tam
Nong. Phu Yén: Nguyen Tan Nguyén Chuwong, 10
Toan 1, THPT chuyén Luong Vin Chéanh, TP. Tuy

Hoa. Quang Binh: Nguyén Thanh Hai, Pham Thi
My Hanh, 11 Toan 2, THPT chuyén V& Nguyén
Glap Thanh Héa: Nguyén Trinh An, 9K, THCS
Tran Mai Ninh, TP. Thanh Héa. TP. Hd Chi Minh:

Nguyén Chanh Thién, 8/14, THCS Lé Quy Don,
Q. 3. Thira Thién Hué: Phan Quéc Thang, 11 Toan
I, THPT chuyen Quoc hoc Hué. Vinh Long:
Nguyén Tudn Kiét, 11 T1, THPT chuyén Nguyén
Binh Khiém.

TA DUY PHUQNG

Bai T10/551. Cho day s6 (x,,) xdc dinh boi

{1-1:7 ]:1 :‘)9
{ 3 X — X

FI..

,Vn=12,...

Chitng minh rang véi moi s nguyén dwong k thi
ton tai so nguyén dwong n sao cho x, +3:7".

Loi gigi (Cua ban Nguyén Tuan Kiét, 11 Toén,
THPT chuyén Nguyén Binh Khiém, Vinh Long)
Tl cong thire x4c dinh sd hang tong quat cua day
sO truy hdi cdp hai tuyén tinh ta dé thay
x,=2"+5". Ta sé chimg minh ring v&i moi so

23.?*"' +1

nguyén duong k thi +5%774 13 chia hét

cho 7*.
Bo dé LTE. Cho p la sé nguyén to 1é, a, b la cac
S0 nguyén dwong khéng chia hét cho p.

i) Néu p|a—b

thi voi moi n ta co:

v,(@a" —b")=v,(a-b)+v,(n).
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i) Néu p | a + b thi voi moi n lé ta co:

v,(a’ +b")=v, (a+b)+ v, (n).

Ap dung bb dé LTE ta co6:
e s R M
=l+k-1=k ().

v i) = (125?“" + 1)

=v,(125+ D)+ v, (7*)=1+k-1=k (2).
Tir (1) va (2) 377 =1 (mod 7%) va

5*7" = -1 (mod7*). Thanh thu:

suy ra: 2

737441 1§37 329 +5(-1)+3=0(mod T ),

ticla 27 7 +5°7 "' +3 chia hét cho 7"

Nhu viy v6i mdi s6 nguyén duong k thi véi
n=37""+1 tacé x,+3 chia hét cho 7*.

Nhdn xét. Chi c¢6 3 ban tham gia giai bai nay trong
d6 c6 2 ban c6 1oi giai ding la ban Kigr va ban
Duwong Thanh Duy, 11T2, THPT chuyén Huynh
Man Pat, Kién Giang.

PANG HUNG THANG

Bai T11/551. Tim tat ca cac cac ham . Z—Z

thoa man: [(2f(a)+ f(b))=2a+b—-4 (1),Va,beZ.

Loi giai. Gia st ham f thoéa man (1). Thay b = 4
vao (1) ta thu duoc:

fCf(a)+ f(4)=2a,YaeZ (2).
Nhén xét rang f 1a don anh. That vay, néu

f(a)= f(a,) v6i a,,a, € Z thi theo (2), ta c6:
FCf@)+f@)=12f(a)+ f(4)

< 2a,=2a, < a =a,.
Dé y rang 2a+b-4=2(a-1)+(h+2)—4 nén
theo (1) thi

f2f(a-D+ f(b+2))=2a+b-4,Va,beZ.
Két hop vai (1) va tinh don anh cua f'suy ra:
fCf@+fB)=fQ2f(a-1)+ f(b+2)),Va,beZ.
<2f(a)+ f(B)=2f(a-1)+

+f(b+2),Va,beZ (3).

Thay a=b+2 trong (3), ta thu duoc:



2f(b+2)+ f(b)=2f(b+1)+ f(b+2)
o fb+2)-fb+D)=f(b+1)- f(b),VbeZ,
tirc day s6 x, = f(n) 1a mot cip sb cong trén 7
nén f(n)=pn+q p,q€Z  (do
£(0),f(1)eZ). Thay f(n)=pn+gq vao (1), ta
thu dugc An+B=0,VneZ, tac A=0,B=0

vl

p=lg=-1
P=—1af}=2'

Két ludn: Tét ca cac hAm s6 f:7Z — Z théa man
didukién (1)1a f(x)=x—-1 va f(x)=—-x+2.
Nhdn xét. Cac ban sau day co 10i giai dang:

Binh Dinh: Tran Ngoc Tuyén, 10T, THPT chuyén
Lé Quy DPoén; Ha Tinh: Nguyén Thanh Bao, 10T,
THPT chuyén Ha Tinh; Thira Thién Hué: Phan
Quﬁc Thc’fng, 11T1, THPT chuyén Quéc hoc Hué:
Kién Giang: Dwong Thanh Duy, 11T2, THPT
chuyén Huynh Min Pat; Quing Binh: Nguyén
Thanh Hai, 11T1, Pham Thi My Hanh, 11T2, Doan
Ngoc Duy, 12T1, THPT chuyén Vo Nguyén Giap;
Vinh Long: Nguyén Tuan Kiét, 11T1, THPT chuyén
Nguyén Binh Khiém.

hay

NGUYEN VAN MAU

Bai T12/551. Cho tam giac nhon ABC, O la tam
duong tron ngoai tiép, K, L theo thir tw la giao
diem cua BO, CO voi AC, AB. Gia sw ban kinh
ciia duomg tron néi tiép tam giac OAK bang ban
kinh cua duong tron néi tiép tam giac OAL, chimg
minh AB = AC.

Loi giai. (Theo ban Nguyén Xuan Minh Pirc,
10T1, THPT chuyén Ha Tinh, Ha Tinh).

Goi X, Y theo thir ty 1a tim duong tron ndi tiép
cac tam giac AOL, AOK; X°, Y’ theo thu tu la giao
diém cua OX, OY va AB, AC; r 1a ban kinh dudng
tron ndi tiép cac tam giac 40K, AOL.

Vi O4=0C va OX la phan giac cua goc AOL

=

nén AOX'=—AOL =—((ﬂ5+5€4)
2 2
=-;-.25EE' = 0AC = 0AY "

Do d6 OX'// AY'. Tuong tu OY'// AX".
Vay AX°OY 1a hinh binh hanh (1).
Do d6 S, =S 0r (2).

x 1 I
Dé thay S, :-é—r.AO=SM”, (3).
Tu (2) va (3) suy ra S =S 4y

Do d %r.AX‘z%r.AY'. Vay AX'= AY" (4)

Tir (1) va (4) suy ra AX'OY"1a hinh thoi.
Do d6: A0B = AX'0 = AY'0 = 40C.
Két hop véi OB = 04 =0C, suy ra:

AOAB = AOAC (g.c.g). Viy AB= AC.

B €

Nhdn xét. 1) Bai toan nay khong kho, co 4 ban tham
gia giai, chi c6 ban Nguyén Xudn Minh Dirc c6 16i
giai ngan gon nhu trén.
2) Xin néu tén ba ban con lai: Thanh Héa: Nguyén
Trinh An, 9K, THCS Tran Mai Ninh; Ha Tinh:
Nguyén Khwong Duy, 10T1, THPT chuyén Ha Tinh;
Vinh Long: Nguyén Tuan Kiét, 11T1, THPT chuyén
Nguyén Binh Khiém.

NGUYEN MINH HA

Bai L1/551. Mot séng doc truyén theo truc Ox c6
tan so 15 Hz, bién dé 4 cm. Toc do truyén song la
12 m/s. Xét hai phan tir B va C trén Ox c6 vi tri
can bang cach nhau 40 cm. Tinh khodng cdch
ng.f}:fr nhat giira hai phan tw B va C khi ¢é séng
truyén qua.

]

Loi giai. Bugc song: A =— = == 0,8m = 80cm
B B c'C .
O o o X

Goi B' va C' 1a hai phan tir song c6 vi tri can bing
la B va C.
BC=40cm= % = B'va C' dao dong nguoc pha.

Phuong trinh dao dong cua B'va C' la :
u, = acos(30xt +@); u, =—acos(307t + @),
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B'C=0C-0B'=0C+u, - (0B + uy)
= BC + uy — u, = BC + 2acos(307t + @);
(B'C)min < cos(30nt + ¢) = —1
= (B'C)in =BC —2a=40-2.4=32 cm.
Nhdgn xét. Chuc mimg mot ban da co lo1 giai ding
cho dé& ra ki nay: Pham Van Anh, 11 Ly, THPT
chuyén Nguyén Quang Diéu, pong Thap.

PINH THI THAI QUYNH

Bai L2/541. Trong doan mach RLC noi tiép, cuon
day thuan cam co do ty cam L thay doi dugc. Ung
voi hai gia tri khac nhau cua L la L, = 3 mH va

L>= 6 mH thi dien ap hieu dung trén cuon cam co

_ . ST -
oid tri nhe whaw. Tim gid tri cua L de dign ap hi¢u

dung trén cuon cam dat cue dai.

Uz, - Uz,
2 (2 -2, R +(Z,-Z.)
JR*+(Z,-Z;) =2

2 a
il 22121 =ZC _}_5_‘ Mﬁt khac: ULmax khi

Z+Z, 7.

Loi giai.

Nhgn xét. Chic miung ban Pham Van Anh, 11 Ly,
THPT chuyén Nguyén Quang Diéu, Pong Thép da
co lo1 giai dung.

NGUYEN XUAN QUANG

dedck dedded ok kbR R Ak kR R R Rkt dekdeR R et e ek R AR R o ek ek e e e Wk ded ok ok ek Rk ok R Rk A ek

PROBLEMS. ... (Tiép theo trang 19)

Problem T7/555. Let X = {1, 2, 3, ..., n}, the set
of the first n positive integers.

have: 2v2x,,, = (\/5 + 1):1&:,1t —(\@- 1)}’,,,
22y . = (x@ —l)x,, +(\/§+1)}’n-

a) For n = 10, let list 10 3-element subsets of X Show that there exists a number 1 € N"so that

so that the intersection of any two of those has at
most one element.

b) For n = 15, prove that there exists at least 333
6-element subsets X so the intersection of any two
of those has at most 4 elements.

Problem T8/555. A circle (/) is internally tangent
to a circle (O) at 7. A chord AB of (O) is tangent
to (J) at E. TA intersects (/) at the point N which is
different from T and 7B intersects (/) at the point
M which is different from 7. Suppose that AM
intersects BN at J. Show that 7E is the angle

bisector of ATB and EI is the angle bisector of
Problem T9/555. Given positive numbers a, b, ¢

satisfying I - : 1

+ =1.
l+a+b 1+b+c

l+c+a

Show that IE:"+b'.+£2.~::—i-.!’:v+.:::~.
c a

TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/555. Given two sequences (x,,) and

(y.) where x,,y, € R and forevery ne N we

TOAN HOC
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In+i"

=x,y... =Y, forevery neN.

Problem T11/555. Find the smallest real number
a so that the function

1

AT e O
J: (x)-- n+3x :

i - —l——x’“' —x+2024
n+l

2
n+2

are increasing on (a;+) where n is any positive

integer.

Problem T12/555. Givén an acute scalqne‘.
triangle ABC inscribed in a circle (0). Let AD be

the angle bisector of BAC. The point'I 1S on A.D
so that BI intersects AC at E, CI intersects AB at F
and /E = IF. Let J be the circumcenter of 4AEF and
N the intersection between 47 and EF. Let G be
the intersectionf between EF and the tangetit at 4
of the circle (O). Assume that L is the second
intersection between two circles (OQ) and (J).
Show that GL passes through the midpoint of the

arc EAF.

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)
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Khoa cir la ché dg tuyén chon nguoi dé cat nhdc
vao doi ngu quan lgi thoi phong kién thong qua
cac ky thi. Khoa cir can cir vao cdce ddi tuwong
khac nhau ma co ba hinh thire chi yéu la thi

tuyén Quan van thi tuyen Quan Vo va tuyén Lai

xua va ﬁff todn trong tuyén chon Lai vién thoi
phong kién.

So ]“:9"3 viéc sir dung kién thirc toin hoc trong
doi song xa hdi nguwoi Viét xua

Ngay nay, dya vao tai liéu khao cd hoc, lich str
ngdn nglr va khao st ciu tric cac cong trinh kién
tric ¢ con lai... cho thdy ngudi Viét Nam xua
cling g101 tinh toan va toan hoc da dugc ing dung
khéa nhiéu vao doi song tir rat sém. S6 hoc 1a mon
phét sinh trudc va sém nhat. Néu dimg & goc do
s6 hoc dé khao ciru nhitng canh sao, tia sang mat
troi, dan chim, chiéc thuyén... khic vé trén mit,
trén than cac trong dong, ching ta sé t;'_‘ip hop dugc
nhiéu sy kién toan hoc nam trong dé, cung cap
cho ta mot birc tranh dep vé trinh d6 nam virng va
su dung sd hoc cua td tién ta thoi co dai. Nghién
ctru cac hoa van trén dd gom Chu Pau, Bat
Tring,... tim dugc chung ta thay cac dang hoa van
rit phong phi: hinh chit S, ¢6 loai dai, loai vudng,
loai ndi ngang lung nhau; hinh chir X, chir A; hai
dudng song song udn khic déu dan, lién tuc; hinh
tam gidc xép nguoc chiéu nhau, hinh tam giac
cudn. Trong Bao tang Lich su Viét Nam co
chiéc chée gfim men do nhimg nguoi thg gém Bat
Trang ché ra trén d6 co bang vudng thé hién céc
s6 bang cac cham tron. Piéu ky diéu cia bang s6

nay la: cac sé 1, 2, 3,..., 8,9 dugc sdp xép thanh

— - -

bang vudng cap ba (ma phuong cap ba) sao cho
khi cong cac sb theo hang doc, hang ngang va
chéo déu cho ta két qua bﬁng 15.

Ngudi Viét Nam tir hang nghin nam truge day
dd c6 nhirng nhan thirc hinh hoc va tu duy chinh
xac kha cao. Tur hinh dang, kich thudc cac trf:‘ing
déng loai ¢6 nhat ¢ Viét Nam, chung ta hiéu, dé
tao dugc nhirng mat tron duong kinh to nho khac
nhau, nhirng mit phang, nhirng goc do chinh xac
iy, cac nha ché tac trong dong thud dé phai sir
dung cac con sO, cac loai thudc chinh xac. Cé y
kién cho ring mot s6 hinh anh trén trong dong
chinh 13 b lich 4m sém nhat cua nhan loai, voi
chu ky 18 nim, mdt kién thirc vé thién vin hoc
cua nguoi Viét xua.

C6 thé néi ngudi Viét sit dung toan hoc trong
do dac dién tich rudng dat, tinh todn cac cong
trinh xay dung, kién trac, dao dap kénh muong, dé
diéu va st dung toan hoc trong cudc sdng hang
ngay...

Cac ky thi chon Lai vién

Lai vién (con goi 1a Lai dién, Liéu thudc) la
nhitng nguoi giup viéc cho cic quan, tuong
duong véi dia vi clia cac cong chirc hé thong
chinh tri ctia ta hién nay. Lai c6 thé chuyén
thanh quan néu c6 cong lao va thanh tich lam
viéc. Lai vién lam cac cong viéc nhu coi sd sach,
gidy m4, tinh suu thué, tinh dién tich cic d4m
rugng, viéc binh luong va cac viéc quéc dung
khac nhu tinh thé tich con dé, thanh, hao, tinh sb
gach, g0, ... Trong lich sir, nha nude phong kién
Viét Nam t6 chire cac ky thi trong d6 c6 thi toan
dé chon nguoi lam Lai vién. O giai doan nay
nguol lam viéc lai chua dugc coi trong ding mirc
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do do ké hoc dé di thi khoa cir khong thi chon Lai
vién. Nha su hoc Phan Huy Chu da viét trong
Lich tricu hién chwong rang "Xét ra chirc nha,
Lai cho la hén thap. Viéc kiém soadt s6 sach khong
giao cho ke si. Ké si lam van, cho viéc Lai la ti

tién nén khong nhung tay vao".

Quang canh truong thi Nam Dinh xuwa

Nguon: Internet

Cang vé sau, do yéu cau td chirc cia nén hanh
chinh, nhu cau du thi ctia x3 hdi ngay cang ting
(c6 ky thi t6i hang van ngudi) nén cac nha cam
quyén quan tdm nhiéu hon déi véi viée to chirc
thi Lai vién.

Céc k¥ thi chon Lai vién ciing khong duogc to chic
dinh ky. Cr 10 nam, hodc 15 ndm mai c6 mot ky
thi chon Lai vién.Theo Van dai loai ngir cua Le
Ouy Pén, ky thi chon Lai vién dugc biét som nhat
la vao ndm Pinh Ty (1077), nién hiéu Anh Vi
Chiéu Thang thi 2, triéu Ly Nhdn Tong, voi 3
mén: Thu (viét chir), Toan (phép tinh) va Hinh
ludt. Pén nim Tan Dau (1261), doi Tran Thdnh
Ton, thi Lai vién chi con hai mén Thu va Toan.
Tiép do6, cac ky thi Lai vién dugc td chirc qua cic
triéu vua, c6 ky khong c6 moén Toan. Cac ky thi
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chon Lai vién tiép theo dugc td chirc vao cac
nim 1363, thang 3 nim Quy Méo doi Vua Tran
Du Tén; nam 1373, thang 8 doi Vua Tran Dué
Tén; nam 1393, doi Vua Tran Thudgn Ton khong
thiy c6 tai liéu nao ghi lai viéc thi mon Toan.

Du chi tdn tai trong thoi gian ngén, nha Ho (1400-
1407) da c6 nhidu cai cach trén nhiéu linh vyc
khac nhau, trong do c6 giao duc. Ngay tur khi chua
lam Vua, Ho Quy Ly da rat quan tam dén g1ao duc
va thi cir thoi ky nay. Nam 1396, ong ch::} sua lai
ché d thi cir, cho dat thém trudmg thi viet chirva
toan. Thoi ndy, nha Ho khong nhing bat budc
chuong trinh thi toan ma con dp dung rong rai
toan hoc vao kinh té, san xuat: dung toan hﬁoc do
lai tﬁng s0 rudng dat toan quéc, lap thanh so sach
dién dija tirng 10, phu, chau, huyén.

Nim 1437, thang giéng ndm Pinh Ty do1 Vua Le
Thai Téng c6 thi toan, 690 ngudi trung cir dugce
bd céc chirc & cac nha mon. Tiép theo, vao céc
ndm 1475, 1477, 1483, 1507, 1572, 1722 t5 chic
cac ky thi chon Lai vién. Nam 1762 thang 5, nam
Nham Ngo doi Vua Lé Hién Tong 1a ky thi chon
Lai vién cudi cung co thi toan. Pac biét ky thi
nam 1507, thang chap nam Binh Dan, doi Vua Lé
Uy Muc t6 chirc thi Toan & san Pién Giang Vo c6
hon 3 van thi sinh, 1519 ngudi tring tuyén, trong
d6 Nguyén Tir Khwong 36 dau.

Chuwong trinh va tai liéu toan thoi xura

Khong c6 tai liéu nao cho chung ta biét chuong
trinh thi toan thoi Ly, thoi Tran ra sao, nhung &
thoi L€, chuong trinh thi toan dugc quy dinh nhu
sau:

Vé s6 hoc ¢ cac phép tinh: cOng, trir, nhan, chia
dugc dung ban tinh hodc thé (tru toan). Cac phép
chia binh phan (chia déu), sai phan (chia ty 1) kha
phirc tap, ¢ ca tap sb, vi du mot mau bang 10
sdo, 1 sao bang 15 thuéc. Ngoai ra thi sinh con
phai dung dén ca phép khai phuong (liy cin bac
hai).

Vé hinh hoc, chuong trinh gdm: tinh dién tich cac
hinh tu phuong dién (hinh vuong), truc dién (hinh
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chir nhdt), thé dién (hinh thang), khué dién (thang
can), td dien (tam gidc thuong), vién dién (hinh
ron), thuan dién (hai cung Up vao nhau), hinh
bau duc'(elip), mi dién (hinh duong may), ¢o dién
(hinh trong).

[ o

o

R
Trang Luong Luong Thé Vinh
y : Nguén: Internet
Co mot van dé chua rd 1a ngay xua nguoi ta tinh
dién tich cac hinh trong chuong trinh thi theo
cong thirc gi? Pa biét dung sb p1 chua va do chinh
xac dén mirc nao. Rat tiéc 1a khong c6 mot dé thi
hinh hoc nao dé c6 thé tham khao. Hon nita céc
cong trinh, céc sach toan khong dugc in an hoic
c6 cliing khong duoc lwu gilr can than, bai ban.
Mot nguoi Anh tén 1a Dampier, sau mot thoi gian
song tai Viét Nam trong bai viét Mt chuyén di
t6i Bac Ky nim 1688 (Voyage au Tonkin en
1688) in trong cuén Tap chi Ddng Dwong
(Revue Indochinoise) cO nhan xét: "Ngwoi Viét
Nam rat gioi s6 hoc, hinh hoc va thién van hoc" .
Ngay nay ching ta chi biét dén: Mot 1a Luong
Thé Vinh (1442 - 1496) , ngudi Vu Ban, Nam
Dinh, dd Trang Nguyén khoa thi nim Quy Mui
1463, doi Vua Lé Thanh Tong véi cuon Dai
thanh toan phép, nay con ban in thoi Vinh Thinh
(1705 - 1719). Pai thanh toian phap dugc dua
vao chuong trinh thi cu sudt 450 nam trong lich
sir gido duc Viét Nam. Sach day bang cuu
chuong, phép binh phuong, khai can bac hai, sai
phan, phin s, cich do bong tinh chiéu cao cua
cdy, hé thong do ludong duong thoi (tién, vai, thoc,
gao, ...), toan do dac dién tich rudong dat, tir hinh
vuong, hinh chir nhat, tam giac, hinh tron, hinh
vién phan, ... Hai la Vi Hiu (1437 — 1530),

nguoi lang M¢ Trach, Hai Duong; d6 Hoang
Giép (tirc Tién s7) cung khoa véi Lirong Thé Vinh,
véi cudn Lap thanh toan phap. Lap thanh to4n
phap bao gém nhirng kién thirc co ban vé hinh
hoc va s6 hoc, hudng dan cach do ludng ruéng dAt
theo cac don vi mau, sao cua nudc ta, tinh toan
cac cong trinh xay dung, kién trac, dao dip kénh
muong, dé diéu, ... Mot s0 cudn séch khac vé toan
ngay xua phai ké dén 1a cuon Ciru chwong lap
thanh tinh phap cua ong Nguyén Hitu Chung,
trude thai Vinh Thinh (1705 - 1719 ). Ong Phan
Huy Khuéng, tu 1a La Pho (nguoi lam vuon gia),
ngudi lang Pong Ngac, huyen Tu Liém, Ha NOi;
sinh vao thoi Lé Mat, soan sach Chi minh lap
thanh todn phap dé day con chéu trong nha di
thi chon Lai vién.

Toan hoc 14 mét trong nhitng khoa hoc cO nhat
cua loai ngudi. Nhung chua bao gio toan hoc phat
trién manh mé va c6 nhiéu (rng dung sau sic nhu
ngay nay, Xxam nhap vao hau hét cac nganh khoa
hoc va 1a nén tang cua nhiéu I thuyét khoa hoc
quan trong. Toan hoc co vai tro rat to 16n trong
doi song thuong ngay nhung khong dé nhin thay.
N6 c6 mat trong cac thiét bi duge st dung rong rai
nhung thudng bi che lap béi cong nghé. Qua trinh
san xuat va doi song ngdy cang duoc tu dong hoa,
xa ho1 cang s dung nhiéu tri tué nhan tao thi vai
tro cua toan hoc ngay cang 16n. Toan hgc chinh la
cudc séng, toan hoc va cudc séng ludn di lién voi
nhau. Muc dich cua toan hoc la cai thién cugc
song, nhu cau cudc song 1a dong luc dé toan hoc
phat trién.

TAI LIEU THAM KHAO

1) Bai viét Thi Toan doi xwa cua GS. Hoang Xuan
Hin ding trén bao Khoa Hoc s6 13, 14 (thang 1, 2
nam 1943, trang 207- 215), in lai trong La Son Yen
Ho Hoang Xudn Han, Nha xuat ban Giao duc, 1998.

2) Sy phat trién giao duc va ché do thi cir o Viét

Nam thoi phong kién, Nguyén Tién Cuong. Nha

xuat ban Gido duc, 1998.

3) Bai viét Tuyén chon va sir dung quan lai 6 nudc
ta thoi ky trung dai - TS. P6 Minh Cuong, Vién
Khoa hoc To chirc Nha nude.
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Muc ti€u chung cua gido duc pho thong 2018 va
bo mon Toan noi riéng la gitp hoc sinh phat trién
toan dién vé dao dirc, tri tug, thé chat, thim my va
cac k¥ nang co ban, phat trién nang lyc ca nhan,
tinh nang ddng va sang tao, hinh thanh nhan cach
con nguo1 Viét Nam x@ hdi chu nghia...,

Chuong trinh gido duc phd thong mén Toan
(2018) xac dinh nang II,IC tur duy va lap ludn toan
hoc la mot trong nhurng yeu t6 cbt 16i cua nang luc
toan hoc vadi yéu cau: “Thuc hién duoc twong doi
thanh thao cac ﬂ{aﬂ tac tw duy, dac biét phat hién
duoc sy twong dong va khac biét trong nhitng tinh
huong tuwong doi phiee tap va li giai duoc két qua
cua viéc quan sat; Su dung duoc cdac phwong
phap lap luan, quy nap va suy dién dé nhin ra
nhitng cach thirc khdc nhau trong viéc gidai quyét
van dé; Néu va tra loi dwoc cau héi khi lap ludn,
gidi quyét van de. Giai thich, chimg minh, diéu
chinh dwoc giai phap thuc hién vé phwong dién
toan hoc”

Trong chuong trinh mén Toan trung hoc pho
thong, Hinh hoc khong gian (HHKG) dong mét
vai tro quan trong. N6 thuong xuat hién la cau kho
trong dé thi hoc sinh gioi, cling nhu nhirng ciu
van dung, van dung cao trong dé thi tot nghi€p
THPT. Khéng nhimng thé ma day la chu dé da
dang vé dang toan hay, co6 nhiéu cach giai. Pac
biét nhi€u bai todan HHKG giai bang cach p dung
kién thirc vecto thé hién 16 su wu diém va doc dao.

Khai thac (tng dung cua vecto trong khong gian dé
giai toan la mét cach nghién ciru giai bai tap hinh
hoc bﬁng phuong phép vecto 1a su tong hop, phé-i
hop nhip nhang cac nang luc tri tué nhu: quan sat,
ghi nh¢, 6¢ tuong tuong va chi yéu 1a ning lyuc tu
duy ma dac trung la nang luc tu duy doc lap, linh
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hoat, sang tao van dung nhu'ng hiéu blet da hoc
dé giai quyét van dé duoc dit ra mot cach tot nhat.
Gop phan phat trién ning lyc tw duy va 1ap luan
toan hoc cho HS.

Ching ta khai thac mot sb bién phap su pham gop
phéan phat trién nang lyc tu duy va lap luan toan

hoc cho hoc sinh trung hoc pho thong thong qua
khai thac (mg dung cua vecto trong khong gian

nhu sau

1. Cing c6 kién thirc lién quan va tiép can cac
dang toin hinh hoc khong gian bang phwong
phap vecto tir d6 hoan thién phuong phap giai
moi dang

Vi khuén kho cua bao c6 gidi han trang viét nén
chiing t6i khong chi tiét cac kién thirc co ban cua
vecto. Song ngudi gido vién (GV) trude khi khai
thac phuong phép vecto dé giai toan thi hé thong
lai cac kién thirc vé vecto va yéu cau HS vé so do6
tw duy dé khac sau Iy thuyét.

1.1. Phuwong phdp chung dé gidi cdc bai toan
hinh hoc khong gian bing phwong phap vecto

Budce 1. Chon 3 vecto khong dong phing lam co
SO.

Budre 2. Biéu dién céc vecto can tinh toan theo hé
3 vecto co s0.

Buéc 3. Dua vao hé thic biéu dién ¢ trén ta tim
mdi quan hé giira cic vecto cAn xét.

Sau diy ching to6i xin dua ra mot sO bai toan
HHKG giai bang phuong phap vecto.

1.2. Pinh hwéng giap hoc sinh tim toi loi giai
bai todn hinh hgoc khéng gian bing phwong
phap vecto

Bai toan 1. Ching minh 3 diém A, B, C phén
biét thang hang.




Phwong phap giai.

Cach 1. Ta
(k=0,k=1) (1)

S " e S —,

chimg minh AB=kAC,
Pé nhan dugc (1), ta c6 thé tinh vecto AR va
AC thong qua ﬁmi;‘rt to hop vecto trung gian.
Cdch 2. V6i diém O bat ki, ta co:

AB =k AC < OB - O4 = k(OC - 0A)

(— 5§=(l—k)52+k55‘.
Nhu vady 4, B, C thing hang
< Im,neR:0B = mO4 + nE)TL‘,VO,(m +n=1).

Bai toan 2. Chirng minh ba vecto dong phing
Phwong phap giai.

Cho a va b khong cing phuong. Khi d6 2.5, ¢
dong phing < Im,neR:c=ma+nb (voim, n
xac dinh duy nhét).

Bai toan 3. Chirng minh hai duwdng thing song
song

Phwong phap giai.

Cho hai duong thiang phan biét AB va CD. Khi dé:
AB //CD < AB = kCD.

Bai toan 4. Chirng minh dwong thing song

song véi mit phiang

Phwong phap giai.
Cho hai vecto a,b khong cung phuong thudc mit
phang (P), AB khong thude (P). Khi do:

AB //(P) < AB = xa+ yb (x, y duy nhat).
Bai toan 5. Chimg minh hai mit phing song
song
Phwong phap giai.
Cho hai mit phing phén biét (4BC) va (MNP).
Khi d6: (4BC)// (MNP)
' AB = xMN + yMP

SIxyx . me€R: 9 = b
it 4 AC =x,MN + y MP

Bai toian 6. Chimg minh hai dwong thiing

vudng goc

Phwong phap giai. '
Cho hai duong thing phan biét a va b. Dé chimg

minh duong thing @ vudng goc véi duong thing
b ta c6 quy trinh nhu sau:
Bude 1: Chon bd vecto co so, trén dudmg thang a

va b chon hai vecto 4B,CD.

Budc 2: Bibu thi hai vecto trén theo bo vecto co

SO.

r
-~

Bude 3: Xét tich vO hudéng AB.CD, néu

AB.CD =0 thikétluan AB LCD.
Bai toan 7. Chirng minh duong thing vuéng
géc véi mit phing
Phuwong phap giai. | |
Cho dudng thing @ va mat phang (4BC). bé
ching minh duong thiang a vudng goc vGi mit
phing (4BC) ta c6 quy trinh nhur sau:
Bude 1: Chon bd ba vecto co s, trén duong thang a
ta chon ra mot vecto MN.
Bude 2: Biéu thi ba vecto AB, CD,MN theo bd
ba vecto co s0.

Buée 3: Xét tich vo huéng cia MN véi AB va

"ABMN =0
CD.MN =0

CD , néu- thi a L (4BC).

Bai toan 8. Tinh goc gitra hai vecto

Phwong phap giai.
Goéc @ gita hai vecto AB va CD duoc tinh
theo cong thirc: cos@ = L .

|4B|.|CD|

Bai toan 9. Tinh géc giira hai dwong thing
Phuwong phap gidi.
Goc ¢ giwa hai duong rhﬁng AB va CD duwoc

tinh theo cong thurc:

\AB.CD[
‘AB|.IC‘D‘ |

cos@ = |cos(A4B, CD)I =

Bai toan 10. Tinh goc giira dwong thing va mat
phang

Phuwong phap giai.

Pé tinh goc gilta dudong thing MA va (ABC) ta
thuc hién nhu sau:
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M

bat M=mjA§=E,ATé-_-B, goi N la hinh
chiéu cia M trén (4BC). Khi dé:

MN = AN - 4AM =xa + yb—-m.
(xa+ yb—m)a=0

Do MN L (ABC) nén <" _ ~_ _° .
(xa+ yb—m)b=0

Néu xa+yb#0 (tic1a N # A) thi goc gitra AM
va (ABC) bing goc gitra m va xa+ yb, con
xa+yb=0 thi AM 1 (4BC).

Bai toan 11. Tinh goc gitra hai mit phing
Phuong phap giai.

Goi m , n lan luot 1a hai vecto vuong goc voi hai

mit phang (P), (Q). Khi d6 géc « giira hai mat
phang (P) va (Q) dugc tinh theo cong thirc:

~+
i

Bai toan 12. Tinh khoang cach giira hai diém

COSx =

Phwong phap giai.
Khoang cach giita hai diém 4 va B la:

AB=|4B|=V4B".
Bai toan 13. Tinh khoang cach tir mét diém dén
mot duong thiang
Phuwong phap giai.
Cho diém M va duong thing A c6 vecto chi
phuong a, diém A thudc A . Tinh khoang céch

tr M dén A. Dit AM =m, goi N 1a hinh chiéu

cia M 1én A. Khi dé: MN = AN —AM =xa—m

va WLE@(xE-E)E:o.

Khoang cach can tim: IWI = \/(.xa - E)Z.

Bai toan 14. Tinh khosng cich tir mt diém dén
mot mét phing

Phwong phap giai.

Cho mp(ABC), diém M khong thuoc (ABC). Tinh
khoang cach tir M dén (ABC).
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Pit AM =m,AB=a,AC=b, goi N Ia hinh
chiéu cua M trén (4BC).

Khi do: W:Zﬁ—m=x5+y5—?ﬁ.

Do MN L (ABC) nén
r(x&+y5—£)5 =0:>
h(x.:; + yE— E)S =0
Khi biét x,y ta tim dugc khoang cach tr M dén

Xy Y.

<

i - 2
(ABC) bang \/(xa+yb-—m) .
Bai toan 15. Tinh khoang cach gitra hai duong
thang chéo nhau

Phwong phap giai.
Cho hai duong thing chéo nhau d, va d,, d, va

c6 vecto chi phuong a,, d,co vecto chi phuong
a, . Goi PP,1a doan vudng goc chung cua d, va
d, (P €d, P, €d,), khido:

FP; = xa_l' +m+ yg , VOI m 1a vecto trung gian.
RPa,=0

: = x, y . Khoang cach cin tim:
AP.a, =0

Do <

BB =\(xa, +m+ya,)’.

2. Rén luyén cac thao tac tuw duy cho hoc sinh
thong qua giai toan hinh hoc khong gian biing
phuong phap vecto

Trong qua trinh day hoc, viéc réen luyén cac thao
tac tu duy cho hoc sinh s€ rén luyén cho HS tinh
chiu kho, kién tri, tinh mém déo, nhuin nhuyén,
doc déo, sang tao cua tu duy. Qua d6 HS sé ngay
mdt yéu thich mén Toén hon, dic biét gép phan
phat trién cho hoc sinh ning luc tu duy va 1ap luén
toan hoc.

2.1. Khai thiac phuong phap vecto dé gidi cac
bai toan hinh hoc khéng gian thuan tdy

Thi du 1 (Chimg minh 3 diém thang hang). Cho
wr dien ABCD, cac diem M, N lan lwot la trung
diem cua AB va CD. Goi O la trung diem cua
doan thang MN, diém A' la trong tam cua tam
giac BCD. Chung minh ba diem O, A. A’ thang

hang.



e —

Loi giai.

Chonhé cosé: AB=a, AC=b, AD=c.

Ta co: H=%(AB+ AC+AD)=-§(”+E+E);

E=%(AM+AN) =%BE+%(B+E)]
=§(*+z;+z-).
Vay H:%E nén ba diém O, A, A' thing

hang.

Nhan xét. St dung phuong phéap vecto giai dang
toan ching minh 3 diém thing hang trong khong
gian thé hién 1o sy hiéu qua, nhiéu bai toan 10i
giai rat doc dao va sang tao. Trong bai toan trén
néu ta thay ddi chut it gia thiét hay két luan cua
bai toan dé c6 bai toan twong tu thi chac han sé 1a
kho véi cac phuong phap ngoai vecto, cu thé ta cd
thé dua ra cac bai toan nhu sau véi cach ching
minh tuong tu:

+ Thay d6i yéu cau bai toan thanh tim diéu kién
dé ba diém thang hang.

Bai toan 1.1. Cho tir dién ABCD, cdc diém M, N
lan luot la trung diém cua AB va CD. Piém A' la
trong tam cua tam giac BCD. Xac dinh vi tri cua
diém O trén doan thang MN dé ba diém O, A, A’
thang hang.

+ Thay d6i yéu cau bai toan thanh tinh ty 1 cua
hai doan thang.

Bai toan 1.2. Cho tir dién ABCD, cac diém M, N
lan luot la trung diém cua AB va CD. Goi O la
trung diém ciia doan thang MN, diem A' la trong

tam cua tam giac BCD. Tinh ty 56 g%

Chii y. Diém O trong thi du I chinh la trong tam
cua tir dien ABCD. Dady la mét cach dé xdc dinh
trong tam cua tw dién.

Bai toan twong tu v&i su mo& rong nhu thay doi vi
tri ctia diém M va N.

Bai toan 1.3. Cho tir dién ABCD, M va N la cac
diem lan lwot thuéc AB va CD sao cho

—ly

MA =-MB, ND=-NC. Goi 1,J,K lan luot la
trung diém cua AD,MN,BC. Chitng minh ba
diem 1,J,K rhﬁng hang.

Bai to4n 1.4. Cho tir dién ABCD. Goi M, N lan
lwot la cdc diém thuéc AB, CD théa man
m=—2ﬁ§,ﬁ5=—2N_C". Cac diém 1.J,K lan
AD,MN,BC sao cho

Lot thuoc

IA=kID, JM =kJN, KB=kKC. Chitng minh
ba diém I1,J,K thang hang.

Thi du 2 (Ching minh hai dwong thing song
song). Cho hinh lang tru tam giac ABC.A'B'C".
Goi G va G’ dan heot la trong tam cua tam giac
ABC va A'B'C'. Goi I la giao diém cua hai
duwong thang AB' va A'B. Chirng minh rang
Gl 1CG'.

Loi giai.

Goi E, F lan lugt 1a
trung diém cua 4B,
A'B’'.

Chon hé vecto co s&
A'A=a,A'B'=b,

A'C'=c.
Ta biéu thi dugc nhu
san CO's g+ oBhre (1);
3 @3
7:1[-}} +1E—-EE] (2)
2 3

Tu (1) va (2), ta co dugc:

— 1=

GI -ECG':> Gl //ICG".
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RO rang l‘ﬁﬂg phuong phap vecto thé hién sy hiéu
qua va doc dao. Diéu nay cang rd hon néu ta thay
d6i mot s dir kién ciia bai toan nay vi du nhu sau:
+ Thay d6i yéu ciu bai toan thanh tim didu kién
dé hai duomg thang song song. Ta c6 bai todn sau:
Bai toan 2.1. Cho hinh lang tru tam gidc
ABC.A'B'C'. Goi G' trong tam cua tam giac
A'B'C" va I la giao diém cia hai duong thang
AB' va A'B. Goi E la trung diém cuia AB. Tim
vi tri cia diém G trén CE dé GI | /CG' .
+ Thay d6i yéu cau bai toan thanh tinh ty 1& doan
cua hai doan thing. Ta c6 bai toan sau:
Bai toan 2.2. Cho hinh lang tru tam gidc
ABC.A'B'C'. Goi G va G' lan lugt la trong
tam cua tam giac ABC va A'B'C'. Goi I la
giao diém cua hai duong rha;ng AB' va A'B.
A |
Tinh ty 50 Tk
Bang cach tu duy va 1ap luin twong tu nhu trén, ta
c6 thé tao ra nhiéu bai todn méi cho hoc sinh. Tir
do giup cac em phat huy dugc kha nang tu duy, 6c
sang tao, tao dugc hing thu trong hoc toan va giai
toan.
Thi du 3 (chimg minh dwong thing va mit
phing song song). Cho  hinh  hop
ABCD.AB,C,D,. Gia sie M, N lan lugt la trung

diém cdc canh AA,B,C, Chimg minh rang .

MN //(DAC,) .
Loi gidi.
B, N C,
A4 eyt D,
M B‘ __________ 2
4 -

—  e——— —_

Chon hé vecto co so: DA =a,DC =c,DD, =b.

Ta co: MN //(DAC,) < 3x,y :MN =xDC, + yDA4,.

Bién d6i vecto ta tim duoc: x =1,y = —% . Suy ra:
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MN = DC, —%E{_ Do d6 MN //(DA,C,).

Gido vién c6 thé thay dbi cach phat biéu bai toan
hay thay di mot so dir kién cua bai toan d6 s& tao
ra mot s bai toan twong tu ma phuong phap vécto
thé hién rd sy toi uu, hiéu qua trong viéc tim loi
giai. Cu thé nhu sau:

+ Thay déi yéu cau bai toan thanh chirng minh ba
vecto dong phing.

Bai toan 3.1. Cho hinh hop ABCD.AB,CD,. Gia
st M. N lin luot la trung diém cdc canh
AA,BC,. Chimg minh ring MN,DC,,DA, dong
phdng. : { 1
Hudng din gidi. Nhu viy ta can tim hai s6 x, y dé

MN =xDC, + yD4, . Véi 10 giai nhu thi du 3 ta

 [— 1
co: W=DC] —EDA : (-1'=1,_}’="§')-

Bai toan 3.2. Cho hinh hép ABCD.A'B'C'D'. Goi
M N lin lwot la cdc diém théa man

m=_%m NA'=-—§N_“C,

Chieng  minh

MN //(BC'D).
Huwéng dan gigi. Chon hé vecto co s
BA=a,BB'=b,BC =c. Biéu thi MN,BD,BC'

c ), B s

qua a,b,c ta dugc MN=—§BD+§BC'. Suy ra

MN //(BC'D).

+ Thay dfﬁi dit kién dé tao ra bai toan chirmg minh
duong thang song song véi mit phiang c6 dinh.
Bai toan 3.3. Cho  hinh ldp phuong
ABCD.A'B'C'D' ¢6 canh bang a . Trén cdc duong
chéo BDva AD' ciia cac mat bén lan luot lay hai
diém thay déoi M va N sao cho DM = AN = x
(0<x<av2). Chimg minh ring khi dé dwong
rh&:ng MN luén song song véi mét mat phéng co
dinh.

Huong dan giai. Chon hé vecto co sO
AD=a,AB=b,AA =c. Ta cb:



AN MD  x

AD' BD ap ©

Suy ra: AN =kAD' ,MD = kBD.

Ta tinh dugc MN =(2k —1)AD + kBA'.

Suyra MN // (BCD'A’) ¢6 dinh.

+ Thay ddi yéu cau bai toan thanh tim didu kién
dé dé duong thﬁng song song voi mat phﬁng.

Bai toan 3.4. Cho tir dién ABCD va cdc diém
M.N dwoc xdc dinh béi AM =24B-34B.

DN =DB+xDC. Tim x dé cac duong thang
AD,BC,MN cuing song song voi mét mdt phang.
Bai toan 3.5. Cho tir dién ABCD va cdc diém
M.N xdc dinh béi MA=xMC, NB=yND
(x,y#1). Tim dieu kién gita xva y dé ba
duwong thang AB,CD,MN ciing song song voi mot
mat phang.

+ Sir dung diéu kién duong thang song song vdi
mat phing dé tinh ti s6 do dai cua doan thang.

Bai toan 3.6. Cho lang tru tam giac ABC.A'B'C’.
Goi I,M lan heot la trung diém cia AC,B'C'. G
la trong tam ur dién AIB'A’, P doi ximg véi I
qua C, K thuoc IM sao cho GK //(BMP). Tinh
IK
v

Loi gidi.

— —— i EE—

Chon hé vecto coso: A'B'=a,A'A=b,A’

~
Il
s

Ta co: W=——;—E—ZB+5, ;9_13=—;1—3E+35,

GK=A'K—A_‘5;
T=1(ﬁ+ A'A+A'I)=l(*+5+;:).
4 4
Dat % — a = IK = aIM. Ta tinh duoc:

a-p — —
A'K =—a—-ab+c;

— (a 1)~ 1)- 3-
GK =| ——— |a—| a+— [b+=c.
(2 ;J [ 4] :

Vi GK //(BMP) nén

@i x

T RR T
N N S e 1
GK=xBM+yBP=>*—a'—E=—ZI"-3y

3

—=x+3y

4

2x+4y+2a =1

8x+12y —da =1 & x=—§,y=-§,a’=—.
4x+12y =3

Qua bai todn 3.6 ta thay rang viéc giai bai toan
ndy theo phuong phap HHKG thuan tiy s& gip
nhiéu khé khin thdm chi that bai vi hoc sinh
khong thé vé& dwgc hinh. Do d6 viéc chon lya
phuong phap vecto dé giai bai toan nay 1a hop 1i,
hiéu qua.

F

e

Thi du 4 (Tinh khoang ciach giira hai duwong
thing chéo nhau).
Cho hinh chop S.ABCD co day la hinh vuong
canh a, SA vuong goc voi (ABCD), SC tao voi
day mot goc 45°. Tinh theo a khodng cdch giira
hai duong thang AC va SB.

(Trich dé thi THPT Qudc gia 2015)
Loi giai.
Chon hé vecto co so:
77 ot 7 1 7 1
Khi do:
ab=bc=ca=0
o] =[5 = ae| = avZ
Goi MN 1a doan vudng [
goc chung cua SB va AC 8
(M € SB, N € AC). Biéu thi vecto MN,AC,SB
qua cac vecto co s& va sir dung diéu kién

.

MN.AC =0 ! 11 5T Bl i
4 ta tim dugc: MN=—a—-—=b+—c¢
MN.SB =0 5. #GEe §
2
:MN=\/[—%E—EE+1'&] =”m.vay
5 5 5 5
, TOAN HOC
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khoang céch gilta hai dudng thing AC va SB la
av10

=
Nhdn xét. Bai toan nay van giai dugc bang
phuong phdp HHKG thuén tuy. Song véi phuong
phap nay HS ¢6 thém mét cach nhin bai toan &
goc nhin khdc ma 16i giai rat ty nhién va doc dao.

—
—

Thi du 5 (Ching minh hai mit phing song

song). Cho lang tru tam giac ABC.A'B'C'. Goi
M .N lan luot la trung diem cua 44'.CC' va G

A'B'C'

la trong tam cua tam giac

(MGC") l/(AB'N)..

. Chirng minh

Lo giai,

Chon hé vecto co so
AA'=a,AB=b,AC=c.
Ta tinh duoc:

Suy ra MG,AB'\AN
dong phing. Ma G ¢ (4B'N)suy ra:

MG //(AB'N) (1).
Tuong tu MC'// (AB'N) (2).
Tu (1) va (2) suyra (MGC")//(AB'N).
Thi du 6 (Chirng minh hai dwong thiang vudng
g0¢). Cho hinh lap phuong ABCD.A'B'C'D' co
canh bang a. Tréen DC va BB' lay cac diém
M,N sao cho DM =BN =x (0<x<a). Chung
minh rang AC' L MN.
Loi giai. Chon h¢

By
vecto co so:
—— — --"- : - M
AB =a, 2
AA' —3 b, ,E’E -------- ] -‘::::’ i
AD=c 5 L D’
Ta ¢co:

AC“MN=(E+B+E). @l)aﬁs o
d d

sa: 555 (9-2023)

(l—i]a +2a*—a* =0.
a a

Suy ra AC'L MN hay AC' L MN.

Thi du 7 (Chirng minh duong thiing vudng goc

voi mat phang).
Cho hinh hép ABCD.AB,C,\D, ¢6 cac mat la cac
hinh thoi h.:’hzg nhau. Cac goc phang cua goc tam

dién dinh A bang nhau. Chung minh rang:

AC L (ABD)).
Loéi gidi.
D, C
AIA B'.."
i pe- g
e B

|

Chon hé vecto co so: 4,A=a, a,AB, =b, A,D, =c.
Goi m 13 do dai canh hinh hop. Ta dé dang tinh
duoc:

AC.AB =(a+b+c)(b-a)=0=> AC L 4B, (1);
AC.AD, =(a+b+c)(c-a)=0= 4C L 4D, (2).

T (1) va(2)suyra 4C L (4ABD,).

Thi du 8 (Tinh géc giira hai dwong thing).

Cho hinh chop S.ABC co
SA=SB=SC=AB=a,BC=CA=a2  Tinh
cosin cua goc gitra hai duong thang SA va BC.
Loi giai.

Dung bd 3 vecto co so:
SA,SB,SC, thi d& xac
dinh dugc goc gitra cac

vecto nay nén ta tinh
duoc
hudng:

cac tich vo

2

s "‘? SB.SC = SA.5C = 0.

SA.SB = a* .cos60°



SABC|
SA.BC

Suy ra: cos(84, BC) =|cos(S4,BC) |=—

2

5 ‘SA.(SC—E')[ ) 52*

1
a.a\?2 dazﬁ dn
Thi du 9 (Goc gira duong thing va mat
phiang).
Cho hinh lap phiong

ABCD.A'B'C'D' canh
' va BC' lay cac diem M

va N twong ung sao cho AM =x, BN =Y.

bang a. Trén canh AB
Tim x

va y de goc gitra MN va (ABCD) hﬁng 45",

Loi gidi.
BJ‘
D
Dit AB=a, AD

5 MN =—AM + AB + BN
X Yy = [y—x\)=
=|1- ——b+ C.
( aﬁ) \/_ [aﬁ]

MN tao véi (ABCD) goc bang 45° thi goc giira
MN va AA' biang 45°, tirc 1a:

cos45° = cos(MN,AA')'
1 ly—x|a’
<~ - .
V2 a\/(aﬁ—— a+ya ‘+(y-x ) a’

th:‘mg mat tinh tong quat ta chon a =1. Khi d6:
ly - 5]

\/_ \/ -x +y +(y- x)
o (x-y) =(J§-x) +y* (1). Ta co:

(1) & xp =/2x - 1:-0=>J_:>x:=-*/_\/§:=-yzo

Ap dung bat diang thirc Bunyaknvsky ta co:
(V2 -x+y) <[ (J2-x) + )7 |@ +1).
Két hop vai (1) ta dugc:

[V2-(x-y)] <2(x-»)

=(x-y) +2J2(x-y)-220= x—yé-—Z—ﬁ-
| X =y — V2
V2-x=y (x=1
x—y=2—\/§@1y=\5—l'
Thi du 10 (Tinh khodng cach giira hai diém).
Cho hinh lap phwong ABCD.A'B'C'D' ¢6 cac
canh bang a. Mot mat phang di qua D' song song
voi DA' va AB',
Tinh d¢ dai doan thang D'M .

DAu “=" xay ra khi {

cat dwong thang BC'tai M.

Loi giai,
Dat: EAT'=E; . v
IB=B; -"C’
. e ) T
b= . B
Ta co: D" C

Thi du 11 (Tinh khodng cach tir mét diém dén
mot duwong thiang).
Cho hinh chop S.ABCD co day la hinh vuong

canh a, SA vuong goc voi (ABCD), SC tao voi

day mot goc 45°. Goi O la tam cua hinh vuong
ABCD. Tinh khoang cach tir O dén dwong thang
SB theo a.

Loi giai.

Chon hé vecto co s0:
AD=a: 4B =584 =¢.
Khi do:

[ ol

ab=bc=ca=0
i pl-ai=es%

Goi H 1a hinh chiéu vudéng goc cua O trén SB.

Gia st SH = xSB. Suy ra: O_'H-———%E+§-E-—‘}E

o

Vay khoang cach tr O dén SB la:

2
OH=J(—%E+;B—1_) g “‘/E.

6 6

(Ky sau dang tiep)
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Léi fwa. Bét ding thirc von 1a mt kho tang 4n
chira nhimg diéu bi 4n doi vdi cac ban yéu toan.
H6m nay, chiing t6i muon chia sé cing ban doc
mét cach tiép can bai toan bat ding thirc véi didu
kién abc = 1, m{t hudng giali ma chung téi thay
kha thu vi.

% BAN DOC

Trong bai viét nay, ching t6i s& str dung két qua

cua 2 bai toan sau:

Bai toan 1. Voi abc = 1 va a, b, ¢ > 0. Chirng
minh r.:i"'ng:
] 1 |
+ + =]
ab+a+1 bc+b+1 ca+c+1
] I ]

b + + =1.
)ab+b+l

bc+c+1 ca+a+]

Chirng minh.
a) Vi abc = 1 nén ta co:
1 1 |
+ +
ab+a+1 be+b+1 ca+c+1
1 a ab

= - +
ab+a+1 abc+ab+a ab.ca+abc+ab

1 a B ab
ab+a+1 ab+a+1

ab+a+1
_l+a+ab
ab+a+1
b) 1 " 1 : |
ab+b+1 bc+c+1 ca+a+l
T 1 o ab 2 b
ab+b+1 ab’c+abc+ab cab+ab+b
1 ab b
o -|-. +
ab+b+1 ab+b+1 ab+b+1
l+b+ab

:ab+b+l

A

=1.

=1.

T?ﬁ?—'uggce S4 555 (9-2023)

VALNET T ur.mm'm@

1 1
1 “ 12 : =t |
ﬂl -+ HZ + e T ﬂﬂ n ﬂl az an

Dau “="xdyra< q, =a, =

Chirng minh.
Ap dung bat dang thirc Cauchy vOi n sO duong ta

, 1 1 1 Lo L
cO: —+—+...+—2nn >
al HZ an ﬂl 'HE'“‘an

ﬂl + az + --|+ aﬂ‘ 2 ndalﬂz'-'aﬂ'
R

I, 1
:>[—+—+...+—— (a, +a, +...+a,)
qQ a4 a, )
1 2
2 Np .n{falaz...aﬂ =n
\'a.a;....a,
| 1 n’

B
+
t
A
V

a, a, an“a,+a2+...+an
1 I |
— S—| —+—+..+— | (dpcm).
a+a,+.+a, n"\a a, a,

Sau diy 1a mot sd bai toan ap dung.

Bai toan ap dung so 1.

. Chung minh rang:

[ | 1
a) + + =]
Vab+Va+1 \bc+Vb+1 Jea+e+1
by ——doaTan o e OB el
2a+b+3 2b+c+3 2c+a+3 2

Laoi gidi. a) Pit a=x*b=y* c=2" (x,y,z>0),

Voia, b, ¢ > 0, va abc =

x*y*z> =1= xyz =1.Bai toan tro thanh:
Voi xyz=1va x,y,z >0 chitng minh rang:
I ]
+ + ! =1
xy+x+1l yz+y+1 zx+z+1

Ap dung bai toén 1, ta ¢6 diéu phai chimg minh.

ta co:




b) Ap dung bt dang thic Cauchy ta co:
a+b>2\ab; a+1>2Ja
:>a+b+a+122\/:E+2\/E
=2a+b+1>2Jab +2Ja

:>2a+b+322\/a‘b+2~/5+2
1 |

2a+b+3£2(@+\/;+1)‘

Ching minh tuong ty ta cé:
1 1

2&""?'('1"1‘352(\/5_]_\/54..1)EF
1 1
2c+a+3 52(\/5-'_\/;_}_1)_

Do do ta co:
1 1 1
+ -
2a+b+3 2b+c+3 2c+a+3

o

1 1 | 1
+ + :
Q{JE+\/;+1 Jbe +b +1 J;:E+\/E+1]

Ap dung cau a ta c6 diéu phai ching minh.

<

Nhén xét 1. Ching minh tuong tu nhu trén va dya
vao két qua cua bai toan 1 ta ciing chimg minh
duoc:

| 1 1
1 + + =].
i etk orlea

1 1 AP

+ + ===
a+2b+3 b+2c+3 c+2a+3 2

Néu sb "3" trong bat dang thirc
1 1 1
2a+1b+3 +2b+c+3 E 2c+a+3 52
khong xuat hién ma la con so khéc thi phai lam
sao nhi? Chung ta cung dén vdi bai toan ap dung
s6 2 nhé:

. r ’ A
Bai todn ap dung so 2.
Véia. b. ¢ > 0 va abe = 1. Chirng minh rang:
l l I 3

+ + <
2a+b+4

2b+c+4
Léi gigi. Ap dung bai toan 2 ta co:

2c+a+4 7

.Do do ta co:

1 6 6

2a+b+4:6(23+b+4) 6(2a+b+3)+6
B 6
_(2a+b+3)+...+(2a+b+3)+6

5..?- 1 .6+—1-).
72\ 2a+b+3 6
1 {62 1 1
< —. g
Ya+b+4 T° 2a+b+3F 7?
Chirng minh tuong tu ta co:
2
e e s 2
b+c+4 7° 2b+c+3 7
2
TP e S,
2c+a+4 7 2c+a+3 7

Do do ta co
1 1 |

+ +
2a+b+4 2b+c+4 2c+a+4

62[ 1 1 1 ] 3
< 5 + o ==
7°\2a+b+3 2b+c+3 2c+a+3) 7

Dua vao cau b cua bai toan ap dung 1, ta c6 diéu

phai chirng minh.

Vay néu nhu khong c6 hang sé tur do nao dudi
& vé trdi  bat ding  thirc

1 1 | i 2 O

- - <— xuat hién,

2a+b+3 2b+c+3 2c+a+3

thi ta nén 1am nhu thé nao! ching ta cing dén véi

bai to4n ap dung s6 3 nhé:

X
mau

\ ’ ’ A
Bai toan ap dung so 3.
Voia, b, ¢ > 0, va abc = 1. Chirng minh rang:

I 1 I I
+ + 5

3a+2b+c 3b+2c+a 3c+2a+b 2

Loi gigi. Ap dung bat déng thirc Cauchy cho 3 s6
duong ta co:

a+b+c>3abc =>a+b+c>3
=>3a+2b+c=(2a+b)+(a+b+c)22a+b+3
= : < 1 :

3Ja+2b+c 2a+b+3
Chirng minh tuong tw va dya vao két qua cua bai
toan ap dung 1 ta c6 diéu phai chirng minh.

TOAN HOC
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Bai toan ap dung so 4.

ot a. b, = Ova abe = 1. Chung minh rang:

' 1
e = ~ + P iy ==
2a+50+2¢+9 2b+5¢+2a+9
1 R
-+ — B &
2¢c+5a+2b+9 6

e

Loi giai. Su dung bai toan 2 ta c6:

I 1

2a+5b+2c+9  (2a+b+3)+(2b+c+3)+(2b+c+3)

l[ 1 1 1

< + +
9\2a+b+3 2b+c+3 2b+c+3)'
Do do ta co:

1 {l( L . 2
2a+5b+2c+9 9\2a+b+3 2b+c+3)
Chimg minh twong tw va dwa vao két qua cua bai

toan ap dung 1 ta c6 diéu phai chirng minh.

Pé cho bai toan nhin "phirc tap" hon mét chut,
ching ta s& cho thir cac dau cin vao & bai toan sb
5 sau.

Bai to4n ap dung so 5.
Vaia, b, ¢ > 0, va abc = 1. Chirng minh rang:
I l I
o + - <1
Via+4b+2¢c 3b+4c+2a ~3c+4da+2b
Laoi gigi. Ap dung bat ding thirc Cauchy ta co:
1 1 1
=3.—.
V3a+4b+2¢ 3 J3a+4b+2c
< 3-1——(—1— + 1 ]
2\9 3a+4b+2c
I 2 19 343 1

= S—4— :
J3a+4b+2c 6 2 3a+4b+2c

Talaicé: a+b+c>33Jabe
=3a+4b+2c=(a+2b)+2(a+b+c)
>2a+2b+6
1 1
- < ;
3a+4b+2¢c a+2b+6
Ap dung bai toan 2 ta co:

TOAN HOC |
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l B ¥
a+2b+6 2(a+2b+3)+6
, 1
“(a+2b+3)+(a+2b+3)+6

a1 L)
O\a+2b+3 a+2b+3 6

1 4 1 1
— < —, + :
a+2b+6 9 a+2b+3 27
Do d6 ta co:

I A28 4 L1
Sa+ab+2c 6 2\ 9(a+2b+3) 27

1 2 1 2

<

> <-—. +
Ja+4b+2c 3 a+2b+3 9
Chirng minh twong tu va ap dung nhédn xét 1 ta cé
diéu phai chirng minh.

1 -~ % A JE L - .n. r r:-.
Sau day la mét so bai tap dé cac ban van dung

puigs -]
Véia, b, c >0 thoa man ab+bc+ca=—+—+—

a- b
chirng minh rang:
| 1
a) +
5a+4b+3c+12 5b+4c+3a+12
- : il.
S5c+4a+3b+12 8
] ] 1 1
b + 5 "
)a3+2b3+3 b3+263+3+c3+2&3+3 2
| |
C) +
(a+1)(b+3)+1 (b+1)(c+3)+1
- : 51.
(c+1)(a+3)+1 3
d)J : +J 1
Ta+10b+c+18 Tb+10c+a+18
+\/ | <L
Tc+10a+b+18 2

Cac ban thay cach " ty siang tac" bai toan méi cua
chiing t6i c6 6n khong? Mong cac ban ciing s€ tu

sang tao ra cho minh nhirng bai todn mdgi nhé!



TIENG ANH QUA CAC BAI TOAN
BAI SO 96

I]R{)l.}!l[:\l. fLﬂa"LH{E' all natuwral numbers n o that n.

¥ - -.1 — »
n + 2, and n + 4 qre prime numbers.

Solution: The number n must be odd since
otherwise n + 4 would be an even number which

1s greater than 2, and therefore could not be prime.

When » is odd, n, n + 2, and n + 4 are three
consecutive odd numbers. Thus one of them must

be a multiple of 3. But since they are all prime,

one of them must be 3. From this observation, we

can conclude that n = 3 is the only case.

TU VUNG
Prime number : 50 nguyen to

NGUYEN PHU HOANG LAN

(College of Science—Vietnam National University, Hanot)
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BAI TOAN 94. Dy day la bwc anh cua mot
bang chuyen. Po thi biéu dién khoang cach theo
thoi gian sau day cho thay s so sanh giita “di bo
trén bang chuyén” va “di bo trén mat dat canh

bang chuyén”.

Khoding cich tir lic bét
diu clia bang chuyén
* Ngwd & b trén
bang chuyén
Ngudi di b trén mat aat
-
Théi gian

Gia sir rang, trong do thi trén, toc do di bo cua ca
hai nguwoi la nhie nhau, hay thém mot duong thang
vao do thi dé biéu thi khoang cach theo thoi gian

cia mot nguwoi dang dirng yén trén bang chuyeén.
Luwu y: Bai todan nay dwgc suu tam tir Sample
Question from OECD s PISA Assessment.
(PISA: Chirong trinh danh gid hoc sinh Quoc té).

Duwong déan: Sample Question from OECD s PISA
Assessment | PISA | OECD iLibrary (oecd -

ilibrary.org).

Léi gidi. (Pay 1a hinh dugc suu tam tir tai nguyén
duoc dé cap ¢ trén).

Khoang cach tir kic bat

d3u ciia bang chuyén

i Ngurdi i bd trén
bing chuyén

Ngurii di b trén mat dst

ll’"-
-
-
-
.
L3
-

Ngudi drng yén trén bang
chuyén

—
Thoi gian

Tir @6 thi da cho, ta thiy toc do cua ngudi di bd
trén mit dat va tbc do nguoi di b trén bang
chuyén 1a khong doi va tdc d6 cua nguoi thir hai
nhé hon tdc d§ cua ngudi thir nhat mét chat. Do
d6 do thi biéu dién khoang céach theo thdi gian cua
mot ngudl dung yén trén bang chuyén la mot
duong thang nam dudi dudng cia ngudi di b trén
mat dat mot chat.
Nhégn xét. Ki nay ban Vo Hoang Minh Khoi,
10T1, THPT chuyén Nguyén Quang Diéu, Dong
Thap, Nguyén Quéc Hoang Anh, 8A, THCS Ly
Nhat Quang, D6 Luong, Nghé An c6 bai dich tot,
giri bai vé Toa soan sém. Xin hoan nghénh hai
ban.

HO HAI (Ha Néi)
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BAI TOAN 75. Cho tam giac ABC vuéng tai A,
duong cao AH, diem D doi xing véi A qua B.
Puong thang di qua A va vuong goc véi DH cit
BC o I. Chieng minh rang IH = |C.

Léi gigi. Cach 1. Goi K 13 trung didm cua AH ta
cO0 BK [/ DH = BK 1 AI. AABI ¢b6 BK | Al,

AH L BI suy ra K la tryc tam, do d6
IK 1L AB= IK /| AC. AdHC ¢6 K 1A trung diém
AHma IK [/ AC dan dén [l trung diém HC.

A

I
D C

Cich 2. Lay L @6i xtmg véi H qua B ta c6 AHDL
1a hinh binh hanh = L4 ) DH = LA 1 Al. Ap
dung hé thirc lugng vao cac tam giac vuéng ABC
va ALI, ta c6: HA> = HB.HC va HA* = HL.HI.
Suyra HL.HI = HB.HC . Do HL = 2HB dan dén:
2HB.HI = HB.HC = HC =2HI = IH = IC.

Cdach 3. Goi E 1a giao diém ctua DH va AI, AAED
vudng tai E ¢6 EB la trung tuyén Umg vdi canh
huyén nén BE = BD = BA .

BE BC

Suyra: BE* =BA* = BH.BC = — =
BH BE

= ABEH ~ ABCE (c.g.c).

TOAN HOC
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H
/|

D ¢
=>bﬁ=fﬁzﬁ (1). Ta co: CAI = HDB
(cung phu vo1 E’Z&B) (2). Tur (1) va (2) suy ra:

ECI = CAI = AEIC ~ ACIA (g.g)

SIC_ A o= 1E14 3)
IE IC
Mait khac, AAHI vudng tai H c6 HE la duong cao
nén ap dung hé thirc lugng ta co:
IH?> =IEIA (4).
T (3) va (4) taco IH = IC.
Cich 4. Ta cb: BA* = BH.BC = BD* = BH.BC

BD BH
== A
BC BD
— ABDH ~ ABCD
— BDH = BCD. H
Ma BDH = CAI D

— BCD = CALI. Theo tinh chat goc ngoai cuia tam

giac thi AIH = ICA+ CAI =ICA+ BCD = ACD
HI - AC AC 1HC
HA AD 24B 2 HA
—>HC=2HI = IH =IC.
Cach 5. Qua [ ké
duong thing vudng
goc voi CH cit AC tai
K. Vi tor giac ABIK
tiép nén D

{

C

= AAHI ~ ADAC =

noi
——

@=M. Theo cach 3 ta co BCD=@. Do

46 BCD =KBI = KBC = BK [/ CD = KA =KC.
Tam giac AHC ¢6 K4 = KC va
KI || AH = IH = IC.
Cdch 6. Goi P 1a trung diém cua DH ta co:

HP PB 1 AH

APBH ~ AIEH ~ AIHA = — = o
ALY “HI 2 “HI

HD HA AE
A HI HE




i L e U e - -_

= HD.HE = AE.Al = AH* = HB.HC ().
Ta lai c6: HP.HE = HB.HI (2). Chia (1) cho (2)
HC - HD"

{ dll'ﬂC —_—a— =
a o ap 2::»HC 2HI = IH =1C.

C
Cich 7. Tacé: CAI = ADH (cung phu DAI )

ACB=BAH (cung  phu Im). Nén
AICA ~ AHAD (g.g).
AICA.Do IK va HB
la hai trung tuyén
tuong ung cua hai
tam giac dong dang
nén

CIK = AHB =90°. AHAC ¢6 AK = KC, KI /| AH
nén suy ra /H = IC.

Ké trung tuyén IK cua

Cach 8. Lay K d6i xtmg vdi 4 qua H ta ¢
DK | HK = ADKH ~ AAEH ~ AAHI
HD HK _HA_ HD _ 14

= — 1).
A IH IH HA IH ()
HD IA
2 ~ AHAD = =— (2
Mac khac, AICA 71 IC (2).
T (1) va (2) suy ra IH = IC.
A
B
D €
K
Cich 9. Liy K d6i xung véi A qua [ ta co
ik *Ig" I T
—_———=— 1.7 LAl e
DK fHI=r =g

1HE = HIE = AHD = HIK (2). Tir (1) va (2)
suy ra: AAHD ~ AHIK = HKI = ADH = CAI
— AHKI = ACAI (g.c.g) = IH = IC.

K
Cach 10. V& DJ /| BC (J € AC). AH, Al cit DJ

lan luot tai O, K.

ViDE 1 AK,AQ 1 DJ nén H la tryc tam A4BK
suyra HK 1 AD = HK // AC ; (1)

Do B la trung diém AD nén H, C lan luot 1 trung
diém AI, ma HK J/ AC dan dén K 1a trung diém
OJ. Két hop voi C la trung diém AJ suy ra
KC /) AH (2). T (1) va (2) suy ra AHKC la hinh
binh hanh. Theo tinh chat hinh binh hanh suy ra /

la trung diém HC.
A
B [ i
I \
D ) K J
VO MONG TRINH

(GV THCS Cat Minh, Phi: Cat, Binh Dinh)

Nhén xét. Ky nay cac ban: Nguyén Van Lam, Thai
Ba Nhan, 9A, THCS Ly Nhat Quang, Do Luong,
Nghé An, Nguyén Van Canh, GV THCS Long Hau,
xa Long Hau, huyén Can Giudc, Long An ciing
dong gop mot sd cach giai twong tw nhu cach gia cua
ban Vo Mong Trinh, nguoi dé xuat bai toan. Xin
hoan nghénh cac ban.

LE MAI (Ha Néi)

Moi cac ban giri 161 giai BAI TOAN 77 duéi day ve
Toa soan Tap chi TH&TT trude ngay 31.10.2023.

BAI TOAN 77. Cho ba sé thuc dwong a, b. ¢ va
cac so thie khong Gm a, B Chirng minh rang
a“ b oy 3(ﬂ +b% +¢%)
PR e 7 S L
b’ +e¢ ¢’ +a 2(u +b% +c?%)
NGO VAN THAI
(Thai Binh)

a’ + b”
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i ‘/ DU LICH THE GIOI
rd

BAI TOAN 84 (IMO 1997). Tim tat ca cdc cap

(a; b) cac so nguvén a > 1, b> | thoa man

Loi giai. Gia su a, b 1a mét nghiém va d = (a; b).
Khidé a=du,b=dv véi u,veN', (u;v)=1.

Phuong trinh (1) tré thanh: (du)® = (dv)* (2).
So sanh cac sO mi trong (2) ta xét 3 truong hop:
Truong hop 1: dv’ = u. Tu (2) suy ra: u =v.

Vi(u;v)=1néntacou=v=1vatrd’ =uta

co:d=1.Suyraa=>b=1 la mit nghiém.

Truong hop 2: dv’ > u. Ta viét lai (2) nhu sau:
d* ™ u® =v* (3).

Suy ra u® |V Laido(u;v)=1nénu=1. Vay

d*¥ =y (4). Nfud=1thi tr (@) tacov=1

va bat ding thic &v* > u khong xay ra. Véi
d > 2 ta co:

d¥ e lsothieg (SYyhive1,2,3,

Bit ding thic (5) c6 thé dé dang kiém tra bang
phuong phap quy nap theo v. Nhung (5) mau
thuan véi (4). Vay trong trudng hop nay phuong
trinh v6 nghiém.

Truong hop 3: dv* < u (suy ra u > d). Ta viét lai
(2) nhu sau:

un‘l-'l =du-dv2 .V" (6).

TOAN HOC
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Suy ra " u® Laido (u;v)=1néenv= 1 va (6)

trg thanh: u? =d““ (7). Dou>dnénd <u—d.
Tir (7) ta thdy moi uéc nguyén to p cla d ciing 1
udc nguyén td cua u. Goi a, B 12 s6 mi 16n nhat

Vi plu, p?|d. Ti (7) suy ra: ad = pu-d),

chung t6 a > . Vay d|u hay u = kd, k € Z. Chu
y rang k > 3 (do u > 2d). Thay u = kd vao (7) ta
dugc: k=d "~ * (8).

Néu &k = 3 thi tir (8) ta c6: d = 3, suy ra: u = 9,
a=27,b=13. Néu k=4 thi tir (8) ta c6: d =2, suy
8 g =16, b = 2. Néu k 2 5 thi
d~ 2z P e khong thoa man (8).

a. U =

Vay phuong trinh d4 cho ¢6 3 nghiém (a; b) la:
(1;1),(27;3),.(16; 2).

Nhgn xét: Hoan nghénh hai ban: Phan Dai
Hoang, 10A1, THPT chuyén Phan Béi Chau,
Nghé An va V6 Hoang Minh Khéi, 10T1, THPT
chuyén Nguyén Quang Diéu, Pong Thap da giai
ding bai nay vdi cach gidi tuong tu nhu trén.

NHU HOANG
Sau day 1a bai tip dé nghi. Ban doc hay giri 1o
giai vé Toa soan TH&TT trudc ngay
31.10.2023.

BAI TAP PE NGHI
BAI TOAN 86. Chirng minh rﬁf"ng Voi moi s6 tir

n
. A \ ’ A 2h+1 ~3k A - .
nhién n thi cac so ZC s 2 deu khong chia

K =1

hét cho 5.

KHANH HU'U (Ha Néi)
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GIAI PAP: LOI GIAI CO PUNG KHONG?
(Pé dang trén TH&TT sé 551, thang 5 nam 2023)
Phén tich sai lam. Ta thiy ring, néu ham sb
f(x)=x"=3x"+mx~1 c6 hai diém cyc tri
X;,X, thi x,x, 1a hai nghiém cua phuong trinh
f'(x)=0, nhung néu x,x, 1a hai nghiém cia
phuong trinh  f'(x)=0 thi chwa chic
f(x)=x3 -3x* +mx—1 c¢6 hai diém cuc tr1 la
XX, Vi c6 thé xay ra truong hop hai nghiém
X;, X, trung nhau. Vi bai to4an cua ching ta, sau

khi tim ra m =3, thay tr& lai ham s ban dau thi
f(x)=x"-3x* +3x-1,
f'(x)=3x°-6x+3=3(x-1)"20,vxeR,
nén f(x) lac nay khong c6 cyc tri. Con voi gia
tri m=-1 thi haim s di cho tr& thanh
f(x)=x"-3x>—x-1 va c6 hai diém cyc tri
thoa man yéu cau cua bai toan. C‘h{mg to chi co
mdt gia tri m =—1 théa man yéu cau cua bai toan.
Dép 4an ban Hadn dua ra khong chinh xac.
Léi gigi ding. Ham s6 f(x)=x"=3x" + mx -1
c6 dao ham f'(x)=3x"—6x+m. Himso f(x)
¢6 hai diém cuc tri x,,x, khi va chi khi phuong
trinh f'(x)=0 c6 hai nghiém phan biét x,x,,
ttc 13 A'=9-3m>0& m<3. Theo dinh li
Viéte, ta co: X, +X, =2, XX, =§. Vi thé:

2m m’
X, + x, — 2x,X, +3x] %3 =3<::-2—--—5-+-§—=3

omr-2m-3=0om=-1m=3.
Péi chidu véi diéu kién m<3 chi c6 gia tri
m=—1 théoa man yéu ciu cua bai toan. Vay
(-1)" =1, chon dap an C.
Nhén xét. Ban Tran Vinh Phii, chung cu Remax Plaza,
20 Pham Pinh Hd, phudng 1, Q. 6, TP. Ho Chi Minh

da phat hién dugc sai 1am va dua ra 16i giai ding. Xin
hoan nghénh ban.
KIHIVI

PHUONG PHAP HINH HQC!

Trong gid On tap phﬁn s6 phirc, thay gido dua ra
bai todn sau va yéu cau ca 16p cung suy nghi tim
1o giai. Sau mot vai phat suy nghi ban Dwong da
xung phong 1én bang trinh bay.

P2 bai: Cho sé phirc z théa man |z—1+3i|=2,

s6 phirc w=iz . Tim gid tri [om nhat cua |z—w|.
Loi gidgi cua ban Duwong:

Goi M, N lan luot 14 diém biéu dién so phuc z,
w. Tt |z—1+3i{=2 suy ra diém M nam trén

duomg tron tm I(1; —3) ban kinh R, =2. Ta c6:

w=iz :>z=—1f;; z—l+3i‘=2 = -}Tv—l+3i =2

l l

S %
= | : =2 :>Iw—3—i]=2 suy ra diem N
l

ndm trén dudng tron tdm J(3; 1) ban kinh R, =2.

Ll 4

Taco IJ =25 >4 = IJ > R + R, = dudng tron
tam /(1; —3) béan kinh R =2 va duong tron tim
J(3;1) ban kinh R, =2 nam ngoai nhau. Suy ra:
z—wW|=MN <R +IJ+R, =|z-w<4+25.

Vay maxlz—w| =4+ 2+/5. Theo em loi gidi ciia

ban Dwong da chinh xdc chwa? Loi giai cua em
nhw thé nao'

THAN VAN DU
(GV THPT Lang Giang sé 1, Bic Giang)
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BAN CO VAN KHOA HOC

GS.TSKH. TRAN VAN NHUNG
TS. NGUYEN VAN VONG
GS. DPOAN QUYNH
PGS.TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN

Téng Gidm d6c NXBGD Viét Nam
HOANG LE BACH
Téng Bién tap NXBGD Viét Nam
PHAM VINH THAI
Vién trudng Vién nghién ciu Sach va HLGD
PHAN XUAN THANH

HOI DONG BIEN TAP

Téng bién tip : TS. TRAN HUU NAM
Thu ki Téa soan : ThS. HO QUANG VINH

Phé téng bién tgp : CN. TRAN THI KIM CUONG
Ts. LE HONG MAI

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, 7S. NGUYEN MINH PUC, 7S. NGUYEN MINH HA,

TS. NGUYEN VIET HAL PGS. 7S. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC, PGS. TS. TA DUY PHUONG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU KIM THUY, PGS. TS. VU
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

@ panh cho Trung hoc Cosé
For Lower Secondary School
Bui Minh Trung — Mbi lién hé gitra hé s va
nghiém chung cua cac phuong trinh bac hai
mot an.

€ Huong din giii dé thi tuyén sinh vao 16p 10
Truéng THPT chuyén, DPHSP Ha Néi, nam hoc
2023 - 2024.

@ Pé thi tuyén sinh vao 16p 10 Truong THPT
chuyén Ha Tinh, ndm hoc 2023 - 2024.

@ Lich sir Toan hoc
Nguyén Thiy Thanh — Ba cufc khing hoang co

ban trong co s& va can cir cua toan hoc.

@ Dé ra ky nay
TA/555; ..., T12/555, L.1/555,; L.2/535

o Problems in This Issue
@ Giai bai ki truéc
T1/551,:..,T42/551, L1/55]), L.2/5al,

Solutions to Previous Problems

Bién tap: LE MAL, NHUHOANG

Tri su, phat hanh: Hmmmmmmammmm

@ Ban c6 biét ?

Nguyén Thanh Giang — Thi toan va sir dung
toan hoc thol xua.

@ Dién dan day hoc todn
Nguyén Vin Hau, Tran Dinh Hoang, Nguygn
Viét Cuong — Phat trién tu duy va lap luan toan
hoc cho hoc sinh THPT théng qua khai théc
ung dung vecto trong khong gian.

@ Ban doc tim toi
Doan Thi Nhai, D6 Minh Kha — Vai nét thi vi
vé bat ding thirc co gia thiét abc = 1.

@ Tiéng Anh qua cic bai tosn — Bai s 96 — Bai
dich s6 94.

@ nnidu cich giai cho mot bai todn — Giai bai
toan 75 — Dé bai toan 77.

@ Dpu sich thé gisi qua cic bai tosn hay — Gidi
bai toan 84. Pé bai toan 86.

& saitim o aan?

mm mﬁ» nmmmme
Thiét ke, m_ké’_bdn:. MINH HOA
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Thoi gian vira qua, tai mét sb dia phwong, tinh hinh in va phat hanh
sach giao khoa gia str dung trong nam hoc 2023-2024 dié&n bién phurc
tap. Qua kiém tra thyc té, co quan chirc nang da phat hién hang tram
dau sach g:éo Khoa bj in lau (dac biét 1a sach gido khoa Tleng Anh
clia Nha xuat ban Giao duc Viét Nam) va nhitng don vi phan phoi nay
khéng xuat trinh dwoc hoa don, chirng tiy hop phap.

Lam thé nae dé phan bi¢t sach lgu — sach that?

Quy lhﬁy ¢0, phu huynh va cac em hoc sinh ¢6 thé nhan biét sach that cua
Nha xuat ban Giao duc Viét Nam (NXBGDVN) va sach in lau qua cic
dau hiéu sau:

- Sach in 1au la sach do cac ca nhan/don vi ty sao chup/ scan tur cac tua
sach that roi in lai, voi ndi dung va cach trinh bay giong sach that. Nhiéu
cuon sach in lau khong dam bao day du noi dung, chat luwgng hinh minh
hoa dé tiét kiém chi phi in an. Do cac doi tugng in lau khong phai thuc
hién quy trinh xuat ban theo quy dinh, khong tra chi phi ban quyen cho
tac gia theo Luat so hiru tri tu¢ nén chi phi lam sach lau thap hon nhiéu so
v&i gia thuc té cua cudn sach. Sach in 1au duoc ban ra véi nhleu muc gia
khac nhau, tham chi ¢6 noi ban sach 1au ngang véi gia niém yét trén bia
cua sach that.

- Sach in 1au thudng bi cat xén, ¢6 kho sach nho hon sach that, dong gay
cau tha, gay sach mong dé b1 bong roi cac trang. thiéu trang.

- Séach in lau thuong in an kém chat lugng hon sach that, sir dung giay in
chat luong thap khong su dung cac cong nghe in dac bi¢t (ép nhi, can
mo....). Pé cat giam ti da chi phi in 4n, nhiéu don vi lam sach lau thuong
chi scan/phé t6. danh may lai noi dung tir trong sach that ma khong qua
cdc khau kiem duyé€t roi in dai tra dan dén viéc phan chir du dugce xu ly lai
nhung quan sat Ki van tha} bi v&, net dam nhung khong sac, déi lac bi dt,
Phan hinh anh khdng rd rang, bi nhoe, mau sac khong dﬂl'lé, » déu (thuong la
dam hon so voi sach that) do dung may scan va xu li lai.

Sdch gia anh huong den hoc sinh va gido vien nhw thé nao?

Khi mua phai sach in lau, sach kém chat luong, nguoi tiéu dung da vo
tinh lam anh hwong dén quyén lgi cua ban than. Dau tién phai ké dén vige
khi mua sach in lau, cac em hoc sinh s¢ khong dugc su dung nhirng cudn
sach chat lugng. duge bao hd ngudn goc tir NXBGDVN. Céc hinh anh,
ndi dung trong sach bi nhoe, mo, khong r6 nét dan dén viéc thi luc bi suy

giam neu su dung sach kém chat luong trong thoi gian dai.

Mat s6 nodi dung trong sach in lau dugc danh may lai nhung khong qua
cac khau kiém duyét nhu sach that, cé thé lam sai léch kién thirc trong qua

trinh hoc tdp cua hoc sinh. Pdy cang la mot trong nhirng li do quan trong
dé nguoi tiéu dung nén noi KHONG véi sach in lau, sach kém chat luong,

DdL biét. tir nam 2020 tro di. NXBGDVN da dan tem dinh danh voi cac
cuon sach giao khoa do NXBGDVN phat hanh. Doi vai sach lau, cac
ma tem dugc in cung mot ma SO seri va khong kich hoat duoc. Néu mua

Gidy phép XB s6 534/GP-BTTTT cap ngay 19.11.2020; Ma s0: 8BTOM23

In tai Xi nghiép Ban do 1 - BQP
In xong va nop lwu chiéu thang 9 nam 2023

nham sach in ldu, hoc sinh khong th¢
truy c¢ap va su dung kho hoc liéu dién
cua NXBGDVN.

Lam sao dé mua dwoc sach thar?

Pé tranh mua phai sach in lau, quy thay
¢6, phu huynh va cac em hoc sinh nép
lua chon cac don vi phat hanh sach giao
duc thudc hé thong NXBGDVN (cic
Cong ty CP Dau tu va Phat trién Gido
duc, cac Cong ty Sach-Thiét bi gido duc
mien, cac Cong ty Sach - Thiét b truong
hoc tai dia phuong).

NXBGDVN

SACH THAT

SACH IN LAU

Mau sdc khdng d6ng déu. Sach in ldu ¢6 mau sic d3m hon,
khéng phi hop dé sl dyng trong théi gian dai

SACH IN LAU SACH THAT

Chat lugng sach in 13u kém hon so véi sich thit. Cac nét chil
md hon, nhiéu chir thuéing bi nhoé muc, hinh anh t6i va md

Vi SACH IN LAU, ma thé cdo sé khang kich hoat Sugc
H‘lh&ngiimﬂth&nghia-

©  wouich hoot kntng hop

Vi SACH THAT, sau khi nhap ma kich hoat, hé théng sé
hi€n thi ciza s8 nhs hinh minh hoa:

B Ty -

Kich hoat sach dién ti trén hé thdng

B e e e T e
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Gia: 18.000 dong

Mw&i tam nghin dong

By e —
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