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; v HONG PHO?
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Mot didu quan trong gitp ching ta giai duge mot
phuong trinh (PT) hay hé phuong trinh bi’mg cach
dat 4n phu d6 1a phét hién duge cac méi lién hé

gilta cac an v&i nhau, Méi lién h¢ nay gom cé:

« Mbi lién h¢ gitra cac 4n mai.

« Méi lién hé gilra cic 4n cii.

+ Méi lién hé gitra cac 4n méi véi cac an cil.
Mbi lién hé gilra cac an dugc thé hi¢n duéi dang

céc dang thic hodc bat dang thirc. Sau day 1a mot
s6 thi du.

Thi du 1. Giai phwong trinh:
—
/ 2 1 4 -
= l\/( x-1)
42
Loi gigi. Diéu kién: x>1.Ta c6:

2x—24/x* —1

= Jx 12+ D —1) +x-1
=WxH 1= Vr=1) =[Var -]
=Vx+1-x-1

Do d6 PT da cho tuong duong véi

AWx+1-Vx=1)=a1(x-1)° = Jx+1 ().
bat Vx+1=a>0,Vx-1=562>0.

Tir cach dit ta phat hién ra méi lién hé sau:
a’-b*=2.
Suy ra: (a*-b*)>’=4  (2). Khi d6 PT(1) cb
dang: 4(a—b)=410" -a’ (3).
Nhan theo vé (2) va (3) ta duoc:
(@* -b")(a-b)=41b" -a’
& 24a° —a'b-2a’h* +2a°b’ +ab* —42b° =0
& (a-2b)(2a* +3a’°b+4a’b* +10ab’ +216*) =0

\/(\+1)

- a=2b
2a' +3a’h + 4a’b* +10ab’ +216* =0 (4)
Vi a>0,h>0 nén VT(4)>0. Suy ra (4) vo

nghiém. Véi a=2b = Jx+1=2Jx—1

5
<:>x+l=4(x—l)<:>x=§.
i o o Vg s "
Thu lgutathayx=§la nghi¢m PT da cho.

Vay PT da cho c6 mgt nghiém x = g

Thi du 2. Giai phuwong trinh:
O 1 =T x—IWa" +2x
Loi gidi. Diéu kién:
x < —3/5

P +2x200x(x*+2)20
x>0

e V6i x <32 thi x—1<0=> VT(*)> 1> VP(*).
e Dé théy x=0 la m6t nghiém cua PT(*).
e Xét x>0. Dit a=vx* +121;b=+vx" +2x >0.
Ta c6 mbi lién hé sau:
a’+b* =x+x"+2x+1 (1).

Tu PT da cho c6: a=1+(x—1)b. Thay vao (1) ta
duogc: [l+(x—1)b]2+b2=x4+x2+2x+1
& -2x+2)b* +(2x-2)b—(x* +x* +2x) =0
S (X =2x+2)* +(2x-2)b—(x+1)(xX* - x> +2x)=0
Sb-x-D[(x*-2x+2)b+x’ —x* +2x]=0

b=x+1

TOAN HOC 1
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X[(
~ P 4
Do x>0nén b= W<O(loal)

Véi b=x+1 thi a=x? khidé c6 hé:

% .

Il +1=x x2_ l
<x +1= 4
VXi2x = x +1 *

x*+2x= (x+1)

x=2-]

x2-1
14 M \/—Q = l+\[5—
X —-x" =1=0 x2=l+ 5 = 5
Z
V@yPTdéchocéanhiémx=0;x= 1445
7

Thi du 3. Giai phzronq trinh:

l_ . 2 x_ 3
VY TR x’ ) (1).

s x 3 x 3
x-S+ =a>0 224 X2
yT5=¢ ;2 +2 > b>0.

2x° +—~_

Loi gigi. Dit

PT(1) tr& thanh Va +vb=¥a+3b (2). Ta c6
méi lién hé sau:
a+b=—x4+2x2=l—(x2-l)zsl.

Suyra: a<l-b<1-0=1 va b<l-g<1-0=1.
Véi 0<a<ltathdy: a’(1-a)>0

:>a3302:>9/a—353/§ =Ja<ia (3).
D?mg thitc xay ra < a=0;a=1. Tuong tu
Vb <ib (4). Déngthl'xcxéyra &b=0b=l,
Cong vé véi vé (3), (4) ta dugc:

Va+b<3a+3b.
Do vay (2) xay ra khi b=0hodc b=1.
3 x=-1
eKhi b=0cé: 2X° +2-2=0<| 3.
2 2 x=—
4
OKhib=lc():2x2+£——3—=l
2 2
TOAN HOC ;
2 ' Clugifpe SO 557(11-2023)
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x=1

5
I Z=0e 5

o 2x’ =
2 2 =

Thir lai ta thay phuong trinh da cho c6 ding haj

nghiém x = £1.
Thi du 4. Giai h¢ phicong trinh:

—
2\'—t‘—6x+l2+w _6x+12=x+y ()

(x> —6x+12)

| |
R R P L AL YP A
| y+3o” ’

Léi gidi. Ta c6 x° _6x+12=(x-3)"+3>0 nén
VT(1)>0, suy ra x+y>0.

Pat 2x’' -y —6x+12=a20;
Y -6x+12=b>0.
Tir cach dit ta c6 mdi lién hé sau:

2

ad-br=x"-y".

) la+b=x+y
Két hop voi PT(1) taco: 4 ,
a

2

_b2 =x2 ——y

{a+b=x+y
@+ a-b)=(x+y)x—y)

b: = ZO
@{a+ x+y @{a =20

a-b=x-y b=y>0
-3 1
Thay vao PT(2) duoc: —x—y— ——
y+30° 2

&2 -x*y-3x" -6y’ =0

S (x=2y)2x* +3xy+3y%) =0 (3).
Do x+y>0 nén x, y khong dong thoi bang 0. ‘

2
(2x+3y) Ly
2 4
2

Vivay (3) < x=2y. Thayx=2y vao (*) ta co:

\/7}’2—12y+12=2y© 7y? —12y +12 = 4
\/4y2—12y+12=y 4y’ -12y+12=*

<3y -12y+12=0 < y=2,.

> 0.

Suy ra 2x’ +3xy+3y’ =

V6iy =2 suyra x=4.Vay hé PT di cho c6 diang
mot nghiém (x; y) = (4;2).
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Thi du 5. Giai h¢ phicong 1rinh:

/_—1“ ) )
[\/3,\" +4xy+18 —Vx' +6 = v + ¥ (h
1\/3.\" +40 +18 - 24 + 6 = (x? = 17 (2)

Léi gidgi. Dit
./3x2+4xy+18=azo,\/x2+6=b2J€.
Suyra @’ -3b’ = 4xy (3). Ta c6:
Ay =(x+y)’ ~(x=y) <(x+y)? (4)
Tur (1) ta ciing co: a-b=x+y (5).
Tur (3),(4),(5) suy ra:
a’-3b <(a-b)} 2b(a-2b)<0
¢ a-2b<0 (6)(do b>6).
Tu (2)c6 a-2b=(x*- ) >0 (7).
T (6),(7) suyra a—2b =0, thay vao (7) dugc:
0=(x2_y2)2.
2 _ 2
Suyma: V3x* +4x+18 =2x* + 6
-y =0
~ Fg? +4xy +18=4(x* +6)
y=*x

2_:2 2 —
<:>{x hodc X +6 0©x=y=i\/2.
y=x y=—x

Thur lai ta thiy hé PT da cho chi c6 nghiém
xX=y= \/5 .

Nhgn xét: Viéc tim ra cac méi lién hé (3) va (4)

da giup ta giai dugc hé PT.

Thi du 6. Giai hé phiong trinh:
2 2\ ~ 3 4 4
-y | | 2 _X tvy M
x*+y° xt+y 2x°y?

4x+2y-2xy+1 1 (,’)'

\/2x2y2 +14y* =2y +7

Loi gigi. D& thay 14y> =2y +7>0.
Piéu kién: x,y # 0;2y — 2xy +1>0.

2 2 - - y
XV 4 2% _p DE iy do
X +y

bat
x*+y°

x,y#0nén a=#+tlva b#0. Ta c6 dang thirc:

https.//sites.google.com/site/letrungkienmath

3 522 2
x =y —2xy

+ =1,
(x2+y2) [X2+)'2J

Suyra: @’ +b’ =1 =a’=1-b"20
=>-1<bh<] =-1<H <1=b*(1-5°)20
= b’ <b’ (3).
Tuong tu: a’ <a’ (4).
Tir (3), (4) suy ra
VT(l)=d’ +b’ <a® +b* =1 (5).

Ding thirc xay ra khi va chi khi
a’1-a’)=0 {a=0
— .
b*(1-b’)=0 b=1
Véi a=0,b=1taco:
2 .2
xz y2=0 x==%y
x +Yy
o9 —2xy Sx=-y
—2xy T 7 =1
3 - =1 x +y
X +y
4 4 x2_ 2)?
Mgt khac VP(l) = =12 _1d Zyz) >1 (6).
2x°y 2x7y

nén ding thirc xay ra khi va chi khi
¥ —y'=0o x=1y.
Tt (5), (6) suyraco VT(1) < VP().

Ding thic xay ra khi va chi khi
{“‘y@y:_x.
x=xy

Nhu vay PT(1) < y =—x. Thay y = —x vao PT(2)

4x +2x* =2x+1
ta duo =1

c: =
V2x +14x% +2x+7

& ax+V2x —2x+1=~/2x* +14x* + 2x+7 (*).

Dit V2x' +14x* +2x+7 =¢>0;

V2x* -2x+1=d>0.
Suyra: > +d” =2x* +16x* +8 (7).
Tu PT(*) ta co6: c=d+4x (**), thay vao (7)

duoc: (d +4x)* +d* =2x* +16x* +8

< 2d* +8xd — (2x* +8)=0

TOAN HOC

S3557(11-2023) & CTusitre 3
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ed’ +4xd - (x* +4x* +4-4x7) =
@d’+(x2+2x+2—x2 +2x—-2)d
—(x* +2x + 2)(x? -2x+2)=0
& (d-x'+2x-2)(d+x* +2x+2) =0
d=x*-2x+2
Q .
d=-1-(x+1)* <0
Tachildy d =x* —2x+2, thay vao (**) dugc:
c=*4+2x+ 7.
Véi ¢, d vira tim ta c6:
{\/Ex‘+]4x2+2x+7 =x*+2x+2

V2x? =2x+1 =x?-2x+2

2x' +14x" +2x+ 7 = (x? + 2x + 2)?
2x? = 2x+1=(x* - 2x +2)?

oxt—4x’ +6x? -6x+3=0

x=1

oS x-D(x-1’-2)=0 B _
( ) <:>[,V¢:=l+3/§
Véi x=1thi y=-1.

Véi x=1+2thi y=-1-3/2.

Kiém tra thiy cac nghiém thoa man didu kién.

Viy hé PT da cho c6 2 nghiém (x; y) la:
(L-1);(1+32;-1-32).

Thi du 7. Cho hé phuong trinh:

(x-y  y-z, _ 1
l+xy l+yz l+2zx 3

s (e (zxf
1+ xy 1+ yz 1+ zx 18

a) Giai hé phwong trinh.

zZ—X 1

b) Tim cac nghiém (x; y; z) sao cho x, y, z la cac

50 nguyen.

X=y _ Y-z _,Z7%
1+xy 14 yz 1+ 2x

Ta chimg minh méi lién hé sau:

Loi giai. a) Dat
a+b+c=abc.

TOAN HOC
4 " clusitge
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x_y y—Z+Z“‘X

+
1+xy 1+)z

That viy: a+b+c = o

_ (x—-z)(y2 +1) . z—-X

- (l+xy)(l+yz) 1+ zx
u—x{a+wxhum—u+yva+uﬂ

B (1+xy)(1+ yz)(1+zx)

(=X +yz =y =)
I+ )1+ )1+ 2)

== DE0) _gpe,
T (14 )1+ y2)(1+ )
( |

a+b+c=—§

41
Ta c6 hé PT: {a* +b* +¢° T

poe L
ac—3

Do (a+b+c)2=a2+b2+c2+2ab+2bc+2ca

13

nén c6 ab+bc+c =—E.

Taco: (t—a)(t-b)(t—-c)=0
o —(a+b+c)t’ +(ab+bc+ca)t —abc=0

1 13 1
S P —-—t+==0 (%).
il +3 12 3 (

Suy ra a, b, ¢ la cac nghiém cua (*).

1Y( 4
0: (* t-——||t+=1|=0
Taco ()<:>[ 2) ( 3)
| 4
& t=— hoac t=——.
2

Suy ra (a; b; ¢) nhan

(l.l._i) (
292’ 3 ’

Vi (a; b; ¢) = (—:—;—;J co:

N |-
|
w |
N | —
| S——
N\
|
w | &
N | —
N | -
S—

y—x% 1 a~% 4

x-y 1. 1 4
l+xy 2 1+4yz 2 1+zx 3
2x—1

_—Dyz
l+xy 2 x+2
Tip 22 o]

=—=z=
1+yz 2 : 2 2

y XY 1

(1).




Tur (1) va (2) suy ra:

P O PN = =5()‘/(;:-2 ; _./(x+2);'

gtz e 4(3x - 2)
2x-1 - 4x+3 ¢) Vil +5-(x-1)Vx' +2x-3 =2.
xX+2

cox 4 d) V3x* +7x—1-+/2x" +3x’ ~Tx+3 =2x.

Thay vao PT : G s .

y 1+ zx 3duqc' e) V3-x> +5x’ —8x+9 =2x.
3x-4 ’2 )
4x+3 ! __4 luén d¢ f) ,fzx2—2x+i+x. =,
.\]h\:?ﬁ;‘! 3(uon ang). 3 3 3

o 4x+3 g) VXl +5x+4 =x3x’ —x+5+1.
Vi vay trong truong hop nay nghiém (x; y; z) cua
hé PT la: h) V3x? —8x+4 + xx* +4x+5=1.
2t, -1 3t -4 3 -y R, -
{ ;—— = : RN Bai tap 2. Giai hé phwong trinh:
[' t+2 4t,+3]wl h¥Gh =T ,
fe 1 | 1

Giai tuong tw céc tnrong hgp con lai. Tir dé ta c6 L ——

tat ca cé iém (x; y; z) cia hé 3 -

at ca cac nghi¢m (x; y; z) ctia hé PT d cho la: <J.r.|.y+y+z+z+x__6

(z,;zt‘_l;3"_4}(:2;2’2’1~'2’2‘1 xX—y y—z 2z-X

L+2 41 +3 L+2 -2 ) (x+2)(r+2)(z+%) _ 5,
(: =3t -4 -2 —1) [(x=»)(y-2)(z-x)
3 ) .
-3 4-2 Bai tap 3. Gidi cdac hé phuong trinh:

g 2t, -1 3t -4

b) Xét (x;y;2) =| ¢ —+— =1 8x% +3x* = 5x+1=0

Y V4274 +3 )éxy o
a 2, B .
Ta cb 2t -1 5 5 - 12 54 L ,/5+4x_y2—x_3x +§ +2=2
=2-—— Dox, i
L2 e x, y 1a s0 nguyén nén
x*+y* =162

€Z. Suyra f;+2 la uéc cia 5. T do ta ) J e

b2 \[zy+5—%+\/2xy x+23;-=x+y

dugc £ €{-1;-3;3;-7}. Thir lai ta dugc céc
nghiém (x; y; z) can tim la: (-7;3;1),(-1;-3;7). 8 Y3x* -4y’ -1+ 48xy-3 = x+2y.
J3xP—4y* —1+8xy -3 =4xy

i X' +2xy-2y*+12=0
\/xz+2y2—20+\/3x2—y2+20=2x+y'

Giai twong tu cac truomg hop con lai. Ta c6 tht ca
cac nghiém (x; y; z) sao cho x, y, z 1a s nguyén la:
(-7:3;1),(-5-3;7), (-3;7;-1),(3;1,-7),
(1,-7:3),(7:-1;-3).

2xy xt—=y? B 3x* +3y*
BAI TAP PE NGHI ) > +y 2+yt ) 2t +2xty? +2y°
: ! . |
Bai tap 1. Gidi cdc phwong trinh: 1+V4x? +8x+1 . 1+42y" +2y+1 _ 3
a) I +3(7-x)? =9+356x-8x. I+ xy 2+xy
; TOAN HQC
S8557(11-2023) ! CTygifre 5



HUONG DAN GIAI BE THI TUYEN SINH VAO LOP 10
TRUONG THPT CHUYEN LE HONG PHONG, TINH NAM PINH

NAM HOQC 2023 - 2024

VONG 1
Cau 1. 1) Tinh gid tri biéy thypc

[‘\“—\\%
P=v2024+2v2023 - /2025 + 242024

2) Tim toa di cia diém M la giao diém cla
duong thang y = x +1 vgi truc Oy,
3) Tinh dién tich hinh trop ngoai tiép tam gidc

vuong co canh huyén bang 2/2 em

4) Tinh the tich cia hinh non ¢ duong sinh bang

10 cm va ban kinh ddy bang 6cm,

Loi giai.

1) 19:,/(\/'2073“)2 _\/m

=2023 +1- (2024 + 1)

=~/2023 - /2024,
2) Toa d6 giao diém 1a M (0;1).
3) Goi R la ban kinh cua dudng tron ngoai tiép.
Tir gia thiét ta 6 2R =242 < R = /2.
Viy dién tich cua hinh tron 1a:

S=7R’ =27 (cm?).

4) Goi h 1a chiéu cao cua hinh nén. Tir gia thiét ta
c6 h=v10%—6* < h=8. Vay thé tich cua hinh

nénla ¥ = %ﬂth = %7:.62.8 =967 (cm®).

Cau 2. Cho biéu thirc

Jx 1]1

P x+2 N B
xvx-=1 x++x+1 \/;—l .\/;—l

(voi x20 va x#1).

1) Riit gon biéu thirc P.

. 1
2) Tim x dé P:E.

S6 557(11-2023)

TOAN HOC
6

Loi gidi.

x+2+~/;(\/;—1)‘(x+‘/;+1)' 1
(r)(xedesl) V<!

_x+2+x—\/;—x“‘/;—l _—1——

rE s
(Vx-1) I I

=(\/;—1)(x+ x+1)'\/;‘1 x+Vx+1

1) P=

pyp=dg o deaal
_3 x+vVx+1 3
o x+x-2=0

X =1 (loal)

Jx=1
o

Cau 3. 1) Cho phuong trinh
¥ —(2m+1)x+4m-2=0 (1)

(v&i m la tham s0).
a) Tim tat ca gia tri cua m aé phwong trinh (1) co

hai nghigm phan biét.

b) Goi x,x, la hai nghiém phan bi¢t cua
phuong trinh (1). Tim tat ca gia tri cua m de
x,, x, la do dai hai canh cua mot hinh chic nhat
co do dai dwong chéo bang J13

2) Giai phweong trinh

Loi giai. 1) a) Ta c6:
A=(2m+1)' -4(4m-2)=4m* —12m +9.

Phuong trinh (1) c6 hai nghiém phan biét khi va

chi khi A>0<:>m¢—;-.



. 3
b) Vén m:-z- thi phuong trinh (1) ¢6 hai nghi¢m

phin biftx=2,v=2m-1. Vi 1, x. 14 40 di hai
canh  cia m§t hinh chd nhit nén

.m-l)Oam»_I; Ta cé:

x+xl=13
o2 +(2m-1y =13
oSm-m-2=0
Q{m:-l(lqi) .
m=2 (théamin)
Viy m =2,
2) Dicu kién: x > -2. Phuong trinh tré thanh:

[(2:+5)-6J2x+5+9]+[(x+2)-4m+4]=0
o (V2r+5-3) +(Vre2- 2) =0

{le+5—3=0
L=

Vx+2-2=0

x=2

= {m -2=0

< x =2 (théa man).
Vay nghi¢ém cua phuong trinh 1a x=2.
Cau 4. Cho tam giac ABC nhon (AB< AC) néi
tiép duomg tron tam O, AD la dwong cao. Goi E,
F lan lwot la hinh chiéu cia D trén AB. AC.

1) Chimg minh n gigc AEDF ngi tiép va

AE AB = AF.AC.

2) Goi AP la dwomg kinh cua dwomg tron (O).
Chung minh AP vuong goc voi EF.

3) Gor H la trirc tam cua tam giac ABC. Duwong
tron dwomg kinh AH cat dwomg tron (O) tai diém
thir hai la T. Goi K la true tdm cua tam giac BTC.
Clurng minh tam giac HKT vuong 1ai H.

+ e

Loi giai.

1) Ta cé:AED=90°, AFD=90°. Xét tr giac
AEDF co ,4/1-5‘7)+AF/\D=90°+90°=180°, suy ra
tr gisac AEDF ndi tiép.

Trong tam giac vuéng ABD cé DE la dudng cao
suyra: AE.AB=AD" (1).

Trong tam giac vuong ACD c6 DF la dudong cao
suyra: AF AC=A4D" (2).

Tu(l)va(2)taco: AE.AB=AF AC.

2) Do AEAB=A4AF AC= —45-:}—;— ma BAC
AC 4B’

chung suy ra: AEF «> AACB = AEF = ACB.
Ta co: B/A\P=B,C7’ suy ra:

AEF + BAP = ACB + BCP = ACP = 90°.
Vay AP wvuong goc vai EF.
3)Taco AH L BC,TK L BC= AH || TK.
Do BH 1 AC, PC L AC= BH |/ PC.
Do CH L AB, PB1 AB— CH [/ PB.
Suy ra tr giac BHCP la hinh binh hanh.

Goi / la trung diém BC, tacd Of =— AH.

ul—-

Tuong ar: OI=—;—I7(zAH=7K.Khidén}giéc
AHKT 1a hinh binh hanh = AT J HK.
Ma ATH =90°= THK = 90°.
HKT wvuéng tai H.

Vay tam gac

S& 557(11-2023) T(PMHOC 7




Cau 5. 1) Giai hé phieong trinh

) Ve s

i} j‘ﬂ_"4|_,, f
A-&x STLNY =T 43-2V2x (1)

, —a—— — .
l\\~l+\,3—\'~7~b\1+3~\' (2)

~

2) Xet hai so thuc dwomg x, y thoa man
6x + v =2xy. Tim gia tri nho nhat cua biéu thirc-
‘)
p=3reZel, ‘4“ + )

Loi gidi. 1) Diéu kién:
0<x<3
y=20
y+3-x*>0
Phuong trinh (1) tré thanh:

Var +3 -y 434202 -2y =0

i ( +\/—)(2x+y
(\/2_ \/;) Vax? +3+\/y*+3 +21=0

S y=2x.
Thay vao phuong trinh (2) ta duoc:
Nx+1+V3-x=2+V2x+3-x.

' -4

bat t=\/x+l+\/3—x:>\/2x+3—x2 =

2
4©t2—2t=0

t=0
=+ 1
I
Véi t =0 ta duoc:
Vx+1++/3—x =0 (v6 nghiém).
Véi t =2 ta duogc:
Vx+1+/3-x=2¢& (x+1)(3—x)=0

x=-1 (loai)
x=3 (théaman)

Khi do: t=2+t

Véi x=3=>y=6.

Viy nghiém ciia hé phuong trinh 1a (x; ) =(3;6).

2 1
2) Ta co: P=4x+—2+—+y+—;+2\ln’-
X X

1 6
Do x>0,y >0 va 6x+y=2xy nén ;+;—2

TOAN HOC
8 usitre
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Mt khac ta co:
2xy =6:
Khi do:
2),(1,8),
P=(2x+2x+;;)+(x+}./r
>32+2+26+2/6.
Déu bang xay ra khi x =1

r+y>2\/6’9’ =y E N
})

36 ) -
(}’+’—J+2\/Iy

=8,

Vay gi4 trj nho nhét cia bicu thic P 1a 20+ 26.

VONG 2
Caul. a) Cho x. ).z la ba so thirc khac 0 thog
y zZ 1 2 3 .
man .\""—~——:]1a—-___.._::).
3 X y 2z

Yy~ '_‘:]

Chimng minh rc?ng X+ T + 9

.’ -
voi n la so

v2n+1+~v2n-1

by Cho f(n)=

nguyén dwong. Tinh gid tri cua biéu thiec
S=f()+ f(2)+ f(3)+...+ f(40).

2 3
Lo gidi. a) Tie ~+2+> =0 suyra:
x y z

yz+2zx+3xy=0 (1).

Tir x+2
2

2
1=(x+iv-+£)
2 3

+£—1 suy ra:
: f

2 2 ) ) =
=x2+'v—+z—+2(x.i+l.l+£.rJ
9 17272373
2 2 3 )
=xz+y7+%+i)+)32ﬁ+2zr (2).
, ) y2 e
Két hop (1) va (2) suy ra: x* +T+?=l.
b) Ta co:
2 - =
F(m)= 2 (\/2n+l V2n l)

V2n+1+\2n-1 (2n+1)—(2n-1)
(do V2n + -V2n-120)
=N2n+1-2n-1.

Ap dung diéu trén c6:



S=fM+ f(2Q)+ f(3)+...+ f(40)
=(V3=1)+ (V5 ~3)+ (v7 - 5) + .+ (VBT - /78)

=81-V1=9-1=38,
Vay §=8.
Cau 2. a) Guat pincemg 1rinh
2(Ve=1+1)=x+Jx+2.
b) Giar he Dhuong trinh
R S T RS

e = v +d) ey
Loi gidi. a) Xét phuong trinh:
2(\/x_—l+])=x+ x+2 (1)
diéu kién xac dinh 1a x> 1. Ta c6:
M) < (2Vx-1- Vx+2)-(x-2)=0
3x-6

2Wx=1+Jx+2 L

O("“Z)[zmim”}"

x=2
Q[zdxq +Vx+2=3 (2)
Ta c6: (2)@(2\/x—1+\/x+2)2 -9

S5x-2+4x* +x-2=9
Sa4YxP+x-2=11-5x

11-5x>0
l6(x +x-2)=(11-5x)’
11-5x>0 11-5x>0
= =
9x’ —126x+153=0 X’ —14x+17=0

11-5x>0
= c>x=7—4'\/§.
x=T+4J2

Viéy phuong trinh (1) c6 dung 2 nghiém la

=2, x=7-42.

b X4y =xy+x—y+2
C+y =y(x+y+4)+x

X -xy+y =x—y+2 (3)
(x+y)(F -+ )=xy+ )  +4y+x (4)
Thay (3) vao (4) ta dugc:

(x+y)(x-y+2)=xp+y* +4y+x
oSxt-xy-2y'+x-2y=0
x=12y

<:>(x—2y)(x+y+l)=0¢:[x:_y—l.

Véi x =2y, thay vao (3) dugc:
4y’ -2y’ +y =y+23y -y-2=0
F=l

Tim duge (x;y)=(2:1) va (x;y):(—ﬁ;_g)_

Véi x =-y -1, thay vao (3) dugc:

(y+1)2+(y+1)y+yz=—y—1—y+2
y=0

&3y’ +5y=0 o
y=—§

Tim duge (x,7)=(-L0) & (x y)=(3 5).

Viy hé c6 ding bén b nghiém (x;y

Cau 3. Cho tam giac ABC nhon (AB < AC) noi
tiep dwong tron (O). cdc dwong cao AD. BE. CF
dong quy tai H. Goi M la trung diém cua canh BC.
N la trung diem cua doan AH. dweong thang EF
cat dwong tron (0) tai P, Q va cat duong thang
BC 1ai S sao cho P nam giita S va F. Chiing minis
rang:

a) Tir giac AOMN la hinh binh hanh.

b) AP* = AQ" = AE.AC.

c) Twr giac DMEF noi ric""/J va E = Q—E
PS ES
Loi giai.
) TOAN HOC
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a) Keé duong kinh AK cua (O) thi KC 1 4C. tr
BH 1 AC suyra BH //KC.

Tuong wr ¢6 CH //BK. Suy ra: BHCK 1a hinh
binh hanh, suy ra M 14 trung diém cua HK

Xeét tam giac KHA ¢6 OM 1a dudng trung binh nén

. . 1
OM //4H va OM =354H, suy ra OM //AN va

OM = AN, do d6 tr gidac AOMN 13 hinh binh
hanh.

b)e Tachira 40 L PQ

Vi tam gidc 4FH vudng tai F nén NF = AH

Tuong tu NE = % nén NF = NE.

Tuong tr cing c6 MF —% = ME.

Tu d6 suy ra MN la dudng trung truc cua EF, theo
y a) c6 dugc AO//MN nénsuyra A0 1 PQ.

* X¢ét (O) co ban kinh 40 vudng goc vdi diy cung
PQ nén AO la duong trung truc cua PQ, suy ra
AP =40 (1).

» Xét tam giac AQE va tam giac ACQ c6 goc A
chung, AQE = AQP = APQ = ACO nén chung 1a
hai tam giac déng dang (g.2)-

40 _AC _

= AQ’ = AE.AC (2).
AE ~ AQ

Suy ra:
Tir (1) va (2) co: AP? = AQ® = AE.AC.

¢) Do tr giac BFEC ndi tiép nén AEF = ABC.

S5 557(11-2023)

ugitre

Tam giac EMC cén tai M nén MEC = ACB.
Suy ra: FEM =180°~ AEF - MEC

_180°~ ABC - ACB

- BAC.
Cé tr giac DFAC noi tiep nén

FDM + BAC =180°.

Tir d6 suy ra: FEM + FDM =180°.
Suy ra tir giac DMEF noi tiép.
Xét tam gidc SDF va SEM c¢6 S chung v
FDS = MES nén ching dong dang (g.g).

Suy ra:
SD _SE pay SD.SM = SE.SF.
SFSM
Tuong tu, tir tr giagc BFEC ndi tiép suy ra:
SE.SF = SB.SC:;
Tt ti giac BCOP noi tiép suy ra:
SB.SC = SP.SQ.
Tiur d6 suy ra: SP.SQ = SE.SF.
5 FS_QS _ FS-PS_QS-ES
Y esTEs . PS ES
FP_QE
PS ES

Cau 4. a) Cho hai s6 nguyén dwong a, b thoa man
a’:b:b’:a. Chimg minh (a* +b*):ab.
b) Tim tat ca cac cdp s6 nguvén (x;y) thoa man
x(x* = y)+(¥=3)(x* +1)=0.
Loi gidgi. a) Tacé a* =a.a® va @’ b nén a*:ab.

Tuong ty ciing ¢6 b*:ab. Suy ra (a4 +b4)§ab.

b) Ta co: Jc(x2 —y)+(y—3)(x2 +1)=0
- +3x* +3 ,
= Pe—— = (do x* —x+1>0,vx)
X —x+1
Qy:—_x+2+ﬂ (1)
X —x+1

Gia sir x, y 1a céc s6 nguyén théa min yéu cau bai
toan. Khi d6 tir (D) suy ra:




(3x+1)5(x2—x+l):>(3x+])2§(x2—x+l).
Ma (3x+1)" =9(x* —x+1)+15x -8
nén (15x—8)§(x2-x+1).
Suy ra 13=5(3x+l)—(15x—8) chia hét cho
X' —x+1, dodo x* —x+1e{1;13).
+Néu x* —x+1=1 thi X —x=0&xe{0).

Thay vao (1) (x:»)=(0;3) va

tim  dugc
(%) =(1;5) déu théa man.
+Néu x> —x+1=13 thi

X' -x-12=0¢> xe{-3;4}.
. . 57 A
Thay vao (1) tim dwoc (x;y)z(—3;§j khong

thoa man yéu cau, (x; y)=(4-1) thoa man yéu
cau. Vay c6 ba cip (x;y) théa man la: (0;3),
(1;5), (4;—1).
Cau 5. a) Cho cac sé thuc x, y, z thoa man
0 < x,y,z < 4. Chitng minh rang:
Xy+yiz+22x+162 0’ + yz* +z2x’.

b) Ban dau trén bang viét 2023 56 thwe. Moi lan
bién déi sé trén bang la viéc thwc hién nhuw sau:
Chon ra hai s6 a va b nao do ¢ trén bang, xéa hai

a+b

s6 do di va viét thém lén bang so . Gia su

ban dau trén bdang ghi 2023 s6 1 va ta thuc hién
lién tiép cdc bién doi cho dén khi trén bang chi
con lai mét sé, chieng minh rcfng $6 do lén hon
1
7
Loi gidi. a) Ta co:
P=()c2y+yzz+zzx)—(xy2 + yz* +zx2)
=x*(y-z)+ )y (z—y+y-x)+2’(x-y)
~=2)( ) () )

=—(x-y)(y-z)(z-x).

[Pl =Px =y =z[|z - .
Ta di chimg minh: |P|<16.
Khong mat tong quat, gia st 0<z<y<x<4.
Khi do:
|P|=(x-z)(x-y)(y-2)

S()c—z)(x_'y*’y_z)2
4
(x-2)
= 4 i
Mait khac 0 < x—2z <4 nén
\3
PPt BT
4 4

Suyra P>-16 hay c6 diéu phai chimg minh.

b) Nhdn xét. Néu ban diu bang viét toan s duong
thi sau mdi budc bién ddi, cac sb viét trén bang
van duong.

Ki hiéu 7, 14 tong céc nghich dao cta céc sb thuc

viét trén bang ngay sau budc bién ddi thir

i(i =0,2022;i = 0 coi la trang thai ban dau).
Gia sir & budc i +1 ta x6a di hai sd duong a, b va

a+b

viét 1én bang s6 thi:

4
()
_—ab(a+b) a

Do d6 ¢6 T,y,, < Ty, <...<T,
Ban dau c6 2023 s6 1 nén T, =2023, sau 2022
budc thi trén bang con lai s6 duong x
ey 1
khidé T,,, =—<T, =2023, suy ra:
x

1 1
x2 >——=—
2023 2048 2"

TRAN XUAN PANG
(5/7/136 Phan Dinh Phiing, TP Nam Dinh, Nam Dinh)
Gidi thiéu
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. DE THI TUYEN SINH VAO LOP 10
TRUONG THPT CHUYEN TRAN PHU, THANH PHO HAI PHONG

NAM HOQC 2023 - 2024
(Thoi gian lam bai 150 phiit, danh cho thi sinh thi vao chuyén Toan)

Bai 1. (2,0 diém)
a) Cho biéu thire

A=[ x+2 " \/: B 1 ‘N.\"+1
x4+l x=Jx+1 Jr+1) 2%

(voi x> 0).
Rt gon biéu thire 4 va chimg minh 4<2
b) Cho phuong trinh:

x*=2(@+Dx+aq? ~Ja+l=l

(v1aan, a 1a tham s6).

Chimg minh néu @ 1a sd chinh phuong thi
phucmz trinh da cho ¢6 hai nghiém cung la nhimg

s0 chinh phuong.
Bai 2. (2.0 diém)

a) Giai phuong trinh:
(3x* +4x +6)m =27x" +3x.
b) Giar hé phuong trinh:
S (Va1 +7) =1
y+a4y =2 +3x-3-2(x+1)x

Bai 3. (3,0 diém)

Cho tam giac nhon ABC khéng cin ndi tiép
duong tron tam O. V& duong kinh AT cua
dudng tron (O) va lay diém P trén doan thiang
OT (P#T). Goi E va F tuong ung la
hinh chiéu vudng géc cua P trén cac dudng thing
AC va AB. Goi H 1a hinh chiéu vuéng géc cua

A trén canh BC.

a) Chimg minh OAB = HAC va hai dudng thing

BC, EF song song v&i nhau.

(11-2023)

TOAN H
12 ‘Crublgce S8 557

b) Cho AH va EF cit nhau tai Us diém 0 d;
dong trén doan thing UE (Q#U, O # E). Duimg
thang vudng goc voi AQ tai diém Q cat cac dudng
thing PE, PF tuong tmg tai M, N. Goi K 13
tm dudmg tron ngoai tiép tam gidc AMN. Chimg
minh bén diém 4, M, N, P cung thudc mgt
duong tron va O/A\H = KAQ.

¢) Ké KD vudng goc voi BC (D e BC). Chimg
minh duong thing di qua diém D i
song song vdi AQ ludn di qua mot diém cb dinh.
Bai 4. (1,0 diém)
Cho céc sb thuc a, b, ¢ thoa mdn a+b+c=0,
Tim gi4 tri nho nhat cua biéu thirc:
_ 2a- 1+2b 1 20—1_
Cat+2 b2+2 cc+2

Bai 5. (2,0 diém)
a) Tim cac sb nguyén t6 a,b va sb nguyén
duong m thoa man a® +b° +18ab=4.5".
b) Cho 8 diém phan biét trén mot duong tron.
Panh sb cac diém d6 mot cach ngau nhién bai cac
s6 1,2,...,8 (hai diém khac nhau dwoc dénh sé boi
hai s6 khac nhau). M3i ddy cung néi
hai diém bét ky dugc gan voi gia tri tuyét déi cua
hiéu céc sb & hai dau mit. Chimg minh ring luén
tim dugc bén day cung, doi mét khéng c6 diém
chung, sao cho téng cia cac sb gan voi
bdn day cung d6 bang 16.

LE PUC THINH

(GV THPT chuyén Tran Phii, Hdi Phong)
Gidi thiéu
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THEO CHUONG TRINH VA SGR MO

(Ky 1)
3. Phat trién ning lye tir duy va lip ludn todn
hoc cho hoc sinh thong qua hudimg dan hoc sinh
sang tac bai toan mai

l“\l l\()\\ (I(l)( l (V’vh" l’}(ui“‘” \J/)‘( \['Uf mat

phang (@) thav doi &i qua trong tam G cua ne dién

sao cho mat phang (@) car cac canh S4. SB.SC
“)” “"u“l Wi tjl( m ‘ H'(

. Chirng minh range:

NS4 SB SO

SAT SBT O S(
Lov giai. Vi G 1a trong
tam cua tr dign S.4ABC
nén ta co:

SG = (SA +SB+ SC)
- l(i"{;‘gh;f' S_B.SB £SC )
4\ SA' SB' \You

Vid diém G,4' B'.C’ dong phing nén ta co:
( S4  SB SC)
S4' SB' SC

SA4 SB SC
Suy ra + =4
SA4' SB' h) o

Néu chi giai quyét bai toan dén day thi vo tinh
chung ta dé bai toan trén thanh bai toan “chét™.
Nhiéu gido vién chi tip trung hudéng din va yéu
cau HS l1am cac bai tiap duoc giao ma chua quan
tdm nhiéu dén viéc nghién ciru sdu va khai thac
bai toan. Do d6 sau khi giai bai toan, GV sé€ hudng
dan HS nghién ciru sau, tip duot cho HS cich
sang tac ra cac bai toan mdi cing nhu giai cac bai
toan tuong tu nham khoi g01 su sang tao, dam mé,
himg tha cho HS. Ciing tir d6 gitp HS di tir viéc
thu dong giai cac bai toan dugc giao dén viéc chu
dong tim toi, sang tac cac bai toan mai, rén luyén

fu duy \é Iap luan toan hoc cho HS tao cam hung
say mé, hirng thu khi hoc chu dé vecto trong
khong gian.
Pé co thé phat hién va dé xuat dugc bai toan moi,
phuong phap moi tir cac bai toan da cho, GV co
thé hudng din HS tu dat ra va tim céu tra 1oi la:
+ C6 thé mo rong bai toan nay theo cac hudng
nao”? » ‘
+ C6 thé thay déi gia thiét, yéu cau bai toan, dieu
kién nao. c6 thé thém diéu kién gi?
+ Phwong phap giai bai toan nay c6 thé ap dung cho
cac dang toan nao khac?
+ Bai toan nay c6 néu lén van dé nao méi khong?
Cu thé, chiing ta sé dinh hwdéng hoc sinh khai
thdc bai todn theo cdc hwong sau:
Huwong 1. Thay doi gia thiét cua bai toan dé tgo
ra cdc bai todan twong tir
> Thay déi d¢ dai cdc canh bén cua tir dién
+ Cho §S4 =SB =SC =a taco bai toan
Bai toan 1.1. Cho tw diéen S.ABC, co
SA =SB =SC =a. Mét mat phang (a) thay doi di
qua trong tam G cua ti dién sao cho mat phang
(@) cdt cdc canh SA, SB,SC lan ot tai cac diém
A', B',C'. Ching minh rc%ng:
1 1 1 4
st SB a

SC' a
+Cho S4=1,5B=2,SC =3 lac d6 ta co bai toan
Bai toan 1.2. Cho nr dién S.ABC, co6
SA=1,SB=2,SC=3. Mot mat phang (a) thay
doi di qua trong tam G cua nr dién sao cho mat
phang (@) cdt cac canh SA, SB,SC lan lwot tai
cdc diém A', B',C'. Chimg minh rang:
1 2 3
S4' " SB’ N SC’

TOAN
~cm2§§13
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x Thay déi vi tri ciia diém G

Néu ta lay G 12 trong tim cia tam gidc 4BC. Ta
c0 bai toan ma1 nhu sau:

Bai toan 1.3. Cho nr dién S ABC . Mot mar phang
(a) thay doi di qua frong tam G cua tam gigc ABC
sao cho mat phang (a) cdt cac tia SA, SB.SC lin
hweot tai cac diem A'. B'.C' Chung minh rang:

34 5B SC
sS4’ SB' sC

Noi dung két ludn cua bai toan s& thay déi néu ta
thay doi Vi tri cua diém G trong khéng gian.
Chunglasecobaxtoanmmdudo “dep” vé hinh
thuc va nd1 dung nhd vao viéc thay déi vi tri cua
diém G. Songuachgmthlhoantoannmngm Cu
thé 1a bai toan sau:

Bai todn 1.4. Cho nr dién ABCD . Goi K la diém
thuoc canh CD sao cho 2KC =3KD, I la diém
thuoc canh BK sao cho IK=2IB. Mgt mat
phang (@) thay doi luon di qua diém I sao cho
mat phang (@) cdt cdc tia AB. AC,AD Ién heot
tai cdc diem MNP (khic dinh A). Tim gig tri
nho nhat cua biéu thirc:

1B’ AC?  _AD?

T=4-—,'¥16 S =
AM- AN- AN-

Huwrong din:

Chiing ta biéu dién vecto AJ theo ba vecto khéng
déng phfmg TB, ]E,A_B ta duoc:

7
=3B 0TS

Tonnuoc
usitre
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14 -

Do bén diém 7. M. N, P dong phing nén
2 AB 2 4C ] _42

= 27 . =1
3 AM 15 AN T5ap

AB 150 AC _ 15
AM 113’ AN 226 AP
x Thay doi mat phang (a)
Bay gi& néu ta thay ddi vi tri cia mit phing (a) vi
du nhu ta cho mit phang (&) thay doi nhung luén

AD _ 60
113

cit cac tia S4,SB.SC,SG(G la trong tim tam
giac ABC) lan luot tai cac diém 4", B",C'.G'thi
ta co bai toan mdi nhu sau:
Bai toin 1.5. Cho hinh chop S.ABC, mdt phang
(@) cat cic tia SA,SB,SC,SG (G la trong tim
tam gigc ABC) lan hwot tai cac diem A'.B',C'.G' .
Chimg minh rang:

SA SB SC _,SG

s4' SB' sC'SG'
Cho G’ la trung diém cua SG thi ta co bai toan
sau:

Bai toan 1.6. Cho hinh chép S.ABC, mat phing
(@) thay doi uon di qua G' la trung diém cia
SG (G Ia trong tam tam gigc ABC) cat cdc tia
SA.SB.SC lan heot tai cic diém A',B',C’ . Chimg

SB SC

mink ring: -+ + 5C

A" =6.




Bai toan ¢6 cach giai twong tr va ¢6 két qua tong
quat hon néu ta cho G la thuge canh SG sao cho

SG

sg ot

Bai toan 1.7. Cho hinh chop S ABC, mat phing
(a) thay doi luon di qua G' thuoc canh SG (G la

frong tam  tam  giac

SG =kSG' (k>0) car cic tia SA.SB,SC lin

ABCO) sao cho

lwot tai cac diem A, B'.C" . Chirng minh rang:

S4 SB SC

— 3+ —+— =3k,

sS4 SB' SO
Hwong 2. Khai thac két lugn ciia bai todn dé tao
ra cac bai toan madi

S4 SB SC T

Ta cb: lb:L— + -~
sC'
<3 tﬁ)
\ SA'

— 4+
SA' SB'
(SBT ;SCT\
H =+ — |
) \sB') \sc) |

7 2 7 2 / 2
NEANEANC AN
S4") SB’ } sC') 3
Viy ta co thé phat biéu bai toan méi nhu sau:
Bai toan 1.8. Cho nir dién S.ABC . Mot mat phang
(@) thay doi di qua trong tam G cua twr dién sao

cho mat phéng (@) cat cac canh SA. SB.SC lan
Ieot tai cac diém A'. B'.C'. Tim gia tri nho nhat

. (&4T LSB): (56)3
e | — | ¥ =71
s4') \sB 5
Bai todn 1.9. Cho nr dién S.ABC . Mgt mat phang
(@) thay doi di qua trong tam G cua tir dién sao

cho mat ph&ng () cat cac canh SA, SB.SC lan
leot tai cdac diém A', B'.C'. Ching minh:

SAY (SB)’ (SC)l 16

— | = == 27

sS4’ SB' el 3
1.10. Cho nr dién S.ABC co
SA=1,SB=2,SC =3. Mgt mat phang (@) thay

doi di qua trong tam G cua nr dién sao cho mat
phdng (a) cdt cdc canh SA, SB.SC lan leot tgi

Bai toan

cic diém A', B',C'. Tim gia tri nho nhat cia

s TS

Theo bai todn | ta co vai S4=SB=5C=1 thi

: 1 . .
ding thue AL e 4 ludn xay ra.
AYC A Y/ S Y O
|
bt — \I =y, l.--:">\o\w::4.
SA SB’ SO
Taco: lo=(x+y+: ) > vy + vz )
16

DXV VT HRTS

Do do ta ¢o bt toan man nhur sau:
Bai toan 1.11. Cho hinh chop S.ABC co cac
canh bén bang 1. Mat phang () thav doi luon di
qua trong tam cua hinh chop, cdt ba canh bén
SA.SB.SC lan hept tai D.E.F . Tim gia tri lon
nhat cia biéu thiec P = L NP —»]——
SDSE SESF SF.SD
Bay gio ching ta tim cach an ndi dung bai toan
nay thong qua mét hinh mai trong khong gian 1a
hinh 1dp phuong ta ¢o bai toan nhu sau:
1.12. Cho  hinh lap phuong
ABCD.A'B'C'D' ¢6 canh bang a. G la trung
diém cua BD', mat phang (P) thay doi qua G
cdt AD',CD'.B'D' twong umg tai H.I,K. Tim
gia tri lom nhat cua biéu thirc
= l + 1 + ] .
D'H.D'l D'I.D'K D'K.D'H
Hurdmg dén. Xét tr dién D'AB'C la tr dién déu
canh bing av2 . Vi D'B L(B'AC) nén D'B la
dudng cao cua tr dign.
Goi G' la giao diem cua D'B véi (B'AC), ta

Bai todn

chimg minh dugce D'G=~§D'G'




Vi tr dién D'AB'C 1a tr dién déu nén G’ 13
trong tam cua tam giac B’AC ,suyra G 1a trong
tam cua tir dién D'AB'C . Dén day ta da dua vé bai
toan quen thudc ¢ trén.
Hwomg 3. Dac biét hoa bai todn bing cach phit
biéu bai toan nwong nw trong mt phang
Bai toan L.13. Trong mgt phang cho tam giac
ABC. Mot dwong thang thay doi di qua trung
diéem M cua canh BC cat céc tia AB, AC lan heot
tai cdc diéem A', B'. Chung minh rang:

AB  AC _

_

AB" AC'
Hiwdng din. Vi M 1a
trung diém cua BC

-~ .

nén ta co: B

—— lfae —n I AB— AC
AM =—(AB+ AC)=—| — 4B’ + 2=

2( ) Z(AB' AC ACJ

Vi3 diém M .B.C’ thang hang nén ta co:

1{ AB AC

—(—,-f-—,):l.Suyra A5 A—C=2.

2\AB" AC AB"  AC’

Trong khudn khé dé tai nay, chung t6i chi trinh
bay cac bai toan trong khong gian do dé ching toi
khong dé cdp dén viéc khai thac Bai toan 1.13.
trong hinh hoc phing. Tuy nhién bang cach tuong
tr nhu cac hudng ¢ trén ching ta cling c6 rat
nhiéu céc bai toin méi dugc tao ra tir bai toan nay.
Hwdmg 4. Tong qudt bai todn trong khéng gian ta
co bai toan moi nhir sau
Bai toan 1.14. Cho tir dién S.ABC. M la mot
diém tuy ¥ trong khong gian théa man

aMS + SMA+ yMB + AMC =0,
voi @ +f+y +A*=0. Mot mdt phing (a)
thay déi di qua diém M sao cho mdt phdng () cdt
cic tia SA, SB,SC lan heot tai cdc diém
A', B',C'. Chumg minh rang:

sB , SC
Q__=a+ﬂ+r+1.
ﬁ'sA'+"SB'+ sC’

TOAN HOC
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Huwdng dan.

A

Ta cé: am+ﬂm+y}—l§+ﬂ.m=(—)
@(a+ﬂ+y+a)§fi=ﬂ57+73§+/‘.§f

e SM = ) ~(ﬂ§+7S—B.+/’.§C—')
a+f+y+A ’
o 1 SA — SB —; SC —;
N - __5_4 Y—SB‘/-—SC
o SM a*ﬁ”ﬁ_t s s sc” )

Vibén diém M, A', B',C' dong phing nén ta co:

f =a+fB+y+ A
SB SC” Ptr

S4
Psa™?

Khi c6 bai toan tdng quat thi ching ta cé thé tao ra
duogc v sb bai toan méi rat dep vi du nhu: Chung
ta cho a=1,8=2,y=3,A=4 va khai thac bat
ding thirc Cauchy ta c6 bai toan sau
Cho nr dién S.ABC. M la mot
diém tuy y trong khong gian thoa man

MS +2MA +3MB +4MC =0.
Mot mat phang () thay doi di qua diém M sao
cho mat phang (@) cat cdc tia SA, SB,SC lan heot

Bai toan 1.15.

tai cac diem A', B',C' . Ching minh rang:
sS4 SB* SC* 100
-+ + > .
SA® SB? SC? 29

BAI TOAN GOC 2. Cho ni dién gdn déu ABCD

co AB=CD=10.4C=BD=20. 4D = BC =20.

Tim gia tri nho nhat cua biéu thirc
P=MA4+MB~+MC +MD

khi M thay doi trong khong gian.

Hurdng dan. Mt tinh chit cia tir dién gin déu ma

vigc chlmg minh rét don gian 1a trong tam cua W

dién gan déu tring vdi tim mit cau ngoai tiép cua
no.



Got O 14 trong tm cua wr dign ABCD ta suy ra

O cing la tim mdt cau ngoai tiép cua nr dign. Ta

co: (_i'i + 6& + E)—(: + zSﬁ = 6 D‘)ng Cé“g thire
tinh & dai dudng trung tuven ta tinh duoc:

)

O4=0B=0C=0D=R= L_}:

Tacd: P=MA+MB+MC+ MD
MAO04+ MBOB + MC.OC + MD.OD
R

MAOA+ MBOB + MC.OC + \ID()D
R

\76(6“4 +0B+0C+0D)+4 R’
= o

f‘/

= 4R =30:2.
Diu bing xdy ra < M trang véi diém O.
Nhgn xét. Day 1la mt bai todn lién quan dén nr
dién gin déu. Ching ta khai thac tinh chat “Tam
mit ciu ngoai tiép cua tir didn va trong tam cua nd
tring nhau™ va kién thire vé vecto dé gial no:

Béy gio, ching ta sé dinh hwong hoc sinh khai

thac bai toan theo cdc hwong sau:

Huong 1. Thay doi gia thiét cua bai todn dé tao

ra cac bai roan twong tw

+ Bang cach an di gia thiét tr dién déu ma thay

bing gia thiét khac ta co bai toan dwgc ra trong kv

thi hoc sinh gioi lop 12 Tinh Nghé An nam hoc

2022 -2023 sau day:

Bai toan 2.1. Cho i dién ABCD c6 AB=10,
AC = AD = 20. Biét rang BAC + CAD + DAB

= 4BC + CBD + DBA = ACB + BCD + DCA=180°.
Tim gia tri nho nhat cua biéu thirc
P=MA+MB+MC+MD khi M thay doi trong

khong gian.

+ Lai tiép tuc phan tich két ludn cua bai todn ta c6:
P=MA+MB+MC+MD

MB.AB N MC.AC . MD.AD

=MA+—0 AC D

(Md+ 4B)4B (Md+aC)4C (Md+ 4D) 4D

.\ |} 4* SRS AUV . S I W S
! 1B 1C AD
(4B AC 5
2 hble il 22+ 25 AD |+ AB+ AC + AD.

\ 4B 4C 4D

AD| )

Ta thém gida thiét f 4 4—(' + bl thi
» 75

MA+ M4 -m- + i + j£ . Do d6 ta luon
(4B AC 4D}

o MA+ MB+MC + MD > 4B+ AC+ AD .
Ta phat bidu bai toan mét nhur sau:

Bai toan 2.2. Cho te dien ABCD thoa man

41)’ AC 41’:

_.._._.Q__h_'l\l

Véi moi diém Mty ¥ trong
' 4B AC 4D

khong gian, ching minh rang:
MA+MB+MC+MD2> AB+ AC + AD.

+ Néu ur diégn 4BCD la tir dién vudng tai dinh 4

, AB 4C 4D
thi ta ¢
AC 4D
(4B 4C 4D _, |48 4C_4D|_
\4B AC 4D 48 4C  4D|

Do d6 ta lai ¢ bal toan mai nhur sau:
Bai toan 2.3. Cho nr diéen ABCD la nr dién

vuong tai dinh A. Véi moi diém M trong khong

gian. Chung minh rang:

J3MA4+MB+MC +MD> AB+ AC + AD.

Hwomg 2. Tim cach mo rong bai toan

M¢ rong bai toan gdc trong tr dign gin déu ta ¢6
bai todan

Bai toan 2.4. Cho ni dién gan déu ABCD c6
AB=CD=a,AC=BD=b,AD=BC=c. M la
diém thay doi trong khong gian. Chimg minh

rang:

MA+MB+MC + MD2 [2(a + +¢%).

OAN
T‘cngigcé17
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4. Phat trién niang luc tur duy va 1ap luin tedn
hoc cho hoc sinh théng qua van dung phuong
phép chuyén ddi ngon ngir

4.1. Dung phuong phdp toa dp hog dé
bai toan hinh hoc sang bai todn toq d;
Thi du 1. Cho hinh hop
ABCDA'B'C'D' ¢6 AB =1 =2
phang (P) @i
AB. AD,

chuyén

chir  nhar

N 11, = 3 Afd{
&

qua va cart cac tig

AA" lan lwot tai E . F.G (khac A) sao

cho thé tich nr dien AEFG nho nhat. Tinh GTNN

cua P=AE + AF + AG.
Lai gidi. Chon hé truc toa d Oxyz, nhu hinh vé,

Khi dé: A4=0(0:0;0), B(I;O;O), D(0;2;0),
A'(050;3) va C'(152;3). Gia sir (P) cat cac tia
AB, AD, AA" lan lugt tai E(a;0;0), F(0;5;0)
va G(0;0;¢) véi a,b,c la cac sb duong. Suy ra

b4

mit phang (P) ¢6 phuong trinh la: X 42 4 Z _ |
a b ¢
Taco: V

ALFG

= %abc . Mat khac

C'e(P)<:>l+E+§=l
a b ¢

6
nén 123)—— %abc 227 &V 0 227

abc
Suy ra thé tich tir dién AEFG nho nhit khi

1.2 2.4 T[a=3
al b2 ('3 <b=6.
—_—= c=9
a b ¢

Viy AE+ AF+ AG=a+b+c=18.
Thi du 2. Cho hinh chép ti giae déu S.ABCD c6

canh day /n)"ng a, tam O. Goi M va N lan leot la

trung diem cua SA va BC. Biét rang goc giiea MN

TOAN HOC
© CTusitre
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e

i ing 60°. tunh cosin o,
va mat phang | ABCD) bang ISIN g

gitta MN va mdt phang | s

av10

—_—

tinh duoc NH = G

MNH =60° va ta

30
SO = >
BeOx. CeOy, Se0r: nhu hinh vé thi ta ¢é:
, . \
-2 2,01 (o2
B[Q;o;o}p[———;o;o ,C| 0; 5 .OJ,A 0; = ’OJ'
(D

o ,A\,’(—g-"—';o ! (cota=1).

a truc toa do Oxzvg;

.Gan hé

2 030
2 4 s 4

Ta co: M—’V=(

-t 30 |

ﬁz(—ﬁ;ﬂ:m. BS =

D[EE.BTH:‘O:VB:O)_
"

MN[BD.BS| |
sin’ (MN,(SBD)) = | -—rx——2 .
| \MN| [ BD.BS | |

' 4
= cos (MN,(SBD)) - e cos(MN (SBD))

Thi SABCD co

mnn criap

duo 3. (W
SA L(ABCD)., day ABCD i minh chue nhat Do
dai cac canh AB = 3a, AD - 3a.54 ~ 5a_ Goi M
la diém nam trén canh BC va BAM Sa. Tinh

khoang cach giea hai dweong thang SB va MD,

Lai giai. Chon hé truc toa do Descartes cac vuong
26¢ Oxyz nhu hinh vé. Ty gia thiét ta c6 toa d¢ cac
diém: B(3a; 0; 0), D(0: 4a; 0), S(0; 0; Sa) va
M(3a; 3a; 0). Suy ra:



S’B. =(3a;0;-5a), MD = (-3a;a;0), BM - (0;3a;0).
[SB,XE)] =(5a’;15a%;3a%). Suy ra;

SB = (3a;0;-5a), MD = (-3a;a:;0), BM =
[:S:é‘ 17]3] =(5a’;15a%;3a%).

(0;3a;0).

Van dung cong thire tinh khoéng cach ta co:

d(SB,MD) =

4.2. Dung phuong phap toa dj hod dé chuyén
bai toan dai so sang bai todn toa dé

Thidu 4. Cho a, b, ¢ la cac so thue théa man

2(2"“”"‘ —1) +(@a=1+(b=1) +(c=1)> =4""
§¢1+ 2b+c ) 4

Dar P= va goi M la tap hop gom
u+h+c

nhimg gia tri nguyén cua P. Tinh so phan tu cua tdp
hop M.

Loi giai. Ta co:
224 - 1)+(a —1)? +(B=1)? +(c—1)? =4+
&2 L h b et + ]
=22%242 L 24 4+ 2b+ 2¢ (¥).
Xéthamsé: f(1)=2"+1 ¢6
f(t)=2'n2+1>0, VieR.
Nén ham s f(t) dong bién trén R. Do do:
(*) f(a®+b +c” +1)= f(2a +2b+2c)
oa+b+ct+1=2a+2b+2c
& (a—l)Z +(b—1)2 +(c—1)2 =2.
Xét khong gian Oabc, ta co:
(a—l)2 +(b—1)2 +(c——1)2 =2

— L B S R

la phuong trinh mat cAu (S) co tam /(1;L1), ban
kinh R =+2. Goi (o) la mat phang c6 phuong

3
trinha+b+c¢=0. Do d(l,(a)):ﬁ: ISR

nén mp(at) va mat cau (S) khong co diém chung,
diéu nay nghia la vai cac so thye a, b, ¢ thoa man
Ja+2b+c

% ] N ) 5 =
(*)thi a+b+c#0. Taco: P i hic

& (P=3)a+(P-2)b+(P-1)c=0 (f).

Picu kién ton tai a,b,c la

a1 pp 6| <3
\ﬁ) 3)’ L (P-1)
- 6+2\/§
<:>3P2—12P+8s0<:>6 32‘/—sPs =
6+23
Do PeZ va6 ;J—S +3\/—nen

P e{1;2;3}. Vay tap M c6 3 phan t.

Thi du 5. Cho ba 56 thiee x. y, z thoa man

4x* + _v: +9z° =4x+12z+11. Tinh gia tri lon

nhat cua biéu thirc P=4x+ 2y +3z.
Loi gidi. Taco: 4x* +y° +9z° =4x+12z+11
e (2x-1) +y* +(3z-2)" =16 (1),
bit 2x-1=a,y=b,3z-2=c. Khi do:
{a2+b2+c2=16
P=4x+2y+3z=2a+2b+c+4
Q{a +b*+cr =16 ) ).
2a+2b+c+4-P=0 (2)
Ta ¢6 (1) 14 mdt cau tam O(0;0;0) ban kinh
R=4; (2) la mit phang (&) co vecto phap tuyén
;1=(2;2;1) trong hé toa d6 Oabc. Hé (I) co

nghiém khi va chi khid (O,(a))< R < #-A,

& |P-4<12¢<-8<P<I6.

u .8 _10
67 3" g
Viy gia tri 1on nhat cua biéu thirc P 1a 16.

Dau bang xay ra khi x =

NHOC19
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CAC LOP THCS
Bai T1/557 (L6p 6). Tim cdc cap s6 nguyén (a: b)
thoa man a*-3a’ =3+2°.

CAO NGOC TOAN
(GV' THPT Tam Giang, Phong Dién, Thita Thién Hué)

Bai T2/557 (Lép 7). Cho tam gidc ABC. Cac
diém D, E lan lugt nim trén céc canh AB, AC. Goi
O 1a giao diém cua BE va CD. Biét rang AE = BD,
AD

10 dién tich cac t. ia A
_=._' Cac !‘ a
CE 9 C am giac ABC va OBC lan

lrot 1a 10cm’ va 3cm®. Tinh ty sé 4D
BD
NGUYEN PUC TAN
(TP. Ho Chi Minh)
Bai T3/557. Tim h¢ thirc lién hé giira cac s6 a, b,
¢ (khong phu thudc vao x, y, z) biét

a=b£+ci, b=cl+a£, c=a£+b£.
y z x y z b 4
NGUYEN KHANH NGUYEN

(3/29E, Pa Néng, Hai Phong)

Bai T4/557. Cho tam gidc ABC can tai 4. Ké tia Bx

vudng goc véi BA. Goi D la diém dbi xing cua C

qua Bx, E la trung diém cua canh AB. CE cit AD tai

F. Chimg minh t& giac BDCF ndi tiép trong mot
dudng tron.

BUI VAN CHI

(GV THCS Lé Loi, TP. Quy Nhon, Binh Dinh)

Bai T5/557. Cho hai sb thuc duong a, b théa man

1+ab

a<bva <+3. Tim gi4 tri nho nhat cua biéu
=a

(1+a*)(1+b%)

thuc P=
a(a+b)

LE XUAN DPAI
(GV THPT chuyén Vinh Phuc)

Sé 557 (11-2023)

TOAN
20 cruggcé

CAC LOP THPT
Bai T6/557. Giai phuong trinh
U —ax +6x —3x+Wx—1+x=5+32.

TRAN VAN HANH
(GV Dai hoc Pham Vin Pong, Quing Ngai)
Bai T7/357 Tinh cac goc cua tam gidc ABC biét

ring Scot A+8cot B+9cotC=12.
DUONG DUC LAM
(K51, XDY, Pai hoc Xay dung Ha Ngi)
Cho ABC  vg

ax{:l B, 6‘}<120". M la diém nam trong tam

gidc sao cho BMC=CMA=AMB=120". Chimg
minh ring:
MB+MC - MA 3+ MC+MA—MB):
BC CcA
(M4+MB—MC)Z
4+ ———— | 2L

Bai  T8/557. tam  giac

AB
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHOG Ha Ni)
Bai T9/557. Tim gia tri nhé nhit cua ham s6 fx)
trén khoang (0; +0):
8(x* +x)’ +(2x+1)’
(2x*+2x+1°

TRAN QUANG CHUNG
(SV I6p PTYS 12, Hoc vién Ky thudt Qudn si)

f(x)=

TIEN TOI OLYMPIC TOAN

Bai T10/557. Tim cac s6 nguyén té a, b, c, d thoa
man phuong trinh

_ A3
i/cosz—” +i/cos4—” +Jco 6—” =32 bJ;.
3 3 3 d
NGUYEN DBUC TUONG
(Pleiku)

Bai T11/557. Tim tit ca cac ham s§ f:R—oR

thoa man f(2f(x)+y)=3x+f(f(y)—x) vé1 moi
x,yeR.

KIEU DINH MINH

(GV THPT chuyén Hung Vieong, Phii Tho)



O RS . e

Bai 1'12/557 Cho tam gidc nhon khong can 4BC
ngoai tiép duomg ton (/). D, E, F 1an lugt 1a liép
diém cua () va BC, CA, AB. P 1a hinh chiéu
vudng goc cia D tén EF. DP ¢it (/) tai didm thi
hai K. L 1a hinh chiéu vudng goc cia 4 trén /K.
Cac dudng tron ngoai tiép cdc tam giae LEC v
LFB cit (/) 1an thit hai trong g tai M, N. Chirng
minh M, N, P thing hang.

LUU CONG DONG
(GV THPT chuyén PHSP Ha Néi)

Bai 1.1/557. Cac diém A, B, C, D trén mat nudc
tao thanh hinh thang can ABCD (day 4B, CD).
Biét AB = 50 cm, CD = 30 cm, dudng cao hinh
thang h = 20 cm. Tai hai diém 4, B nguoi ta dat
hai nguén song két hop, dao dong ngugc pha

nhau va phat séng c6 budc séng A = 3 cm. Tinh

s6 diém co bién 9 dao dong cyc dai trén ddy nho
CD.

VIET CUONG (Ha Noi)
BAi 1.2/557. Dign nang tr mot tram phat dign
duge dua dén mot khu dan cu bang duong day
truyén tdi mot pha. Néu dién dp tai noi truyén tai
ting tir U 1én 20 thi 6 ho dan duge tram cung cdp
du cong sudt dién ting tir 93 ho lén 120 ho. Coi
rz"mg cong suét dién truyén di tir tram phat khong
ddi, cong sudt tiéu thy dién ciia mdi ho dan nhu
nhau va khong dbi. Hé sé cong suat trén duong
truyén tai khong d6i. Khi ting dién 4p tai noi
truyén tai 1én 3U thi sd ho dan dugc tram phat
cung cép du cong suit dién la bao nhiéu?

THANH LAM (Ha N¢i)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/557 (For 6" grade). Find all pairs of
integers (a; b) satisfying a* — 34 =3+ 2,

Problem T2/557 (For 7" grade). Given a triangle
ABC and some points D, E on the sides AB, AC

respectively. Let O be the intersection between BE

and CD. Suppose that AE = BD, -42:-1—(2, and
CE 9

the areas of the triangles ABC and OBC are 10cm’

eRRF . )
and 3cm?” respectively. Find the ratio 3D

Problem T3/557. Find the relationship between a,
b, ¢ (which does not contain x, y, z,) given that

Z X X A
,a=b—+cz—,b=c4y—+a—,c=a-—+b-~—.

R R I P

Problem T4/557. Given an isosceles triangle ABC
with the vertex angle 4. Draw the ray Bx

perpendicular to BA. Let D be the reflection point
of C in Bx and E is the midpoint of AB. Suppose
that CE intersects AD at F. Show that BDCF is a
cyclic quadrilateral.

Problem T5/557. Suppose that a, b are positive

1+ab
—a

<+/3. Find

numbers satisfying a < b and

the minimum value of the expression

(1+a2)(1+b2)
Ex a(a+b) .

FOR HIGH SCHOOL

Problem T6/557. Solve the equation
Yx* —4x® +6x* —3x +34Jx~1 +x=5+32,

Problem T7/557. Find the angle measurements of

a triangle ABC given that
Scot A+ 8cotB+9cotC =12.
(Xem tiép theo trang 42)
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Bai T1/553. Cho 625 56 nguven dwong 1,23, ..
625 ta chon ra 312 56 sao cho khong co hai sé
ndo co tong bang 625, Chirng minh trong 312 so
dicoc chon bao gio cing o it nhat hai s6 chinh
phirong.
Loi gidi. Ta thay:

625 =25%= 49 + 576 = 225 + 400
v6i 49 = 7°; 576 = 247 225 = 152 400 = 202. T4
chia tp s6 gom 624 s& nguyén 1: 2; 3...: 624
thanh 312 nhém, mdi nhém gdm hai sé nguyén
duong sao cho téng hai s6 d¢ b?mg 625, tirc 1a mdi
nhom cé dang {n ; 625 — ny véi 1 < n < 312.
Nhém thu nhéat 1a {1, 624}, nhém tha hai 1a
{2; 623},..., nhém thir 49 13 {49; 576}, ..., nhém
thir 225 1a {225; 400}... nhém the 312 1a
{312; 313}. Gia s da chon dugc 312 s6 sao cho
khéng c6 hai sé nao ¢ tong biang 625 thi hai sé
bat ki duge chon khéng thé thugce cung mdt nhém.
Xay ra hai truong hop sau.
1) Trong 312 s6 dugc chon thi mdi sé thuéc mot
nhém. Luc d6 s6 thudc nhom thir 49 va sé thude
nhém thir 225 14 hai sé chinh phuong,
2) Trong 312 s dugc chon c6 sb 625 = 252 , VOI
311 56 con lai thi m&i s6 thude mét nhém. Lic do
mot s6 a hodc thudc nhom thir 49, hodc nhém thir
225 nén la sb chinh phuong; nhu thé trong 312 sé
duoc chon c6 hai s6 chinh phuong la a va 625.
Nhu véy trong 312 s6 dugc chon bao gio cling ¢o
it nhét hai s6 chinh phuong.
Nhdn xét. Mot sb ban lap luan chua dy da, chi y
rfing ta xét 312 sb da duoc chon rdi mét cach tuy y.
Mot ban & Can Tho xét thiéu mot truong hop khi co
mét s6 thudc nhém tha 311. Cac ban sau c6 o1 giai
dang. Vinh Phic: Nguyén Bao Chédu, Nguyén Hiwu
Gia Long, Nguyén Phi Long, Nguyén Duy Manh
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Liomg, 6A6, THCS Yén Lac, an Lac; Ha N?i;
Dodn Hai Duong, 6A6, Truong chat lt{ong €ao quin
Thanh Xuan; Ha Tinh: Pham Quynh‘ Na, §A,
Nguyén Thi Diém Quynh, TA, THCS Binh Thinh,

bire Tho.

NGUYEN VIET HAJ 1
ABC  ¢6

Bai T2/553. Cho tam giac

BAC =15°, ABC =60". Pat AB = a. Tinh BC, C4

theo a.

Loi gidi. (Cia céc ban guri bai).

D

Dung tam giac déu ABD (hinh vé) va CH vudng
g6c voi AD. Ta co:
DCH =30°, HAC = HCA = 45",
bat CD = 2x, trong nua tam giac déu CDH ta co:
HD=x, CH =\/§x.
ViAD =AH + HD = HC + HD nén ta co:
a=AD=x(1+3).

X a a(\/g - 1)
V=TT 2
vudng can AHC ta c6 AC=2CH cho nén:

AC=3 ({3 - \/Ea(;/E—l):a(\/ﬁz—JE).

Trong tam giac

Ngoai ra, ta cling co:
BC=BD -CD=a-2x=a-a(\3-1)

=2a- a\/s )
Nhén xét. Cac ban 16p 6 va 16p 7 sau day c6 loi giai
tot: TP. Ho Chi Minh: Nguyén Trinh Phueong Minh,
7/15, THCS Lé Quy Pon; Cin The: Duong Ngii
Kim Ldn, 6A6, THCS Poan Thi Diém, Ninh Kiéu;
Nghé An: Nguyén Thi Bang Tam, Nguyén Van Hai



Anh, Hoang Van Nhan, 7C, THCS Ly Nhat Quang,
Do Luong; Quang Ngii: Huynh Diém Quymh. 6B,
THCS Pham Vin Dong. Nghia Hanh: Gia Lai: Cao
Minh An, 7. THCS Tran Pha. TP. Pleiku.

VU DINH HOA

Bai T3/5583. Cho tap A={1.2....2023

Hor ¢ .'/I'(;‘
chon ra nhiéu nhar bao nkicu phan nr cua A sao
cho trong nhitng phan ue duoc chon ra Khong ton
gibaphan twea, b. c ma a - b chia hét cho ¢

Lo g Tip hop B={1012,1013.....2023
khong chira ba phan tr a.b.c nao ma a-b chia
hét cho ¢ vi bd ba

0<|a=b[<1011<1012<c. Chu ¥ 1a tap B co

VOl moi a.b,c thi
1012 phan tr.
Ta chimg minh 56 phan tir nhidu nhét c6 thé chon
ra d¢ thoa min d¢ bai 1a 1012, tic la trong 1013
phan tu bat ky cua 4 luén c6 ba phin tr a.b.c
thoa man a —b chia hét cho c.
Cadch 1. Xét 1013 phin tur bitky cia 4 va goi ¢
la phan tr nho nhat trong 1013 phan tr do. Thé
thi ¢<101l. Theo nguyén ly Dirichlet, trong
1012 phan tir con lai phai ¢6 hai phin tr a.b co
cung s6 du khi chia cho ¢, kéo theo cla-b. Nhu
viy trong 1013 phan tr bit ky cua 4 Iuén c6 ba
phan tr a,b.c thod man a—b chia hét cho c.
Cich 2. Xét tip C=1q,.a,.....a,,,} la mot tap
con 1013 phan tir bat ky cia 4. Gia su

@ <&, <L By
Khi d6, hai ddy a,-q <a,-a,<---<a,,—aq,
va @, <a, <...<a,, c6 2024 s6 hang la cac sé
nguyén duong khong vuot qua 2023 nén theo
nguyén ly Dirichlet, ton tai hai s6 hang bang nhau.
RO rang hai sO6 hang nay phai thudc hai day khac
nhau, tirc 1a ton tai hai chi s i> j>1 thoa man
a,—a, =a,, kéo theo a, la, —a,. Nhu vay trong
1013 phan tr bat ky cia A ludn c6 ba phan tir

a.b.c thoamin a—b chia hét cho c.

Viy, s0 phin tur nhiéu nhat ¢o thé chon ra la 1012
Nhgn xét. Diy 1a bai toan ca ban, ¢o nhiéu ban gin
lon gian dén Toa soan nhung dang tiéc chi co mot ban
gidi dung. Mt s6 ban co huéng di ding nhung lo
giai chua tron ven.
- Cac ban chi ra s6 phﬁn tr nhiéu nhat la 1012 nhung
chwa chi ra mdt truomg hgp c6 1012 phan tr thoa
mén yéu cau bai toan.
- Cac ban chi ra mot vi du vé tip hgp chaa 1011
phan tir déu 1a sb chin nén trong do sé cé ba phan tr
x.v.2 ma 2/x— v rdi suy ra s phan ti nhiéu nhat
khéng vuot qua 1012 la chwa dang vi day chi la mot
truémg hop khong thoa min dé bai, chua thé khing
dinh khong ton tai mot tap co chua nhié¢u phan tu
hon thoa man d¢ bai.
- C6 mot ban giai theo cach 2, nhung dang tiéc tinh
toan nham lan & doan cudi.
- Y tuong cia bai todn trén 1a s6 luong s6 chon ra
khong thé 16n hon gia tri cia s6 nho nhat.
Tuyén duong ban Lé Tudn Hiép, 8C, THCS Poan
Thi Diém, Yén M¥, Hung Yén c6 151 giai dung.
NGUYEN TIEN LAM
Bai T4/553. Cho tam giac ABC (BC > CA4 >4B)
Trén hai tia BC va CB lan lwot lav hai diém D va
M sao cho BD = CM = AB. Trén hai tia CA va AC
lan lwot lay hai diém E va N sao cho CE = AN = BC
Trén hai tia AB va BA lan heot lay hai diém F va
P sao cho AF = BP = CA. Churng minh
2) Soer =Syurs

b) Sper >Saac-
Lok giii.
E P
F N
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& T TR, ey, ..

Tir i thict suy @ BM = CD, CN = 45 4p - BF Do
40 Scer = Syar = Syap-
a) Taco: Spgr = Spg — Secn - Seep-

Mitkhac: Spp +Spp =S + S

ran
=S+ Suw + Spau = S+ Sean +S
= Spau + Sian -

D06 Sper = Sgp —

NBw

SI‘MI —S\RV :SW'
b) Vi Ser = m'r+S,‘v+S!v\,=Sm.+S‘ﬂ +S
naaBBTe&nchimgminhmongam.g\ﬁ

s +S 5w >Spay +S

STV

SuN
& Siv +Sine 3 Boas (D
Chia ca hai vé clia (2) cho S .., ta durge:
A_P- AN . ;\r'C..MC >§£ﬂ
AB AC AC BC BA BC
Laicd: AP=b-c, AN=a, NC=a-b MC =c.
BM =a-c,BP=b.
Viy (2) trong duong voi
(b-cla’* +(a-b)c* >(a-c)b?
< b-c)a-b)a-c)>0 (dingdoa>b>c).
Nhnz vily, Sper > S 0 -

>

-

Nhégn xét. Chi co ban Nguvén Thim Long, 9D, THCS
Dai Nai, Ha Tinh lam 5t bai toan trén.
NGUYEN THANH HONG

Bai TS/553. Giai phwrong trini

(v v -1\ \:r\*3~(5_\>‘3\'4\\ v —-1=0

. * T .
Lov giai. Vi x'+x+2=(.r+%\] +Z>0 nén

diéu kién dé phuong trinh xac dinh la:
x<-1

x*-120
x2>1

Dt PR, % >0, b=vx'—-120.Taco:

ax* +x-1=x° +x+2+3(x3 —l)=a: +3b°;

5x? +3x+4=3(.r: +x+2)+2(x: —l)
=3a® +2b°.
Phuong trinh trd thanh:

24TOﬁNHOC
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(o' + 0 )a— (30" + 26"} =0
oa' -3a'b+3ab-b' =P
c::(a—b): =b'ea=2b

Taduge: Ve’ +x+2=2Vvx -1
o +x+2=4(x-1)

-

1- \"-7_3-
6
1+V73

6

lx=
o3I -x-6=0

|3=

(thoa man diéu kién).
Viy phuong trinh ¢6 tdp hop nghiém la:
_ h-v‘%_ l+\:";3 :)

6 ’ 6 J.

Nhgn xét. 1) Diéu then chot cua loi giai 1a chimg
minh phuong trinh trong dau bai twong duong vai

phuong trinh \‘“.1’: +x+2=2Wx" -1
Hau hét cac ban c6 két qua ding lam theo cich trén.

2) Co6 the tht twe uép dé thiy

-J73 73 o
= \/3<-l; g=it >1; hodc cic gia m
x=lt;’73 ld nghiém cua phuong trinh

4(.1': —l) =x"+x+2>0 nén ching théa man diéu
kién cuta bai todn.

Cac ban sau diy co bai giai tét :

Ngh¢ An: Nguyén Thi Bang Tim, 7C, Nguyén Thai
Tri¢u, Thai Ba Nhdn, Dinh A Na, Nguvén Trong
Bdo, Nguvén Cong Diing, Pham Xudn Hodng, SA.
Bui Thi Thuy Linh, Nguyén Van Lam, 9A. THCS
Ly Nhat Quang, Do Luong; Ha Tinh: Tran Gia
Bao, 9B, THCS Binh Thinh, Dirc Tho: TP. Hé Chi
Minh: Nguyén Chdnh Thién, 9/12. THCS Lé Quy
Dén, quin 3: Cin Tho: Dwong Nei Kim Lin. 6A6.
THCS DPoan Thi Diém, quin Ninh Kiéu; Ha Ngi:
Ngé Minh Chdn, 9A3, TH&THCS Archimedes
Dong Anh; Quing Tri: Lé Thi Ngan Tam. 9G,
THCS Phan Dinh Phung, TP Dong Ha.

NGUYEN ANH DUNG




mi T&SS“ Cho a, b, ¢ la Ha s¢
Chimg minh réng

a

B \(a +3ab+py

i -

Lén giai (Cua ban Tiét Trong Khiém).
ViS(a+b)' -4(a’ +3ab+b)=(a-b) 20
nén S(a+ )" >4(a’ +3ab+5*). Suy ra:

s

a > a’
8 \(a* + 3ab+ 5
805
54567 — (a+bY
V5 (a+2) 5v5b~‘g"bb§

)
- b _ 8x

Ss/g(%ﬂ)s 505 (x+1)

. 0 Sy g A
val x=;. Tuong tw : Véi y=— taco:
C

b S
2 8(—) 8
o ¢ 5 ¥

R e ()| SV(+1)”
c

Va zz=S ta co:
a

s(f)' .

S 8:3

- > - =y

a’J(c’+3cn+az) S\E(EH) 5¥5(=+1)
a

Viy dé chimg minh (1) ta chi can chimg minh
X y Z 53 .
(x+l) (v+l) ( +1)' 8

ApdungbﬁtdangtlmcCauchychoSsétaduqc:

x x+1 x+1 x+1 1
+ +

(,+1)3+16 16 16 8

[ ¥ x+l xr+1 x=1 lzi_\-
25\1‘,”' 16 16 16 8 8
“ \7]-___1
(x+1) 16 16
y' >q,"_i
Tuong v (v+1) 16 16
o 7- 5
N ey - ARt
‘“ (-~l) 16 16
a b d
Do nz=—-——= =1 nén nep tuc ap dung bat
i b ¢c a 0
ding thirc Cauchy cho ba so duong. ta dugc:
< z
(x+1)° (»+1) (- 1)
[ Tx sY (7y 5Y (7= 53
>1 - s — - ———
\16 16, 16 16/ 16 16’
5.7 . p— 15
>2—(x+v+z)——2—3ygxyz ——
(x+ 1616 YV 16
21 15 3
16 16 8
Viy (2), do dé (1) duge chimg minh.
Diu bang xay ra khi va chi khi
o x+1 1
= =—vax=y=z=1

(x+1) 16 8

hay a=b=c.

Nhgn xét. Mot so ban chimg minh khong ngin nhu
cua ban Khiém. Tit ca cic ban di gini bai c6 161 giai
tot:

Bac Liéu: D6 Van Dwong, 11CA, THPT Tran Vin
Bay, Phudc Long: Binh Dinh: Phan Trung Truc,
11T, Tran Ngoc Tuyén, 10 Toan, THPT chuyén L&
Quy Don; Gia Lai: Phan Trinh Nguyén, 11Al,
THPT Chi Ling; Ha N@i: Ngé Minh Chdn, 9A3,
Archimedes Academy Déng Anh; Ha Tinh: Nguyén
Thira Long, 9D, THCS Dai Nai, TP. Ha Tinh: Nghé
An: Phan Tuan Manh, 9D, THCS Dang Thai Mai,
TP. Vinh; Thai Ba Nhdn, 9A, THCS Ly Nhit Quang,
D6 Luong; Phi Yén: Nguyén Tan Nguyén Chuong,
11 Toan 1, THPT chuyén Luong Vin Chéinh; Quing
Binh: Hoang Kim Loc, 11 Todn 1, Podn Ngoc Duy,
Nguyén Thanh Hai, 12 Toan 1, Pham Thi My Hanh,
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12 Toén 2, Nguyén Phuong Nam, 10 Toan 2, THPT
chuyén Vo6 Nguyén Giap; Quing Tri: Nguyén
Hoang Tudn Anh, 10A1, THPT Hudéng Hoa: Séc
Trang: Nguyen Ha Giang, Tiét Trong Khiém,
11A2, Doan Trong Quy, 11T2, THPT chuyén
Nguyen Thi Minh Khai; TP. H$ Chi Minh: Nguyén
Chanh Thién, 9/12, THCS Lg¢ Quy Dén, Quan 3:
Vinh Long: Nguyén Tudn Kiét, 11T1, THPT chuyén
Nguyén Binh Khiém.

TADUY PHUQNG
Bai T7/553. Cho x la s6 nguyén Ién hon | va

a.beN . Chirng minh h¢ phwong trinh

xX+1=5°
1+ x2 + x4 +ot 2™

vo nghiém voi Yme N,

fzilv

Loi giai.

» V&i m = 1, khi d6 phuong trinh thir hai cua hé
tr thanh 1 = 5" < p=0,
beN.

« V6im >2. Gia st ton tai s6 nguyén x (xo> 1) I3

trai v&i gia thiét 1a

nghiém cua hé phuong trinh da cho, ta cé:
{xo +1=5° 1)

L+x)" +x,  +.+x, 2 =50 (2)
Do ae N nén tir (1) suy ra:
X, +1: 5= x,=—1(mod 5)
= x; = 1 (mod 5) (3).
+V&im =2, thay vao (2) tacd 1+x. =5" suyra
x, =—1 (mod 5), diéu nay mau thuin véi (3).
+Véim > 2, bién ddi (2) thanh:
A+x)A+x) +.+ x4 =5,
Do xo>1nén 1+x; =5 (keN’, k<b).
Do d6 suy ra x; =—1(mod 5), didu

nay lai mau thuan véi (3).

1+x:5

Viy véi moi m € N', hé phuong trinh da cho luén

v6 nghiém.
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Nhgn xét. Bai nay cac ban tham gia gri bai déu cho
10 giai twong ty nhu trén. Cac ban déu su dung tinh
chat chia hét trén tap s6 tu nhién dé chira hé phuong
trinh v6 nghiém. Tuyén duong cdc ban sau co loj
gidi 1ap luan chat ché va ngdn gon.
Gia lai: Pham Trinh Nguyen,
Ling; Séc Tring: Tiét Trong Khiém, 11A2, THPT
chuyén Nguyén Thi Minh Khai; Quang Binh:
Nguyén Thi Thanh Hai, 12 Toan 1, Pham Thi My
Hanh, 12 Toan 2, THPT chuyén Vo Nguyén Giap.
PHAM THI BACH NGQC

11A1, THPT Ch;j

Bai T8/553. Cho tam giac ABC co do dai cac

canh BC, CA, AB lan luot ld a, b, c. Goi [,1, [

lan luot la do dai cac duwong phan giac trong ke

cdc dinh A, B, C cua tam giac. Chirng minh rang
a by
Le oL L

Loi gigi. Goi p 1a nira chu vi cua tam giac 4BC,
Str dung cong thirc duong phan giac trong, dinh i
ham sb cosin cho tam giac ABC va bat dang thirc

Cauchy ta co:

1+cos 4
2bccos < 2be | ———
2 2

b+c

b+c
B \/b_c.\/ (b+c) -a’
N b+c
\/_

a) < \//7(/) a).

Tuong tur co: |/, SJp(p—h); [ S\/p(p—-c).
Do d6:
I+ +12 < p(p-a)+ p(p-b)+ p(p—c)=p*
SP 2L P20 1+
Tir do, ap dung bét dang thirc Schwarz ta thiy:

a’ b* & (a+b+cy latb+o)

+_. —_—
We L LL LI+l +lL




Dang thue xay ra khi va chi khi tam giae 4BC 13
tam guac deu.

Nhgn xét. Mau chot cua I gidi bai todn trén 1 e

danh gia duoe cac bit dang thire: 7 < VPip-a);

Lsyptp-b).1 < \Js(p -c)
\a PRI R 20 0 w00 410
Tat ca cac b gial gin vé Toa soan déu dung. Cac
ban sau 0 I g ot
Ha NQit Ngd Minh Chan, 9A3, TH &THCS
Archimedes Ddng Anh; Ngh¢ An: Thai Ba Nhan,
A, THCS Ly Nhit Quang, D6 Lwong, Phan Dai
Hoang. 10A1, THPT chuyén Phan Bdi Chau. TP.
\Vinh: Ha Tinh: Newvdn Thing Long, 9D, THCS
Dai Nai, TP. Ha Tinh: Quing Binh: Hoang Kim
Loc, 11 Toan 1, Podn Ngoe Duy, Nguvén Thanh
Hai. 12 Toan 1, Pham Thi My Hanh, 12 Todn 2.
THPT chuyén V& Nguyén Gidp. TP. Pdng Hoi:
Phu Yén: Nguven Tan Nguvén Chiromg, 11 Toan
. THPT chuyén Lwong Vin Chanh. TP. Tuy
Hoa: Gia Lai: Phan Tran Ngoc Hai. 10A1. THPT
Chi Lang, TP. Pleiku: Binh Dinh: Phan Trung Trec.
UT, THPT chuyén Lé Quy Dén, TP.Quy Nhom:
Vinh Long: Nguyén Tuan Kiér, 11T1, THPT chuyén
Nguyén Binh Khiém, TP. Vinh Long.

HO QUANG VINH
Bai T9/583. Tim 56 dwomg k lom nhat sao cho
a +b +¢ +k(a+b +C)23+kab+he+ca)
v moi o dwong a, b, ¢ thoa man abe = 1.
Lo gidgi. Trudc tién ta cin chimg minh bd dé sau:
Bb d&: Voi moi a. b, ¢ dwong ta luon co:
@’ +b> +¢* +2abc+122ab+bc+ca) ()

Dang thire xiy rakhia=b=c=1.
Chung minh. Theo nguyén ly Dinchlet thi trong
ba s6 @, b, ¢ ludn ton tai hai s cung 1én hon hodc
bing 1, hodic hai sé cang bé hon hodc bing 1.
Khdng mat tinh téng quat agiasc b2l c21
(hoficb<s e
Khi d¢ ta cé:

@’ +b +¢ +2abe+12 2ab +bc +ca)

o (@=1) +(b-c) +2abc+2a-2ab-2ac20

Sa-10 +d-o) +2abe+1-b-0)20

S @-1) +b-c) +2al-bX1-0)20

dingdob> 1. c> 1 (hodch<l.es )

c = 1.BAdE ()

Dang thie xay ra khva = b

duge chung munh.
Quay lai bai toan, ta co:

a +b + 2k(a+b+o)23+k(ab+be+ca) (.

1
Trong (1). thay a=h=x.c= &> 0) ta dugc:

\
1 1), 2)
Xt +—+k v+ — |23+k 2T+
x \ X N \
1 2 1) )
S2+—+k|—+— \“*ktl+_
X C Y X L\ X

Cho x =+ ta thu dugce 2 > 4.
Ta s& chimg minh & = 2 13 8§ duong 16m nhat cin
tim. tre 1a can chi ra:
@’ +b +¢7 +2(a@+b+0)23+ 2ab+bc+ca) ().
Tacd: a” +b" +¢" +2a+b+0)
>a’ +b° +¢ +23abe (BDT Cauchy)
=@ +b ++6 =a" +H +cT+2abc+1+3
> 2(ab + be +ca)+ 3 (theo bd dé 1),
Viy 4 = 2 1a s6 nguyén duong 1ém nhat cn tim.
Nhdn xét. 1) Viéc sur dung gidi han dé ¢ danh gia
k < 2 la mau chot trong lon gidi cua bai todn.
2) Khong dung bo dé 1, ¢o thé chimg minh trye tiép
BDT(2) nhur sau:
Do BDT(2) ddi xumg theo cac bién a, b, ¢ nén khong
mit tinh tdng quat ta ¢d thé gia sta > b 2 ¢. T gia
thiét abe =1 néna > 12 c. Khi dé:
Q)= (@’ +b° +¢* + 2ac - 2ab-2bc)
-da+c-b)+1+Ha-ac-1+¢)20

S(a+c—-b-17 +4a-1)Y1-¢)20

(ludn dung).
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2) Pa sb cac ban ¢6 101 giai Wrong tr nhy trén, cac
ban sau c6 101 giar dung:
Quang Binh: Hoang Kim Léc, 10 Toan 1, Nguvén
Phuong Nam, 10 Toan 2, Nguyén Thanh Haj, M::
Ngoc Duy, 12 Toan 1, Pham Thj MY Hanh 12 Toin
2, THPT chuyén VS Nguyén Gigp, Ha Tinh:
Nguyén Thica Long, 9D, THCS Py; Nai, TP. Ha
Tinh: Ha NQi: Ngé Minh Chdn, 9A3. TH. THCS
Archimedes Dong Anh; Da Ning: 75 Ding Hai,
11A2, THPT chuyén Lé Quy Don: Gia Lai: Phan
Trinh Nguvén, 11A1, Phan Trin Ngoc Hai. 10A1,
THPT Chi Lang: Dong Thép: 7rdn Hong ¥y, 11T,
THPT chuyén Nguyén Quang Diéu: Séc Tl:ing: Lé
Hupnh Duy Khang, \1A\, Lim Minh The. Tiéy
Trong Khiém. 11A2, THPT chuyén Nguyén Thj
Minh Khai; Phu Yén: Nguyén 7én Nguvén Chiromg,
11 Toan 1, THPT chuyén Luong Vin Chénh; Quang
Nam: Ngo Gia Twong, 10/1, THPT chuyén Lé
Thanh Tong: Vinh Long: Nguyvén Tudn Kigr, 11T1.
THPT chuyén Nguyén Binh Khiém: Binh Dinh:
Phan Trung Triuec, 11T, THPT chuyén Lé Quy Dén;
Bac Liéu: D6 Van Duong, 11CA, THPT Trin Vin
Bay, Phudc Long.

TRAN HUU NAM

Bai T10/553. Cining minh rang

2 o227 + D.YneN .n>4,
trong do am) la S0 cdc SO nguven dirong khong
Vot qud m ova nguvén (o ¢ ung nhau voi m.
meN |
Lot giai (Dya theo 101 giai cua ban Poan Ngoc
Duy, 12T, THPT chuyén Vd Nguyén Giap,
Quang Binh).
Bd 8. Vdi p la wbc nguyén t cia 2° +1 thi

p=1(mod2**").

Chirng minh. Ta c6:

p|2 +1=2" =—1 (mod p) = 2 =1 (mod p).
Giasa a= ord,, (2) . Khi dé:

a|2*"! :a:Z‘lZ‘*‘ =>h<k+l.

Néu h<k+1=a=2"|2" =2 =1(mod p).

Mat khac 2% = -1 (mod p)nén 1 =—1 (mod p).

TOAN
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2 « £ ys o
2 s ape s 97 4] lasolénénp
Do d6 pi2, diéu nay vo Iy (V1 =

2**'. Theo dinh

laséle) Vayh=k+ lnrcla a=

Iy Fermat 27" =1(modp).Vay ap - I hay

p=1(mod2‘").

Tro lai bai todn: Theo bd dé néu p 13 uoc nguyen
2 o " ~%

dcua 27 +1 thi p=1(med2”) (1)

Dat m=2" +1. o

« Néu m ¢6 it nhit hai udc nguyen 10 phan biét p

va g thi ¢(p)e(q)|dm) < (p- g —=1)o(m).
Theo (1), p -1 vag— 1chia hft cho 2" nén
(@ - 1)(g - 1) chia hét cho 2". 2" = 27"
Do dé 2" |(p—1)Xg—1)|@(m). .
e Néu m chi ¢o duy nhat mot udc nguyén o p thi
m=p'. Ta cé:

p-llm-1=2" = p-1=2=p=2"+1.
Pit u=2"1, t16. Khi 36 p=2"+1=2""+1 chia
hét cho 2 +1 (do 7 1é). Vi p la sé nguyén td nén
p=2" +l.
Dé thiy vai mdi sd nguyén duong a va & ta co:

a —l=(a-1)a+1I)a* +1)..(a> +1).

~t . ~t . s e .
Suyra: @® +1|a” -1 voimdih <k-1

tr s A

Noi niéng néu v <n -2 thi
P=2"+112" ~1=m - 2, suy ra pi2. Didu nay

mau thuan.

Viyv=n-ltrcla p=2"" +1=m.

Viy ¢(m)=¢(p)=p-1=2""

do 2" > 2n véimoin > 4.

chia hét cho 2"

Nhgn xét. Co it ban tham gia giai bai toan nay.
Ngoai ban Duy, cic ban sau ddy c6 101 giai tot:

Vinh Long: Nguyén Tudn Kiér, 11T, THPT chuyén
Nguyén Binh Khiém: Quang Binh: Pham Thi My
Hanh, 12 Toan 2, THPT chuyén Vo Nguyén Giap.

DPANG HUNG THANG

Bai T11553 Tim ham f = >S5 R thoa man

Y (x+N=xf(3)+——. vr.veR* (D
f(x)



-

Loi gidi. (Dya theo y tuong cuia da sd cac ban)
Gia st ton tai ham f:R' > R' thoa man didu

kién (1). Thay x boi y va ngugec lai, ta thu dugc:

W (x+y)=yf(x)+—

1
),Vx,ye]R.' (2).
Tt (1) va (2) suy ra:

i 1
1(x)- =f(y)—+,\1x, yeR' (3)

X (x) ()

hay f(x)-

=a,VxeR" (3) voi a la hang

1
xf(x)

s thuc hay f?(x)- af (x) _3 =0,Vxe R’
%

<3f(«")=l[cl-0‘1/a2 +i],Vxe]R’(4).
2 X

Thu lai, thay (4) vao (1) ta duoc:
8

a+ |a*+—
a+JaZ+~4— a+ a2+ﬂ
x+y b y 2 (5)
x| a+,ja”+—
X

-Néu a >0, tir (5) cho X,y — +oota co:

, 4
a+1’a +— 2 4
—1 8y P +==a===0, v6 ly.

2 a a

-NéuaSO,trong(S) chox=1vay— +wtacod:
2 A ¥
y.

a+a’ +4

lim VT(5) = +oo0; lim VP(5) =
y—r+o

y+®
Két lugn: Khong ton tai f(x).
Nhdan xét. Cac ban sau day co 101 giai dung.
Binh Pinh: Phan Trung Truc, 11T, THPT chuyén
Lé Quy Pon; Vinh Long: Nguyén Tudn Kiét, 11T1,
THPT chuyén Nguyén Binh Kiém; Quéng Binh:
Nguye:n Thanh Hai, Poan Ngoc Duy, 12T1, Pham
Thi My Hanh, 12T2, THPT chuyén V3 Nguyén
Giap.

NGUYEN VAN MAU
Bai T12/553. Cho tam giac ABC, O, H theo thir tu
la tam duong tron ngoai rié'p va truc tam cua tam
gidac. Ay, By, Cy theo thir tir la giao diém cua AH,
BH, CH va BC, CA, AB. A, la giao diém cua
duong thang qua B song song vOi AoBy va duong

thang qua C song song vai AyCo. A> la trung diem
cua AA,. Cac diem By, € duoc xac dinh twong .
Chirng minh tam dwong (ron ngodi //'(5/) tam gidac
A-B>C, thuge OH

Loi gigi. Goi N, K theo thir tu la tAm dudng tron
Euler cua tam giac ABC, tam duong tron ngoai
tiép cua tam giac A,B,C).

Vi BC, /I B,C, /| CB, va By, C3 theo thir tu la trung
diém cua BB,, CCy nén B,C, // B,C,.

Tuong tw C, A, // CyAy; 4,B, 1/ A,B,.

Vay cac tam giac 4,8,C; va AyByCy cb cac canh

twong Ung song song. Do d6 A¢ds, BoB,, CoC,

ddng tai tai mot diém, ki hiéu 1a S (1).

Tir d6, chi ¥ ring N, K theo thir tir 1a tim dwong

tron ngoai tiép cac tam gidc 4oBoCy va 4,B,Cs,

suyra S, N, K thang hang (2).

Dé thiy cac bo boén diém (4, B, Ay, By) va

(4, C, Ay, Cp) cung thudc mot duong tron.

Két hop v6i BA, // B,4,; CA, I/ C,4,, suy ra:

(BC,BA)=(BA,,B,A,) = (BA,B,A)

=(C,4,CA)(mod 7) = (C, 4,,CA4,)
=(C4,,CB) =—(CB,CA,) (mod 7).

Do d6 tam giac A\BC can tai A4,.

Tur 46, chii y rang tam gidc OBC cén tai O, suy ra

AOLBC. Két hop véi AH 1 BC, suy ra

AO/l AH. Tix 46, cha y rang 4,, N theo thir ty 1

trung diém cia A4, HO, suy ra
. TOAN H
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AN/ AH = A H. Tuong ty BZN//BOH. Vay cac

tam gidc NA>B2 va HAB, ¢6 cac canh tuong img
song song. Do d6 NH, 4,4, BB, déng quy (3).
T (l)va(3)suyra H, N, § théng hang (4).

Tir (2) vé (4), suy ra H, N, K thing hang.

Két hop Vi N 1a trung diém cyq @

H, suy ra K
thuoc OH (dpcm).

Nhdn xét. 1) Bai toin nay khéng kho, nhung chi cé
8 ban tham gia giai. Mot vai ban coi # 13 3, dudng
tron ndi tiép tam giac A0BoCy (khong chinh xac, didu
d6 chi ding khi tam giac 4BC nhon).
2) Xin néu tén ca 8 ban: Quing Binh: Nguyén
Thanh Hai, Doan Ngoc Duy, 1271, Pham Thi My
Hanh, 12T2, Hoang Kim Lgc, LTI, THPT chuyén
V6 Nguyén Gidp; Thira Thién Hué: Pham Quéc
Thang, 11T1, THPT chuyén Quéc hoc Hué; Pa
Néng: 76 Pong Hai, ~1 1A2, THPT chuyén Lé Quy
Don; Phu Yén: Nguyén Tan Nguyen Chuwong, 11T1,
THPT~ chuy,én Luong Vin Chanh: Vinh Long:
Nguyén Tuan Kiét, 11T1, THPT chuyén Nguyén
Binh Khiém.

NGUYEN MINH HA
Bai L1/553. Trén mat thoang cua chdt long, tai
hai diem A va B cach nhau 20 cm, nguoi ta bo tri
hai nguon dong bo ¢4 tan sé 20 Hz. Toc do truyén
song trén mat thoang chat long v = 50 cm/s. Hinh
vuéng ABCD nam trén mit thodng chdt long. I la
trung diém ciia doan CD, M la diém nam trén CD
g&;: I nhat dao dong voi bién dé cuc dai. Tinh
khodang cach tir M dén |.

Léi gigi. Ta xé4c dinh duge: A = % = 5—3 =2,5cm.

Céc diém A4, B, C, D, I, M duoc biéu didn nhu
hinh dudi:

D M ] c

A B
Ta ¢6 0< MI <10MI. Bé M dao dong cuc dai
gn 7 nhét thi M thuc cuc dai bac 1 tinh tir trung
truc cua AB. Ta co:

TOAN HOC
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MB - MA=1A

3. gl

Q\/(OB+MI)2+102 _J(0Ad-MI? +10° =1
3 . sad .

o 10+ MD? +20% - J(10-MN? +20% =2,5

= MI =2 cm. ]
Nhén xét. Chic mung ban Pharlrz Va A -
THPT chuyén Nguyén Quang Dicu, Dong Thap di
¢6 1i giai diing cho dé ra ki nay. ' |
PINH THI THAI QUYNH

n Anh, 11 Ly,

Bai L2/553. Dién nang dwoc truyen i /m'{ phat
dén mot xwong san xudt bang dwong (/fi.\'l’"”’ /fha
voi hiéu sudt truycin tai la 90%. Ban dau xuong
san .rz;d'l nay ¢é6 90 may hoat dong, vi /””‘.5” mo
rong quy mé san xuat nén xwong da nhap ve Ilrén{
mot s6 may. Hiéu sudt lr1(v<511 tai lhic sau khi co
them cac zr;d\' mdéi cung hoat dong giam di 10% so
v&i ban dau. Coi hao phi di¢n nang chi do toa
nhiét trén dwong dav, cong suat tiéu thu dién cua
cac may hoat dong (ké ca cac may méi nhdp ‘,t’;)
déu nhwe nhau va hé so cong sudt deu bang ]’. Néu
gitt nguyén cong suat dién noi phat thi so may
nhap vé la bao nhiéu?
Léi gidi. Higu suat truyén tai:
S Y
P P
Suyra: B =0,9F +90F, = 0,12 =90P,,

P, =0,8P, +(90+n)P, = 0,2P, =(90+n)F,
trong d6 P,, P, lan luot la cong suét truyén di
trude va sau khi nhap thém n may va P, la cong
suat tiéu thu cuia moi may. Ta c6:

B=LRlw B
’ U Php2 P22
hpI:I—Hl P_l P_,_1—0,9_1

Tir d6 tinh dwoc: n = 70. Vay sé may nhap thém la
70 may.

Nhén xét. Cac ban Pham Van Anh, 11 Ly, THPT
chuyén Nguyén Quang Di¢u, Pong Thap, D6 Vin
Duong, 11A1, Trung tim GDNN _ GDTX, quéan O
Mén, Can The' da c6 10 giaj ding cho dé ra ki nay.

NGUYEN XUAN QUANG




Rét 4ud cuse th: GIAL TOA
N va VAT LY
TREN TAP CHi TOAN HOC VA Tu@) TRE NAm hoc 2022 - 2027%

LTS. Cudc thi giai Toan va
2022 dén thang 8 nam 2023, C\‘/j;cl);h?::yhd@:fozlz 2023 trén Tap chi TH&TT duge khoi dong tir thang 9 ndm
tham gia giai bai rat s6i néj, Giai Xuat sick ¢ nhitu ban tre yéu Toan va Vat Iy cap THCS va THPT trén ca nudc
chuyén Ha Tinh, HA Tinh. Giai Ba mon ch moén Toan thude vé ban: Tram Minh Hodng, 10 Toén 1, THPT
Quang Diéu, Pong Thép. Chac me at 1y thuge vé ban: Pham Vin Anh, 11Ly, THPT chuyén Nguyén
g tat ca cac ban doat giai cugc thi. Hen gip cac ban ¢ cudc thi tiép theo trong

a danh s¢
nh sich 64 ban doat giai Toan va 7 ban doat giai Vat Ly nam hoc 2022 - 2023.

MON TOAN

10. 76 Déng Hai, 10A2, THPT chuyén Lé Quy Dan,
Da Ning.

% Giai Ba (17 giai)

* Giai Nhat (6 giai) 1. Lé Tudn Hiép, 6C, THCS Poan Thi Diém, Yén M,
Hung Yén.

2. Nguyén Tat Han, 6C, THCS Ly Nhéat Quang, D6
Luong, Nghé An.

3. Tran Diéu Linh, 8A, THCS Nguyén Du, TP. Ha
Tinh, Ha Tinh.

4. Phan Trung Kién, 12T1, THPT chuyén Lé Quy

Don, TP. Viing Tau, Ba Ria — Viing Tau.
. Nguyén Huy Hoang, 12T, THPT chuyén L& Quy

nam hoc 2023 - 2024. Sau day 13

# Giai Xudt sic (1 giai)

Tran Minh Hoang, 10 Toan 1,
THPT ch
Tinh, Ha Tinh. e i

1. Nguycfn Tran Hoang, 12 Toan 2, THPT chuyén Vo
Nguyén Giap, Quang Binh.

2. Nguyé~n Van Duc Quang, 9K, THCS Trin Mai Ninh
TP. Thanh Hoa, Thanh Héa.

3. Ha Phuong Anh, 9A, THCS Nguyén Quang Bich,
Tam Nong, Phu Tho.

4. Nguyén Thi Thu Phuong, 12 Toan 2, THPT chuyén 5

Vo Nguyén Giap, Quang Binh.

Don, Binh Pinh.

5. PhamAThi .1}’1)7 Hanh, 12 Toan 2, THPT chuyén V& 6. Nguyén Pang Quang. 8B, THCS Ly Nhat Quang,
Nguyén Giap, Quang Binh. b6 Luong, Nghé An.
6. Tran Viét Anh, 9A7, Archimedes Academy Trung 7. Nguye:n Thi Bang Tam, 6C, THCS Ly Nhat Quang,

Yén, Cau Giay, Ha Ngi.

% Giai Nhi (10 giai)

1.

Nguyén Chdanh Thién, 8/14, THCS Lé Quy Dén,

D6 Luong, Nghé An.

8. Nguyen Van Lam, TA, THCS Ly Nhét Quang, D6

Luong, Nghé An.

9. Luu Trong Phuc, 8B, THCS Doi Cung, TP. Vinh,
Nghé An.

10. Poan Van Hoang Lan, 11 Toan 1, THPT chuyén
Quéc hoc Hué, Thira Thién Hué.

11. Phan Qudc Thing, 11 Toan 1, THPT chuyén Quéc
hoc Hué, Thira Thién Hué.

12. Tran Thi Thanh Thw, 12 Toan 1, THPT Chuyén
Quéc hoc Hué, Thira Thién Hué.

13. Pham Nguyén Khang, 1072, THPT chuyén
Nguyén Thi Minh Khai, Sé¢ Tring.

14. Hoang Van Nhan, 6C, THCS Ly Nhét Quang, D6
Luong, Nghé An.

15. Tran Pham Minh Pat, 10/1,
Thanh Toéng, Quang Nam.

16. Bach Thai Son, 10A2, THPT chuyén Vinh Phuc,
Vinh Phic.

17. Luwu Khanh Huy, 8H, THCS Nguyén Du, TP. Ha
Tinh, Ha Tinh.

Quan 3, TP. Ho6 Chi Minh.

2. Luong Hitu Bach, 8A, THCS Nguyén Tréi, TP. Son
La, Son La.

3. Lé Tudn Nghia, 10 Toan 1, THPT chuyén Hung
Yén, TP. Hung Yén, Hung Yén.

4. Nguyén Hiwu Tri, 10A1, THPT s6 2 Phu Cét, Binh
Dinh.

5. Tran Lan Anh, 8E, THCS Nguyén Quang Bich,
Tam No6ng, Pha Tho.

6. Tiét Trong Khiém, 10A2, THPT chuyén Minh Khai,
TP. Séc Tring, Séc Trang.

7. Phan Trung Truc, 11T, THPT chuyén Lé Quy Don,
Binh Pinh. 3

8. Nguyén Tudn Kiét, 11T1, THPT chuyén Nguyén
Binh Khiém, Vinh Long.

9. Nguyén Van Viét, 9B, THCS Ly Nhéat Quang, D
Luong, Nghé An.

THPT chuyén Lé
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¥ Giai Khuyén khich (30 giai)
1. Do Tuan Minh, 9A, THCS Nguyén Quang Bich,
Tam Nong. Phi Tho.
Nguven Trinh Phwomg Minh, 6/14, THCS Le Quy
Pon, Q.3, TP. Hd Chi Minh.
+ Lieomg Thi Hai Yén, 8C, THCS Ly Nhat Quang, o
Luong, Ngh¢ An.
4. Ngwén Ngwvén Thinh, 9A4, THCS Pp. Binh Dinh, An
Nhon, Binh Dinh.
. Lé Gia Quang, 11T, THPT chuyén Lé Quy Pén,
Binh Dinh.
. Pham Xudn Hodng, 7A. THCS Ly Nhit Quang, ba
Luong, Nghé An.
Va Tién Pat, 12T, THPT chuyén L¢ Quy Dén, TP.
Quy Nhon, Binh Djnh.
Lé Dinh Minh Quan, 12CT, THPT Gia Dinh. Binh
Thanh, TP. Hd Chi Minh.
9. Pham Dinh Khoi, 10A2, THPT chuyén Vinh Phuc,
Vinh Phuc.
10. Nguyén Hai Triéu, 9B, THCS Ly Nhit Quang, D3
Luong, Nghé An.
I1. Ngwyén Xudn Minh Piic, 10 Toan 1, THPT chuyén
Ha Tinh, Ha Tinh '
2. Phan Dai Hoang, 10A1, THPT chuyén Phan Boi
Chau, Nghé An.
13. Ngo Van Trromg, 9A, THCS Mai Hung, TX. Hoang
Mai, Nghé An.
14. Pham Thi Minh A'nh, 10 Toan 1, THPT chuyén
Hung Yén, TP. Hung Yén, Hung Yén.
IS. Dinh N Phat, 11A1, THPT L& Hong Phong, Phu
Yén.

o

‘wd

‘N

=g

kg

MON V

¥ Giai Ba (1 giai)

Pham Van Anh, 11 Ly, THPT chuyén Nguyén
Quang Diéu, Bf)ng Thdp.
¥ Giai Khuyén khich (6 giai)
l. Tran Thi Thanh Thw, 12T1, THPT chuyén Quéc
hoc Hué, Thira Thién Hué.
Tran Thi Tuyér Trinh, 11A1, Trung tim gido duc
nghé nghiép — Gido duc thuomg xuyén., quan O
Moén, Cén Tho.

!J

16. Hoang Van Duy, 6D, THCS Ly Nhat Quang. Bg

Luong, Ngh¢ An. )

17. Phan Nhdt Minh, 10 Toan 1. THPT chuyén Ha
Tinh, Ha Tinh.

I8. Chu Pwc Bdo. 10 Toan 1, THPT chuyén Humg
Yén, Hung Yén. )

19. Nguyén Trong Viér, 10 Toan 1, THPT chuyén Hung
Yén, Hung Yén.

20. Trin Hiru Duwomg. 10 Todn 1. THPT chuyén Hung
Yén, Hung Yén.

21. Thii Bé Nhdn. 7A, THCS Ly Nhat Quang. Do
Luong, Nghé¢ An.

22. Nguyén Van Khiém, 11T1, THPT chuyén Humg
Yén, Hung Yén.

23. Hoang Van Quvér, 8B, THCS Ly Nhat Quang. Do
Luong, Nghé An.

24. Huynh Ba Tudn Anh, 972, THCS Nguyén Vin Cu.
Son Tra, Pa Ning.

25. Lé Anh Trié, 8C17, TH-THCS-THPT Nguyén
Sicu, Cau Gidy. Ha Nji.

26. Tran Cong Minh, 12 Toén, THPT chuyén Bao Loc,
TP. Bao Loc, Lim Déng.

27. Cao Quoc Humg, 11 Toan, THPT chuyén Bao Loc,
TP. Bao Loc, Lam Déng.

28. Nguvén Doan Thugn, 10A2, THPT chuyén Vinh
Phuc. Vinh Phic.

29. Nguyén Dinh Nam Khanh, 10 Toan 1. THPT
chuyén Ha Tinh, Ha Tinh.

30. Nguvén Trinh An, 9K, THCS Trin Mai Ninh.
Thanh Héa.

ATLY

3. Trwomg Phuc Vinh, 11 Ly, THPT chuyén Tién
Giang, Tién Giang.

4. Ngo Huynh Thién Vinh, 11 Ly, THPT chuyén Tién
Giang, Tién Giang.

5. D6 Van Dwong. 11Al, Trung tim gido duc nghé
nghiép — Gido duc thudng xuyén, quin O Mon.
Cin Tho.

6. Thai Thong Minh, 11 Ly, THPT chuyén Nguyén
Quang Diéu, Pong Thip.

Cdc ban doat giai Todn va V@t Ly nho g gap dia chi mai cua minh vé Toa soan hodc lién hé tryec tiép qua
S - s 9 v

s6 di¢n thogi (024) 35121607 dé nhin Gidy Ching nhan va tang pham cua Tap chi.

X T g




b

s ———.

CAC Bl T0AN LIEN QUAN DEN HAL BIEN.
LIEN HOP DANG GIAC DAC BIET TRONG TAM GIAC

NGUYEN VAN THANH
(GV THPT chuyén Nguyén Binh Khiém, Vinh Long)

Tr?ng chuong trinh toan pho thong, ching ta da
biét dén bai todn quen thude sauCho fam gidc
_4?C Co trwc tam Hva tim dwong tron ngoai
tiep la O. Khi d6 hai diém O va H la hai diém
lién hop dang gidc va dwong thing OH la dwong
thang Euler’ cua tam giac ABC ™. Bai toan nay la
mot tinh chat dep va 1a ngudn cam himg dugc khai
thac rit nhieu trong cac dé toan hinh hoc phing thi
hoc sinh gidi cac cip. Trong bai viét nho nay, tac
gia xin tong hqg va guri dén ban doc modt huéng
khai thac nhu thé. Trudc tién ching ta dén véi bai
todn sau.

Bai 1 (Peru TST 2006). Goi 44, va BB la hai
dwomg cao cua tam giac ABC nhon khong can
Hai diém A, B lan lwot la trung diem cua CB va

CA. Goi C' la giao diém cua AB va 4B .

Chimg minh rang CC' vuong goc voi dicong

thang Euler cua tam giac ABC.

Goi H .0 lan lugt la truc tim va tim dudng tron
ngoai tiép tam gidc ABC; U, V' lan luot la tam
duong tron duong kinh  CH va duong tron dudng
kinh CO. Ta c6 4 diém 4,, B,, 4,, B, ndm trén
dudong tron Euler cua tam giac ABC nén

C'4,.C'B,=C'4,C'B,. Tu d6 R, =Ry, suy
ra CC' la truc diang phuong cua duong tron
duong kinh CH va duong tron dudng kinh CO.
Din d&én CC' LUV , ma UV la dudng trung binh
cua tam giac COH nén CC' L OH.

Tiép tuc khai thac bai toan 1, chung ta dén véi bai

toan sau.
Bai 2. Cho tam giac ABC co I.J , lan lwot la tam

diomg tron ngi tiep, bang tiep goc BAC. Hai
dicm M .N lan leot la diém chinh gitta hai cung
ABC va ACB cua dicomg tron () ngoai tiép tam
giac ABC. K la giao diem cua hai dwong thang
MN va BC. Chiing minh rang J K vuong goc voi
Ol.

e .

Lo giai.

S8 557(11-2023)

TOAN H
: cruau% 33




Goi J;.J. lan luot la tim dwimg tron bang tiép
géc ABC vi ACB goc cia tam gide ABC; T I
tam dudmg trdn ngogi tidp tam gide J,J,J.. Suy
ra [ latrye tim va O 13 tam dudng tron Fuler
cua tam gidc J JJ, hay ba diém T.,7,0 thing
hang (dwomg thing Euler cua tam gigc J Jad o).
RS ring M. N lan lugt 1a trung diém cva J /. v
JJ, nén theobdi l.tacd J K 1 OF .

Nhén xét. Ta thiy bai todn 2 13 thu thujt ddi mé
hinh cda bai todn 1. Ticp tuc khai thic mé hinh bai
todn 1, ching ta dén vai bai todn sau.

Bai 3. Cho tam giac ABC co e wam H v tém
dwomg tron ngogi tiep lé O. Goi 4" ia diem doi
vng cua 4 qua BC Dwomg thang A'B car i
dwong tron (0) tai P, dwong thing 4'C car
dwomg tron (()) tai Q. Goi T la gigo diem cua hai
dwong thang BC va PQ. Chimg minh rang AT

vicong goc vor OH.
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e

Goi (0') I anh cia dudng ron (O) qua phep do

ximg tryc v truc déi ximg BC. RO rani_ s 4
ndm trén duomg tron (0’)_ Pudng thing 48 cat
lai dwémg tron (O') tai P/, duomg thing A4C &
lai duomg mon (0) i Q. T do dan dén hai
duwong thing PQ Vi P'Q’ la anh cua nhau qua
phép ddi ximg truc vl truc doi ximg BC. Suy ra
diém 7 nidm trén QP

Goi E£.F lan luot 1a chan duong cao h‘a wr 8. C
tuong Umg cua tam gidgc 4BC: M. N lan luot la
trung diém cua céc canh 48, AC: K la giao diem
cia hai dwomg thing MN va EF. Ta ¢o
BAC=BA'C=A4PC= -IZ)\B = AP'C. Suy ra tam
gidc ACP'cén i C va tam giac 4BQ" can wi
B. Suyra F la trung diém AP va £ 13 trung
diém cua AQ'. Din dén tdn tai mot phép Vi tr tdm
4 tisd k=2 bién hai dwong thing MN . EF lan
lwot thanh hai dudmg thing BC. P'Q" tuong \mg.
Vithé 3 diém 4 . K.T thang hang. Ma theo bai 1.
AK vudng géc véi OH nén 4T vudng goc vai
OH.

Nhén xét. Bai toan 3 13 hudng phat trién trure tiép
bai toan 1 thong qua cac phép bién hinh. Tiép tuc
khai khic mé hinh trén chung ta dén véi bai todn
sau.

Bai 4. Cho tam gidc ABC 6 diromg cao AD (diém
D nam wén BO) va O la tam dwomg wron ngoai
tiép tam gige. Tie A ké dwomg thang VUong goc vor
dwong thang Euler cua tam gidc ABC cat BC rtai
S. Ti :'cip tuvén cua duwomg tron (O) tai B, C car
nhau wi T. Puomg fhdng OS car lai dwomg tron
ngoai Ii(::ﬂ tam giac TBC tai X. Puomg !hﬁng XT
car AD tai K. Chimg minh rang D la trung diém

cua AK.



Goi K' 1A diém ddi ximg vei 4 qua BC:
K'B,K'C cit lai (O) lan luot tai P.Q twong img.
Theo bii toan 3, S chinh 1a giao diém PQ voi
BC. Goi G 1 giao diém cua hai dwdmg thing
BQ v@ PC. Ap dung dinh I¥ Pascal vao 6 diém
BCQ
\CB 4
dung dinh ly Brocard cho ur glac toan phfin
PBOCK'G ta ¢ S 1a tryc tdm cua tam giac
GK'O, hay OX LTK' Theo gia thiét ta c6
OX LTX . Din dén badiém X K'.T thing hang,
hay K=K". V@y D la trung diém cia AK.

] ta c6 3 diém G.K'.T thing hang. Ap

Nhdn xét. Mau chét 101 giai bai toan 4 1a dya vao
viéc xdy dymg lai m6 hinh bai todn 3, tr do phat
hién ra diém S 13 tryc tdm cua tam gidgc GK'O.
Tiép tuc khai thiac mé hinh trén ching ta dén véi
bai todn sau.

Bii 5 (Hong Kong MO 2014) Cho ram giac ABC
khong can. Goi D, E la cac diém nam trén canh
AB va AC nrong ung sao cho hai dwong tron
ngoai Iiép tam giac ACD va tam giac ABE déu
mhdn BC lam tiép tuvén. Goi F ld giao diém cua
BC va DE. Clumg minh r«fng AF vuong goc vor

dwomg thang Euler ctia tam giac ABC.

Goi O, H lan luot 1a tim dudng tron ngoai tiep va
tryc tdm tam gidc ABC. Gia su dudmg tron tim A
ban kinh AH cit cic tia AB . AC lan luot tai Y,

Z.Tacé: AYZ =+ AHZ =90° - HAC = ACB
va HCB = BAH = BYH.

Suy ra 5 diém Y.B.C.Z.H nam trén dudng

tron (w). Mat khac:

DCB = BAC L: sd(:Z)\}ﬂSO“ - BHC = BZC,

1 | —

suy ra CD la tiép tuyén cua (w). Ching minh
twong ty BE ciing la tiép tuyén cua (w). Goi F'
la giao diém cua YZ va BC. Ap dung dinh ly
|

. B
Pascal cho sau diém
BC

] ta c6 ba diém D,

E.F' thing hang. Ma theo gia thiét, F 1a giao
diém cia BC va DE nén F=F', hay diém F
nim trén duong thing YZ.

FBFC =FYFZ, hay R0y =Ruuy

Suy ra
Din dén
AF 14 tryc ding phuong cua 2 duong tron (O) va

dudng ton tdm H ban kinh AH . Vay, AF
vudng goéc vo1 OH.

TOAN
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Tiép tuc khai thdc mé hinh trén, chung ta dén véi
bai toan sau.

Bai 6. Cho tam giac ABC nhon, khong can noi
,,'(:'/; dieong tron (O). Goi H la tree am cua tam
giac ABC va E. F lan luot la chan duwong cao ha
we cac dmh B, C. AH car (O) tai D khdc A
Duwong tron ngoai Iiép tam giac AEF cat lai
dieong tron (O) tai diém Q khac diem A. Goi K,
I. L lin lieot la trung diem cua cac canh AB, AH
va AC trong umg. EI car BD tai M, FI cat CD lai
N, AQ cat EF tai R va LK car tiép wyen tai A ciia
dwong tron (O) tai P. Chitng minh 1'(}ng bon diém
M, N, R, P cung nam trén dirong thang viuong goc
voi OH.

Loi gidi.
A
/
\
P K 4
V
D
N

Goi U,S,V lan lugt 14 trung diém cac canh HB,
HD ,HC va T la tdm dudng tron Euler cua tam
giac ABC . Ta cé:

HU.HE = HS.HI = HV HF
& 2HU.HE = 2HS.HI = 2HV HF
< HB.HE = HD.HI = HC.HF.

Suy ra céc it gidc BDEI va CDFI néi tiép, din
dén:
ME.MI = MBMD

3 6 T(?g'rw.% S3 557 (11-2023)

~F NI = ND.NC .
ik NF.NI |
diém N nam trén tryc

Tt d6 ta co diém M va
(T) va (0).

déng phuong cua hai dudng tron
Tuong tu ta co RO.RA=RF.RE nén diém R
ciing nam trén truc ding phuong cua hai duong
tron (T) va (O).

Mat khac, PAB=BCA=ALP nén AP cing Iz
tié';) tuyén cua duong tron ngoai tiép tam gidc
ALK. Suy ra PA>=PK.PL. hay diém P nim

trén truc dang phuong cua hai duong tron (7') va

(0).

Vay, 4 diém M ,N.R,P cing nim trén truc
ding phuong cua hai dudng tron (7) va (0) va
rd rang duong thing nay vudng goc vai OH .

Tiép tuc khai thic mé hinh trén, ching ta dén véi
bai toan sau.

Bai 7. Cho tam giac ABC nhon, khong can ¢ 11
tam H noi /1'«"',” dweomg tron (). Goi G la rong tam
cua tam giac ABC va D la chan dieomg cao ha ne
dinh A trén BC. Tia GD car dweong tron (O) tai
Xvd tia GA cat dieong tron Euler cua tam giac
ABC tai Y. Goi M. N lin leot la trung diéem cua
AB, AC. Puong thang MN cat 111;;/) tuven tai A cua
dwong tron (O) tai 7. d la diwong thang qua 7 va
vuong goc voi ducng thang OH. Qua A ke dwong
thang song song voi BC car lai duong tron (O)
tai P. Ching minh rang:

a) Cac diem D, G, P thang hang.

b) Cac dirong thing d, AX va DY dong quy.

Loi gidi.




© a) Theo gid thiét ta thiy i gide ABCP 1a hinh Mt khic. theo ba
r thang cin nén BCP= ABC . Lai c6 MN 1a duwong Y€ ding phuong cua dudmg tron Euler cua tam
gung twc cua AD nén BM =MA=MD . Dﬁ:x giac ABC ’
gén tam gidc MBD cin tai M. Suy ma thing d.AX va DY déng quy tai tim ding
ﬁaATC=L7FB. Td 46 DM JCP va 1o phuong cua 3 dwong tron néu trén.
: 1 1 Nhgn xét. Cau a cua bai todn 7 la mot bd d& quan
ang ld MD =~ AB ==CP. Goi G’ 1 giao diém  1rong da timg xuit hign trong nhiéu dé thi hoc sinh
gioi cdc cip. Sau day chung 1@ dén véi md hinh
tong quat hon, d6 la thay d6i gia thiét diém H 13
truc tim va diém O 13 tim dudmg trdn ngoai tiép
tam gidc ABC bai hai diém lién hop ding giic P
GC G'C va O bt ki trong tam gidc. Ching ta c6 bai toin

B ey 5C._CC
GM GM GM sau.

i toan 6 ta c& dudmg thing 4 1a

vai duomg tron (0). Vay. cac duimg

cua DP véi CM | ta céd:

G'C > G'P _PC
GM GD MD

=2
—_

Bai 8 (Chon Dgi tuyén Vinh Long nam 20212).
Cho tam gigc ABC co P nam rong tam giac. Lay
diem O sao cho cdc dwong thang AQ. BQ va CQ

» .

73 H PLs o ey VNI NI P ‘”,(‘ ".:, - “’/w RD
jan (ot doi Xumg Vot cal Qeong nany - D va

CP gua phan giac trong cac goc BAC. ABC va
ACB neomg umg. Goi M. N lan heot la hinh chicu

vuong goc ciia P trén AB va AC. K. L lan hapt la

I R - = - > S ~
hinh chiéu vuong goc cua Q rén AB va AC.

a) Chumg minh rang cac diém M. N, L. K nam tren
- ¥ SN e £i1 iy TFiryr: 1)
mot dwomg tron. Tim tam cua dwong tron do

b) Goi T ia giao diem cua MN va KL. Chimg minh

rang AT vuong goc vai PQ.

/4

b) Goi / 13 trung diém cua BC. Ta ¢
DYT = IMD = ACP = AXP. Suy ra tir gidgc AYDX
ndi tiép. Dan dén AX la truc ding phuong cua
dudmg tron ngoai tiép tr gide AYDX véi dudng
tron (O) va DY 1a tryc diang phuong cua dudng
tron Euler cua tam gidgc ABC véi dudng tron
ngoai tiép tir gidc AYDX .
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a) Ta co: AM = AP.cos MAP .
AN = AP.cosNAP,
AK = 4Q.c0s KAQ, AL = 4Q.cos L4,
Do 4P.4Q 1a hai dwdmg ding Qidc trong géc

B’.‘\C nén .‘Z‘TP:[:‘\Q va \‘E)'—'A_-'l\Q

AM AK = 4P.cos ,(ZTP.A Q.cos kﬁ)

Tu do:

AP cos LTQ. AQ.cos NAP
AN AL '

M N.L.K nim tmén mot

Suy ra cic diém
duomg tron.

Lai o tr gide MKQP va it gidgc NLOP 1a hinh
thang vudng nén theo tinh chat dwimg trung binh
cia hinh thang dé thay hai dwéng trung trnre cua
canh MK v canh NL cit nhau tai O 13 trung
diém cia canh PQ. Viv O 13 am dudmg tron di
quacicdiém M N L K.

b) Goi (0,).(0.) lan lwot 13 tim dwimg tron
ngoai tiép tr gide AMPN va AKQL.

=P

Taco: TKIL=TMIN bay B0, =Bo0s-
Suy ra AT 1a truc ding phuong cia 2 dudng tron
(Q) va (0,). dindén 4T L 00, Ma 0,0, la
dudng trung binh cia tam gidc 4 PO nén

AT 1 PQ.

Nhén xét. Ta thiy trong bai todn 8 . gia thiét P .Q

la hai diém lién hop ding gidc la khong can thiét,
chi can ldy P.Q 13 hai diém bat ki trén hai dwomg

ding gidc géc BAC la du.
Cudi cing, xin mdi ban doc dén véi cac bai todn
tr luyvén sau.

BAI TAP TU LUYEN
Bai 1 (China Second Round Olympiad 2001).
Goi O. H lan hrot 13 tim dudng tron ngoai tidp

38 cﬁ;’gg S8 557(11-2023)

1a ang AH
Vi iy tdm tam giac 4BC . Duimg th

BC i D.duong thang BH ct
4B i F . duiomg thang

va FD cit nh

4C w £,

dwomg thing CH cat .
4B \a ED cit nhau tu M. AC |
tai V. Chimg minh ring OH vudng gocvan A
Geometry Ohympiad

ABC

dang quy tar M \a

Bai 2 Moscow
2014). Cho tam giac nhon
BB . CC,

CC. déng quy a1 #

(Oral
cO cac duomg

trung tuyén 44, .

cac duomg cao 44 . 88

Tiép tuyén tai €, cua duomg tron NEEA! hiep am

cit dwomg thang 4 8w C. Cac

qiac 4BC,
diém 4" va B duoe dinh nghia twong tr. Chumg
minh ring cic diém A'. B'va ¢’ ndm trén duong
thing vudng goc vai MH .

Bai 3 (German TST 2022). Cho tam giac 4A8C
¢o true tim A va tim dudmg tron ngogi tidp 1l O .
Goi P la diém ndm trong mit phang sao cho 4P
vudng goc vai BC. Cac diém Q va R lan lugt la
diém déi xumg cua P qua 4C, 4B trong img.
Y 1a hinh chiéu vudng goc cia R trén AC va Z
1a hinh chiéu vudng goc cuia Q tren 48. Gia su
ng H=0 va Y=2 Chimg minh ring }Z
vudng goc van OH.

Bai 4 (Chen Di tuyén PTNK nam 2020 ngay
). Cho tam gidc 4BC nhon néi tidp dudmg tron
(0). Got H 1a trye tdm cua tam giac 4BC va
AH . BH . CH cit cic canh ddi dién lin luegt tai
D.E.F.Goi /.M. N Iin luot la trung diém

cua cic canh BC. HB. HCva HB. HC cit lai

(0) theo thirtwtai L. K. Giasit KL cit MN i

G .Trén EF Iéy diém T sao cho AT vudng goc

véi HI. Ching minh ring GT wvudng géc vei

OH.




Trong bai nay ta s& noi vé haj cong thirc khac

nhau dé tinh s Pl va tir d6 rut ra dugc mot bat
dang thic dep va kho.

1 Giéi thi¢u
SH p1 dugc dinh nghia béng chu vi duong tron
chia cho dlrong kinh cua né. Chung ta hau nhu
ai ciing biét vé s pi khi hoc vé duong tron ¢
bac hoc cap hai. Trong bai nay to1 xin dugc noi
vé hai cong thirc dé tinh sé pi. Céng thirc dau
tién la dua vao khai trién Maclaurin cho ham sé
(arctg x) ¢ bac fiai hoc. Mot s6 ban hoc chuyén
toan cling c6 thé biét dén, cong thirc nhu sau:

_< (_1)’l 2n+1

arctg x = ;En—ﬂx .

Taix =1 ta c6 cong thirc tinh pi la

£=arctg 1=1 | +l+‘..+ (=1)
4 3 5 2n+1

4
T

= Z (1).

0
Cong thirc thir hai ¢6 lich sir kha lau doi. Vao
nam 1655, John Wallis da viét ra cong thic tri

2n+l

danh nay. Pay la mot cong thirc néi tiéng nhung
chac khéng nhiéu nguoi duge biét dén no. N6
c6 mot chimg minh so cap rat dep cua
Wastlund (xem [1]). Cong thirc nhu sau:

2 L4448 @ dn X oy
1335 " 2n-1 2n+1 2
Xét tich riéng
po2 244 2
" 173°3'5 7 2n-1 2n+1’

4 3 s T 4 . .
ta thay rang lim#F, = 5 Néu chung ta nhom

lai cac thira s mét cach khac thi nhan duoc:

CAC CONG THUC CUA SO 70
VA MOT BAT DANG THUC BEP

TRAN PUC SON
e
2 2n (7- 4 (i 6
imp = im 2.2 (2 3) (£ 9).-
(2;1—2 2n )
'_2n—1'2n—1J

] e 2
ZZH[ (2n+])J 2

!
Tir dy ta c6 cong thuc kha dep, mot dang khac

cua (2) nhu sau:

® 1 T
1 -7
H[‘ (2n+1)2] .

Tir (1) va (3) ta nhan dugc mot bat ding thirc
dep va kho qua dinh 1y sau day
Pinh IV 1. Voi moi sO tie nhién n ta co hat dang

thire

]
5 An+1 4n+3
2 B6 dé

Bét ding thuc trong dinh 1y 1 la dé dang khi
n =0, loc d6 n6 1a g% Tuy nhién ta s& gip

kho khan # tang dan. Vi khi d6 vé tréi thi giam
dan trong khi vé phai lai ting dan. DBé chung
minh dinh 1y 1 ta cin bd dé don gian dudi day

Bo dé 1.

i) Cho day giam s >s,>s,>.. sao cho

lims, =a. Vay thi s, >a,vn.

1) Cho day tang s <s,<s,<.. sao cho

lims, =a. Vay thi s, <a,vn.

S6 557(11-2023)

TOAN HOC
* cTusitpe 39




Chueng minh.

i) Gia s nguoc lai ton tai chi s k sao cho
s, <a.bat e=a-s,, vi ddy giam nén ta ciing
s€co s, <a, Vn 2 k Hay |s,—a|>&,Vn>k.
Piéu nay la vé 1y vi lims, =a. Mau thudn nay
dén t6i diéu phai chimg minh.

ii) Tuong tu nhu chimg minh trén.

3. Chimg minh dinh Iy 1

bit tong riéng cua (1) 1a

an =1_l +l—.“+(’-‘1)_
3 5 2n+1
Khi nay ta xét »n chin (n = 2m) va n lé

(n=2m + 1). Dé thiy ring

a,>a,>..> a,,>...va q < a;<..<a,,,, <..

Vi lima, =

n—-x

7 nén li lim .
ima = =
4 n—xo 2m nl—n: aZm*] 4 .

Bay gi ap dung b6 dé 1 ta nhan dugc cac bét
déang thic sau:

a,>a,>.>a,>.>2% (4,
4
< < i

a <a<.<a,,, <...<z (5).

bat tich riéng cua (3) la:

n(1-3) (-3 )

Tuong ty ta thay:
b>b,>b>...>b, >b,  >..

2m+1

Vi limp, = =
4

n—o

nén limb, = limb,, B = =
n—eo n—o 4
Lai ap dung bd dé 1 ta cé b, > % néi riéng ta

thu duge: b, >b, > ...>b,,,, >...> %

2m+1

(6).

Tu (5) va (6) ta co: b,

m+l

vwmm(héxpé)pmaisg

1 1 1 1
>] =ttt = .
5 4n+1 4n+3

n
P = aZun-l’Vm’
4

Pay chinh la dinh ly 1 (dpcm).

Nhén xét. Dya theo chung minh nay chung ta
c6 thé phat biéu va chimg minh dinh ly 1 theo
dang tong quat hon, phat biéu do la

Pinh Iv 2. Vi moi so ne nhien m. n ld co bat

dang thiic

ll*:—‘lf‘

Tai liéu tham Khao
[1] Wastlund, J. (2007). An Elementary Proof of
the Wallis Product Formula for pi. Amer .

Math. Monthly. 114 (10): 914-917.

PO VUI
CHIA BANH

Bai toan. 7ron0 mor that cua ban Van
co tal ca 36 bH 1) : mot chice banh
calo ni 1 n ; frd OO (c1m)
64
66
Khi Van chia banh cho moi ngwci thi ai cung
muon phan banh cua minh phai la hinh vuong va

chiec banh phai chia hét cho 36 nguweoi. Vin ling
ning chua biét chia nhiwe thé nao cho hop li. Ban
co the giup Van chia chiéc banh do diroc khong?

NGUYEN VAN BAN
(GV THCS Thanh Yén, Pi¢n Bién)
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<X __ Dai Sang

Daong cong Latler (Authur Latfer, 1974) mong
fanh 8 e \N(\l didn quan B gira e thud pha
MNP VR n@uan thu or thad. Vide chimg nunh mdy
Quan W mang tnh quy hadt quan trong nay o0 thé
A hidn Ning kidn thie woan phd thdng. Didu
EX\ \ang m Bng ¢ dop toan phd thong ddi v
kanh ¥ hoc.

Baing cong Latler

C0 e nhin thdy quan hd guta thud sudt va doanh
thu thd v thudn chidu, Wra nguoe chidu
\hn\mz cong My, Vin thud suat 0%, doanh thu
B bing 0. Khi thud sudt ting nr e thap.
Jdoanh thu thud cua chinh pha ting. Néu mire thué
100%. the hign didm xa nhdt trén duomg LatYer,
axn ngutt khdng con dong hre lam vide vi mon
that ho kidm duge thude vé chinh pha.
MO gl thud 06 mdt ngudng thud sudt lam san
udt gidm dan, do d6 lam gam doanh tha thad Do
SO, tai mdt didm doanh thu thud ting khi ting thue
VA cudi cung dat didm 1 da ™ mén & tha.
O bén il 7™, ting thud sudt lam ting doanh thu
ahidu hon. Néu ting ti K ot qua 7™ (30%) moi
agwdt khong Him Ve nhidu hole khong lm, lam
gidm doanh thu thud thim ohi bing 0 ndu thae
sult 100% (hink 1). Hinh dang dwong Latfer o8
& khic nhau Ry muc B,

Deanh tha thud

GIAI THICH BUONG CONG LAFFER
TRONG KINA TE HOC BANG KIEN THUG PHO THONG

Giai thich dwdmg Laffer

Vide g thich hinh dang dwong Latler hay xac
dinh quy tich md quan B gura thud suat va
Joanh thu thud. can xuat phat 1 \ide tinh nguon
thu nay trong kanh & oo Gia s o0 pharong
minh Qrdng cung. cau mat hang 1a

St=-1+ P D= 13 =20

Pr 1A gad don vi 28, mare thae &
Lara Y, mare i sau thad 1 Pe= Aol 0.
Doanh thu thud cia chinh pha la

TR (Tax Revenue) = (I - Xy

Thay cac bidu thie trén vao doanh thu, b ket
Quala TR =10 - 47
Dév 14 phuong trinh coa parabal. Grai phwong
mwnh nay thu dupe mue thue lam doanh thu
Ding 0 14 0% va 230%. Dung vén nhin dinh cva
Laffer. mure thud 3¢ thu nhip kim nhat 1a 125%
vt doanh thu 11 da 6,238, Do gia dinh ban diu
khac nhau cho nén Laffer cho thué tdi wu vén
doanh thu thué Km nhit 30%, khic van 123%
nhu & lidu gia dinh va mire thué 250% lam thu
nhip bing 0 vi 00 thé khdng lam vide hode gdy
trdn, trinh thud. Néu o6 giao dich nhip khiu,
e thud cao ndy o0 the chim dirt nhip khau.
Thye 1, 00 mure thué chdng 1n tranh bign phap
phong V¢ thuemg mai kén i khadng 500%.

TOAN
‘cwﬂ.%-ﬁtl
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Dya trén G h¢u gra dinh, o8 thé v dwdmg cong Latter & Hinh 2

™= 125%

m >

‘v &

o =

1 3 38

_L 6,258

-t

TR ML N RS AT 19 21 23 2% 27 29 a1 20 A% 37 39 41 43 4% 4T N

280%

Hink 2: Dwong cong Laffer thwe nghicm

Reét Tugn. Daimg cong Laffer o6 vai trd quan
trong trong didu chinh chinh sich thué cda cic
nuwoe Vi duoe khing dinh tinh ding din phd
bién, e dra V@0 cde gido trinh kinh té hoc,
gido trinh thué ca cic co s& gido dyc chuyen
nghiép, C0 quan quan IV, Vide st dung kién
thuc todn phd thang o0 the v& md phong dwimg

cong ndy va xac dinh duge cde ngudimg ¢can
thiét, MOt van d¢ kinh té& phue tap ¢o thé i
thich bing kién thire todn phd thang. Dicu nay
cing cho thdy vai trd to Ién Todn hoc, ma & goc
dd khdc, vé dep cua todn hoe cin dugc ning
niu, trdn trong va lam toa sang.

R R N R R R R R R R R R R R RN TR RN RN AR R AR AR IR AR RR AR RRTRXRRRRRERERERRR

PROBLEMSIN ...
Problem T®S57. Given a triangle 4BC with
the triangle so that BMC = EMA = AMB =120°
(g s e

S S +

- g c4 .

v e A (m-c-MB MC) By

. S5

Problem T9/557. Find the mini irei

R a(x*n) +(@x+D)
f(x) 2 +2x+1)}

onthe

nm-l(o: +20),

TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/557. Find all prime numbers a, b,
¢, d which satisfy the equality

42 *cﬁggcé S6 557(11-2023)

{TNp theo trang 20)

Jm_"'J'm“ T 6: a—:élz‘

Pnblen'l‘lllSS'l.&nddlﬁmenonsf:R—)R
satisfying
F(21(x)+y)=3x+ f(f(v) x)

forall x,yeR.
Problem T12/557. Given an acute sul,ens
triangle 4BC circumscribing the circle (/). Denote
by D, E, F the touch points between the circle (Z)
and BC, CA, 4B respectively. Let P be the
perpendicular projection of D on EF. Assume that
DP intersects (/) at the second point K and L is the
perpendicular projection of 4 on JK. Suppose that
the circumcircles of the triangles LEC and LFB
intersects (/) at the second points M, N
rspeenvelyShowthatMNPuenlhw

* Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietmam national University, Hanoi)



TIENG ANH QUA CAC BAI TOAN
BAI SO 98

PROBLEM 97, Show thar

2 Crr P » » y
OOV cemposite

Solution. 1t is clear that

n+ N+ :.(" + 1)+ 3. v (n+ 1) +(n+ 1

are 7 consecutive composite numbers.

TU VUNG
consecunve
composite number
NGUYEN PHU HOANG LAN

{College of Science - Vietmam National Universifty Hanoi)

SRR TARSSRARREI AR LAY

BAI DICH SO 96.
BAL TOAN. 7im s |

$ W CdC SO Qe nmien n sao cho

5 | N N
o oo A +ddeu Id i of -
et ovan + ddeu la cac so nquinen 1o

Lén gidi. SO n phai 1a 56 1é vi néu khong n + 4 sé
13 50 chin 16n hon 2 va tir d6 s6 nay khong thé 1a
s0 nguyén t4.

Khin 1é thin, m + 2 va n + 4 1a ba s6 lé lién tiép.
Do d6 mdt trong cac s6 d6 1a bdi sd cua 3. Nhung
vi chung déu 1a s6 nguyén td, nén mdt sé trong

: e P % R
*%************************#*************************#***i*

SAILAM. .. (Ticp theo trang 47)
Phuong trinh hoanh d9 giao diém la

x* =3mx® +2m(m—-4)x+9m’ -m=0 (1).
Gia st phuong trinh (1) c6 ba nghiém phdn bi¢t
XX, x,. Khidé xx,x, =—9m® +m Ma xx,=x;
. Suy ra:

x=-9m’ +m=>x, =-om* +m.
Do x, la nghi¢m cua phwong trinh (1), taco:
(Mf —BM(WY
+ 2m(m—4)Y=9m’ +m +9m* ~m=0
= -m39m® +m|-9m’ +m ~2(m-4)]=0

em=0.
m=

o Omsm=0-9m +m=0 "
° }‘3’_9"(34.”1 =2(M—4)

O | O

ching phai bing 3. Tir nhan xét nay ta c0 the ket

ludn ring n = 3 1a s tu nhién duy nhét thoa man
dé bai.
Nhgn xét. Kindy ban Nguyén Quoc Hoang Anh,
9A, THCS Ly Nhit Quang, bo Luo‘ng. Nghé An
va ban Cao Minh An. TA3, THF‘S Tran Phlf. TP.
Pleiku. Gia Lai cd bai dich tot, gui bai vé Toa
soan sém. Xin hoan nghénh cac ban.

HO HAI (Ha Noi)

xERXRRXRRR KRR

[m=1
o fm+ 14T +35Tm-512=06>]  _15523.849.
T
Thu lai: V&i m=0, phuong trinh (1) c6 mét

nghiém (loai). V&i m =1, phuong trinh (1) co ba
. 1
nghiém phan biét (thoa man). V& m= b phuong

trinh (1) c6 ba nghi¢m phan biét (thoa man).

_ —155+3V849

Véi m= 7 , phuong trinh (1) c6 mét

r

-155-3V849
16
trinh (1) c6 ba nghiém phan bigt (thda man).
Viy m=l;m=l:m= —155_3\/879
9 16 )
Theo em 161 giai trén cé ding khong?

nghiém (loai). V&1 m = . phuong

TRAN DUC PHUONG
(GV THPT Giao Thiy, Nam Dinh)

séesraaen OGUHOC 43




B o ol -

(NHIEU cAcH SvAl |
| \EHQ OT BAI TOAN_

. ——] >y

BAl TOAN 77. Cho ba 56 thuc duong a, b, c va

a,f eR.a,f20. Ching minh rang
a b c S 3@ +b6% +c%)

+ = .
b +c? P +a® P +b° 2(a” +b° + )
a ba Ca

T a
Loigiai. Dat T =—— + +
bP+c? v af a? +b?

Cach 1. Dé théy

. aZa + bZa + CZa
a’b’ +a°c® b +b%a”  4qf +cb?
Theo BDT Schwarz ta cé:

(a® +b% +c%)?
a®b? +a®c? +b%c” +b%a® +c%a’ + %P
Vi a,b,c>02,420 thi (a®-b"),(a’ -5/)

2

khong thé tréi ddu nén (a* -5 )(a” -7 )20
hay a*** +b*** > a°b” + a’b”.
Tuong tu: b**” +c“? > b%c? +bPc%;
7 +a*? > c%a’ + cfa”. Vay:
2(0""9 +b*F +c’””)2a"b"’ +a%c? +b%c*
+b%a? +c%a’ +c°b?
= 2(a'“ﬁ +b**° +c‘”ﬂ)
+2(a”b? +a’c? +b°c? +b%a” +c*a’ +c°b”)
>3(a°b? +a°c? +b°c? +b%a” +c*a’ +c°bP)
<:>§(a" +b% +c%)(a” +b" + ¢’
> a’b? +a%c” +b°c” +b%a” +c%a’ + b,
(a® +b° +c°)’

Dodo: T2 )
g(a'z +b% +c*)a? +b” +cP)

a+ba+ a
®T23(a ] cﬂ).
2@’ +b’ +”)
DAu ding thirc xay ra <> a=b=c hoac S =0.

TOAN HOC
* Cludilpe
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Cich 2. D& thiy

2a i a2

a
i ot S + y;
b +a'c” b +b"a’  c“a’ + b

T =

Theo BDT Schwarz ta co:
2
(a” +b% +c° )

a“b’ +a°c? +b°c” +b°a’ +c*a’ + b

T2

Khéng mét tinh téng quat gia sur:
a>b>c>0=a"2b* 2% >0;a” 2b” > >0,
Theo BDT Chebysheyv thi:
3@ +6%7 +c*) 2 (a” +b" +c*) @’ +b +cF)
S 2(a‘“” L pEE 4 o™ ) >a’b’? +a°c” +b°c”
+b%a” +c%a” +c“b’

= 2(a"”‘9 Lh=a c‘“"’)

+ 2(a®b? + a®c? +b%c? +b“a? +c®a’ +c*bP)

>3(a®b” +a“c’ +b°c? +b*a’ +ca’ +cbP)
2

S =(a® +b" +c)(af +b +¢f
S ) )

>a°b” +a°c? +b°c? +b%a” +c%a” +cbP.
Vay
(@® +b” +c°)? _3(a” +b" +c%)

T> =
= ’
%(a“+b“+c“)(a”+bﬂ+cﬂ) 2a" +b" +c”)

Cdch 3. Dé chimg bai toan dé ra ta chirng minh
bai toan twong duong sau:

a a
a b
(aﬂ+bﬂ+cﬂ) 5 + + ud
b +c? +af af b

3(a +bm )

2
g P ath (@ +b” +¢*
hay | 22—+ 3-E )2 ¢’)
4 (bﬂ+cﬁ +a?  af +bp* 2 '

Khéng mat tinh tong quat gia sir:
azb2c>0=>a" 2b% > %
aﬂ S bﬁ c"’
b +c? P +adf  df +b

Theo BDT Chebyshev thi:



a(u/’ . b* +f ('"*ﬂ
P+’ P+ A ey
a a” + h/

i a ¥ c’
Zg(b” 7 +m+m](a” +b" +C")
Mit khéc, theo BDT Nesbitt ta co:
[ a’ N b" c’ 3
b +c” W+Tj>5 Suy ra:
a®’ hoth b
[bﬂ +cf +c” +a” +W]2

C(i("h 4. Dét S = aﬁ +bﬂ +C/i

2

’ . . bé chimg minh dé
ra ta chirng minh bai toan tuong duong

Za‘“;’ (;ﬁa:b:ﬁ;sa"c” 2b'“;’ _pbaCﬂ,,_ b7
(c" +a")s
2¢%P — P — %pP
2(a” +b)S
hay
20 — @b — %P P _peh _pag”
(b” +¢cP) (c* +d*)
2¢"7 —c%aP — b’ >0 (D).
(@’ +b”)

Bai toan da cho va (1) déu 1a BDT déi ximg nén

khong mat tinh tong quat gia sir:a > b > ¢ > 0, khi dé:
2a°*f —a"b? —a®c” 20227 -~ c%a” =«c*b*

0<(b”+c) (c”+a”) (a +b”)

Suy ra:
2aa+ﬂ _aabﬂ _aacﬂ 2aa+ﬁ _aabﬁ _aacp ‘
(b +c”) (c? +a”) '
2ba+ﬂ _bacﬁ _baaﬂ ~ 2btz+/} _bacﬂ _baaﬂ .
(c? +a”) (c? +ad”) .
26%*P —®qf —c°b? _ 2% —c%a’ -V
(a” +b%) (c? +d”)

Cong theo vé ba BDT trén thi

(2a**? —ab” - a’c?)

VT(1) 2

c? +a’
(Zb‘”” bec? —b%a ﬁ)+(2c"+p —c%a’? - b’
c? +ad’ '

BDT(1) dugc chimg minh néu ching minh dugc:

(2"’“/’~a”h” (l"("l) '(2”'1'/’ b ~b"a ﬂ)
»l-(2c’””~( a’ -c'b’ ))_() 2)

aph _ a/'h”)

a+fl
hay (a'”" +b —a
+(b(“/' -}-Cn‘ﬂ‘h” /I Crl)
o
v 4 g™ e’ —"a")20

A a+ atff _ @ f_ fra
Nhén thiy: (a”*” +b a’b” —a’b")

iyt (a” ~b/)=(d" ~b")a" =b")20.
vGi hai biéu thirc con lai sé
duogc ching minh do d6 bai

=a"(a
Chimng minh tuong
thi (2) dang. Vay (1)
to4n dé ra ciing dugc ching minh.

Dudi day la bai toan tong quat, phan chirng minh

chi tiét xin danh lai cho cac ban doc:

Cho neN,n>1;q, >0, S-Z(l va u,flel,

i=1
7
n Z a’

e T
a’ (n-1)S

a,p=20. Ching minh Z .

NGO VAN THAI
(T4 34, phwong Hoang Di¢u, Thdi Binh)

Nhén xét. Ky nay ban Tran Vinh Phi, chung cu
Remax Plaza, 20 Pham Dinh H6, phuong 1, Q.6,
TP. Hb Chi Minh dong gop 2 céach giai tuong tu
nhu cach 2 va cach 3 cua ban Ngé Van Thai. Xin
hoan nghénh ban.

LE MAI (Ha Néi)

Msi cic ban giri 10 gidi BAI TOAN 79 dudi day ve
Téoa soan Tap chi TH&TT trudce ngay 31.12.2023.
BAI TOAN 79. Cho hinh chép nr gidc déu
S ABCD va mét diém I trén dwong cao SO cua
hinh chop. Mat phang () qua I cdt céc canh bén
SA, SB, SC, SD ciig hinh chop twong ing tai cdc
diém M, N, P, Q. Chimg minh hé thirc
1 1 1 1

SM SP SN SN S0 SQ
a) Hay tim cdc cach giai cia bai toan.
b) Hay tong qudt bai todn.
c) Néu va giai bai todn tuwong tu.
LE QUOC HAN
(Truomg Pai hoc Vinh, Nghé An)

S6 557 (11-2023)
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BAI TOAN 86 (IMO 1974). Chieng minh ring

n
-~ ; & '3 . 4 Y 2k A
Vol moi so tw nhién n, cac so 2 Cyh 2™ déu
ko)

khong chia hét cho S.
Loi gidi. Tac: Y Cin2* =Y 24 (/B
k=0 k=0
VBY CII By it gy
= k=0 )

— k=0

J8 V8
Biéu thirc ¢ tir s6 1a mot loat cac s6 hang c6 liiy
thira bac 1¢ trong khai trién nhij thirc (1+/8)2""
du6i dang nhi thic Newton va d6 1a nhing sb

hang vdn con chira /8 sau khi thuc hién phép
tinh 4y thira thi nhi thic c6 dang:

(1+8)"™ =4, +\8B, véi A, va B, la sb

nguyén.
That vy, ta chimg minh dé dang diéu d6 bing

quy nap. Véi n = 1 thi (1++/8)’ =25++/8.11 (&

ddy A, =25, B, =11, tic 4,B, €Z).

Gia sit v6i n = k thi (1++/8)**' = 4, +/8B, véi

A,B,eZ. Véin=k+1,tacé:

(1+J§)2k+3 =(]+\/§)2k+l(1+\/8_)2

= (4, +/8B,)(9+2/8)
=(94, +16B,)+/8(24, +9B,)
=4 +‘/§Bk+l

v5i [ =94, +16B, €Z

B, ,=24,+9B,€Z
Theo trén thi 88, =Y C2:/(V/8)™"".

k=0

46 T?gpuggg S6 557(11-2023)

2 kg S dung cong thic (*) ta
Suyra: B, =Y .Cini2 - SU dung
k=0

1h B, khong chia hét cho 5 v&i moi n.
n

8¢ chirng mi dhng dir theo

Muén thé ta chi can xét quan hé
modulo 5 sau day:
A =25=0 (mod5); B, =11=1(mod5);
A, =94, +16B, = B, — A, (mod5);
B, =24,+9B, = 94, — B, (mod5).
Tir d6 tinh theo modulo 5 ta lan lugt suy ra:

= :—-_‘1 E—z A4EO
B =1 B, =-1 B, =-2 4 =
A, =-2

A, =-1_[4=0 {Asf-l
=5 =
- B, =2 :>{B6'='—1 {3754 B, =1

|
|

B,=2 By=3 B, =1

. Nhu vy ta thiy:
A =4, (mod5); B =8,, (mod5) (vi déu
tinh bang mot cong thirc trong 16p dong du do).
Ma trong 12 trudng hop dau thi khéng khi nao
B, =0 (mod5), nghia 1a B, khong chia hét cho 5
v&i moi n.
Nhgn xét. Mot s6 ban tham gia giai bai nay nhung
101 giai khéng chinh xac, cach giai néu trén la cua
Hoang Lé Minh, hoc sinh da doat giai Nhat trong ky
thi IMO lan thir 16 nim 1974 tai Cong hoa Dan chu
buc. .
NHU HOANG
Sau déy 1a bai tip dé nghi. Ban doc hiy giri 101
gidi vé Toa soan TH&TT trugc ngdy 31.12.2023.
BAI TAP BE NGH]
BAI TOAN $8. 7 Ong mat phéng cho mot tam
giac. Hay chi ra cach dung mot diém P nim
be:t rong tam gide d6 va théa méan diéu kién:
N & fir P ta. ha cdc dwong vuong géc xuong caic
canh tfzm gtdc thi ba chén dieong vuong goc do
tao thank mpz tam g‘«ic nhdn P la trong tam.

KHANH HU'U (Ha Noi)



GIAI DAP: DUNG HAY SAI
(Dé ddng trén TH&TT 56 553, thing 7 nim 2023)
Phdn tich sai lim,

Néu  (x=1)(x-a)(x’ +x+b)20,YxeR  thi

(0-1)(0-a)(0* +0+5)20 hay a 520, do d6
két qua cia Ting sai.
Khi x=1x=a déu la nghi¢m cta tam thic bac
hai x* +x+b thi chua chéc

(x=1)(x-a)(x* +x+b)20,VxeR,

a=1
thi x=l,x=a déu la

Chdng han, véi {

nghi¢m cua tam thirc bac hai x* + x + b, tuy nhién
lie ndy (x—=1)(x—a)(x* +x+b)=(x—1)’(x+2)<0
khi xe(-2;1).

Loi gidi dung.

Cich 1. Xét f(x)=(x-1)(x- a)(x2 +x+ b) Vi
x €R. Ta xét hai truomg hop sau day:

_THI: (f—l)(x—a)ZO,VxeR
X +x+b2>20,VxeR

a=
a=1
2= P
{1—4bSO b2

Hl— =

Pos avb 2L, Vi a=1,b=1 i
4 4

2
(x—l)(x-—a)(xz+x+b)=(x-—1)2(x+%] >0,vxeR.
- TH2: (x—1)(x—a) ddng nhat véi tam thirc bac

P 1 -a-1=1 a=-2
hai x +x+b,tucla{ 5 @{bz_z.
Dén téi ab=4.

: 1| wis 4
Vay GTNN cuia a.b bang T Chon dép an C.

o Y B W

Cich 2. Xét '

f(z) = (z=1)(= ~a)(* +z+b)zER s

flz)=(z~a)& +2+b)+ (z-1)(" +2+b)
+(z—-1)(z- a)(2z +1),Vz € R.

Vi (z-1)(z - a)(z’ + 7+ b) > 0,Yz € R nén

a2 fQ),f(z) 2 f(a),Yz € R suy ra:

f(1)=0 (1-a)2+b)=0
lf/(a)=04=> (a~l)(a,2+a+b)=0

“Néu a =1 thi f(z)=(z—1)'(z" +z+b) nén

f(z)>0,Yz € R khi +z+b20VzER

1 =
hay1_4b50¢,b22_ Lac nay a.b24

24+b=0

A
-Néu a = 1 thi ‘a"-}-a-{—bzo

?+a—-2=0 |a=-2(doa=])
o S1_ o :

Suyra ab = 4.
Vay GTNN cua a.b bang i. Chon dap 4n C.
Nhdn xét. Mot sb ban da khing dinh 161 gidi ciia ban
Tung 14 sai va da dua ra 101 giai dang. Tuy nhién khi
khing dinh 1 giai ciia ban Tung sai thi cac ban can chi
16 13 sai & dau (va c6 thé cho vi du minh hoa). Tuyén
duong céc ban: Pham Quynh Na, Nguyén Diém Quynh,
Nguyén Hoang Bach, 6A, THCS Binh Thinh, Dirc Tho,
Ha Tinh; Tran St Phuong, 12 Toan 1, THPT chuyén
Quéc hoc Hué, Thira Thién Hué, di c6 16i giai ding.
KIHIVI

L)

PAP ANNAO ?

Bai todn. Tim dé dé thi ham s
y=x -3mx’ +2m(m-4)x+9m* —m

cat truc hoanh tai ba diém phan biét c6 hoanh @
ldp thanh mét cap sé nhan.

M@t hoc sinh da gidi bai todn nhuwr sau:

(Xem ticfp trang 43)
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BAN CO VAN KHOA HOC

GS. TSKH. TRAN VAN NHUNG
TS.NGUYEN VAN VONG
GS. DPOAN QUYNH
PGS. TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN

Téng Gidm d6c NXBGP Viet Nam
HOANG LE BACH
Téng Bién tap NXBGD V,iet Nam
PHAM VINH THAI
Vién trudng Vién nghién citu Sach va HLGD
PHAN XUAN THANH

HOI PONG BIEN TAP

Téng bién tap : TS. TRAN HOU NAM
Thu ki Toa soan : ThS. HO QUANG VINH

Phé téng bién tip : CN. TRAN THI KIM CUONG
7S. LE HONG MAI

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DONG, TS. TRAN NAM DONG, TS. NGUYEN MINH DUC, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAL PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC, PGS. TS. TA DUY PHUUNG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS, TS. PHAN DOAN THOAL, ThS. VU KIM THUY, PGS.TS. VU

DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

0 Danh cho Trung hoc Co s¢
For Lower Secondary School
Vii Hong Phong — Mt kj ndng khi st dung
phuong phap dt 4n phu.
Huéng dén giai dé thi tuyén sinh vao 16p 10
Truéng THPT chuyén Lé Hong Phong, tinh
Nam Dinh, nim hoc 2023 - 2024.

@ b: thi tuyén sinh vao 16p 10 Trudmg THPT
chuyén Tran Phu, thanh phé Hai Phong, nim
hoc 2023 - 2024.

Q Dién dan day hoc toan
Nguyén Vin Hdu, Tran Pinh Hoang, Nguyén
Viét Cuomg — Phat trién tu duy va Iap luan toan
hoc cho hoc sinh THPT thong qua khai thac
rng dung vecto trong khong gian (Ky 3).

@ Pé ra ky nay

Problems in This Issue

T1/557, .., T12/557, L1/557, L2/557
@ Giai bai ki truée

Solutions to Previous Problems

T1/553, ..., T12/553, L1/553, L2/553.

Bién tip: LE MAL NHUHOANG
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@) Két qui cuic thi Gidi Todn va Vat Iy trén Tap
chi Toan hoc va Tudi tré nim hoc 2022 -
2023

Q Ban doc tim toi
Nguyén Vin Thanh — Cac bai toan lién quan
den hai diém lién hop dang giac dic biét trong
tam giac.

@ Ban co vibt
de‘n pu"c Son — Cac cong thic cia sé 7 va mot
bat dang thirc dep.

Q To4n hoc va Poi song
Nguyén Thuong Lang — Giai thich duong cong
Laffer trong kinh té hoc bang kién thic phé
thong.

@ Titng Anh qua cic bai tosn - Bai 56 05 Bai
dich s6 96.

@ nhidu cicn gidi cho mat bai todn _ Giai bai
toan 77 — D¢ bai toan 79.
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@ Dl'l lich thé 8101 qua cic bai toan hay — Giai

bai toan 86. D¢ bai toan 88.
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Thiét ke, che ban: MINH HOA



102023, L&
i thudmg toan quéc
ng tingdoi ngoai 1in
' IX da dien ra tai Nha
Lém Ha Ni. Cuén sach
- Tinh hoa my thugt Vit truyén
_'_tki){ng - Hinh twong tién niv
ciia Nha xuat ban Gido duc
~ Viét Nam (NXBGDVN) da
~ dat giai Khuyén khich.

Giai thuéng do Ban Tuyén
~ giao Trung wong, Ban Chi
~ dao Cong tac thong tin doi
‘ngoai chu tri, phéi hop voi
Thong tan xa Viét Nam va céc
€0 quan lién quan td chrc.

T<y gidi thuong nay da co
) tic pham/san pham giri
m gia, ting 30% so vdi
giai thuong trude. Chu dé
cic tic pham, san phiam
nay bao quat day du cac
én chinh tri, d6i ngoai,
n hoéa,... quan trong cua
nude, thu hat sy quan
2 cua du luan trong nudc
ubc té; théng tin vé chi
, dudng 161, chinh sach
ang, Nha nudc, nhitng
tuu cua déf nudc trén
1 vue chinh tri, kinh t¢,
ngoai, quyén con nguoi;
» dat nudc, con ngudi,

Cudn séch Tinh hoa my thudt
Viét truyén thong - Hinh
twong tién ni¥ ciia nhom tac
gia Tran Hau Yén Thé, Tran
Trung Hiéu, Lé Thi Liéu,
Tran May 13 mot trong nhirng
dau sach chét lugng cao cua
NXBGDVN.

Sach tap trung khao ctru vé
hinh tugng tién nit trong my
thuat c6 Viét Nam tir thoi tién
str dén thoi hién dai. Tién nir
1a mot hinh tugng thudng xut
hién trong cac truyén thuyét,
truyén co tich, vin hoc, nghé
thudt va nhitng cong trinh vin
hod cua nguoi Viét nhung
chua c6 cong trinh nghién
ciru nao ly giai ddy du va
khai quat mic du day la mot
dé tai hay nhung lai khong
dé thuc hién. Véi sy dam mé
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nhiét huyét, can trong, nhom
tac gia dd day cong suu tam
tr cac nguén tu liéu va khao
sat, thu thap tu liéu truc tiép o
cac cong trinh van hoa (chua,
thap, dén, miéu, dinh lang,...).
Cudn sach d3 dugc nhiéu nha
nghién ciru danh gia cao vé
nhitng déng gép cho nén vin
héa Viét Nam noi chung va
nganh nghién ciru my thuat
cd néi riéng.

Tai Giai thuong toan qubc
thong tin di ngoai lan thi
Hoi déng Giai thuong ¢!

ra 110 tic phadm/san pl:
xuit sic nhdt dé trao gi
Trong dd, c6 8 giai Nhat, 2-
giai Nhi, 30 giai Ba, 50 giai
Khuyén khich.

Hién Thwong
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PHAN'NGUYEN : :
VA UNG DUNG TRONG GIAI TOAN
Tdc gia: Nguyén Thj Hong Hanh, Nguyén Thj Binh Minh, !

Ta Duy Phuo

Phan nguyén [x] cia mét sé
thuc x la s6 nguyén Ién nhat
khong virot qua x. Do tinh doc
déo khong gibng ai cua ham
phén nguyén, thi du, him phan
nguyén kha don gian: 1a ham
hang timg khuc, nhung ciing
kha phuc tap: khéng lién tuc
tai cac diém nguyén véi budc
nhay bang 1, do d6 khé sir dung
cong cu giai tich, vi vay cac bai

tap vé phan nguyén thuong la -

khé.

Ngoai i thuyét duge trinh bay
chi tiét, bit dau tir Trung hoc
Co s0, sdch c6 nhiéu bai toan
thi hoc sinh gidi cap huyén,
tinh, Qudc gia va Quéc té lién
quan dén phin nguyén.

Cuon sach gom nim chuong.

Chwong 1 tap hop nhirng kién :

thirc co ban vé phan nguyeén:
Ham phin nguyén va db thi
ham phén nguyén.

Chwong 2 ganh bay cic bai
toan s6 hoc lién quan dén phén
nguyén: Todn chia hét, tmng
dung nhi thitc Newton trong
giai toan véi phan nguyén,. ..
Chwong 3 trinh bay cac dang
toan lién quan dén phén
nguyén trong dai s6: Tinh gia
tri ciia biéu thirc chira phan
nguyén, ching minh hé thic
chira phan nguyén va dic biét,
phan loai chi tiét va kha diy du
vé cac dang phuong trinh chira
phan nguyén.

, Nguyé&n Thij Bich Thiy
Sach day 303 trang, khé 16 x 24cm, gi4 bia 105.000 ddng.

trong sach 14 co s¢ dé giai nhiéu

‘

Chuong 4 14 cac bai toan vé
phan nguyen trong toan Giai
tich: Day s, chudi sb, gidi han
cua biéu thirc ¢6 phan nguyén.

Chuong 5 so luge trinh bay ™
mot s6 vin dé lién quan dén
phan nguyén: phén nguyén va

hé dém co sé khac 10, phén
nguyén va phuong trinh ham,

phin nguyén trong 1i thuyét

ham thuc.

Nhitng kién thirc va bai tap

bai toan thi hoc sinh giodi khac
chua duorc dua vao sach. Ngoai
ra, cudn sach c6 thé glup cac
thiy co gido trong viéc thiét k
cac bai tap va dé thi méi.

Cubn sach khong chi c6 i
cho céc hoc sinh, cic ban yé
todn va cic thay co day toa
phd thong, ma con 1a tai lié
tham khao t6t cho céc sinh vié: /
va gidng vién dai hoc, cao dang
nganh toan, ciing nhu céc phy
huynh mong muon giup con

em minh hoc t6t mén toan.
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