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BAT PANG THUC LUYEN THI VAO LOP 10 CHUYEN 2023-2024

Cau 1. (Truong chuyén tinh Ba Ria — Viing Tau nam 2023-2024)
Véi céc s thue duong a, b, ¢ thay doi thoa man abc =1. Tim gié tri nho nhat cua biéu thuc:

P= a’ + b* + ¢
\/(1+8a3)(1+8b3) \/(1+8b3)(1+8c3) \/(1+8c3)(1+8a3)
Loi gidi

Ap dung bt dang thic Co — si ta duoc:

_ 2
J1+8a° = \/(1+ 2a)(1-2a+4a%) < 1+ 2‘”12 2a+4a” o021,

Tuong tu, ta c6: v1+8b® <2b* +1;4/1+8¢® <2c? +1.

. a.2 2 2
Do ) +1) (2 +1)(27+1) (207 +1) 2 +1)
Tiép theo ta chirng minh: a + o + 2 >1 *)
(2a% +1)(20° +1)  (20°+1)(2c* +1) (2c*+1)(2a°+1) 3

That vay: (*) < 3(2(612b2 +b?c? +c%a’)+a’ +b’ +cz)2 (2a% +1)(2b° +1)(2¢7 +1)

& 2(a’b? +b’c* +¢%a’)+(a* +b” +¢?) > 0.
Pidu nay hién nhién ding do a2b® +b2c? +c?a? > 34a*h’c* =3 va a? +b? +¢? > 3¢a’h?c? = 3.
Vay GTNN cua P=% dattai a=b=c=1

Cau 2. (Trwong chuyén tinh Bic Giang nam 2023-2024)
Cho x, Y, z 1a cac s6 thuc duong va thoa man diéu kién x + y + z = xyz. Tim gia tri Ion nhét cua cac

bidu thieP=——_ 41 1
V1+x2 Jl+y? 1+72°

Loi gidi

Tl‘rgiéthiétx+y+z:xyz,tacc’)i=i=i=1.
Xy yz Xz
Détazi;bzl;c=1:>a,b,c>0;
X y oz
a b c

Gia thiéttro thanhab +bc+ca=1;P =

+ +
Vi+a? N1+b? 1+

D¢ y rang:
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a’+l=a’+ab+bc+ca=(a+b)(a+c)
b?+1=b’+ab+bc+ca=(b+a)(b+c)
c+1=c’+ab+bc+ca=(c+a)(c+b)

Ldc nay ta co:

B a b C

~ fasb)arc) J(bra)bic) ycra)(ceD)

(s e oo e
a+bVa+c \Vb+a \\b+c Vc+a Nc+b

Theo bét ding thiric Co-si (AM-GM), ta c6:

Pg1 a2, b + b R hayPSE.
2\a+b a+c b+a b+c c+a c+b 2
Déu:xéyrakhivachikhia:b:c:% hayx=y=z=+/3

Vay gia tri lon nhétcﬁaP:g S x=y=2=4/3.

Cau 3. (Truong chuyén tinh Bdc Ninh ndm 2023-2024)

Cho céc s6 thuc duong a,b,c thoa man a+b+c=3. Chang minh rang

15

——— >6-abhc
ab+bc+ca

Loi giai
Ta s& chung minh (3-2a)(3-2b)(3-2c) < abc (1).

Néu (3-2a)(3-2b)(3-2c) <0 thi (1) dung

Taco
2

(3-2a)(3-2b) < WJ =
2

(3-2a)(3-2¢) < WJ _p? | = (3-2a)(32b)(3—2c) < ab .
2

(3-2¢)(3-2b) < WJ —a’

Dau “=" ¢ (1) xay rakhia=b=c=1.
Tu (1) taco 27-9(2a+2b+2c)+3(4ab +4bc +4ca)—8abc < abc
< 27-9.6+12(ab+bc+ac)-8abc <abc (do a+b+c=3)
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= abczg(ab+bc+ca)—3

Lac nay

12 . 3
ab+bc+ca ab+bc+ca
12 9

22\/ﬂ(ab+bc+ca) + ~—3=8+1-3=6
3 ab+bc+ca (a+b+c)

abc+L>ﬂ(ab+bc+ca)+

ab+bc+ca 3

Suyra b >6-abc (dpcm).
ab+bc+ca

Diu “=”" xay rakhia=b=c = 1.
Cau 4. (Trwong chuyén tinh Bén Tre nam 2023-2024)
Cho sé thuc x théa médn 0< x < % Tim gia tri nho nhét caa biéu thirc

Ao 2—X 1+2x

+
1-2x  3x
Loi giai
1 2
2—— 1+—
Détazl,a>2.KhidéA: a, a:2a—1+a+2:2+i+a;2+i
X 2 3 a-2 3 a-2 3 3

1-%
a a

Ap dung bét dang thac AM —GM cho hai s6 duong % va aT—Z , ta dugc

A22+2\/ 3 :\/a_2+f=§
a—2 3 '3 3

Ding thirc xay ra khi va chi khi a=5 < x =é.
Cau 5. (Truong chuyén tinh Binh Phudc nam 2023-2024)
Cho a, b, ¢ la cac s6 duong. Ching minh:

bc N ca N ab <a+b+c
2a+b+c 2b+c+a 2c+a+b 4

Loi gii
4

Chtrng minh dugc bat dang thic 1.1, 4
a b a+b

. 1 1 4 1/ 1 1
Taco ==. <Z| = 4=
2a+b+c 4 (a+b)+(a+c) 4(a+b a+c)

bc 1( bc +£) 1)

j—__ —_
2a+b+c 4\la+b a+c

Tuong tu, ta cd
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ac si( ac , ac j @

2b+a+c 4\{b+c b+a

ab <£( ab . ab ) 3)

2c+a+b 4la+c b+c

cong (1), (2) va (3) vé theo vé ta duoc

+
4\a+b a+c b+c b+a a+c b+c
1/( bc ca bc ab ca ab a+b+c
41\a+b a+b a+c a+c b+c b+c 4
Dau"="xayra < a=b=c.
Cau 6. (Truwong chuyén tinh Can Tho nam 2023-2024)
Cho a,b,c la céc s6 thuc khdng nhé hon 1. Chitng minh rang:

\/ab—1+\/bc—1+\/ca—1 . a+b+c
b+c c+a a+b 4

VTgE(bC+bC+aC ac+ab+abj

Loi gidi
Ap dung bét dang thirc AM-GM, ta c6

Jab-1 \/ab 11 /___ 1 __
brc bc

Lai theo bt dang thac AM-GM, ta cé:

11
1, 1) 1% 11, 1
~[Hla-= <= —F="|-+a-=
el® b)) 27 2 4lc " b

'Jab—1<1(1+ _1j
Jbc—c  4lc b
c+a
\/ca—l(ler_lj

a

Tuong tu, ta co:
a C

M(l 1)

I

b a

Cong vé theo vé cac bat dang thuc trén, ta duoc:
Jab-1 s Jbhc-1 s Jea-1 _atb+c (dpem)

b+c c+a a+b 4
Ping thuc xay rakhi a=b=c=+2
Cau 7. (Truong chuyén tinh Cao Bang ndm 2023-2024)
Véi a,b,c 1aba sé thuc dwong, chitng minh rang:

a’ b? c? >a+b+c

+ + >
J3a2+8b%+14ab  /3b?+8c?+14bc  +/3c? +8a® +14ca 5
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Loi gidi
Trudce hét ta chimg minh BDT sau: Véi 4 86 thuc a,b, x,y va x,y>0. Ta co:

2 p2 (a+b)’ .

@ b (BFD) o) G v —xay rakhi 2D

X Yy X4y Xy
That vay, ta viét BDT (2) dudi dang:

a’y(x+y)+b’x(x+ y)z(a+b)2 xy<:>(ay—bx) >0 (ludn dung). Dau "="xay ra khi iz%

2 p? a+b)’ ¢ (a+b+c
Ap dung BDT (2) hai lan ta duoc: a—+b—+c—2u+c—2g Dau "="xay ra khi
X Yy Z X+y Z  X+y+z
a_b_c
X y z
o 2 a+b+c)
Theo B3 d& (1) taco: 3 a .| )

o \/3a2 +8b% +14ab 2\/3a2 +8b%+14ab

cyc

Mt khac, theo BDT GM - AM:
> 3a®+8b” +14ab =" (v/3a+2b - Ja+4b)<z

cyc cyc cyc

(3a+ 2b)(a +4b)

=5(a+b+c)

a >(61+b+C) _a+b+c
5o \3a’+8b°+14ab 5(a+b+c) 5
Hay Z S a+b+c
o \/3a° +80% +14ab 5
Dau "="xay rakhi a=b=c.
Cau 8. (Truong chuyén T.P Pa Ning nam 2023-2024)
Cho cac sb thuc duong x, y, z thoa man xyz = 1. Chang minh rang:

=

2

(dpcm).

2008(x2 +y? +22)+15(1+£+1j >2023(x+y+2).

Xy z
Loi giai
+ AB.GM ba sb: x+y+2z>33xyz =3
+ Ta co:
2
X+Y+12
2008(x2+y2+z)+15(1+1+1J>2008( y+2) 15 9
X y 2 X+Y+12
bt t=x+y+z (t>3), ta phai ching minh:
2
X+Y+12
2008( y )+15. J >2023(x+y+12)
X+Y+12
Tuc la:
t° 9

20085 +15.? > 2023t

= 2008t* +405 > 6069t
= (t—3)(2008t* -45t-135)>0 (1)
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Trong do
2008t* — 45t —135
=1993t? +15t* — 45t —135
=1993t* +15t(t—3)-135
>1993.3° +15.3.0-135>0
= 2008t* — 45t -135>0
Ttrc 1a (1) dung
Vé}y ba}i toan dugc ching minh
Dau bang xay rakhi x=y=z=1
Cau 9. (Trwong chuyén tinh Ddk Lak nam 2023-2024)
Cho cac sb thuc X, Y, z,t thoa man x2 + y? + z? +t* =1. Tim gié tri 16n nhat cua biéu thirc
A=Xy+XZ+Xxt+yz+yt+3zt.
Loi gii

Véi moi s6 thuc a >0, taco

20A=2axy+2axz+2axt+2ayz+2a yt + 2a3zt
< 2aA=a(2xy)+2x(az)+2x(at)+2y(az)+2y(at)+(22t)(3a)
e 2aA<a (X +y?)+X +(az)’ + X2 +(at) +y? +(az) +y? +(at)’ +(2* +t°)(3a)

& 2aA<(a+2)(X +y*)+(2a% +3a) (2 +17)

Do biéu thirc trén ding voi moi sb thuc & >0 nén ta chon « =%:>0:+2=2052 +3a = 3+2\/§
Khi do 20A<(a+2)(X* +y?)+(20° +3a)(2° +1*) = (a +2)(X* +y* + 2 +1°)
o A< a+2 _ 2+5
2a 2
Vay gid tri 16n nhét cua biéu thic A 13 2+2J§ dat duoc khi
yoy— 525
20
X=y X=y
=t ~t poto BB
20
X=az=at SiX=az=at =
,_5-1 L _5-1 X=y=_.§:i§
2 2 20
X+yr+i4ti =1 (X +yi i+ttt =1 St 5++/5
20

Cau 10. (Truong chuyén tinh Pong Nai nam 2023-2024)
Cho hai s6 duong x va y théaman x+y =2. Tim gia tri nho nhét cia biéu thirc
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B=x"+y*+

X2 +y?

Loi giai
Véi hai s6 khéng am a, b, ta chitng minh

a+b>2Vab . 1)
(a+b)’ <2(a’+b*). (2)
Piang thic xay ra khi a=b.
That vay
(1) a-2Jab+b>0e(Va—b) >0 (luon ding).
(2) < a®+2ab+b? < 2a? +2b? < 0<(a—b)’ (luon dung).
Ap dung (2):

(x+y)232(x2+y2):>432(x2+y2):>x2+y222.

Ap dung (1):
2 2 2 2 2 2
xX*y . 21 ~>2 x2+y2 XY 21 ~>1.
4 X2 +y 4(x +y) 4 X2 +y
Taco minB=§.
2

X2 +y?=2
Pang thic xay rakhi {x+y=2 < x=y=1.

X=y
Vay minB:g.

Cau 11. (Truong chuyén tinh Ha Nam nam 2023-2024)

. . a1 1 1
Cho a,b,c laba so thuc duong thoa man dicu kien —+—+—=1.

a- b° ¢
Tim gi4 tri 16n nhat cua biéu thic:
1 1 1
= + + *
J5a2+2ab+2b%  5b2+2bc+2c2  +/5¢% +2ca + 23’

Loi giai

P

Vi a,b,c >0, chiung minh dugc:
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1 1 1 1 11 1 1
(a+b+c)| =+—+=|29= <o =+ =+=
a b c a+b+c 9la b c

(x+y+2) <30 +y?+2%) == 1 +%+1_\/3(i2+i+i2j
a c

Vé6i a,b>0,taco:

5a’ + 2ab + 2b® = (4a® + 4ab +b®) + (a®* —2ab + b?)
— (2a+b)? +(a—b)? > (2a+h)?

= \/5a% + 2ab+ 2% > \/(2a+b)? = 2a+b

1 1 1(1 1 1) 1(2 1)
= < +—+— —+—
Jsa?+2ab+2p? 2a+b - 9la a b) 9la b
] 1 1(2 1)_ 1 1(2 1)
Tuong tu: e <= =+=
J5b2+2bc+2c? 9\b ¢/ 5c24+2ca+2a2 9\lc a

P£1(3+£+E 1 EJFEJ 1(1+1+1j:>Psl-\/3(i2+i+i2)=%~\/§=?3
a

a b ¢ ¢ a b c¢ 3

a=b=c
DAu “= ”Xayra<:> <:>a:b:c:\/§

VaymaxP_?khla b=c=43.

Cau 12. (Truong chuyén Tin T.P Ha Noi nam 2023-2024)
Vi cac s6 thuc a,b vac thoa man (a+1)(b+1)(c+1)=(a-1)(b-1)(c—1). Tim gia tri nho nhat
cua biéu thic A=|a|+|b|+]c|.

Loi gii

Tur gia thiét ta suy ra ab+bc+ac=—1, c6 A=|a|+ o] +|c| , xét
A’ =a’ +b® +c? +2ab|+2|bc|+ 2|ac| . Theo bat dang thuc gia tri tuyét ddi , ta c6 :
A?=(a+b+c)’ +2(|ab|+oc|+ac|)+22 0+ 2[ab +bc +ac|+2 = 4
Tur day két hop A>0 = A > 2.D4u bang xay ra nhiéu truong hop, chang han (a,b,c¢)=(0,1,-1)
Vay gia tri nho nhit cua A 13 2.
Cau 13. (Truong chuyén toan T.P Ha Noi nam 2023-2024)
Véi cac s thuc khong &m a,b va ¢ théa man a+2b+3c =1, tim gia tri I6n nhat va gié tri nho nhat
ciia biéu thic P =(a+6b+6c)(a+b+c).
Loi gidi

Pit x=b+c

2x=1-a-c<1l-a

3x=1+b-a>1-a

-Tim GTLN cua P
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1-a) 1 1 (3-2a+2+2a)° 25
P< 3)(1- — |==(3-2a)(2+2a)<~. =—
(a+3)( a)(a+ : j ! (3-2a)(2+22) < 2 72T 2
Vay GTLN cua P:§.
16
A [T 1] 9 H by 9 H 1 3
Dau “=" xay ra khi va chi khi c:O,a:Z,bzg.

-TimGTNN cua P

w|nN

P 2[a+2(—a):|{a+1_7a} =%(2a2 +5a+2)>

Déau “=” xay ra khi va chi khi a=b=0,c= %

Cau 14. (Truong chuyén Ha Tinh nam 2023-2024)
Cho cac sb thuc a, b, ¢ théamin a>b>c; ab+bc+ca>0 va a+b+c=1.

1 1 1 5

Tim gi4 tri nho nhét cua biéu thac P = + + + .
g ) a-b b-c a-c 2Jab+bc+ca
Loi giai
Ta str dung cac bat dang thirc 11,4 22 véi m>0;n>0

m n m+n Jm24n?
DAu bang xay ra khi m=n
1 1 1 5

P= + + +
a-b b-c a-c 2Jab+bc+ca
4 1 5 5 5
P> + + = +
a-c a-c 2Jab+bc+ca a-c 2Jab+bc+ca
Lai cé: > + > >5 22 = 10V2
a-c 2Jab+bc+ca f(a—c)?+4(ab+bc+ca) +/(a+c)’+4b(a+c)
=P 10V2 = 10V2 (doa+c=1-b)
J@+c)a+c+4b) /(1-b)(1+3b)
=P 106 > 10/6 =56
\/(3—3b)(1+3b) 3-3b+1+3b
2
Gia tri nhé nhét cua P bang 5v/6 khi
a>b>c
a>b>c 1 a:2+\/6
a+b+c=1 b:§ 6
a-b=b-c = 2 = b:1
a+c=— 3
a—-c=2,b(a+c)+ca 2-J6
3-3h=1+3b a—c=2/>+ca |°" 6
9
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Cau 15. (Truong chuyén Hai Duong nam 2023-2024)
Cho a,b,c la céc sb khdng am va khdng c6 hai s6 nao dong thoi bang 0. Ching minh rang:

1 1 1 10
2 2+ 2 2+ 2 22 2
a‘+b* b°+c® c+a (a+b+c)

Loi giai
Gia st c=min{a,b,c}. Khi dé:

2
c
csa:>c2sac:a2+czsa2+acs(a+§)

2
ch:>czsbc:>b2+czsb2+bcs(b+%j

2 2
a’+b? s(a+£j +(b+£j
2 2

1 1 1

VT(*)2 2 2+ 2+ 2
C c c c

(a+j +(b+j (b+) (a+j
2 2 2 2

bat x:a+%;y=b+%.Khidc’) x>0,y>0va x+y=a+b+c.

Taco VT (*)> 21 2+i2+i2

X“+y" y X
2212+£:212+1+322£21 +3
X“+YS Xy X 4+Yy° 2xy 2xy X +Yy +2xy  2xy
4 3> 4 2 10 10

P = 7 +3. 2 = 2= 2=VP(*)
(x+y) 2y (x+y) (x+y)" (x+y) (a+b+c)

L s c=0 c=0 . .
Dau bang xay ra khi {x = { . Do vai tro cia a,b,c binh dang nén dau “=" cua (*) xay ra khi
= y =
va chi khi trong ba sé a,b,c c6 mét sé bang 0 va hai sé con lai bang nhau.
Cau 16. (Truong chuyén Hai Phong nam 2023-2024)
Cho céc s6 thuc a, b, ¢ thoa mdn a+b+c=0. Tim gia tri nho nhit caa biéu thic:
2a-1 2b-1 2c-1
P=——Ft—o—F+5—
a+2 b°+2 c°+2
Loi giai
Khong mét tinh tong quat, ta gia st ab > 0. Khi d6
a+b+2)’ 2 (c—2)? :
P : ) PR et G
(@+b)*+4 c¢°+2 ¢ +4 c°+2
2 2
(c-2) +(c+1) ZE
c’+4  c*+2 2

Xét BDT:

& c?(c-2)" >0 (ding).

Vay PZ_?3;déudéngtht’rcxéyrachénghankhi a=b=c=0,a=b=-1c=2.Dodd P,, =_3

Cau 17. (Truong chuyén Hoa Binh nam 2023-2024)
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Tur gia thiét a(a—1)+b(b-1)=ab=a’*+b’—(a+b)=ab

=a’+b*=ab+a+b

Theo bt ding thicc AM-GM, ta cé: a®+b*>2ab=ab+a+b>2ab=a+b>ab (1)

Lai co: ab+a+b+8=(a2+4)+(b2+4)24a+4b=4(a+b)

= ab+8>3(a+b)>3ab (do (1))

—ab<4.

< 2 4

Dattzx/%:>0<ts2:>?212>t—221.

Ap dung bat dang thaee AM-GM, ta c6:
2 2 2 2

F =a—+b—+2023(1+1j+i22,/a—.b—+2023.2 |22 atra0sl+
b a a b)) ab b a ab ab t ot

F 22t+§+2019-g+i2.
t t t

Theo bt ding thirc AM-GM, ta c6 2t +% >2 /Zt.% =8

= F >8+2019+1=2028. Vay min F =2028, dat khi a=b=2.

Cau 18. (Truong chuyén Hung Yén nam 2023-2024)
Cho ba sé thuc duong a,b,c théa méan ab+bc+ca = 3abc.

Tim gi4 tri 16n nhat cua biéuthtc T = \/ . f‘ + \/ . 2b + \/ . 2C
3b“c” +abc 3a°c” +abc 3a“bh” +abhc
Loi giai

Theo bai ra, ta co: a,b,c>0véab+bc+ca:3abc<:>§+%+%:3

E)efltl la x; % Iély;l Az (x,y,z>0;x+y+2z=23)
a

c
. y2z2 _ vz
1 X(X+y+2z)+yz 3X+ Xy

Suy ra: / 5 2a +
3b“c” +abc
Xyz

YZ+2X | yZHyx  Xy+2X
X+y  X+z y+2

1
X

3

2,2

y’z

1 1 3
Suyra:T< = == (X+y+2)=—
yure - Laryens:

Diu“="xayra<>a=b=c=1

Cau 19. (Truong chuyén Khanh Hoa nam 2023-2024)
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a) Chtrng minh (x—1)2+(y—1)2+(z—1)2 > 2 (x+y-2)(z-1), véi moi x, y, zeR.

b) Tim sb thuc k nho nhét sao cho bat ding thirc sau ludn dung véi moi X, y, ze R

K[ (x=1)" +(y=1)"+(2-2)° | 2 |(x+y-2)(z-1)
Loi gidi

a) Céch 1:

*) Ap dung bat dang thirc B-C-S, ta co:

(=2 +(y=1)" |[2+2° |2 [(x-1)-2+(y-2) 1]
e (x-1 + (y-1y > HY=D (1)

2

DAu “=" xay ra khi XT_l :yT_1<:> X=y

*) Ap dung bit dang thiec AM-GM, ta c6:

M+(Z_l)z22\/[(x+y—2)(z—1)]2 =V2|(x+y-2)(z-1]  (2)

2 2

2
DAu “=" xay ra khi w =(z —1)2
*) Mat khac: |(x+y-2)(z-1)|(x+y-2)(z-1) (3)
(Dau “=" xay ra khi (x+y-2)(z-1)=0).
Tu (1), (2) va (3) ta suy ra:

(x—l) +(y- 1 x+y 2)(z-1) (4)

*) Pang thac (4) xay ra khi: |x+y 2 =+2]z-1
x+y 2 Z- 1 >0
(Chang hantai x=y=1z=1)

Céch 2:
bt ((x-1), (y-1), (z-1))=(a, b, c)
2 2
Ta cé: VT:a2+b2+c22(a+b) +c2>2 % V2|(a+b)c|=2(a+b)c=VP
A 2 2 2 . .
Vay (x-1)" +(y-1) +(z-1) 2\/§(x+ y—2)(z-1) véimoi x, y, zeR
7-1++2

Dang thuc xay ra khi va chi khi x=y =

V2

(Chang hantai x=y=z=1)

b)

Gia sir k 1a s6 thuc nho nhat dé bat dang thire sau ludn ding voi moi x, y, ze R:
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K[(x=1)" +(y=1)"+(z-2)" |2 |(x+y-2)(z-1) (*)
= Bét ddng thic (*) ciing dang khi x=y, [x+ y—2|=‘x/§(z—1)‘
(Hay x=y, |z—]4:\/§|x—1|)
Do do: k[ 2(x-1)"+2(x-1)" |2 [2(x-1)¥2 (x-1)
& 4k(x-1)" > 22(x~1)° voi moi xeR

Cho x =2, ta dugc: Ak>22 k> L
V2

*) Ta chirng minh véi moi k > iz thi bat ddng thic (*) dung.
That vay:
kﬂx-nﬁqy_nﬁqz-nﬂz(k-

1
+_
2

[(x=2)"+(y-1)"+(z-1)|

N2|(x+y-2)(z-1) =|(x+y-2)(z-1) (theo ching minh cia cau a).

jﬂx-gﬁqy_gﬁqz-nﬂ
(x=1)" +(y-2)’ +(z—1)2}

=5

>

>

NS

Khi k = 1 thi theo chimg minh ciu a ta cling c6 bat dang thirc (*) dang.

J2

Vay gia tri k nho nhét can tim 1a k 1

5
Cau 20. (Truong chuyén Lai Chau nam 2023-2024)
Cho a;b;c la céc sb thuc duong théa man a+b+c =3. Ching minh rang :
ab bc ac 3
+ + <=
JoZ+3 Ja?z+3 b2+3 2

Loi gii
Tacé a+b+c=3<:>9:(a+b+c)223(ab+ac+bc)<:>ab+ac+bcs3
bc bc bc 1( bc bc )
a+b a+c

< <1
Ja?+3 ~ (a’+ab+ac+bc) f(a+b)(a+c) 2

Tuong tytaco : ac <1( ac + ac ); ab <1( ab +a_bj

213 2la+b b+c) Joz+3 2\b+c a+c
Cong vé vai vé cua cac bat ding thirc trén ta duoc:
bc ac ab 1( bc bc ac ac ab ab 1
+ + <= + + + + + <=(a+b+c)
Ja?+3 b?2+43 +c2+3 2la+b a+c a+b b+c b+c a+c) 2

bc ac ab 3

+ + <=

Ja?+3 b?+3 c?+3 2
dau "=" xayrakhi a=b=c=1

ma a+b+c=3 nén
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ay bc Loa ab .3
T Ja?+3 b?+3 JP+3 2
Cau 21. (Truong chuyén Lao Cai nam 2023-2024)

V

a) Cho a >3. Tim gid tri nho nhét cua biéu thirc Q = a* +%

b) Cho ba s6 thuc duong a,b,c théa mdn a+b+c <1. Ching minh rang:

a(Bbc+1)?* Db(3ca+1)> c(3ab+1)°
+ + >12
c’(3ac+1) a’*(3ab+1) b*(3bc+1)

Loi giai
a) Dy doan Q dat gia tri nho nhit tai a=3.
Tacd Q =a2£+£—@
a a 3a
2. 2727

Ap dung bt dang thiec AM-GM cho ba sé a’; i ta duoc:

a2+£+£23. az.£.£=27
a a V" "a " a

160 160 160 _ 160
< < = - > )
3a 9 3a 9

Maa=>3=0

Diu “=" xay ra < a=3.

Vay gié tri nho nhat cua biéu thuc Q= % tai a=3.

ab+1 ~ 3bc+1 .- 3ca+1

b) Ta dat x = Y , =XY,2>0
b c a
2 2 2 2 2 2
it P = a2(3bc+1) N b§3ca+1) N cg3ab+1) ~p :y_+z_+x_
c“(3ac+1) a“(3ab+1) b°(3bc+1) zZ Xy

Ap dung bét dang thirc Cauchuy-Schwarz ta c6

P>(y+z+x)2
X+ Y+z

=X+Yy+z()
Ta c0:

X+Yy+1z :3a+1+3b+1+3c+l
b c a

=(9a+1)+[9b+%)+(90+£]—6(a+b+c)2 2.\/9a+£+2.\/9b+%+2.\/90+l—6(a+b+c)
C a C

a
=6+6+6-6(a+b+c)>18-6=12(2) (via+b+c<I).

Tu (1) va (2) suy raP>12.
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Dau“="xayra <a=b=c¢ :% = dpem.

Cau 22. (Truong chuyén Long An nam 2023-2024)
Cho a>0,b>0 thoaman 2a+3b <6 va 2a+b<4. Chiing minh rang:

—QSaZ—Za—bSO.
9
Loi giai

2a+3b36:>—b2§a—2

2
a2—2a—b2a2—2a+§a—2=(a—gj —22—2 (1)

2a+b<4=2a*+ab<4a

:aZ—Za—bS—a?b—bsO(Z)

Tur (1) va (2) suy ra diéu phai chiing minh.
Cau 23. (Truong chuyén Nam Dinh nam 2023-2024)
Cho céc s6 thuc x;y;z théaman 0< x,y,z < 4. Chirng minh rang:
X2y + YPX+ 22X +16 > xy® + yz° + 2x°
Loi giai
Ta co:
X2y + Y272+ 22X +16 > xy® + yz° + 2%
S XY+ Y2+ 7°x+16—xy? —yz? —z2x* >0
< (x-y)(x-z)(y-2)+16>0

Ta c6 bét dang thuc: ab > —%(a—b)2 \Va,beR

2
va abg(azb) ,Va,beR
Truong hop 1: Néu x>y taco (x—z)(y—z)z-%(x—y)2

nén (x—y)(x—z)(y—z)+162—%(x—y)3+162—%43+1620
Truong hop 2: Néu y > x ta xét

Truong hop 2.1: Néu y >z, ta co (x—y)(x—z)z-%(y—z)2

nén (x—y)(x-z)(y-z)+16> —%(y—z)3 +16> —%43 +16F0
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Truong hop 2.2: Néu y<z,taco: (x—y)(x-z)(y-z)+16=(y-z)(x—z)(x-y)=16

Két hop véi (y—X)(Z—y)S—%(Z—X)2V3X< y<z

Ta duoc: (y—x)(x—z)(z—y)+162%(z—x)2(x—z)+16:—%(z—x)3+1620

Vay véi moi truong hop thi (x—y)(x—2)(y—2)+16>0 hay

XY+ Y22+ 22X +16 > xy® + yz° + 2%
Cau 24. (Truong chuyén tinh Nghé An nam 2023-2024)
Cho céc sb thuc a,b,c thoaman a,b,c>1 va a’+4b” +c®+2ab+12=3(a+5b+c). Tim gia tri nho
a’ . a’

nhat cua biéu thie T = > 5
a+(a+b)” a+c

Loi giai
Bing cac phép bién doi gia thiét, ta co
3(a+b+c)=a”+4b’ +c” +2ab+12-12b
=(a+b)’ +c?+3(b—2)">(a+b)’ +c?
Bang bién d6i bt ding thirc két hop cong mau, ta duoc

(a+b+c)2
3(a+b+c)2(a+b)2+c2 >~ 7

Do d6 a+b+c<6 suy ra (a+b)’ +c? <18. Khi d6, bing céc phép bién ddi ta c6

a a® a’ a’
T= 7t 2= T 2
a+(a+b) a+c” a+(a+bh) a+c
2
S 4a

_2a+(a+b)z+c2

2 2 2
S 4a :2a 22a =321
2a+18 a+9 10a 5 5
Tir day ta dugc MinT =é. Dau bang xay ra khi va chi khi (a,b,c¢)=(12,3)

Vay gia tri nho nhat caa T =%

Cau 25. (Truong chuyén Pai Hoc Vinh nam 2023-2024)
Xét cac s6 thuc khong am a,b,cthéa man a?+b?+c? =1. Tim gia tri I6n nhat caa biéu thuc
P= L + ! + ! .

Ja+l b+l c+2
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Loi giai
Ta c6 nhan xét sau

( 1, 1 jzz 1,1 2
Vva+l +b+1 a+l b+1 (1+a)(1+b)

a+b+2 2 a+b+2 2 ( 1 Jz
= + < + =1+
ab+a+b+1 +Jab+a+b+1l a+b+l a+b+1l Ja+b+1

Do d6 ta duoc

1 1 1
+ <1+ .
va+l +/b+1 Ja+b+1
Mt khéc, tacé (a+b+c)’ >a?+b?+c?=1suyra a+h>1-c.

Tir day két hop véi ¢<1 (vi ¢>0 va c*<1),tasuy ra

2
1 1 1 1 1 1 2
P<1+ + =1+ + =1+ + +
J2—c Je+2 \/(\/Z—C \/c+2j \/2—0 2+¢ Ja—¢?

=1+ 42+ 2 <1+ 4 +—2 =2+i
4—c? Ja_¢o? 4-1 Ja-1 V3

DAau bang xay ra chang han khi a=b =0,c =1. Vay gia tri Ion nhat cua P 1a 2+ L

J3
Cau 26. (Truong chuyén tinh Ninh Binh nam 2022-2023)
Cho a, b, ¢ 1a cac s6 thuc duong thoa man a + b + ¢ = 6. Chiing minh
a + b + ¢ 22
Pl i+l Jaiil
Loi giai
Ap dung BDT Co-si ta co:
b+1+b’—-b+1 Db*+2
b*+1 = ./(b+1)(b*-b+1) < =
Vb7 1 = |(b+1)(6"-b+1) : )
2 2
T2 Jed41 < & 2+2 s yad+l < a2+2
Dods VT > 22 4 2, 2
b*+2 c¢°+2 a“+2
Ta can CM: S = 22a + 22b + 22C >2
b*+2 c¢°+2 a“+2
a(b®+2)—ab? 2
Ta co: 22a = ( 2) =a- ?b
b +2 b +2 b +2
2 2 2 32b? a(2+b+b 2a.(b+1
Laicé : r;lb _ 22at; o2 _alvap® ( ) _ 2a(b+1)
b*+2 b*°+b°+4 3B p* 4 3 9 9
2.(a+b+c) 2(ab+bc+ca 7.(a+b+c) 2(ab+bc+ca
T?tadugcS >a+b+c- ( )- ( 5 ): ( 5 )_ ( ] )
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a+b+c)
TacOab+hc+ca< Q
2
Dodész7—'6-§.6—=2
9 9 9

DAu bang xay ra khia=b =c=2. Ta c6 dpcm.
Cau 27. (Truong chuyén Tin Phii Tho nam 2023-2024)
Xétbasd x;y;z>2 thoaman 4xyz =9(x+y+2z)+27

2 2 _ 2
V-4 Y -4 P-4
X z

Tim gi4 tri 16n nhat cua biéu thic Q =

Loi giai
Tac6 50 = \/5(x—2)(x_+2 +\/S(y—Z)(y+2) +\/5(z—2)(z+2)
X y z
J50 < 5(X—2)+X+2+5(y—2)+y+2+5(z—2)+z+2
2X 2y 2z

<~BQ < ox=8 6y=8 0278 _ 4 41,11
2X 2y 21 X y z

2 3
Tu 4xyz =9(x+y+2)+27 < 4=9(i+i+iJ+£ < 3(1+1+£j +(1+1+1j

Xy Yz XZ) Xxyz X y z X y z
Dét£+1+1:t

X y z
Taco

P43t —4>0t> —t?+4At° —4t+4t—-4>0
& (t-1)(t-2)° 20
sSt>l

Suyra~5Q<9-41=5<Q<+5

X,Y,2>2;4xyz =9(X+y+12)+27
Viy MaxQ =+5 < 5(x—2)=x+2,5(y-2)=y+2,5(z-2)=2+2
1 1 1
—+—+—=1
X Yy z

S Xx=y=z=3
Cau 28. (Truong chuyén Todan Phii Tho nam 2022-2023)
Xét cac sb thuc duong a,b,c; Tim gia tri nho nhat cua biéu thirc
_ a N b N c _
Ja?+obc  vb?+9ac  +/c?+9ab

Loi giai

Tacé (a\/a2 +9bc +by/b? +9ac +cv/c? +9ab).F >(a+b+c)
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Dit Q = av/a’ +9bc +by/b? +9ac + cy/c? +9ab

2
_ [\/E\/a3 +9ac ++/b/b® +9ac ++/c+/c? +9ab} < (a+b+c)(a3 +b3+c? +27abc)

Talai c6 a®+b*+c® =(a+b+c) —3(a+b)(b+c)(c+a)<(a+b+c)’ —24abc

3
:>(a+b+c)(a3+b3+c3+27abc)£(a+b+c)[(a+b+c)3+3abc} ma 3abc < (a+b+C)

4

= (a+b+c)(a3 +b¥+c? +27abc)s 10(a+§+c)

J10(a+b+c)’
3

3\/— 3V10

min F = Y10
Vay 10

=0Q=<

ma (a«/a2 +9bc +by/b? +9ac +cv/c? +9ab).F > (a+b+c)2

Suyra F >

Diu“="xayra < a=b=c

Cau 29. (Truwong chuyén tinh Phl Yén nam 2023-2024)

Cho x >1,0<y <1. Chitng minh rang: ! + ! > 2x + 2y
X+1 y+1 X°+y Yy +Xx

Loi giai

)

Vi gid thiét dd cho, ta sé chizng minh L> X (1) ai>
y+1 x°+1 X+1 Yy +x

Taco: (1) xy+Xx—x*-y<0< y(x-1)+x(1-x)<0

< (x-1)(y-x)<0(3)

(3) dung vi x>1,0<y<1

Ddu dang thire xdy rakhi x =1,0<y <1

Ta ciing c6: (2) <= Xy+y -y’ —x<0& y(x-y)—-(x-y)<0

< (x-y)(y-1)<0(4)
(4) dung vi x>1,0<y<1
Dau bdt dang thirc xay rakhi x =y =1
Cong vé theo Vé (1) va (2) ta dwge——++ > X Y
X+1 y+1 X4y Yy +X
Ddu ddang thirc xay rakhi x =y =1
Cau 30. (Truong chuyén tinh Quang Tri nam 2023-2024)
Cho céc s6 thyc duong a, b, ¢ thoa mén ab +bc +ca = abc.
1.  Chang minh a+b+c>9.

2. Chang minh a+b+c>4(i+£+ij+5
bc ca ab

Léi giai
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Taco ab+bc+ca=abc<:>£+l+1=1.

a b c

Cach 1: Khi @6 a+b+c=(a+b+c)(£+1+1j 33ab033,/ 1 =9
a b c abc
a

Cach 2: a+b+c=(a+b+c)(1+£+1j=3+ B+9+E+a+c>3+2+2+2 9
a b c a ¢ c a
a+h)’ (b+c c+a)’
Taco a+b+c=(a+b+c)| = 1 1 1 ( ) +( ) +( ) -3
a b c ab bc ca

4(a+b+c) 4(a® +b* +c?
2&_3: ( ) +5= 4( +£+£ 45
ab+bc+ca abc bc ca ab
Cau 31. (Truong chuyén Son La nam 2023-2024)
Cho X, Y,z 1a c4c s6 thuc duong théa man x+ y + z = xyz. Chang minh rang:

1+/1+ %2 +1+\/1+ y? +1+\/z—2
z

< Xyz.
X y
Loi giai
Tu X+y+z=2y1=. i+i+i=1
Xy yz Xz

Lai co:

“1+X \/— =\/—2 L1 (4p dung \/_b< (a+b))
x> Xy yz xz

1+\/1+x 2 1 1 1+1+X 1 11
— <+ —+—=>— <3| —+—+—
X X 2y 2z X X Yy z

Diu “=" xay ra < X=y=12
Chang minh:
3(1+£+1j£ Xyz

X y 2
< 3(xy+ yz+zx)s(xyz)2
< 3(xy+ yz+zx)£(x+y+z)2
< (x- y)2 2+(y—z)2 +(z—x)2 >0 (dung)
Vay bét ding thirc dugc ching minh. DAu “=” xay rakhi x=y =z =+/3.
Cau 32. (Truong chuyén Tay Ninh nam 2023-2024)
Cho a,b,c 1 céc sb thuc duong thoa man a+b+c > 6. Tim gia tri nho nhat cua biéu thic
M :1(19a+22b+25c)+2(5+§+zj.

6 a b c
Loi giai

Tacd: a+b+c>6.

M_(15(19a+22b+250)+2(5 E+7j (£a+ﬂj ( b+ 12) (25C+Ej

a c 6 a b 6 C
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Xét k,m,n >0:ka+£2 2\/10k;mb+%2 2\/12m;nc+E2 2/14n
a c

a=2=2k+5> 210k
Dau bang xay ra <:>ka=%:>2k=5<:>k=g.

Tuong tu ta tim dugc: m=3,n :g.

Do d6: M = Ea+E + 3b+E + Zc+& +Ea+gb+gc
2 a b 2 c¢) 3 3 3

=M > 225+ 2436 + 228 +-6 = 40.

DAu bang xay rakhi a=b=c=2.

Vay M, =40 khi a=b=c=2.

Cau 33. (Truong chuyén Thai Binh nam 2023-2024)

Cho 3 s6 thyc duong x,y,z thoa min Xy + yz + zx =1. Tim gié tri 16n nhét cia biéu thirc:

_ 2X N y N z
V1+x? Jy?+1 2241

Loi giai

P

—x* -28y*-287°

Ap dung bat dang thic AM - GM:

2X X B 2X < X X

= = < +
V14X X2+ xy+yz+12x \/(x+y)(x+z) X+y X+z

y _ y 1y [ x
Y2+ Xy +yz+ 2% \/(y+x)(y+z) 4 y+7 y+X
z z 1 z X

\/22+xy+yz+zx_\/(z+x)(z+y) S 4 zHy Z4X

2X N y N z
V14X Jy?+1 Nz2+1

<1+1+

n|©

@)

NG

Vataco: x* +28y* +28z° :%(x—7x)2+%(x—7z)2+%(y—z)2+727 (2)

Dau "=" ciia cac bat dang thirc (1), (2) xdy rakhi x =7y =7zVa xy + yz+ zx =1 khi va chi khi

y=Z:\/15;X=7\/15
15 15
Tir (1), 2)c6 P<2-7=-2 suyra MaxP =7 > y=z =2, (VIS
4 4 15 15
Vay MaxP = _Tlg

Cau 34. (Truong chuyén Quéc Hoc Hué niam 2023-2024)
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Cho hai sé thuc duong a,b théa man 4a®+b? = 2. Tim gié tri nho nhat cua biéu thuc
4a b 2024
= + + :
2+b 1l+a 2a+b
Loi gidi
Taco 4a”+b” > 4ab < 2(4a” +b”) > (2a+b)’

<:>42(2a+b)2<:>2a+b32<:>a+g£1.

5 b )

Datx:a;yzg,taco X+y<1.

Khid(’)sz a+ b +506: X+y+506.
20 4.0 2(1+a) . b 14y Lex x4y

Ap dung bat dang thirc Cauchy, ta ¢6
+ix(1+y)2£x<:>iz§x—ﬂxy.
1+y 9 3 1+y 9 9

y 4 (1+x)>4y<:>i>8y—ﬂxy

1+x 9 3 1+x 97 9
Suy ra £T2§(x+y)—§xy+ 506 2§(x+y)+ 8 N 4546 —§xy.2§.2+4546—§ £:1520 N
2 9 9 X+y 9 9(x+vy) 9(x+vy) 9 9 9 94

2
2 X+Yy 1
déy xy < <=
eyyﬁzj 2

Dodo T > 3040

. Dau “=" xay ra khi va chi khi x = yzé hay a:%;bzl.
3040 1
Vy gia tri nho nhit cua T bang 3 dat duogc khi a—z b=1.

Cau 35. (Truong chuyén Tién Giang nam 2023-2024)
Cho hai sé thuc x va y thoaman x>1y>1

s X
a) Chtng minh ran >2.
e
, ) 2 y2
b) Tim gi& tri nho nhat cua biéu thirc T = +
y-1 x-1
Loi giai

a) Chang minh rang >2.

X
Jx-1

Ap dung bét dang thtc AM —GM cho hai sé thue duong (x—1) va 1 ta dugc

=(x-1)+122(x-1).L=2Vx 1.
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Vay X . > 2 voi moi sb thuc x >1. Pang thic xay ra khi va chi khi x-1=1< x=2.
X_
. . X2 yz
b) Tim gi& tri nho nhat cua biéu thirc T = +
y-1 x-1
. L . 2 y’
Ap dung bat dang thiec AM — GM cho hai s6 thuc duong 1 va 1 ta duoc
y-1  x-
2 2 2 2
T=2 L o X Y _p X Y 5950-3
y-1 x-1 y-1'x-1 " x-1.y-1
Vay minT =8 khi x=y=2.
Cau 36. (Truong chuyén T.P Ho Chi Minh ndm 2022-2023)
Cho céc s6 thyc duong X,Yy,z thoa man \/1+4xy+2x+2y+22 =5
a) Chung minh ! + ! ZE
J2x+1)(2y+1) 2z+1° 3
b) Tim gié tri nho nhat caa biéu thac P = X+l y+l 2243
2X+1 2y+1 4z+2
Léi giai
a) Tir gia thiét ta co \/(2x+1)(2y+1) =5-2z.
Tir d6 két hop st dung bat dang thirc Cauchy Schwwarz, ta dugc:
1 1 1 1 4 4 2
+ = + > =—==,
\/(2x+1)(2y+1) 2z+1 5-2z 2z+1 5-2z+2z-1 6 3
Dau bang xay ra khi chang han x=y =z =1.
b) Ta thay rang
1 1 1 1 1 1 3 1 1 1 1
P= 4 —— 4+ 4+ —— 44— =" + +
2 2(2x+1) 2 2(2y+1) 2 2z+1 2 2\ 2x+1 2y+1) 2z+1

Ap dung bt dang thirc Cauchy cho hai sé duong va str dung két qua ¢ y (a) ta dugc
Pz § + L 1 > § + 3 = E
2 \/(ZX +1)(2y+1)+2z+1 2 3 6
DAau bang xay ra khi va chikhi x=y=z=1.
Cau 37. (Truong chuyén Vinh Long nam 2023-2024)

x%+10

VX2 +9

Tim gié tri nho nhit cua biéu thic

Loi giai:

.Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 23



https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

:{%.\/x2+9+ J+%.\/X2+9

X2 +9

Suyra P> 2.1+§.3=E
3 9 3

Vay gié tri nho nhat can tim 1a P :%khi x=0

Cau 38. (Truong chuyén Vinh Phiic nam 2022-2023)

1. Cho ba s thyc duong a, b, ¢ thoa man ab+bc+ca=1. Tim gia tri I6n nhat ciaa biéu thic:
p= 2a N b L
Ji+a® Nl+b?  1+c?
2. Cho ba sé thuc khong &m a,b,c thoa man ab+bc+ca+abc<4. Ching minh ring
a+b+c>ab+bc+ca.
Loi gidi:
1. Ta co:
p_ 2a N b LG
Jl+a? V1+b?  1+¢?
2a b c
= + +
Ja’+ab+bc+ca +a’+ab+bc+ca ~a+ab+hbc+ca
2a b c

~J@rb)(arc) Jbro)bra) (cra)cih)

\/ 2a 2a 2b b 2c c
= . + . + .
a+b a+c \/b+a 2(b+c) \/c+a 2(c+b)

AM -GM
1] 2a 2a 2b b 2¢ c
<= + + + + +
2la+b a+c b+a 2(b+c) c+a 2(c+b)
1[( 2a 2b 2a 2a ) 1( b c
== + + + + 5| —
2|\a+b a+b a+c a+c) 2\b+c b+c
=l 2+2+l)=g
2 2 4
DAu “= ”Xayrakhla—ib C—E

15
v.aypd.gaGTLl\||a%khia_i b=c =1£55
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2. Tacod ab+bc+ca+abc<4
< abc+2(ab+bc+ca)+4(a+b+c)+8<(ab+2a+2b+4)+(bc+2b+2c+4)+(ca+2c+2a+4
< (a+2)(b+2)(c+2)<(a+2)(b+2)+(b+2)(c+2)+(c+2)(a+2)

1 1 1 2 2 2
< + + = + + >
a+2 b+2 c+2 a+2 b+2 c+2

Q(l_i}(l_ij{l_ijgl
a+2 b+2 c+2

a b c
+ +
a+2 b+2 c+2

=12

Ap dung BDT Cauchy-Schwarz
a b c a’ b? c?
> + + =— +— +—
a+2 b+2 c+2 a“+2a b°+2b c°+2c

2
Coss (a+b+c)
Ca’+b’+c?+2(a+b+c)

:>(a+b+c)2s(a2+b2+c2)+2(a+b+c)
< a+b+c>ab+bc+ca (dpem)
Cau 39. (Truong chuyén KHTN nam 2023-2024)
V6i x,y,z 1a nhiing s6 thuc dwong, tim gia tri nho nhét cua biéu thirc:
14 |6 14 6 14 6
M — 2x2 X°+3 N 2/2 y’+3 N 2z2 2’+3
XyP+zx+zy V2P HXy+XZ 2°XP 4 yZ+ X

Loi giai:
Taco 3(x“—x6 +3)=(3x“+4)—3x6+527x6—3x5+5=4x6+5
theo bat ding thirc AM-GM. Lai ¢6 ciing theo bit dang thizc AM-GM, thi
4x6+5=(x6+x6+1)+(x6+x6+1)+323(x4+x4+1)23(x4+2x2)

x* x>

X*y? + X2+ yz X*y? + X2+ yz

va &p dung bat ding thirc cong mau cho vé tréi, ta
(3 +y*+ 22)2 +2(X+y+12)° 3(x2y2 +y?22 + X7+ 6(xy + yz + 2X)
> _

M > >
XY+ YR+ 22X+ 2(xy+yz+2x)  XYE 4yt + 20X+ 2(Xy + yz + 2X)

DA4u bang xay ra khi va chi khi x =y = z = 1 Gié tri nho nhét cia M 1a 3.
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BAT PANG THUC VA GIA TRI LON NHAT, NHO NHAT 2022-2023

Cau 1. (Truong chuyén tinh Ba Ria — Viing Tau nam 2022-2023)
Vi céc s6 thue duong X, y, z thoa man 2(x2 +y2+ 22) =3y(x+12).
Tim gia trj lon nhat cia biéu thic P = \2(x+y+12) —(X* +2°).
Loi gii
Tacod: 3y(x+2)=2y? +2(x2 +22)2 2y + (x+2)°
= 3y(X+12)>2y° +(x+12)°

= (x+2)* -3y(x+2)+2y* <0

2
:(uj —3[ﬂ]+2so
y y

:>1£ﬂ£2.
y
Do do6 :
3 1Y 1
P<J4(x+2) - X —2° =2Ux+7-X* -7 <x+z2+1-x*-7? :E—(X—Ej —(Z—E

Ding thic xay ra @x:z:%;yzl.

Vay gi4 tri 16n nhat cua biéu thac P 1a g
Cau 2. (Trwong chuyén tinh Bic Giang nam 2022-2023)
Cho ba s6 duong a,b,c théa mdn a+b +c = 3. Chang minh rang
abc(a” +b* +¢*)<3.
Loi giai
3abc(a’ +b? +c?) =(a+h+c)abc(a’ +b* +c?)

=(ca-ab+ab-bc+bc-ca)(a2+b2 +c2)

g(ab+b§+ca)z-(a2+b2+c2)
2
(Dua vao BDT phu: Xy + yz + zx SM, diu “="xayra < x=y=2)
(ab+bc+ca) , , ., L\ 1 2 02, 2
3 ~(a +b*+c ):g(ab+bc+ca)(ab+bc+ca)(a +b +c)
b+b b+b 2 b2 +c?)| 2
s%- (ab+bc+ca)+(a +3c+ca)+(a +bh%+c )] Z% {(aﬂyc) } L
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3
(Dya vao BDT Co-si: X,y,2>0= xyz < (%) ,dau“="xayra < x=y=12)

Tir d6 suy ra abc(a® +b* +¢’)<3. Dédu "=" xayra <>a=bh=c=1.

Cau 3. (Trwong chuyén tinh Bic Kan nam 2022-2023)
Cho x>0,y >0,z >0 thoaman x+ 2y +3z >10. Tim gia tri nho nhét cua
P=x+ y+z+i+i+l+1o.
4x 8y z
Loi giai
Ap dung BDT C6 - si cho 2 sé duong x,l, ta co
X
x+12 2<:>§(x+£)2§. Q)
X 4 X) 2

Ding thirc xay ra khi va chi khi x =1.

Ap dung BDT C6 - si cho 2 s duong y,%,tacé
y
9 1 9 3
+—2>3e | y+—|>2=.(2
"y Z[y 4yj 2"
Ding thic xay ra khi va chi khi y=%.

Ap dung BDT C6 - si cho 2 s dwong z,i ,taco
z

z+£24<:>1(z+£j21.(3)
z 4 z

Ding thire xay ra khi va chi khi z = 2.
Theo gia thiét ta c6

x+2y+32210<:>wzg<:>5+1+£2§.(4)
2 4 2 4 2
Ping thirc xay ra khi x =1, yzg, 7=2.
Cong theo vé cac bdt (1), (2), (3) va (4), ta dugc
x+y+z+i+i+£25<:>P2§.
4x 8y z 2 2
Ding thie xay ra khi x =1, y=g, 7=2.
Vay MinP:?’—Z3 khi x =1, y:g, z=2.

Cau 4. (Truong chuyén tinh Bac Luu nam 2022-2023)
Cho a,b,c 1a céc sb duong thoa man a +b+c¢ = 3. Chang minh rang:
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22 A2
a’b+b’c+c’a 2%.
1+2abc

Loi giai
Bat dang thue can chimg minh duogc viét lai thanh
(azb +bhic+ cza)(Z n ﬁ) >9
1 N 1 N 1
ab’> bc® ca?

<:>2(a2b+b2c+cza)+ >0,

Mt khac sir dung bat dang thirc Co-si bo ba s, ta co

azb+a2b+i2233/aZb~a2b-i2 =3a
ab ab
2 2 1 2 2 1
b°c+b c+—2233b c-b c~—2=3b.
bc bc
2 2 1 2 2 l
c‘a+c a+—2233c a-c a~—2:3c
ca ca

Cong ba bit ding thirc trén lai vé theo vé, ta dugc
1 1 1
2(a’b+b’c+c’a)+—+—+—2>3(a+b+c)=0.
( ) ab®>  bc? ca’ ( )
DA4u dang thtc xay ra khi va chi khi a=b=c=1.
CAu 5. (Truong chuyén tinh Béc Ninh ndm 2022-2023)
Cho x, y, z la cac sb thuc khéng am thoa man x° +y® +2z° =3. Tim gia tri nho nhat caa biéu
3 3 3

TS A

3y+1 3z+1 3x+1

thac P =

Loi gidi
Ap dung bét dang thicc AM-GM ta ¢ y*+1+1>3y
Chtrng minh tuong tu 1oi cong vé véi vé ta duoc
3 3 3
P> 3X + 3y + 32 .
y°’+3 z°+3 x°+3

bat (x*,y%,2%) =(a,b,c)
a b c

Khidéo a+b+c=3va P> + )
b+3 ¢+3 a+3

Ap dung bat dang thirc Cauchy-Schwarz dang Engel ta c6

a_, b L C (a+b+c)?
b+3 c+3 a+3 ab+bc+ca+3(a+b+c)

Mit khactacod (a—b)> +(b-c)’>+(c—a)* >0
= (a+b+c)*>3(ab+bc+ca)

. (a+b+c)’ . (a+b+c)’ _3

- = 2
ab+bc+ca+3(@+b+c) M+3(a+b+c)
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Piang thirc xdy rakhi a=b=c=1hay x=y=z=1
Cau 6. (Truong chuyén tinh Binh Dinh nam 2022-2023)
Cho2sd 1<T <9. thoaman: (x;y) = (1)
Tim gié tri 16n nhat, gié tri nho nhat caa biéu thuc: T =1
Loi giai

2
Ta c6 bat dang thic (x—y)? >0 < xy < % Bai vay tir gia thiét,

2
(x+y)? :3+xy33+(x+4y) =0<(x+Yy)* <4

Lai dé y déng thic 3(x* + y* +xy)—(x* +y* = xy) = 2(x+ y)* hay 0<9-T =2(x+y)* <8, vay
1<T <0.
Khi (x;y) = (1) (thoa man gia thiét) thi T =1.
Khi (x;y) = (+/3;—+/3) (thoa mén gia thit) thi T =9.
Két luan: Giatrj In nhatcaa T 129 ; gidtrinho nhatcua T 1a 1.
Cau 7. (Truong chuyén tinh Binh Phuéc nam 2022-2023)

a) Cho a,b la cac s6 thuc duong thoa mén a+b=2.

a® b’
b+l a+l =1
b) Cho a,b,c lacac sb thuc duong théamin Vab+a+b+1+c=6.
2a+1 2b+1 2c+2
atl  bil  c+2

Loi giai

Chung minh:

Tim gié tri 1on nhat cua biéu thuc P =

2 2 a b2
a) * X¢ét BDT a b (a+h)
X Yy X+y

véi X,y >0.

Bién ddi tuong duong a’y® +b?x? > 2abxy < (ay —bx)* > 0(ding)

at b (a+b)

*Khi d6 + > = 1(diéu phai chizng minh).
b+1 a+l1 a+b+2
b) Taco P=6- 1 1 2.
a+l b+1 c+2
Theo BDT Cauchy ta c6 ! + ! > 2 = 2
a+l b+1 (a+1xb+g 6-cC
Khi do P < G—L—L.
6-c c+2
Taco L + LI 4 —le00<c<6)3mnaP§5.

6-C C+2 6-C+C+2 2
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a+l=b+1
Déu bang xay rakhi {6—c=c+2 =

(a+1)(b+1)+c=6

a=b=3
c=2

Vay gia tri I6n nhat cua P bang 5 dat duwoc khi a=b=3,c=2.
Cau 8. (Truong chuyén tinh Binh Thudn nam 2022-2023)
Cho cac s6 duong a,b,c théa man a+b+ ¢ < 3.Tim gia tri nho nhat caa biéu thic .

1 2024
Pe=a—0—+
a+b“+c° ab+bc+ca
Loi giai
- . , .1 1 1 1
Vi moi X, y, zduong ta co: x+y+2z > 33xyz (1)va —+—+—233/—(2)
X Yy z Xyz
\ \ 1 1 1
Tu(l)va(2)suyra:(x+y+z)[—+—+—j29(3)
X y z
Pang thac xay ra < x=y =1z
Ap dung (3)taco:
(a2+b2+c2+2ab+2bc+20a) _ i ~+ 1 + 1 >9
a‘+b“+c” ab+bc+ca ab+bc+ca
= — i =+ 2 > J >=1(do a+b+c<3)
a“+b°+c” ab+bc+ca (a+b+c)
a+b+c)
Mﬂkaabﬂm+m££————Ls3:———L——2l
ab+bc+ca 3
AL 1 2024 1 2 2022 2024 2027
Vay ! —————+ =| 57—+ + >1+ =
a‘+b“+c° ab+bc+ca a“+b°+c° ab+bc+ca) ab+bc+ca 3 3
a’+b?+c?=ab+bc+ca
Ping thic xay ra < a=b=c sa=b=c=1

a+b+c=3

Cau 9. (Truwong chuyén tinh Can Tho nam 2022-2023)
Cho x, y, z la cac sb thuc duong. Ching minh rang

3X+Z+ 4y +32+x>

>6
Yy+Z Z4+X X+Yy

Loi giai
X+y=a

bat<y+z=b= = X= :

X+z2=¢C 2

{X—Z=a—b a-b+c

X+z=C
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+b-c . —a+b+c

Twong twtaco: y=

Khi d6:

3x+z 4y 3z+X ( 2X x+zj ( 2y 2y ) ( x+zJ
+ + = + + +
Y+Z X+Z X4y y+z y+z) \x+z X+z) \(X+y X+y

_a-b+c ¢ a+b—c+a+b—c -a+b+c Lc
b b C C a a
_a+c ,.¢ a+b_1+a+b_l+b+c_1+£

b b ¢ C a a

(a cj c (a bj (a bj (b cj c
=l—+—|+—+|—+—|+| —+— |+ —+—|+—-4
b b/ b (¢c ¢ cC ¢ a a) a

Ap dung bat dang thae AM- GM ta co:
a ,c.c a b abc b c \/a.E.E.E.E.E.E.E.E.E_4

bbbccccaaa
—101,o/i— 4-=10-4=6
a’-b*.c
3X+12 N 4y 32 + X
y+z 7+ x X+Yy
Cau 10. (Truong chuyén tinh Pak Lak ndm 2022-2023)
Cho ba s6 thuc duong a,b,cthoa man a+ 2b + 3¢ = 24abc . Ching minh ring

2b 3c a 3
+ + > —
a\16b? +1 20v36c? +1 3cy4ai+1 2
Loi giai
1 1 1
+ + =
2ab 6bc 3ca

Vay >6

C6 a+2b+3c=24ahc &

1., :%. Khi d6 Xy + yz + zx = 4. Bt ddng thtc tro thanh :

bat x= ;
2b

Y

P= PR S ZE.C():

JY2 +4 24 x4 2

y2+4:y2+xy+yZ+ZX:(X+y)(y+Z)
2 +4=72"+xy+yz+2x=(y+2)(z+x)

1.
a
X

X2 +4=x+xy+yz+zx=(z+x)(X+Y)
_ X y . z
Jox+y)(y+2) J(VH)(HX) J(z+x)(x+y)

Ap dung BBT C6 si ta duoc :
2X 2y 27 2x° 2y? 27°

=P

P> + + 5 + > + 5
X+2y+2Z X+Yy+2Z 2X+y+12 X“+2yz+2X Xy+Y +22y 2Xx2+Yyz+12

Ap dung bt dang thirc Bunhiacopxki dang phan thuc :
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. 2(x+y+z)2 Laii c
2 . La .
(x+y+z) +xy+yz+2x
2 2 2
xy+yZ+zst:>Pz (x+y+z) 2=§
’ (xaysz) o+ CFYre 2
3

} 3 4
Viy MInP=— x=y=72=—
ay > y 9

Cau 11. (Truong chuyén tinh Pik Néng niam 2022-2023)
Cho ba s6 thuc duong x,y,z théa man x + y + z = 3. Tim gia tri nho nhat cua biéu thic:

2 2 2
y

X z

P= + +
\/15x2 +26xy +8y° \/15y2 +26yz+82° 1577 + 262X + 8X2
Loi giai
Ta co:
\/15x2 +26xy +8y° = \/(4x + 3y)2 —(x- y)2 < \/(4x + 3y)2 =4x+3y
2 2
= X > X
J15%2 +26xy +8y?  4X+3y
Chung minh tuong tu, ta co:
2 2 2 2
y >_Y va : > 12
J15y? +26yz +822  4Yy+37 1577 + 267x+8x?  4Z+3X
2 y2 22

Suyra P>

+ +
4x+3y 4y+3z 4z+3x

Ap dung bat dang thirc C6 si ta co:

G +4x+3y22\/ X 4x+3y _ 2x

4x+3y 49 4x+3y 49 7

2 2
Tuong tu : y +4y+322ﬂ va —~ +42+3X2E
4y + 3z 49 7 47 +3x 49 7

Suy ra
x+y+z>2(x+y+z)®P>x+y+z
7 7 B

P+

Ma x+y+z=3suyra Pz%.

Vay GTLN cua P bang g khi x=y=z=1.
Cau 12. (Truong chuyén tinh Gia Lai nam 2022-2023)

Cho cac s6 thuc duong X, Y, z thoa man 1,114 Chutng minh rang
X y z

X2+ Yy +27% - 2xyz > 1.
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Loi giai
Ap dung bit dang thic AM - GM, tac6: xX* +y? > 2xy; y> +2z° >2yz; 7% +x* > 2zX.

Suyra X* +y® +2% > Xy + yz + X.

Ta co: 1+1+1:3<:> Xy + YZ + zX = 3Xyz .
X y z
Do do, x> +y* +z° -2xyz>xyz ().
D& dang chiing minh bat ding thirc AM — GM cho ba sé khéng am a, b, c:

a+b+c>3abc.
Ap dung bat dang thic nay, ta c6 3:£+1+123.a£-1-£<:>xy221 (2).
X y z Xy z

T (1) va (2) suyra x> +y* +z° —2xyz >1.

Piang thic xay rakhi x=y=z=1.

Cau 13. (Truong chuyén tinh Ha Nam nam 2022-2023)

Cho ba sé thuc duong a,b,c theaman a® +b? +c*+ab—2bc—2ca=0.

2 2 2 2
Chung minh: a tb +ZC + ¢ 2+\/%23
a“+b (a+b-c)®° a+b
Loi giai
2 2 2 2 2 2
a+2b+chr c 2+\/%23<:> 2c , c 2+\/%2
a“+b (a+b-c)* a+b a“+b° (a+b-c) a+b

pit x= 2, y=2 (x. y>0)
C C

a’+b*+c*+ab-2bc—2ca=0

2
Ap dung bat dang thirc Co-si: xy < %

, (x+y)’ 2
Do do: (x+y—1)’ gT:[S(x+ y)-2][2—(x+ y)]20<:>§£ X+y<2

¢ c? Jab
a2 2+ 2+
a“+b° (a+b-c)® a+b

1 1L Ay 1 1y

= + = +—+
XX+yr (x+y-17 x+y xP+y®? xy x+y

X°+y°  2xy 2xy  x+y | (x+y) 2(x+y)\/ﬁ

SENPYFR
2 2.2

DAau bang xay ra khi x =y =1 a=b=c
Cau 14. (Truong chuyén Khoa Hoc Tu Nhién nam 2022-2023)
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Véi a,b,cla nhiing s thuc duong théa man cac diéu kién sau

c<b<a<3b®+2a<10;b’ +2a+2c<14

(a® +1)(b* +1)+4ab<2a’ +2b° + 2a+ 2b”
Tim gié tri 16n nhat cua biéu thic: P = 4a* + b* + 2b? + 4c?

Loi giai
Tach:
(a® +1)(b* +1)+4ab—2a(a’ +1)-2b(b* +1) <0
& (a*+1-2b)(b* +1-2a) <0< b’ +1<2a
Taco: P=(2a) +(b? +1) +(2c)’ ~1. Do do:
P-76=(2a-6)(2a+6)+(b* —4)(b* +6)+(2c—4)(2c+4)
=(2a-b*)(2a—6)+ (b’ —2c+2)(2a+b* —10)+(2c+4)(2a+2c+b* -14) <0
Do d6 P <76.Vay MaxP =76 < (a,b,c) =(3,2,2)
Cau 15. (Truong chuyén Ha Noi nam 2022-2023)
Véi a,b va c 1a cac sé thuc khong am thoa man diéu kién a+b+c =3,
tim gié tri Ion nhat caa biéu thac P = ab + 2bc + 3ca — 3abc.
Loi giai

Do a,b, c>0 nén

P =ab + 2bc + 3ca—3abc < ab + 2bc + 3ac
=(ab+ac)+(2bc+2ac)=a(b+c)+2c(b+a)

a+b+c) (a+b+c)
Ps( ) +( ) _ 21 \vay Pmax=£.
4 2 4 4
a=b+c 3
. - : a=Cc=—
Dau “ =*“xay rakhivachikhi sa+b=c < 2.

a+b+c=3 (b=0

Cau 16. (Truong chuyén Ha Tinh nam 2022-2023)
Cho cac sb thuc duong a, b, ¢ thoa man: a+b+c = 3abc.

Tim gia tri I6n nhit caa biéu thac: P = ! + ! ¥ 1
l+a+2bc 1+b+2ca 1+c+2ab
Loi giai
Tacé:a+b+c=3abc:>a+b+c=3<:>i+i+i=3
abc ab bc ca

bat: L =X; ! =YV, ! _
" 4oc  Yea T ¥ab
Tubairasuyra: x* +y*+z*=3

z (x>0,y>0,z>0)

Mt khéc, Ap dung BDC C6 si ta c6: 3abc = a+b+c > 33/abc = abc > ¥/abc = abc >1
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Taco: 1+a+2bc=1+a+bc+bec > 4%ab2c? = 44/abche > 44/bc >0

= L < L =£x:£.2.x.1s1.(x2+1) (Ta s dung BDT 2xy < x* + y?)
1+a+2bc 44bc 4 8 8

=i.2.x2.1+lsi.(x4+1)+l=i(3+x4)
16 8 16 8 16
T&c;si(3+x4)
l+a+2bc 16
Tuong tw: — <= (3+y*); — <1 (3:7)
1+b+2ca 16 l+c+2ab 16
Do do6 1 + 1 + 1 Si(9+x4+y4+z4):£:§
l+a+2bc 1+b+2ca 1+c+2ab 16 16 4

Diu“="xayrakhix=y=z=1<a=b=c=1
Vay gié tri 16n nhat cua P 1a % xay rakhia=b=c=1.
Cau 17. (Truong chuyén Hai Duong nam 2022-2023)
Cho a,b,c 1a céac sb thuc duong thoa man a® +4b? + ¢ = 6ab. Tim gia tri nho nhat caa biéu thuc
a 2b  a*+8b’
= + + :
2b+c a+c 16¢

Loi giai
a 2b  a*+8p’
+ +
2b+c a+c 16¢

3 3
a +1+ 2 +1+a +8b -2

:2b+c a+c 16¢
1 1 j a®+8p?
+ + -
2b+c a+c 16¢

Taco: P=

=P

2

o P=(a+2b+c)(

Taco: (x—y)* >0 nén x> +y> >2xy

:>(x+y)224xyz>x+y2 véi x;y >0
Xy X+
SR .
X Yy X+y

Lai co: X% +y? —xy 2 xy nén (x+y)(x* +y* —xy) 2 xy(x+y) = x° + y° 2 xy(x+Y)

4 N a.2b(a+2b) 5
2b+c+a+c 16¢
P> 2(a+2b) N 2ab(a + 2b)
a+2b+2c 16¢
Mic khac: a® +4b” + ¢ = 6ab nén (a—2b)* +c¢ =2ab

(a+2b)?

= P>(a+2b+c)

=>c<L2abe=da2b=4c=c<
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batt=a+2b, tacé:
2t 2t 4t 4 t42 2

P>

t—=——t—=
ﬁ+t 16 t+2 16 t+2 16 16
2

Vt+2 16 8 8

7 i 4  t+2

P, =—khi—= &t=6
8 t+2 16
a+2b=6 a=3

&< a=2b <:>sz
=2ab 2
c=2a c=9

Vay GTNN cua P :gkhia:&b =g,c:9.
Cau 18. (Truong chuyén Hai Phong nam 2022-2023)
Cho x,y,z>0 thoa man 3x* <2(y® +4yz+2”). Tim gia tri nho nhét ciia
2 2
P= y + z + 4 7
J3X% +20xy +12y?  \J3x% +20xz +1222 (Y +2)

Loi giai

Dua trén ddu bing <> x = 2y = 2z nén ta danh gia theo hudng sir dung (x —2y)® >0,
(x—2z)*>0va (y-z2)*>0.

Taco

3X* +20xy +12y% = (4x* +16xy +16Y° ) —(X* —4xy +4y*) = (2x + 4y)’ — (x - 2y)’

= \/3x2 +20xy +12y* < 2x+4y

y2 Z2 4

Tuong tutacd P > + + >
2X+4y 2x+4z (y+12)

£ a2 . ; (y+12)° 4
Theo bat dang thac Svac (Schwarz) taco P > >
4x+4(y+1z) (y+2)

Lai c6 3x* sz(yz+4yz+22):2(y+z)2+4yz£3(y+ 7> =>X<y+1z.

Dodo P>YrZ, 4 . L A 4 gy Y TZ YTZ 4 2=§.
8 (y+2) 16 16  (y+2) 16 16 (y+z2)° 4
o X=2y =22 w4
Daubiang <<y+z 4 < Y
16 (y+2)° y=2=

Cau 19. (Truong chuyén Hoa Binh nam 2022-2023)
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Cho cac sb thuc x,y tly y thoa man: x+y=2. Tim gid tri nho nhat cia biéu thac

M =\/1Ox2 +4xy +2y° +\/2x2 +4xy +10y°

Loi gii

Ta co: \/10x2 +4xy +2y? = \/(3x+ y)2 +(x— y)2 > \/(3x+ y)2 =[3x+y|=3x+y (1)

\/2x2 +4xy +10y? =\/(x+3y)2 +(x— y)2 2\/(x+3y)2 =|x+3y|>x+3y (2
Cong theo tirng vé céc bat ding thirc (1) va (2) ta duoc:
=M >(3x+y)+(x+3y)=4(x+y)=42=8
Dau "="xayra < x=y=1
KL: Vady MinM =8 < x=y=1
Cau 20. (Truwong chuyén Tin Hoa Binh nam 2022-2023)
Cho 0<a,b <1, chungminhring: v/a—ab +vb—ab <1

Loi gidi
. n a+l-b
ViO<ab<1nen+a-ab=+al-b< .
b+1l-a

Tuong trtacd v/b—ab =v/bAl—a <

a+l-b N b+l-a _
2 2

Cau 21. (Truong chuyén Toan Hoa Binh nam 2022-2023)

1) Tim tat ca c4c cap s6 thuc x, y dwong thoa man diéu kién:

Do d6 Ja—ab ++b—ab < 1

J22X% +36xy +6Y? +1/6X2 + 36Xy +22y% = X* + y? +32
2) Cho a, b la cac s6 thyc thoa mén: a® +b®> =a+b.
Chang minh rang: a® +b® +a’h + ab® < 4
Loi gidi
1) Taco: 22x* +36xy +6y* = (5x +3y)* —3(Xx—Y) °< (5x +3y)’

= \[22x? + 36Xy + 6y? <5x+3y (do x, y duong)

Tuong ty ta co :

6x° + 36Xy +22y° = (3x+5y)* —=3(x—y) *< (3x+5y)* = \/6x2 +36xy +22y® <3x+5y (dox,y
duong )

Vay /22x2 +36xy +6Y? +4/22x% +36xy +6y® <8(x + y) (1)

Taco (x—4)* +(y—4)* >20(vx,Y)

& X2 -8X+16+y* -8y +16>0 < x> +y* +32>8(x+Y) (2)

Vay \/22x2 +36xy +6Y° +\/22x2 +36xy +6y° =x*+y*+32
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X=y
S iX-4=0=>x=y=4

y-4=0
2)Néu a+b=0 suyra a’+b?=0= a=b=0 khid6 bat dang thirc cin chimg minh dung.
Néu a+b=20=a+b=a’+b>>0

(a+b)?

2
Taco: a® +b? ZT:amz@@z(wb)z(am)z

Suyra a+b<?2

Tacd:a®+b®+a’b+ab® = (a+b)(@® —ab+b?)+ab(a+b) = (a+b)’

Vi O<a+b<2 nén (a+b)* <4(dpcm)

Cau 22. (Truong chuyén Hung Yén nam 2022-2023)

Cho ba s6 thuc duwong x, y, z thoa man 4xy +2yz +3xz = 24. Tim gia tri 16n nhat cua biéu thic
2X

P= + y + Z .
I +4 [y +9 2 +16

Loi giai
Xy _yz_x

Ta co: 4Xy +2y71+3x2 =24 & — X
6 12 8 2

Dét§=a>0;%:b>0;§:c>0:>ab+bc+ac:1

da 3b 4c

+ +
Jda® +4 J9b?+9 16c? +16
2a b C

= + +
Ja?+1 Jb*+1 i+l
2a b c
= + +
Ja?+ab+bc+ca +b2+ab+bc+ac +/c?+ab+bc+ac
2a b C

_\/(a+b)(a+c " a+b)(b+c) " oo

P=

C 2C
a+b a+c a+b 2( b+c 2(b+c)'a+c

Taco:

a+b a+c a+b a+c

2b
a+b 2 b+c a+b 2 b+c

IV
N

\2

2
2(b+c a+c 2b+c ‘a+c
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1 2a 2a 2b b C 2c
p<= + + + + +
2\a+b a+c a+b 2(b+c) 2(b+c) a+c

1(2(a+b)+2(a+c)+ b+c J

S P<—
2 a+b a+c  2(b+c)

©P§1(2+2+1j
2 2

@ng
4
2a  2a
a+b a+c b=c b=c
PO o e | 2D b
Dau "=" xay ra khi va chi khi = <Ja+b=8b<ja=7b
a+b 2(b+c)
a+c=8c a=7c
c 2
2(b+c) a+c
ol o3
15 15
2, W2 2 ,» 1 1 1 4
ab+bc+ac=1<7h " +b"+7b* =lob ' =—<b=—" ={c=——=27=—+—
15 J15 15 15
N A )
J15 J15

Cau 23. (Truong chuyén Khanh Hoa nam 2022-2023)
a) Ching minh 2x* —3x* +1>0 vé&i moi s6 thuc x > 0.

1 N 1
1+y* 1+7°

b) Cho cac sb thuc khéng am x,y,z thoa ! —+

E. Tim gié tri nho
1+x 2

L b LI 7

nhét caa biéu thirc Q = > >
1-x+x° 1-y+y" 1-z+z

Loi giai
a) Chitng minh 2x* —3x +1> 0 v&i moi s6 thuc x > 0.
Taco M =2x° - 2x* —x* +1=2x* (x—1) - (x* -1)
= (x=D[2%* - (x-1) | =(x-1)(x-1)(2x+1) = (x=1)° (2x +1)
Ma x>0 nén 2x+1>0.
Do d6 (x-1)*(2x+1)>0,vx>0.
Hay 2x°® —3x*+1>0,vx>0

14
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1 1

b) Cho cac sb thuc khong am x, v,z thoa + +
) ' g y 1+x° 1+y® 1+47°

=g. Tim gié tri nho nhét cua biéu

1-x N 1-y N 1-z

thic Q =
Q 1-x+x* 1-y+y* 1-z+7°

+2022.

Céch 24.
Ta co:

1-x  1-x*  1-y  1-y? va 12 1-7
I-x+x> 1+x3 " 1-y+y? 1+y®  1-z+47° 1+7°
1-x 1-y 1-z

= + + + 2022
Q 1-x+x* 1-y+y> 1-z+7°

2

_1-%° +1—y2 L1-z

= + 2022
1+x* 1+y® 1+7°

Q

2x° +1 2x3 +1
>x° o —x*<—

Mat khac 2x® +1>3x? ( cau a) nén

(2x3 +1) (2y3 +1) . (223 +1)

3 3 3
Suyra Q< + + + 2022
yraQ 1+ x° 1+y° 1+7°

2-2x° . 2-2y° N 2-27°
3(1+x°) 3(1+y°*) 3(1+2°)

<0< + 2022

4-(2+2x°) 4-(2+2y°) 4-(2+27°)

Aex) | Biey) | auez)

<0<

Vay Q.. =2022 khi x=y=2z=1
Cach 25.
1-x 1-y 1-z 1-x* 1-y* 1-7°
2 T 2T 2 = 3+ 3+ 3
1-x+x* 1-y+y 1-z+z° 1+x° 1+y° 1+z

2 2 2
Q:1 1+1(x y+zj

+ - +
1+ 1+y® 14728 \1+x 1+y® 1+7°

+) Xét Q =

+) Ap dung BDT AM-GM ta c6:
3 2
1 1 _, 1 1 1+22 13" 1

+ = = -Z>
1+x° 1+y° 1+2° 2 1+ 2 1+7° 2
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2 2
1>3x 131 1>3y1

+ Tuong ty: + > + > -
8 1+y 1+2° 1+x* 2 14728 1+X 1+y 2

+) Cong theo vé cac bat dang thirc v6i nhau ta dugc

2 2 2
2 13+ 13+ 1323 x3+y3+z3_§
1+x° 1+y" 1+z 1+x° 1+y° 14z 2

G y2+zz<12[1 1 1)

+ <= 4+= + +
1+x5 1+y® 14722 2 3\1+x* 1+y® 1+47°

1 1 1 1 2( 1 1 1
=Q2 3 T 3t 3 5 q 5t 3 T 3
1+x° 1+y° 1+2z° 2 3\1+x° 1+y° 1+z
:QZE 13+ 13+ 13 —E:O
31+x7 1+y" 1+z 2

Do dé P=Q+2022 >0+ 2022 = 2022
Dau “=" xay rakhi x=y=z=1
Cau 26. (Truong chuyén tinh Lai Chau nam 2022-2023)
Cho X, v, z la céc s6 thuc duong thoa man: xy + yz+xz =9 Tim gia tri nho nhat cua biéu thuc:
S =10x* +10y® + 7°
Loi gidi
Ta co:
4x* +4y® > 8xy
16x° + 2% > 8zx
16y° + 2> > 8yz
Cong vé theo vé cia cac bat dang thuc ciing chiéu ta co: 28 > 8(xy + yz + xz) > 36
x=y=1
z=4
CAu 27. (Truong chuyén tinh Lam Pong nam 2022-2023)
Cho a, b, ¢ 1a céc sé duong va a+b+c =6. Tim gia tri nho nhat biéu thuc:

Vay S, =36< {

a’ b? c?
- + + :
a’+4ab+b®> b?>+4bc+c? c?+4ca+a’
Loi gia
y , . a b
Véi a,b >0, tachang minh ——>a—-—.
a“+b 2
- Ap dung: (a—b)" >0 a? +b? >2abe — > %
) a’+b® 2ab
Khi d6:
a’ a(a® +b?) —ab? ab® ab® b
_ = —a- >a-— —a-—
a’+b a’ +b? a’? +b? 2ab 2
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b* c c a
= >b-= ;——>c——
b? +¢? 2 ‘c?+a’ 2
Cong vé theo vé ba bt ding thic trén ta co:
a’ b’ o a+b+c
2 2+ 2 2+ 2 2Z
a“+b° b°+c® c"+a 2
-Apdung:(a—b)z20<:>2(a2+b2)24ab
Ta co:
a’ . a’ 1 a b® b’ 1 v
a’+4ab+b®>  a’+2(@*+b*)+b?> 3 a’+b® b>+4bc+c? b?+2(0*+c’)+c® 3 b’+c
3 3 3
c N c 1 ¢

‘c®+4ac+a® c*+2(c*+a*)+a® 3 c’+a’
Cong vé theo vé ba bat ding thic trén ta co:
a’ b’ c?

2 2+ 2 2+ 2 2
a“+4ab+b° b°+4bc+c” c“+4ca+a

1( a b c? a+b+c
2ol 2 et 2tz 2|2 =1

3la“+b” b°+c" c"+a

6

-Vay gia tri nho nhat caa P 12 1, diu “=" xay rakhia=b =c = 2.

Cau 28. (Truong chuyén tinh Lao Cai nam 2022-2023)

a) Cho céc s6 thuc duong a,b,c thoamén a+b+c =3 . Chiing minh rang :
ab bc ac 3

+ + <
a+b b+c a+c 2

b) Cho céc s6 thuc duong a, b, ¢ thoa mén ab + bc + ca = abc . Tim gia tri 1on nhat cua biéu thic

R R
+ +
a+bc b+ac c+ab
ab ab

a)Ap dung bét ding thic Co —sitaco: a+b>2y/ab = — <

a+b  2ab

Loi giai

ab x/% a+b
= < <

a+b 2 4
bc Sb+c’ ac Sa+c
b+c 4 a+c 4
ab bc ac a+b b+c a+c a+b+c 3

+ + < + + = =—
a+b b+c a+c 4 4 4 2 2
DAu “=” xdy ra khi vachi khi a=b=c=1

1

b)Tacé : ab+bc+ca=abc :>i+l+—=1
a b c

Tuong tu ta co :

Suyra:
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bat : y=

>
Il

(x>0,y>0,2>0) => x+y+z=1

N
Il
Olr ok 2|k

Tacc'):\/ a__ | . yz = yz Ay oz
a+bc \yz+x \yz+x(x+y+z) \(x+y)(x+z) 2(x+y x+z

Tuong tytaco : | b 1f x , 2 L o x Ly
b+ac 2\ x+y y+z c+ab 2\x+z y+z

:>P££(y+z+x+z+x+yJ:g

2\ X+Yy X+Z X+y y+z x+z y+z) 3
y z
X+y X+2
X z L
Dau “=" x4y ra khi va chi khi { x+y yrzex=y=z=3
X Yy
X+2Z y+12
X+y+z=1
¢>1=1=E=1©a=b=023
a b c 3
VaymaxPzgkhia:b:c:B

Cau 29. (Truong chuyén tinh Nam Dinh nam 2022-2023)
Xét hai s6 thuc x, y thay d6i lubn thoa man diéu kién x+y > 2. Tim gia tri nho nhat cua biéu

thuc P=44/2(x2+y2)+xfy+1.

X+3=0
1) Pidu kién {x-1>0 < x=1(*)
x> +2x-3>0

Loi giai

Khi do6

X + x+3+\/x—1:3—\/x2+2x—3<:>(\/x+3+\/x—1)+(x+\/x2+2x—3)—3:0
Pat t=Vx+3++/x-1 (t>0)

2_
Suyrat? =2x=2+2Vx* +2X-3 = X+ X* +2x— . 22 .
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t=2(tm)
t =—4(ktm)

2

Do d6 phuong trinh tr¢ thanh t +

—3:O<:>t2+2t—8:0<:>[
V6i t=2=x+3+Vx-1=2 < x=1(tm(*)) .

2) P=4.,/2(x2+y2)+xfy+1

Ta ching minh duoc bat ding thirc 2(x2 + y2) > (x+y),vx,y

Dau béng xay ra khi va chi khi x =y . Suyra ,[2(x* +y*) 2 |[x+y|=x+y(dox+y > 2)

Khi d6 ta co P> 4.(x+y)+——+1

X+Yy

Datt=x+y=1t>4 suyra Pz4t+%+1=(2t+%}+2t+l .

Ap dung bt dang thtrc Cosi cho 2 s6 duong ta c6 2t +% > 2. / 2t.% =8

Mt khéc t > 2 = 2t > 4

Dodo P>8+4+1=13

DAau bang xay ra khi va chi khi t=2 hay x=y=1

Vay gié tri nho nhét cia biéu thac P 12 13 dat duoc khi x=y=1.
Cau 30. (Truong chuyén tinh Nghé An nam 2022-2023)
Cho céc s6 thuc x,y,zthéaman 1< x,y,z<3

Tim gid tri 16n nhat cia biéu thuc T = 7x+ y + 2+ 9y? +27° — 3xz — 26xyz
Léi giai

Theo gia thiét, tac6: 1<z <3=(2-1)"(z-3)<0

<:>(22—22+1)(z—3)30<:>233522—7z+3(1)

Ciing theo gia thiéttaco: (z-1)(z-3)<0=12z*<4z-3

Thé vao (1) ta dugc 22° <10(4z-3)-142+6 = 262 — 24

Tir day két hop V6i 27 —3x — 26xy <27 -3-26=-2<0,taco

22° — 32X — 26Xyz + 2 < 267 — 24— 32X — 26Xyz + 2 = (27 — 3x — 26Xy ) — 24

<27 —3x—26xy — 24 = 3—-3x — 26xy

Tir day két hop véi 4—26y <4—-26=-22<0taco:

T <TX+Y+9y* +3-3x—26xy =4x+y+9y* +3-26xy

=Xx(4-26y)+y+9y* +3<4-26y+y+9y’ +3=9y’ —25y+7

Pén day ap dung y® <4y —3(Vi X, y,zbinh ding) , nén ta duoc :

T <9(4y—-3)-25y+7 =11y -20<11.3-20=13
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Vay gia tri I6n nhat cua T =13.Dau bang xay rakhi x=z=1y=3
Cau 31. (Truong chuyén tinh Ninh Binh nam 2022-2023)
Cho X, Y, z la cac s6 thyc duong théa man x + 2y + 3z < 6. Chirng minh rang :

1 1 3 3 9
5 > -+ + + >—.
X“+4y°+9z° 49xy 49yz 98zx 49
Loi giai
1 1 3 3

bat P =—; 5 =+ + +
X“+4y°+9z° 49xy 49yz 98zx

bat a=x;b=2y;c=3z.Khid6 a+b+c<6

’Xy_a_b
2
Khi do yz:ﬁ.
6
ca
IX=—
3

1 2 18 9
+ + + .
a’+b*+c? 49ab 49bc 98ca
2 2 2 2 )
Ap dung bat dang thic (a) + (2,) n (a;) n (a,) > (&, +a,+a;+a,)
b2 b3 b4 bl+b2 +b3+b4

Véi a,,a,,a,,8,,b,b,,b,,b,1a cac sé thuc va b, b,,b,,b, > 0.

Khi d6 biéu thic P trg thanh P =

Diu bing xdy rakhi -2 & _ %
b, b, b,
Taco
2
1 4 3% 9 (1+§+§+§j
P n 49 n 49 n 49

T aZ+b2+C  2ab 2bc  2ca @’ +b’+C2+2ab+ 2be + 2ca

GG

__\NT) A1) 9
(a+b+c)> 36 49

Cau 32. (Truong chuyén tinh Phii Tho nam 2022-2023)

Cho a, b la cac s6 thuc duong théa mén a’b+ab® —2(a+b+ab)=0. Tim gia tri nh6 nhat cua

2(a3b + ab3)+(1+ 2ab)’ -3

biéu thuc P =
2ab
Loi giai
Tacd
a’b+ab*-2(a+b+ab)=0« ab(a+b)=2(a+b)+2ab
8

<:>a+b=g+g+22
a b a+b

+2e(a+b) —2(a+b)-8>0=a+b>4.
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Laicéa2b+ab2—2(a+b+ab)=O<:>1=i+i<:>i=l—i.
ab a+b ab 2 a+b

2(a3b+ ab3)+(l+ 2ab)* -3 2ab(a2 +b2)+(l+ 2ab)’ -3

2ab 2ab
1+ 2ab)’ —
:a2+b2+Li—ﬂﬁ——§:(a+bf+2—iL
2ab ab
:(a+b)2+2—(1———1—-j=(a+b)z+——l——+E
2 a+b a+b 2
_(a+b) + 64 64 127 +—23i/(a+b)2. 64 64 127 3_71
a+b a+b a+b 2 a+ba+b 4 2 4

Vay gié tri nho nhat cia P bang % Déau “=” xay ra khi vachi khi a=b=2.

Cau 33. (Truong chuyén Toan Phu Tho nam 2022-2023)
Cho x, y, z la cac sb thuc dwong. Tim gia tri nho nhat cua biéu thuc

4 4 4
P= . ra y 2T : 4
(x+y) (y+z) (z+x)
Loi giai
Taco P = 1 o+ 1 o+ 1 e
(y+1j [Z+1J (X+1)
X y z
o y z N
bita=2<,b=—,c=—=a,b,c>0 va abc =1.
X y z
= P= L + L + L

(a+1)" (b+1)" (c+1)*

. ., 1 1 1 1 1
Ap dung bat dang thirc Cauchy ta c6 +—>2 |—. == )
P Eung DAt Gang YRR a1y 16 167 (ar1)  2(ar1)
, 1. 1 1 1 1 1 1
Tuong tu O rt—=== =, —+—>= -
(b+1) 16 2(b+1)" (c+1) 16 2(c+1)

>P+—2>— 5 5 5
16 2{(a+1)" (b+1)" (c+1)
Ta chang minh ! =+ ! > 2 ! vaoi a, b>0.
(a+1)" (b+1)" 1+ab
1 . 1 > 1
(a+1)" (b+1)" 1+ab

3 1 1 1 1}
+ + :

That vay:

e[ (a+1) +(b+1)" |(1+ab) > (a+1)" (b+1)
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<:(a2+b2+2a+2b+2ﬂl+mﬁ2(ab+a+b+lf
<:>(a2 +Db? +2a+2b+2)(1+ab)2(ab+a+b)2 +2(ab+a+b)+1

1+ ab(a2 +b2) > 2ab + a’b?

& ab(a—b)" +(ab-1)" > 0 (luén dung). DAu “=" xay rakhi a=b=1.

. 1 1 1 ab
Tuong tu cO >+ > = = ]
(c+1)° (1+1)" 1+c ,, 1 ab+l
ab
Khido P>2 =+t . 1 —321( 1 @ _lj_3 _3.3.3
2|\ (a+1)" (b+1) (c+1)°) 16 2 l+ab ab+l 4) 16 8 16 16

Vay gié tri nho nhat ciia P bang % Dau“="xayrakhi a=b=1=x=y =1z

Cau 34. (Truong chuyén Quang Binh nam 2022-2023)
Cho a, b, ¢ 1a d6 dai ba canh cia mot tam giéc. Chang minh rang:
a’ b? c?

+ + >a+b+c
b+c—-a c+a-b a+b-c
Loi giai
X+2
a=——
x=a+b-c>0 2
bat y:b+c—a>0:>b=X;y
z=c+a-b>0 y+z
C=
L 2
2 2 2
. X+ +2 Z+X
'Mc%cMmgmmm( y)+(y ) +( ) >X+y+12
47 4x 4y
2 2 2
X+ +2 Z+X
de( y)+(y )+( )Zﬂ+ﬂ+ﬁ(n
4z 4x 4y zZ X Yy

Mat khéc: Xy yz&p£+322 Xy+—>2x
zZ X X Yy z Y

Khido 22+ Y24 >x+y+z(@
z X

y
(x+ )2 ( +z)2 (z+x)2
Tu (1), (2) taco ) Y + >X+Yy+1z
4z ax 4y
2 2 2
Vay a + b + ¢ >a+b+c

b+c-a c+a-b a+b-c
Déu bang xdy rakhi a=b=c
Cau 35. (Truong chuyén Quang Nam nam 2022-2023)
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S G A X YY) .. .oz

Ching minh rang —+-=—-+42> 3[—+—j véi moi so6 thuc x; y khac 0.
y° X y X
Loi giai

Cach 1:
2 2 4, 4 2,2 3(x? +V?
AP L
y© X X"y Xy
2=

y X
X'+t +4x7y? 2 3xy (X +y?)  (do X’y* >0)

e (¥ + y2)2 —(X*+y? ) xy + 2y —2xy(X* +y* )20
e (K 4y ) (X +y?—xy)-2xy(x* +y* —xy) 20
e (X +y* —xy)(X’ +y* —2xy) =0

= Kx—%j +¥}(x— y)2 >0 (%)

Bat dang thie (*) ludn ding voi moi sb thuc x; y khéc 0. Vay bt ding thirc da cho ludn dung véi
moi sé thuc x; y khac 0.

Céch 2:
y Xy 2 X2 2
Pitt==+= . Tacot’=| =+= | =—+-+2
X y X y X
2y? t>2
Theo Co-si X—2+y—222:>t224c>
y© X t<-2

Bét dang thirc da cho tré thanh t* -3t +220 < (t-1)(t+2) =0 (*)

Véi t>2 , (*) ludn dung nén bat dang thic di cho ludn ding

Véi t < -2 , (*) ludn ding nén bat dang thie da cho luon dung.

Cau 36. (Truong chuyén Quang Nam nam 2022-2023)

Cho ba s6 thuc duong X, Y,z thoa man xyz =1. Tim gi4 tri 16n nhat cua biéu thirc
1 1 1

P= + + .
4+X*+y? 4+y 47" A+77+ X
Loi giai
2 2 2 2 2 2
4P = ‘21 7t ‘;r 7t ‘21 7=1- X—;y 7 +1- Y‘:Z 7 t1- Zl_xz
4+X°+y° 4+y +7° 4+7°+X 4+X°+y 4+y +12 4+7°+X

X* +y? y* +2° z° + Xx?
=3- 2 2T 2 2t 2 2
44+X°+y° A+y +7° 4+7°+X

1 x+y)°+(x=y)° | (y+2)° +(y-2)*  (2+X)°+(z-x)°
=3-= 2 . 2 + 2 2 + 2 . o2
2 4+ X" +y 4+y°+2 4+7°+X
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_1{ -y . (-2 | (@-%) }

1| (x+y)? (y+12)* (z+x)*
=3-= + + 2 2 2 -2 2 2
4+X°+y° A+y +z7° A4+7°+X

- 2{4+X2+y2 4+y2+22 4+22+X2i| 2
2 2 2
33_3{ (X+Y) N (y+2) N (z+X) }(*)

21 4+ X +y* A4+y*+7® A+7°+X°

. (x+y)? (y+12)* (z+x)? A(x+Yy+12)° 2(x+y+12)°
Ta co: 2 7T s 2t 2 72 2 2 2 =2 2 2
4+X°+y° A4y +2° A4+7°4+X 2(X°+y +27)+12 X+y +2°+6

2
Ta di ching minh: _2XEYH2) o 5 (ax),
X +y*+2°+6

2(x+y+12)?
X +y>+2°+6

XY + Yz + zx > 3 14 bat dang thirc dung vi Xy + yz + 2x > 33/(xyz)? =3 (bdt Cb si)

That vay 22 (X+Y+2)° 22X+ Y+ +6 o Xy +yz+2x>3

Tir (*) Va (**) suy ra 4P 33—%.2 _2—p s% (Déu “=" xay rakhi x=y =z =1).

Vay gia tri I6n nhit caa biéu thac P 12 bang % .

1 1 1 z X y

Céch khac: P< - + - + +
4+2xy 4+2yz 4+2zx 4z+2 4x+2 4y+2

3 1( 1 1 1
=——= - +
4 4\ 2x+1 2y+1 2z+1

Pit x=a’,y=b* z=c® . Khid6 a,b,c>0 va abc=1

1 1 1 abc abc abc
+ + = + +
2x+1 2y+1 2z+1 2a*+abc 2b*+abc 2c®+abc
_ bc e ab (bc)? . (ca)? N (ab)?
2a’+bc  2b*+ca 2c*+ab 2abca+(bc)®> 2abbc+(ca)® 2bc.ca+ (ab)?
S (bc +ca+ab)? _ (bc+ca+ab)®
~ 2ab.ca+ (bc)® + 2ab.bc + (ca)® + 2bc.ca + (ab)®>  (bc +ca + ab)?
Suyra P s%—% =% (Dau “=" xay rakhi x=y=2z=1).

Vay gié tri 16n nhat cua biéu thic P 1a bang % .

Cau 37. (Truong chuyén Quang Ninh nam 2022-2023)
Cho cac sb thuc duong thoa mdn x+ Yy < z. Tim gia tri nho nhat caa biéu thuc:
P= (2x2 +2y% + 22)[%+%+2—12j :
Loi gidi
Ap dung bat dang thire CO —si, taco X, y, z
1 1 11 2

S 4o >pz %
X Y2 Xy xy
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(x—y)2 >0 X2 +y° 22xy<:>(x+y)2 > 4xy

(x—y)2 >0 x> +y° 22xy<:>2(x2+y2)2(x+ y)2

Khi d6 ta co P==(2x24-2y24—z2)(i§_ki%_+51?j
X2y 2z

= P>[(x+y) +22_[X£y+$j

2
Dﬁt=(x+yj
Z

Do x+y<znénO0<t<1

Taco Pz(t+1)[%+%) véi 0<t<1

t 8 17 (t 1) 15 17 ft 1 15 17
>P=—+—t+—=|-+—|+—+—22, | —+—+—
2 t 2 2 2t) 2t 2 22t 2 2

= P21+E+£:17
2 2

= P2x>17

Dau “=" xay rakhi x =y =%z

Vay gié tri nho nhat cua P 14 17 khi x=y = %z

Cau 38. (Truong chuyén Quang Tri nam 2022-2023)
Chting minh rang véi moi sé thuc X, y, z ta co:

3(X* —x+1)(y* —y+1)(2° - z+1) 21+ xyz + X*y*2°,
Loi giai
bt p=(x* —x+1)(y’* —y+1); g=xy. D&thdy p>0, Vx,yeR
BDT trg thanh (3p-q*)z* —(3p+q)z+3p-120
Xét g(z)=(3p-0q°)z° —~(3p+q)z+3p-1
Ta co: A:(3p+q)2—4(3p—q2)(3p—1):—3(p—q)2 —12p(2p—q2—1)

Vi 2p-g® -1=[xy—(x+ y)+1]2+(x—y)2 =(1—x)2(1—y)2+(x—y)2 >0, Vx,yeR
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Suyra: 3p—-q*=p+2p-q*>0Vva A<0,Vx,yeR
Vay g(z) 2 0,Vx,y,z e R (theo cau 4.1). Pang thuc xay rakhi x=y=z=1
Cau 39. (Truong chuyén Son La nam 2022-2023)
Cho x, y la cac s6 thyc duong thoa man: 4x? +4y® +17xy +5x + 5y > 1. Tinh gia tri nho nhit cua
biéu thirc P =17x* +17y? +16xy.
Loi giai:
Taco: 4x* +4y® +17xy +5x+5y >1 < 4(x+ y)2 +9xy +5(x+y)>1
Pit t = x+y, t >0, theo bat dang thire AM-GM, ta co:

2
X+ 2 _ _
xysﬂzt—. Do dé: 4t2+gt2+5t21:>t22\/E 2 hay x+y22\/E 2.
4 4 4 5 5
Ta co: P =17x* +17y? +16xy =17(x + y)’ —18xy
2 2
X+ _
s17(xeyy 18U 2y 25 22-2\ ¢ 42
4 4 41 5
Déu w7 Xéy ra kh| X:y:%

Vay gia tri nho nhat ciia P 13 6 — 42
Cau 40. (Truong chuyén Tay Ninh nam 2022-2023)
Cho x,vy,z la cac sb thuc thoa mdn 0<x, y, z<1. Tim gi4 tri Ion nhat cua biéu thuc
T=2(x+y +2°)-(Cy+y’z+2°x)

Loi gidi:

Do0<xVy,z<lnéntaco: (1-x*)1-y)+A-y))A-2)+(1-2*)(1-x)>0
Sy + )+ (x+y+2)—(XPy+y’z+2°x) <3 1)
DoO0<xy,z<lnén xX*<x*<x;y’<y’<y;2°<7°<z. (2
Tedo T =20 +y* +2°) - (X*y + y*z + 2°X)

do (1)
Sy + )+ (X+y+2)-(X*y+yz+2°x) < 3. (3)

Vay giatri [én nhitcaa T 13 3.
Dau bang trong (3) xay ra < dong thoi dau bang trong (1), (2)

x=y=12z=0
=

y=z=1x=0

z=x=1Ly=0

(Hoc sinh chi can néu dugc 1 truong hop xay ra diu bang 1a dugc)
Cau 41. (Truwong chuyén Thanh Héa nam 2022-2023)
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Xét ba s6 thuc dwong X, y, zthoa man x? + y? + z? <14. Tim gia tri nho nhat cia biéu thuc

1 1
P=2x+y+48 +
L\/x+z Jy+2J
Loi giai:
Phé cin béng AM-GM va ap dung don bién bing cong mau, ta co :
4
\/x+z 24/4 X+2) “Xr1+4
1 1 S 16

+ >
4 4 \/x+z Jy+2 Xx+y+z+10
\/y+ 21/4y+2 y+2+4 y+6

Pua x? + y? + 2% <14t bac 2 vé bac 1 bang BDT Bunhia copxki cho 3 sd, ta dwoc :

(x+2y+32)° <(P+2°+3)(X +y* +7°)<14
Bién doi béu thtrc P vé mo hinh 1 bién nghich dao :
768 48.16

P>2x+y+—————=3(X+y+2+10)+ ———
X+y+2+10 X+y+z+10

P>243.48.16 -14-30 =52

=(x+2y+3z)-30

3(x+y+z+10)=&
X+y+z+10
=>MINP=52<x+2y+32=14;x+2=4,y+2=6=>x=1y=2;2=3
X y 1z
1 2 3

Cau 42. (Truong chuyén Thira Thién Hué nam 2022-2023)
Cho x, y, z 1a c4c s6 thuc duong théa man Xy + yz + zx = 3. Chang minh rang

X y z 3+x+ y+z
+ +
x*+15 y*+15 z? +15 32
Loi giai:
Ta co:
X X X X X
= = = <

X2 +15 X2 +43+12 X2+ Xy+Yyz+2X+12 _(x+ y)(x+2)+12 4 (x+y)(x+2)+8

<x| ! +1 (Theo bét ding thirc ! <1(1+1j)
4| 4 (X+y)(y+z) 8 a+b 4\a b

PR P S (Theobétdéngthfrcis£(£+£j)
16| 2\ x+y z) 2 Jab 2\la b

<X S

T 32(x+ y)+32(y+ z) 32
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y Y .y .y

T t <
N e 15T 32(y7) 32(z+x) 32
z z X z
< + =
22 +15 32(z+x) 32(x+y) 32
Suy ra
X y z
+ +
x> +15 y*+15 z°+15

X X X y y y z X z

< = L .
- 32(x+ y)+32(y+z)+32+32(y+ z) 32(z+x)+32+32(z+x)+32(x+ y) 32

<3+x+y+z-

32
Vay: 2x N 2y N 2z S3+x+y+z.
X“+15 y +15 z°+15 32

Dau "="xay rakhi x=y=z=1.
CAu 43. (Truong chuyén Thira Thién Hué nam 2022-2023)
Cho hai s6 X,y lién hé véi nhau boi dang thie x* +2y° —2xy +10(x— y)+21=0.
Tim gia tri I6n nhat va gia tri nho nhét cia biéu thirc S =x—y+2.

Loi giai:

Viét lai biéu thire d& cho thanh (x—y+2)° +6(x—y+2)+5=—y?,
Nhu vay véi moi x vamoi y taluéncd S*+6S+5<0 (voi S=x—-y+2)
Suy ra: (S+5)(S+1)<0«< -5<S<-1.Do do:

. . X=—7
Giatri nho nhat caa S bang -5 khi {

, . X=-3
Giatri lon nhat caa S bang -1 khi {

CAu 44. (Truong chuyén Thira Thién Hué nam 2022-2023)
Cho 1a cac s6 thyc dwong thao mén §+ % +% =12.a,b,c
1 1 1
+ + <3.
2a+b+c 2b+c+a 2c+a+b

Chting minh rang: P =
Loi giai:

Céch 1:

Ap dung bét dang thirc

1,1, 4 1 <1(1+1j Déu dang thtic xay rakhi x =y > 0.

X Yy X+y x+y 4lx vy
Ta co: 1 = 1 si(—l +—1 j
2a+b+c a+b+a+c 4la+b a+c
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1/1/1 1 1 1 1(2 1 1
S| S| =4+=+—+=||=—=| —+=+=]|.
4{4(a b a cﬂ 16(a b c]

Suy ra: ;si E+£+E . (1) Tuong tu ta co:
2a+b+c 16la b c

1 <1(1+2 3)_ @

2b+a+c 16\la b c

! si(1+l+g) 3)

2c+a+b 16\la b ¢

cong (1); (2); (3) theo vé ta dugc
Psi(£+4 ij 1[3 1 1j=1.12=3.Déiudéngthl’rcxéyrakhia=b=c=£.
16la b c) 4la b c) 4 4
Céch 2:
Ap dung BDT Cauchy dang cong mau ta dc:
6 1.1 1.1

—_— <+ -+
2a+b+c a a b c
16 1 1 1 1
2b+c+a b b ¢ a
1 1111
2c+a+bh ¢ ¢ a ¢
Cong timg vé 3 BPT trén ta duoc:
16P = 16 16 16 <4 = 1 1 1 =412 = 48(d01+1+1—12)
2a+b+c 2b+c+a 2c+a+b a a b c
Do do P = L + 1 + 1 <
2a+b+c 2b+c+a 2c+a+b
a=b=c>0 L
Ping thirc xdy rakhi vachikhi {1 1 1 <a=b=c==.
—+—+—-=12 4

a b c
Cau 45. (Truong chuyén Vinh Long nam 2022-2023)
Cho hai sb thuc khéng am a, b.

a) Chung minh a+b < /2(a’ +b°).

b) Biét a* +b? = 6. Tim gia tri I6n nhit cua biéu thic P = 2ab

a+b+2’

Loi giai:
a) Ta co: 2ab <a?+b? < (a+b)’ <2(a’+b*)ea+b<,2(a® +b°).

a+b)’ —(a%+b? 24—
b) p =22 _(@+b) ) _(a+b)'-4 2 arp2- 2
a+b+2 a+b+2 a+b+2 a+b+2
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a+b<23=a+b+2<2+2y3 > 2 > !
a+b+2 1+./3
1 —3+33
Vay P<2{3-2- = .
1+43 2
2 2
DAu “=" xay ra khi {a +bb _6<:>a=b=x/§.
a=

Vay |v|axp=‘3+—23*/§ khi a=b=+3.
Cau 46. (Truong chuyén Vinh Phiic nam 2022-2023)

Cho cac sb thuc duong a,b,c thao man diéu kién a® +b? +c? +ab+bc+ca<3.

32

a) Ching minh rang: a+b+csT.

2ab+3 2bc+3 2ca+3
+ + >
(a+b)> (b+c)* (c+a)’

Loi giai:

b) Chimng minh rang:

a) Tacd: a’+b*>+c’+ab+bc+ca<3< (a+b+c)” <3+ab+bc+ca

2 2
Ma ab+bc+cas%nén: (a+b+c)233+wQa+b+cs¥.
2 2 2
b) Tacé: 2ab+§22ab+a +b°+c Jgab+bc+ca
(a+b) (a+b)
_(a+b)2+c2+ab+bc+ca_(a+b)2+(b+c)(c+a)_1+(b+c)(c+a)

(a+b)? (a+h)? (a+b)?
Viét hai bat dang thirc trong tu rdi cong lai ta duogc:
2ab+3 N 2bc+3 N 2ca+3 >34 (b+c)(c+a) N (a+b)(c+a) N (a+b)(b+c)
(a+b)> (b+c)* (c+a)’ (a+b)® (b +c¢)? (c+a)’
Ap dung bit dang thic AG-MG, ta dugc:
(b+c)(c+a) N (a+b)(c+a) N (a+b)(b+c) 23§/(b+c)(c+a)l(a+b)(c+a)'(a+b)(b+c) _3
(a+Db)? (b+c)’ (c+a)’ (a+b)? (b+c)’ (c+a)?

Tir day ta suy ra diéu phai chang minh.

N

Ping thuc xay ra khi va chi khi a=b=c =

Cau 47. (Truong chuyén Vinh Phiic nam 2022-2023)

Cho céc s6 duong a, b, ¢ thoa mén §+ % +% =1. Chting minh rang:

2 2 2 2 2 2
\/b +2a +\/c +2b +\/a +2C 2\/§
ab bc ca

Loi giai:
Dé chizng minh bai toan ta ching minh bat dang thic sau:
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3(x*+y* +7°) > (x+y+2)* (1)1ading

(1) ©3x* +3y° +32° > X* + y* + 2% + 2Xy + 2yZ + 22X
& 22 +2y° +27° —2xy —2yz—22x >0

S (X =2xy+y) +(X* —2x2+22) +(y* -2yz+17*) >0
& (X=y) +(x=2)* +(y-12)* 20 ludn dung

Dau “=” xay rakhix =y =z

2
\/b +2a \/c +2b \/a +2¢? >3

<:>\/— — —+i
b2 b2 a’

_+£—i i _>1(1+1+1j
a? b* a® b* p* 3la b b
1 1

Ta co:

/ 2 1
—+— =@
= R \/§ a+ +b)()
Tuong tu:

1 2 _1(1 11
—+—2>2—|—+—+—|(2

b?  ¢? \/§(b c cj()

1 2 1(1 1 1
—+—2—|—+—+—|(3

¢ a’ \/é(c a aj()

Tu (1), (2) va (3)
1 2 1 2 1 2 1(3 3 3
Sttt =2 S+ =+ 2 =43
\/a2 b? \/b2 c? \/02 a’ \/E(a b cj V3

1
- a
1
a

Dau “=" xay ra <
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BAT DPANG THUC VAO 10 CHUYEN NAM 2021-2022

Cau 1. (Truong chuyén tinh Ba Ria — Viing Tau nam 2021-2022)
Xét c4c sb thuc a,b,c khong 4m, thoa man a? +b? +c? =1. Tim gié tri 16n nhat va gia tri nho nhat cua
a b c
+ + .
1+bc l1l+ac 1+ab

biéu thuc S =

Loi giai
Taco:
(1+bc) =142bc+b°c* =a’* +b* +c* +2bc +2b*c?

=a’ +(b+c) +b’c* 2a’ +(b+c) 2%(a+b+c)2

:>1+bczi(a+b+c):>1 a ...tuongtu

2 +bc  a+b+c

:SS\/E = + b + ¢ =x/5
at+b+c a+b+c a+b+c
la= _ﬁ iS= av (iA tr 14 Ay o N
Kh'a—b—7,c=0th|8—\/E.VayglatrllornnhatCuaSIaﬁ_
Theo BDT AM-GM:
2
’ g : 2 2 2 2 2 2
a(l+bcy <2 +1(1+b e j:(“ +H2+b" +c )gl(a 1424 b+ J

2 4 4 2

Twrdo:

25 a . Tuong tu b > 2
1+bc 1+ac 1+ab
Vay gié tri nho nhat cua S 1a 1.
Cau 2. (Trwong chuyén tinh Bén Tre nam 2021-2022)

Cho ba s6 thuc duong X, Y z thoa 3\/@+\/§ = 2. Chang minh rang:

>c?=S>a’+b’+c?=1Khia=1lb=c=0thiS=1.

4yz+5xz+7xy28.
X y z
Loi giai
Tadat M :4yz+5xz+7xy’tacé
X y z
M :4yz+5xz+7xy
X y z

=E+3£+XZ+4E+3&+4Q

X X Yy y z z
X Yy X z y 2z
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Ap dung bét dang thirc Cauchy, ta duoc

M > 2 /E.E+3.2 P2Y 42 /ﬁﬁ
Xy X z y z

>27+6Yy+8X
>(2z+2x)+(6y +6x)
Tiép tuc ap dung bt ding thirc Cauchy, ta dugc
M > 2.2/xz +6.2,/xy
>4(xz+3Jxy)=4.2=8
X=y=1z

Vxz +3,Jxy =2

Vay khi X=y=2=% thi M >8 (dpcm).

Déu“z”xéyrakhivachikhi{ @X:y:z:%.

Cau 3. (Truong chuyén tinh Binh Pinh nam 2021-2022)
Cho a, b la cac sb duong théa man a+ 256 > 3. Tim gia tri nho nhét cua biéu thic:

&ﬂ+a%+§a#4{8+aﬂ3

P =
ab
Loi giai
2 2 9 2 3
) 3a-+ab+5ab4{8+aw 34 % 8
Taco: P= =g+ 4p
ab b 2 a
; 2 4b(3—
Theodd at25>3 = 2b>3—q — S _4b2b_46(3-0¢) 126 .
a a a a
2
Do doé: P=3—a+a+9—b+&+b223—a+3—2b+9—b+ﬁ—4b+b2:3_a+ﬁ+bz_%+3
b 2 a b 2 a b a 2
[3a 125 3} 39 39 231
>2,|——F|b—| +—=>124+—=—-.
- ba[4]16_ 16 16
a, b>0
Ping thirc xay ra khi va chi khi da _12b a:2b:%.
a
a+2b=3

)

24
Cau 4. (Truong chuyén tinh Binh Phudc nam 2021-2022)
Cho a, b, cla céc sé duong. Chirng minh rang:

3
a>b

a?+b? 2

Vay gia tri nho nhat caa P bang 21_361 khi (a;b):[é'i].

a)
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a’ b? c? a+b+c
2 2+ 2 2+ 2 2 2 )
a+ab+b- b°+bc+c” c°+ca+a 3
Loi giai
a) 3 >a b
a?+bh? 2
. & afa’+p?)-ab’ ab?
Taco 2 2 2 2 a5 2
a‘+b a‘+b a‘+b
ab? ab? b
Theo BDT Cauchy tac6 a————>a-— =a——.
+b 2ab 2
a b? c? a+b+c
2 2+ 2 2+ 2 2 —
a‘+ab+b® b +bc+c® c +ca+a 3
3 3
. , c c a
Tuong tytheocaua)tacd: ——2b-——, ——=Cc——
b*+c 2 Cc°+a 2
Cong vé theo vé ba bt ding thic trén ta co:
a b® c? a+b+c
2 2+ 2 2+ 2 22 *
a“+b° b°+c° c +a 2
Ta co: : il 2 2
“a’+ab+b®  , a*+b® , 3 at+b?
a“+ +b
2
3 3 3 3
, 2 b c 2 ¢
Tuong tu ta co >—. , >—, .
sH b?+bc+c® 3 b*+c® c®+ca+a’® 3 c?+a’

Cong vé theo vé ba bt ding thic trén ta co:

3 3

a . b® . c
a’+ab+b®> b*+bc+c® c?’+ca+a’
2( at b® c? a+b+c
=5l a2 2 2 7T 2 2 2 :
3{a“+b° b°+c° c“+a 3

Cau 5. (Truong chuyén tinh Ca Mau nam 2021-2022)

Cho a, b Ia hai sé thuc duong sao cho Ja+ib=1

Ching minh ring v3a+b +~a+3b < 2,/(3a+b)(a+3b)
Loi giai
Ja+b=1=a+b+2Jab=1=a+b=1-2Jab
V3a+b++/a+3b <2,/(3a+b)(a+3b)
& 4(a+b)+2(3a+b)(a+3b) <4(3a+b)(a+3b)

CAu 6. (Truong chuyén tinh Can Tho nam 2021-2022)
Cho x, y, z 1a cac s6 thuc duong. Chirng minh rang

Lién hé tai liéu word toan SDT (zalo): 039.373.2038

e


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

(x+2)2 +(y+2)2 +(z+2)2

>12
y+1z Z+X X+Yy
Loi giai
. C 2 2 22 (x+y+z) .
Ap dung Bat dang thirc phu X—+y—+z—2u.Déu“=”xéyrakhii=l=i,a, b,c>0
a b c at+b+c a b c

Churng minh BDT phu:
r A A X y . C \ .
Ap dung BDT B.C.S cho hai b6 so (—;—;—J va \/g;\/B;\/E ta co:

Ja'vb e ( )

2 2 2 2 2 2 2
(X—+y—+z—j(a+b+c)2(x+y+z)2 =S —+y—+z—2M

a b ¢ a b ¢ a+b+c
Khi dé ta co:

(x+2)2+(y+2)2+(z+2)2>(x+y+z+6)2

y+1 Z+X X+y  2(x+y+z)

2)° 2)° 2)° “ 412 36
N (x+2) +(y+ ) +(z+ ) >(x+y+z) +12(x+y+12)+

y+12 Z+X X+y 2(x+y+12)
_ (x+2)2+(y+2)2+(z+2)2>x+y+z+ 18 o
y+12 Z+X X+y 2 X+Yy+1z
2 2 2
N (x+2) +(y+2) +(z+2) 22\/x+y+z. 18 (BDT Cauchy)
y+12 Z+X X+Yy 2 X+Yy+12
2 2 2
- (x+2) +(y+2) +(z+2) > 25 46212
y+1z Z+X X+y

X+2 y+2 7+2
+7  Z4X X+ X=Yy=12
y y - )
x+y+z 18 (x+y+2z) =36
2 X+y+z
Cau 7. (Trwong chuyén tinh Dak Lak nam 2021-2022)
Cho ba s6 thuc duong a,b,c théa mdn a+b+c < 2. Tim gia tri nho nhét cua biéu thuc:
b(a’ +1)2 c(b® +1)2 a(c? +1)2
= + + :
a’(b*+1) b*(c*+1) c*(a*+1)

Dau “=" xay ra khi va chi khi & X=y=z=2

Loi giai

3
Tacd 2=a+b+c>33abc cabcs[gj

o 3§/(a2 +1)(b2 +1)(c2 +1)

abc
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a+£=4.3+9.i2131,3/ 419 3
a 4 9a 4°9%a

b 4 9%b 34 9°b
c+loaCi9 5134 T
c 4 9c 4°9°c
/ 1
P>3313%8—F—  >390 [ ——
\/ 4297 3% b c® 313

2

Déu bang xay rakhi a=b=c =
Cau 8. (Truong chuyén tinh Pong Nai ndam 2021-2022)
. ., a+b Db+c c+a
Cho ba s6 thuc duong a,b,c. Ching minh: + + > 2(va ++/b ++/c)
Jo o Ja  4b
Loi giai

Datx:\/a;y:\/g;z:x/g suyrax?=a;y?=b;z2=c(x;y; z>0)

2

2 2 2 2 2
+ +2° Z°+X
y Y + >2(X+Yy+2)

Khi d6 ta can chitng minh

z X
2 2 2 2 2 2 2 2 2 2 2 2
X5+ +2° Z°+X X z©° 7° X
Taco: y +y + :_+y_+y_+_+_+_
z X y Z 7 X X 'y Yy
2 2 2 2 2 2 3 3 3 3 3 3
X® z z X X' +Z +Z + X
=—+—+y—+—+y—+—= +y +y
Z X z Yy X y Xz yz Xz

Tachang minh X° + 2° > xz(X + 2) (1)
That vay ta co:
(x—2)’(x+2)20=(X* -2)(x-2)20=xX° + 22 - X2-x2* 20 =X + 22 > xz(x + 2)
Ap dung (1) ta co:
x> +7° . y +72° . y? +x° S Xz(X + 2) . yz(y + 2) . Xy(X +Y)
Xz yz Xz Xz yz Xy

=2(X+Yy+12)

Dau “=”" xay rakhix =y =z

a+b b+c c+a .
Vay + + >2(/a++/b++/c) khia=b=c
Joo Ja b

Cau 9. (Truong chuyén tinh Ha Nam nam 2021-2022)
Cho ba sé thuc duong X, Y, z théa man X + Y + z <1. Ching minh rang

R

Loi gii
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Taco
(1—x2)(1— yz)(1—22)2512x2y222
< (1-x)(1+x)(1-y)21+y)(1-2)(1+z)=512x*y*z?
Do X+Yy+z<1lnéntacé
1-x)1-y)1-2)A+x)1+y)(1+2)
>(y+z)(z+x)(x+y)(2x+y+2z)(x+2y+z)(x+y+2z) (1)
Chimg minh duoc: (X + Y)(y +2)(Z + X)>8xyz (2).
Va:
(2x+y+z)(x+2y+2z)(x+y+22)
>2 X+ YVX+2Z 2y + Xy +2 2z +xJz+Y
=8(x+Yy)(y+z)(z+Xx)
> 8.8xyz (3).
Tu (1), (2) va (3) suy ra diéu phai chizng minh.

Déu bang xay ra khi va chi khi X=Yy =12 =3

Cau 10. (Truong chuyén PTNK Ho Chi Minh ndm 2021-2022)
Cho day n sb thuc X;;X,;...;X, (N >5) thoa: x, <X, <...<X, VA& X +X, +...X, =1

a) Chiing minh néu x, 2% thi X, +x, <X,
. . 2 .
b) Chung minh néu x, < 3 thi tim duoc SO nguyén duong k < n sao cho

ey +.+x <2
g St Xt X =g
Loi gii
a) (0.75 diém) Gia st rang x1+x2>xn2%>0,khid6 x>0 véimoi 2<i<n.
) 2 1 . ...
Do n>5 nén x1+---xn_12x1+x2+x3+x432(x1+x2)>§:>xn<§(Voly)
b) (0,75 diém)
2

e Néu x, zé,khidé %2 X, 2% T X+ Xy 4o X :1:%3x¢xz+...+xn_1=1—xn 25

e Néu x, <%.Suyra X, <% V6i moi i
Gia sir khong ton tai k thoa dé bai, tac 1a khong co k dé

1 2
§SX1+XZ+...+XK S§(*)
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Ta chirng minh ton tai 1 <n—2 sao cho X, +---X, <% va x1+---x,+1>§ (**)

That vay néu khong ton tai | thi x, < % suy ra x, +X, < %, vi nguoc lai thi

-
N

do (**) nén g < X + X, < —-(méu thuﬁn do (*)

w

Ly luan twong tu thi X, +X, ++--X <%( Mau thuan )

o . 1 -
Do d6 néu ton tai | théa (**) thisuy ra x,,, >§> X, (Vo ly).

Viy diéu gia st sai. Do d6 ton tai k thoa dé bai.

Binh luan. Pay 14 bai bat ding thirc khé la va hay, tu tuéng chii dao 1a phan chang va phan ching
lién tuc. Viéc sap thir tu cac bién 12 mot gia thiét vo cling quan trong, giGp giai bai toan. Cau a
khong qua kho, nhung cau b 1a & mot mic khéc han. Viéc chang minh bat dang thire da kho, o
day con thém n bién, thi bai toan tré nén quéa phirc tap cho hoc sinh cap 2. Ban nao giai duoc cau
3b, la rat gioi.

Cau 11. (Truong chuyén Ha Tinh nam 2021-2022)
Cho X,y la c4c sé thuc duong théa man x+ y + Xy =3. Tim gia trj 16n nhat caa biéu thic:

P=v9—x2+9-y? +

X+Yy
4

Loi gii

Pita=x+y>0=xy=3-a= a° :(x+y)2 > 4Axy = 4(X+Y) +4xy =12

=4a+a’>12 < (a-2)(a+6)>0=a>2
Theo bét ding thirc AM-GM

8+(9-x?
Jo—x? =1 _oy2 o<t +(9-x)

22 22 2
\/g—_%_ﬁ_
Toomg 00 < 4J_ 4f
:>|C><21JE \/—[(X+y) o] XY
_)pS_Fa ((3 a)+ j o5
:5'OS_4\1/§&2_(\/54_1)"’HS\/E jps_4\1/§22_\/i_1-2+5\/§

- P<4\/§+%~ D4u “=" xay rakhia=2hay x =y =1

Cau 12. (Truong chuyén Hai Phong nam 2021-2022)

@
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Cho céc s6 thyc duong X, Y, z. Chang minh rang

Wy oyl g

J2x+y  2y+z J2z+x

Loi giai

BPT & P=—X y Z__>f3

\/z(2x+ y) +\/x(2y+z) ' \/y(22+x)

Pzzﬁ( x Y .,z )(BDTCési)

32+2x+y 3x+2y+z 3y+2z+X

XZ yZ Z2
=2 3 + +
(x(32+2x+ y) y(3x+2y+2) z(3y+22+x)J

2\/§(x+ y+z)Z

> =+/3 (BPT Bunhiacopxki) (dpcm). Pang thuc xay ra < x=y=z.
2(x*+y* +2°)+4(xy +yz+x2)

Cau 13. (Truong chuyén Kién Giang nam 2021-2022)
Cho x,y,z lacac sé thuc I6n hon 2021, thoa mén 1.1.1 ﬁ . Chitng minh rang, ta c6 bat dang
X y z

thure sau:

JX+Y+2 2 x=2021+./y—2021++/2-2021.
Lo giai
2021 2021 2021
+ + =
X y z
x—2021 y—-2021 z-2021
+ + =
X y z
x-2021 y-2021 2_2021j *)
X y z

Tt gia thuyét dé bai suy ra 2

Do do 3-2=1

Suyra x+y+z=(x+ y+z)(

Do x,y,z>2021 nén x—2021, y—2021,z—2021>0. Vi thé, bang cach &p dung bat ding thuc

Jx=2021 \Jy-2021 /z-2021 tr ()
ooy T V)

Bunhiacopxki cho hai bo ba sé thuc duong (\/i,ﬁ Nz ) va [

ta duogc:

X+Y+2> (Vx—2021+,/y — 2021 ++/z - 2021)?

Do d6, A/X+Yy+2 >/x—2021+./y—2021++/2-2021.

(Pang thirc xay rakhi x=y=1z =$)

Cau 14. (Truong chuyén Lam Pong ndm 2021-2022)
Cho a, b, ¢ 1a c4c s6 duong va a+ b+ ¢ = 6. Tim gié tri nho nhat biéu thuc:

a’ b? c?
-2 >t >t 2"
a“+4ab+b° b +4bc+c” c“+4ca+a
Loi giai
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Vi a,b >0, ta chang minh 2
a“+b 2

S -1
a’+b* 2ab

- Ap dung: (a—b)220<:>a2+b222ab<:>

a’ a(a’+b?) —ab? ab? N ab®

Khi do: = —a-— >a—
a’+b’ a’ +b? a’+b? 2ab

b’ zb—E- ¢ 20—3
b? + c? 2 'c?+a’ 2
Cong vé theo vé ba bit dang thuc trén ta co:
a’ b* c? a+b+c
2 2+ 2 2+ 2 22
a“+b° b°+c”° c°+a 2
-Apdung:(a—b)220<:>2(a2+b2)24ab
Ta c0:
a’ N a’ 1 a
a’+4ab+b®> a’+2(@%+b*)+b* 3 at+b?’
o' b? 1 b3
b?+4bc+c? b>+2(b?+c?)+c? 3 b+
1
3

=

3 3

(@)

3
2 : 2Z 2 2C 2
c’+4ac+a’ c*+2(c’+a’)+a’
Cong vé theo vé ba bat dang thuc trén ta co:
a’® b® c?
2 2+ 2 2+ 2 2
a“+4ab+b° b°+4bc+c® c"+4ca+a
1[ a® b c? )>a+b+c

c® +a’

=1

>= + +
3la’+b*> b’+c® c’+a’ 6
-Vay gid tri nho nhét caa P 12 1, ddu “=" xay ra khi
a=b=c=2.
Cau 14. (Truong chuyén Lao Cai nam 2021-2022)

=—a——

2

a) Cho hai s6 thuc duong x;y théa man: x+y < % Tim gié tri nho nhat cia A=53x+53y + iz
X

b) Cho ba s6 thyc duong x;y,z thoa man: x?+y? +z? > 3. Chang minh ring:

(x4+y4 +z4)+(x3+y3 +z3)2 3+ X+y+2z.

Loi giai

1 1 Co-Si 1 1
a) Dy doan diém roi: x = y—§:>—+ax+ax > 3Y—-ax-ax = 33 :>—_ax:>a 27
X X X

+ —
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Taco: A=53x+53y + iz+ iz:( 27X+27X + izj+ ( 27y +27y + izj—(x+ y)
Xy X y

Co-si 1 1 2 160
= A > 3327x-27x-—+3.327y-27y - — —(x+y) =27+27- (x+y)>54—§: 2
X y

Dau “=” xay ra khi x=y=%
Vay = Min A =@<:> x:y:1
3 3
b) Tacod: x*+1>24/x* 1=2x"; y*+1>2,y* 1=2y?; 2* +1>2./z* 1=27?
= xt+yt+2* 22(x2+y2+22)—3:>VT 22(x2+y2+22)—3+x‘°’+y3+z3
Tuong tu: X +x 224/x3.x=2x2; y3+y >2.4/y3.y =2y?; 2 +2 224072 =277
=Sx+y3+zd> 2(x2+y2+22)—(x+ y+z) = VT 2 2(x2+y2+22)—(x+ y+z)+ 2(x2+y2+22)—3
= VT 2(x2+y2+22)—(x+ y+2)+ 3(x2+y2+22)—32 (x2+y2+22)—(x+ y+z)+3.3-3
= VT > (x2+y2+22)—(x+y+z) +6
Ma: x2+1224/x2.1=2x; y2+122./y?1=2y; 22 +1>2./7%1=2z
=X +y +2° 22(x+y+2)-3 = VT 2 2(x+y+2)-3—(X+y+2)+6=(x+y+2)+3 (dpcm)

Cau 15. (Truong chuyén Nghé An nam 2021-2022)
Cho céc s6 duong a, b, ¢ thoa man ab +bc + ca < 3abc. Tim gia tri nho nhat cua biéu thic

2 2 2 2 2 2
P=+va+b+vb+c++c+a- \/a +b +\/b e +\/C ra
2a+2b 2b+2c 2C+2a

Loi giai

Vi ab+bc+cas3abc:>1+£+1£3.
a b c

2 2 2
Taco \/a+b:\/mz a’+b N 2ab
a+b a+b a+b
\/m [2ab |
a+b a+b

\

=
Do d6 Pz\/ ab +\/ \/
a+b
1

N 1 1 1 1

= + +
1,1 \/1 Tt 1.1 fx+y Jy+z Jx+z
b b ¢ a ¢

Vi x=£,y=1,z=1 va X+y+2z<3.
a b c
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O S T T 9 § 9 .9 3
Sy Jy+z xszoxayafyrzedxez o B(2x+2y+2z) V36 V2
3 32
SuyraPz2—=——.
y NG 5

Dau "=" xayrakhi x=y=z=1hay a=b=c=1.
Cau 16. (Truong chuyén Ninh Thudn nam 2021-2022)

. 1 s
Cho céc so thuc duong z,y,z > 0 théa man zyz = 3 Ching minh rang:

1 B 1 <2
ty+yz+z rH+y+z 3
Loi giai
bat: P = 1 — 1 .
TYy+yz+zr Tr+y-+=z
2
Tacc'):a:+y+z=8:1:yz(:13—|—y+z)=8(a:y.zx+xy.yz+yz.z:r,)SS(xy+géz+zx).
1 3
= > X
r+y+z  8(zy+yz+ 22)
1
= P < — 3 2.Détt=;.Tadu’qCZ
vy +yz+zr 8(zy + yz + 2x) Ty + yz + 2z
2
P§—§t2—|—t——§ t2—§t—l—E +3:_§ _4 +ZSZ
8 3 9 3 8 3 3 3
Yy +yz+ 2 = —
. 1
Dau “ =" xay rakhi {2y = yz = 2z Sr=y=z=—.
TYz = —

Cau 17. (Truong chuyén Quang Binh nam 2021-2022)
Cho ba sd thuc X, Y, Z € [5; 7]. Chtrng minh rang

Sy +1eyz+1+Vzx+1>x+y+z.
Loi gidi
Do X, ye[5;7]:>|x—y|§2<:>(x—y)zs4
X =2xy+ Yy <4 (x+ y)zs4(xy+1)<:>x+ys2«/xy+1

Chtng minh tuong tu ta co:

y+2<2yz+1;z+x<2Vzx+1
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Cong ve theo vé cac bat dang thuec trén, ta co

2(x+ y+z)s2(\/xy+1+\/yz+1+\/§)

S XY +L1+ Yz +1+ VX +L> X+ Y+ 2
[x—y|=2
Déu bing xay rakhi <]y —z|=2 (1)
z—x|=2
Vi X# Y #Z néngidsit X>Y>Z
X—y=2 X—y=2
Taco (1)< {y—-2=2 < X—2=4 (vonghiém)
X—2=2 X—2=2

Vay XY +1+yz +1 42X +1>x+ y + 2.
Cau 18. (Truong chuyén Quang Nam nam 2021-2022)
Cho ba s6 thuc x;y;zthéaman x>0;y>0;z>2 va x+y+z=4. Tim gia tri Ién nhat caa biéu thac H =
Xyz.
Loi giai

Vi x>0;y>0;z>2nén x+y+%233 x.y.% (ddu bang xay ra khi x=y=§)

z) z / Z 2
Suyra | X+y+— |+=>33Xy.—+—
Y [ Y 2) 2 y2 2

Ma (x+y+§j+%:x+y+z:4 va 2223521

Vay 4> 33 x.y.% +le 3,3/x.y.§ <3 x.y.§£1® Xyz <2

Dodo H<2.

z

2

Dau bang xay rakhi {x+y+z=4<x=y=1z=2
z2=2

X:y:

Gia tri 16n nhat caa H bang 2.

Cau 19. (Truong chuyén Quang Nam nam 2021-2022)

Cho ba s6 thuc duwong x, y,z thoa man xy + yz + zx = xyz. Tim gié tri nho nhat cua biéu thuc
2 2 2

ooy

H= 2 2 2"
9z+zx" 9x+xy" O9y+yz

Loi giai

. Lién hé tai liéu word toan SDT (zalo): 039.373.2038 12



https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

Theo dé ta co: l+l+l=1
Xy z
1 1 1
Dat—za,—:b,—=c(a,b,c>0):>a+b+c=1
X y z
Khi d6 H = 2C + 2a + 2b
9a +1 9b°+1 9c"+1
Tacs _C <c(9a2+1)—9azc_c_ 94%¢
"9’ +1 9a° +1 9a° +1
2 2
Vi 9a* +1>6a=c— 9(216 Zc—9aC=c—§ac
9a” +1 6a 2

Churng minh tuong tu ta co: ZLZa——ba; —2
9" +1 2 9¢” +1 2

:>H2a+b+c—%(ab+bc+ca)

(a+b+c)2
Ma ab+bc+ca<~—2-

=>H>1-

| —

1

3
Vay H. =%. Déu biing xay ra khi v chi khi x = y=z=3

Cau 20. (Truong chuyén Qudang Ngdi nam 2021-2022)

Cho céc sb thuc a,b,c d6i mot khac nhau va théa man (c+a)(c+b)=4.Chang minh ring:

1 1 1

o | w

5+ >+ >=1.
(a—b)" (c+a)” (c+b)
Loi giai
bat x=c+a, y=c+b.Khido xy=4
L a2 L , . ALy e s 1 1 1
Bat dang thuc can ching minh duoc viét lai thanh( )2 +—+—21
X—-y Xy

Ta co:

Ap dung bt dang thirc Co-si, ta co:

1 +(x—y)2>2 1 (x—y)2 1
(x=y) 16 N(x-y) 82 (xoy) XY
Cau 20. (Truong chuyén Quang Tri nam 2021-2022)
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Cho céc s6 thuc x, y, z théa man 0<x,y,x <1. Ching minh rdng: X +Yy+2z—2(Xy +yz +2x)+4xyz <1.

Loi giai

= 3XYZ < XY +YZ +2ZX < 3XYyZ — xy+yz+zx)so Q)
Lai c6 (x—1)(y-1)(z-1)<0< xyz—Xy—yz—zX+X+y+2z-1<0 (2)
Cong vé theo vé cua (1) va (2) ta duoc:
Axyz—2(Xy+YzZ+2X)+X+y+2-1<0
S X+Y+2-2(Xy+Yyz+2x)+4xyz <1 (dpcm)
Dau “=” xay ra khi (x;y;z)=(L11) hoic (x;y;z)=(0;11) va cac hoan vi cua no.
Cau 20. (Truong chuyén Tay Ninh nam 2021-2022)
Cho X,Y,Z la cac sb thuc thoa min 0<x,y, z<1. Tim gia tri I6n nhat cua biéu thuc
T= 2(x3 + y3 + 23)—(x2y+ yzz + zzx)
Loi gisi

Do 0<x,y,z<1néntaco: (1-x*)A-y)+(1-y)1-2)+(1-2)(1-x)>0
SX+Y +1)+(X+y+2)-(X°y+y’z+72°X) <3 1)
Do0<x,y,z<lnén: x*<x*<x;y’<y’<y;7°<72°<z. (2
Tudo T=2(x*+y>+2°) = (X’y + Y’z + 2°X)

do (1)

SP+Y + )+ (x+y+2)-(X°y+y’z+2°x) < 3. (3)

Vay gia tri Ion nhat cua T 1 3.
DAu bang trong (3) xay ra < dong thoi dau bang trong (1), (2)

x=y=112=0
=

y=z=1x=0

z=x=1y=0

(Hoc sinh chi can néu duoc 1 trudng hop xay ra diu bang 13 dugc)
Cau 21. (Truong chuyén Thdi Binh nam 2021-2022)
Cho a,b,c la c4c sb thuc duong théa mdn a? +b? +c? = 3abc. Tim gié tri 16n nhat cua biéu thic

a b c
= + +
3a?+2b%°+c® 3b*+2c®+a? 3c®+2a’+b?
Loi gidi
Tacd: a®+b?+c? =3abc<:>i+£+i=3
bc ca ab

Ap dung bat dang thaec AM —GM ta c6:
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ca ab Vca ab a

a,c. ,fac_2
bc ab bc ab b

Cong vé véi vé cua 3 bat dang thic trén, ta co:

=2 i+£+i >2 1 1+l :>£+1+1<3
bc ca ab a b c a b c

Tiép tuc 4p dung bt ding thirc AM- GM ta co:

3a2+2b2+02=2(a2+b2)+(a2+c2)24ab+2ac

a a 11
= <
322 +202+¢% ~ dab+2ac 2 2b+c
Ap dung Cauchy — Schwarz ta co: l+1+1> 9 :1_ 1 gi(nglj
b b ¢ b+b+c 2 2b+c 18\b ¢
Hoan toan tuong tu, ta co: #< L (2+1j, %si(g+1)
3b°+2c”+a° 18 a 3c“+2a°+b° 18la b
SuyraT<l £+1 1 < 3= T<l
6\la b c/ 6 2

Vay GTLN cia T Ia %,déu " xayrakhi a=b=c=1.

Cau 22. (Truong chuyén Quéc Hoc Hué nam 2021-2022)
Cho X, y, z lacéc sb thuc duong thoa man X + y + z = 3. Chang minh :

1,1 1 35
Jx(2y+32) Jy(2z+3x) Jz(2x+3y) 5
Loi giai

1 N 1 N 1 .
\/x(2y+32) \/y(22+3x) \/z(2x+3y)
Str dung bét ding thic Cauchy ta co:
5X + 2y + 32 1 2.5
= 2> .
2 x(2y+3z) 5X +2y+3z

2./5 1 g 2.5

> : > :
\/y(22+3x) By + 27 +3X \/z(2x+3y) 52 +2X + 3y

Do do6 PZZ\/E.( 1 + 1 + 1 j

SX+2y+3z 5y+2z+3X 5z+2X+3y

bat P =

5x(2y+3z) <

Tuong tu ta co:
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a b c

That vay: (a+b+c) 1+1+1 =3+ E+E + E+E + E+£
a b c b a c a c b

>3+2\/a b 2\/E.£+2\/9%—9 DAu bang xay rakhi a=b =c.
C

Ta ching minh bat dang thuc (a+b+ C)(£+—+lj >9Va,b,c>0.

ba ca
1 1 1 9

Suyra —+—+—
a b c a+b+c

Do do: L + L + ! > J =i.
5x+2y+3z 5y+2z+3x 5z+2x+3y 10(x+y+z) 10
2J_3 3[

Vay

=——. Daubang xay rakhi x =y =z =1.

Céu 23. (Tru’ong chuyen Tién Giang nam 2021-2022)
Cho a, b, ¢ 1 cac s6 thuc duong thay d6i thoa man abc = 1. Tim gié tri 16n nhat cua

biéu thic M =— 12 +— 12 +— 12 .
a“+2b°+3 b°+2c°+3 c“+2a°+3
Loi giai
Taco: a’+b*>2ab,b’ +1>2b = — 12 - 1 L1
a’+2b"+3 (a2+b2)+(b +1)+2 2ab+b+1’
1 1 1 1 1
Tuong tu: < X <

b2+2c2+3 2'bc+c+1 c2+2a’+3 2 ac+a+l

1 1 1 1
Suyra: M <=, + + .
2\lab+b+1 bc+c+1 ac+a+l

Thayc—%tadu’orc M_l( L ab b J

1
ab+b+1 ab+b+1 ab+b+1) 2°

DAu “=” xay ra khi va chi khi a=b=c=1. Vay MaxM = %
CAu 24. (Trueong chuyén Tra Vinh nam 2021-2022)
Tim gié tri nho nhét cua biéu thic: P = X + 2y + 2xy — 2X + 2021.
Loi gidi
2P = 2x* + 4y + 4xy — 4X + 4042
=(x+2y)" +(x—-2)" +4038> 4038
P> 2019
Déu “=" xay ra khi {i i ;;:)0 N {i Z;
Cau 25. (Truong chuyén Vinh Long nam 2021-2022)
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3+X
X

Cho s6 thyc x théa man 1 < x < 2. Tim gié tri 16n nhét va gia tri nho nhit caa biéu thuc: T = +?
—X
Loi giai
- 3+x)(3-x)+(6-x)x 9-x? —x? 2 _6x—
Tacé:T=3+X+6 x=( )(3=x)+(6-x) _9-x +6x2 X =2x26x 9
X  3-X x(3-x) 3x—x X° —3x

=T (x*=3x) = 2x* —6x—-9 < TX* =3Tx=2x" +6x+9 =0 (T -2)x* +(6-3T )x+9=0 (*)

C6: A=(6-3T)" —4(T ~2).9=36-36T + 9T ~36T +72=9(T? -8T +12)

7 T <2
Dé phuong trinh (*) c6 nghiém thi A>0 < 9(T2 —8T +12) >0 T2-8T+12>0 < [T e

2_ f—
V6i T :2<:>2X2—6;(9=2<:>2x2—6x—9=2x2—6x <-9=0 (voly)

X" —oX

2_ f—
VériT:6<:>2X2—6;(9:6 & 2x% —6X—9=6x% ~18X < 4x? ~12x+9=0 @Xz%(TM)

X" —oX
= Tyin =6 <:>x=E

2
2x* —6x-9 1
V‘I:13X£2.Thayx=2véloTtadu’qc:T=X2—6;(9=—3=6,5<:>2(2X2—6X—9)=13(X2—3X)
X" —oX

2 aay2 2 _ 2 _ x=1
S 4x°-12x-18=13x“—39X < X" -27x +18=0 = x*-3x +2=0< (TM)

x=1

=Ty =65 & [x=2

Cau 26. (Truong chuyén Vinh Phiic nam 2021-2022)

Cho céc s6 duong a;b;c thoa mén \/a+b+ab+1 + ¢ = 6. Chang minh rang:
a)a+b+2c>10
2a+1 2b+1 2c+2

+ + <

b) <
a+1 b+1 c+2

Lo giai
a)
Ap dung bat dang thaee AM — GM:

(a+1)+(b+1)22\/(a+1)(b+1) o Jabratbi1<dtbr2

::6=deﬂ+b+l+csﬁi§i%+c

=a+b+2+2c2>12
Suyraa+b+2c>10
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Dau “=” xay ra khi va chi khi \/a+1=\/b+1<:>a=b
Vay a+b+2c>10

b) Ta cé:

2a+1+2b+1+2c+2§5

a+l  b+1 c+2

2a+1 2b+1 2c+2

= -2+ -2+ -2>-1
a+1 b+1 c+?2
-1 -1 -2
+ + >—
a+1l b+1 c+2
1 1 2
<1

+ + <
a+l b+1 c+2

1 1 2 2 2 (\/5“/5)2

Ta co: + + > + >
at+l b+l c+2 Ja+1)(b+1) ¢c+2 Ja+D)(b+1)+c+2
L, 2. 8 10 S 10y (pem
a+l b+1 c+2 a+b+2+c+2 at+b+2c+6 10+6

2a+1 2b+1 2c+2
+ + <
a+l b+l c+2
Cau 27. (Truong chuyén Quang Ninh nam 2021-2022)

Gmhmsémm:%yﬂmama10<x<y38vaxys4x+3yimmmnmmx2+y2SIML
Lai giai

V6i 0<x<6,va0<y<8= x> +y> <100 (1)

VoI 6<x<y<8 :0<y—x<2:>(y—)c)2 <2(y—x)

=27 +y" <2xy+2(y—x)<8x+6y—2x+2y=6x+8y

Co (6x+8)’)2 S(62 +82)(x2 +y2) :>6x+8y£10m

= 2492 <102 4y =2 +y2 <100 (2).

(1), (2) suy ra diéu phai chitng minh.
Cau 28. (Truong chuyén Hoa Binh nam 2021-2022)

Cho cac sb a, b, ¢ déu 16n hon ? Tim gié tri nho nhat cua biéu thie

a b C
= + +
2Jb-5 2Jc-5 2Ja-5

Q

Léi giai
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J‘_ +24b-522a; [ — 4 2c- 5>2J_

:>Ng_5+2£_5+NE_5+2\/B—5+2JE—5+2J5—522JB+2JE+2J5:>Q215
Déau “=" xay ra khi va chi khi a=b=c =25
Q,,, =15 khiva chikhi a=b=c=25
Cau 29. (Truong chuyén Nam Dinh nam 2021-2022)
Cho a,b,c >0 va a+b+c=1.Chtng minh rang a+bc+b+ca+c+ab >2.
b+c c+a a+b
Loi gia

Ap dung BBT AM-GM ta c6 :

5+2J5—522J6

a+bc a(a+b+c)+bc (a+b)(a+c)

b+c b+c ~ b+c

Tuong ty thi BDT can chirng minh duoc viét lai thanh
(a+bﬂa+c)+(b+cﬂb+a)+(c+aXC+b)

+Tacéh

>2.
b+c c+a a+b
+ Theo BDT Cauchy co
(a+bﬂa+c)+(b+cﬂb+a)22J@%+®(a+c)(b+cﬂb+a):2(a+b)(D
b+c c+a b+c c+a
Tuong oy o6 (b+c)(b+a)+(c+a)(c+b)22(b+c) )
c+a a+b
(a+b)(a+c)  (c+a)(c*b) ., cra) 3).
b+c a+b

cong vé cac BPT (1), (2), (3) suy ra DPCM.
Cau 30. (Truong chuyén Nam Dinh nam 2021-2022)

. 1 1 .
Cho x, y, z la cac s6 duong théa man —+— +— < 2021. Chang minh rang

X y zZ
1 1 1 2021
2 2 + 2 \/ . 3
J?x 2Xy +4y J?y 2yz +47° 72 - 27X + 4X?
Loi giai

Véiva b c>0taco a+b+c>33 ME—£+1+1>3ﬂ;L—
a b c abc

::(a+b+®(£+1+ij29:y——£__<1(% 1+E)
a b c a+b+c 9la b ¢

bing thirc xay rakhia=b =c¢
Vi X, y, z 14 cc s6 duong ta c6 7X* —2Xy +4y* =(2X + y)2 +3(x- y)2 >(2x+ y)2
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:>\/7x2—2xy+4y222x+y:> L L, yr 11
\/7x2—2xy+4y2 2X+Y X+Xx+y 9 Xy
DAu bang xay ra khix =y
Tuong tu ta co
= 1 SE(£+£+EJ diu bang xay rakhiy = z
J7y2-2yz+422 9y y 1
= ! <1(1+1 1jdaubangxayrakh|
J722—2x+4x2 9\z 7 X

Cong cac bat dang thuc trén ta duoc :

1 1 1 (3 3 3] 2021
= + <—| —4+—+ <—
JTX2—2xy+4y?  \JTy? —2yz + 472 \/72 —2zx+4x2 9\x Yy z 3
C s 3
dau ba : khi X=y=Z=——
au bang xay ra kni y 2021

Céu 31. (Truong chuyén Nam Dinh nam 2021-2022)

Cho x, Y,z lacac s6 duong thoa min xyz =1. Ching minh rang

2 2 2
x_+y_+z_22( X + y + . J

Y+Z Z+X X+Y
Loi giai
Véi x,y,z l1acac sb duong va xyz =1 ta co:

2 2

2
X—+y—+z—22( X ¥, ? )©x3+y3+2322( X ¥, Z J
yZ Xz Xy Y+Z X+Z X+Yy y+Z X+Z X+Yy

Taco x*+y° =(x+y)(X* —xy+y*) va X’ —xy+y* > xy

Suy ra x3'+y3'2(x+y).xy:>x3'+y32u
z
Tuong twtacd y° +z >er va z2° +x >ﬂ
y
Tur cac BDT trén ta co: 2(x3+y3+z3)2x(£+1j+y(1+£)+ (1+£j
y z z X Xy
Mt khac &p dung BPT Cési cho cac sé duong ta c6
1 1>2 11: Y sy lils 4 (zgjzi
X \/_ X Y X+y X y) X+y
Tuong tu ta cling co: y(1+£j24—y .
Z X) z+X
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suyra 2(x*+y*+2°)> x |4y 42 :>x3+y3+z322(

Yy+Z Z+X X+Yy
Ta dugc didu can ching minh.
Bat dang thuc xay ra dau bang khi: x=y=z=1.

+

y , 1

y+2

Z+X X+Y

|
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BAT PANG THUC, CUC TRI NAM 2020-2021

Cau 1. (Trwong chuyén tinh Bic Giang nam 2020-2021)

Cho a, b, c lacéc sb thuc duong. Chang minh rang:
a’ b? ¢’ 1

2 2+ 2 2+ 2 2=
5a’+(b+c)” 5b°+(c+a) 5¢*+(a+b)” 3

Loi gii

Chung minh véi ba s duong X, y, z taco (x+ y+z)(l+l+1j29 (1)
X y z

Ding thie xay ra khi va chi khi x=y=1z.

2 2 2 2
Chung minh dugc bt dang thic x_+y_+z_zm vm,n, p >0 (2). Dang thirc
m n p  m+n+p

y

xay ra khi va chi khi

z
n p’
a’ b? c?

2 2+ 2 2+ 2 2
5a +(b+c) 5h +(c+a) 5¢ +(a+b)

3|

Pat P =

Ap dung bat ding thic (1), ta co

1 1 1
[(a2+b2+cz)+(2a2+bc)+(2a2+bc)](a2+b2+cz+2a2+bc+2a2+bcj29
9a’ B 9a’ <az( 1,2 J
5a+(b+c)’ (a’+b’+c?)+(2a’+bc)+(2a%+bc) @’ +bP+c’ 22’ +be

Chtrng minh tuong ty, ta dugc

ob? ) 1 2
ZSb 2 2 2+ 2
5b2+(c+a) a’+b°+c® 2b°+ac

9b? ) 1 2
2 S c 2 2 2 + 2
502+(a+b) a’+b°+c® 2c°+ab
Khi d6, ta co
9a’ 9b? 9c? 2a® 2h? 2¢c?
2t 5 z T 2 7 s+ 2 o2 TSz
5a’+(b+c)” 5b’+(c+a) 5¢’+(a+b) 2a“+bc 2b“+ca 2c“+ab
Suy ra 9Ps4—( Zbc + an + Zab j
2a°+bc 2b°+ca 2c“+ab
Tach . Pe . ca @b b*c? . c’a’ . a’b?
" 2a’+bc 2b*+ca 2c®+ab  2a’bc+b%c? 2ab’c+c’a’?  2abc? +a%b?
; . ab+bc+ca)’
Ap dung bat dang thirc (2), ta duoc 2b S zca + zab 2( )2 =1
2a“+bc 2b°+ca 2c“+ab (ab+bc+ca)
Lién hé tai liéu word toan SPT (zalo): 039.373.2038 1
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Vay OP<3=P< % (dpem). Piang thire xay ra khi va chi khi a=b=c.

CAu 2. (Truong chuyén tinh Bdc Ninh vong 2 nam 2020-2021)
Cho a,b,c 14 cac sé duong thao man a?+b*+c? =1. Tim gié tri Ion nhat caa biéu thac
A=(1+2a)(1+2bc).
Loi giai
Taco: A=(1+2a)(1+2bc)<(1+ 2a)(1+ b? +cz) =(1+ 2a)(2—a2) .

Ma (1+2a)(2—a2)=%(2+4a)(6—3a2)$ : .(2+4a+6—3a2)2=%.(8+4a—3a2)2.

24

2
banh gia: 0<8+4a—3a’ :8+i—3(a—z £§ .
3 3 3
2
:Asi. 28 :ﬁ .
24 3 27
A e LA 2 98 oL L,
Vay gia tri 16n nhat cia A bang 57 Dau “= *“ xay ra khi va chi khi
Cau 3. (Truong chuyén tinh Binh Duong nam 2020-2021)
V6i céc s6 thuc x,y thay doi thoa man 1< x <y <5. Tim gié tri nho nhat cua biéu thirc
P=2(X"+y*)+4(x—y—xy)+7.
Loi gidi
Taco
P=2(X"+Yy*)+4(x=y—xy)+7=2(x"+y* +2x-2y - 2xy)+7
:2(x2+y2+1+2x—2y—2xy)+5:2(x—y+1)2+525,VX,y.

A [1] 7 2 X_y+1=0 <
Dau “="xay ra < .Vidy x=3,y=4.
1<x<y<5
. X-y+1=0
Vay P, =5 < .
1<x<y<5

Cau 4. (Truong chuyén tinh Dak Nong chuyén toan nam 2020-2021)
Cho hai sb dwong x,y thoa man x+y=1. Tim gid tri nho nhit cua biéu thic

A= 21 2+i.
X“+y° Xy
Lo giai
Taco, vsi a,b>0: E+£2i<:>(a+b)224ab.
a b a+b

DAu bang xay rakhi a=b.
1 +1 1 1 1 S 4 1 4 1

A= 5 5 —— 5 2-|- + 22— 7 + = .
X“+Yy" Xy X 4+y" 2xy 2xy  X“+Yy +2xy 2%y (x+y)2 2Xy
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R 1 2
Ma 4xy <(x+y) = > .
= A2 4 >+ 2 > = 6 2:6.
(x+y)" (x+y)  (x+y)
DAu "=" xay ra khi {x=y <:>x=y=1.
X+y=1 2

Vay gié tri nho nhat caa A 1a 6 dat duoc khi x =y =%

Cau 5. (Truong chuyén tinh Ha Giang vong 2 nam 2020-2021)
Tim gi4 tri nho nhét caa biéu thic P 2B 1 sic4<x<2.
4+x Xx-2
Lai giai
25 1

Tach: P=—2"" = voi 4<x<?2
4+XxX Xx-2

25 1

X+4 2-X
21 25(x+4+2—x)+1 2—X+X+4
6 X+4 6 2-X

_1) o605 22X X44
6 X+4 Xx-2

25(2—x)+(4+x)
44X 2—X
25(2—-x)+(44—x)
44X 2—X

= 6P=26+

6P —26 = >2J25=10=P>6

:>Pmin:6<:>25(2_X):(4+X)>0<:>x:1
44X 2—X

Cau 6. (Truong chuyén tinh Ha Tinh nam 2020-2021)

Cho x,y,z la céc sé thuc khdng am théa man x*z° +y°z° +1<3z.
Tim gié tri nho nhét cia biéu thic
1 8 47°
2 + 2 + 2
(x+1)" (y+3) (1+2z)
Loi giai
1 8

Truéc hét ta ching minh: iz+—22—2, A BeR;AB>0
A" B (A+B)

A% +B? 8
= 2p2 2 2
A’B (A+B)

< (A +B%)(A+B) 28A°B” (luén ding)

T gia thidt z >0, dat x=a,y=b,z:2iC
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T X°2° +y?22 +1<37 = @° 'iz+b2i2+1s 3.1 a7 b2 <be-ac?
4c 4c 2c

a’ +b*+c* <6c-3c? =3[ 1-(c-1)" |<3

Ap dung BPT Bunhiacopxki, ta co:

(a+b+c)2 s3(a2+b2+cz)s9:>a+b+c£3:>0<a+b+c+5$8
1 S 1

> >
(a+b+c+5)" 64

Ta co: 1 8 47° 1 1 8
aco: P= —+ ~+ = _+ _+ .
(x+1)" (y+3)" (1+2z)° (x+1) (“1) (y+3)
22
1 1 8 |1 o1 _+
(a+1)2 (c+1)2 (b+3)2 (a+1)2 (c+1)2_ (b+3)2
.8 8 1 1 |
“(a+c+2)’ (b+3) (a+c+2) (b+3)2_
> 64 ~>1
(a+c+2+b+3)

y
Dau “="xay rakhi a=b=c=1 tac la 1
2

Vay minP =1.
Cau 7. (Truong chuyén tinh Long An nam 2020-2021)
Cho a,b,c 1a cac sb thuc thao man abc =1 . Chang minh rang
a®+1 b*+1 c*+1
72 Al | b

>a(b+1)+b(c+1)+c(a+1) .

Loi giai

1

a=—

bc

Taco: abc=1nén abc20 = b:%
1

c=—

ab
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a’+1 b’+1 c*+1
2 + 0 + i >a(b+1)+b(c+1)+c(c+1)

= bz(a2 +1)+c2(b2 +1)+612(c2 +1)2(ab+c)+(bc+a)+(ca+b)
c>(a2b2+c2)+(b202+a2)+(c2a2+b2)2(1+cJ+(l+aj+(l+bJ
c a b
<:>(%+c2)+[i2+a2]+(iz+b2)2(£+c)+(1+aj+(£+bj
Cc a b c a b

Taching minh =-+a’ > (—+ aj

2

e o

Str dung bét ding thirc Co — si: ﬁ+|a| >2

SERN(CE

:>i2+a2—(i+|a|J20
a al

:i2+a2 >i+|a|21+a

a E! a
o 1 ., 1 .1 ,. 1
Chtrng minh tuong tyu ta dugc: b_2+b 25+b’c_2+c ZE+C'
a’=1
Dau “=" xay ra khi va chi khi {b?=1 ma abc =1 nén ta c6 cac bd s6 (a;b; c) co dang
c?=1

(L11); (-1 -11); (L -1 -1); (-1 1 -1) théa man dé dau “=" xay ra.
Tir d6 suy ra diéu phai chitng minh.

Cau 8. (Trwong chuyén tinh Lam Pong nam 2020-2021)

Ching minh rang véi moi s6 thuc a,b,c,d,e ta lubn co
a’+b’+c*+d*+e*>a(b+c+d+e)
Loi giai

a’+b*+c*+d*+e*>a(b+c+d+e)
< 4a’ +4b* +4c® +4d® +4e* > 4a(b+c+d +e)

< 4a’+4b” +4c’ +4d” +4e* —4a(b+c+d +e) =0

e
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& (a-2b)" +(a-2c) +(a-2d)" +(a-2e)" >0
Dau “=" xay rakhi a=2b=2c=2d =2e.
Cau 9. (Truong chuyén tinh Lang Son nam 2020-2021)
1) Cho X, y,zla cac s thuc dwong théa man x+y+z =1. Tim gia tri nho nhat cua biéu
1 1

thuc P =i+—+— .
36x 9y z

2) Cho a,b,c 14 cac sb thuc duong thoa mdn a+b+c=3. Chang minh rang:
a’ . b* N c? 3
(a+1)(b+1) (b+1)(c+l) (c+l)(a+l) 4
Loi gidi
1) Ap dung bét ding thirc Bunhiacopxki ta co:

o[ () 44 4&)1{(%)2 {%} {%ﬂz[&ﬁwﬁmﬂ

2

6 3
1
X:_
1 9
Low ooz 6x=3y=12 X+2X+6x=1 X== 2
Day "=" xayra < = 9 Sy =—
X+y+z=1 6x=3y=z X =3V =7 9
7==
. 3
Vay GTNN cia P 13 2 tai x=2,y=2,7=2
4 9 9 3
2) Ap dung bt ding thirc Cd si ta co:
a’ a+l b+1 a’ a+l b+1 3
+ + >3-3 . . =
(a+1)(b+1) 8 8 (a+1)(b+1) 8 8 4
b c+l b+l b c+l b+l 3
+ + >33 . : ==b
(c+1)(b+1) 8 8 (c+1)(b+1) 8 8 4
c’ a+l c+1 c’ a+lc+l 3
+ + >33 . . ==
(a+1)(c+1) 8 8 (a+1)(c+1) 8 8 4
a’ b’ c 3 3 9
Suy ra 2> b ==
Y b1 (b (crD)  (cr)ary) 2o aa o=y
= a3 + b3 + C3 >§
(a+1)(b+1) (b+1)(c+1) (c+1)(a+l) 4

Dau"="<a=b=c=1.
Cau 10. (Truong chuyén tinh Nam Dinh nam 2020-2021)
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Cho céc s6 thyc khdng am a,b,c thoa man diéu kién a+b+c=1. Ching minh:
a’+b*+c? s%+a“+b“+c4

Loi giai
Xéthigu (a®+b°+c)—(a*+b*+c*)=(a’—a*)+(b*~b*)+(c* —c*)
=a’(1-a)+b’(1-b)+c’(1-c)=a’(b+c)+b*(a+c)+c’(a+b)
=a’(ab+ac)+b*(ab+bc)+c*(ac+bc)
Do a,b,ckhong &m nén ab, ac,bc khong &m, suy ra a*(ab+ac)+b*(ab+bc)+c*(ac+bc)
<a’(ab+ac)+a’bc+b*(ab+bc)+b*ac+c?(ac+hbc)+c’ab

—a’(ab+ac+hc)+b?(ab+hc+ac)+c? (ac+bc+ab) =(a® +b*+c”)(ab+ac+bc)
:%(a2 +b? +¢*)(2ab+ 2ac + 2bc)

1 (a2+b2+cz+2ab+2ac+2bc)2
"2 4

[(a+b+c)2}2

4

1 1
2 8
Hay (a3+b3+c3)—(a“+b4+c4)s%<:>(a3+b3+c3):%+a4+b4+c4(dpcm).

Cau 11. (Truong chuyén Nghé An chuyén nam 2020-2021)
Cho a,b,cla cac s6 duong thoa man a+b+c =3. Tim gié tri nho nhét cua biéu thirc:

\/a+b \/b+c \/c+a
P= + +
c+ab a+bhc b+ca

o (e . . a+b b+c c+a
Ap dung bat dang thuc Co si chosséduong\/ i \/ * \/ i ta dugc :

Loi giai

c+ab’ Va+bc' \b+ca

P_\/a+b +\/b+c \/c+a \/\/a+b \/b+c \/c+a B \/a+b b+c c+a
c+ab Va+bc \b+ca c+ab Va+bc\Vb+ca c+ab a+bc b+ca
Ap dung bat dang thic C0 si cho 2 s6 duong (¢ +ab);(a+bc) ta duoc :

(c+ab+a+bc)’ [b a+c) (61+C)]2 _(a+c)2(b+1)2

(c+ab).(a+bc) < 7 4 = 2 (1)
Tuong tu : (a+bc).(b+ca)s(a+b)4(c+1) )
(b+ca).(c+ab)s(b+c) (a+1) ()

Tir (1),(2),(3) suyra:

(b+ca)(a+bc)(c+ab) < (a+b)(b+c)(c+a)(a+1)(b+1)(c+1)
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Ap dung bat dang thirc C0 si cho ba s duong (a+1);(b+1);(c+1) ta duoc :

(a+1)(b+1)(c+1)< (a+1+b+1+c+1)3 B (a+b+c+3)3 _6_3_
N 27 B 27 27

Tir d6 suy ra (b+ca)(a+bc)(c+ab)<(a+b)(b+c)(c+a)

8

>1=>P>3

Do d6 . . >
c+ab a+hc b+ca

a+b b+c c+a \/a+b b+c c+a
. ) >1=6
c+ab a+bc b+ca

Ding thirc xay ra khi va chi khi a=b=c=1.
Vay gié tri nho nhat caa P 1a 3, dat duoc khi a=b=c=1.
Cau 12. (Truong chuyén tinh Phu Tho Chuyén Tin nam 2020-2021)
Cho 3 sb thuc duong X, y,z thoa man xy + yz + zx = 3xyz . Ching minh

X y z 3
22 + 2.2 + 2,2 <5
3y“z° +Xyz 3X°Z° +Xxyz Xy +xyz 2

Loi giai

. 1 11
Tur gia thiet xy + yz + zx =3xyz , ta co ;+V+;:3'

,c=%. Tacé a,b,c>0;a+b+c=3.

C N ca N ab

J3a+bc /3b+ca +/3a+hc
bc bc B bc

Ja+be . J(a+b+c)a+bc J(a+b)@+c)

Ta phai chung minh s%

Thatvay: Thay a+b+c=3,

Ap dung bt dang thic Co si cho 2 sb L , ! duoc
a+b a+c

bc <E( 11 j
J@+b)a+c) 2\a+b a+c

Tuong ty ca <g( 1 . 1 ]vé ab <a_b( 1 . 1 j

J3b+ca 2\b+a b+c J3c+ab 2\c+a c+b

« .+ .1 .. bec ca ab a+b+c 3
Cong ve vai vé va bién doi < =

J3a+he +\/3b+ca +\/3c+ab S22
bing thac xay rakhi a=b=c=1hay x=y=z=1.

Cau 13. (Truong chuyén tinh Quang Nam nam 2020-2021)
Cho ba sé thuc X, y, z thoaman x+y+z=23. Tim gia tri Ién nhét caa biéu thuc

H =3xy +yz* + zx* - X’y .
Loi giai
H =3xy+yz° + 2x* - X’y

H =(x+y+2z)xy+yz’ +zx* = x%y
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H =Xy +Xxy* + xyz + yz° + 2x* = x°y

H = xy® + xyz + yz° + zx°

Khong mét tinh tong quat gia siry Ién hon xva y nho hon z ,ta co:
(y-x)(y-z)<0

e x(y -yz-xy+xz2)<0

< xy? —xyz—x°y+x°2<0

< XY+ X2 < Xyz+ X%y

& XY2+ X2+ XYZ + Y77 < XyZ+ X2y + XyZ + yz°

H < xyz+ x*y +xyz + yz° = y(x+z)2

H 34.y.(x+z) (x+2)

2 2
Ap dung bat dang thirc Co-Si :
4.y.(X;-Z)‘(X-;Z) 34'(X+§+ZJ3:4
Suyra H<4
Hax=4cXx=y=2=1

Cau 14. (Truong chuyén toan Phu Tho nam 2020-2021)
Cho x,y,z>0. Chttng minh bat dang thic:

Sy 12y
Loy Py vz \1+xy

Loi giai
\/W + 1 + Zﬁ >2 & 1\/; + L +
O e
y

Jx=a
Pt | = =b véi a,b,c>0 BDT (*) tro thanh : ——+ b + 2 >2 (**)

Jy b+c c+a Va+b

zZ=cC
Apdungbdt£+£2 4 , (A;B >0)taco: ! + ! > 4 = 4

A B +B b+c c+a b+c+c+a 2c+a+b

:>i+1+i+1:(a+b+c)( L1 j24(a+b+c) (1)
b+c c+a b+c c+a 2c+a+b

4c

Laico: |25 - %&£ 2)
“ " Na+b [2c(a+b) 2c+a+b
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b 2c _ 4(a+b+c) 4c
+ + > -2+ =
b+c c+a Va+b 2c+a+b 2c+a+b
BDT (**) ding vay BDT can chimg minh 1a dung.

T () va(2)taco: 4-2=2

Pang thuc xay ra khi a=b=cex=t=7
y

Cau 15. (Truong chuyén tinh TP Hé Chi Minh nam 2020-2021)
a) Cho 2 s6 thuc a,b. Chang minh rang # > ab+ﬂ
b) Cho hai s6 duong a,b thoa méan diéu kién a+b<3.
Tim gia tri nho nhat cua biéu thirc Q =b — a+%+%.
Loi giai
a) Taco
(a-b’ _ (a-b)’ (a-b)’ _ (a-b)'(a’+b?)

M> Py &
a’+b%+2 2 a’+b?+2 2(a2+b2+2)

>ab+

>0 (luén dang vai moi

a,b 1a s thyc).
b) Ap dung bét dang thire AM-GM, ta c6

Q =b—a+§+%=—6(a+b)+5a+§+7b+%2—6-3+20+14=16.
a a

DAu “=” xay ra khi va chi khi a=2,b=1.
Vay gié tri nho nhit cua Q 1a 16.
Cau 16. (Truong chuyén tinh Ninh Binh nam 2020-2021)
Cho ba s duong a,b, ¢ thoa man: /a2 +b? ++/b? +¢® +/c® +a’ =/2021.

2 2 2
Chting minh rang: L b L C 21,/%.
b+c c+a a+b 2V 2

Loi giai
pat X =y/b?+¢*, y=~/c*+a’, z=+a’ +b® vi (x,y,z>0;x +y+2z =~/2021);
_)az:y2+22_x2’b2=X2+22_y2’02=X2+y2_22

2 2 2
va 4p dung cac BDT:

b+c<2(b*+¢*) =v2x,c+a<,2(c’+a’) =2y, a+b < [2(a® +b*) =2z

2

y?+2%—x° +22+x2—y x?+y?—27°

+
2/2x 22y 22z

1 |((y+2z) (z +x)? (X +Y)?
5 (S S ()

suyra VT >
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2 2
[ (y+z) +2X — 3x) ((ZJFX) +2y—3yj+((x+y) +2z—3zﬂ
2y 22

[2(y+z) 3x)+(2(z+x)-3y)+(2(x+y—3z) |

1 1 /2021
Suyra VT >——(X+y+2)=—,—— (dpcm).

Cau 17. (Truong chuyén tinh Vinh Phic nam 2020-2021)
Cho céc s6 duong a,b,C. Chiing minh ring

8(a’+b°+c®) 27(a+b)(b+c)(c+a)_,
ab+bc+ca (a+b+c)’

Loi giai
Ap dung bat dang thaec AM - GM ta c6:

8(az+b2+cz)+27(a+b)(b+c)(c+a)22\/8(az+b2+02) 27(a+b)(b+c)(c+a)

ab+bc+ca (a+b+c)3 ab+bc+ca (a+b+c)3
(a+b+c)2

|03 2(a+b)(b+c)(c+a) . [2(a*b)(b+c)(c+a)

~ "\ ab+bc+ca (a+b+c)3 B (ab+bc+ca)(a+b+c)

Ta sé chiing minh

12\/(2[211?1(:;)(0;(4?;?2) >16 < 9(a+b)(b+c)(c+a)>8(ab+bc+ca)(a+h+c)

< 9[ab(a+b)+bc(b+c)+ca(c+a)+2abc|>8[ab(a+b)+bc(b+c)+ca(c+a)+3abc |

<> ab(a+b)+bc(b+c)+ca(c+a)>6abc

<:>(a:b}r(b;c}{c;ajzes@(z+g_2j (:+%—2) (Z+%—2)20
<:>(a—b)2+(b—c)2+(c—a)z

ab bc ca

>0 (luén dung). Dau bang xay ra khi va chi khi a=b =c.

Do d6 bat dang thirc dugc chieng minh.
Cau 18. (Truong chuyén tinh Binh Phudc 2020-2021)
a) Cho a,b 1a hai s dwong. Chirng minh rang:

i lyl, 4 ii. a2 —ab+ 302 11> ~(a+5b+2).
a b a+b 4
b) Cho céc sb thuc duong a,b,c théa man §+%+%£3. Tim gia tri I6n nhit cua biéu thic:
1 1 1

P=

+ + .
Ja?—ab+30%+1 +b*—bc+3c?+1 +Jc?—ca+3a’+1
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Lo giai
a) Cho a,b 1a hai s6 duwong. Chimng minh rang:

. 11 4
1. —+—2
a b a+b

i. Ta chimg minh bang phép bién d6i trong duong:

4 b(a+b)+a(a+b)-4ab

>

L1 01
Tach; —+————20&
a b a+b ab(a+b)

i \/az—ab+3b2+1z%(a+5b+2)

0

Hon nita: b(a+b)+a(a+b)-4ab=a’+b?-2ab=(a-b)" >0

Do d6 bat dang thirc duoc chimg minh. Dang thac xay ra khi va chi khi a =b.
. Ta can chang minh
16(a’ —ab+30° +1) > (a+5b+2) <> 15a° +230° — 26ab—4a—20b+12> 0.
Mt khac, 15a° +13b%—26ab—4a—20b+12=13(a-b) +10(b-1)" +2(a-1)" >0nén bat ding
thire duoc chimg minh. Pang thie xay ra khi va chi khi a=b=1.
b) Cho cac s6 thuc duong a,b,c théa man §+%+% <3. Tim gid tri 16n nhét cua biéu thic:

1 1 1

P= + +
Ja?—ab+3b%+1 +b*—bc+3c?+1 +Jc?—ca+3a’+1

Ap dung bat ding thic +a’ —ab+3b% +1> %(a+5b+ 2) ta dugc:

4 4 4
< + +
a+5h+2 b+5c+2 c+5a+2

Ap dung bat dang thic 1.1 ib ,Va,b >0 ta duoc:

a b a+

4 1 1 (1)
a+5b+2 a+b+2 4b

S (2)
b+5c+2 b+c+2 4c

4 1 1
< +—
c+5a+2 c+a+2 4a

Tir (1),(2).(3) taco:

P< t 1t oLt (*).
a+b+2 b+c+2 c+a+2) 4la b c

Tiép tuc 4p dung bt ding thirc i+lzi,Va,b >0 ta co:
a b a+b
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e e R ()
a+b+2 4la+b 2 4\ a

4 b) 2
e B e 5)
b+c+2 4\b+c 2) 4]4\b c) 2
_— +1j31{3(1+1j+1} 6)
c+a+2 4\c+a 2 414\c a) 2
3(1 1 1) 3.3
Tu (*),(4),(5),(6) taduoc: P<—| —+—+— [+=—<—
& ().4)(6),(6) mawge: pS(2adi )28

Vay gia tri I6n nhit caa P 1a g dat duoc khi a=b=c=1

Cau 19. (Truong chuyén tinh Hai Duong nam 2020-2021)
XC+y +3(x° +y?)+4(x+y)+4=0

a) Ching minh rang: 1 1o id {
X xy >0

y
b) Cho ba s6 thuc X,y,z duong théa man Xy+Yyz+2zx+2xyz=1. Ching minh:
2 2 2
Xy _ yz 77X
X+1 y+1 z+1

> 2Xyz
Loi giai
a) Taco: x3+y3+3(x+y?) +4(x+y)+4=0
& (X+Y)OC =Xy +Y?) + 20 = xy +y?) + (X + 2xy +y?) + 4(x+y) +4 =0
o (XP-xy+y)(x+y+2)+(x+y+2)°=0
o (X+y+2)(XP-xy+y?+x+y+2)=0

S (x+y+2). [(x—y)z+(x+1)2+(y+1)2+2]=0

(Vi [(x=y)’ +(x+1)*+(y+1)*+2]>0)

& X+ty+2=0
& x+y=-2,maxy>0nénx<0,y<0

Ap dung BPT CauChy ta c6 /(—Xx)(-Y) < (0)+y) _—x+y) 2 =1

2 2 2
. 1 -2
Dodd xy <1l 1< — & —< -2
Xy Xy
Mam ot loxty =2
Xy Xy Xy
A 11 £ . .
Vay M ==+=<-2 dau bang xay rakhi x=y=-1
Xy

2.,2 2.2 22 2
X z "X XY + YZ + ZX

A A L, (y+yzez)
XY+y VYi+zZ XZ+X XY+ VYZ+ZX+X+Yy+12Z

Taco xy+yz+2x>3Yx*y’z” .

b) Xét VT =

(1)
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3
Dit t = xy + yz + zx,, tir gia thiét co: (1—t)2 =4x°y?7° g% =3 2%

= xy+yz+zx2%

Thay vao gia thiét dugc: 2xyz =1—(Xy + yz + 2X) s% hay xyz s%

Do d6 Xy + Yz + zx > 6xyz

< (xy+yz+ zx)2 >6xyz(xy+yz+2x) (2)

Mat khac: (xy + yz + zx)2 > 3(XY.yZ+ yZ.2X+ ZX.XY ) < 2(Xy + Yz + zx)2 >6xyz(x+y+z) (3)
Cong vé (2)va (3) co: 3(xy+yz+ zx)2 >6xyz(Xy+Yyz+2x+Xx+Yy+2) (4)

Két hop (1) va (4) ta c6 diéu phai ching minh.

Déu bang xay ra khi x=y=z:1

2

Cau 20. (Truong chuyén tinh Qudang Ngdi toan nam 2020-2021)

o e s i . 2 2X
Tim gia tri I6n nhat va gia tri nho nhat cua bieu thirc P = —; 1

X* +
Lai giai

Ta c6 biéu thuc xac dinh véi moi X thuoc R. Do d6

2X
P=—"—<Px*-2x+P=0 *)

X +1

(+) Néu P =0 thi x=0.
(+) Xét P =0, tacopt (*) conghiem < A'=1-P*>0< -1<P<1.
Vay minP =-1 va maxP =1.
Cau 21. (Truong chuyén tinh Ba Ria Ving Tau nam 2020-2021)
Véi cac s6 thuc duong a va b thay doi, hdy tim gid tri 16n nhat caa biéu thirc

S:(a+b)( : = J

+
Ja?—ab+2b?> +b*—ab+2a’

Loi giai

2
SZSZ(a+b)Z( 11 J: 2(a+b)’ (32 +30° - 2ab)
a’—ab+2b® b’-ab+2a’) 2a*-3a+6a’h’-3ab®+2b*

. 3(a?+b?
z[a +b +2j ( )—2
, ab ab

2(a2 +2ab+ bz)(3a2 +3b? —2ab)

- 2 1.2)\2 2 K2 2 2'D0d6 S°< 2 k2 \? 2 K2 '
2(a®+b*) —3ab(a* +b*)+2a’ J(at+b® ) fa’+b?)
ab ab
2 1 p? 2(t+2)(3t-2
£)ej1tt=al +b > 2, taduoc S?< (t ) )
ab 2t° -3t +2
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2(t+2)(3t-2)
27 -3t+2
(1) =3t +4t—4<8t* 12t +8 < (t—2)(5t—6) > 0 dung vVt >2

<8 (1). That vay

Ta chirng minh duoc

Do d6 S <242 . D4u ding thuc xay rakhi a=b. Vay maxS =22
Cau 22. (Truong chuyén tinh Yén Bai nam 2020-2021)
Cho céc s6 thuc a,b,c dwong. Tim gia tri 16n nhét caa biéu thirc sau

P= 2a + b + ¢ .
J(a+b)(a+c) J(b+c)(b+a) J(c+a)(c+b)
Loi giai

Ap dung bét dang thac AM-GM ta c6
b c
P (ﬁj{ﬁ} 2 (ﬂ} (A) 2
a+b/la+c b+c |\b+a c+a)| c+b

b c
l( 2a 2aj 1 2 2b | 1] 2
2| b+ +

—_— + +
2\a+b a+c ¢c b+a| 2|c+a ¢

IA
+

1 ( 2a  2b J ( 5 > 1( 1) 9
== + + =—|2+24+=|=—.
2|\a+b b+a a+c c+a b+c c+b 2 2 4

[(2a  2a
a+b a+c
b
s oo 2b
bang thure xay ra khi va chi khi s —4—=——<«<a=7b=7c.
+c b+a
c
2 2
c+b c+a

. . .9
Vay gia tri 16n nhat caa biéu thac P bang 7 khia=7b="7c.

Cau 23. (Truong chuyén tinh Ha Nam nam 2020-2021)
Cho a,b,c 1a céc sb thue duong thoa man abc = 8. Chang minh :

a b _, ¢ <i( 2+b2+c2).
ca+4 ab+4 bc+4 16
Loi giai

.Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 15


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

Vi a,b,c 1a céc sb thuc duong théa man abc =8 nén ton tai cac sb thuc dwong x,y,z sao cho
2x 2y 2z

a:—;b:_;c
y z X
2 2 2
Bét ddng thuc tré thanh ~—+ 2+ 2> 2¢ 2y 22
y z X y+z z+Xx Xx+Yy
x’ y2 z X Yy z2 X y z
3| S+ |2 =+ =+— | 23| =+=+=]| (2)
y z X y z X y z X
2 2 2
:>x—+y—2+z—22£+l+£
y z x y z X
X P x z z X X
—+y—2+—22—.z+l.—+—,_=_+l+_ (3)
y z X yz zZz Xx XYy Xy

2 2 2
X Z X z X Z
2 _2+y_2+_2 >X X i A Y2
y oz X Yy z X z X Yy
Lai cé

xyzxyz(llj(llj(ll}
—F =+t —=x|—+— |+ Y| —F+— |+z| —F+—
y z X z X Yy y z X z Xy
S 4x 4y 4z

> + +
y+z z+x Xx+y

Ta c6 bét dang thic (1) dugc ching minh. Dang thie xay ra khivachikhi a=b=c=2.
Cau 24. (Truong chuyén Dién Bién nam 2020-2021)

2 2
Cho hai s6 a, b théaman a >b >0 va ab =1. Chang minh: a +E >242.
a_
Loi giai
2 2 2
a~+b° (a-b)"+2 2

ab . ab @PrETS

Viab=1=

Doa>b>0= (a—h)+ zz\/(a—b).izzﬁ (BDT AM-GM)

(a-b) (a-b)

DAu bing xAy ra khi: (a—b):(—2b)<:>(a—b)2 —2ca-b=+2
a_

a:—“’2+ v6 (t/m)

1 V6 —+/2

<:>a—g=x/2<:> =>bh=——
a=—'2; /6 (Loai)

2 2 _
a’+h 22x/§.Dz‘aubz‘?mgxéyrakhia:\/ng\/E;b:\/g V2

i
" 2 2
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Cau 25. (Truong chuyén toan Vinh Long nam 2020-2021)
Cho x,y la céc s6 thuc duong va x+y <1.

3 3 3
a) Chang minh ring = ;y z(X;yJ :

3 3
b) Tim gi4 tri nho nhat caa biéu thic P:(1+x+1j +(1+ y+lj .
X y

Lai giai
a) Taco

3 3 3
X ;y Z(X;yj <:>4(x3+y3)2(x+y)3<:>(x+y)(x—y)220 (ludn dung).

3 3
4
1V 1Y 1+x+1+1+y+E [2+x+y+x+]
b) Taco P=[l+x+—j +(l+y+—} >2. X >2 y
X y

2 T 8

Pt a=x+Y, diéu kién 0<a<1, ta duoc

3 3
1.(2+a+ij 1 (2+a+1+3j l(4+§j >— L (4+§J =£
4 a 4 a a 4 a 4 1 4

Vay gié tri nho nhat cua P 1 % khi x = yzé.
Cau 26. (Truong chuyén tinh Gia Lai nam 2020-2021)
1 1

Cho céc so duong X, Y, Z thoa mén + + > 2020. Tim gia tri nho nhat cuaa
X+y Y+z Z+X

JY? +2x¢° \/22+2y2+\/x2+222
Xy yz x

biéu thuc P =
Loi giai

Vi hai s duong x, y taco 2(x—Yy)* >0, déng thuc xay ra khi x=y .

Taco 2(y—x)* =0 3y° +6x* > y* +4xy +4x° <:>3(y2 +2x2)2(y+2x)2

va —+—2> 4 )
Xy X+y
2X «/y + 2% y+2x
Do dé Jy?+2x% > 1= > ( j
0ENY @ o Jaxy
Ty J§ vz L _f

cong (1), (2) va (3) theo vé ta duoc

2 2 2 2 2 2
Jyaad Jvay Ve | g 3+1+1j
Xy yz X X y 2
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Vi x,y,z>0tacél+£2 4 ;l
X Yy X+yy

S 4

+ >
Z+X

+
N |~

>4
V+12

N |~
X | =

Nén 2(1+1+1J24[ t jz4.2ozohay3+1+lz4o4o
X y z X+y Yy+z zZ+X X y z
2 o . 3
Suy ra P24040\/§,dang thuc xay rakhi x=y=z2=——.
4040
3

Vay GTNN cia P cn tim 1a 404043, khi x=y =2z =00

Cau 27. (Truong chuyén tinh Hai Phong nam 2020-2021)
Cho ba s6 duong z, v, z théa man zy + yz + 2z = 5. Chang minh
x . Yy L 3z < 2\/8 |
V£t 45 it +5 \/6(z2+5) 3

bing thirc xay ra khi va chi khi nao?

Loi giai
X y 3z
+
x+y x+z) \/(y+z)(y+x \/6 z+x(z+y)

32 1
\/E\fx+y X+ 12 \/— Yz y+x \/_ 74X z+y

3z 3z
+ + + + + =
2\/—[x+y X+1Z y+z y+x Z+X z+yj 26
, 2 = 3 = 3 71=2X=2
bang thic xay rakhi { X+y y+z2 Z+X& B 5 S1=2X=2y=2
Xy+Yyz+2Xx=5 X =

(2+3+3) =

2./6
3

Cau 28. (Truong chuyén tinh Nghé An nam 2020-2021)
Cho @, b, C 1a ba sb thyc dwong thoa man diéu kién a+b+¢=3. Tim gia tri nho nhét cua biéu

, a+b b+c c+a

thac P = + + )

c+ab a+bc b+ca
Theo bat dang thirc AM-GM ta c6
P23.#\/a+b -\/b+c .\/c+a =3\/a+b b+rc c+a

c+ab Va+bc \b+ca c+ab a+bc b+ca
Mt khac: Theo bat dang thiuc AM-GM ta c6

2
(c+ab)+(a+bc)} (c+a)’(b+1)

Léi giai

(c+ab)(a+bc)s{ . y
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(a+b)2(c+1)2 ;

Chung minh tuong tu, ta cé (a+bc)(b+ca)s 2

(b+ C)2 (a +1)2
4
Nhan tirng vé ba bat dang thirc trén va thu gon ta dugc

(b+ca)(c+ab)<

(c-+ab)(a-+bc)(b+ca) < (a+b)(b+c)(c+ ag(a +1)(b+1)(c+1)
(a+b)(b+c)(c+a) S 8
(c+ab)(a+bc)(b+ca) (a+1)(b+1)(c+1)

Ma 8 > 8 =
(a+1)(b+1)(c+1)_ a+b+c+3)

S

i (a+1)(b+1)(c+1)s(%j )

Do d6 P >3, ding thuc xay ra khi vachikhi a=b=c=1
vay P. =3 khia=b=c=1
Cau 29. (Pé du bi trieong chuyén tinh Nghé An ndm 2020-2021)
Cho X,Y,Z la ba s6 thuc dwong théoa man diéu kién xyz>1. Chung minh rang

X y z 3
+ + > .
sty ey 2
Loi giai
X N y N 4 S 3 O
Sadyr fyivx ey V2
Pt v/x =a,\/y =b,v/z =c suyra a,b,c dwongva abc>1

a’ b c? 3
+ + >
Ja?tbc Jb?+ca Jcirab 2
Theo bét ding thirc Cauchy-Schwarz ta c6

Taco (1) <

a2 b2 2 Y (a+b+c)’
\/ 2 +\/ 2 +\/ 2 = 2
a“+bc +b°+ca +c +ab (\/a2+bc+\/b2+ca+\/cz+ab)

Mt khac: Theo bat dang thirc Bunhiacopxki ta ¢6

2
(\/a2+bc +\/b2+ca+\/cz+ab) 33(a2+bc+b2+ca+cz+ab)
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=3[(a+b+c)2—(ab+bc+ca)]s3(a+b+c)2—9

(vi ab+bc+ca>33 (abc)2 >3)
Do d6 phép chiang minh s& hoan tat néu ta chimg minh duoc
4
(a+b+c) 9

—>— o 2t°-27t+81>0
3(a+b+c) -9 2

& (2t-9)(t-9)>0 (luon dimg). (vi t=(a+b+c)’> (3\3/abc)2 >9)

Ping thuc xay rakhi a=b=c=1
Cau 30. (Truong chuyén tinh Long An nam 2020-2021)

2 2
Cho céc sé thuc a, b, ¢ sao cho: a>0; bzg; c>5va a2+?+3312.

Tim gia tri I6n nhét cia M =+/2ab—3a ++/ca +8¢ + 2y/c 5.
Loi giai

a+2b-3. c+a+8

J2ab-3a :\/a(2b—3) ST’ c(a+8)<

4+c-5
2Jc—5=.[4(c-5) <
C (c-5) 5

Suyra: M <a+b+c+2

2 2 2
a +1;b£b +4;C£c +81
4 18
aZ 2 CZ
Suyra: a+b+c<—+—+—+6<12
2 4 18

Taco: a<

Suyra:M <14
Gia tri I6n nhit cia M 13 14 (Khi a=1,b=2,c=9)
Cau 31. (Truong chuyén tinh Quang Binh nam 2020-2021)
Cho céc s6 thuc a,b,c thoa man 3a® +3b* +8c® =32. Tim gia tri 16n nhat caa biéu thuc
P=ab+bc+ca.

Lo giai
. 2 , , 1 1 4
Véi a,b la céac so6 thuc duong ta chirmg minh duwoc: —+ —> —— (1)
a b a+b

Thatvay:1+12 4 @a+b2 4
a b a+b ab a+b

< (a+b)*>4ab < (a—Db)* >0 luon dung

Déu bang xay rakhi a=Db
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(X+y)2<£:>i>2 (2) Déu bang xay rakhi X =y
4 4 2xy |

1 3 1 1 5
+

= — = +—
X“+y> xy x*+y® 2xy  2xy

Taco: Xy <

Ap dung (1) va (2) vao Q tadugc: Q > +25>4+10=14

+y)*
X=Yy
DAu bang xay ra khi { X* + y> = 2Xy < X = y:%.
X+y=1

Vay GTNN cua Q la 14 khi x = y:%.

Cau 32. (Truong chuyén tinh Quang Binh toan chuyén nam 2020-2021)
Cho a,b,c la cac s6 thuc khnéng &m théaméan a + b+ ¢ = 3.

Tim gia tri nho nhat caa 7' = (a — 1)3 + (b — 1)3 + (c — 1)3.

Loi giai
2

Tacc'):(a—1)3=a3—3a2+3a—1=a a—é +§a—12§a—1(1)
2] 4 4

(doa=>0)

Tuong tu: (b—1)3>§b—1(2)-(c—1)3>§c—1(3)

s ! ! !
‘ \ 3 9 . 3
Tu(l),(2)va(3)suyraTZZ(a+b+c)—3—Z—3——Z

Déu“:"xéyrakhia=0,b=c=%h05cb=0,a=c=g
hoicc=0,a=0=—.
2

. 3 3 3
Vay GTNN cua 1’ bang I khia=0,b=c=§hoécb=0,a=c=§hoéc

c=0,a=b=§.

Cau 33. (Truong chuyén tinh Quang Ninh nam 2020-2021)
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Cho x, y 1a hai s6 thuc théa man x> +5y” + 4xy + 3x + 4y =27 . Tim gia tri 16n nhat,
nho nhat cia biéu thic M = X + 2.
Lo gia

X? +5y? +4xy +3x + 4y =27 & (x+2y)" +3(x+2y) +(y-1)° =28

3V 121 2
ol xr2y+2| =22 (y-1
[x+ y+2J J (y-1)

3y 121
Vay | X+2y+— | <— &
o (w2 ) <2

3
X+2y+—
y 2

31—21<:>—7£x+2y£4

y=1
Cau 34. (Trueong chuyén tinh Thai Nguyén nam 2020-2021)
Cho cac s6 thuc duong a, b, ¢ thoa man a+3b+5c = 2020. Tim gia tri 16n nhit cua biéu thuc
3ab 15bc 5ca
P= + + .
a+3b 3b+5c 5c+a

Vay M Ién nhat 1a 4 khi { , M nho nhatla =7 khi {

y=1

Loi gidi
Ap dung bat dang thirc Cauchy cho hai s6 dwong @ va 3b ta co:

a+3b)’
3ab _\ 2 _a+3b

a+3b a+3b 4
CMTT ta co:

15bc <3b+50_ 5ca <5c+a
3b +5¢ 4 '5c+a 4

2(a+3b+5c
Tudoésuyra: P< ( 2 ) =1010

2020
a=——

3
Vay gié tri 1on nhat caa P 12 1010 khi va chi khi a =3b =5¢ = &320 =<b= %

404

C=—o

3

Cau 35. (Truong chuyén tinh Son La nam 2020-2021)
a) Cho ba sé thuc duong a, b, ¢ théa mdn a+b+ ¢ = 4. Tim gia tri nho nhat cua biéu thic:
1 1
P=—+—.
ac bc
1 1 1

1
+ + +,..+— >5
1442 3+J4 5+6 V119 ++/120

b) Chimng minh rang:
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Loi giai
a) Ap dung BPT: l+12i.
a b a+b
Tacéi+i=1(l+1j2 4 .
ac bc cla b) c(a+b)
Mat khéc L 4 ;=1
c(a+b) (a+b+cj
2
. 2 a+b+c)
(Vi 4c(a+b)<(a+b+c) < c(a+h)< > )
Vayi+i21.
ac bc
ST 1.1
Vay gia tri nho nhat caa biéu thuc: P=—+—=1
ac bc
DAu bang xay ra khi va chi khi c=2,a=b =1.
b) bat S, = 1 + 1 + 1 ++—1
T 1442 B+Ja e T (119 +4120
Xét biéu thue S, = LA S !
P J2+3 Ja+5 T 120 +4121°

1 1 1 1
+ +..+ +
1+42 J2++3 J119 +4120 /120 ++/121

§,+S, =2 -1++/3-+/2 +..+/121-120 =121 -1=10
M3t khac dé dang ching minh dugc:

Taco S,+S, =

1 5 1 vk>1 keN
2k +2k =1 2k +/2k +1° '
=35, >S,.

Vay S, > 5,

1 1 1 1
W2 et VB T 9+ iz
Cau 35. (Truong chuyén tinh Hau Giang nam 2020-2021)
Cho ba sb thyc duong X, y, z thoa man diéu kién x4 y+z=3. Tim gia tri nho nhat cua
3
xy+yz+xz

> 5. (dpcm).

biéu thac P =14+

Loi giai
D& thay v6i moi sé thuc duong a va b, tacé a+b>2vab (*)
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Apdung (*),véia=1vab=———— tacoOP>2 ——— (*¥)
Xy—l—yZ—l—XZ Xy +YZ+XZ

Véi céc sé thuc X, vy, z, taludn cd: x* +y? + 22 > Xy + yZ + Xz.

2
Suy ra (x+y+2)" >3(xy+yz+xz) hay 3 >3 > (%)
Xy +YZ+XZ  (X+y+12)

2
3 6 _6_,

Tu (**)va (***),tasuyra P>2 = -
(X+y+2)° x+y+z 3

P=2ox=y=z=1.

Vay P =2 lagiatri nho nhat.

Cau 35. (Truong chuyén tinh Hoa Binh nam 2020-2021)

X+a+b+c=7

x2+a?+b®+c® =13

a) Cho céc sb thuc x, a, b, ¢ thay d6i, thoa man: {
Tim gié tri 16n nhat va gia tri nho nhat cua x.
. s . 3x* —4x+8
b) Tim gia tri I6n nhat va gia tri nho nhat cua P:T
+
Loi giai
X+a+b+c=7 = a+b+c=7-x
X*+a’+b*+c*=13 = a?+b?+c2=13-x%
Taco: (a—b)>+(b-c)?>+(c-a)’>>0
< 382+ 3b% + 3c?-a? - b?—c? - 2ab — 2ac — 2bc >0
o 3@ +b*+c?)>(@+b+c)
Suy ra 3 (13-x?)> (7 - x)?
& 3 (13 -x%) >49 -14x + x?
SAX%3-14x+10<0
5

oS 1<x<—.
2

x:gkhia:b:c:% . X=1khia=b=c=2.

Vay Maxx:E khia:bzczg
2 2

2

2 _ 2(x*+2)+(x=2 x—2)

b) + Ta co: P=3X 24X+8: ( 2) (x=2) 2+( 5 ) >2,VX
X +2 X +2 X +2

= Pmin=2 khi vachikhi x =2

2_ 5(x%+2)—2(x+1)° 2
+Taco: p=X —4X¥8_ ( Z (x+1) =5—2(f+1) <5, VX
X +2 X +2 X +2
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= P__ =5 khivachi khi x = —1
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PAP AN CAC BAI TOAN BAT PANG THUC, CUC TRI
TRONG PE CHUYEN MON TOAN GIAI POAN 2009-2019

NAM HQC 2019-2020

Céu 1:[TS10 Chuyén KHTN Ha Noi, 2019-2020]
Cho x, y la c4c sb thuc duong thoa man: 4x” +4y* +17xy +5x+5y >1
Tim gié tri nho nhét cia biéu thic: P =17x* +17y* +16xy
Lo gii
Taco: 4x +4y” +17xy +5x+5y > 1 <:>4:(x+y)2 +9xy +5(x+y) =1
Pit t=x+y, t >0, theo bat dang thac AM-GM, ta c6:

2
+ 2 - -
xySM=t—. Do d6: 4t2+2t2+5t21:>t22\/5 2hayx+y22\/5 2
4 4 4 5 5
Ta co: P=17x> +17y* +16xy =17 (x+y) ~18xy
2 2
» (x+y) 25 2 25(232-2
>17 ~-18—~ =" > =642
(x+y) 8 1 4(x—i—y) 4[ ) J 6—42
A " \/E_l

Dau “=" xay rakhi x=y = =

Vay gid tri nho nhit caa P 13 6— 42
Cau2: [TS10 Chuyén Su Pham Ha Ngi, 2019-2020]
Cho céc s6 thuc x, y thay dbi, hdy tim gié tri nho nhat cua biéu thuc:
P =xy(x—2)(y+6)+13x* + 4y’ —26x + 24y +46
Loi giai
Ta co:
P =xy(x—2)(y+6)+13x" +4y* —26x+24y +46

= (x*=2x)(y* +6y)+13(xX* =2x) +4(y’ +6y) +46

= (x=1) =1 (y+3)" -9 |+13[ (x 1) =1 ] +4| (y+3) =9 +46
bat a=x-1,b=y+3 , khi do:

P=(a’-1)(b*-9)+13(a’ ~1)+4(b* -9)+46
=a’b’-9a’-b*+9+13a>-13+4b* -36+46
=4a”+3b*+a’b*+6
>6
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a=0 {x—le

Dau “=” xay ra khi { ox=1y=-3

<
b=0 y+3=0
Vay gi4 tri nho nhat caa P 13 6.
Cau 3: [TS10 Chuyén Tin Ha Noi, 2019-2020]
Cho a, b, ¢ duong thoa méan: ab+bc+ca+abc=4
1 1
+ + =
a+2 b+2 c+2
1 1 1

1/2(a2+b2)+4+ 2(b2+c2)+4+ 2(c2 +a2)+4‘

1) Chting minh rang:

2) Tim gia tri 16n nhat: P =

Loi giai
1) Taco:
1 1 1
+ + -
a+2 b+2 c+2
<:>(b+2)(c+2)+(a+2)(c+2)+(b+2)(a+2)=(a+2)(b+2)(c+2)

<:>ab+bc+ca+4(a+b+c)+12:abc+2(ab+bc+ca)+4(a+b+c)+8

< 4 =abc+ab + bc + ca.
Ding thic cudi cing dung theo gia thiét, cac phép bién doi 1a twong duong, do doé
dang thire da cho duogc chitng minh.

2) Vi x, y duong ta co bat diang thic:

2(x2 +y2)2(x+y)2 *)

! 31(;1) )
x+y 4(x vy

That vay:
(*)& (x-y) 20 (luén ding)

(**)@’;—;’z - & (x+y) 24xy < (x—y) 20 (luon dang)
Céc bt ding thirc (*), (**) xay ra ddu “=" khi x = y.

Lan luot 4p dung (*) va (**) ta co:

1 1 1 1( 1 1 j
< = <— +
\/2(a2+b2)+4 a+b+4 (a+2)+(b+2) 4\ a+2 b+2

Tuong tu:

1 1), 1 S 1 1)
2(b2+c2)+4_4 b+2 c+2) 2(c2+a2)+4_4 c+2 a+2)
Cong theo Vé ta duoc:
Psl 1 + 1 + 1 =—
2la+2 b+2 c+2) 2

Déau “="xayrakhia=b=c
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Vay gia tri I6n nhit caa P 1a %
Céau 4: [TS10 Chuyén Toan Ha Noi, 2019-2020]
Cho K =ab+4ac—4bc voi a,b,c>0 vaa+b+2c=1.

1) Chtng minh rang: K 2%

2) Tim gié tri 16n nhat cua K.
Loi gidi
1) Sir dung bat dang thicc AM-GM ta co:

2 2
4bc§2(b+22Cj sz(Mj :%:—4bcz—%

2

Mat khac: a,b,c>0= K =ab+4ac—-4bc>—-4bc > —%

DAu “=” xay rakhi a=0,b = l,c :l.
2 4

Cach khac:

Ta co:

K:ab+4c(a—b)=ab+2(1—a—b)(a—b)
:ab+2(a—b)—2(a2—b2)
=2b” +(a—2)b+2a-2a’

Do do: 2b®+(a-2)b+2a-2a>-K=0 (¥)
Pé ton tai K thi phwong trinh (*) Phai ¢6 2 nghiém:
©A20(a-2) -42(2a-2a2-K)20
< 8K 220a-17a" -4.
Viab,c20vaa+b+2c=1=0<a<1.Dodo:
2a-17a* =a(20-17a)>a(20-17.1)=3a >0
Do dé 8K2—4:>K2—%

DAu “=" xay rakhi a=0,b==,c=

1
2
2) St dung bt ding thirc AM-GM ta c6:

2
2
Mat khac:

(a+b+2c)2 1
a,b,cz0:>K:ab+4ac—4bc2ab+4acSZab+4ac:Za(b+2c)3—=

, 2 2
Dau “=" xay ra khi:

a=b+2c,a+b+2c=1,bc=0,ab=O:>a:%,b=0,c=i
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Vay gia tri I6n nhit cua K 1a %
Cau5: [TS10 Chuyén Thai Binh, 2019-2020]

1
Cho cac s6 thuc a, b, ¢ thoa man 0<abc< 2 . Tim gi4 tri nho nhat caa biéu thic
2a+3b+4c=3
B 2 . 9 L8
a(3b+4c-2) b(4a+8c-3) c(2a+3b-1)
Loi giai
Ta co:

p_ 2 . 9 .\ 8
a(3b+4c-2) b(4a+8c-3) c(2a+3b-1)
2 .9 . 8
a(3-2a-2) b(6-6b-3) c(3-4c-1)
2 3 4

“a(1-2a) b(1-2b)  c(1-2¢)

2a 3b’ 4c

— 2 T + 2
a’(1-2a) b*(1-2b) ¢ (1-2c)

Ap dung bat dang thie AM-GM ta co:

22 (1_281)<[a+a+1—2a)2 1

3 ~ o7
1 1
Twong tu: b2(1—2b)sf ; cz(l—ZC)SE
Suy ra: P227(2a+3b+4c):81

Dau “=" xay rakhi a=b=c=

W

Vay gia tri nho nhit cua P 1a 81.
Cau 6: [TS10 Chuyén Hoa Binh, 2019-2020]
Cho hai s6 duong a, b thoa man: a + b = 4ab. Chting minh rang:
a_ b S 1
4b>+1 4a*+1 2

Lai giai
Ta co:
a+b:4abs(a+b)2<:>(a+b)[a+b—1]20<:>a+b21(a+b>O)
Lai co:

a 4ab® 4ab®
——=a- >a-— =
4b* +1 4b* +1 4b

2 2

;b b 4&21b 2b_4ab=

4a° +1 4a” +1 4a

a—ab

a—ab
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a
+
4b*+1 4a’*+1

Do do: a+b:1(a

2(a+b)—2ab:(a+b)—

1

Dau “=” xay rakhi a=b :%

Cau7: [TS10 Chuyén Hung Yén, 2019-2020]
Cho céc sb thuc khong am x, y, z thoa man: x* +y” +z° <3y
Tim gié tri nho nhit cua biéu thic:

1 N 4 N 8

P= 2 2 2
(x+1) (y+2) (z+3)

Loi giai
Sir dung bét ding thic Cauchy-Schwarz ta co:
2
e e s,
a~ b° 2la b (a+b)
Ap dung bat dang thie (*) ta duoc:
1 1 8 S 8 8 S 64

(x+1) +(y+1]2 +(z+3)2 - (X+52’+2j2 +(Z+3)2 > (X+}2’+Z+5T.

2

Mat khac:

x+zs\/2(x2+zz) S\/2(3y—y2) <2y

P> 64 _ 64 51

1) e 1o v
(6+2y zyJ [8 2(y 2)}
Déu “=" xay ra khi (x,y,z)=(1,2,1).

Vay gié tri nho nhat caa P 1a 1.
Cau 8: [TS10 Chuyén Ha Nam, 2019-2020]

+ 1 +
a+1l b+1 c+1
a’ b® c’

+ +
a’+ab+b®> b?*+bc+c® c*+ca+a’

Cho céc s6 thuc duong a, b, ¢ thoa man:

<1. Tim gia tri nh6 nhit caa

biéu thuc: P =

Loi gidi

Ta d& dang chang minh bat dang thic:
1 1 1
S
X y Z X+ y +z

(voi x,y,z>0) (*)

That vay: (*) <:>(a+b+c)(l+%+1J29
a c

Ap dung AM — GM ta dugc:

1 1 1 3
bac)| Lot+l]>33abe—2—=9
(a+ +C)(a+b+cj abe.~—
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Vay bét ding thire (*) dugc ching minh, dau “=” xay ra khi x =y = z.
Str dung bét ding thirc (*) ta duoc:
1 1 1 S 9

1> + + > <a+b+c+3>9<a+b+c>6
a+1 b+1 c+1 a+b+c+3

b3 C3 a3
+

+
a’+ab+b?> b?*+bc+c® c*+ca+a’

bat Q=

Ta co:

a’-b’ b’ -¢? ¢’ -a’

a’+ab+Db? b2+bc+cz+cz+ca+a2

_(a—b)(a2+ab+b2) (b—c)(b2+bc+c2) (c—a)(c2+ca+a2)

= + +
a’+ab+b? b? +bc+c? > +ca+a’

=(a-b)+(b-c)+(c-a)
=0
Do do: P=Q

P-Q-=

= A 2 2 1 2 2
Mat khac: x* —xy+y Zg(x +Xy+y ) (**)
That vay:
xz—xy+y2Z%(X2+Xy+}’2)©3xz‘3x}’+3yz2X2+XY+Y2©2(X‘Y)220
Str dung (**) ta dugc:

3,13 3,3 3448

P+Q= 2a +b i 2b +c : 2c +a :

a“+ab+b° b +bc+c® c +ca+a

2 2 2 2 2 2
=(a+b)(a —-ab+b )+(b+c)(b —-bc+c )+(C+a)(c —ca+a )
a’+ab+b’ b* +bc+c? c*+ca+a’

1 1 1
2§(a+b)+§(b+c)+§(c+a)

:%(a+b+c)22.6:4
3 3

MaP=Q=P>2
Dau“="xay rakhia=b=c=2
Vay gié tri nho nhat caa P 13 2.
[TS10 Chuyén Phan Béi Chéau, 2019-2020]
Cho céc s duong a, b, ¢ duong thoa man abc=a+b+c+2 . Tim gia tri 16n nhat caa
1 1 1

biéu thuc P = + +
Ja?+b? b +c?  Ac?+a

Lo gii.
T abc=a+b+c+2
<:>(a+b)(b+1)(c+1):(a+1)(b+1)+(b+1)(c+1)+(c+1)(a+1)
1 1 1
+ + =
a+1l b+1 c+1

e
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Y, z>0
Pbat 1 =X, 1 =y, 1 =7z= XYz
a+1 b+1 c+1

x+y+z=1.
Khi do: a=1—x=y+zl_b:z+x;czx+y
X X y z
Nen P L 1 1 1 ( 11 1 j
Ja? +b? \/b2+c \/c +a2 N2(Jab \/E Jea

x ¥y |y z |z X

y+z z+x \z+x x+y \x+y y+z

y X z

y+z Zx Az+x x+y X+y y+z
( N S
22|y +z z+x Zix x+y ) \x+y y+z)]

1 z x V] 32
= + + =
2\/5 x+y x+y y+z y+z z+x z+x)| 4

Dau “=" xay rakhi x=y=z hay a=b=c

32

Vy gi4 tri 16n nhat cua biéu thac P 1a e khia=b=c=2.

Cau 10: [TS10 Chuyén Vinh Phuc, 2019-2020]
Cho x, y, 7 Ia céc s6 thuc duong théa mén 5(x* +y* +2z*)-9x(y +z)-18yz=0. Tim

- . 2 2x—y -
gia tri 16n nhat cua biéu thiac: Q _xTy-z
y-l-Z
Loi giai
Ta co:

5(x2 +y2 +Zz)—9x(y+z)—18yz£0
< 5x? —9x(y+z)+5(y+z)2 -28yz<0

< 5x2 —9x( +z)+5(y+z)2 S7.4yz£7(y+z)2

< 5x% — ( ) (y+z) <0
=) oieeo
y+Z y+Z
bit: t= (t>0) khi do:
y+Z

5t —9t-2<0 < (5t+1)(t-2)<0
©t<2  (do5t+1>0)

= <2

y+z
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Tach: Q=Y "2 5 X _1<0n-1-3
y+Z y+Z
Dau “=" xay ra khi y:z:z.

Vay gia tri I6n nhit cua Q 1a 3.

Cau 11: [TS10 Chuyén Béc Ninh, 2019-2020]

Cho x, y, z khéng am thoa man x+y+z=3. Tim GTLN. GTNN ciia biéu thic

M = VX2 —6x+25 +,/y* —6y +25 +/z* —62.+25
Loi giai

Ta co:

M = X% —6x+25 +1]y* 6y +25 +/z> —62+25

= J(3=x) +16+(3-y) +16 +,(3-2) +16

a+b+c=6
0<a,b,c<3

bat a=3-x,b=3-y,c=3-2, Khi dé: {

M=+/a2+16 +vb? +16 +4/c* +16

Tim GTNN:

Theo bt ding thirc Minkowski ta co:

M=va? +16-+Vb +16 VT 16 > \[(a+b+c) +(4+4+4) =635

bing thic xay rakhia=b=c=2
Tim GTLN

Sir dung phuong phap UCT véi didu kién 0<a <3 ta duoc v/a® +16 <2 12 (*)

That vay:
(*)<:>9(a2 +16)s(a+12)2 8a’-24a<0<a(a-3)<0 (ding)

Hoan toan tuong ty va suy ra: M <14
bang thac xay ra khi (a,b,c)=(0,3,3) va cac héa vi.

Cau 12: [TS10 Chuyén KHTN, 2019-2020]

Cho x, y,z 1a c4c s6 duong thoa man xy +yz+zx =1 . Chang minh rang:

3

L >+ L >+ L > 23 X Y L,z (1)
Lex? 1+y? 142 3({14x \/1+y2 J1+22
Lo gidi

Taco: 1+x° =xy +yz+zx+x" =(x+y)(x+z)
Tuong ty: 1+y” =(x+y)(y+z);1+z2 =(x+z)(y+z)
Do do:
1 1 1 2(x+y+z)

Vo =) o) ) zry) oy (v e 2)(zox)

e
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Ap dung bt dang thac Cauchy-Schwarz, ta co:

[\/le2 —i-\/liy2 +\/1j—ZZJ S(x+y+z)[1+xxz +1+yy2 +1+Zzzj
=(x+y+z X + Y n -
=(x+y ){(Hy)(yu) (x+y)(y+2) (x+z)(z+y)]
2(x+y+z)(xy+yz+zx)
(x+y)(y+z)(z+x)
2(x+y+z)

N (x+y)(y+z)(z+x)
Suy ra:

4(x+y+z) z
VP, < .
3(X+Y)<Y+Z)(Z+X \/1+x \/1+y \/1+ZZ
Nhu thé dé chung minh bat dang thirc da cho ta chi can chiing minh:
L ()

+
J1+x \/1+y \/1+z

Sir dung bét ding thaec AM-GM ta co:

X _ X <l( X N X j
Jiex f(xry)(x+z) 2\x+y x4z

Tuong ty; ——2— < 1y , ¥ R 1f_z , z
\/1+Y2 2{x+y y+z \/1+22 2{z+x y+z
Cong theo vé 3 bat danng thir trén ta dugc bt dang thie (2). Bai toan dugc ching minh.

. 1
Dau “=" xay rakhi x=y=z=——
NE

Cau13: [TS10 Chuyén TP. H& Chi Minh, 2019-2020]

Cho X, y, z 1a c4c s6 thyc thude doan [ 0;2] thoa man diéu kién: x+y +z=3.

a) Chung minhrang: x> +y* +z> <6

b) Tim gi4 tri Ion nhit cua biéu thie: P=x"+y® +2° - 3xyz
Loi giai
a) Taco:

(2—x)(2—y)(2—z)20:>8—4(x+y+z)+2(xy+yz+zx)—xyz20

=Xy +2 S +y +27 +8—4(x+y+2)+2(xy +yz+2zX)—XyZ
=(x+y+z)2—4(x+y+z)+8—xyz
=9-43+8-xyz=5-xyz<5<6
b) Tacé:
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P=x3+y3 +z3—3xyz=(x+y+z)(x2+y2+zz—xy—yz—zx)

- { x> +y?+27° ;(x2+y2+zz+2xy+yz+zx)}

Déu “=" xay ra khi (x,y,z)=(2,1,0) va céc hoan vi.
Céau 14: [TS10 Chuyén Hoa Binh, 2019-2020]

Cho x, Y, z 12 c4c sb thuc duong thoa man: xy +yz +4zx = 32
Tim gié tri nho nhét caa biéu thuc: P =x* +16y” +162°

Loi giai.
Ap dung bt dang thic AM-GM ta co:

2

X, 8y’ > 4xy

2

X2
= +8z >4xz

2
8y’ +8z” > 16yz
Cong theo Vé ta dugc: P =x* +16y” +162” > 4(xy +xz +4yz) =128

DAu “=" xay ra khi x = 4y = 4z , thay va diéu kién ta duoc: x zﬁ;y =z =¥
Cau 15: [TS10 Chuyén Québc Hoc Hué, 2019-2020]

Cho ba s6 duong x, y, z théa man xyz = 2. Chang minh rang:

X 2y 4z <1
2x* +y? +5 6y’ +2° +6 3z +4x* +16 2
Loi giai

Ta co:
+) 2 +y? +5=x"+y  +x* +1+4 > 2xy +2x +4
X X X
= < =
2 +y 45 2xy+2x+4  2(xy+x+2)

+) 6y’ +2°+6=4y +2° +2y* +2+4>4yz+4y +4
2y %y _ y
6y +7°+6 4yz+4y+4 2(yz+y+1)

Do d6:
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X N y N z
2(xy+x+2) 2(yz+y+1) ZX+27+2
_ X N y N yz
2(xy+x+xyz) 2(yz+y+1) Xyz+2yz+2y
_ 1 N y P £

2(yz+y+1) 2(yz+y+1) 2(yz+y+1)
yz+y+1

2(yz+y+1)

VT <

Dau“="xayrax=y=1,z=2.
Céau 16: [TS10 Chuyén Tin Hoa Binh, 2019-2020]
Cho céc s6 thuc duong x, y théa man: x+y <1.
Tim gi4 tri nho nhét cua biéu thuc: P = (l+l}/1+x2y2
Xy
Lai giai
Theo AM-GM ta co:

1>x+y>2\/7:>\/7y< :xy<i:>i>4

Xy
Do do:
1 1 2 1
P=| =+ [{1+xXy? > = 1+xX’y* =2 |—+xy
(X yj Jxy \ xy
Suy ra:

P>2 i+xy=2 L +Xy + 15 =212 L Xy + 15
Xy loxy loxy loxy loxy
=P> 2,/5+—4 V17

1

Déu “=" xay ra khi x:y:E

Vay gié tri nhé nhat cia P 1a 17
Cau 17: [TS10 Chuyén Tién Giang, 2019-2020]
Cho hai s6 duong x, y théa man 2(x3 +y3)+6xy(x+y—2) = (x+y)2 (xy+4)
Tim gié tri nho nhét caa biéu thuc: T = l(5+X+1J
2y x

Loi giai
Ta co:

2(x3 +y3)+6xy(x+y—2 :(x+y)2 (xy+4)
= 2(x+y)3 -12xy = (x+y)2 (xy+4)
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bat a=x+y,b:xy(a,b>0) khi do:
22’ ~12b=a’(b+4) < b(a’ +12)=2a’ —4a’
Do VT >0nén 2a’ —4a” >0« 2a°(a—2)>0<a>2

Ta co:

2 2 2 2 4 2
pol(x oy ) A (X e 1fat ) @ 1 _aeial 1
2 Xy 2\ b 2b 2 4a°-8a° 2

Ta s€ ching minh: T 2%

2
4 2 a—6) a’
That vay: T229%23©(2—)
2 4a’-8a 4a (a—2)
DAu “=" xay rakhia=6,b=6
hay x=3++/3,y =3-+/3 hoic x=3-+/3,y=3++/3

>0 (luén ding Va>2)

Vay gia tri nho nhit cua T 1a g

Cau 18: [TS10 Chuyén Ba Ria Viing Tau, 2019-2020]

Cho cac s6 thuc duong x, y. Tim gia tri nho nhat caa biéu thic:

e

2 2 ,
P= X—2+y—2+2+i
y X X+y
Loi giai
Ta co:
Xy’ VXY A2y +yt oy xy
P= |[—F+—5+2+ = = +
yo X X+y X"y X+y
x> +y? 2+\/;_x2+y2+1/xy
Xy X+y Xy X+y
2
24 y? N X+ N
:P:(u+ZJ+i—2=( y) + Xy—z
Xy X+y Xy X+y
Détt:J;.TheoAM—GMthi: xiyzohy XY 1 11,
X+y x+y 2 2t
Khi do:
lez+t—2: i+£+ 12 + 152—
2 2 16t°) 16t
sat b L 155
2 2 16t 16
=3.l+1—5—2
4 4
_>
2
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Dau “=” xay rakhi x =y
Vay gié tri nho nhat cua P 1a g
Céau 19: [TS10 Chuyén KHTN Ha Ngi, 2019-2020]
Vi X, y 1a cac s6 thuc théa man 1<y <2 va xy+2>2y . Tim gié trj nho nhat cta biéu
x* +4

2

y +1

thuc M =

Loi gidi.
Theo giai thiet ta co: 4xy +8 > 8y.
Str dung bat ding thuc AM — GM ta c6: 4x” +y” > 4xy.

Suy ra: 4x* +y* +8>4xy + 8> 8y.

Do d6: 4(x* +4)28+8y -y =4(y* +1)+(5y +2)(2—y) 2 4(y* +1).
x> +4 S

5 =

y +1

Suyra: X’ +42y*+1=> M= 1

Dau “=”" xay rakhix =2,y = 1.
Vay gié tri nho nhat caa M 1a 1.
Cau 20: [TS10 Chuyén Hung Yén, 2019-2020]

Véi x, y a ca s thuc thea man (2+x)(y—1) :%. Tim gia tri nhé nhét cua biéu thuc:

A =x* 45X +6X7 +4x+2 +\/y4 —8y’ +24y* 32y +17.
Loi giai

Ta co:

A =Xt + 48 +6x +4x+2 +1]y* =8y’ +24y* —32y +17

=\/1+(x+1)4 +\/1+(y—2)4

bit a=x+1,b=y-2, ta duoc A=+1+a* +4/1+b*

Tir gia thiét ta duoc: (a+1)(b+1)=%<:>a+b+ab=%

Theo AM — GM ta c6:

4a’>+1>4
a2+ A +b zatbot (1)
4b* +1>4b 2
a2+b222ab:>l(a2+b2)2ab (2)
2
Cong theo vé (1) va (2) ta dugc: E(az+b2)2a+b+ab—l=§—l:§:>a2+b2 >1
2 2 4 2 4 2

Ap dung bt dang thirc Minicopski ta duoc:
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A=+1+a* +V1+b* 2\/(1+1)2+(a2+b2)2 =\/(a2 +b2)2+4

. (1j+4:ﬁ
2

2

Dau “=" xay ra khi a:b:1<:>x:—l,y:E :
2 2 2

J17

Vay gi4 tri nho nhat caa A 1a -
Céu 21: [TS10 Chuyén Binh Thuan, 2019-2020]
Cho céc s6 duong x, y, z thoa xyz = % Chtng minh rang:

yz zX Xy
+ + 2Xy+YyzZ+2zX.

x> (y+z) y (z+x) z’ (x+y)
Déau “=" xay ra khi nao:

Loi giai

Ta co:

Khi d6 ta can ching minh:
a> b’ ¢ _a+b+c
+ + >
b+c a+c a+b 2
That vay, str dung bat diang thire Cauchy-Schwarz ta duoc:

2
VT = a? b >(a+b+c) _a+b+c

= + > =VP (d
b+c a+c a+b 2(a+b+c) 2 (dpem)

Dau “=” xay rakhi x =y = z.
Céu 22: [TS10 Chuyén Hai Phong, 2019-2020]
Cho x;y;z la ba sé thyc duong thoa mén x(x—z)+y(y—z)=0. Tim gia tri nho nhit

3 3 2 2
> £ 2 , X X+ +4
caa biéu thic P=—>—+— 2 Y
X +z y +z X+y
Loi giai
3 2 )
A Ay 3% , A - X XZ XZ 7
Ap dung bat dang thac COsi ——— =x———— > x~— _y_Z
X +z X" +z 2XZ 2
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3 2, .2
Tuong tu ZY ZZy—E.Suyra P2X+y—z+—x +y +4_
y +z 2 X+y
X2+ 2
Theogt z= Y =>P>x+y+ >4.
X+y X+y

Vay P =4 x=y=z=1.
Céau 23: [TS10 Chuyén Quang Nam, 2019-2020]
Cho ba sé thuc duong a, b, ¢ théa man abc = 1. Tim gia tri nho nhit cua biéu thuc:

(1+a)2 +b%+5 (1+b)2+c2 +5 (1+c)2 +a’+5

ab+a+4 bc+b+4 ca+c+4
Lo giai
Ta co:
2
(1+a) +b’+5 _a’+b’+2a+6 2ab+2a+6 _2(ab+a+td)-2 2
ab+a+4 ab+a+4  ab+a+4 ab+a+4 ab+a+4
2 2
1+b) +c*+5 1+c) +a’+5
Tuong tu: ( ) >2- 2 ; ( ) 22—#
bc+b+4 bc+b+4 ca+c+4 ca+c+4

1 1 1
+ +
ab+a+4 bc+b+4 ca+c+4

Dod():P26—2( j=6—2Q

Vi x, y duong ta co:

(x—y)220<:>(x+y)224xy<:> 1 Sx+y<:> L Sl(l+1J(*)
x+y 4xy x+y 4(x y

Dau “=” xay rakhi x = y.

Ap dung (*) ta duoc: 1 = 1 Sl 1 +l .
ab+a+4 (ab+a+1)+3 4(ab+a+1 3

1 1 1 1 1 1 1 1
Tuong tu: <— +—=; <= +=
bc+b+4 4{(bc+b+1 3) ca+c+4 4\ca+c+1 3

Do do:
Qsl 1 + 1 + 1 +1 :>2Q:l 1 + 1 + 1 +1
4\ab+a+1 bc+b+1 ca+c+1 2\ab+a+1 bc+b+1 ca+c+1
:>P26—l L + L + ! +1
2lab+a+1 bc+b+1 ca+c+1

_l C ac 1

= + + +1
2(abc+ac+c bcac+abc+1 ca+c+1 ]

1 C ac 1
=6—— + + +

2\ca+c+1 ca+c+1 ca+c+1
_6-1o

2

=5
DAu “=" xay rakhia=b=c=1.
Vay gia tri nho nhit cua P 1 5.
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Céau 24: [TS10 Chuyén Lai Chau, 2019-2020]
Cho céc s6 thuc duong a, b, c. Chieng minh rang:

ab bc ca 1
+ + <—(a+b+c)
a+b+2c b+c+2a c+a+2b
Loi giai

Vi x, y duong ta co:

(x=y) 206 (x+y) s axy <X o 1 1(1 1j<*)
x+y 4xy x+y 4({x vy

Dau “=” xay rakhi x = y.

Str dung (*) ta dugc: ab < ab ab 1
a+b+2c (a+c)+(b+c) a+c b+c
bc be( 1 1 ca cal 1 1
— <= + ; <= +
b+c+2a 4 \{(b+a a+c) c+a+2b 4\c+b b+a
Cong 3 bat dang thic trén theo vé ta duoc:

ab N bc N ca
a+b+2c b+c+2a c+a+2b

ab( 1 1 be( 1 1 cal 1 1
<— + +— +— |+ — +
4 \a+c b+c 4\b+a a+c 4\ c+b b+a

1 ab+bc+ab+ca+bc+ca
4\ c+a b+c a+b

:l[b(a+c)+a(b+c)+c(a+b)}

Tuong tu:

4| a+c b+c a+b
1
:Z(a+b+c) (dpcm)

bing thic xay rakhia=h =c
Céau 25: [TS10 Chuyén Vinh Phuc, 2019-2020]
Cho céc s6 duong a, b, ¢ théa man: abc > 1. Chiing minh rang:

a b C 3
+ + >——
\/b+\/; \/c+\/£ \/a+\/E \/E
Loi giai
Ta co:

b+\/;<b+a+c a+2b+c /b+ C< /a+2b+c
B 2
1 \/E a 4\/Ea

\/b+\/— \/a+2b+c \/b+\/_ \/a+2b+c \/4a+2b+c “at2brced
Mait khac:

4\/Ea S 12\/§a

4
+b+c>33abc>3=—(a+b+c)>4=> >
a ¢ abe 3(a C) a+2b+c+4 7a+10b+7c

Do d6:

16
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VT212\/§( a b ¢ j

- +
7a+10b+7c 7b+10c+7a 10a+7b+7c
(a+b+c)2

>12~42
\/_7(a2+b2+c2)+17(ab+bc+ca)

Mat khac:
.512+b2+c22ab+bc+ca:>7(a2+b2+c2)+17(ab+bc+ca)S8(a+b+c)2
2 2
12\/E(a+b+c) >12\/E(a+b+c) 3 (dpcm)

= 7(a2+b2+c2)+17(ab+bc+ca) B 8(a+b+c)2 N

Dau“="xayrakhia=b=c=1.

Céu 26: [TS10 Chuyén Tuyén Quang, 2019-2020]
Cho céc sb duong a, b, ¢ thoa min a+b+c=4 .Tim gia trj nho nhat cua biéu thuc:
p_ a\/; N b\/g N C\/E
Va+3Jb Jb+3Je e+3va
Loi gidi
Ta co:

P a\/; N b\/g N m/E
Va+3Jb Vb+3Je o+3Va
a’ b? c?
= + +
a+3\/£ b+3\/ﬁ c+3\/;

Ap dung bét dang thirc Cauchy-Schwarz ta dugc:
2 bZ 2

a C
P= + +
a+3\/£ b+3\/E c+3\/;
(a+b+c)2

_a+b+c+3(\/5+\/ﬁ+\/a)

MétkhéctheoAM-GM:\/E+ bc + ca£a+b+bzc+c+a=a+b+c
2
a+b+c
Do d6: P —\ ) _atb+c_,
a+b+c+3(a+b+c) 4
L wr s . 4
Dau “= xayrakhla:b=c:§
Vay gié tri nho nhat caa P 1a 1.
Céau 27: [TS10 Chuyén Ha Nam, 2019-2020]
Cho céc sé duong a, b, ¢. Chimg minh: 2+ 24 S a¥b¥c o,
b ¢ a f3Ja2+b*+

Léi giai
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Ap dung bt dang thic Cauchy-Schwarz ta duoc:

2
yrod b ¢ atbic >(a+b+C) _ Nab+bc+ca
ab bc ca [3a?+b2+c2 ab+bctca (32 4p? 4
a’+b*+c? ab+bc+ca
=424 5o
ab+bc+ca a-+b” +c
_( a’+b*+c? 1\/ab+bc+ca 1\/ab+bc+caJ a’+b*+c?

B 2(ab+bc+ca)+5 a’+b*+c? +2(ab+bc+ca)

+ +2
a’+b*+c* 2

Ap dung bt dang thic AM-GM cho 3 sé ta duoc:

a’+b*+c> 1 [ab+bc+ca 1 [ab+bc+ca 1
VT >33 e B T | e — +—+2
2(ab+bc+ca) 2Va*+b"+c” 2Va“+b° +c 2

3 1
=E+E+2 =4 (dpcm)
Ping thie xay rakhia=b =c.
Cau 28: [TS10 Chuyén Phd Yén, 2019-2020]
Cho a, b, ¢ 1 c&c sb thuc duong thoa man ab +bc+ca =1. Chiing minh rang:

avb? +1+byc? +1+cyal +12>2

DAau “=” xay ra khi nao?

Loi giai

Str dung bét ding thire Minicopski ta duoc:

avb? +1+byVc? +1+cyal+1 = \/(ab)2 +a’ +\/(bc)2 +b? +\/(Ca)2 +c?
Z\/(ab+bc+ca)2+(a+b+c)2 2\/(ab+bc+ca)2 +3(ab+bc+ca)

= \/m =2 (dpcm)

Dau “=" xay rakhi a=b=c =%
3
Cau 29: [TS10 Chuyén Cao Bing, 2019-2020]
Cho a, b, ¢ 1a céc s6 duwong thoa man diéu kién a+ b + ¢ = 3. Tim gié tri nho nhat cua biéu
thic; R = —2 =+ b2+ C2
1+b° 1+c” 1+a
Loi giai
Ap dung bat dang thae AM-GM ta dugc:
a ab? ab? ab
;-a- yZa-_—=a-—
1+b 1+b 2b 2
Tuong tu: Zzb—E ; ¢ 2=C_2
1+c 2 1+a 2

Cong theo vé 3 bat dang trén ta duoc:

.Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 18


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

__a b L C
1+b*> 1+ 1+a’
2

a+b+c 2
2(a+b+C)—Q:3—3—:§
6 6 2

ab+bc+ca
2

2(a+b+c)—

Déu “=" xéy ra khi a:bzc:%

Vay gié tri nho nhat cua R 1a 3
Cau 30: [TS10 Chuyén Nam Dinh, 2019-2020]
Cho x, y, z 1a s6 thuc khdng am thoa man diéu kién x+y+z:% . Chang minh rang:

X+2xy +4xyz <2
Lo giai
Str dung bt ding thirc AM-GM ta duoc:

X+2xy +4xyz = x+x.4y(z+%j

=x+x(2—x)2 =x—2+x(2—x)2 +2
:(x—Z)(1+x2 —2x)+2
=(x-2)(x~1) +2

Do x+y+z:§:>0<x<2:>x—2<O.V‘| thé:
2
x+2xy+4xyz£(x—2)(x—l) +2 <2 (dpcm)

Dau “=” xay ra khi x=1,y=%,z =0

Cau 31: [TS10 Chuyén Binh Pinh, 2019-2020]
Cho a, b, ¢ la cac sb thuc duong thoa man (a+b)(b+c)(c+a)=8. Tim gié tri nho

1 1 1 1

nhét ciia biéu thirc: P = + + n
Yabc a+2b b+2c c+2a

Loi giai.
Truéc hét ta ching minh bat dang thic phu sau:

(a+b)(b+c)(c+a)2§(a+b+c)(ab+bc+ca)

That vay: (a+b)(b+c)(c+a) = (a+b+c)(ab+bc+ca)—abc
Lai theo BDT AM-GM ta co:

abc=x/£.\/a.\/c—ag(a+b) (b+c) (c+a) (a+b)(b+c)(c+a)
2

2 2 8

.Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 19


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

Suy ra: (a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)-abe

2(a+b+c)(ab+bc+ca)—(a+b)(b+c)(c+a)
8
Suy ra dpcm: (a+b)(b+c)(c+a)2§(a+b+c)(ab+bc+ca)
—ab+bc+ca<

a+b+c

Ap dung bt dang thic AM-GM dang cong mau s ta co:

1 1 1 9 3 ab+bc+ca
+ + > = >
a+2b b+2c c+2a 3(a+b+c) a+b+c 3

Lai co: (ab +bc+ ca)2 > 3(ab2c +a’bc+ abcz) = 3abc(a +b+ c)

2
2 a+b+c
:9—223abc(a+b+c)<:> 1 2< ) oL yarbrc
Suyra: P= 1 + 1 + 1 + 1 za+b+c+ 3 >2
Yabc a+2b b+2c c+2a 3 a+b+c

(a+b)(b+c)(c+a)=8

Déau “=" xay ra khi: a=b=c <a=b=c=1
3 a+b+c
. a+b+c 3

Vay gia tri nho nhat cuaP la2 khia=b=c=1.

Cau 32: [TS10 Chuyén Ba Ria Viing Tau, 2019-2020]

Cho cac sb duong a, b, ¢ théa man l+l+ls3 . Tim gié tri nho nhat caa biéu thic:

a b c
P= ! + ! + 1
Jal—ab+3b2+1 b*-bc+3c?+1 2 —ca+3a’+1
Loi giai
Ta co:

az’—ab+3b2+1:(.e12—2ab+b2)+ab+(b2+1)+b2
=(a=b) +ab+(b?+1)+b*>b*+ab+2b=b(a+b+2)

Ja?—ab+3b*+1> [b(a+b+1) = - = -
a‘—a \/(a ) Ja?—ab+3b% +1 \/b(a+b+1)
Tuong tu: ! 1 : ) :

< ; <
Jb2 —be+3c? +1 \/C(b+C+2) J —ac+3a%+1 \/a(c+a+2)
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Vi x, y duong ta co:

(x-y) 205 (x+y) 24xy & 1 xty 1 sl£1+lj(*)
x+y 4xy x+y 4\x vy

Dau “=” xay rakhi x = y.
Cong theo vé va str dung bat dang thac AM-GM ta duoc:

1 1 1
P< + +
\/b(a+b+2) \/C(b+C+2) \/a(c+a+2)
2 2 2

= + +
\/4b(a+b+2) \/4c(b+c+2) \/4a(c+a+2)
AMGM(l 1 j(l 1 j(l 1 j
< | —+ +| —+ +| —+
4b a+b+2 4c b+c+2 4a c+a+2

11 1 1 1 1 1
=—| —+—+= |+ + +
4\la b c a+b+2 b+c+2 c+a+2

1(1 1 1 1( 1 1) 1( 1 1) 1( 1 1
P<—|—+—+—|+|— +—=|+= +—|+=— +—=
4\a b c 4\a+b 2) 4{b+c 2) 4\c+a 2

311 11 1(1 1 1(1 1 1(1 1
Cet|=F—F—F+—| —+— |[+—| —+— |+ —| —+—
e et |
3 13 1(1 1 1

=—+4|—+—| —+—+—

4 {8 [a b cﬂ

SE+§+§:§

4 8 8 2

Dau“="xayrakhia=b=c=1.
Vay giatrinho la P la %

Cau33: [TS10 Chuyén Tay Ninh, 2019-2020]
Chang minh (a+b+c)3+9abc24(a+b+c)(ab+bc+ca) véi X, y, z 1a cac sé thuc
khong am. Pang thuc xay ra khi nao?
Loi giai
Theo bat dang thirc Schur véi a, b, ¢ 1a s6 thuc khdng am thi:
a(a—b)(a—c)+b(b—c)(b—a)+c(c—a)(c—b)2 0
Bién ddi ta duoc hé qua:
a’+b’ +c’ +3abc>a’ (b+c)+b2 (c+a)+c2 (a+b)
Mt khéc ta c6 dang thuc: (a +b+c)3 =a’+b’+c° +3(a+b)(b+c)(c+a)
Khi d6 ta co: (a+b+c)3 +9abc=a’+b’+¢? +9abc+3(a+b)(b+c)(c+a)

Do d6: VT >a? (b+c)+b2 (c+a)+c2(a+b)+9abc+3(a+b)(b+c)(c+a)

Ta la c6 2 dang thac:
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+) a’(b+c)+b*(c+a)+c*(a+b)+9abc=(a+b+c)(ab+bc+ca)

+) abc+(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)

Do do:
az(b+c)+b2(c+a)+c2(a+b)+9abc+3(a+b)(b+c)(c+a)24(a+b+c)(ab+bc+ca)
Vay bat dang thire duoc chitng minh.

Dau “=”" xay rakhia=b =c.

Céau 34: [TS10 Chuyén Quang Nam, 2019-2020]
Cho 3 sb duong x, y, z. Tim gia tri nho nhat caa biéu thic:

P Xy N yz N zZX
(2x+z)(2y+z) (2y+x)(22+x) (22+y)(2x+y)

Loi giai

Str dung bt ding thirc Bunyakovski ta duoc:

(2x+z)(2y+z):(x+x+z)(y+z+y)2(\/;+\/;+\/}Tz)2

Do d6:

\/( xy Py Jxy A\
2x+z

)(2Y+Z)_\/(2x+z )(2y +2) \/(\/7},+\/;+ zx) _\/;+\/;+\/;
Tuongtu:\/ yz < \/; /.\/ ZX < Jzx
TNy +x)(224x) T xy +mx 44 fyz (224 Y)(2x+y) T iy +Vax+fyz
JE+JZ+J?Z_1

Cong 3 bat dang thic trén theo vé ta duoc: P < =
\[ y +zX + YZ

N

bing thic xay ra khix =y = z.
Vay gié tri 16n nhat cua P 1a 1.
Céu 35: [TS10 Chuyén Binh Phudc, 2019-2020]
1) Chox, y la cac sé duong théa man xy <1. Chang minh rang:
1 1

2
<
1+x 1+y 1+ [Xy

2) Cho x, y la cac s6 thuc duong thoa man diéu kién: (x + y)3 +4xy <12

Tim gid trj 16n nhat cta biéu thac: P = LJrLJr2018xy
1+x 1+y

Loi giai
1) Taco:
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1 1 2 1 1 1 1
1+x+1+y<1+\/g©[1+x_1+\/;}{1+y_1+\/g]<0
Lyxy ~1-x T+ xy -1-y <0
(1+x)(1+ xy) (1+y)(1+\/5)
<:>(\/;—x)(1+y)+(\/g—y)(l+x)<
(1+x)(1+y)(1+\/7y) -
(\/7 \/_)1+y f(xf \/7)1+x
1+x 1+y (1+\/7)
(R FerE - x]
(1+x) 1+y(1+\/7) -
() K]
(1+x)(1+y (1+\/7) -
(S ]
(1+x)(1+y)(1+\/;) -
o Wy (1)
(1+x)(1+y)(1+\/g)

Dau “=" xay rakhix =y = 1.
Bat dang thuc (1) dung cac phép bién ddi 1a twong dwong nén bai toan dugc ching
minh.

2) St dung AM-GM ta co:

12 > (x + y)3 +4xy > (2\/;)3 +4xy = 8xy\/; +4xy

Pt \xy =t (t>0) , khi do:

<0

—_

<0 (ding Vxy<1) (1)

8t° +4t* -12<0 = 2 +t* -3<0 < 2t° - 2t* +3t° -3<0

28 (t-1)+3(t=1)(t+1)<0 < (t-1)(2 +3t+3)<0

< t<l

Ap dung bat dang thirc ¢y 1 ta c6:
1

1
P:—+—+2018x <
1+x 1+y = 1+\/E

+2018xy =1it+2018t2
+

Ta s& chang minh: 22018t <2019 (*)
1+t

That vay:
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2
(*)@(E—1J+2018(t2 -1)<0
1-t

©E+2018(t—1)(t+1)£0

<:>(1—t)[ﬁ+2018(t+1)jSO(dl’mg do0O<t<1)

Dau “=” xay rakhix =y = 1.
Vay gia tri I6n nhit caa P 14 2019.
Cau 36: [TS10 Chuyén Péc Lic, 2019-2020]
Cho 3 sb thuc duong a, b, ¢ théa man a® + b* +c¢* = 3. Chting minh rang:
a’+b’ b+ P+a’
+ +
a+2b b+2c c+2a
Loi giai.
Sir dung bét ding thirc Cauchy-Schwarz ta duoc:
a’ b’ c’ a* b* c!
+ + = + +
a+2b b+2c c+2a a’+2ab b*+2bc ®+2ca
(a2+b2+c2)2 (a2+b2+cz)2
> >

T al+b*+c®+2ab+2bc+2ca  a+b?+c> +2(az+b2 +c2)

>2

+)

_a’+b*+c® 3

3 2
b® c’ a’ b* c* a'
+ + = + +
a+2b b+2c c+2a ab+2b®> bc+2c¢* ca+2a’
a+b2+c2) a?+b2+c2)
| ) | )

B ab+bc+ca+2(a2+b2 +c2) Cal +b2+C2+2(a2 +b2+c2)

_a’+b’+c 3

3 2

a+b® P+ P +a’
+ +

a+2b b+2c c+2a

Cong theo Vé ta dugc: >2  (dpcm)

DAu “=" xay rakhi a=b :c:\/%

Céau 37: [TS10 Chuyén Quang Nam, 2019-2020]
Cho hai sb thuc x, y thoa mén x > 3;y > 3.

Tim gid tri nho nhat cua biéu thic: T = 21(X+1j+3(Y+1}
y X

Loi giai

Ap dung bit dang thic AM — GM ta c6:
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1 X 3 7y 21} 62 2
+— +3 y+— = —+— |+| =—+— [+—X+—=Yy
X 3 X 3 vy 3 3
2

\/53 7y21 +825.25
37X 3773

=24+27+62+2

=80
Dau “=" xay ra khix =y = 3.
Vay gié tri nho nhét cua T 12 80.

NAM HOQC 2018-2019

Céau 38: [TS10 Chuyén Thai Binh, 2018-2019]

Cho a, b, ¢ la ba sé thirc duong théa man diéu kién : %+%+% =1
a C
Tim gié tri 16n nhat cua biéu thic
p_ 1 N 1 N 1
J5a2 +2ab+2b*  ~/5b% +2bc+2c®  /5¢? +2ca+2a’
Loi giai
Ta co:
1 N 2
(5a”+2ab+2b%) 27 J27.(52% +2ab +27)
1 N2 1 L1
J5a2 +2ab+2b> 2 \5a’+2ab+2b* 27
Churng minh tuong tu ta co:
1 V27 1 1) 1 27 1 L1
J5b? +2bc+2c> 2 (Bb?+2bc+2c® 27 ) 52 42ca+2a’ 2 \5c?+2ca+2c’ 27

1 1 1 1
+

=P 2 '[(5a2+2ab+2b2) (5b2+2bc+2c2)+(5c2+2ca+2a2) 9}

Str dung BBT L Sl(l l+lj ta co:
x+y+z 9(x y z

1 1 1( 1 1 1
<= + +
(5a2+2ab+2b2) 3a’ +(2ab+a) (a2+2b2) 9(3@2 2ab+a’ a2+2b2j
11 1(1 1 1 1(1 1 1 1( 5 2 2
S— —2+—. —+—+—2 +—. —2+—2+—2 = — 2+ + >
9(3a° 9lab ab a 91la” b* b 9{9a~ 9ab 9b
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2 AM*GMl 1 1
Talaico: — < —| 5+
9ab 9la” b

1
=

= 1 l 5 + 1 + 1 + 2 = i+L
5a’+2ab+2b%> 91 9a> 9a®> 9a®> 9b? 3a?  3b?

Chung minh tuong tu:

1 Jf2 1)) 1 (2 1
5b% +2bc+2c* ~ 9\ 3b% 3c? )’ 5c*+2ca+2a’ 9\ 32 3a®
1 1 1
= 2 2+ 2 2+ 2 2
5a“+2ab+b” 5b“+2bc+2c” 5c¢c”+2ca+2a

A2 1), 12 13)1p2 13 171 1 131
“9°13a> 3b%) 913b> 3c¢*) 9(3c2 3a?) 91 a> b> 2) 9

27 (1 1) 3
>P<—/— | —+—|=—
2 9 9 3
a=b=c
Dau"="xayra<{1 1 1 ca=b=c=+3
al b
Vémeax:£

3
Céau 39: [TS10 Chuyén Tra Vinh, 2018-2019]
Cho x,y,z laba s6 thue duong thoa man: x* + y2 +77 =2,

2 N 2 <X3+y3+z3

Chung minh: +3.

X +y* vy +zt Z2+xX 2xyz
Loi giai
N U2 2 2 Al
Vi x,y,2>0; X" +y" +z" =2 nén:
2 2 2 X’ +y’+2°
2 2+ 2 2+ 2 2 S
X"+y® y'+z" z°+X 2Xyz

+3 (1)

x2+yz+z2+x2+y2+zz+x2+yz+22< Xy 7

< + +3
x> +y? y’ +2z° 7z +x 2yz  2zx  2xy
2 2 2 2 2 2
z X X z
<1+ +1+ +1+ zy < -

< +3
x> +y? y:+2z° zZ2+x° 2yz 2zx 2xy

X2 y2 N Z2 < X2 N y2 . Z2 (2)
v +z0 Z2+xX° X4y’ 2yz 2zx  2xy

2 2
2 2 S -
X" +y 2xy

Lai cO: (x—y)’ 20 xX* +y” > 2xy <
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2 2 2 2

Z Z
y oy <
2, .2

Tuwong tu, ta co: < ;5%
z +Xx" 2zx X" +y~ 2xy

= (2) dung = (1) dang (dpcm)
Céau 40: [TS10 Chuyén Binh Phudc, 2018-2019]

2 2

a) Cho x;y la hai s thuc duong. CMR: XY >x+ y
y

X

b) Xét cac sb thuc a;b;cvéi b # a+csao cho phuong trinh ax” + bx+c=0¢6 2
nghiém thyc m;n théamdn 0 <m,n <1. Tim GTLN va GTNN cua biéu thtc

(a—b)(Za—c)

a(a—b+c)

Loi giai
a) Voi x,y >0 taco:

2 2

XY sxiyex+y’ > xy(x+y) < (x+y)(x* +xy +y°) < xy(x+y)
y X

S X=Xy +y’ 2 Xy & X =2Xy +y° 20<:>(x—y)2 >0 Vx,y

X=y

Vay BDT duoc chimg minh, dau "="xay ra < {
x,y >0

b) Theo dé bai ta c6 phuong trinh ax” +bx +c =0 ¢6 hai nghiém m,n

(0£m,n£1):>a¢0

m+n=——
Ap dung dinh ly Vi-et ta c6: a
mn =S
a
b y_C
_(a—b)(Za—c) Ca a _(1+m+n)(2—mn)
i a B 1_E+£ ~ l+m+n+mn
a a
(1+m+n)2

Vi2-mn<2, mn=>0=>Mc<

Vay MaxM =2 mn=0<c=0

Ta lai co: OSm,nSl:m(n—1)+n(m—1)+mn—1£0@mnS%(m+n+l)
m+n+1

=>M2> 1 =§
l+m+n+_(l+m+n) 4

. . 3 a+b+c=0
Vay MmM:Z<:>m:n=1<:>
a=c

Cau 41: [TS10 Chuyén Ha Nam, 2018-2019]
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Cho cac sb thuc duong x,y, z sao cho phuong trinh xy +yz+2zx > X +y +2.

2 2 2
Ching minhring ————+-— Y 2 >1
Jx* +8 \/y3+8 Nz’ +8
Loi giai
2 2
. [ 3 _ 2 <x+2+x —2x+4:x -X+6
Taco: Vx*+8 = [(x+2)(x* ~2x+4) < . .
2_ 2_
Tuong tu: \/y’ +8 SYTM ‘\z'+8 S#.
Suy ra:
X + y° + 2 >2. X + y* + z . (™
X3 +8 \/y3+8 JZ* +8 X' =x+6 y'-y+6 z'-z+6

2
. 2 p2 2 (a+b+c
Chang minh rang a—+b—+c_zg

‘v’a,b,c,u,v,w>0(1)
u VvV W u+v+w

Ap dung (1) va (*) ta thu duoc:

2
x2 N y2 N ZZ > 2(X+y+Z) (2)
X3 +8 \/y3+8 J2'+8 X4y +2 —(x+y+2z)+18

Tacan ching minh:

2(x+y+z)2

Xy +z —(x+y+z)+18

X +yt +27 +4(xy +yz+2x)218—(x+y +z)
& (xty+z) +(x+y+z)+2(xy +yz+2x)-1820 . (3)
Lai do: Xy +yz+2x>x+y+2z nén ta di kiém tra
(x+y+z) +3(x+y+z)-1820
& (x+y+z-3)(x+y+z+6)20. (4

That vay ta cé quan hé¢: (x+y+z)2 23(xy+yz+zx)23(x+y+z) nénx+y+z=2=3,

tur do (4) dung.
Tir (2), (3), (4) suy ra diéu phai chizng minh.
Dau “=” oSx=y=z=1

Céu 42: [TS10 Chuyén Lao Cai, 2018-2019]

Cho céc s6 thuc duong a, b, cthoa man didu kién a+b+c :l+%+1.
a c

Chung minh ring 3(a+b+c)> J8a? +1+~/8b% +1++/8c% +1
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Loi giai
Ta co:
18(a+b+c)=8(a+b+c)+(a+b+c)+9(a+b+c)

=(Sa+l+9aj+(8b+l+9bj+(8c+1+9cj
a b C

2 2 2
=8a +1+9a+8b +1+9b+8c +1
a b C

Ap dung bat dang thie Cosi ta co:
8a’+1 8b* +1 8c® +1

+9a+ +9b+
a C

= 18(a+b+c)>6v8a> +1+6v8b* +1+6v8c> +1

+9c¢

+90>648a2 +1+6v8b2 +1 +648c% +1

= 3(a+b+c)>v8a® +1++8b% +1++8c? +1 (dpem)
Dau “=" xay ra khi vachikhi a=b=c_
Cau 43: [TS10 Chuyén Bén Tre, 2018-2019]
Cho hai s6 thue duong a,b théa a+b=1.

Tim gia tri nho nhét cua biéu thiee T = 4,1
a

Loi giai
1 4(1-a) a

Khi d6 T:é+ = + +5
a l-a a 1-a

) . 4(1-a) a
Ap dung BDT AM-GM cho hai s6 duong ; N ta duoc:
a —a

fi-a) a o
a 1-a

. 4(1-a
Ping thic xay ra < ( ):1a <:>4(1—a)2=a2<:>3a2—8a+4=0
a —a

T>2

a=2 (loai)
= 2
a= 3 (nhan)

Vay minT =9 < a:z va b:l
3 3
Céu 44: [TS10 Chuyén Nam Binh, 2018-2019]

Cho céc s6 thuc duong théa man va ++/b =1

, L 1
Chtng minh rang: 3(a+b)2 —(a+b)+4ab ZE\/(a+3b)(b+3a)

Léi giai

, 1 AM-CM 5 1 3b+b+3
Taco: E‘/(a+3b)(b+3a) < 2 7 2 _a+b
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Tu gia thiét tacé: Va+vVb=1ea+b+2Jab=1o2Jab=1-a-b o 4ab=(1-a-b)’

3(a+b)? —(a+b)+4ab2%\/(a+3b)(b+3a) o 3(a+b)2 —(a+b)+(1—a—b)2 >a+b

< 3a’+6ab+3b*-2a-2b+a’*+b*+1-2a—-2b+2ab>0
< 4a’+4b* +1+8ab-4a—-4b>0
& (1-2a-2b) 20  (luén ding).

Viy dang thtre duoc ching minh.
Cau 45: [TS10 Chuyén Ba Ria Viing Tau, 2018-2019]
Cho cac a,b,c <3 duong thoa mén abc(a +b+ c) =3

a) Chung minh rang: ab+ac+bc>3:

b) Tim GTNN cua biéu thic: P=——2 42, _C
\/9—b2 \/9—C2 \/9—c2

Loi giai
Ap dung BPT AM-GM ta c6:
(ab +ac +bc)2 > 3(ab.ac +bc.ac+ ab.bc) = 3abc(a +b+ C) =9
< ab+bc+ca>3
Tiép tuc &p dung BDT AM-GM ta c6:

a a 2\/§a 2\/§a 2\/§a

Voo J(3b)(3:b) 26 2b)(3+b) 6 2b+3+b 9-b

2v2a 242b  242c 2424 242p*  242¢] 2V2(a+b+c)
=P2> + + = + + >

"9-b 9-c 9-a 9a-ab 9b-bc 9c—ca_9(a+b+c)—ab—ac—bc

bat t:a+b+c2\/3(ab+ac+bc) =3

& (t-3)(8t-3)=0
< 8t2 >27t-9
<:>8(a+b+c)2 227(a+b+c)—3(ab+ac+bc)

(a+b+c)2

9.(a+b+c)—(ab+ac+bc) =1

32

<:>P2—2
4

8
& —.
3

Vay GTNN cua P la %.Battai a=b=c=1

Céau 46: [TS10 Chuyén Quang Nam, 2018-2019]
Cho ba s6 thuc duong a, b, ¢. Chttng minh rang
a’+b> b*+c® c’+a’ - 3@ +b* +c?)
a+b b+c c+a  a+b+c

30
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Loi giai

Véi ba s6 thuc duong a, b, ¢ tacd

2 2 2 2 2 2 2 2 2
a“+b +b +c  c+a S3(.21 +b +c).(1)
a+b b+c c+a a+b+c

2 2 2 2 2 2
& (a+b+c) a+b” b+c c+a <3(a*+b?+c?)
a+b b+c c+a

c(a2 +b2) a(b2 +c2) b(c2 +a2)

= + + <a’+b*+c?
a+b b+c c+a
e _c(az +b2)+a2 _a(b2+c2)+b2 _b(c2+a2) .
a+b b+c c+a
- ac(c—a)+bc(c—b)+ab(b—a)+bc(b—c)+ab(a—b)+ac(a—c) N
a+b a+b c+a c+a b+c b+c

ac(c—a)2 bc(c—b)2 ab(b—a)2
= + + >20. (2)
(a+b)(b+c) (a+b)(a+c) (a+c)(b+c)
V6i ba s6 thyc duong a, b, ¢ tacod (2) ludn ding. Vay (1) ludn dung. (dpem)
CAau 47: [TS10 Chuyén Bic Giang, 2018-2019]

Cho x,y,z lacéc sb thuc thoa man x* +y* +z° =8. Tim gié tri I6n nhat cua biéu thirc

M:|x3—y3|+|y3 —zs|+|z3—x3|.

Loi giai

Ap dung tinh chat

a—b|<|a|+|b|. Pang thirc xay ra khi va chi khi ab<0.
Khi d6 M<2(|x +|y[" +|2]
c<s |2V [=2v2x

Mit khac x* +y°+2z° =8 = {y’ <8< |y|£2x/§<:> |y3|£2\/§y2
72 <8 |Z|S2\/5 |Z3|S2\/EZ2

Vay M=2(|x +]y] +[2]' ) <42 (x +y* 4 22) =322

Pang thirc xay ra khi (x;y;2)=(2v/2;0;0) hogc (x;y;2) =(-2v2;0;0) va céc hoan vi

cia nd. Vay gia tri 16n nhat cia M bing 3242 .
Cau 48: [TS10 Chuyén TP. H5 Chi Minh, 2018-2019]

Chuang minh rang x* —x+% >0 v&i moi s6 thuc x

Cho x,y 1a cc s6 thuc thoa man diéu kién x* —xy +y” = 3. Tim gia tri lon nhat va nho

nhét cua biéu thuc P=x" +y”
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Lai giai
a) Tacd

2
NCRVNE ST S SV SV G O BV ) P
2 4 4 2

DAau bang xay ra < 2 o 12 (vo 1y), do d6 dau bang khong xay ra

Vay x* —x+%>0vé’i moi sb thuc x

Taco: x> —xy+y’ =3=>P-xy=3=>xy=P-3

2 2
Ap dung BBT AM-GM cho hai s6 XZ;tha co: x* +y?® > 2x*y? =2|Xy|:>X _;y 2|xy|
2 2 2 2
:>—X Ty SxySX Yy :—ngygz
2 2 2 2
:—ESP—BSB
2 2
—ESP—S 3S£
-1 2 p = p 2 &2<P<6
P-3<— —<3
2

D4u bing xay ra = x* = y* < |X| = |Y|

{><2+x2+x2 =3 PX||Y|1

=hl=5

Viy P =6 x| =|y|=V3;P,, =2 =[x =|y|=1

XX =x*+x*=3

Cau 49: [TS10 Chuyén Vinh Long, 2018-2019]
Cho a,b,c 1a céc s6 dwong. Chirng minh rang:

a 2a——
) a’+b’ 2
3 3 3
b) — a - b - C 22a+b+c
a“+ab+b° b +bc+c” ¢ +ca+a 3
Loi giai
3 2, W2\ a2 2 2
2) Taco a 2=a(a +2b)2ab o 2ab 223_ab za_h
a’+b a“+b a“+b 2ab 2
b) Tuong tu theo cau a), ta co: 3 _< ¢ >c-2
gt ’ " bP+c? 2 F+at 2

Cong vé theo vé ba bat ding thic trén ta co:
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a’ b’ c’ a+b+c
2 2+ 2 2+ 2 22
a“+b” b"+c° ¢ +a 2
3 3 3
, a a 2 a
Ta co: 5 > — ==
a~+ab+b , a“+b , 3 a +b
a”+ +b
2
. b’ b® 2 b’ c? c’ 2 ¢
Va 2 2 2 2 2 RPN 2 2 2 2 2 2 =52
b +bc+c , b +c , 3 b +c” c"+ac+a , C +a , 3+
b + +cC C +a
2 2
Cong vé theo vé ba bit dang thuc trén ta co:
a® b? c 2( a b’ c? a+b+c
2 > T2 > T2 22_ 2 C) > T2 2 2
a“+ab+b”- b +bc+c” c"+ca+a” 3la“+b° b +c° " +a 3

Céau 50: [TS10 Chuyén Khanh Hoa, 2018-2019]
Véi a, b, ¢ la cac sé thuc duong thoa man diéu kién a+b+c =abc.

2 2
Chuang minh rang Vita +\/1;b —V1+c* <1.
a
Loi gidi

Taco a+b+c=abc<:>i+i+i:1.Détl:x, l:y,
bc ca ab a b

Khi d6 x,y,z>0 va xy+yz+zx=1. Vi vay

1
—=7z
C

2 2 | 2
Vita +\/l+b —\/1+c2<1<:>\/1+x2+\/1+y2— 142
a

b z
2
@(\/1+x2—1)(1/1+y2—1)—\/1+x2,/1+y2+ 12 2o
Z
2 2 2
<:>( /—1+X2_1)( [—1+y2_1)+\/1+z Z\/1+X \/1+y

V4

<1

>0 (4)

Taco: V1432 yT+y? = J1+x% +y +x%y? =\/(1—xy)2 +(x+y) =(x+y)V1+z2.

(4) = (Vs _1)(m_1)+m o(xayNie 7

>0
e (e 1)y ) Dby i
o (VT ) ey ) e o

Z
2
<:>(\/1+x2 —1)(,/1+y2 —1)+Xy— 42 0,9x,y,250.
Z

Ta c6 diéu phai chiing minh.
[TS10 Chuyén Thira Thién Hué, 2018-2019]
a) Cho x,y,z lacac sb thuc duong c6 tong bang 1.

Cau 51:
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Chiting minh rang L+L+l > 9
16x 4y z 16

b) Cho s tu nhién z va cac sb nguyén x,y théamén x+y+xy=1. Tim giatri cua

X,y,z $ao cho (2”1 +42)(x2 +yi 41+ xzyz) la s6 chinh phuong 16n nhét.

Loi giai

a) Tacé

1 —t— ! +l 49<:>l+é E>49
lox 4y z 16 x y z

Vi hai s6 thuc khong &m a, b ta c6 (&-%)2 >0 a+b>24ab.

Déu "=" xay rakhi va =+/b <> a=b.
Ap dung két qua trén, ta co:

l+49x22‘/l.49x 1 sox>14 (1)
X X X

Dau "=" xay ra khi 1 soxex=1,
X 7
, 4
Tuong tu, ta c6: —+49y >28. (2
y
Dau "=" xay ra khi 2 9y <y :%
y

val®ii9,556.  (3)
Z

Dau "=" xay ra khi 10 49,07 =§.
Z

Cong (1), (2), (3) theo vé ta duge: —+-= +210 1+ 49(x-+y+2)> 98
Xy z

©l+4+ﬁ>49 Dau "=" xay ra khi x =

1 4
— ;Z=—.
X 'y z 7 7

NN

iy =
Vay bét dang thie da cho dugc ching minh.

b) Ta cé:
(2Z+1 +42)(x2 +y’ +1+x2yz)=2(2Z +21)(1+x2)(1+y2).
Vi 1457 =x+y+xy+X =(x+y)(1+x), 1+y* =x+y+xy+y’ =(x+y)(1+y),
2=1+1=T+x+y+xy=(1+x)(1+y).

Suy ra (2Z+1 +42)(x2 +y’ +1+x2y2): (ZZ +21)(x+y)2 (1+x)2 (1+y)2 .
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Do d6, (2" +42)(x* +y* +1+x’y?) 1256 chinh phuong khi va chi khi 2” +21 12 s6 chinh
phuong.

Nghia 14 ton tai s6 ty nhién n sao cho 2° +21=n’.

Taco 2=-1(mod3)=2*=(-1)"(mod3).

Néu z l¢ thi 2 =-1(mod3)=2(mod3). Khi d6 n* =2(mod 3) vo Ii (vi sé chinh
phuong khi chia cho 3 chi du 0 hoac 1).

Tir d6 suy ra z 1a sb chan.

Pit z=2k,(keN*). TacH n? =21+2% <:>n2—(2k)2 :21<:>(n—2k)(n+2k)=21.

Vi 21=1.21=3.7 va n—2" <n+2" nén ta co hai trudng hop sau:

-25=1
Truong hop 1: n = 2* =10, khéng c6 gia tri ciia k théa man trudong hop nay.
n+2° =21
-2¢=3
Truong hop 2: 4 — 2k =2 k=1.
n+2“=7
Tir gid thiét, taco 2 =(1+x)(1+y). Khong mat tong quat, gia sir [x +1| < , suy ra
|x+1| =
[y+1]=
. x=0 X=-2
Giai hé ta duoc h0ac .
y= y=-3

Néu x =0,y =1 thi (2“1 +42)(x* +y’ +1+x7y*) =100 = 10°,
Néu x=-2,y =-3 thi (2" +42)(x* +y’ +1+x’y* ) = 2500 = 50°.
Vay x=-2,y=-3,z=2.
Céu 52: [TS10 Chuyén Kién Giang, 2018-2019]
Cho ba s6 duong X,y,z thoa man diéu kién x+ y+z=2.
2 2 2

Chung minh ring: ——+-Y 1% >1,
Yy+Z z+X X+y

Loi giai
Ap dung bat dang thire Bunyakoski véi bo ba sé ¢6:

(A ()G P e

a C a+b+c
Ap dung bat dang thuc trén ta co:
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X2 . yz . 72 . (x+y+z)2 _(X+y+Z)2_x+y+z:

y+z zZ+X x+y_(y+z)+(z+x)+(x+y)_2(x+y+z)_ 2

1

Dau “=" xay rakhi: x=y =2z :%.
Viy ta c6 diéu can chitng minh.
Cau 53: [TS10 Chuyén Bic Ninh, 2018-2019]
Cho céac sb thuc a,b,cthéaman 0<a,b,c<2,a+b+c=3.
a’+b’ +c?
ab+bc+ca

Tim GTLN va GTNN cua P =
Loi giai
a’+b?*>2ab

Ap dung BBPT AM-GM ta c6: {b? +c* > 2bc

c*+a’>2ca

=a’+b*+c? =%(a2+b2+a2 +c®+b? +c2)2 (2ab+2ac+2bc)

N | =

=a’+b*+c*>ab+ac+bc
2 2 2
_p_atbic
ab+bc+ca
r =b=
Dau “=" xay ra < a ¢ <a=b=c=1
a+b+c=3
Vay MinP =1khi a=b=c=1
Theo dé bai ta c6:
0Sa,b,cs2:>(a—2)(b—2)(c—2)£0
<:>abc—2(ab+ac+bc)+4(a+b+c)—8SO
<:>abc—2(ab+ac+bc)+12—8£0
:>2(ab+ac+bc)24+abc24
< ab+bc+ca>?2

a’?+b?+¢? +2ab+2ac+2bc
ab+ac+bc

=P=

(a+b+c)2 9 5
oP=- T < 222
ab+ac+bc 2 2

Diu "="xay ra <
a+b+c=3

0
C
b=0
abc=0 {
= C
{ 0
0
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Viy MaxPzgkhi abc=0,a+b+c=3,0<a,b,c<?2

Céau 54: [TS10 Chuyén Thai Nguyén, 2018-2019]
Cho x,y,z la cac sb thyc duong. Ching minh rang

2 2 2
X z X+y+z
y Xty

2 2 * 2 2 +\/ 2 2 - 5
8 +3y* +14xy  \[8y*+32>+14yz 87> +3x* +14xz

Loi giai
Ap dung BDT AM-GM ta cé: x* +y* 2 2xy

= 8% +3y” +14xy = [8x* + 3y +12xy + 2xy </8x + 3y +12xy +x° +

= \/8x2 +3y2 +14xy < \/9x2 +12xy+4y2 = (3x+2y)2 =3x+2y

\/8y2 + 372 +14yz <3y +2z

Churng minh hoan toan twong tu ta co:
V822 +3x +14xz <37+ 2x
; 22 b & (atb+c)
Ap dung BBT AM-GM Schawz: —+—+—>-————ta duogcC:
X y z X+y+z
x> 2 7’ (X+y+Z)2 X+y+z
y . > _Xty

=VT2> > =
3x+2y 3y+2z 3z+2x 3x+2y+3y+2z+3z+2x 5

+

Viy ta c6 diéu phai chizng minh
Dau "="xay ra khi va chi khi x=y =z

Céau 55: [TS10 Chuyén Tuyén Quang, 2018-2019]
Cho céc s6 thuc duong a,b,cthéamin a+b+c<3.

a’+4a+1 Db*+4b+1 c*+4c+1
+ +
a’+a b*+b ®+c

Tim gié tri nho nhat caa biéu thic: M =
Loi giai
A \ o1 1 1 9
Ap dung BBT AM-GM va BDT quen thugc: —+—+—>———
X y Z X+y+Z
a’+4a+1 b2+4b+1+c2+4c+1
a’+a b’ +b +c
(a2+1)+4a (b2+1)+4b (c2+1)+4c
-~ + +
a(a+1) b(b+1) c(c+1)
AMGM
S 2a+4a 2b+4b 2c+4c s 1 N 1 N 1 S 6.9 2%=9
a(a+1) b(b+1) c(c+1) a+1 b+1 c+1

M=

T a+b+c+3 6

Vay gié tri nho nhat cia M 13 9, dau bang xay ra khi vachikhi a=b=c=1
Cau 56: [TS10 Chuyén Hai Duong, 2018-2019]
Cho a,b,cduong théa man ab+bc+ca =1. Tim gié tri I6n nhat cua biéu thuc
2a b

Ji+a? 1+b® 1+¢

a’ —28b” —28c”
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Loi giai
Theo dé bai ta c6: ab+bc+ca=1
Ap dung BBT AM-GM vao biéu thirc bai toan ta co:

2a 2a 2a a a
= = <2 4
Ji+a? +ab+bc+ca+a’ \/(a+b)(a+c) a+b a+c
b b b < b b

= = < +
Jb2+1 /b2 +ab+ac+bc \/(b+c (b+a) 4(b+c) a+b
C B C __¢c C

¢ = = hS
J2+1 - Jc? +ab+ac+bc \/(a+c)(c+b) 4(b+C)+a+C

Cong vé theo vé ta duoc:

2a b C a a b b C C
+ + < + + + + +
Ji+a®? Jb*+41 +Jc?+1 a+b a+c 4(b+c) a+b 4(b+c) a+c

a+b a+c b+c 1 9
= + + =1+1+—==
a+b a+c 4(b+c) 4

Mat khac:

2 2 2 2
a_+49b - /a A49b _7ab
2 2 4

2 2 2 2
a_+49c 5o /a 49c¢ 7ac
2 2 4

Z(b2+c2)27bc
2
:>a2+28b2+28c227(ab+ac+bc):7
:P32_7=__19
4 4
__715
. =7b=7 N
Dau "="xayra < a=7b=7c = 15
ab+bc+ca=1 J15
b=c=———
15
715
Vay MaxP = - khi BEE
| ! b—c——\/E

15
Céau 57: [TS10 Chuyén Quang Nam, 2018-2019]

Cho hai sb thuc duong a va b théa man va ++/b <+/ab .

ab
a+b

Tim gia tri nho nhat cua biéu thic A=a+b+

Loi giai

.Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 38


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

Cho hai sé thuc duong a va b théa mén +/a ++/b <+/ab . Tim gia tri nho nhét cia bidu
ab
a+b’

Ta c0: 2%@@3&%/53@:@24.
b

Déudéngthfxcxéyra@{ 2 oa=b=4.

Jab =4
ab _3(a+b) a+b ab _3vab J—
+ + > ++/ab =

thac A=a+b+

A=a+b+ =
a+b 4 4 a+b
Suyra: A>10.
a=b=4
bang thuc xay rakhi 4 o+p ab <a=b=4.
4  a+b

Vay gia tri nho nhat cia A bang 10 khi a=b=4.
CAau 58: [TS10 Chuyén Dong Nai, 2018-2019]
Cho céc s6 thuc a, b, c. Chirng minh ring
a’+b’ b’ +c? ¢ +a’
+
ab(a2 +b2) bc(b2 +c2) ac(c2 +a2) a b c

Loi giai
Ta co:

2+ b >L+i©2(a+b)(a2—ab+b2)>a+b
ab(a’+b%) 2a 2b 2ab(a®+b?)  2ab

<:>2(a2+ab+b2)+b220<:>(a—b)220
Piéu nay ludn ding, ddu bang xay ra < a=b

¢ +b’ 1 1
—2_+_
cb(c2+b2) 2c 2b
3 3

c’+a > 1 1

ca(c2+a ) Z+£

Chung minh hoan toan tuong tu ta co:

Cong vé theo vé ta co:
a’+b’ b’ +c’ c+a’ 11 1 1 1 1 1 1 1
+ + > — bt —t—F—F—=—F—+—
ab(a2+b2) bc(b2+c2) ac(c2+a2) 2a 2b 2c 2c 2a 2b a b ¢
Dau “=" xay rakhi a=b=c
Viy ta c6 diéu phai chitng minh
Cau 59: [TS10 Chuyén Lam Ddng, 2018-2019]
Cho a,b,c>0 va a+2b+3c>20.

Tim gia tri nho nhat cua biéu thuc: S = a+b+c+§+%+é
a C
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Loi giai
Ta co:

3 9 4 a b 3c (3a 3 b 9 c 4
S=a+b+c+—+—+—=—+—+—+| —+— [+| —+— |[+| —+—
a c 4 2 4 4 a 2 2b 4 c

:l(a+2b+3c)+ IS T L
4 4 a 2 2b 4 ¢

Ap dung bat dang thie AM-GM cho hai sé khong am ta co:

+)3—a+§22‘/§.E =3
4 a 4 a

:S:l(a+2b+3c)+ 3a 3 b 2 (82 L a0h 34342213
4 4 4 4

a 2 2b C
a+2b+3c=20
3a 3
Z=g a=2
Dau “ =“xay rakhivachikhi:{p o9 < 1b=3(a,b,c>0
2 2b c=4
c_4
4 ¢

Vay MinS=13khi a=2;b=3;c=4
Céau 60: [TS10 Chuyén Thai Binh, 2018-2019]
Cho x,y,z laba s6 thue khong 4m thoa man: 12x + 10y +15z2<60.

Tim gid tri lon nhatcoa T =X + Yy +2° —4x -4y -7 .
Loi giai
Do x,y,zlaba s6 thuc khong 4m thoa man : 12x + 10y +15z2<60.

X,y,2=0
<5
Taco X *)
y<6
z<4
Tu diéu kién trénta c6 T=x"+y’ +2z° —4x -4y -z
=xX(x=5)+y(y—6)+z(z—4)+x+2y+3z

Sx+2y+3z£12?x+2y+3zs%=12
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x=0 x=0
Vay GTLN cta T bang 12 dat dugc khi <y =6 or <y=0
z=0 z=4

Cau 61: [TS10 Chuyén Dai Hoc Vinh, 2018-2019]

Cho céc s6 thuc khdng &m a, bthoa man: (a—b)2 —a+b+2.

Chung minhrang: | 1+ a” =~ || 1+ b’ = |<
(b+1) (a+1)

Loi gidi
Ta co:

(a—bf=a+b+2
<a’-2ab+b*=a+b+2
<a’+b*=a+b+2+2ab
<:>(a2+a)+(b2 +b)=2(ab+a+b+1)
<a(a+1)+b(b+1)=2(a+1)(b+1)

a(a+1)+b(b+1)

(a+1)(b+1) -
e a b,
b+1 a+1
3 — a . — b —
bat x—b+1,y—a+1:>x+y—2
Ta co:
(1+x°)(1+y*) <9

<:>1+(xy)3+x3+y3 <9
c>(xy)3 x4—y y 3xy}

(x+
= xy(xzy2 6) <0
y)

(do 0<xy<(

=1)

a=0;b=2

. =0
Dau " ="xay ra khi va chi khi: Y =
a=2;b=0

X+y=2
Céu 62: [TS10 Chuyén Ha Nam, 2018-2019]
Cho cac sb thuc duong x,y,zthéa man xy +yz+xz>x+y+z

2 2 2
Chtng minh rang: \/: +\/}; +\/j
X +8 4y +8 Nz’ +8

>1

Léi giai

.Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 41



https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

Ap dung BT AM-GM ta co:
Xy+yz+xz) 2(x+y+z) 23(Xy+xz+yz)=Xy+xz+yz=>3
2 2
Ap dung BBT AM-GM-Schwwarz ta co:
(X-i'y-i'Z)2
\/(x+2)(x2—2x+4)+\/(y+2)(y2—2y+4)+\/(z+2)(zz—2+4)
(x+y+z)2
+y+z2+6)| X +y +z2° -2(x+y+z)+12
y Tty 47’ y

VT >

< VT 2>

(x+y+z)2

VT 2
= >(2xy+2xz+2yz+3)[x2+y2+z2—2(x+y+z)+12]

2(x+y+z)2

SVi= X +y? +27 =2(x+y+z)+15+2(xy +yz+xz)

2
e VT> 2(x+y+z)

(x+y+z) —2(x+y+2z)+15
= Ta can ching minh:

2(x+y+z)2 o1
(x+y+z) —2(x+y+z)+15 B

<:>(x+y+z)2+2(x+y+z)—1520
<:>(x+y+z+5)(x+y+z—3)20

Diéu nay 1a lu6n ding do: x+y+z> \/3(xy+yz+xz) =3

Dau “="xayra < x=y=z=1

2 2 2

y z
Jx* +8 +\/y3+8 +\/Z3+8 =
Cau 63: [TS10 Chuyén Pic Lic, 2018-2019]
1) Cho céc sb thuc x,y khong &m, ching minh rang x° +y° > x’y +xy”.
2) Cho céc s6 thuc duong a, b, c théa man abe = 1. Ching minh rang:
ab bc ca
a’+b’ +ab+b5 +c’ +bc+ c’+a’+ca <1

Vay

Loi giai
1) Cho cac s6 thuc x,y khong &m, chung minh ring x° +y° > Xy +xy”.
Bét dang thuc: x° +y° =Xy +xy’
& X (x-y)-y'(x-y) 20

< (x—y) (x+y) >0, ding ¥x,y >0.
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2) Cho céc sé thuc duong a,b,c théa madn abe = 1. Chirng minh rang:

ab bc ca <1

+ + <
a’+b°+ab b’+c’+bc c’+a’+ca

Chang minh a° +b° >a’b’ +a’b* < a’(a®>-b*)-b*(@@*-b*)>0

& (a—b)’(a+b)@*+ab+b*)>0, Va,b>0 (%)

Ap dung (*): a®+b° > a’b’(a+b) = a’ + b +ab > ab 2T L+C
C
ab C
< 1
a’+b°+ab a+b+c @)
bc a ca b
Tuong tu < 2) < 3
gt b°+c’+bc a+b+c @) c’+a’+ca a+b+c (3)

Cong (1), (2), (3) ta duoc bat dang thirc can chitng minh.
Déu bang xay rakhi a=b=c.
CAau 64: [TS10 Chuyén Bén Tre, 2018-2019]
Cho hai s6 thuc duong a,bthoa a+b=1.

Tim gia tri nho nhét cua biéu thac T :é+l
a
Loi giai
Ta co: T=é+l:4(a+b)+a+b=5+ﬁ+325+2 &'3=5+4=9
a b a b a b \Ia b

Ap dung bt dang thitc AM-GM cho hai s6 thuc duong ta co: &+%2 2, /ﬁ% =4
a a

:>T=5+ﬁ+325+4=9
a

2

L w_m s &23 a’ =4b? a+b=1 a=§(tm)
Dau “=" xayra <1 a PN PN
a+b=1 a=2b 1

a+b=1 b =—(tm)
3
1

Viy MinT=9  khi a:%,-b:5

Cau 65: [TS10 Chuyén Vinh Phuc, 2018-2019]
Cho céc s6 thuc duong a, b, c. Ching minh rang:
a’ b? c?
+ +
a’+ab+b* b*+bc+c® +ac+a’
Loi giai
Ta c6 : Ap dung bét ding thac AM-GM — Schaw thi:

>1
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2
2 2
a C (a+c)
>

2 2+ - 2 2 2
a“+ab+b c(a+b+c) a“+b”+c +ab+ac+bc

2
b2 C2 (b+C)
+ 2 2 2 2 2 2
b(a+b+c) c¢"+ac+a”® a +b +c +ab+ac+bc
2
a2 N b2 S (a+b)
a(@a+b+c) b*+bc+c® a’+b>+c®+ab+ac+bc
2 b’ c? a’ b* c

2

a
=— —+— —+— —+ + +
a’+ab+b> b’+bc+c® c’+ac+a’ a(a+b+c) ba+b+c) cla+b+c)

2 2 2
a+c) +(b+c) +(a+b
(o) o (b4 s(as)
a“+b“+c +ab+ac+bc
2 2 2
a2 b? 2 a+b+c_(a+c) +(b+c) +(a+b)
A 2 2+ 2 2+ 2 2+ 2 2 2 2
a’+ab+b” b +bc+c® ¢ +ac+a” a+b+c a“+b +c +ab+ac+bc
. 2 b2 2(a2+b2+c2+ab+ac+bc)
A 2 2+ 2 2+ 2 2+12 2 2 2
a“+ab+b” ¢ +ac+a”~ b +bc+c a‘+b " +c +ab+ac+bc

a’ c? b’
N + +
a’+ab+b*> c*+ac+a® b’+bc+c’
a’ c? b*
+ +
a’+ab+b®> c*+ac+a’® b’+bc+c
DAu bang xay ra khi va chi khia=b =c.
Céu 66: [TS10 Chuyén Hung Yén, 2018-2019]
Cho cac sb duong x,y,zthoa xy +yz+zx =3xyz _

3 3 3
Xy z >1_(1+1+1j

+1>2

>21 (dpem)

Chutng minh rang —+ - —>
z+X x+y~ y+z°- 2\ \x y z

Loi giai
Theo dé bai ta c6: xy +yz +zx = 3xyz
PR A 2 :3<:>l+1+l:3

XyzZ Xyz Xyz zZ X Yy

AM-GM 3

Lai co: 3xyz=xy+yz+xz 2 33(xyz) =>xyzz2l=>x+y+z2>3

Taco
x’ xz AM-GM Xz Jz z+1
T =X— > 2 X— =X——2X—
Z+X Z+X 24/ zx2 2 4

\/; z+1 \/; z+1

(Do Z+122\/;:>\/;£Z—2i_1:>—§ :_?2 > )

, } +1
Tuong ty ta co: Y 3Zy—x-i_l; z Zz—y—
X+y 4

Cong vé vai vé cua 3 bit dang thirc trén ta dugc:

y+2z°

44
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3 3 3
X -+ Y -+ z 22X+y+Z_X+Y—+Z+323_§:§:l l+l+l (dpcm)
z+Xx" x+y y+z 4 4 2 2\x y z
Cau 67: [TS10 Chuyén Hung Yén, 2018-2019]
Cho a, b 1a hai s6 thay ddi thoa man cac diéu kién a>0va a+b>1

8a’+b

Tim gié tri nho nhét cia biéu thuc A = 1 +b?
a
Loi giai
Theo gia thiéttaco: a+b>1<b>1-a
2 —
:>Azm+b2=2a+i—l+b2=a+i+a+b2—l
4a 4a 4 4a 4
>a4ta+a’—2a+lotmattial—a+S—at—ta’—atlil
4a 4 4a 4 4a 4 2
AM-GM | 2
> 2 a.i+ a—1 +121+l:E
4a 2 2 2 2
1 1
A N ” a=—, ——=0 1
Dau bang xay ra < 4a 2 <:>a:b:E (tm)
b=1-a

Vay MinA:§<:>a:b:l
2 2

Céu 68: [TS10 Chuyén Binh Binh, 2018-2019]
1 1Y 1Y 25
Cho hai s6 duong a, b thoa man a+E:1' Ching minh rang: (a+—j +(b+—} 2
Loi giai
. 1 1
Tacd: a+—=1 <:>E=1—a<:>ab+1=b (@>0,b>0)

2
Lai c6 HDT: 2(x* +y?*) =(x+y)’ = (x—y)’ =X’ +y* > @ (1) , dau”=" xay ra khi va
chi khi x=y
va co HPT: (x+Yy)’ —(x—y)* =4xy = (x+y)* > 4xy (2), diu”=" xdy ra khi va chi khi x=y

Ap dung (1), ta co:

2 2 2 2
17 1V (a+1+ b+11)j (1+b+1j (1+ab+1j (1+b]
at—| +/b+—|>2 /- i)
b

a 2 T2 2 2

ddu “=" xdy ra khi va chi khi: a+~=b+— via+L=1
a b b
Ap dung (2), ta co:

1Y b
a+—|242 51242 5254 (2),
b b b a
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dau “=" xay ra khi va chi khi:a :%va ato= 1
Tu (17) va (2°) suy ra:
1

2 2 )
a+ 2| o(bs+t| > 8ED DAy «= xay ra khi va chi khi: a =~ hay b=—
a b 2 b a

2 2
L) il p+l] 22 déu =" xdy rakhi vachikhi:a= - vab=2.
a b 2 2

Vay (a+—

Cau 69: [TS10 Chuyén Ha Tinh, 2018-2019]
Cho x,y,z>0 théaman x+y+z="1. Chang minh rang

Xy . |yz | xz SE
xy+z \yz+x \xz+y 2

Loi giai
Ap dung bt dang thuc Co si ta co:

Xy _ Xy _ Xy A x Y
Xy+Z Xy+Z(X+y+Z) (z+x)(y+z)_2 X+Zz y+Z

Chung minh hoan toan twong tu ta co:

yzgl.y_’_z;xzslz*_x
yz+x 2 \x+y z+x)\xz+y 2(y+z x+y

1[x y+z+z+x+yj

X+zZ X+y X+zZ y+zZ X+y y+Z

@Psl[(x+ZJ+(y+xj+{z+yH
2|\ x+z x+z X+y XxX+y y+z y+z

<:>Psl.3=E
2

2

Déu “=" xay ra khi x=y=z=_

Vay gia tri nho nhat caa P 1a %
Cau 70: [TS10 Chuyén Nam Binh, 2018-2019]
Cho x,y,z la céc s thuc thoa man (x—y)(x—z)=1; y # z. Ching minh
1 >+ L >+ ! =4
(x=y) (y-2) (2-x)

Loi giai
bat x—-y=a; x-z=Db taduoc ab=1; a#=b.

Bat dang thirc can ching minh tro thanh:

46
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2 2
%+L2+ 224<:>a :E +— 3 >4 <:>a2+b2+%24
a~ b (a—b) a’b a“+b”—-2ab a“+b” -
1
<a’+b’ - >
a’+b’ -

Do ab=1;a#b nén a’+b* >2ab hay a’+b*-2>0.

Miit khac (a2 +b? —2)+mzz\/(a2 +b? —2).m tac la

1
a’+b*-2
Vay 1 >+ 1 -+ 1 >
(x-y) (y-2) (z=x)
Cau71: [TS10 Chuyén KHTN Ha Noi, 2018-2019]
Cho a, b, cla cac sb thuc dwong. Chitng minh rang

L\/E+\/EJ(Ja1+b +\/b1+cjsz

Léi giai
Ap dung BPT Cauchy-Schwarz ta co:

i e )
:2\/Ea+b+b+cj(a+b+bicj<(aib+bic}r(a-l:b+bicj

a b C b
= + + + =2
(a+b a+bj [b+c b+cj

Viy ta c6 diéu phai chitng minh
Dau " ="xay ra khi va chi khi a=b=c
Cau72: [TS10 Chuyén Nam Binh, 2018-2019]
Cho céc s6 thuc duong a,b thoa man va +v/b =1.

a’+b?*-

. . X 1
Chang minh rang 3(a+b)2 —(a+b)+4ab > E\/(a +3b)(b+3a).

Loi giai
L a2 L ax 1 1
Bat dang thirc da cho twong duong + <2.
Ja+3b +/b+3a

Ap dung BBT AM-GM cho 2 sé duong ta c6

/ /a+b a+b (1)
Ja+3 at+bVa+3b 2 a+b a+3b

‘Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 47


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

\/H \f\/; 2(;
\/_+\/_ 1[ L a )
m 2 a+b

Chung minh tuong tu ta cling o ! < l(é+ j (4)

b +3a 2{2 a+b

1
+
\/a+3b x/b+3a

a+3bj @
1

Tu (1) va (2) suy ra

1(3
QJa+3b<2(2 a+bj )

Tir (3) va (4) suy ra < 2. (diéu phai chizng minh)

Dau "="xay ra khi a:b:i.

Céu 73: [TS10 Chuyén Khanh Hoa, 2018-2019]
Cho a, b,c 1a cac sb thuc duong thoa mén diéu kién a+b+c=abc. Chiing minh ring

2 2
frad B
a

Léi giai

Ta co: a+b+c:abc<:>i+l+i=l
ab ac bc

bat x:l;yzé;z=lth‘l bt dang thirc da cho tro thanh : xy +xz+yz =1
a

x/1+a \/1+b2 e <1

<:>\/—+1+\/—+1 c\/—+1 <1

V1+2°
<1
z
N1+22
z

eV1+x +\/1+y2 -

>0

<:>1—\/1+x2—\/1+y2+
, 2
<:>(\/1+X2—1)(«/1+y2—1)—\/1+X2.\/1+y2+ LR
V4
2 2 2
<:>(\/1+X2—1)( 1+y2—1)+\/1+Z 214X \/1+y >0

V4

Ta lai co:
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\/1+x2\/1+y2 =\/1+x2+y2+x2y2 =\/(1—xy)2+(x+y)2

=\/(xz+yz)2+(x+y)2 =\/(zz+1)(x+y)2 =(x+y)V1+2

)+\/1+22—z(x+y)\/1+z2 20
z

= bdt e (V14" -1)({/1+y* -1
@(m—l)(\/ﬁ—m M—(xz;yz)m >0
& (Vi -1)(rey? 1)+ m_(l;"wm >0
o (et 1)y )22

Tir d6 ta co diéu phai ching minh.

Céau 74: [TS10 Chuyén Phan B6i Chau, 2018-2019]

Cho a, b, cthuc duong théa man abe = 1. Chitng minh rang:

1 1 1 <3

+ +
Jat—ad+ab-2 b'—b*+bc+2 AJct+cdtac+?

Léi giai

Ta co:

(a-1)(a®+a+1)20 (a’-2a+1)(a’+a+1)20
sat-a’-a+l120<a*-a’+1>a
sa*-a’+ab+2>ab+a+1

1

& <
Ja*-a’+ab+2 +ab+a+1
Chung minh hoan toan tuong tu ta co:

1 < 1 1 1

< ; <
Vb —b*+bc+2 ~bct+b+1 cf—c*+ac+2 ~ac+c+1
Nhu vay

VT < 1 + 1 + 1 s\/&( 1 + 1 + 1 J
Jab+a+1 ~/bc+b+1 +ac+c+1 ab+a+1 bc+b+1 ac+c+1

(Ap dung BDT Bunyakovski cho 3 s6)
Lai co

1 1 1 1 a ab
3. + + =, [3. + +
ab+a+1 bc+b+1 ac+c+1 ab+a+1 abc+ab+a a’bc+abc+ab

_ |3 1 L_a ab _f3
ab+a+1 1+ab+a a+ab+1

Viy ta c6 diéu phai chizng minh
Dau “=" xay rakhi vachikhi a=b=c=1

Céau 75: [TS10 Chuyén Ha Nam, 2018-2019]
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2010
Cho a la sé bat ki,chizng minh rang: a #2010 5
Va®™° +2009
Loi giai
Taco:

a™" +2010 > 2+/a™" +2009 < a*" +2009 +1 > 2+/a*" +2009

2
o (\/a2010 + 2009) —2\a® 2009 +1> 0

2
o (\/a”w 12009 — 1) >0 luon ding véi moi a

Cau 76: [TS10 Chuyén Nam Dinh, 2018-2019]
Cho céc s6 thuc duong théa man va ++/b =1

, - . 1
Ching minh rang: 3(a+b)2 —(a+b)+4ab 25\/(a+3b)(b+3a)

Loi giai

1 AM-GM 3 1 3b+b +3
Ta co: E\/(a+3b)(b+3a) < 2 7 2 _a+b

Tu gia thiét tacé: Va+vb=1a+b+2Jab=1o2Vab=1-a-b o dab=(1-a-b)’

3(a+b)? —(a+b)+4ab2%\/(a+3b)(b+3a) o 3(a+b)2 —(a+b)+(1—a—b)2 >a+b

< 3a’+6ab+3b*—2a-2b+a’+b*+1-2a—-2b+2ab>0
< 4a’+4b*+1+8ab—-4a—-4b >0

= (1-2a-2b) 20

Viy dang thtre duoc ching minh.
NAM HQC 2017-2018

Cau 77: [TS10 Chuyén TP. H3 Chi Minh, 2017-2018]

. , 16 24y
Cho x, y 14 hai sb thuc duong. Tim GTNN cua biéu thic: P = ‘/;er Ty
X+y Xy
Léi giai
Ap dung BBT AM — GM cho ba s khong am ta co:
16 Zyyr 16 2 8 8 2
P J;g Ty - J;+(X+y) oSN J;+(X+y) s
X+y Xy X+y Xy X+y X+y Xy

2
23.#8@.8@.(”3’) _2-10

X+y X+y Xy
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Ding thirc xay ra khi 8\/; _(x+y) & Xx=y
X+ y Xy
Vay gié tri nho nhat cua P 12 10
Cau 78: [TS10 Chuyén Lam Son, 2017-2018]
Cho a, b, ¢ 1a d6 dai cua ba canh tam gi4c. Chirng minh rang:
a’+b’>-c* . b*+c*-a’ . a’+c-b’

>1
2ab 2bc 2ca
Loi giai
L a’+b’-c® b*+cf-a’® a’+c’-b’
Ta co: + + >1
2ab 2bc 2ca
2,122 2, .2 2 2,2 12y
@c(a +b"—c”)+a(b”+c”—a")+b(a” +c” —b") 2abc>0

2abc

< c@® +b*—c?)+a(b* +c*—a’)+b(a® +c* —b*)—2abc > 0
& c(@”® +b* —c” +2ab)+a(b® +c* —a® —2bc)+b(a” +c* —b* —2ca) > 0
< c((a+b)’* —c*)+a((b—c)* —a’*)+b((c—a)* -b*)>0
< cla+b+c)a+b-c)+a(b-c-a)(b+a-c)+b(c—a-b)(c+b-a)>0
<:>(a+b—c)[c(a+b+c)+a(b—c—a)+b(a—c—b)]>0
& (a+b-c)(c®* —a*+2ab-b*)>0
< (@+b-c)c®—(a-b)*]1>0
< (a+b-c)(c-a+b)(c+a-b)>0

a+b-c>0
Do a, b, ¢ 1a ba canh ctia tam giac nén c+b—-a >0

c+a-b>0
Suyra: (a+b-c)(c-a+b)(c+a-b)>0 © x =y (luén ding)
Vay ta chimg minh dugc BPT ban dau.

Cau 79: [TS10 Chuyén KHTN Ha Noi vong 1, 2017-2018]
Cho a, b 12 s6 cac sb thuc dwong. Tim gia tri 16n nhat cua biéu thic:

1 11
M=(a+b + -—
@D )

Loi giai

Taco: (a’ +b)(§+b) > (a+b)*; (b’ +a)(%+a) >(a+Db)’.

a+b+1+l a+b+1+l
Khi d6 1 + 1 < a_b —ab—i=1+i—i=1.
a’+b a+b’ (a+b)? SVI=" 41p ab ab ab

Pang thac xay rakhia=b =1
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Vay gia tri Ion nhat coaa M 1a 1 khia=b = 1.
Céu 80: [TS10 Chuyén KHTN Ha Noi vong 2, 2017-2018]
Véi a, b, ¢ 1a c4c s6 thuc duong thoa mén: ab + bc + ca + abc = 2.
a+1 b+1 c+1

Tim gia tri I6n nhét cua bicu thic: M =— +— +— .
a“+2a+2 b +2b+2 " +2x+2

Loi giai

V6i x, y duong ta c6 bat dang thc thic: LI 1(1 +1J (*):
x+y 4 \x y

. X+y
Thatvay: (*)e —=2
v ( )C> dxy x+y

= (x+y)2 > 4xy & (x—y)2 >0 (lu6n ding)
Bat dang thic (*) xay ra ddu “=” khi x = y.
Quay tro lai bai toén ta co:
abc+ab+bc+ca=2
< abc+ab+ac+bc+a+b+c+l=a+b+c+3
<@+ (b+1D)(c+1)=(a+1)(b+1)(c+1)
o @+ +(b+1)+(c+1) 1
(@+1)(b+1)(c+1)
1 1 1
Rt + + =1
(@a+1)(b+1) (b+1)(c+1) (c+1(a+1)

V3 V3 V3

baita+l=—/,b+1=—,c+1=—
X y 7

Khi d6 gia thiét bai toan trg thanh: xy + yz + zx = 3 va

a+1 b+1 c+1
= + +
a’+2a+2 b*+2b+2 A +2x+2
a+1 b+1 c+1

= + +
(@+1)°+1 (b+1)*+1 (c+1)>+1
1 1 1
+ +

a+1+L b+1+L c+1+L
a+1 b+1 c+1
_ 1 N 1 N 1
V,x By 3 e
x 3y 3 oz 3
X

:\/5( R A

X*+1 y*+1 z*+1
=+3( X + Y + z )
(x+y)(x+2z) (y+2)(y+x) (z+x)(z+Y)
3 x X y y z z 33

<N n + n " " )= . (Ap dung bt dang thuc (*))
4 x+y X+z y+z y+Xx z+x z+y 4

Péng thac xay rakhix =y =z= /3 -1
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3J_

Vay gia tri I6n nhit caa M la ——

Céu 81: [TS10 Chuyén Binh Duong, 2017-2018]
Cho x, y 1a sb thuc duong thoa man x > 2y.

2 2
Tim GTNN ctia bidu thire M= > Y
Xy

Loi gii

x2+y2:x2+4y2_3y224xy_3_y24
xy xy Xy Xy X

Taco: M= —Ezé.
2 2

. =4vy?
Dang thtrc xay ra khi X y & x=2y
x=2y
P S D
Vay gia tri nho nhat cuaMlaE khi x = 2y.

Céau 82: [TS10 Chuyén Nam binh, 2017-2018]
Xét cac s6 thuc a, b, ¢ khong am, khac 1 thbamana+b+c=1.

Tim gi4 tri nho nhat cau biéu thiuc P = LE— +(a+b)(4+50).
a+bc b+ac
Loi giai
) 1 1
Apdung BBT: —+—2>
X y X+y

(Vx,y #0)

Taco:

P= 1 + 1 +(a+b)(5c+4)2$+(a+b)(5c+4)
a+bc b+ac (a+b)(c+1)

:#+(1—c)(5c+4)24\/5c+4 =4\/ € 1458
(1I-c)(1+¢) c+1 c+1

Dau « = » xay ra khi C:O,a=b=l.
Vay gié tri nhi nhat cia P 13 8
Céau 83: [TS10 Chuyén Ba Ria Viing Tau, 2017-2018]
Cho x, y la cac s6 thuc duong. Tim gié tri nho nhat cua biéu thuc :

N )

X +y
Loi gidi
Taco:x?+y2>2xynén: 2(x* +y?) > (x +y)> Do dé:
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( + )JZ(x +y > +( +— )(x+y)> xy2+x2+y2+2

% +y X y x2 +y Xy
4xy +x +y° oo 23xy2>2\/— 5 3(x* +y?)
+y Xy X +y 2(x +y)
>6-3-2
2 2
x* +y? =2xy
Déu«Z»xéyrakhi 4xy _x2+y2<:>x=y.
x2+y2_ Xy

Vay gi4 tri nho nhat cia P 1a g .
Céau 84: [TS10 Chuyén Bac Luu, 2017-2018]
Cho a, b, cthoaman a>1;b>4;c>9 . Tim gia tri nhd nhét cua biéu thuce :

bc\/a—l +aC\/b—4 +ab\/c—9

abc

M =

Loi giai

Ja-1 b-4 +c-9
+ + .
a b C
Do a>1;b>4;c>9. Ap dung BDT AM —-GM cho cic cip s6 khong am, ta c6

Taco: M=

a—1<l
a=(a-1+122Va-1 a 2
b=(b-4)+4>4/b-4 & b4 1 podgs:m<tsl 1 1L
b 4 2 4 6 12
c=(c—-9)+9>6+c-9
C—9<l
c 6
a-1=1 a=2
Diau « =»xayrakhi <b-4=4<:b=8
c-9=9 c=18
Cau 85: [TS10 Chuyén Pic Léc, 2017-2018]
1) Cho céc sé duong a, b, c. Ching minh ring: —— + b 4 o,

b+c c+a a+b
a’+b’+cf =11

2) Cho céc sé duong a, b, ¢ théa man diéu kién:
ab+bc+ca=7

Chang minh: %s a,b,c<3.

Loi giai
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a:y+z—x
=a+b 2
bat {y=b+c= bzx_};rZ
z=c+a X+y -2
Cc=
2
Ta co:
a_ . b N 4c _ytz-x X-y+z ,X+y-z
b+c c+a a+b 2x 2y 2z
— l+i + 2_y+i + 2_X+i _3
2x 2y z 2y z 2x
AM-GM
S |y X 2y z \/Z_X Z 4
2% 2y Z 2y z 2X
=1+2+2-3
=2
DAu “=" khéng xay ra nén a . b + 4c > 2 (dpcm)
b+c c+a a+b
Cach khac:
Str dung bat dang thicc AM-GM-Schwars ta co:
2
a , b 4c _ a’ N b’ . 4¢” . (a+b+2c)
b+c c+a a+b ab+ac bc+ab ac+bc_2(ab+bc+ca)
2
a+b+2c
Ta lai c6: ( ) >2(*)
2(ab+bc+ca)

b)

Cau 86:

Thatvay: (*) < (a+b+2c)2 —4(ab+bc+ca)>0< (a—b)2 +4c* > 0(ditng)
Vay bét ding thire dd cho dugc chitng minh.

. la?+b*+c* =11 a+b=5-c
Taco: —
ab+bc+ca=7 ab:7—c(a+b):7—c(5—c)

Do: (a—b)2 20(:)(a+b)2 24::¢1b<::>(5—c)2 24(7—5c+c)2

<:>3c2—10c+3£0<:>%3c£3

Chtrng minh tuong ty ta dugc: —<a<3,—<b<3

1 1

3 3
.1

Vay 5Sa,b,c£3

[TS10 Chuyén Béc Giang, 2017-2018]

Cho 2 sb thuc duong x, y thoéa man 2\xy + \/g =
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Tim gid trj nhé nhat bidu thirc: P ==+ 2, 15xy.
y 3y

Loi giai

Tach va ap dung BDT AM-GM ta duoc:

P:X+i+l+3xy+12xy+é—é
x y 3y

>2 X212, i.3xy+2\/12xy.é—é
xy \dy 3 3

>2+2x+8 xy—§=2x+§+8‘/xy

22‘/2x.§+8\/;:4\/§+8 xy =4

Déu “=" xay rakhi x=y =%

Cau 87: [TS10 Chuyén Ha Tinh, 2017-2018]

Cho cac s6 duong a, b, ¢ thoa man: 1 2017 2018

+ + <
1+a 2017+b 2018+c

Tim gié tri nho nhét ciia biéu thuc: P = abe.
Léi gidi
Ta co:

1 2017 2018 2018 1 2017

+ + <l=1- > +
1+a 2017+b 2018+c 2018+c 1+a 2017+b

c 1 2017 AM-GM \/ 1 2017
= > + > 2 .
2018 +c¢c 1+a 2017+b = 1+a 2017+Db

b 1 2018 a 2017 2018
Tuong tu: >2 . ; >2 .
2017 +b 1+a 2018+c 1+a 2017 +b 2018+c
Nhan theo vé ta duoc:

abc 2017.2018
>8
(a+1)(2017+b)(2018+c)  (a+1)(2017+b)(2018+c)
DA4u “=" xay ra khi a=1,b=2017,c =2018
Vay gia tri I6n nhit cua P 14 8.2017.2018
Cau 88: [TS10 Chuyén Binh Phudc, 2017-2018]
a) Chobasb a,b,c thoamin a+b+c=0 va |a| <1,

< abc>8.2017.2018

b|sl,

¢/ <1. Chiing minh rang
a*+b°+cf <2,

b N PR Sy , (X3+y3)_(xz+y2) o N An QA .
) Tim gia tri nho nhat cua biéu thuc T = v6i x,y lacac so thuc I6n hon
(x-1)(y-1)

1.
Loi giai
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a) Tu gia thiét b|<1|d<1,taco a*<a’, b <b’,c* <c* Tirds

a|£1,

a'+b°+c° <a’+b*+¢?
Laico (a-1)(b-1)(c-1)<0 va (a+1)(b+1)(c+1)=0 nén
(a+1)(b+1)(c+1)—(a—1)(b-1)(c—-1)=0
& 2ab+2bc+2ca+2> 0« —2(ab+bc+ca)<2.

Hon nira a+b+c:0<:>a2+b2+cz:—(ab+bc+ca)£2.Véy a*+b°+c*<2.

(F+y)=(C+y") XO)yi(y-1) Xy
(x—l)(y—l) (x—l)(y—l) y-1 x-1

Do x>1,y>1nén x-1>0,y-1>0

b) Taco T=

2 2
Ap dung bt ding thic AM-GM cho 2 s6 duong — = y - ta co:
y-1"x~

(x-1)+12 20k T (Vx-1-1) 20 x-2x-1205 \/X_ >2

x—1

2 X
y-1)+1z22)y-1<({y-1-1) 20 y-2{y-120< =2
(v-1) (1) >

2 2
Dodo T=X_ 4+ Y 52V g
y-1 x-1 \/X—l.\/y—l
XZ y2
- =x—1

y—-1
, , =2 \
Dau “="xay rakhi {x-1= = {x 5 (thoa man dieu kién)
y—1

Vay gid trj nho nhét caa biéu thic T =8 khi x=y =2.
Céau 89: [TS10 Chuyén Quang Ninh, 2017-2018]
Cho a; b thoa man |a|22;

b| > 2. Ching minh réng:
(@*+1)(b>*+1)>(a+b)(@b+1)+5.
Loi giai
Xét hieu M =(a® +1)(b*> +1)—(a+b)(ab+1)-5
=(a’b*-a’b—ab’ +ab)+(a*+b*-a—-b—ab)—4
=ab(a—1)(b—1)+%[(a—b)2+a(a—2)+b(b—2)}—4.

Chi ra v6i [a|>2 thi a(a—1)>2 va a(a-2)=0
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Ta c6 dang thirc (a+b+c)3 :(a3 +b° +c3)+3(a2b+b2c+c2a+ab2 +bc? +ca2)+6abc .

[b|22 thi b(b—1)>2 va b(b-2)>0
nén ab(a—1)(b-1)>4; %[(a—b)z+a(a—2)+b(b—2)]zo

= M=>0hay (a®>+1)(b*> +1)>(a+b)(ab+1)+5.

Cau 90: [TS10 Chuyén Vinh Phic, 2017-2018]

Cho a,b,c la céc sb thuc duong thoa man a +b+c = 3. Chiang minh rang
4(a2+b2+c2)—(a3+b3+c3)29.
Loi giai
Bat dang thue can chimg minh twrong duong:
4(a+b+c)(a2+b2+c2)—3(a3+b3+c3)227
<:>4(a+b+c)(a2+b2+c2)—3(a3+b3’+c3)2(a+b+c)3

<:>(a3+b3+c3)+4(a2b+b2c+c2a+ab2 +bc? +ca2)2(a+b+c)3 1)

Do d6 (1) twong duong véi a’b +b’*c+c’a+a’c+b’*a+c’b > 6abc.
Ap dung bt dang thic AM-GM, ta c6

a’b+b’c+c’a+a’c+b*a+c’b=a’ (b+c)+b2 (c+a)+c2 (a+b)

>2a? bc+2b2x/a+2c2\/£:2(a2 bc+b2\/a+c2\/£)26abc.

Viy BPT (1) duoc chimg minh. Pang thirc xay ra khi va chi khi a=b=c=1.

Cau 91: [TS10 Chuyén Su Pham Ha Noi, 2017-2018]

X, +X, +X; +..+X, =10

Céc s0 thyc khong am x,x,, X, ..., X,

thoa man
{xl +2x, + 3x3 +..+ 9x9 =18

Chimg minh rng: 1.19x, +2.18x, +3.17x, +...+9.11x, > 270
Loi gidi.

Taco: 9(x, +x, +x; +..+x,) =90, suy ra:

9(x1 +X, +X, +...+x9) =90
= 19x, +29x, +39x, +...+99x, =270

10(x, +2x, +3x, +...+9x, ) =180

Mat khac:
1.19x, +2.18x, +3.17x, +...+9.11x,

= (19, +29x;, +39x, +...+99x, ) +(7x, +12x, +15x, +...+7x, ) > 270 (dpcm)

e
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Dau “=" xdy ra khi

Cau 92: [TS10 Chuyén Hai Duong, 2017-2018]

Cho X, y, z 1a cac s6 dwong théa man \/xz +y’ +\/y2 +72 22 +X0 =6

, ) X2 y2 ZZ
Tim gia tri nho nhat caa biéu thic: M = + +
y+z z+X X+y

Loi giai
Ta co:

6:\/x2+y2 +\/y2+z2 2+
S\/3(x2+y2+y2+22+22+x2) :\/6(x2+y2+zz)
=>x+y +z°26
Do do:

M_ X2 . y2 . Z2 X2 . y2 . Z2
y+tz z+X X+y \/2 y2+z) \/2(zz+x2) \/2(x2+y2)
26 (y +z ) 6— (z +X ) 6—(x2+y2)
\/ y +z \/2 \/2(x2+y2)
6 1 1

1 1
> = + + ——( x> +y* + 2+zZ+x/zz+x2)
J2 \/y2+zz Jz2 + %2 \/x2+y2 \/5\/ Y \/y

>0 9 _6
_\/E'\/X2+y2+\/y2+22+\/zz+xz J2
_6 9 6

26 2

32

T2

Déau “=” xay ra khi a=b=c=+2

Vay gia tri nho nhit cua M 1a #
Céu 93: [TS10 Chuyén Su Pham Ha Noi vong 2, 2017-2018]
Cho cac sb duong a,b,c,d . Chimg minh rang trong 4 sb
2+l 1>2+1+l +1+l F C6 it nhat mot s6 khong nho hon 3.
b c c d’ c d’ a
Loi giai
Gia st ca bon s déu nho hon 3 thi
P=a’ +l+l+b2 +1+l+c2+1+l+d2 +l+l<3
C c d c d a
Mait khac :
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 JRPCILINE S NSNS SPCINE U S CUNL I SR I +d2+2(l+1+1+lj

C c d c d a a b ¢ d
Do 4( +b? +c? +d2) (a+b+c+d)2 1,111, 4
a b ¢ d a+b+c+d
2
:>P2(a+b+c+d) R R [ Zi/(a+b+C+01) 16 16 _1o
4 a+b+c+d a+b+c+d 4 a+b+c+d a+b+c+d

Trai diéu gia sir suy ra c6 it nhat mot s khong nho hon 3.
Cau 94: [TS10 Chuyén Hung Yén, 2017-2018]
Cho 3sb a, b, c duong va a*b* +b*c* +c*a* =3a*b’c* . Chimg minh:

1 N 1 N 1 < é
a’b+2c®+1 b’c+2a’+1 cfa+2b’+1 4
Loi giai
Ta co:
a‘b* +b'c* +c*a* =3a'b'c* & %+i Ly (1)
a' b* !

Str dung AM-GM ta c6:

, 1 1 1 1 1
La twong tu va cong theo vé ta duoc: —+—+—_— —+— 2

Mat khac: %+1 > %
a — a
1 1 1 _1{1 1 1 3
Lam twong tu va cong lai ta dugc: —+—+—<—| —+—+—[+— (3
et o Tat bt & Z(a4 b* C4j2()
V('yix,y,z,tduongtac():;s 1 l l l 1 *)
x+y+z+t 16(x y z

That vay, st dung AM-GM ta co:

X 'y z

(x+y+z+t)(—+ +— +—j>4‘/xz 4Tyz

1 11 1 11
S—<—| —F—+—+—
x+y+z+t 16(x y z t

Ping thac xay rakhix=y =z =t.

< 1 1 1( 1 1 1
Ap dung (*) ta dugc: = <= +—+—41
P dung (%) Tath+2c%+1 ath+ct 4+t +1 4(a3b < j

Tuong tu:

1 1( 1 2 1 1( 1 2
S st et s S et et
b°c+2a“+1 16{(b’c a cda+2b’>+1 16\ b°c a

Cong theo Vé ta duoc:
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1 + 1 + 1 <L + 1 +L +1 i+i+l +i
a’b+2c>+1 bPc+2a’+1 ca+2b?+1 16\a’b b’c c*a) 8la*> b* ) 16
Theo (1), (2) va (3) ta cd thé suy ra:

1 1 1 1 1 1 1 1 1 3
+ _ —_ —_— _ —_— —_ —_ —_
a’b+2c*+1 b3c+2a2+1 ca+2b2+1 16\ a’b b ca 8 2 b? c2 16
A(r 1 1y 11 101 433
16\ a* b* C4 16l a* b* c4 16
_3 6. 3_3
16 16 16 4

Dau“="xayrakhia=b=c=1.

Cau 95: [TS10 Chuyén Ba Ria Viing Tau, 2017-2018]
Cho a, b, ¢ 1a cac s6 thuc dwong. Tim gié tri 16n nhat cua biéu thuc:
2 2
P= b+b2C+C a 1( +b2 e )
a“+b +c 3
Loi gisi
V¢i a, b, ¢ duong ta co: (a +b+ c)(a2 +b* + C2) > 3(a2b +b’c+ cza) (1)

That vay:
VT:(a+b+c)(a2+b2+cz):a‘°’+ab2+ac2+b2 +ba’+bc® +c’ +ca’ +cb?
:(a2b+b2c+cza)+(a3 +a1b2)+(b3 +b<:2)+(c3 +ca2)

AM-GM

> (a2b+b2c+cza)+2a2b+2b2c+2c2a
=3(a2b+b2c+c2a) =VP

a’b+b’c+c’a - a+b+c

Do d6: <
a’+b*+c? 3
2 2 2
a“+b +c 3 3

2
< a+b+c—l(a+b+c)2 :l—{l(a+b+c)—l} Sl
3 9 4 |3 2 4

Déu “=" xdy rakhi a =b =c =%
Vay gia tri I6n nhit caa P 1a %
Cau 96: [TS10 Chuyén Tay Ninh, 2017-2018]
Cho X, y 1 s6 thuc duong nho hon 1.Tim gi tri I6n nhét caa biéu thuc:
B xy(l—x—y)

- (ery)(=x)(1-y)
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Loi giai
Ta co:

1 _(y)=x)(1-y) _(x+y)(I-x=y+xy) x+y xty _x+y _x+y
Q xy(l—x—y) xy(l—x—y) xy l-x-y xy 1—(x+y)

batt=x+y, tadugc:

1_x+y+ X+y >4(X+y) x+y 4 X+y _é+i

Q xy 1-(x+y) (x+y)2 +1—(x+y) - x+y+1—(x+y) t 1-t
Str dung bét ding thirc Cauchy-Schwarz ta duoc:

2
2 2+1
LSS )—1=2—1=8:>Qsl
£ 1t t 1=t tel-t 1 8

1
Q
A [N ] ] 2 - ]-
Dau “=" xay ra khi x:y:5

Vay gia tri I6n nhat cua Q 1a %

Cau 97: [TS10 Chuyén Ninh Binh, 2017-2018]
Cho a, b, ¢ duong thoa méan diéu kién a+b+c=2018 . Tim gia tri 16n nhat cua biéu

a b C
+ +
a++2018a+bc b++/2018b+ca c++/2018c+ab

thac: P =

Loi giai
Ta co:
a a a

a++/2018a + bc B a+\/(a+b+c)a+bc B a+\/ab+(a2 +bc)+ac

a a \/;

£a+\/ab+2a\/a+acza+\/(\/£+&)z \/g+\/g+\/z

Tuong tu: b < \/B ; ¢ < \/E
" b++2018b+ca  Ja+b++c’ c++/2018c+ab  a++b++c

Ja+ b+x/2=
Ja ++/b++/c

2018
3
Vay gia tri I6n nhit caa P 1a 1.
Cau 98: [TS10 Chuyén Ddng Théap, 2018-2019]
Cho 3 sb dwong x, y, z théa man diéu kién x* +y’ +2z° =1. Chang minh bat ding thic

Cong theo Vé ta duoc: P < 1

Dau “=" xay rakhi a=b=c=

2 2 2

X y Z
au: + + =2
J1-x2 \/1—y2 J1-72

Léi giai

S
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Str dung BBT AM-GM ta dugc:
2 2 2
x2(1—x2)<ﬂ=l:> X = X > 2x°

-2 2 J1-x \/xz(l—xz)

2 2

Tuong ty: ———>2y°;
J1-y? 1-2°
2 2 2
X Y .z > 2(
V-2 (1-y* J1-22
Cau 99: [TS10 Chuyén Thira Thién Hué, 2018-2019]
Cho a, b, ¢ 1a s& duong thay ddi thoa man didu kién: v/ab ++/bc ++/ca =1. Tim gié tri
a’ b*
+

a+b b+c c+a

Cong theo Vé ta duoc:

X’ +y’ +z3) =2 (dpcm)

biéu thuc: E =

Loi giai

Str dung bét ding thirc Cauchy-Schwarz ta duoc:
2

2

2 2 b

E=——-t b == Z(a+ +C) =a+b+C2 ab ++/bc ++/ca =1
a+b b+c c+a 2(a+b+c) 2

Dau “=”" xay rakhia=b=c = 1.

Vay gia tri nho nhit cua E 13 1.
Céu 100: [TS10 Chuyén Bic Ninh, 2018-2019]

Cho cac s6 thuc a, b, ¢ théa man a +b+c < 3. Tim gi4 tri nho nhat cua biéu thic:
a’+6a+3 b’ +6b+3+ c?+6c+3

M=
a’+a b*+b c*+c
Loi giai
Ta co:
a>+6a+3 (327 +3)+6a—2a" AMaMg, 6 022 12a-2a° 14
2 = 2 > 2 =7 2 = -2
a“+a a“+a = a“+a a“+a a+1
2 2
Tuong fir: b +26b+32 14 iy C +26C+32 14 Dy
b +b b+1 c +c c+1

Cong theo vé va st dung bét ding thirc AM-GM dang cong mau s ta duoc:

2 2 2
M:a +26a+3 b +26b+3+c +26c+3214 1 N 1 N 1 6
a“+a b +b c+c a+1l b+1 c+1
214.L—6214.L—6=15
a+b+c+3 3+3

Dau “=” xay rakhia=b=c = 1.
Cau 101: [TS10 Chuyén Vinh Long, 2018-2019]
Cho x, y, z duong thoa mén x+y+z=4 . Chang minh rang: L+i >1
Xy Xz
Loi giai
Ta co:
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111(11}14 4 16

\

S = >
v 2] Xy X2 (v )

Dau“="xayrakhix=2,y=z=1.

~=1(dpcm)

Xy Xz X

NAM HOQC 2016-2017

Cau102:  [TS10 Chuyén Ha Tinh, 2016-2017]
Cho a, b, ¢ 1a c4c s6 duong thoa man: a+b+c=2016. Tim gié tri I6n nhat cua biéu
a b C
+ + :
a++2016a+bc  b++/2016b+ac c+~/2016c+ab

thuc: P =
Loi giai
Tach a+\/2016a+bc=a+\/(a+b+c)a+bc =a+,/(a+b)(a+c)

Ap dung bdt Bunyakoskicopski ta co:

(a+b)(avc)=|(Va) +(Vo) || (Ve) +(a) |2 (Vac +ab
Suy ra a+,/(a+b)(a+c)za++ac +J£=J£(J£+JE+%)

a Va
Suy ra <
a++2016a+bc +a++b +\/E

b \/E ) c \/E
Tuong tu < : <
b++/2016b +ac \/g+ b+\/z c++2016c+ab \/E+JB+\E

Jasb e

SuyraP<~=—"—"==1,Dau=xayrakhi a=b=c=672

Ja b +e

Céu 103: [TS10 Chuyén Ba Ria Ving Tau, 2016-2017]
Cho a, b, ¢ 14 3 s6 duong thoa mén ab + bc + ca = 3abc. Chirng minh rang:

a b C 3
+ <>
a’+bc b*+ca c*+ab 2
Loi giai
Tir didu kién dé bai ta co 22Fberea 5 1, 1.1 4
abc a b c

Ap dung hai lan bat dang thic Csi cho hai s6 duong, ta c6:

2 1
a+be>2vatbe =2avbe => —2 < =
a’+bc  2avbc 2+bc
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| e
11111 a 11 1
SRS N <—|=+=
\/_\/_Zbc a’+bc 4\b ¢

Tuong ty ta co: b sl lJrl; ¢ gl l+l
’ >+ca 4\c a) c*+ab 4la Db

a b C 1 1 1 1) 3
Suy ra — +— +— —F—+—|==
a“+bc b“+ca c +ab 2 a b ¢/ 2

Cau104:  [TS10 Chuyén Ba Ria Viing Tau, 2016-2017]
Cho hai s thyc a, b déu lon hon 1. Chfrng minh rang:
6 ++/3ab+4 > —
avb-1+bva-1
Loi giai

Taco: avb-1 Sa‘b—;+1 =%.

a—1+1=@ 6 >£
avb-1+bJa-1 ab’

Tuong tu: by/a—-1<b.

Déau “=" xay rakhi a=b =2,

6 ++/3ab+4 zib+\/3ab+ =%+\/3ab+4.
a a

“avb-1+bya-1

bit y =+3ab+4 = 3ab =y’ — 4. Khi do:

AM-GM
Q2> 218 +y= 18 —(y— )+— (y+2)+1 > 3,3/18§l+1=£.
y —4 (y+2)(y-2) 4 4 4 2

Dau “=" xay rakhiy=2hay a=b=2.

Cau 105: [TS10 Chuyén Ba Ria Viing Tau, 2016-2017]

Cho x, y, z 12 3 s6 dwong thoa man x* +y” +z° = 3xyz . Chuang minh :
2 2 2
L A

y+2 z+2 x+2

>1.

Loi giai
2 y+2 X y+2 2 xX* _6x—y-2
Tacé + >2 : =—X
y+2 9 y+2 9 3 y+2 9
2 _6y-z-2 7* _6z-x-2
T > > _
rong fy +2 9 " X+2 9
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i A G A N ~ . A, 22 , A X 5(X+y+Z)—6
bat vé tréi caa (*) la P. Cong cac bat dang thuc trén theo veé ta dugc: P > 9
(x+ y+z)3 s 2 .1 2
Lai c6 >3xyz, X°+y°+12 2§(x+y+z) ,
o (x+ y+z)3 1 2
Tur gia thiét suy ra TZE(X+y+Z) SX+y+22>3,
Dod6 P>1,
Cau 106: [TS10 Chuyén Su Pham Ha Noi, 2016-2017]
Cho a, b, ¢ 1a ba s6 thuc khdng am va thoa man: a + b + ¢ = 1. Chiing minh rang
V5a+4 +5b+4 +/5c+4 27
Loi gidi
a(l-a)>0 |a=a’
Vi a, b, ¢ khdng am va c6 téng bang 1 nén0<a,b,c<1={b(1-b)>0={b>Db?
c(1-¢)=0 |c=¢?

Suyra V5a+4>+a?+4a+4 =\(a+2)’ =a+2
Tuong ty+/5b+4 >b+2;4/5c+4 >c+2

Do d6 v5a+4 ++/5b+4 ++/5c+4 >(a+b+c)+6=7 (dpcm)

CAu 107: [TS10 Chuyén Son La, 2016-2017]
Cho hai sé duong a, b théa man: a+b <22 . Tim GTNN caa biéu thuc: P =l+%
a
Loi giai
Vi moi a, b ta ludn co: (a - b)>>0
<a’+b’-2ab>0<«< a’+b”> >2ab < a’ +b’ +2ab >4ab < (a+b)* > 4ab (*)
Vi a, b déu duong nén ab va a+ b ciing duong bat dang thirc (*) tré thanh:

<:>a+b2 4 1 12 4 =P> maa+b£2\/§
ab a+b a b a+b a+b
4
— > > P>2
a+b 22
. a—-b)*=0
Dau “ =" xay ra < ( ) sa=b=+2
a+b=2\/5
VayminP=\/§

Cau 108: [TS10 Chuyén Binh Thuan, 2016-2017]

‘Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 66


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

Cho cac s6 duong x, y, z. Chting minh rang:

Y o oyr oz X’ +y*+27°
X +yz+zx Y H+zX+Xy Z+Xy+yz XY +yzZ+zx

Loi giai
Ap dung bit dang thic AM-GM-Schwar ta co:
xy xy(y2 +yz+zx) 3 xy(y2+yz+zx)

X +yz+zx (x2 +yz+zx)(y2 +yz+zx) - (xy+yz+zx)2

Tuong tu: . yz Syz(22+zx+xz); 2 X SZX(X2+Xy+yj)
y reeexy (XY+YZ+ZX) Z +Xy+yz (Xy+yz+zx)
Suy ra

Xy N yz N 7X <(X2+y2 +Zz)(Xy+yz+ZX) B X2+y2+22

X +yzZ+zX Y AZX+XY ZEHXy+YZ (xy+yz+zx)2 Xy +yz+zx

Vay bét ding thire duoc ching minh. Pang thac xay rakhix =y = z.
Cau 109: [TS10 Chuyén Thtra Thién Hué, 2016-2017]
Cho x,y>0va x+y >3 . Tim gia trj nho nhét caa:

M =6x> +4y’ +10xy+g+3—y+2016

y X
Loi giai
Str dung bt ding thirc AM-GM ta duoc:
xy+4—XZ 4x ; 3xy+3—y2 6y
X

y
Do d6: A 2 6% +6xy +4y” +4x+6y =6x(x+y)+4y” +6y +4x 2 6x.3+4y" +6y +4x
=2x+4y’ +6y > 22x+4(4y —4)+6y =22(x+y)-16>50

Suy ra: M >50+2016 = 2066
Dau “=" xay rakhix =1,y = 2.
Vay gié tri nho nhat ciia M 1a 2066.
Céau 110: [TS10 Chuyén Thai Nguyén, 2016-2017]
Tim gié tri nho nhat cua biéu thuc: P = \/x+ 63x—9 +\/x —6x—9
Lai giai
Diéu kién: x>9

Taco: P=yx+6vx—9 +yx—63x—9 =yx-9+6xx-9 +9 +1/x-9—6/x—9 +9
:\/(\/x—9+3)2+\/( x—9—3)2:\/x—9+3+‘3—\/ —9‘2\/x—9+3+3—\/x—9

=6

, x=>9
Dau “=" xay ra khi & 9<x<18.
Y {3—\/ -9>0

Vay gi4 tri nho nhat caa P 13 6.
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Cau 111: [TS10 Chuyén Thai Binh, 2016-2017]
Cho x, y, z > 1 va théa man 3x* +4y® +5z%> =52 . Tim gia tri nho nhit caa biéu thuc:
F=x+y+z
Du doan: Ta doan dau bang xay rakhix=y=1,z=3.
Léi giai
DoXx,y,z > 1nén: (x—l)(y—1)20<:>xy2x+y—1
Lam tuong tu va cong theo vé ta dugC: xy +yz +zx > 2(x+y+z)—3
Do do:
5(x+y+z)2 :5(x2 +y° +z2)+10(xy+yz+zx)252+2x2 +y’ +10[2(x+y+z)—3]
>52+2+1+20(x+y+z)-30
Suyra: x+y+z=5
Dau “=” xay rakhix=y=1,z=3.
Vay gié tri nho nhat cua F 14 5.
Céau 112: [TS10 Chuyén Quang Binh, 2016-2017]
Cho a, b, ¢ 1a cac sb thuc dwong thoa man ab + be + ca = 3abc.

. 1 1 1 3
Chung minh: + + <—
Ja’+b JbP+c Ji+a 2

Loi giai
Ap dung BT AM-GM ta duoc:

1 1 1 1 (3.1
Ja? +b \/2J_ “ b 4f(a bj

Tuong tu 1 (3 1j 1 1 (3 1)
- Wb+ 4\/_ c’+a 4\/—
Cong theo Vé ta duoc:
1 1 1 1 (4 4&}_& ab+bc+ca
Ja'+b b +c Jcl+a 4\/— a b c) 2 abc \/_
Dau “=”" xay rakhia=b=c = 1.
Cau 113: [TS10 Chuyén Pht Tho, 2016-2017]
Cho cac s6 x, y duong. Tim gia trj nho nhat cua biéu thic:

2 . 2 +(2x+y)(x+2y)_ 8
Jxey) +1-1 (x+2y) +1-1 4 3(x+y)
Loi giai
Dit 2x+y=a, x+2y =b va st dung bat dang thic AM-GM ta duoc:

(dpcm)

P=
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b2 2 a8

Val+1-1 +b*+1-1 4 a+b

_ 2 2 ab 8
Ja+1)(@-a+1)-1 [(b+1)(b*-a+1)-1 4 a+b

> 2 + 2 +£_i:i+i+ﬂ_i
_a+1+a2—a+1_1 b+1+b2—a+1_1 4 Jab a® b* 4 \fab

2 2
>£+£_i
“ab 4 Jab

2
bat t=+fab . Tasé ching minh: t§2+tz—%21 *)

That vay: (*) < (t-2) (£ +4t+8)20

Vay P>1 . Dau “=" xay ra khi x:y:%

Vay gia tri nho nhit cua P 1a 1.
Cau 114: [TS10 Chuyén TP. H5 Chi Minh, 2016-2017]

X\/§+y\/;_x+y<l

X+y 2 4

Cho x, y 1 hai s6 duong. Chirng minh rang:

Loi gidi
Str dung bét ding thaec AM-GM ta co:

x+i2\/; (1)}

vy (2
x+y22xy  (3).
Cong theo vé (1) va (2): x+y+%2\/;+\/§ (4)
Nhan theo vé (3) va (4):
(x+y) +2(xey)2 2y (Vxely) (5)
Chia ciia 2 vé ciia (5) cho 2(x+y) dugc:

X+y+12\/;+\/§:>x y+y\/;_x+ysl
2 4 X+y X+y 2 4

(dpem)

Dau “=" xay rakhi x=y :i.
Cau 115: [TS10 Chuyén Ninh Binh, 2016-2017]
Cho a, b, ¢ 1a s6 thuc duong thoa mén abc = 1. Ching minh rang:

1 1 1 3

+ + <=

ab+a+2 bc+b+2 ca+c+2 4
Loi giai
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V6i x, y duong ta c6 bat dang thc thic: 1 111 (*):
x+y 4\x y

Thatvay: (*)< Xry.

by xey (x+y) 24xy < (x—y) 20 (ludn ding)

Bat dang thic (*) xay ra ddu “=” khi x = y.

Ap dung BDT (*) ta dugc: 1 = ¢ Sl € 4 1
ab+a+2 1+ac+2c 4\c+1 a+1

Chtng minh tuong tu ta dugc:

1 _1fa 1) 1 _1(b 1
bc+b+2 4la+1 b+1) ca+c+2 4\b+1 c+1
Cong theo vé 3 bat dang thie trén ta dugc:

1 1 1 1(&1 1 b 1 c1j3
< +

+ + <— + + + =— (dpcm)
ab+a+2 bc+b+2 ca+c+2 4\la+1 a+1 b+1 b+1 c+1 4

Dau“="xayrakhia=b=c=1.
Cau 116: [TS10 Chuyén Nam Binh, 2016-2017]
Cho X, y, z Ia céc s6 thuc thoa man diéu kién (x—y)(x—z)=1 va y =z . Ching minh:
1 N 1 N 1
(=y) (y=2) (2=x)
Loi giai

Taco: 1 + 1 (X_Y)2+(X_Z)2_(Y—Z)2+2(X—y)(x—z)

>4

(x=y) (=% (x=y)(x-2)  (x-y)(x-2)
(y_z)z +2. 1

(x=y) (x=2)  (y)(x=2)

Str dung bét ding thaec AM-GM ta duoc:

(y-2)
1+1+12y +2. 1 +1

(=y) (=2 (z) (y) ez (xy)o2) (2o

AM-GM 4

= xy)x-2)
Céu 117: [TS10 Chuyén Ninh Thuan, 2016-2017]
Cho ba sb a, b, ¢ théa man diéu kién: ab+bc+ca=3. Tim gié tri nho nhit cua biéu
thic: P=a’+b” +c* —6(a+b+c)+2017

=4

Loi giai
Ta co:
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P=a’+b%+c? —6(a+b+c)+2017=a2 +b%+c? +2(ab+bc+ca)—6—6(a+b+c)+2017
:(a+b+c)2—6(a+b+c)+2011=(a+b+c)2—6(a+b+c)+9+2002

=(a+b+c-3) +2002
> 2002
Dau“="xayrakhia=b=c=1
Vay gi4 tri nho nhat caa P 1a 2002.
Cau 118: [TS10 Chuyén Béc Ninh, 2016-2017]
3a* +3b*+c+2

(a+b+c)3

Cho a, b, ¢ > 0. Tim gia tri nho nhat cia M =

Loi giai
St dung AM-GM ta duogc:
3a'+1=a*+a’+a*+124Ya? =4a’; 3b*+1=b'+b’+b* +1>44b” =4’
Do do:
_3a'+3b* +c7+2 S 4a’ +4b° + ¢’

(a+b+c)3 - (a+b+c)3

Ta dé dang ching minh dugc BPT véi a, b duong thi: 4(&13 +b3) > (a +b)3 (*)

Tht vay: (*) < a’ +b’2ab(a+b) < (a+b)(a~b) 20 (ding)
Vay (*) dugc chitng minh. Dau “=" xay ra khi a = b.
Ap duyng (*) ta duoc:

24@13+4b3+c3>(a+b)3+c3> (a+b+c)3 1

(a+b+c)3 - (a+b+c)3 _4(a+b+c)3 4
Diu “="xayrakhia=b=1,¢c=2.

Vay gia tri nho nhit cua M 1a i

Cau 119: [TS10 Chuyén Ninh Thuan, 2016-2017]
1 1

Cho céc sé duong x, v, z théa man 1 + + =12
X+y y+z z+X

+ L + L <3.
2x+3y+3z 3x+2y+3z 3x+3y+2z

Ching minh rang:

Ding thire xay ra khi nao?
Loi gidi

4\la b

1 1 2 1 11 1
Thay vay: (a+b)| —+— |>2+vab. =4= <—| —+—
ay vay: (a )(a bj Ja_@ — 4(&1 bJ
Viy (*) dugc chitng minh, dau “=” xay rakhia=b .
Str dung (*) ta duoc:

Vi a, b, ¢ duong ta co: 1 Sl(lJrlj *
a+b

.Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 71


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

1 1 <l{ 1 L1 J
2x+3y+3z (x+y)+(x+z)+2(y+z)_4 (x+y)+(x+z) 2(y+z)

111[ 1 1 1 111 1 2
<—|— + + =— + +
4|4\ x+y x+z 2(y+z) l6\ x+y x+z y+z

Tuong tu:

1 (1,1 2 1 (1 1 2
3x+2y+3z 16\ x+y y+z x+z) 3x+3y+2z 16\x+z y+z x+y)
Cong 3 BDT trén theo vé duoc:

1 1 1 <1( 1,1 1

+ + <
2x+3y+3z 3x+2y+3z 3x+3y+2z 4(x+y y+z z+X

] =3 (dpcm)
Dau “=” xay rakhix =y = z.
Cau 120: [TS10 Chuyén Ddng Thap, 2016-2017]

Cho a, b, ¢ 1a cac s6 duong thoa madn a” +b” +c> =1 . Tim gié tri nho nhét caa biéu thic

P a N b N C
b?+c* c*+a’ a’+b?
Loi giai
Ta co:
a b C a b C
P= + + =

+ +

b*+c* c*+a® a’+b*> 1-a*> 1-b* 1-¢
Doaduongva a’+b*+c*=1=0<a<l=0<a’<1
Ap dung AM-GM ta duoc:

az(l_azy-%.ZXZ.(l_xz)(l_xz)<%[2X2+(1-X2)+(2-x2)]3_i

3

1 >3\/§:> a >3J§

2
a(l_az)g3\/§:>a(1—a2)_ 2 T1-a’ 2

> 3\/gbz- ¢ ¥c2

a2

> ; >
1-b> 2 1-¢?

Cong 3 bt ddng thuc trén theo vé ta duoc:
a b c .33 3\3
+ + > =
1-a> 1-b*> 1-¢& 2 2

Chtng minh tuong ty ta dugc:

P= (dpcm)

(a2 +b? +c2)=
€
V3
Cau 121: [TS10 Chuyén TP. H5 Chi Minh, 2016-2017]
Biét x>y>z,x+y+z=0 va x’+y’ +2° =6.
1) Tinh S :(x—y)2 +(x—y)(y—z)+(y—z)2
2) Tim gid tri l6n nhét cua biéu thic P =|(x—y)(y —z)(z—x)|

Pang thirc xay rakhi a=b=c=

Loi giai
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1) Taco:

(x+y+z)2 —(x2 +y2 +zz) —6—02 -6
2 2

2) Pita=x-y,b=y-z Khidétacé a>0,b>0 va a’+ab+b’>=9

S=x*+y*+z° -xy—-yz—zx=6— =9

:>(a+b)2—9:abs@:>a+bszﬁ
gt t=a+b. Khido: P=t(t"-9)

Ta s& chirng minh: t(t2 —9)3 63 (*)

That vay: (*)@(t—Z\/g)(t+\/5)SO (ding)

Do do: P<64/3 .
Dau “=” xay ra khi x:\/g,y:O,z:—\/g.

Vay gid tri 16n nhat caa P 12 6/3
CAu 122: [TS10 Chuyén KHTN, 2016-2017]
Véi X, y 12 s6 thuc théa min diéu kien 0<x<x<y<2,2x+y>2xy . Tim gia trj 16n

nhat cua biéu thuc: P = x> (x2 +1) + y2 (y2 + 1)
Loi giai
P=x'+y*+x*+y’

7 A <> [P 1
Ta cé bat ding thirc: a> +b* > E(a +b)2 (*)

Ta co: 2x+y22xy<:>l+E22 (vi x, y duong)
Xy

2
Ap dung (*) suy ra: %+%Zl(l+3] >2mL22-2 (1)
Xy

2{x vy X y’

2
Ap dung tiép (*) ta co: %Jrgzl i2+i2 22:%22_2 (2)
X y 21 x y X y
2

X—ZJ(yz—KL)SO@yz <qix 2

2 2

Céo xSySZ:[l—
y

2
oy <arnd X _aielond caie Lo (do (1))

4

4
Tuong ty: [1—X—4J(y4 —4)£0<:>y4 <16+4x! - 18X
y

4

y

E] x* < 16+i4.x4 =17 (do (2))
X

oyt +xt S16+[2_y4

P<17+5=22
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Dau “=”" xay rakhix =1,y = 2.
Vay gi tri I6n nhit caa P 1 22.

Céu 123: [TS10 Chuyén Nam binh, 2016-2017]
Cho hai sé a, b kh6ng am théa man a+b < 3. Chang minh rang:

2+2a N 1- 4b

1+2a 1+ 4b 15

Loi giai

Bat dang thirc can chimg minh tuong duong véi:

2+2a 1-4b 1 1-4b 1
= +1+ =

1+2a 1+4b 1+2a 1+4b 1+2a 1+4b

Str dung bt ding thirc AM-GM ta duoc:
1 2 1 2 1 1

1

+ = + = +
1+2a 1+4b 1+2a 1+4b 1+2a 1

1
1+2a+—+2b
\/(1+2a)(l+2b)g 2 b
2 2 4
L -8 2
1 15
\/(1+2a)(2+2b)
Tu (1) va (2) suy ra: 2+2a 1- 4b

1+2a 1+4b 15

Vay bat dang thire dugc chimg minh.

Dau “=” xay rachi khi: 1+ 2a= %+2bvaa+b 3o a=

Céch khéac:

Ta co:

11

5+2b \/(1+2a)(;+2b)

b=l
8

1

_2+2a 1-4b 1 14 1-4b 1

+ +
" 1+42a 1+4b 142a 1+4b 14+2a 1+4b

*)

Vi a, b, ¢ duong ta co: l+l>
a b a+b

1

Thay vay: (a+b)(1+%J >odab. 241
a

>
Jab a b

Vay (*) dugc chirng minh, dau “=” xay rakhia=b .

Ap dung (*) ta duoc:

&

8

+
2+4a 1+4b

1 1 4
P=2 + _2, =
(2+4a 1+4bj 2+4a+1+4b 3+4(a+

_8 4
>3 43 15 dpem)

e
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+b=3
a azﬂ;b:E

Dau “=” xay ra khi =
2+4a=1+4b 8 8

Cau 124: [TS10 Chuyén Nam Dinh, 2016-2017]
Cho a, b, ¢ duong va théa man xy+yz+zx=1 . Tim gia trj nho nhét caa biéu thuc :

1 1 1
:4 2 Tt T
X —yz+2 4y —zx+2 4z°-xy+2

P

Loi giai
Tacéh
1 1 1 1

4x* —yz+2 N 4x* —yz+2(xy +yz + zX) B 4x2+2xy+yz+22x: (2x+y)(2x+z)

1 N 1 N 1
(2x + y)(2x + z) (Zy + z)(Zy + x) (22 + x)(ZZ + y)

Tuong tu, tacd S =

yz XZ Xy

5= (2xz + yz)(ny + yz) ’ (2xy+ xz)(2yz + xz) ’ (Zyz + xy)(sz + xy)

2
a+b
Vi moi a,b tacé (a~b) 20=>(a+b)’ - tab = ab< 07
Ap dung bét dang thirc trén ta duoc:
> yz _, Xz . Xy :
(2xy+2yz+2zx) (2xy+2yz+2zx) (2xy+2yz+22x)
4 4 4
_g»_ Xytyz+zx - 1 1
(2xy+2yz+2zx) Xy +tyz+zX

4
Pang thic xay ra khi x—y—z—L
N

Vay gia tri nho nhat caa S bang 1.

Cach khac:
it a=xy,b=yz,c=2zx khidé a+b+c=1va x° :a—c;y2 :ﬂ,z2 _be
b C a
Ta co:
1 1 1

2 =
4 —yz+2 @—b+2(a+b+c) @+2a+b+2c
b b

b b 4b a

" 4ac+2ab+b* + 2bc (2a+b)(2c+b) - (2a+2b+2c)2 (a+b+c)2
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Tuong tir 1 S C 1 S a

4y* —zx+2 _(a+b+c)2; ‘J‘EZ2—X}’+2_(a+b+c)2

Cong 3 bat dang trén theo vé ta duoc:

P> at+tb+c 1 1

(a+b+c)2 Ca+btc

14
A 7

. 1
Dau “="xayrakhi x=y=z=—
NG

Vay gié tri nho nhat cua P 1a 1.
Céu 125: [TS10 Chuyén Lam Son, 2016-2017]
Cho 3 s thuc duong x, y, z thoa man x+y +z s% . Tim gi4 tri nho nhét cua biéu thic:

P_x(yz+1)2 y(zx+1)2 z(xy+1)2
_zz(zx+1)+x2(xy+1)+y2(yz+1)

Loi giai
Ta co:

. . . (yz+1j2 (zx+1j2 (Xy+1J2
P_x(yz+1) +y(zx+1) +z(xy+1) B 7z . X y

2 (zx+1) X (xy+1) y (yz+1) (zx+1j (xy+l] (yz+1j

X
i (3] ()
y+— zZ+— X+—
z+ x+ y
1 1

z+1 X+ y+—
X y z
Ap dung bat dang thire AM-GM-Schwar ta co:

1Y 1Y 1Y 11 1Y
y+— Z+- X+— X+y+z+—+—+—
p_» 2)  \ X Y) > Xy z

+ 2

1 1 1 1 1
z+- X+ y+- X+Hy+zZ+—+
X y Z X y Z
1 1 1 9 27
=X+ Y+ ZF—F =Xy +ZF =(x+y+z)+ +
X y z X+y+z 4(x+y+z) 4(x+y+z)

AM-GM 9 9 15
> 2\/(x+y+z).4(x+y+z)+43=?
2

Déu Le—77 Xéy ra khi X:y:z:%
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Vay gia tri nho nhit cua P 1a 175

Céu 126: [TS10 Chuyén Lam Son vong 2, 2016-2017]
1 1931

11
+ +...+ >
W1 32 2016+/2015 1975

Ching minh rang:

Loi giai

Ta co:

21 302 201692015 23 20152016 22 3 72015 2016
12015 1931 o

2016 2016 1975
Céau 127: [TS10 Chuyén Hai Phong, 2016-2017]
Cho a,b,c>0;a+b+c>9 , tim gi4 tri nho nhat cua:

2 2
A:21/a2 +b—+C—+3,/1+2+§
3 5 a b ¢

Loi giai
Ap dung bét dang thirc AM-GM-Schwar ta duoc:

22 2(a+b+c
LA (1+3+5)2(a+b+c) =2,|a’ +b—+c—2u
3 5 3 5 3
2
1+3+5
12,5, 08 &1 1,95, ¥
a b c a+b+c a+b+c Ja+b+c
Do do:
2P 2(a+b+c
A=21/a2+b—+c—+3‘fl+2+§z ( )+ 27
3 5 a b ¢ 3 Ja+b+c
a+b+c a+b+c 27 27 9 \/a+b+c 27 27
= + + + >—+33 . .
6 2 2Ja+b+c 2yJa+b+c 6 2 2Ja+b+c 2Ja+b+c
9,393, 7 s
6 2 2 2

Diu “="xayrakhia=1,b=3,c=5.
Vay gia tri nho nhat caa A 1a 15.
Cau 128: [TS10 Chuyén Tién Giang, 2016-2017]
Cho a, b, ¢ dwong théa man a + b +c < 3. Tim gia tri nho nhit caa biéu thuc:

1 2018
P= 2 2 2+
a“+b°+c® ab+bc+ca
Loi giai
A L a2 A o £ 3 1 1 1 1
Ap dung bat dang thac C6 si cho 3 s0 duong a+b+c>x/abc; —+—+—>3
a b ¢ Jabc
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Suy ra (a+b+c)(l+%+1j29(*)
a c

Bt ding thtrc dugc ching minh. Dau dang thirc xay ra khi va chi khi a=b=c

] s (a+b+c)2
Taco ab+bc+ca<a“+b"+c" =>ab+bc+ca< <3

2016 _ 2016

> =672
ab+bc+ca 3

Suy ra

Ap dung bat dang thac (*) , ta c6

2 12 ;T L + 1 (a2+b2+C2+2ab+2bC+2ca)Z9
a"+b"+c° ab+bc+ca ab+bc+ca

Suy ra > 12 =+ 2 > i =1
a~+b°+c® ab+bc+ca (a+b+c)

Do d6 ta dugc P = 1 + 2018 >673.

a’+b*+c® ab+bc+ca

Déu dang thic xay ra khivachikhi a=b=c=1.
Vay gié tri nho nhét cia P 12 673.
Céau 129: [TS10 Chuyén Lao Cai, 2016-2017]

Cho a, b, ¢ 1a s6 duong thoa man: + 1 + ! = 2. Chting minh rang:
a+1l b+1 c+1
1 1 1
+ + >
8a’+1 8b*+1 8c*+1
Loi giai
Ta co:

1 1 1 1 1 1 a b C
+ + =2=3- + + =1= + + =
a+1l b+1 c+1 a+1l b+1 c+1 a+1l b+1 c+1

Mait khac:

21+21+21 21<:>3—21+21+21 <2
8a“+1 8b " +1 8c +1 8a“+1 8b +1 8c +1
2 2 2 2 2 2
<:>82a +8lo +82C £2<:>42a +4E +42C <1
8a“+1 8b +1 8c +1 8a“+1 8b +1 8c +1
4a* a
S <)
8a“+1 a+1
2
45 <2 o 4a’+4a’<8a%+a4a’—4a’+a>0
8a“+1 a+1

& 4a’~4a+120<(2a-1) 20 (ding)

Ta chuang minh:

That vay:
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a* _ b i _ ¢
8b>+1 b+1"  82+1 c+1
Cong 2 bat dang thic theo vé ta duoc:

4a’ 4p* 4c* a b c

+ + < + +
8a+1 8b*+1 8c*+1 a+1 b+1 c+1

Déu “=" xay ra khi a=b=c=%

Tuong tu:

=1(dpcm)

Cau 130: [TS10 Chuyén Cn Tho, 2016-2017]
Cho a, b, ¢ lan lugt 1a d6 dai 3 canh cua tam giac va 2ab + 3bc + 4ca = 5abc.
7 6 5
+ +
a+tb-c b+c—-a c+a-b

Tim gié tri nho nhét cua biéu thuc: P =
Lo giai

Ta co: 2ab+3bc+4ca:5abc<:>%+§+é=5 (doa,b,c >0)
c a

Str dung BBT AM-GM-Schwar ta dugc:
52,34 20 3 & _(2+3+4)
———4—=—+ =~
c a b 2¢ 3a 4b 3a+4b+2c

:>3a+4b+2c2%
7 6 5 7 6’ 57

P:a+b—c+b+c—a+c+a—b _7(a+b—c)+6(b+c—a)+5(c+a—b)

(7+6+5)2 ~ 182 ~
7(a+b—c)+6(b+c—a) c+a—b)_2(3a+4b+2c)_

5(
DAu 2
5

=" xay rakhi a=b=c=
Vay gia tri nho nhit cua P 1a 10.
Cau 131: [TS10 Chuyén Pdng Nai, 2016-2017]
Cho a, b, ¢ la s6 thuc khong &m théa mdn a+b+c=3
1) Chang minh rang: ab+bc+ca <3
2) Chimng minh rang: a’b+b’c+c’a<4
Loi giai
1) Taco:

(a+b+c)2

ab+bc+ca< =3 (dpcm)

DAu =" xay rakhia=b=c=1.

2) Giasir b nam gitra a va c ta co:
(b—a)(b—c)ﬁO(:)bz+ac£ab+bc<::>b2c+ac2 <b’c+ac’
Ap dung AM-GM ta co:

3
5;12b+b2c+c2aSa2b+b2c+2abc:b(a+c)2 :b(a+c)(a+c)§M:4
27

Cau 132: [TS10 Chuyén Binh Dinh, 2016-2017]
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Cho x, y, z thay ddi thoa man x* +y* +z* =1. Tim GTLN cua biéu thic:
P=xy+yz+xz+%[x2 (y—z)2 +y’ (x—z)2 e (X_y)z}
Loi giai
Ta ching minh:
P=Xy+yz+xz+%|:xz (y—z)2+y2(x—z)2 +Z2(X—y)2i|S1
= (xy+yz+zx)(x2 +y? +zz)+x2y2 +y°2’ +2°%" —xyz(x+y+2z)< (Xz y? +ZZ)2
@%[(XZ +y2)(x_y)2 +(y2 +Zz)(y_z)2 +(22 +X2)(X_Z)2j| >0 (dﬁng)
Dau “=" xay rakhi x=y =z :%

Vay gia tri [6n nhit caa P 1a 1.
Cau 133: [TS10 Chuyén Vinh Phiic, 2016-2017]
Cho a, b, ¢ la c&c sb thuc duong thoa mén: a+b+c = 3. Chiang minh rang”

4(a2 +b? +c2)—(a3 +b’ +c3)29
Loi giai
Ta co:
4(a2 +b’ +c2)—(a3 +b’ +c3)29
<:>3(a3 +b’ +c3)+27312(a2 +b’ +c2)
& 6abc <a’b+b’c+c’a+ab’ +bc’ +ca’
< 8abc < (a+b)(b+c)(c+a)
Bat ding thirc cudi cung dung theo AM-GM, vy bai toan duoc ching minh.
Dau “=”" xay rakhia=b =c.
Cau 134: [TS10 Chuyén Théi Binh, 2016-2017]
Cho céc s thuc x, y, z >1 va thoa man 3x* +4y” +5z° =52. Tim gi4 tri nho nhat cua
biéu thuc: F=x+y+z
Loi giai
*) Bai ndy mudn giai dwge trwéc tién ta phai dw doan gia tri l6n nhét cia F dat
dwgckhix=y=1,z=3
Taco: 5(x° +y* +2°)=52+2x" +y* 252+2+1=55= X" +y’ +2° 211 (1)
Lai co: (x—l)(y—l)ZO Sxy+12x+y
Tuong tu: yz+12y+z; zx+12z+x

Cong theo Vé: xy +yz+zx+322(x+y+z)=2(xy+yz+2zx)+6=4(x+y+z) (2)

Lay (1) cong (2) theo vé ta dugc: (x+y+z)2 25+4(x+y+z)<:>x+y+225

Dau “=” xay rakhix=y=1,z=3.
Vay gié tri 16n nhat cua F 14 5.
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Cau 135: [TS10 Chuyén Thtra Thién Hué, 2016-2017]

Cho x,y >0 va x+y >3 . Tim gia tri nho nhat ctia

M =6x* +4y? +10xy+4—X+3—y+2016

y X

Loi giai

Ta co:

M =65 + 4y +10xy +> + Y 42016 = (x +y)(6x-+4y ) + 40c+y) 3+ o9
y X y X

=(x+y) 6x+4y+§+é +2009 >3 6><+4y+§+é +2009
Xy Xy

=3{[3x+%J+(y+%}+3(x+y)}+2009

> 3{2\/3x.é +2\/y.é +3.3}+2009 =2066

X y
Dau “="xay rakhix=1,y = 2.
Vay gi4 tri nho nhat caa M 12 2066.

Cau 136: [TS10 Chuyén Phan Boi Chau, 2016-2017]
Cho a, b, ¢ la cac sb thuc duong thay d6i. Tim GTNN cua biéu thuc:

p_ a’ . b’ <
(a+b)2 (b+c)2 4a
Lo gii

Véi x, y duong ta c6 cac bat dang thie co ban sau (ban doc tu ching minh):
(x+ y)2 > 4xy (1)

1
x2+y2+z22§(x+y+z)2 (2)
X Y 2 ZE (3)
y+z z+x XxX+y 2
Ap dung cac bit diang thic (1), (2), (3) ta duoc:
a’ b’ c a’ b* c? a’ b’ c’
P= -+ S t—= >+ >+ > ~+ >+ >
(a+b) (b+c) 4@ (a+b) (b+c) 4ac (a+b) (b+c) (a+c)

2 2
S1f a b e },1(3) .3
3{b+c b+c a+c 312 4

Dau “=” xay rakhoa=b =c.

Vay gi4 tri 16n nhat cua P 1a %
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Céau 137: [TS10 Chuyén Quang Nam, 2016-2017]
Cho 2 s6 thuc x, y thoamén 0 <x<1,0<y <1 vax+y = 3xy.
Tim GTLN va GTNN cua biéu thac: P =x+y* —4xy
Loi giai
Ta co:
P=x"+y’ —4xy :(x+y)2 —6xy =9x’y* —6xy = (3xy—1)2 -1

Do x,ye(O;l]:(l—x)(l—y)20c>1+xy2x+y=3xy<:>xy£%

AM-GM

Mat khic x,y € (0;1]= 3xy =x+y > 2\/7:>)(y>g

4 1 1 1 1 ) 1

Viy —<xy<—=>—<3xy-1<—=> —<(3x —

By S Sxy <o @<y -leoao<(Bxy-1) <5
= —§s(3xy—1)2—13—§ 8opc 3
9 4 9 4

Vay: GTLN cuaP la _E kh| x y :( l)( j
4 2
2

GTNN cia P 1a — khi x=y ==
9 3

Céu 138: [TS10 Chuyén Quang Nam, 2016-2017]
Cho 3sé thuca, b, csao cho 0 <a<1,0<b<1,0<c<1 . Ching minh:

a+b+c+3abc22(ab+bc+ca)
Lo giai
Ta co:
0<a,bSl:(l—a)(l—b)ZO@1+ab2a+b:>c+abc2ac+bc (do 0<c£1)
Chirng minh tuong ty dugc: b+abc>ab+bc; a+abc>ab+ac
Cong 3 bét dang thirc trén theo vé dugc:a+b+c+3abe > 2(ab+bc+ca) (dpem)
DAu “=" xay rakhi (a, b, ¢) = (1, 1, 0) va cac hoan vi.
Cau 139: [TS10 Chuyén Ha Noi, 2016-2017]
Cho cac s6 thuc duong a, b, ¢ thoa man a® + b* +c* = 3. Chtng minh:
2 2 2
2a =+ 2b =+ 2c ~>a+b+c
a+b” b+c c+a
Léi giai
Ap dung AM-GM ta dugc:
2 2ala+b?)-2ab? 2
2a’ _ ( ) =2a- 2ab —2a—\/b.ab22a—b+2ab

a+Db? a+Db? a+Db?
Lam tuwong tu va cong theo vé cua bit ding thirc ta dugc:

ab+bc+ca

2 2 2
2a —+ 2b —+ 2¢ . 2§(a+b+c)—
a+b” b+c® c+a” 2 2
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Mt khac ta c6: (a+b+c)(a2 +b2+c2)23(ab+bc+ca)2 —a+b+c>ab+bc+ca

2 2 2
Do do: —22 —+ 2b —+ 2 . Zé(a+b+c)—m2a+b+c(dpcm)
a+b” b+c” c+a 2

Dé’u (e Xéy ra khi a :b :C:i

J3
Céu 140: [TS10 Chuyén Long An, 2016-2017]
Cho a, b, ¢ la ba canh cua tam gi4c. Tim gié tri nho nhét cua biéu thic:
Q- abc
(b+c—a)(c+a—b)(a+b—c)
Loi giai
Do a, b, ¢ 1a 3 canh cua tam giac nén (b+c—a) >0,(c+a—b) >O,(a+b—c) >0
Stur dung AM-GM ta duogc:
b+c—a+c+a—bj
2

Tuong tu: (c+a—-b)(a+b-c)<a’;(b+c-a)(a+b-c)<b’
Nhan 3 bat dang thuc trén theo vé ta duoc:
(b+c—a)2 (c+a—b)2 (a+b—c)2 <a’b’c’ :>(b+c—a)(c+a—b)(a+b—c)Sabc

2
_ 2

=C

(b+c—a)(c+a—b)s(

abc 51

b+c-a)(c+a-b)(a+b-c)

Dau“="xayrakhia=b=c

Vay gia tri nho nhat caa Q 1a 1.
Cau 141: [TS10 Chuyén Phan B Chau, 2016-2017]

Cho a, b, ¢ la cac sb thuc duong thay doi théa man a+b+c=1. Tim gié tri nho nhét cua

ab+bc+ca

a’b+b’*c+c’a

:>Q=(

biéu thuc: Q=14(a’ +b” +¢* )+

Loi giai
Vi a, b, ¢ duong ta co: (a+b+c)(a2 +b? +C2) > 3(a2b+b2c+c2a) (1)
That vay:
VT = (a+b+c)(a2 +b? +C2):a3 +ab? +ac® +b? +ba? + bc® + ¢ + ca® + cb?
= (a2b+b2c+cza)+(a3 +ab2)+(b3 +b<:2)+(c3 +ca2)
AM-GM
> (azb+b2c+c2a)+2a2b+2bzc+2cza
= 3(a2b+b2c+c2a) =VP
Dau “=” xay rakhia=b =c.
Str dung (1) ta dugc:
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3(ab+bc+ca) 3(1—a2—b2—c2)
Q214(a2+b2+c2)+ a’+b*+c? :14(a2+b2+c2)+ 2(a2+b2+c2)
3 3
:14(a2+b2+C2)+2(a2+b2+C2)_E
Taco: a’+b*+c¢? 21(a+b+c)2 _1
3
Stur dung AM-GM ta duogc:
3 3
=
27 3 1 3
_[7(a2+b2+c2)+2(az+b2+c2) +E(a2+b2+C2)_E
>2 Z(az+b2+c2). 3 +l_§
2 2(a2+b2+c2) 3 2
=2.2+l_g
2 3 2
_23
K
DAu “=" xay ra khi a=b=c=%.
Vay gia tri nho nhit caa P 1a 2—33

NAM HOQC 2015-2016

Céau 142: [TS10 Chuyén Hoa Binh, 2015-2016]

0,y>0,z>0 L
Cho XZRy=tz> .Chtng minh rang: + L + 1 <1
xyz=1 x+y+1 y+z+1 z+x+1
Loi giai
X 0 f(ab,c>0
7 )7 > 7~ >
Pat {y=b,vi 4 VAT 5 1A PC
s xyz=1 abc=1
z=c
Taco
x+y+1=a3+b3+1=(a+b)(a2—ab+b2)+1Z(a+b)ab+1=ab(a+b+c)=a+b+c
Do do
1 < ¢

x+y+1 a+b+c
Tuong tu ta co
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1 . a 1 __ b
y+z+1 a+b+c’ z+x+1 a+b+c

Cong 3 bat dang thic trén theo vé ta co:

1 n 1 n 1 £a+b+C=1(dpcm)
x+y+1 y+z+1 z+x+1 a+b+c

Dau “=” xay rakhi x =y = z.

Cau 143: [TS10 Chuyén Hai Duong, 2015-2016]

Cho a,b la cac sé duong thoa man diéu kién (a +b)® +4ab < 12.

Chuang minh bat dang thic 1 o015ab <2016,
1+a 1+Db

Loi gia
3
Tac612>(a+b)’ +4abz(2J£) +4ab . Ditt =+/ab, t> 0 thi

12>8t° +4t° 2t +t° -3<0 < (t-1)(2t° +3t+3) <0

Do2t> +3t+3>0,Vtnént-1<0<t<1.Vay0<ab<1

Chung minh dugc ! + 1 Va,b >0 théoamanab <1

2
< ’
1+a 1+b 1++/ab

L1 11
1+a 1++ab 1+b 1++fab

Jab-a__ +ab-b c0o Jb—vallJa b
(1+a)(1++/ab) (1+b)(1++ab) 1++ab J{1+a 1+b

(Vb —+a)*(Jab-1)
=
(1++/ab)(1+a)(1+b)

That vay, BDT

<0. Do0<ab <1 nén BDT nay dung

Tiép theo ta s& CM:

1+\/£

Pitt=+ab,0<t<t ta duqc%+2015t2 <2016
+

2015t> + 2015t — 2016t — 2014 < 0
& (t—1)(2015¢ + 4030t +2014) < 0. BDT ndy ding Vt:0<t<1

Ping thac xay raa=b =1

szlyL + 1 +2015ab < 2016.
1+a 1+b

+2015ab <2016, Va,b >0 thoa mdnab <1

e
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Céau 144: [TS10 Chuyén Quang Nam, 2015-2016]
Cho ba s6 thuc x; y; z theaman: x> +y?+2z> < 9
Tim gié tri 16n nhat cia biéu thuc P =X +y +z — (Xy + yz + 2X)

Loi giai

(x+y+2z) = +y* +2°)

Ta ¢ xy+yz+xz= >

(x+y+z) = +y*+2°)

Dodéo P=x+y+z— >

P:%[Z(x+y+z)—(x+y+z)2+(x2 +y2+zz)}:—%(x+y+z—1)2+%(x2 +y*+2z7 +1)

Suy ra PS%(X2+y2+ZZ+l)S%(9+1)=5

1=0
Vay Pmax = 5 khi va chi khi {x:rytz 2 _ (chang han x=2,y=-2;z=1)
X +y +z

Cau 145: [TS10 Chuyén Phu Tho, 2015-2016]

Cho 3 s6 thyc duong X, y, z théa man: iz+i2+l2:1 .
X"y oz
2_2 2.2 2_2
Tim gié tri nho nhat caa biéu thac: P = yzz —+ ZZX —+ Xzy -
x(y"+z7) y@Ez'+x7) z(X+y’)
Léi giai
Taco: P= 1 + 1 7 + 1
X( 2+7) Y(i—i_iz) Z(7+ 2
Z y Z X X y
bat —:a;l:b l—c thi a,b,c>0 va a®+b?+c?=1
X y z
2 2 2
P a N b N c __a b C

= + +
b’+c® c*+a’ a’+b*> a(l-a’) b(1-b*) c(1-c?)
Ap dung bit déng thirc Cosi cho 3 sé duong ta co:
1({2a*’+1-a*+1-a*) 4
1- 2 1- 1-a%)<— -
a’(1-a’)* = 5 a’(1-a’)(1-a’) 2[ 3 J 27
2
o— 23‘/§a2(1)
343 a(l-a?) 2
b> 33, ¢ 33,

b by- 2 D a2 © 0

=a(l-a’)<

Tuong tu:

T (1); (2); (3) taco P>i(a 24b2+cY) = N_
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Pang thuc xay ra khi a=b=c=ihay x=y=z=+3

J3
3J_

Vay gié tri nho nhat cua P 13 ——

Cau 146: [TS10 Chuyén Ninh Binh, 2015-2016]

Cho a, b, ¢ la c4c s6 duong théa man diéu kién 1,115 Chuang minh rang:

a b c
a >+ b =+ ¢ 5 +l(ab+bc+ca)23
1+b° 1+c¢” 1+4a° 2
Loi giai
Ta chirng minh BDT

(a+b+c)(§+%+%)29(*)

R R e e RT S BT

Ap dung BBT AM-GM cho hai s6 duong ta co:

a, by by, 25,
a c b a c
=> (*) dling
=> ? 1+1+1<3—>a+b+c>3

a+b+c a b c
Tro lai bai toan: Ap dung BBT AM-GM cho hai s6 duong ta c6 1+b* >2b

2 2
Ta co: 4 s=a- abZZa—ab :a—é(l)
1+b 1+b 2b 2
) bc C ca
Tuong tu ta co: >b-— (2); >c-—— (3
g 1+¢? 2 @) 1+a’ 2 3
Cong tirng vé cua (1), (2) va (3) ta co:
a =+ b2+ = 2_a+b+c——(a1b+bc+ca)
1+b° 14+c¢” 1+a
a b C
=> =+ >+ 2+—(ab+bc+ca)2a+b+c23
1+b° 1+c¢° 1+a° 2
=>dpcm

Déu bang xay rakhia=b=c = 1.

CAau 147: [TS10 Chuyén TP. H5 Chi Minh, 2015-2016]
Cho hai s6 duong a, b théa man diéu kién: a + b < 1. Chting minh rang: a —4—3a—g < Zg
Loi gidi
4a

Bat dang thuc twong duong véi: 4a> +9 <= 3 +—
a

Tacd: a+b<l1=a<1-b maa,bduongnén O<a<l1
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Do d6: 4a® +9<3+ﬁ §+ 4a 33 4a
a a 1 a b

Vi thé chi can chang minh: 4a’ +9<3+_14'7"1 *)
a a

3)(2a-1)°
That vay: (*)@(a ! )< 2-1) >0 (ding)

a(l—a)
“ ” 2 H 1
Déu xay ra khi x:y:E

Vay bai toan dugc chirng minh.
Cau 148: [TS10 Chuyén Binh Phuéc, 2015-2016]
1) Cho a, b 1a cac sb thuc duong. Ching minh ring: \/(1+a)(1+b) >1++ab
2) Cho a, b 1a cac s thuc duong théa man a+b =ab . Tim gia tri nho nhét cua biéu thirc

1
T a?+2a b2 +2b

+y(1+a2)(1+b?)

Lai giai
a) Taco

J+a)(1+b)21++ab & (1+a)(1+b)21+ab+2vab

<:>1+a+b+ab21+ab+2\/£<:>a+b—2\/£20

= (\E b )2 >0 (ludn ding)

b) Stdung BDT &y a) (/(1+x)(1+y)>1+,/xy vaBDT l+1> 4 ta dugc:
Xy X+y

P>

> 4 > +1+ab= > 4 +1+ab:%+ab+1
a“+2a+b"+2b (a+b) —2ab+2(a+Db) a’b

4 ab ab 7ab 1 1 7ab 7 7ab
=l 5 +t—+— +12> 343/4——+—+1=—+—
a’b® 16 16) 8 16 16 8 4 8

Mat khac: tir gia thiét, ta c6: ab=a+b>2+y/ab = ab >4

Do d6 P>£ %_221 Vay gié tri nho nhét cia P bang zzl khia=b=2

Céu 149: [TS10 Chuyén Quang Binh, 2015-2016]

Cho a, b 1a cac s6 duong thoa man —+ﬂ_ 1. Chang minh ab® <%.

1+a 1+Db
Loi giai
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T&giéthiéti+ﬂ=1.})atx:i;y=LSuyraa: X ;b= y .
1+a 1+Db 1+a 1+b 1-x 1-y

Khi d6 ta dugc x+2y =1 va bét dang thirc can chimg minh dugc viét lai thanh

2
Xy 1
—2 <=
(1-x)(1-y) ®
Tur gia thiét tasuy ra 1-x=2y; 1-y =x+y nén lai viét bat dang thic can chiing minh
thanh
xy* 1 Ay < >
—2_§<:> Xy_(X+Y)
2y(x+y)

Panh gia cudi cuing 1a mot bit ding thirc dang. Vay bai toan duoc chimg minh xong. Pang
thirc xay ra khi va chi khi a=b.

Cau 150: [TS10 Chuyén Bic Giang, 2015-2016]
Cho a, b, ¢ > 0 thoaman: a + b + ¢ = 3. Ching minh rang:
a* b* c* 1
+ + >—
(@a+2)(b+2) (b+2)(c+2) (c+2)(a+2) 3

Léi giai

Ap dung BDT AM-GM cho 4 s6 khéng am, ta co:

at a+2 b+2 1 at a+2 b+2 1 a' 4a
+ + +—>44 . . —=4
(@+2)(b+2) 27 27 9 (@a+2)(b+2) 27 27 9 9t 9

4
a >11a b 7

= 2—-—-—()
(a+2)(b+2) 27 27 27

Tuong ty ta co:

4
b Lb e 7 o
(b+2)(c+2) 27 27 27

4
C lec_i_lG)
(c+2)(a+2) 27 27 27

Cong ting vé cua (1), (2) va (3) ta co:

a’ . b* N c* J1l(a+b+c) a+b+c 21
(@+2)(b+2) (b+2)(c+2) (c+2)(a+2) 27 27 27

Thay diéu kién a + b + ¢ = 3 ta duoc:
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a . b* . c* 1
(@+2)(b+2) (b+2)(c+2) (c+2)a+2) 3

Déu bang xay rakhia=b=c = 1.
Cau 151: [TS10 Chuyén Bac Luu, 2015-2016]

Choa,b,c>0vaa+b+c=3.Chang minh ring a® + b® + ¢® + §+%+%26
Loi giai

Ap dung bét dang thirc AM-GM: a5+§22a2 ; b5+%22b2; c5+%22C2
Suy raa5+b5+c5+§+l+%22(a2+b2+c2)

Mit khac a® +1>2a; b>+1>2b; c2+1>2c
Suyra a®+b*+c’>2(a+b+c)-3=3 (dpcm)
Dau “="xayrakhia=b=c=1.
Cau 152: [TS10 Chuyén Dai hoc Vinh, 2015-2016]
Cho céc s6 thyc khdng &m a, b, ¢ thoa mén a + b + ¢ = 3. Tim gia tri nho nhat caa biéu thic:
__a b L C
1+b* 1+¢® 1+a®

Léi giai

) a ab?
Ta co: —a-— 1
1+b? 1+b? @)

Ap dung BBT AM-GM cho hai sé khéng am, ta c6 1+b* >2b

a ab? ab? ab
Thay vao (1) ta duoc: =a-— >a— =a— (2
yvao(Dtaduge:  -m%=a-1 r=a ) > @
, bc C ca
Tuong tu, ta co: >b-—— 3); >c—— 4
gt 1+¢? 2 @) 1+a’ 2 @

Cong tirng vé ba BT (2), (3), (4) ta dugc:

a b C ab+bc+ca
=+ =+ ~>a+b+c—| ————
1+b° 1+c¢ 1+a

®)

x . 2 _1 2 2 2
Mat khac: (a+b+c) —3(ab+bc+ca)—5[(a—b) +(b-c)"+(c—-a) ]20
2
:>ab+bc+ca£wz3 (6)
Y oA N N .. a b C 3
Thay dicu kiéna +b +c=3 va BPT (6) vao (5) ta co: P= =+ >+ 2=
1+b° 1+4+c¢” 1+a° 2

DAu bang xay rakhia=b=c=1.
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Vay gia tri nho nhit cua P Ié% , dat dugckhia=b=c=1.

Cau 153: [TS10 Chuyén Ha Giang, 2015-2016]
Tim gid tri I6n nhitcia A =vx—1+,/y—-2 ,biétx +y =4

Léi giai

Ap dung bt dang thirc Bunyakoskicopxki cho 2 bo sé (1:1) va (\/x—l ;,/y—Z) ta co

A? =(1.\/x—1+1.\/y—2)2 g(12+12) x—1+y-2 2(x+y—3)=2:>AS\/E

1 Jx-1 oy w3

L —= x=1=y-
Déu biing xay ra khi va chi khi{1 Jy—2 @{ Y™ ol 2
x+y=4 5
x+y=4 Y_E

Viy GTLN cua A 132

Céu 154: [TS10 Chuyén Lam Son, 2015-2016]
Cho ba s6 thyc duong x, y, z thoaman: x +y + z = 3.

Tim gi4 tri nho nhét cua bidu thac: S =— —+ Y —+ z .
1+y® 1+z° 1+x

Loi gidi
Str dung bt ding thirc AM-GM ta duoc:
2 2
X =X- Xy Zx—xy —X—EX
1+y? 1+y? 2y 2
oy yz z zX
Tuong tu : >y—+—; >z-=
ST T et
Cong theo vé ta duoc:
X y Xy +yZ+zX
= + >(x+y+z)-2 2=
1+y? 1+72° 1+x° (x+y+2) 2
>( ) (x+y+zf 3 32 3
>(x+y+z)-~——— L =3-"==,
Y 6 6 2

Dau “="xay rakhix=y=z=1.
A .3
Vay gia tri nhoé nhat cua S la S

Cau 155: [TS10 Chuyén Nam Dinh, 2015-2016]
Cho ba sé duong a, b, ¢ . Chirng minh bét ding thirc

4a2+(b—cf_+4b2+(c—af_+4c2+(a—bf
2a’+b*+c* 2b*+c*+a’ 2P +a’+b’

> 3.
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Léi giai

. 4a’+(b-c)® 2(2a®+b’+c*)—(b+c)’ (b+c)?
Taco: 2 2 2 2 2 2 =2- 2 2 2
2a”+b" +c 2a”+b" +c 2a“+b” +c

Lam tuwong tu va cong lai ta duoc bit ding thirc trong duong véi:

(b+c)? . (c+a)’ . (a+Db)?

<3.
2a’+b*+c* 2b*+c*+a? 2t +a*+b?

2
A ; <yt (x+y) ..
Ap dung BDT AM-GM - Schwarz cho 4 s6 dwong— ++—>-~—~— ta co:
m n m+n

(b+c)? - b . c?
2a°+b%+c*  a’+b* a’+c?

Ta c6 hai BPT tuong ty, cong ting vé ta co:

(b+c)? . (c+a)’ N (a+b)?
2a’+b*+c* 2b*+c*+a’ 2ct+a’+Db?

b? c? c? a’ a’ b?
< + + + + +
a’+b* a*+c? b*+c* a’+Db? +a? *+b?
b? a’ c? b? a’ c?
= + + + + +
a’+b*> a’+b? b*+c* 2 +b? a’+c? a*+c?

=3

= BDT da cho dugc chitng minh
Déu bang xay rakhia=b =c.

Cau 156: [TS10 Chuyén Nam Dinh, 2015-2016]
Xét cac sb thuc duong a, b, ¢ thoa man abc =1.Tim gi4 tri 16n nhit cua biéu thic

T a N b c
b*+c*+a a*+c*+b a*+b*+c
Loi giai
Tacéd:a* +b* >ab(a’+b*)Va;beR
That vay:

a* +b* >ab(a’+b?)

<=>a'+b*>a’b+ab’

<=>(a-b)@@’-b’)=0

<=>(a-b)’(a’* +ab+b?) >0 (luon ding Va;beR)

=>a* +b* +c>ab(a’ +b*)+c<=>a* +b* +c>ab(a’ +b*) +abc’( vi a;b;c > 0 va abc = 1)

c c c c
<=> < Vi c>0)<=> <
a*+b*+c ab(a2+b2)+abc2( ) a*+b*+c ab(a’+b*+c?)
2 2
— c - c . c - c )

< <= <
a*+b*+c abc(a®+b*+c?) a*+b*+c a’+b’+c’
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Tuong tu:
2
b < b @)
a*+ct+b a’+b’+c?
2
a < C 3)

b*+c*+a a’+b*+c’

Cong theo vé cac bat dang thue (1),(2) va (3) ta co:
a b c a’+b*+c’

Y t <7 a1
b +c*+a a"+c"+b a +b"+c a"+b " +c
Vay T<1 Va;b;c>0 théamédnabc=1
V6ia=b=c=1thiT=1
Vay GTLNcuaTlal

Cau 157: [TS10 Chuyén Ninh Binh, 2015-2016]

Cho a, b, ¢ 1a céc s6 duong thoa man diéu kién 1,115, Ching minh rang:

a C
a =+ b =+ ¢ > +l(ab+bc+ca)23
1+b° 14+c¢” 1+a” 2
Loi giai
Ta chiing minh BDT

(a+b+c)(§+%+%)29 *)

(*) <=> 3+(E+R)+(E+£)+(£+i)29
b a c b" a c

Ap dung BBT AM-GM cho hai s6 duong ta co:

i+222; E+£22; €185
b a c b a c
=>(*) dung

) sl+l+ls3=>a+b+c23
a+b+c a b c

Tro lai bai toan: Ap dung BBT AM-GM cho hai s6 dwong ta c61+b* >2b

=>

2 2
Ta co: Lzza— ab ZZa—ab =a—ﬂ(1)
1+b 1+b 2b 2
Tuong tu ta co:
b bc C ca
>2b-——  (2); >c—— (3
1+¢? 2 @) 1+a® 2 )
Cong ting vé cua (1), (2) va (3) ta co:
a =+ bz 22a+b+c—l(ab+bc+ca)
1+b° 14+c¢” 1+a 2
=> a2+ b2+ C2+l(ab+bc+ca)2a+b+c23
1+b” 14+c¢” 1+a” 2
=>dpcm

Déu bang xay rakhia=b=c = 1.

Cau 158: [TS10 Chuyén Pic Léc, 2015-2016]
Cho ba s6 duong x, y, z thoa mén diéu kién x + y + z = 1. Ching minh rang
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duong:

350 + 386 5 > 2015

Xy+yz+zx X +y’ +z

Léi giai

Véi moi a, b>0vax,y, zthoa diéu kién dé bai, 4p dung bat dang thircAM-GM cho 2 sb

(a+b)(1+l >oab2 |t loamlils
2

a b ab a b a+b
(x2+y +(y2+z2)+(zz+x2)22xy+2yz+22x:>x2+y2+zz2xy+yz+zx
2
+vy+
:>x2+y2+22+2xy+2yz+22x23(xy+yz+zx):xy+yz+zx$w:%

Ap dung 2 bat dang thuc trén ta co:

p__ 350 38 :386( 1 N 1 }+ 157

Xy+yz+zx x> +y’+z° 2xy +2yz+2zx x> +y +z> ) Xy+yz+zx
> 386, 1
2Xy +2yzZ+2zx+X"+y  +2z2° Xy+yzZ+zX
= 1544 + 157 =1544 +L >1544 +E =2015
(x+y+2z)’ Xy+yz+zx Xy +yz +zx 1
3
DAu bang xay ra khi va chi khi:
X=y=Z X = :Zzl
x+y+z=1 o 3 (khang xay ra)

2
2xy +2yz+2zx=x" +y’ +2° 3

Vay P> 2015 (dpcm)

Céu 159: [TS10 Chuyén Quang Binh, 2015-2016]

Cho cac sb thuc duong a, b, ¢ thoa man ab + bc + ca= 11. Tim GTNN

5a+5b+2c

P:
J12(a +11) +/12(b> +11) ++/c* +11

Léi giai

Thay 11 =ab + bc + ca vao P, ta co:

e
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~ 5a+5b+2c
J12(a” +11) +412(b +11) +v/c® +11
B 5a+5b+5¢
\/12(;;12 +ab+bc+ca) +\/12(b2 +ab+bc+ca) ++/c? +ab+bc+ca
5a+5b+5c .
= )
2\/3(a+b)(a+c)+2y3(b+a)(b+c) +4/(c+a)(c+b)

P

Ap dung BDT C6-si cho hai s6 khdng am, ta co:

2\/3(a+b)(a+c)<3(a+b)+(a+c)=4a+3b+c (1)
Tuong tu:
2\/3(b+a)(b+c) <4b+3a+c 2

J(c+a)(c+b) S%(a+b+2c) 3)

Cong ting vé cua (1), (2) va (3) ta co

15

2\/3(a+b)(a+c)+2,3(b+a)(b+c) +/(c+a)(c+b) < 1?5a+?b+3c (**)

Tu (*) va (**) tacod

5a+5b+2c¢ 2

"5 15 )
~—a+—b+3c 3
2 2
3(a+b)=a+c
Dau bang xay ra < o 5 N
ct+ta=c+b c=5
ab+bc+ca=11

ab+bc+ca=11

Vay GTNN cua P Ié% ,datduockhia=b=1,¢c=5.

Cau 160: [TS10 Chuyén Su Pham Ha Noi, 2015-2016]

Tim céc sb thue khéng &m a va b thoa mén
3 3 1 1
a’+b+=)(b*+a+>)=(a+=)2b+—
( 4)( 4) ( 2)( 2)
Loi giai
Vi moi X, y khdng &m, ta co:

(x— %)2 >0 <=> x> +i >x (*) Dau bang xay ra &x :%.

Mat khac:

Lién hé tai liéu word toan SDT (zalo): 039.373.2038

95


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

(x-y)?20<=>x*-2xy+y> >0
<=>x>+2xy +y’ = 4xy

<=>(x+y)’ 2 4xy (**)

DAu bing xay ra & x = y.

Ap dung BDT (*) v6i x =a va x =b ta dugc

a2+b+§=(a2+l)+b+12a+b+l>0
4 4 2 2

b2+a+§=(b2+l)+a+lzb+a+l>0
4 4 2 2

=>(a’ +b+%)(b2 +a+%) > (a+b+%)2(1)
Ap dung BPT (**) ta duoc:

(a+b+%)2—[(a+%j +(b+%) }>4(a+%)(b+%)
1 1
:(2a+5)(2b+5)(2)

Tur (1) va (2) tasuy ra:(a”> +b+ z)(b2 +a+ %) =(2a+ %)(Zb + %)

1
a=—
2
Déu bang xay ra khi va chi khi {b :% <sa—b=t
a+l=b+l
PR

Vay a=b :% la gia tri can tim.

Cau 161: [TS10 Chuyén Thai Binh, 2015-2016]
Cho cac sb duong a, b, ¢ thoa man ab + bc + ca = 3. Chtrtng minh rang:
1 1 1 3
+ + >
a’+1 b*+1 +1 2

Loi gidi
Giasra>b>c, tir gia thiét suy ra ab >1. Ta c6 bat dang thuc sau:
1 1 2 (a—b)*(ab-1)

+ > <=> >0 (lu6n dang).
Tral 1302 Teab  (Ira?)d:b)(drab) ¢ 2

1 3
+ >2
l+ab 1+c* 2
<=>c?+3—ab>3abc? <=> c® +ca+bc>3abc? <=>a+b+c>3abc
(a+b+c)*>3(ab+bc+ca)=9

ab +bc +ca > 3§/(abc)’

Vay ta can chang minh:

Bat dang thtic hién nhién ding vi {

Haya+b+c > 3>3abc
Déu bang xay rakhia=b=c=1
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Cau 162. Cho cac sb duong a,b,c théa méan a+ b +c = 3.Chirng minh rang:

ab bc ca 3
+ + <=
J2+3 Ja?+3 b243 2
2

Tacé:MZab+bc+ca=>ab+bc+cas3
Taco

ab ab ab ab 1 1

< +

< = <4
Jc+3 e +ab+bctca 4J(a+c)(b+c) 2 a+c bic
vr<i @ ,ab  be  be  ca , ca
2 'a+c b+c c+a b+a c+b a+b

DAu bang xay rakhia=b=c=1
Cau 162: [TS10 Chuyén KHTN, 2015-2016]

Gid st x, y, z 1a cac so thyuc 16n hon 2. Tim gié tri nho nhat cta biéu thic:

P= X + y + z
\/y+z—4 \/z+x—4 \/x+y—4

Loi giai

Taco P= X iy 4z

- +
4\/y+z—4 4z +x—4 4\/x+y—4

Ap dung bat dang thirc Cauchy ta dugc

4,/y+z—4 =2,/4(y+z—4)£y+z—4+4=y+z

Ap dung tuong tu thi ta dugc

):%(a+b+c)=2

4x 4y 4z X
P= + + >4 +
4)y+z-4 WNz+x-4 4)x+y-4
Dé dang chtng minh dugc X Y 4z 3

y+z X+z X+y 2
Do d6 ta duoc P > 6. Vay gia tri nho nhat caa P 12 6.
Dang thac xay ra khivachikhi x=y=z=4.

Céu 163: [TS10 Chuyén Nghé An, 2015-2016]
Cho a, b, c la céc sb thuc bat ky . Chirng minh rang:

2
(@ ) o)1) 220 0e)
Loi giai

Bat dang thirc can chimg minh twong dwong véi

y+z X+Z X+y
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(207 +2) (207 +2)(2¢* +2) 2 3(\/§a+\/§b+\/§C)2
Pit x=av2; y=by/2; z=c/2. Bit ddng thic can ching minh tré thanh
(x*+2)(y*+2)(2* +2)23(x+y+z)
Taco (x* +2)(y* +2)=x"y* +1+2x* +2y* +3

(x+y)2
2

3
Suy ra (x2+2)(y2+2)22xy+x2+y2+ +3=E[(X+Y)2+2}

:>(x2 +2)(y2 +2)(2* +2)2%[(x+y)2 2 +4+2(x+y) +222}
2%[4-.(x+y)z+2(x+y)2 +222}:3(x+y+z)2

3(a+b+c)2

Do d6 ta dwoc (a2 +1)(b2 +1)(c2 +1) > ;

Viy bét ding thirc duoc chimg minh. Bang thirc xay ra khi va chi khi a =b = c = i%.
2

Cau 164: [TS10 Chuyén Viing Tau, 2015-2016]

Cho a, b, ¢ la c4c s6 thuc duong thoa man a+b+C:l+%+l
a C

Chting minh rang:

a) a+b+c>3abc
3 3 3
b)\/ a +\/ b +\/ ¢ ZE
1+ 3bc 1+3ca 1+3ab 2

a) Gia thiét ciia bai toan duogc viét lai thanh
abc(a+b+c) =ab+bc+ca

(a+b+c)2

Loi giai

Ma ta lai ¢ ab+bc+ca<

(a+b+c)2

Do d6 ta duoc abc(a+b+c)£ < 3abc<a+b+c

Bét ding thirc dwoc ching minh. Pang thirc xay ra khi va chikhi a=b=c=1.
b) Bat dang thic can chirng minh dugc viét lai thanh

\/ a’ \/ b* \/ c* 3
+ + >
a+3abc b + 3abc c+3abc 2

Ap dung két qua cau a ta duoc

e

Lién hé tai liéu word todn SDT (zalo): 039.373.2038 98



https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

at b* c! a’ b’ c?
\/ +\/ +\/ > + +
a+3abc Vb+3abc Vc+3abc +2a+b+c +a+2b+c a+b+2c
Ta can chi ra dugc
a’ b* c?
+ +
J2a+b+c +a+2b+c +a+b+2c
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta dugc
a2 b2 C2 (a+b+c)2
+ + >
J2a+b+c +a+2b+c +a+b+2c +2a+b+c+va+2b+c+a+b+2c
Ma theo bat dang thirc Bunhiacopxki ta dugc
\/2a+b+c+x/a+2b+c+\/a+b+2c£\/12(a+b+c)

=

N w

Suy ra
(a+b+c)2 N (a+b+c)2 _(a+b+c)\/a+b+c
\/2a+b+c+\/a+2b+c+\/a+b+2c_2‘/3(a+b+c)_ 243

o ek 1 1
Ciing tur gia thiét a+b+c:—+g+— ta suy ra dugc
a C

a+b+c=l+l+12

a b ¢ a+b+c
(a+b+c)\/a+b+c
243

Tir cac két qua trén ta duoc

=a+b+c=>3

Do do6

<3
2

a’ b? c? 3

+ + >
J2a+b+c +a+2b+c a+b+2c 2
Viy bét dang thic dugc chimg minh. Pang thirc xdy ra khi va chi khi a=b=c=1.

Cau 165: [TS10 Chuyén Vinh Phiic, 2015-2016]
Cho a, b, ¢ 1a céc s6 thuc duong théa man a+b+c = 3. Chang minh rang:

1 1 1

—+ —+ 221
2+ab 2+b°c 2+ca

Loi giai
Bat dang thirc can chimg minh twong dwong véi

a’b b’*c c’a
T 2 2 <1
2+ab 2+b°c 2+ca

Ap dung bat dang thire Cauchy ta co 2 +a’b=1+1+a’b >33/a’b

a’b a’b  avab?

Do d6 ta duoc < =
' 2+a’db 332’ 3

Hoan toan tuong tu ta dugc

a’b . b’c . c’a <a\3/ab2+b\‘°’/bc2+c3 ca
2+a’b 2+b*c 2+c*a 3
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a+b+b a+2b

Ciing theo bat dang thirc Cauchy ta dugc Jab?® <

3 3
ala+2b 2
Suy ra avab® < ( ):a +2ab
3 3
5 5 (a+b+c)2
Hoan toan tuong tu ta duoc avab” +by/bc® +ci/ca ST =3
2 2 2
Tir 6 ta dugc ab | b ca 4

2+a’b 2+b’*c 2+c*a

Vay bat dang thie duoc chimg minh. Ping thirc xay ra khi va chi khi a=b=c=1.

Cau 166: [TS10 Chuyén Can Tho, 2015-2016]
Cho x, y, z 12 c4c s6 thyc duong thoa man xy + yz+zx = 2xyz. Tim gid tri nhé nhat cua

biéu thuc:
p=—>* Y 4 Z
Z(Z+X) X(X+y) X(X+Z)
Loi giai
Bién doi gia thiét ta duoc l-l-l-l-l:z.l')ét a:l,- b:l; c=l,khi do gia thiét tro
X y Z X y Z
thanh a+b+c=2.
a’ b? c?

Taviét lai biéuthacPla P= +— +
a+2b b"+2c c+2a

Ap dung bt dang thirc Bunhiacopxki dang phan thuc ta dwoc

2
a’ b’ c’ >(a+b+c) _at+b+c 2

P= + + >
a+2b b?*+2c c+2a 3(a+b+c) 3 3

Vay gié tri nho nhit cua P 1a % . Pang thac xy ra khi va chi khi x=y =z =§

Cau 167: [TS10 Chuyén Tién Giang, 2015-2016]
Cho ba sé thyc x;y;z > 1. Chang minh rang:

Loi gisi
Ta di ching minh bt ding thic: V6i a>1 thi a* >16(a—1)"

That vay
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a‘>16(a-1) <a'~162’ +32a-1620 < (a—2) (a* +4a—4)20
Via>1 nén a’+4a-4>0, do d6 bat dang thic trén dung.

Ap dung bét dang thire trén ta duoc y* >16(y - 1)2 do d6

Hoan ta tuong tu ta dugc

4 4 4 4 4 4
X + y + z 216(X—4+y—4+ J248
y Z

(y=1)" (z-1) (x-1)

4
Vi theo bat dang thirc Cauchy thi X—4 + y_4 + Z—4
Z X

<

Vay bét dang thic duoc chitng minh.
Céu 168: [TS10 Chuyén Bai hoc Vinh, 2015-2016]
Cho a, b, ¢ la cac sb thuc khdng am thoa madn a+b+c=2. Tim gia tri nho nhét cia biéu
ab+bc+ca 1

thac: P=+va’+b*+c* + —
2 a“+b"+c

Loi giai
4—(a2 +b? +c2)
2

Tur gia thiét a+b+c=2 tadugc ab+bc+ca=

Do d6 biéu thirc P dugc viét lai thanh
4—(a*+b*+c”
P=+a’+b*+c’ + ( )+ - 12 -
4 a“+b" +c

bit t=+a’>+b*+¢? :>—<t<2 Khi d6 ta duoc

e

2
Pot+t-bigo
€ 4

|

|

+

—_

v
W |

+

+
N | W

t t 9
—t—ft—+ >
8 8 2t 4 4 4

Vay gié tri nho nhat cua P 1a % . Pang thirc xay ra khi va chi khi a=b=0; c=2 vacéc

hoan vi.
Cau 169: [TS10 Chuyén KHTN Ha Ngi, 2015-2016]
Gia str a, b, ¢ 1a cac s6 thuc duong thoa man ab +bc +ac+abc <4 . Ching minh rang:
a’+b’+c’ +a+b+c22(ab+bc+ac)

Loi giai
Ap dung bat dang thire Cauchy 4 sb ta 6
4>abc+ab+bc+ac>4va’b’c® = 1>abc = a+b+c>3%abc > 33a’b’c?

Khi d6 ta quy bai ton vé ching minh a’ +b* +¢* +33a’b’c* > 2(ab+bc +ac)
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it Ya’ =x,b? =y, Y =z (x,y,2 > 0), bt ding thirc dugc viét lai thanh

x*+y° +2° +3xyz > 2\/x3y3 + 202 + 2\/z3y3
Dé& dang ching minh dugc

X’ +y°+2° +3xyz2 xy(x+y)+yz(y+2z)+xz(x+z)

xy(x+y)+ yz(y+z)+xz(x+z) > 2\/x3y3 +2\/Z3X3 +2\/z3y3

Khi d6 ta duoc

X’ +y° +2° +3xyz > 2\/x3y3 + 2V + 2\/z3y3
Vay bét ding thie duoc chirg minh. Pang thuc xay ra khi va chi khi a=b=c=1
Céau 170: [TS10 Chuyén KHTN Binh Thuan, 2015-2016]

Cho x, y, z la cac s6 thuc duong thoa mén x+y+z= 32, Chang minh rang:

1 N 1 N 1 .3
\/x(3y+52) \/y(3z+5x) \/z(3x+5y) 4

Loi giai
Ap dung bét dang thirc Cauchy ta dugc
2, /8x(3y+ 52) <8x+3y+5z
1 42 2

= >
\/x(3y+52) 2\/8x(3y+5z) 8x+3y+5z

Suy ra

Hoan toan tuong tu ta dugc

1 42 1 . 42

> ; >
\/y(3z+5x) 8y +3z+5x \/z(3x+5y) 8z +3x+5y

Cong theo vé cac bat dang thuc trén ta dugc

1 1 1
+

\/x(3y+52) i \/y(3z+5x) \/z(3x+5y)
42 42 42

> + +
8x+3y+5z 8y+3z+5x 8z+3x+5y

Ma theo bit ding thirc Cauchy ta c6

42 42 N a2 94

+ =
8x+3y+5z B8y+3z+5x 8z+3x+5y 16(x+y+z)

3
4

3672
1632
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1 1,1 .3
4

\/x(3y+5z) i \/y(3z+5x) \/z(3x+5y)

Vay bat dang thirc dugc ching minh. Dang thic xay ra khi va chi khi x=y=z= V2.

Suy ra

NAM HOQC 2014-2015

Cau 171: [TS10 Chuyén Béc Ninh, 2014-2015]
Tim gia tri nho nhét cua biéu thirc P = a? + ab + b? — 3a— 3b + 2014 .

Loi giai

Gié tri nho nhat cia P 122011 khia=b =1
4P=a2-2ab+b2+3(@%+b*+4+2ab-4a-4b)+4.2014 - 12
=(a-b)?+ 3 (a+b-2)2+8044 > 8044

Suyra: P>2011

b
Dau “=" xay ra khi {° —>a=b=1
a+b-2=0

Vay gié tri nho nhat cua P 12 2011 khi va chi khia=b = 1.

Cau 172: [TS10 Chuyén Béc Ninh, 2014-2015]
b C

a
+ + >2
Jb2+c® A2 +a? al+b?

Cho céc s6 thuc a, b, ¢ duong. Ching minh rang:
Loi giai

. o , a a’ 2a°
Ap dung bat dang thirc Cauchy ta duoc = > ———
Jb? +¢2 \/az(b2+c2) a’+b”+c

b 2 ¢ 2
> ; >
Jeiia? at+bi 4+ farip?r at+b+C

Hoan toan tuong tu ta dugc

b C

+ + >2
b2+ A +a? al+b?

Cong theo vé cac bat dang thie trén ta duoc

a . b N C
b2+t 2 +a? al+b?

Vi dang thirc khong xay ra nén ta cd bat dang thirc >2

Bai toan dugc chirng minh xong.

Cau 173: [TS10 Chuyén Béc Ninh, 2014-2015]
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Cho a, b, ¢ 1a d6 dai ba canh ctia mot tam giac thoa mén diéu kién 2c+b =abc. Tim gia trj
3 4 5
+ +
+c—a c+a-b a+b-c

nho nhat cua biéu thic: S=

Loi giai

Tu gia thiéttaco a+b—c>0; b+c—a>0;c+a-b>0.

Ap dung bat dang thac Cauchy dang LN ta duoc
X y X+y
S= 1 + L +2 L + L +3 L + L
b+c—a c+a-b b+c—a a+b-c c+a-b a+b-c
2%+é+é
c b a

M2 2c+b=abc < 2+2=a nén két hop vai bat dang thire Cauchy ta duoc
c

532242543
a

Vay gid tri nho nhit ciia S 13 4+/3 déu bing xay ra khi va chi khi a=b=c=+/3.
Cau 174: [TS10 Chuyén Bic Léc, 2014-2015]

Gia sir a, b, ¢ 1a cac s thuc duong théa man a+b+c=3. Tim gié tri nho nhat cua biéu
thac:
(b+c—a)3 (c+a—b)3 (a+b—c)

A= + +
2a 2b 2c

Loi giai
Ap dung bat dang thire Cauchy ta duoc
3
b+c-a 3(b+c—a
Q + 2_a + l > (—)

2a 4 2 2

(c+a-b)’ 2b 1_3(c+a-b)
2b 4 2 2

(a+b—c)3 2 1 3(a+b-c)

+
) o 2c 4 2 2
Cong theo ve cac bat dang thirc trén ta dugc
3 3
b+c-a c+a-b +b-c 3(a+b+c
(brc-a) (c+a-b) (a+b-c) arbec 3_3(arbrc)
2a 2b 2c 2 2 2

3 3
Hay (b+c—a) +(c+a—b) +(a+b_c)2a+b+c—
2a 2b 2c

N |
N w
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Vay gia tri nho nhit cua A 1a % . Pang thtc x4y ra khi vachi khi a=b=c=1.
Cau 175: [TS10 Chuyén Ha Tinh, 2014-2015]
Biét phuong trinh x* + ax® + bx? + ax + 1= 0 ¢ nghiém.
Chting minh rang a” + b’ 2%
Loi giai
D& dang nhan thiy x = 0 khéng phai 12 nghiém cia phuong trinh
Gia str x, #0 la nghiém ctia phuong trinh da cho. Chia 2 vé cta phuong trinh cho X, #0
duoc

(X, +XL2)+a(x0 +Xi)+b:0

0 0

1 1
bat t=x,+— =t 2;x*+—=t"-2

XO XO
Do d6 ta c6 phuong trinh:
t*-2=-at-b

Ap dung BDT Bunyakoski duoc

(@>+b*)(t* +1) > (at+b)* = (t* - 2)*

t'—4t?+4 £ -4t +4 4.4 5t* — 24t +16 4 (5t —4)(t* -4)
t*+1 t?+1 5 5 5(t* +1) "5 5(t* +1)

=>a’+b’*> ézé
5 5

R , ) 4 . v o i ) |t| 2 |XO|:1 b=—g
Vay a”+b ZE' Dau “=” xay rakhivachikhi < 5 p <= =>
t t

a=bt 4
a

Cau 176: [TS10 Chuyén Nam Binh, 2014-2015]
Cho céc s6 thuc duong X, y, z théa man x* + y* +z* = 3xyz . Ching minh ring:
2 2 2
x .y .z 3
x*+yz y'+xz z'+xy 2

Loi giai
Vi X, Y, zZ duong, ap dung BDT Co-si ta co:
1 1 x? 1
+)2x°Jyz <x* + z<=> > <=> < 1
) y Y X\yz X'+yz x'+yz 2yz @

2 <l+l <=> ll.{_l)

RN z&g 152 2)

2
1
=)
Z

X

i => > <2
xX'+yz 4y

+

Tuong tu:
2

y 1
vy +xz 4

2

11 z 11 1
() St
X z zZ2+xy 4'x y
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A< (— p1 110 11 11 1 XyHyzeax 4
YZXZXyzyzxzxyz
Malai 6 - xy +yz+2zx <x*+y" +2(4)
2 2
Te@)va@)cs: A<t Xty +2 1 3yz (dpcm)
2 XyZ T Xyz

Dau “=" xayrakhix=y=z=1
Cau 177: [TS10 Chuyén Binh Dinh, 2014-2015]

N < .2 2 1 .
Tim gia tri nho nhat cia ham so: y =——+— voi 0 <x<1

1-x x
Loi giai
Taco: y= 2 1.2 1 52 1x 4
1-x x 1-x X 1—x X
. 2x 1-x
Vio< x<1= >0; >0
1-x X
Ta co: 2—X+1—X>2 2x 1—X—2\/_(Batdangthu’CAM -GM)
1-x X 1—x X
Dau “=” xay ra khi:
=-1++2(TM
2_x:1_x< = 2x* =x* = 2x+1<=>x*+2x-1=0<= X +\/_( )
1-x  x X=—1—\/E(L)
=>y22x/5+3

Déu “=” xay rakhi x =-1++2
Vay v =242 +3 khi x=-1+y2
Cau 178: [TS10 Chuyén Ninh Binh, 2014-2015]
Cho a, b, ¢ 1a c4c sé duong thoa man diéu kién a + b + ¢ = 3. Tim gia tri I6n nhét cua biéu
5b°-a’ 5c°-b’ 5a’-c’

thac: P= 5 5 5
ab+3b~ bc+3c® ca+3a
Loi giai
5b3 3
Ta sé chung minh: P——ZSZb a
ab+3b
3_ .3 A3 2 _
That vay: 5b az—(2b—a):5 a (ab+312) )(2b—a)
ab+3b ab+3b
_ 5b°—a’—(2ab’-a’b+6b’—3b%a) -b’-a’+a’b+b’a
ab +3b’ ab+3b’
_—(at+b)a-b)* _
ab+3b>
3.3
= 5b a2£2b—a
ab+3b
Ta c6 2 BDT tuong tu:
3 143 33
3¢ bZSZC—b; ba’ ¢ <2a-c
bc+3c ca+3a

‘Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 106


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

Cong ting vé 3 BDT trén ta dugc
P<2(a+b+c)—-(a+b+c)=a+b+c=3
¢ s a=b=c
Dau bang xay ra <=> <=>a=b=c=1
a+b+c=3

Vay giatrilonnhatcuaPla3 @ a=b=c=1.
Céau 179: [TS10 Chuyén Ngoai ngir Ha Noi, 2014-2015]
4 2014 2015

. 2.3
Chang minh rang.1+5+2—2+¥+....+ S + S <4
Loi gii
e 3 4 2014 2015
£)e,1t8—2—2+?+....+—22013 S
Ta co:
3 4 2014 2015
ZS:E—'_?—'_'.‘._‘_W—*_W
3 4-3 5-4 2015-2014 2015
:>ZS_S:E+ > + % ot Y ~
1 1 1 1 2015
:>S:(1+E+2_2+F+""+22W)_22W
12014
o101 1 1 1-G) 1
Ta co: 1+E+2—2+?+....+22013 :1_—1 :2—22013
2
i 1 2015 2 3 4 2014 2015
Do do6: S=2—W—W<2=>1+5+2—2+2—3+.... W+W<4

Cau 180: [TS10 Chuyén Hai Duong, 2014-2015]
Cho x; y 1a hai s6 duong thay d6i. Tim gia tri nho nhat cua biéu thic:

g O+y) | (x+y)’

x> +y? Xy
Loi giai
2 2 2 2
Ta co: S=(X2+y)2 +(x+y) =1+ 22xy2+x Y
X" +y Xy X" +y Xy

2 2 2 2
3 22xyz_‘_x +y )+x +y
X" +y 2xy 2xy
Do X, y la cac s6 duong nén ta co:
2 2 AM-GM 2 2
2xy LX Ay Y, 2x x4y,
x> +y?  2xy x*+y*  2xy

DAu “=” xay ra khi va chi khi:

.Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 107


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

2 2

2xy _X +y > (X2 +y2)2 :4X2y2 <= (Xz _y2)2 =0

X +y?  2xy

<=x'=y’<=>x=y (xy>0)
2 2

+) X +y? 22Xy => = Y 5
2xy

Cong céc bat dang thic ta dwoc S > 6

Déau “=” xay ra khi x = y.

Vay Min S =6 khi va chi khix =y

Cau 181: [TS10 Chuyén Phan Boi Chéu, 2014-2015]

Cho céc s a, b, ¢ khong &m. Ching minh rang
a’ +b”+c” +33(abc)® > 2(ab+bc+ca)
Ding thirc xay ra khi nao?
Loi gidi
bat Q/ajzx;é/bizzy;i/cj:z.
=>a’=x’;b’ =y’;c? =z3,a:\/x_3;b=\/?;C=\/z—3;x,y,z20
Bét ding thirc da cho tro thanh: X +y° +2° +3xyz 2 2(X’y’ +4/y°2" +Vz°x%)(1)
Vi vai trd cua x; y ; z binh dang nén c6 thé giasir x>y >z>0
Khi d6: x(x—y)* +z(y —=x)* +(z+x-y)(x=y)(y -2) 20

=>x"+y’ +2° +3xyz > xy(z+y) + yz(y+ z) + zx(z+ X) (2)
Ap dung Bt ding thirc Cosi ta cd xy(x+y) > 2xy/xy = 24/xy*(3)

Tuong twtacld:  yz(y+z)>2\y’z"  (4); zx(z+X) = 2N Z2°X° (5)
Cong vé theo vé cac bat dang thac (3), (4), (5) ta dugc

Xy(x+y) +yz(y+z) + zx(z+X) > 2(\/x3y3 + \/y3z3 IVIENE ) (6)

Tu (2) va (6) tacd: x° +y° +2° +3xyz > 2(\/x3y3 + \/y323 +Z%%)

Ping thic xay rakhix=y=z haya=b=c.

Cau 182: [TS10 Chuyén Théi Binh, 2014-2015]

Cho céc sé duong x, v, z thay doi théa man: x(x + 1) +y(y+1)+z(z+ 1)< 18.
1 1 1
+

Tim gié tri nho nhat caa biéu thic: B = +
x+y+1 y+z+1 z+x+1

Loi giai
V6i moi a, b, ¢ >0, ta co:

e
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(a-b)* +(b—-c)* +(c—a)* >0 < 2a’ +2b” +2c* —2ab—2bc—2ca >0
& 2(a”* +b* +c*) > 2ab+2bc+2ca

& 3@ +b*+c*)>a’ +b’ +c*2ab +2bc+2ca

< 3@ +b*+c*) > (a+b+0)*(¥)

Véi moi a, b, ¢ > 0, &p dung BDT C6-si cho ba s duong, ta co:

a+b+c>33abc >0 111

1 1 1 1 :>(a+b+c)[—+—+—j29
Sy o4+2>33— >0 a b c

a C abc

1 1 1 9
=>4 —4+->
a b ¢ a+b+c

>(->(-)

Ap dung BT (¥) véia=x, b=y, ¢ =z va tir diéu kién cua x, y, z ta co:

2
182x2+y2+z2+x+y+22W+x+y+z

= (x+y+2z) +3(x+y+2z)-54<0
= X+y+z+9)(x+y+z-6)<0

=>X+y+z<6 (dox+y+z+9>0) (***)
Ap dung BDT (**)véia=x+y+1,b=y+z+1,c=z+x+1,taco:

B 1 N 1 N o 9 B 9
x+y+1 y+z+1 z+x+1 x+y+l+y+z+1l+z+x+1 2(x+y+z)+3

) 9 3
Ap dung (***) tac6: B> =—
p dung (***) 26+3 5

X=y=2z
D%bé@xﬁﬂac>x+y+1:y+z+1=z+x+1¢>x:y:z=2
X+y+z=6

Vay gié tri nho nhat cua B Ié% , xay rakhivachikhix=y=z=2.
Cau 183: [TS10 Chuyén Thai Binh, 2014-2015]
Cho a, b, ¢ 1a ba s6 thuc duong va c6 tong bang 1.

Ching minh: a_bc+b_ca+c_absé
a+bc b+ca c+ab 2

Loi giai
Thay 1=a+b+ctaco:
A+bc = a(at+b+c)+bc = (at+b)(atc)

Do do:
a—bc:a+bc—2bc:1_ 2bc 1 2bc
a+bc a+bc a+bc (a+b)a+c)
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Ta c6 2 dang thirc tuong tu:
b—ca_l_ 2ca . c—ab_l_ 2ab
b+ca (b+c)(b+a)” c+ab (c+a)(c+Db)
Cong ting vé cua 3 dang thic trén ta co:
a-bc b-ca c-ab bc ca ab
+ + =3-2 + +
a+bc b+ca c+ab (a+b)(@a+c) (b+c)(b+a) (c+a)(c+b)

Do d6:
a-bc b-ca c- ab 3 bc ca ab 3
+ + <=> + + P
a+bc b+ca c+ab 2 (a+b)(a+c) (b+c)(b+a) (ct+a)(c+b)| 4

. bc(b +¢)+ca(c+a)+ab(a+b) S 3
- (a+b)(b+c)(c+a) T4

<=>4(b’c+bc’® +c’a+ca’ +a’b+ab’) > 3(a’b+ab’ + b’c+bc® + c’a+ca’ + 2abc)

<=>b’c+bc® +c’a+ca’ +a’b+ab’ > 6abc(*)
Ap dung BBT AM-GM cho ba sé duong ta co:
b’c+c*a+a’b > 3abc
{bc2 +ca’ +ab” > 3abc

Vay BDT da cho dugc chirng minh.

DAu bang xay ra khia:b=c=%

=> (*) dung

Cau 184: [TS10 Chuyén TP. H3 Chi Minh, 2014-2015]

2

a) Cho x, y a2 sé thuc khac 0. Ching minh rang: —+y—2 Y
y X

x
y

x

a’ +3ab + b?

\/E(a+b)

b) Cho a, b 12 hai s6 dwong. Tim gia tri nho nhat caa biéu thic: P =

Loi giai
a) Taco:
2
_+y_22£+X:X +Y_2_i_z X +y _2X2y Xy >0
y x 'y x 'y X y X Xy
(x=y) —-y°)  (x=y)’(x* +xy+y?)
Xy X2y2
2
1 3,
(x-y) [[sz +4y}
x2y2 >0

Bat dang thirc cudi cung dung vay bai toan dugc chiang minh.
Déau “=” xay ra khi x = y.
b) Tacé:
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a’+3ab+b* _(a+b)’ +ab 4(a+b) +ab+- (a+b)

P=
Jab(a+b)  +ab(a+b) \/—(a+b)
—(a+b) tab —(a+b) 2,/—(a+b) ab 3\/—
r(m) N r(m) i
3 5

=1+===
2 2

Lasby =ab
D4u bang xay ra<=> Z(a+ V=ab o ach
a=b

Cau 185: [TS10 Chuyén Lam Son, 2014-2015]

Cho cac sb duong x, y, z théa man: \/xz +y° +\/y2 +22 +4Z2 +x2 =2014
2 2 2
Tim gi4 tri nho nhét caa bidu thic T=——+ Y 7
y+z z+X X+y

Loi giai
Pt a=x*+y?;b=\ly* +2%;c =72 +X3 (*) => a+b+c = 2014(1)
a’-b*+c* , a*+b*-c& , -a’+b’+c?

T]‘l’* :>X2= ; = ; =
©) 2 7 2 2

Ap dyung BBT Cau chy ta co:
y+z£m=b\/§
Z+X S22+ X7) =2
iy <oy —aZ

Tir do ta co:
Xy 7 1 a’-b’+c® a’+b’-c® -a’+b’+c’
T= + + > + + )
y+z z+x X+y 242 b c a

2 2 2 2 2 2
ZL a_+c_+a_+b +b—+c——a b-c) (2)
222'b b ¢ ¢ a a

Ap dung BBT AM-GM ta lai co:

2 2 2 2 2 2
a—+bZ2a;c—+bZ2c;a—+c22a;b—+c22b;b—+a22b;c—+a22c
b b C C a a
2 2 2 2 2 2
=>a—+c—+a—+b—+b—+c—24(a+b+c)—2(a+b+c)=2(a+b+c) 3)
b b ¢ ¢ a a

Tir (2) VA (3)=>T > ——(a+ b+ ) (4)

22

Tir (1) va (4) =>T > —— 2014,

22

2014 2014
Vay T khix=y=z=
MIN = ’ \/— y= 3 \/—

o
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Cau 186: [TS10 Chuyén Lam Son, 2014-2015]

2 2 2
Cho ba s thyc X, y, z. Tim gia tri I6n nhat biéu thirc: S = Xyzz(x+2y+zz+ X Hy +Z)
(X" +y +z7)(xy + yz+zx)

Loi giai
Theo Bunyakoski: (x+y +z)> <3(x% +y? +2%) => X+ y +2 <\3/X* +y> + 22
ey xyz(\/g\/x2+yz+z2 +\/x2+y2+z2) _ xyz(\/3 +1)

B (X +y° +2%)(xy + yz + zX) /2 Ty + 22 (xy +yz+ 2X)
Yy xyz(N3+1)  f3+1

< \/gg/xzyzzz %/X2y2Z2 B 3\/5
\/5 +1
3V3

Cau 187: [TS10 Chuyén Vinh Phuc, 2014-2015]
Cho phuong trinh ax® +bx+c=0 (a # O) c6 hai nghiém thudc doan [0;2]. Tim gia tri 16n

_8a’—6ab+b’
4a* —2ab+ac

=>Smax=

khix=y=1z

nhat cua biéu thiee: P
Loi giai

Goi x,; X, (x1 < xz) Ia hai nghiém ctia phuong trinh da cho. Theo dinh Ii Vi-ét ta c6

b ¢
X HXy == XX, = —
56242 :
KhidéP—8a2_6ab+b2— a la _8+6(x1+x2)+(x1+x2)
4a®-2ab+tac , ,b_c¢ 4+2(x, +%,)+X,X,
a a

2 U2 2 2
Do 0<x, <X, S2=X] <XX,; X; S4= X +X, <X X, +4

= (X1 +x2)2 <3x,x, +4

. 8+6(x1+x2)+3x1x2+4
Do d6 ta duoc P< =3
4+2(x1 +x2)+x1x2
c=-b=4a

Ping thuc xay ra khi x, =x, =2 hoic x, =0; x, =2 ha
g y X1 =% % *2 y b=-2a;c=0

Vay gié tri 16n nhat cua P 1a 3.

Céu 188: [TS10 Chuyén Ha Noi Amsterdam, 2014-2015]
Cho ba s6 thuc duong a, b, ¢ théa man (a + b)(b + c)(c + a) = 1.
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Chtrng minh ab + ac + bc <

| w

Léi giai

Ap dung BT C6-si cho ba sé khong am, két hop diéu kién (1) ta co:

(a+b)+(b+c)+(c+a)23%/(a+b)(b+c)(c+a) =3:>a+b+c2% (2)

Ap dung BDT Cé-si cho hai s6 khdng am, két hop diéu kién (1) ta co:

a+b22\/£
b+c>2+ac :>1=(a+b)(b+c)(c+a)28abc:>abc£% 3)

c+a22\/a

Bién d6i (1), chi y 2 BDT (2) va (3), ta duoc:
(a+b)(b+c)(c+a)=1
< (a+b)(bc+ba+c®+ca)=1
& (a+b)(bc+ba+ca)+ac’ +bc* =1
< (a+b)(ab+bc+ca)+c(ab+bc+ca)—abc=1
< (a+b+c)(ab+bc+ca)—abc=1
1
1+abc _ 1+§ 3

< ab+bcec+ca= < —E
a+b+c 3 4

DAu bang xay rakhia=b=c= %

Céu 189: [TS10 Chuyén Ha Noi Amsterdam, 2014-2015]

4 H A H z A A 1
Chang minh ton tai cac so6 nguyén a, b, ¢ sao cho 0 <‘a +by2 + c\/g‘ <M
Loi giai
Xét nira khoang A = (0;1]. Chia nira khoang nay thanh 1000 nira khoang

A =[O [ A=, 2 | A (Rl A [ 22
1000 1000”1000 10001000 1000

XDO S5 X3 %, X 007 VT X, =| 1=kv/2 |+ k2 (k € % k <1001)

Véi moi Kk ta c6—k+/2 < [1 —~ k\/ﬂ <1-k+/2 (tinh chat phan nguyén) nén

0<[1-kv2]+l/2<1=x, €A

= Xk thuoc mot trong cdc 1000 khoang Ay, Aa,..., A1ooo
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C6 1001 s6 xx ma c6 1000 nira khoang, do d6 ton tai 2 sb x,,; thugc ciing mot nira khoang

Amnao d60<Ix, —x < .
71000

Déta:[l—iﬁ}—[l—j\/ﬁ]b:i—j=> x,~x, =a+bV2+04/3
Ma a Ia 56 nguyén, by/2 1256 v0 ty néna+by/2 =0 =l x, -x,1>0

Do d60 <Ix, —x |<L:>O<‘a+b\/5+0.\/§‘<L
1000 1000

Vay t6n tai cac s6 nguyén a, b, ¢ thoa mén dé bai.
Cau 190: [TS10 Chuyén Phdi Tho, 2014-2015]
Cho a, b, ¢ la cac s6 thuc duong thoa man 6a +3b +2c = abc. Tim gia tri I6n nhat caa biéu
1 2 3

thac: B= + +
Ja?+1 b*+4 2 +9
Loi giai
Gia thiét cua bai toan duoc viét lai thanh i+i+£= 1.Pat a =l; b =z; C =§, khi
bc ca ab X y z

dé ta duoc xy+yz+zx=1

X .y .z
X +1 \/y2+1 Jz2 +1

Dé y dén gia thiét xy+yz+zx=1 taco x2+1=x2+xy+yz+zx=(x+y)(z+x)

Biéu thirc B dugc viét lai thanh B =

Khi d6 ta duoc X - X
X +1 \/(x+y)(z+x)
Hoan toan tuong tu ta dugc B = X + y + -

\/(x+y)(x+z) \/(x+y)(y+z) \/(z+x)(y+z)

Ap dung bét dang thirc Cauchy ta dugc

Tl )

y Ay oy
X+y y+Z

\/(x+y)(y+z) 2

\/(X+Z§(Y+z) S%[ZiXJrYiZJ

Cong theo vé cac bat dang thuc trén ta dugc
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B= X + Y + z <

\/(x+y)(x+z) \/(x+y)(y+z) \/(z+x)(y+z)

o ‘ .3
Vay giatri Ién nhat cia B la —.

N | W

Ping thirc xdy ra khi va chi khi a =/3; b=2v3; c=33

Cau 191: [TS10 Chuyén Ha Noi 2014-2015]
Cho x, y, z 1a ba sb thuc duong théa man x +y +z=1. Ching minh rang:

2 o2 2
1-x +1 y +1 Z ¢
X+yzZ y+zX Z+Xy

Loi giai
Ap dung gia thiét ta dugc
1—x2 (1—x)(1+x) _(x+y)(y+z)+(z+x)(y+z)

x+yz (x+y)(z+x) (x+y)(z+x)

Hoan toan tuong tuh ta duoc

1-y? B (x+z)(x+y)+(x+z)(y+z)

y+zx (x+y)(y+z)
1= 7> _(x+y)(y+z)+(x+y)(x+z)
Z+Xy (y+2z)(z+x)
Déta=(x+y)(y+z);b=(y+z)(z+x);c:(x+y)(z+x),khid()taviétIaiduqcbét
dang thic thanh
a+b+b+c+c+a26
C a b
Ap dung bt ding thirc Cauchy ta duoe 2+252, 24852 €4 S50
b a c b a a

a+b b+c c+a
+ +

Cong theo vé cac bat dang thuc trén ta dugc -
C a

26

Vay bai toan dugc chirng minh xong.
Cau 192: [TS10 Chuyén TP. H5 Chi Minh 2014-2015]
Cho x, y, z 1a ba sb thuc duong théa man xy +yz+zx =1. Ching minh rang:

x .y ., z
X2 +1 \/y2+1 N

<3
2

Loi giai
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X X

Ap dung gia thiét ta dugc = B
p dung gia thict ta dug \/X2+1 \/x2+xy+yZ+ZX \/(X+Y)(X+Z)

Ap dung bt dang thirc Cauchy ta duoc

X _ x> S x X ]

/(x+y)(x+z) (x+y)(x+z)_2 X+y z+X
Do d6 ta duoc X sl( X X
241 2{x+y z+x

Hoan toan tuong tu ta dugc

y Ny v | 2z 1.z 2
/y2+1 2{x+y y+z 722+1 2\z+x y+z
Cong theo Vé cac bat dang thirc trén ta duoc

X .y .,
X +1 \/y2+1 Jz2 +1

1 x X y y z z 3
<— + + + + + =—
2{x+y z+X X+y y+z z+x y+z) 2

Vay bat dang thirc duoc ching minh. Dang thirc xay ra khi va chi khi x=y =z =

1
J3
Cau 193: [TS10 Chuyén Tién Giang 2014-2015]

1) Cho a, b, ¢ 12 ba s6 thuc duong tury y. Ching minh rang:

a++/ab +Yabc s%(a+b+c)

2) Cho a, b, ¢ 1a ba s6 thuc duong tuy y. Chirng minh rang:

bc ca ab
+ + <
a’+2bc b*+2ca c*+2ab

Loi giai

1) Str dung bét ddng thirc Cauchy ta co:

a
a a . a Z+b+4c
vab =2. Z.b SZ+b; NJabc =3 Z.b.4c ST

a
—+b+dc 4(a4b+c
Tfrdétacéa+\/£+\3/abcﬁa+%+b+4 3 = ( 3 )

Bai toan dugc chimg minh xong. Dang thirc xay ra khi va chi khi a =4b =16¢
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2) Bit dang thtic can chimg minh twong duong véi

a’ b? c?
5 +— +— >1
a“+2bc b +2ca ¢ +2ab

Ap dung bt dang thirc Bunhiacopxki dang phan thic ta duoc

a2 b2 C2 (a +b+ C)2
+ + > =
a’+2bc b*+2ca c*+2ab a’+b*+c*+2ab+2bc+2ca

Bai toan dugc chimg minh xong. Dang thirc xay ra khi va chi khi a=b=c

Cau 194: [TS10 Chuyén Bic Giang 2014-2015]
Cho a, b, ¢ 1a ba s6 thuc dwong théa man a+b+c = 3. Ching minh rang:

a’ b c’ 3
+ + > =
Jb+3 +Jc+3 a+3 2
Lo gii
Ap dung bat dang thire Cauchy ta duoc
a’ b’ c? 4a’ 4b* 4¢ 4a> 4b>  4c°

+ + = + + > + +
Jb+3 e+3 Va+3 4Vb+3 4Jc+3 4a+3 b+7 c+7 a+7

Ap dung tiép bt ding thirc Bunhiacopxki dang phan thirc ta duoc

2
2 2 2 4
42> 4b* 4 _4a+b+c) 49 3

+ + > =
b+7 c¢+7 a+7 a+b+c+21 3+21 2
a’ b? c’ 3
+ + >—
Jb+3 +Jc+3 a+3 2

Viy bat dang thire duoc chimg minh. Dang thirc xay ra khi va chi khi a=b=c=1

Suy ra ta duogc

Céau 195: [TS10 Chuyén Bai hoc Vinh 2014-2015]
Cho ba s6 thuc x, y, z khéng &m thoa man x+y +z+xyz =4. Tim gia tri I6n nhat ciia biéu
thuc:

P=xy+yz+zx
Loi giai
Gia str x 1a s6 16n nhat trong céc sé X, v, z.
Khi d6 ta duoc x+y+z<3x; xysz3

Suy ra x° +3x >4 hay (x—1)(x* +x+4)20=>x>1.

Taco
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P=xy+yz+zx=x(x+y+z)+yz—x* =x(4-xyz)+yz-x

:—(x—2)2 +4+yz(1—x2)£4

Suy ra P < 4. Vay gia tri nho nhat caa P 12 4.
Pang thac xay ra khi va chi khi x=0; y =z =2 va cac hoan vi.
Cau 196: [TS10 Chuyén Yén Bai 2014-2015]
Cho ba sé thuc X, y, z thoa mén x> -1; y >-2; z>-3 vVa x+y+z=-5.
1 4 9

Chtng minh rang: Tt 5t 3236
x+1 y+2 z+

Loi giai
Do x>-1; y>-2; z>-3 nén x+1>0; y+2>0; z+3>0. Khi d6 4p dung bat ding thirc
Bunhiacopxki dang phan thuace ta dugc
1 4 9 (1+2+3)2
+ + =

>

> =36
x+1 y+2 z+3 x+y+z+6

Bat dang thirc dugc chimg minh. Pang thire xay ra khi va chi khi

X+y+z=-5
1 2 3
x+1 y+2 z+3

Céau 197: [TS10 Chuyén Quang Tri 2014-2015]
Cho céc s thuc a, b, ¢ dwong. Ching minh rang:

a b C

+ + >2
b2+ A +a? al+b?

Loi giai

. o , a a’ 2a°
Ap dung bat dang thirc Cauchy ta duoc = > ———
Jb? 4+ \/az(b2+c2) a”+b"+c

b 2 ¢ 2
> ; >
Je2ia? at+bi 4+ Jarip?r at+b+C

Hoan toan tuong ty ta dugc

b C

+ + >2
Jb2+c® W +a? Aal+b?

Cong theo vé cac bat dang thie trén ta duoc

a b C

+ + >2
b2+ A +a? al+b?

Vi dang thirc khong xay ra nén ta cd bat dang thirc

Bai toan dugc chirng minh xong.
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NAM HOQC 2013-2014

Cau 198: [TS10 Chuyén Hai Duong, 2013-2014]
Cho tam gidc ABC c6 chu vi bang 2. Ky hiéu a, b, ¢ 1a d6 dai ba canh cua tam giac. Tim gia
tri nho nhét cua biéu thic:
a 4b 9¢
S= + +
b+c-a c+a-b a+b-c

Loi giai
Véi a, b, ¢ 1a d6 dai ba canh cua tam giac c6 chu vi bang 2 nén a+b+c=2.

bat b+c-a=x; c+ta-b=y;a+b-c=z, doa,b, clado dai ba canh cuia tam giac nén

mym>O.KMdéwdmmx+y+z=2véa:y+z;b:X;Z;c:X;y.
Khi do
4(x+ 9 4 9
g_y+z 4(x+7) 9(x+y) 1|y+z 4(x+z) 9(x+y)
2x 2y 2z 2| x y z
:l X+4_X + £+9_X + g+9_y
2|{x vy X z y z
Taco

2
X+4_X:[\/i—2\/gJ +22>2
X 'y X y

2
E+9_X:[\/Z—3\/EJ +62>6
X z X z
2

4_Z+9_Y:[2\/2_3\ﬁ] +12>12
y z y z

Do d6 S> %(4+6+12) =11. Pang thiic xay ra khi va chi khi

1

y =2x X‘E
z=3x 2 5 2 1
Siy=—oa=—;b==;c==
2z.=3y 3 6 3 2

X+y+z=2 z=1

Khi d6 a® =b*+c*. Vay gia tri nho nhat cua S 1a 11 khi AABCvuéng .
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Cau 199: [TS10 Chuyén Hai Duong, 2013-2014]
Cho x, y, z 1a cac s thuc duong. Tim gia tri nhé nhit cua biéu thic:

S_\/XZ_XY+Y2 +\/Y2—YZ+22 Jr\/22—zx+x2

X+y+2z y+2z+2x Z+X+2y

Loi giai

3(x+ )2 (x+ )2
Taco xz—xy+y2:(x+y)2—3xy2(x+y)2— 4}’ = 4}7

X =Xy +y° . X+y

X+y+2z _2(x+z+y+z)

Suy ra

Ap dung tuong tu ta duoc

Szl X+y N y+z N zZ+X
2\y+z+z+x zZ+X+X+y X+y+y+z

bat a=x+y; b=y+2z; c=2z+Xx, khi d6 ta dugc

Szl a + b + ¢
2\b+c c+a a+b

Vi theo bit dang thirc Neibizt thi —— 2 C
b+c c+a a+b

v

>~ w

13
2°2

v

3
>
Viy ta duoc gia tri nho nhat caa S 1a % dat duoc tai x=y=2z.

Cau 200: [TS10 Chuyén KHTN Ha Noi, 2013-2014]
Giastra, b, ¢, d 1a cac sb thuc duong thoa man abc+bed + cda+dab=1

Tim gid tri nho nhit caa biéu thirc P=4(a’ +b+¢”)+9c”
Loi giai

Do vai trd cua a, b, ¢ nhu nhau nén ta dy doan ddu dang thicc xdy ratai a=b=c=kd, véi
k 1a s6 duong.

Khi d6 ap dung bét dang thac AM-GM cho ba s duong ta duoc
3abc

k2

%(a3 +b? +c2)2

3 3
&1—3+b—3+d3 > 3al:2>d
k> k k

3 3
b—3_+b—3+d3 > 3b(2:d
k> k k
c al 3ca
KK K2

+—+d’>
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Cong theo vé cac bat dang thic trén ta duoc

3(abc+abd +bed + cad
(%+£j(a3+b3+c2)+3d32 (abe+a e )=i
K* K K K
3 6 3 3 2 3 9
Hay (P+FJ(a +b’ +c )+9d ZP

Ta can tim k dé %+%=4<:>4k3—3k—6=0 va ta chon k 12 s6 duong.

2
bat k= %(x + lj thay vao phuong trinh trén va bién ddi ta thu dugc x° —12x* +1=0
X

Giai phuong trinh nay ta dugc x = A 6+/35 ,déyla <6+\/£)(6—\/£):1 nén ta tinh

x/%+3/6+\/£
2

duoc k = %/6 —

36

(3/6—@ +3/6+\/£)2 |

Do d6 ta tinh dwoc gia tri nho nhat caa P 1a

:3/6—@+3/6+\/£'d

2

bing thirc xay ra khi va chi khi a=b=c

Céau 201: [TS10 Chuyén KHTN Ha Noi, 2013-2014]
Gia sir day sb thuc c6 thir ty X; £X, £X; <. <X, théa man diéu kién:

X, X, X5 o+ X =0
2013

x|+ |+ [ | x| =

2013
—X 2 I
192 1 96

X

Ching minh rang:
Loi gidi
Truéc hét ta ching minh bai toan phu sau: Véi a, <a, <a, <..<a_ théaman

a, +a,+a,+..+a_=0
|a1|+|a2|+|a3|+...+|an| =1
o 2
Khi d6 ta duoc a_—a, > —.
n
That vay, tir diéu kién caa bai ton ta nhan thiy ton tai sé ty nhién k dé

a,<a,<a;<..<a <0<a  <..<a

n
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) {a1+a2+a3+...+an=0
Khi do tir suy ra
|a1|+|a2|+|a3|+...+|an|:1

Il
(e}
oY)
~
i
+
+
QO
I
I

{(a1+a2 +a, +..+a,)+(a,, +..+a,)

—(a1 +a, +a3+...+ak)+(a + +an)=1

Cingtr a, <a,<a,<..<a <0<a,, <..<a_ taduoC

a1£a2£a3£..£ak:als—i
a,,<..<a —a Z#
! " " Z(n—k)

1 1 n 2n 2

Do dé a_-—a, Z—Z(H—k)+iz 2(n—k)n > (n—k+n)2 -

Nhu vay bai toan dugc chirng minh xong.
Tir gia thiét cua bai toan trén ta viét lai nhu sau

X X X X

1 2 3 n

+ + ot =
2013 2013 2013 2013
X, |+|X2 |+|X3 |+ | e |
12013| |2013| [2013] 7 |2013
Ap dung két qua cua bai toan phu ta duoc
X X 2 2013

192 "1 > = Xygp =X 2
2013 2013 192 96

Vay bai toan dugc chitng minh xong.

Cau 202: [TS10 Chuyén Vinh Phic, 2013-2014]
Cho céc sb thuc duong a, b, ¢ thoa man a® + b* +c* =1. Chiing minh:

ab+2c” bc +2a* ac+2b?
-+ =+ 222+ab+ba+ca
1+ab-c 1+bc-a l1+ac-b

Loi gidi
Do a’+b*+c*=1néntacod

\/ab+2c2 _\/ ab+2¢® _\/ ab+2c® ab+2c?
a’+b*+c*+ab-c? a’+b?*+ab \/(ab+2c2)(a2+b2+ab)

1+ab-¢?

Ap dung bt dang thic AM-GM ta c6
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2c* +a’ +b° +2ab _ 2(az+b2+cz)
2 B 2

2
Suy ra ’ ab +2c” ab +2c” S 2ab+22c : _ab e
l+ab-c’ \/ab+2c a +b2+ab) a’+b +c

2 2
Tuong tu ta dugc 1/bc_|_—2azzbc+2az; 1/L21322ca+2b2
1+bc—a 1+ca—b

Cong vé theo vé cac bat dang thuc trén két hop a® +b? + ¢ =1 ta cd bat dang thirc can

chimg minh. Dang thirc xdy ra khi va chi khi a =b = c = — .

7

=a’+b’+¢?

\/(ab+2c2)(a2 +b? +ab) <

Cau 203: [TS10 Chuyén Vinh Phic, 2013-2014]
Cho a, b, ¢ 1a céc s6 thuc duong théa mdn abc = 1. Chirng minh rang:

a b C >§

(a+1)(b+1) (b+1)(c+1) (c+1)(a+1) 4

Lai giai
Bt dang thtc can chimg minh twong duong voi
4a(c+1)+4b(a+1)+4c(b+1)=3(a+1)(b+1)(c+1)
<:>4(ab+bc+ca)+4(a+b+c)2 3abc+3(ab+bc+ca)+3(a+b+c)+3

< ab+bc+ca+a+b+c=6

Ap dung bét dang thirc AM-GM cho céc s6 duong ta duoc

ab+bc+ca23.,3/(abc)2 =3;a+b+c>33abc =3

Cong theo vé hai bat dang thirc trén ta dugc ab+bc+ca+a+b+c>6
Vay bét diang thie duoc chirmg minh. Pang thuc xay ra khi va chi khi a=b=c=1

Cau 204: [TS10 Chuyén TP. Ha N§i, 2013-2014]
Cho a, b, ¢ 1a céc s6 thuc duong théa mdn a+b+c+ab+bc+ca = 6abc.
Chang minh rang: l+l2+l_3

a~ b” ¢
Loi giai
Gia thiét cua bai toan duoc viét lai thanh
1 1 1 1 1 1
—F—+—+—+—+—=6
ab bc ca a b c
Ap dung bt dang thic AM-GM ta duoc
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1 1 2 1 1 2 1 1 2
e e Bl
a? b*> ab'b> ¢ bc & a* ca
i2+122;i2+123;l2+12z
a a b b ¢ C

3 i2+i2-|ri2 +3>2 i+i+i+l+l+l =2.6=12
a- b ab bc ca a b c

Hay 1 1 1>

Vay bat dang thie duoc chimg minh. Ping thic xdy rakhi a=b=c=1
Cau 205: [TS10 Chuyén Ninh Binh, 2013-2014]
Cho x, y 1 cac s6 thuc thoa man x> (x2 +2y° —3)+(y2 —2)2 =1 . Tim gi4 tri 16n nhit va
gia tri nho nhat ciia biéu thuc C=x"+y” .
Loi giai
Ta co:
x? (x2 +2y° —E’))(y2 —2)2 =l x +2x°y? -3 +y* -4y’ +4=1
o x+ 23yt +yt —4(x2+y2)+x2+3=0
& (x2 +y2)2 —4(x2 +y2)+3=—x2 <0 Vx
Véi x*+y?=C thitaco C*~4C+3<0< C*-4C+4<1e (C-2) <1
©[C-2|<1e-1<C-2<1<1<C<3

co1 x=0 x=0 c_3 x=0 x=0
-le = C=3& =
xX*+y*=1 |y=#1 x*+y?=3  |y=+/3
Vay minC =1 khi X=0 v y=+1; maxC =3 khi x=0 va y=+3
Cau 206: [TS10 Chuyén TP. Ha Néi, 2013-2014]
Cho a, b, ¢ 1a céc s6 thuc duong théa mdn abc = 1. Chirng minh rang:

1,1 13
ab+a+2 bc+b+2 ca+c+2 4

Loi giai
Pita==:b=2:c=2. GoiP lavé trai, khi d6 ta duoc
y Z X
1 1 1
= + +
ab+a+2 bc+b+2 ca+c+2

B yz N ZX N Xy
XY +XZ+2yz Xy+yz+2Xz Xz+yz+2Xy
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Ap

Ap

Bién d6i twong duong ta duoc

yz +1 zx +1 Xy

Xy +Xz +2yz _xy+yz+2xz

1 1 1
3—P:(xy+yz+xz) + +
Xy +Xz+2yz Xy+YyzZ+2XzZ XzZ+YyzZ+2Xy

3-P=1-

_xz+yz+2xy

Ap dung bét dang thac AM-GM dang LI SO S
A B C A+B+C
Taco 3—P=(xy+yz+xz) ) =2<:>Pg3_2=§
dxy +4yz+4xz 4 4 4

Vay bét diang thie duoc chirng minh. Bang thuc xay ra khi va chi khi a=b=c=1

Cau 207: [TS10 Chuyén Phd Tho, 2013-2014]
a) Chimg minh rang: a’ + b’ > ab(a+b), véi a, b |2 hai s6 duong.

b) Cho a, b Ia hai s6 duong théa mdn a+b >1. Tim gié tri nho nhat cua biéu thuc:
F= (a3 +b3)2 +(a2 +b2)+§ab
2
Loi giai
a) Bat ding thic can chirng minh tuong duong voi

(a+b)<a2—ab+b2)—ab(a+b)20
<::>(a+b)(a2 —2ab+b2)20<:>(a+b)(a—b)2 >0

Ta thay véi a, b 12 hai s6 duong nén bét ding thire di cho ludn dung.

b) Ta c6 F=(a3+b3)2+(a+b)2—%ab

(a+b)3

Ma ta ludn c6 bat dang thac a® +b°® > , véi moia, b>0.

1

L.z i R ; 3 3\2 (a+b)3
dung bt dang thic tréntacé (a’+b*) > | 2

dung bat dang thire AM-GM ta c6

2 2
Frliarpp-2F0) 1, 7(a%b) (1,7 15
16 8 16 8 16 8 16

e
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Vy gia tri nho nhit cua F 1a bang 1—2 dat duoc khi a=b = % .

Céau 208: [TS10 Chuyén Binh Phudc, 2013-2014]
a. Chirng minh rang: a®+b® > ab(a+b), vdi a, b 12 hai s6 dwong.

b. Cho a, b 1a hai s6 duong théamén a+b>1.
" S , Xe o L2 .. 3 3\2 2 2 3
Tim gia tri nho nhét cua biéu thic: Fz(a +b ) +(a +b )+Eab.
Loi giai

a) Ta cd bat dang thirc
(a+b)@@®—ab+b*)—ab(a+b) >0« (a+b)a®-2ab+b*)>0«< (a+b)(a—b)*=0
Ta thay vai a, b 12 hai s6 duong nén bét dang thirc di cho ludn ding.
Déau “=” xay ra khi a = b.
b) Ap dung bét ding thirc da ching minh & cAu (a) ta co: (a3 +b° )2 >[ab(a +b)]2 ma
theo gia thiét a+b>1

Do d6 (a3 +b’ )2 > [ab(a + b):|2 > (ab)?

+) Mit khéc taco: F=a’ +b* =(a+b) ~2ab>1-1ab
+) Do d6

2
Fz(ab)2+1—2ab+§ab (ab) ——b+1 (ab) —2.ab.— +i+1—5:( b—lj +1—5>1—5
2 2 16 16 4 16 16

a+b=1 1
+) DAU “=" xay ra < sa=b==
) y ol 5

+) Vay gia tri nho nhét cua F 1a bang 1—2, dat dugc khi a=b = % .

Cau 209: [TS10 Chuyén Phd Tho, 2013-2014]

1 1 1 11
s+t [S3+—+—+—

a- b c

Cho ba s6 thyc duong a, b, ¢ thoéa man 12(i -
a C

1 1 1
+ + <
4a+b+c a+4b+c a+b+4c

Ching minh rang:

| =

Lai giai
Theo mot danh gia quen thudc ta cd

4(1+l l) <12(1 i+lJ£3+1+1+l

a b ¢ a’ b* a b ¢

e
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| e
Suy ra l+l+1—1 4 l+l+l +3(<0
a b ¢ a b c

Do d6 ta duoc l+l+—sl vaa+b+c>9
a b ¢
bat P= 1 + 1 + 1
4da+b+c a+4b+c a+b+4c

Ap dung bét dang thirc AM-GM dang Ll duoc

X+y X y
1 1 1
= + +
4a+b+c a+4b+c a+b+4c

<11 1 1 1 1 1

S| —+ +—+ +—+

4(3&1 a+b+c 3a a+b+c 3a a+b+cj
11 1 1 3 11 1) 1

=—| —+—+—+ S—|=+=|==
4(3a 3b 3c a+b+c] 4[3 3} 6

Viy bét déing thire duoc chimg minh. DAng thirc xay ra khi va chi khi a =b = ¢ =~

Cau 210: [TS10 Chuyén Nam Pinh, 2013-2014]
Cho céc s6 thuc duong x, y, z théa man x* + y* + z* = 3xyz . Chang minh rang:
X2 y2 ZZ

3
4 T T3 <5
X"+yz y +xz z +xy 2

Loi gidi
Ap dung bt dang thic AM-GM ta c6

2
22\ yz<x* +yz & . - LI 4X <1
2x°\yz X' +yz X +yz 2|yz

2
Tir hai bat dang thirc trén ta duoc 4X < l( L 1)
x"+yz 4

2 2
Hoan toan tuong tu ta co 4}’ Sl l+l ; 42 Sl L
y +xz 4\x z

Cong theo vé cac bat dang thuc trén ta dugc
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2 2 2
LS A 31(1+1+1J:1,xy+yz+zx

xX*+yz y'+xz z'+xy 2y z x) 2 Xyz
Mat khac ta lai co Xy +yz+zx <x* +y’ +27°

X%+ y2 +2z° 3xyz

Do d6 ta duoc 3
Xyz Xyz
2 2 2
Suy ra 4X + 4y +— zZ__< 3
xX'+yz y +xz z +xy 2

Vay bat dang thiic dugc chimg minh. Dang thic xay ra khi va chi khi x=y=z=1
Céau 211: [TS10 Chuyén Quang Nam, 2013-2014]

4

4
Cho hai s x vay thoa mén:  xy(2013 —’%’) = XZ+YT ~2014.

Tim gia tri 16n nhat va gié tri nho nhét cua tich xy.
Loi giai

4 4 4

Ta c6: xy(2013—x7y) =XZ4+YT_2014 > 2. %.%—2014 ( theo BDT C6-Si) (*)
(*) < (xy)?—2013xy —2014<0

Pitt=xy thi (*) < 2 -2013t-2014 <0 < (t+1)(t-2014)<0 < -1 < t < 2014
GTLN cia xy 12 2014 khi x = y = +4/2014

GTNN cua xy la-1 Khi (x=1;y=-1) hoac(x=-1; y=1)

Céau 212: [TS10 Chuyén KHTN Ha Noi, 2013-2014]
Cho a, b, ¢ 1a céc s6 thuc duong thoéa médn ab +bc+ca =1. Chting minh rang:

2abc(a +b+ C) < §+ a'b? +b*c? +c*a?
Loi giai
Ap dung bat dang thiic dang x* +y? + 22 > xy + yz + zx ta duoc

a'b? +b*c* + c*a? > abc (a2b +b%c+ c2a)

Bai toan quy vé ching minh 2abc(a+b+c) < g+abc(a2b+b2c+c2a)

Hay 2(a+b+c)< +(a2b+b2c+c2a)

9abc
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Ap dung bat dang thire Cauchy ta duoc a2b+%22—;; b2c+—2%; cat—>"—

Cong theo vé cac bat dang thuc trén ta dugc

a2b+b2c+c2a+i+i+i22_a+&+g
92 9bp 9¢ 3 3 3

Hay a2b+b2c+cza+mzz(a+b+c)
9abc 3

Nhu vay ta can chi ra duoc 2(a+b+c)£ +E(a+b+c)

9abc

4abc(a+b+c) 4

Ha <—<3abc(a+b+c)<1
y 3 5 ( )

Panh gia cudi cuing 1a mot danh gia dung vi 1= (ab +bc+ ca)2 > 3abc(a +b+ c)
Viy bét ding thirc duoc chimg minh. Bang thirc xdy ra khi va chi khi a =b = c = % .

NAM HQC 2012-2013

Céau 213: [TS10 Chuyén Nghé An, 2012-2013]

Cho ba s6 duong x,y,z thoa man LN Chtng minh rang:
X y Z

\/x+yz +\/y+zx+\/z+xy2\/xyz +\/;+\/§+\/;.

Loi giai
Bat dang thue da cho tuong dwong véi
Ja+bc++/b+ca++/c+ab 21+\/£+\/E+ ca,

, c=l, a+b+c=1.

Véi a:l,b:l
X y z

Taco: va+bc =\/a(a+b+c)+bc

:\/a2 +a(b+c)+bc Zx/a2 +2av/be +be =a++/bc.
Tuong tu: vb+ca 2b+\/a;\/c+ab 2c+\/£.
Tir d6 ta c6 dpem. Dau bang xay ra khi x =y=z=3.

Cau 214: [TS10 Chuyén TP. H5 Chi Minh, 2012-2013]
Cho ba s6 duong a, b, ¢ théamédn a+b+c=1. Tim gié tri nho nhit cua:

.Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 129


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

ab+bc+ca
a’b+b’c+c’a

A:14(a2 +b? +c2)+
Loi giai
1—(a2 +b2+c2)

. Laico
2

Dé dang tinh dugc ab+bc+ca =
a’+b’+c? :(a+b+c)(a2 +b? +c2):a3 +b%a+b’+bc* +c® +ca’ +a’b+b*c+c’a
Ap dung bt dang thic Cauchy ta c6
a’ +b%a>2a’b; b’ +bc? >2b’c; ¢ +ca’>2c%a
Do do6 suy ra

a’+b*+c?=a’+b*a+b’+bc® +c° +ca’ +a2b+b2c+c2a23(a2b+b2c+c2a)

1 3
Tur do ta dugc >
' a’b+b’c+c’a a’+b’+c’
Ha ab+bctca _ 3(ab+be+ca) 3-3(a’+b’+c’)
d a’b+b’c+c’a  a’+bi+c’ 2(a2+b2+c2)

bit t=a’+b*+c* =>t> % Khi nay biéu thirc dugc viét lai thanh

A_14ps 3-8t _28t 3 3t 27t 3 t 3
2t 2 2t 2t 2 2t 2 2

Ap dung bat dang thirc Cauchy ta c6 %+i >2, /& 39

2t N 2 2t
Mat khéc i—Ezl—éz—é.Suyra A29—é:§.
2 2 6 2 3 3 3

Vay gié tri nho nhét cua A 1a 2—33 . Bang thirc xay ra khi va chi khi a=b=c =%

Céau 215: [TS10 Chuyén KHTN, 2012-2013]
Choa, b, ¢ 1a cac sd thuc duong thbaman a<b<3<c;c>b+1;a+b>c

2ab+a+b+c(ab—1)
(a+1)(b+1)(c+1)

Tim gié tri nho nhit cua biéu thiec: Q =

Loi giai

Taco
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_2ab+a+b+c(ab—1)_(a+1)(b+1)+(ab—1)(c+1)
- (a+1)(b+1)(c+1) - (a+1)(b+1)(c+1)
1 ab-1 1 ab-1
_c+1+(a+1)(b+1)_a+b+1+ab+a+b+1

T gia thiét

a+bZC2b+1:>bZa21:(a—1)(b—1)20:>ab2a+b—12c—122

1 ab-1
Suy ra > +
y Q ab+2 2(ab+1)
< a, 1 x—1
bat x =ab = x>2, khi d6 ta dugc Q> +
x+2 2(x+1)

5.1 x-1 5 _ (x=2)(x+5)
12 x+2 2(x+1) 12 12(x+1)(x+2)

Suy ra Q-

Do dotacd Q= % Vay gié tri nho nhat cua Q 1a % Ding thie xay ra khi va chi khi
a=1b=2;c=3

Cau 216: [TS10 Chuyén Binh Phudc, 2012-2013]
Cho a, b, ¢ 1a cac s6 thuc duong thoa mén ab + bc +ca = 3abc .

Tim gia tri 16n nhat cia biéu thic: P = 21 + 21 n 21
a~+1 b°+1 c"+1

Loi giai
Ap dung bt dang thirc Cauchy ta duoc

1 1 1 1 1 1 ab+bc+ca 3
< + = =

a’+1 b*+1 c*+1 2a 2b 2a 2abc 2
Vay gié tri 16n nhat cua P 1a % . bang thac xay ra khivachikhi a=b=c=1

Cau 217: [TS10 Chuyén Su Pham Ha Noi, 2012-2013]
Cho n'sb thuc x,, X,, ..., x, V6i n>3. Kihiéu Max{x,, x,, ..., x, } 1256 6n nhat trong
cac sb x,, X,, ..., x_.Chitng minh rang:

X, X, et X +|x1—x2|+|x2 =X, |+ et |x, = x|

n 2n

Max{xl, Xy, ey X} 2

Loi giai
Dé v 1a trong hai sb thuce x, y bat ki ta ludn ¢o
x+y+[x—y|

Min{x, y} < x,y <Max{x, y} va Max{x,y} = 5
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x+y+h—ﬂ
2
X, +X, +o X +|X1—x2|+|x2 —x3|+...+

St dung déng thirc Max{x, y}= , taco:

Xn_X1|

n 2n
x1+x2+|xl—x2| x2+x2+|x2—x3| xn+x1+|xn—x1|
= + +...+
2n 2n 2n
Max{x,, x,} + Max{x, ,x} + Max{x_,x
< B %) X X, 1}SMax{x DX X )
17 7227/ *n
n
Vay bai toan dugc chimg minh. Dang thirc xay ra khi va chi khi x, =x, =...=x_

Cau 218: [TS10 Chuyén Phd Tho, 2012-2013]
Cho x, y, z 1a cac s6 khéng &m théa man x+y +z =§.
Tim gid tri nho nhit:  S=x7 +y” +2° + x’y?z?
Loi gidi
Ap dung bt dang thic Bunyakoskicopxki ta cd

(\/X7+\/YT+JZT)((X\/;)2+(y\/;)2+(z\/;)2)2(x2+y2+zz)2

Hay %(X3+y3+ZS)Z(X2+y2+Z2)2 X +y’+2° Zé(xz +y? +z2)2 *)

Mt khac, dé dang chiang minh duoc

xyzz(x+y—z)(x+z—y)(y+z—x)=[§—22j[§—2xj(%—2yj

27 9
=—-——(x+y+z)+6(xy+yz+xz)-8xyz
o5 (x+y+2)+6(xy +yz+xz)-8xy
27 3 X+y’+27° ’
S9xyz>—-3(xX*+y’+7’ | o xXy'z’ 2| - - — T
yz2 =3yt 42t e Xy (8 - J
(x+y+z)2 3
Détt=x2+y2+z2ZT=Z.Khidétaduqc
2 2 g2 2 2
SZE’CZ—I- E_i _ZL r.t i:l_i i:l t—é +£t2+iZ§Véygié_
3 8 3 3 9 4 64 9 4 64 6 4 8 64 64

tri nho nhat cua S 1a 2 . Pang thac xy ra khi va chi khi x=y =z =%
Cau 219: [TS10 Chuyén Phi Tho, 2012-2013]
Cho a,b,c 1a cac s6 duong thoa man ab +bc +ca = 3. Chang minh rang:

1+3a 1+3b 1+3c

+ + 26
1+b* 1+c* 1+a?
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Loi giai
Ta viét lai vé trai thanh
1+3a N 1+3b 1+3c 1

+1+ 1 +3a+3b+3c
1+b*> 1+c* 1+a®> 1+b*> 1+c* 1+a®> 1+4b* 1+c* 1+a?

Khi d6 ap dung ta dang thirc Cauchy ta duoc :

2 2
L -
b”+1 b +1 2b 2

\ \ C 1
Hoan toan tuong tu ta dugc >1-——;

2 72 21_3
c+1 2 a“+1 2
Khi d6 ta c6 bit ding thic: — -+ 1 >3 a¥brc
b +1 ¢ +1 a“+1 2
Matkhactalaico —> 42+ € >apppefotber@_, g, 3
b +1 ¢ +1 a +1 2
5(a+b+c
Do d6 ta duoc : 12+ 12+ 12+ 3a2+ 3b2+ 3C223+ ( )—226
+b* 1+¢® 1+a” 1+b° 14+c¢ 1+a 2 2
Vay bét dang thuc duoc chitng minh.

Cau220:  [TS10 Chuyén Hai Duong, 2012-2013]

Cho 2 sb duong a, b thoa man l+% = 2. Tim gié tri I6n nhat cua biéu thuc
a
1 1

= + .
a'+b?+2ab* b*+a’+2ba’

Léi giai

Véi a>0;b>0tacod: (a°-b)>>0«>a*-2a’b+b’>>0=>a*+b*>2a’b

< at+b*+2ab? >2a*b+2ab? < 1

< 1
a' +b? +2ab? 2ab(a+b) @)

Tuwong tu cd 1 < 1

< 2). Tu(va) =>0Q«<
b* +a®+2a’b 2ab(a+b) (2). Tr(hva () =Q

1
ab(a+b)

Vi —+E:2<:>a+b=2abmé a+b22\/£<:>ab21:>Q£ 1 <l.
a

2(ab)* 2
Khia=b=1thi =Q =%. Viay gid trj 6n nhit cia bidu thic 13 —
Cau 221: [TS10 Chuyén Phi Tho, 2012-2013]

Cho a, b, ¢ la cac sb thuc duong théa man a+b+c=1. Tim gié tri nho nhat cua biéu thuc:
1 1

+
abc 1—2(ab+bc+ca)
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Loi giai
Do a+b+c=1:>1—2(ab+bc+ca):a2+b2+c2

1 a+b+c 1 1 1 1
+ = =

Suy ra P= =
4 a’+b%+c? abc a’+b*+c* ab bc ca

Dé chiting minh: 1, 9
ab bc ca ab+bc+ca

Do d6 ta co bat dang thuc

1 1 1 1 S 1 9
2 2, 2ttt e ot
a’+b°+c® ab bc ca a‘+b°+c” ab+bc+ca

Ap dung tiép danh gia trén ta dugc

2 12 x T L + 1 (a2+b2+c2+2ab+2bc+2ca)29
a“+b"+c¢° ab+bc+ca ab+bc+ca

1 2

Ha + >9

Y a’+b*+c* ab+bc+ca

e s . 7
Mat khéc ta lai co _>21

ab+bc+ca

n Loz LA, a2 A 1 1 1 1

Cong theo ve cac bat dang thuc trén ta dug¢ ———+—+—+—2>30.

a’+b*+c* ab bc ca

Viy bat dang thire duoc chitng minh.

Vay gié tri nho nhét cia P 1a 30. Bang thirc xay ra khi va chi khi a=b=c=

Céau 222: [TS10 Chuyén Su Pham Ha N¢i, 2012-2013]
Cho céc s6 thuc duong x, y théa man diéu kién: /xy (x— y) =x+y . Tim gia tri nho nhat
cua biéu thic P=x+y
Loi giai.

T gia thiét suy ra: x >y > 0, Ap dung bt dang thuc Cauchy ta co:

2
4xy + x+y2—4xy 1
( > ) ] =—(x+y)4.

(x+y) =xy(x~y) =i-4XY((X+Y)2 —4XY)S%[ 16

Do d6 x+y>4 .Vay minA=4 khi x=2+22;y=2-+/2.

Cau 223: [TS10 Chuyén Vinh Phiic, 2012-2013]
Cho céc s6 thuc duong a, b, ¢ théa mdn abc < 1.Chting minh rang:
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%+£+—32a+b+c
b® ¢ a
Loi gidi
1 1 1 e 1AL 4l , s
bat x=—;y =57 =—=>xyz >1. Khi dé bat dang thirc duoc viét lai thanh
a c

x*y Z2_ 11 1
—t—t—2—+—+—
z X 'y X'y z

Ap dung bét dang thirc Binhiacopexki ta dugc

(x2 +y’ +22)2

Z >x*+y’+27°
y XX+ Yz +2X

Y
zZ X

. . 2z 1 1 1
Phép chiing minh s& hoan tat neu ta chi ra dugc x> +y* +z> > —+—+—
X y Z

That vay theo mot dénh gid quen thugc va gia thiét xyz>1 taco

Xy +yZ+2zX

1 1
X +y’ +2z> 2 Xy +yz+2zX > —
X z

1
Xyz y
Vay bt dang thie dugc ching minh. Dang thirc xay ra khi va chi khi a=b=c=1
Céau 224: [TS10 Chuyén KHTN, 2012-2013]
Gia sir a, b 1a céc sb thuc duong théa man diéu kién: (x/;+1)(\/§ + 1) >4 . Tim gié tri nho

2

2
nhét cua bidu thic: P =2+
y X
Loi gii.
Ta c0:
(Vx1)(Jy+1)24 4= Xy+\/;+‘5+lsX;y+le+y;1+1©x+y22Mét
x2 2
khéc: —+y22y, y—+X22x
y X
DodoP>x+y=>2

Vay gia tri nho nhit caa P 1A 2 khi x =y = 1.
Cau 225: [TS10 Chuyén Béc Ninh, 2012-2013]
Cho ba s6 duong a, b, ¢ théa man a +b+c =1. Chiang minh rang:
(1+a)(1+b)(1+c)=8(1-a)(1-b)(1-c)
Loi giai
Via, b, ¢ lacéc sé duong va a+b+c=1néntaco a,b,c<1.
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Ap dung bt dang thtrc Cauchy ta duoc
l+a=1-b+1-c>2,/(1-b)(1-c)
Tuong tytacé 1+b>2,/(1-c)(1-a); 1+c22,/(1-a)(1-b)
Nhan theo vé ba bat dang thuc trén ta dugc
(1+a)(1+b)(1+c)=8(1-a)(1-b)(1-c)
Vay bat dang thie duoc chimg minh. Péing thic xay ra khi va chi khi a=b=c= %

Cau 226: [TS10 Chuyén Hai Duong, 2012-2013]
Cho3sba, b, cthoamin 0<a<b<c<1.Timgiatri I6n nhat cia biéu thic:

A=(a+b+c+1) 1 + 1 + 1
a+1l b+1 c+1

Loi giai
bat x=1+c,y=1+b,z=1+a.Tr 0<a<b<c<1taduwoc 1<x<y<z<2

Ta viét lai biéu thirc A 12 A=(x+y+z)(1+l+lJ 3o XX Y, Y, 2, 2

Xy z yzxzxy

(1—5J(1—X]20<:>1—5—Z+ﬂ20<:>5+zsf+1
y Z y.Z y Z Z

Z X Z
S XY 2 Y X 2 X XY
y 2z y X zZ X y 2z

><'~<
N“<
><
'\<N
IA
N
/ﬂ\
N><
><N
~—
+
N

bat t=§:>%StS1.Dodétaduqc
z

§+E_t+1_t2+1_2t2—5t+2+§_(2t—1)(t—2)+§

z x t t 2t 2 2t 2
DolStsl néntacéwsuyra—+z<E
2 2t z x 2

Tur do ta dugc A£3+2.§+2=10

Vay gié tri 1on nhat cia A 1a 10. Pang thac xay ra khi va chi khi.
Céau 227: [TS10 Chuyén Hai Phong, 2012-2013]
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Cho ba sé duong a,b,c .Ching minh ring: —— + 4b % 4
b+c c+a a+b
Lai giai
a_ . 4b + S >4 < (a+b+c)( 1 + 4 + 2 )>18
b+c c+a a+b b+c a+c a+b
That vay:
[(b+C)+(a+c)+a+ byt 22 )>(\/b+c+ datc) | [2a+b)y, a0
b+c a+c a+b b+c (a+c¢) (a+b)
< (a+b+c)( L + 4 + 0 )>18 (dpcm)
b+c a+c a+b

Céau 228: [TS10 Chuyén Nam binh, 2012-2013]
Cho a, b, ¢ ,d 12 céc s6 thuc duong théa man diéu kién a+b+c+d =3. Tim gia tri nho
a*+b*+c*+d*

nhét cua biéu thirc: P="
a’+b’+c’+d

Loigidi
Ap dung bat dang thirc Bunhiacopxki ta duoc

4(a4 +b*+c* +d4) z(a2 +b%+c? +d2)2;

(a4 +b* +c* +d4)(a2 +b® +c? +d2) z(a3 +b’+c° +d3)2
Nhan theo vé céc bat dang thirc trén ta duoc

4(a4+b4+c4+d4)2 Z(a‘°’+b3 +c‘°’+d3)2 (a2 +b*+¢? +d2)

Hay 16(a4 +b* +c* +d4)2 24(a3 +b’ +¢° +d“°’)2 (a2 +b*+¢° +d2)
Mt khéc ciing theo bat dang thirc Bunhiacopxki ta co

4(a2+b2+c2+d2)2(a+b+c+d)2 =9

Do vay 4(a3+b3+c3+d3)2(a2+b2 +c’ +d2)29(a3+b3+c3+d3)2
Suy ra ta duoc 16(a4+b4+c4+d4)2 29(a3+b3 +C3+<:13)2
Hay 4(a4+b4+c4+d4)23(a3+b3+c3+d3)

4 4 4 4
Do d6 ta duoc P:a3+b3+c3+d3 ZE
a’+b’+c’+d’ 4

Suy ra gia tri nho nhat caa P 1a %, dat dugc khi a=b =c=d:%
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NAM HOQC 2011-2012

Céau 229: [TS10 Chuyén Binh Phudc, 2011-2012]
Cho a, b, ¢ 1a ba s6 duong thoa man diéu kién a+b+c <3. Ching minh rang:

1 1 1 3
+ + > =
l1+ab 1+bc 1+ca 2
Loi giai
Ap dung bt dang thic Cauchy ta c6
1 ab ab Jab
=1- >1- -1-Y2
1+ab 1+ab 2Jab 2
Tuong tu ta co 1 21—&; 1 21—\/a
1+bc 2  l+ca 2

Cong theo vé theo vé cac bat ding thirc trén va ap dung bét dang thirc Cauchy ta duoc:

1 1 + 1 23—%(@+\/E+ ca)

+
1+ab 1+bc 1+ca
a+b b+c c+a a+b+c
+ + =3-
2 2 2

>3-1
2

Bai toan dugc chirng minh xong.

Céu 230: [TS10 Chuyén Su Pham Ha Noi, 2011-2012]
Ching minh bét dang thc:

1 1 1

1
\/I+\/§+\/§+\/Z+\/g+\/g+m+x/%+\/%>4

Loi giai
1 1 1 1 1

1 ; > ; >
VT2 V23 Badt \Bada 79 w80 80+

Do d6 ta duoc

1 1 1 1 1 1

\/I+\/E+\/§+\/Z+m+\/%+\/%>\/§+\/§+\/Z+\/g+m+\/%+\/a

Suy ra

D& thay

1 1 1 1 1

1
2(ﬁ+ﬁ+ﬁ+ﬁ+"'+ﬁ+@j>ﬁ+ﬁ+d§+\/§+"'+@+@
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1 1 1
Hay 2(\/1+\/§+\/§+\/Z+m+ﬁ+@j>ﬁ_1+ﬁ_ﬁ+m+\/ﬁ_@

1 1 1
+ +...+ >4
J1+42 3+44 J79 +4/80
Vay bét dang thuc duoc chitng minh.

Cau 231: [TS10 Chuyén Nghé An, 2011-2012]
Cho a, b, ¢ la c4c sb thuc duong tuy . Chirng minh rang:

Nén ta duoc

\/(azb +b’c+ cza)(ab2 +bc” + caz) > abc + g/(a3 + abc)(b3 +abC)(C3 +abc)

Loi giai

Bt dang thtc can chimg minh twong duong voi

2 2 2
E+R+S R+S+i >T43 241 b—+1 <1
c a b/lc a b bc ca ab

b,
CI

Détx=%,'y= z=£:>x,'y;z>0;xyz=1
a

Khi d6 bat dang thuc trén tre thanh

Joxy +yz+ax)(x+y+z) zu#&nj{%nj&n}

& \/(X+Y)(Y+Z)(Z+X)+xyz 21+i/(x+y)(yﬂ)(z+x)

XyZ

<:>\/(x+y)(y+z)(z+x)+1 21+d(x+y)(y+z)(z+x)

Pit t= g/(x+ y)(y+2)(z+x) suyra t>2.Khid6 ta viét lai bat dang thic can ching

minh thanh
JE 41214+t 041214284 82 o t(t-2)(t+1)20
Bat dang thuc cudi cung ludn ding do t>2.
Viy bai toan duoc chimg minh xong. Pang thirc xay ra khi va chi khi a=b=c

Céau 232: [TS10 Chuyén Thanh Hoa, 2011-2012]
Cho a, b, ¢ la ba s6 thuc duong théa mdn a+b+c=2. Tinh gia tri I6n nhat caa biéu thuc:

ab bc ca
P= + +
\/ab+2c \/bc+2a \/ca+2b

Léi giai
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Pé y dén gia thiét a+b+c=2 taco ab+2c=ab+c(a+b+c)=(b+c)(c+a)

Do d6 theo bat dang thirc Cauchy ta duoc

ab _ ab <2ab_|_2ab
Jab+2¢ \/(b+c)(c+a)_b+c c+a

bc 2bc  2bc ca 2ca 2ca
< + ; < +
Jbc+2a a+b c+a Jea+2b a+b b+c

Hoan toan tuong tu ta dugc

Cong theo vé cac bat dang thic trén ta duoc

ab bc ca 2ab 2ab 2bc 2bc 2ca 2ca
+ + < + + + +
Jab+2c +bc+2a +Jca+2b b+c c+a a+b c+a a+b b+c
= 2(a+b+c) =4

Hay P <4.Vay gia tri I6n nhat caa P 13 4.

Ding thirc xay ra khi va chi khia=b=c =§

Céau 233: [TS10 Chuyén Kién Giang, 2011-2012]

Chtng minh rang: 21.(a+%}+3.(b+lj>31 , V6i a,b >0
a

Loi giai

*Taco: 21. a+l +3. b+l :21a+£+3b+§
b a b a

Véi a, b >0. Ap dung bat dang thuc Cosi, ta duoc:

21a+§zz,/z1a-§ =6\7 (1)
a a
3b+%22‘/3b-%:6\/; @)

Cong ting vé cua (1) va (2) ta dugc: 21-(a+%+3-(b+%} > 1247
a

Ma: 1247 =/144.7 =1008 : 31=~/312 =961 = 1247 > 31
a

= 21-(a+l]+3-(b+%j >31 (dpcm)

Cau 234: [TS10 Chuyén Vinh Phuc, 2011-2012]

Cho a, b, ¢ la c&c s6 thuc duong thoa man abc =% . Chtrng minh rang:
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A +b’+c >avb+c+bVa+rc+cva+b

Loi gidi
Ap dung bt dang thic Cauchy ta c6
3 3
a+b N ab(a+b) ab(a+b) _ ab(a+b) _ a+b

> >
2 2 9 abc C
4
3 3
T d6 ta co A 4+2 ;b >c3+a+b22c\/a+b
C

Tuong ty ta co

3 3
b +2 erc >b3+a;C22b\/a+c

3 3
2, b ;C >a3+b+C22a\/b+c

a +
a

Cong vé theo vé cac bat dang thuc trén ta dugc:
a®+b’+c® >avb+c+byatc+ca+hb

Bai toan dugc chung minh xong.

Cau 235: [TS10 Chuyén Vinh Phic, 2011-2012]
Cho céc sb thuc duong a, b, ¢. Ching minh rang:
54(abc)3

(a2 +b?) +a%(b?+¢2) +b2(c? +a2) >
\/ ( ) ( ) ( ) (a+b+c)2 \/(ab)4+(bc)4+(ca)4

Loi giai

Theo bét ding thirc Cauchy ta c6

\/CZ (az +b? )2 +a’ (b2 +c? )2 +b? (C2 +a’ )2 > \/c2 (2;;1b)2 +a’ (2bc)2 +b? (2ca)2
=+/12a’b’c> =2+/3abc
(a+b+c) y(ab)’ +(be)' +(ca)' > (3¢/abe) Jala'bic® =oy33a'bic’ Ja'bict

_o\Babie

Nhan theo vé hai bat ding thirc trén ta duoc
\/c2 (a2 +b? )2 +a’ (b2 +c? )2 +b? (c2 +a’ )2 (a +b+ c)2 \/(ab)4 + (bc)4 + (ca)4
= 2\/3abc.9v/3a’bc? = 54 (abc)’
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Hay | (a® +b*) +a%(b? +c?) +b? (e +a?) > 54(abc)3
y ¢ (a7 +b) o (07 ') 417 (e 4a) RSN Febe vt

Vay bat dang thic duoc ching minh. Pang thirc xay ra khi va chi khi a=b=c.

Cau 236: [TS10 Chuyén Viing Tau, 2011-2012]

Cho céc s6 duong a,b,c thay ddi va thod man 3a +4b + 5c =12. Tim gia tri Ién nhat caa biéu
thac: S= ab + 2ac + 3be
ab+a+b ac+a+c bc+b+c

Loi giai
Ta viét lai biéu thic S thanh

1 2 3
S=T T T 1 T 1
—+—+1 —+—+1 —+-+1
a b c a b ¢

Ap dung bat dang thic R S 1( L 1] ta co

x+y+z 9(x y z

S <a+b+1+2(c+a+1) 3(b+c+1)

3
T1 "7 9 9 9
1 —+—+1
C

1 2
= +
1 1 1 1
—+—+1 —4+—+
a Cc a
_6+3a+4b+5c 18 _
9 9
Vay gia tri I6n nhat caa biéu thue S 1a 2. Bang thirc xay ra khi vachi khi a=b=c=1.
Céau 237: [TS10 Chuyén KHTN Ha Noi, 2011-2012]
Cho a, b 1a céc s6 thuc duong. Tim gia tri nho nhét cua biéu thic:

a’ 4b°
P=y= 5T 3
a’+8b" \b’+(a+b)

2

Léi giai

Biéu thiic P dugc viét laila P = L

3
1+&

Pit t= b 0. Khi do bit dang thtre duoc viét lai 1a

a
3
p_ f 1 - 4t :
148t A\ £ +(1+t)
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Ap dung bt dang thic Cauchy ta c6

(2+4¢ )2

148t = (1+2t)(1-2t+4¢) < =(1+282)

1 1 1
Suy ra T2 == >
1+ 8t (1+2t2) 1+ 2t

Ta s€ ching minh T >
t+(1+t)  1+2t

That vay, bat ding thirc trén twong duong voi

3 2
4t >( 2t

2
£+(1+t) 1+2t2j <:>(1+2t2)2 >t +t(1+t) o (t-1) (28 +t+1)20

Bat dang thuc cudi cung ding voi moi t.

3 2
P:/ 13+ 4t N 12+ 2t2:1
186 | 4(1+t) 1426 142t

Vay gia tri nho nhat cua biéu thie P 1a 1. Pang thirc xay ra khi va chi khi a=b

Do d6 ta duogc

Cau 238: [TS10 Chuyén KHTN Ha Noi, 2011-2012]
Cho céc s6 thuc duong a, b, ¢ théa man ab +bc+ca =5. Tim gié tri nho nhat cua biéu thuc:
3a+3b+2c

" \/6(a2+5)+\/6(b2+5)+m

Loi giai

Tir gia thiét ab+bc+ca =5 taco
a’+5=a’ +ab+bc+ca:(a+b)(c+a)

Ap dung bat dang thac Cauchy ta c6

1/6(;;—12+5) =\/6(a+b)(c+a) < 3(a+b)—2|-2(c+a) _ 5a+3f+2c

Chtrng minh tuong tu ta dugc

6(b2+5)s3a+52b+2c; \/msa+bz+2c

Cong theo vé cac bat dang thuc trén ta dugc
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J6(+5) « fo(o7 +5) + V45 < 2219046

2

2(3a+3b+2c
Suyra P- 3a+3b+2c N ( )=Z

\/6(a2+5)+\/6(b2+5)+1lc2+5 9a+9b+6c 3

Vay gié tri nho nhit cua biéu thac P 12 %

Diang thic xay ra khi vachikhi a=b=1; c=2.

Cau 239: [TS10 Chuyén Vinh Phic, 2011-2012]
Cho hai s6 x,y lién hé véi nhau béi dang thic x* +2xy +7(x+y)+2y° +10=0. Tim gia
tri 16n nhét va gia tri nho nhat cua biéu thic S=x+y+1.
Loi gidi
Viét lai biéu thic dd cho thanh (x+y +1)* +5(x+y +1)+4=—y* (¥).
Nhu vay véi moi x va moi ytaludn c6 S* +55+4<0 (voi S=x+y+1)
Suyra: (5+4)(S+1)<0& 4<5<-1.

Tird6 co: S =—4, khi {X =
y=0

=2

S, =-1,khi {X .

ax y:o

CAu 240: [TS10 Chuyén Béc Ninh, 2011-2012]
Cho a, b, ¢ la cac sé thuc duong théa mdn a+b+c=1. Tim gi4 tri 16n nhét cua biéu

thac: P = /a2 +abc ++/b? +abc ++/c? +abc +9+/abe
Lo gisi
Taco a2+abc=a2(a+b+c)+abc:a(a+b)(a+c)
x/;(a+b+a+c) B \/;(a+1)

Do d6 ta dugc \/a2+abc:\/a(a+b)(a+c)s > = >

Chtng minh tuong tu ta dugc

\Vb* +abc S—\/E(b+1)' \c* +abc <—\/E(C+1)
2 7 2

Do d6 ta duogc

\/g(a+1) \/B(b+1) \/E(c+1)

+ +
2 2 2

Va? +abc ++/b? +abc ++/c? +abe <

Mt khac theo bét dang thirc Cauchy ta lai ¢6
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2 2

Chtrng minh tuong tu ta dugc

\/_(b+1)+\/a<\/— \/_(C+1)+\/ﬁ<\/_

Nhu vay ta co

P =+/a? +abc +v/b? +abc + ¢ +abe +9vabe < v/a ++/b ++/c +6:/abe

Ma ta co

Ja+vb+yc <\ [3(a+b+c)=3; 6vabc <6 [“;’*CJ:%

5 53

Nén ta suy ra Ps\/§+i=_:

NIER
5v3

Vay gié tri 1on nhat caa P 1a = bing thirc xay ra khi va chikhi a=b=c= %

Cau 241: [TS10 Chuyén Phd Tho, 2011-2012]
Cho a, b, ¢ 1a s6 thuc dwong. Ching minh rang:

2ab 3bc 3ca ca+ 2b+3c
3a+8b+6c 3b+6c+a 9c+4a+4b 9
Loi giai

Ap dung bét dang thirc Bunhiacopxki dang phan thic ta c6

xy _xy (6+2+1) <x_y[ 18 21}

e — . < ++—
3x+4y+2z 81 2(x+y+z)+2y+x 8l\x+y+z y x

2xy +2x+y
9(x+y+z) 81

Hoan toan tuong tu ta dugc

yz < 2y +z N 2yz zX < 22+X N 2zx
3y+4z+2x_ 81 9(x+y+z)’3z+4x+2y_ 81 9(x+y+z)

Cong theo vé cac bat dang thie trén ta duoc

Xy yz ZX <x+y+z+2(Xy+yZ+ZX)
3x+4y+22 3y+4z+2x 3z+4x+2y 27 I(x+y+z)

Dén day chig minh hoan toan tuong tu nhu trén.
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Cau 242: [TS10 Chuyén Hai Duong, 2011-2012]
Giasira, b, ¢ 1a cac sb duong thoa man abe = 1. Tim gi tri I6n nhit cua biéu thic:

a b C
+

M= +
b*+c*+a c*+a’+b a*+b*+c

Loi giai
Ta chitng minh M <1
bat 3/§=x;%/g=y;3/7=z, khido x; y; z>0 va xyz=1

Bt dang thtic can chiing minh trg thanh

3 3 3

X z
6 6 3+6 y6 3+6 6 3S1
y+z°+x’ 2 +x" 4y’ X +y°+z

Dé thay (y—z)(y5—25)20:>y6+26Zy52+y25
Suy ra y6+z6+x4y22yz(x4+y4+z4)
Tur do6 ta duoc 1 < 1

6 6 3
y +z +X yz(x4+y4+z4)

4 4
Xyz X
Hay 6 }6’ 3S 4 4 4
V' +z2°+xT X +y +z
3 4
, X X
Do d6 ta duoc <

yo+zt+x* Xyt

3 4 3 4
AP A
< ; <
22+x° 4y’ Xraytazt Xyt Xyt

Tuong tu ta co

Cong theo vé ba bét dang thirc trén ta duoc

3 3 3

X z
6 6 3+6 y6 3+6 6 3S1
y+z°+x7 2 +x° 4y’ X +y°+z

Vay gia tri I6n nhat caa M 1a 1. Pang thic xay ra khi vachikhi a=b=c=1.
Cau 243: [TS10 Chuyén Ha Tinh, 2011-2012]

1-4Jx _ 2x

2x+1  x2+1°

Tim gia tri nho nhét caa biéu thic: F =
Loi giai. Didu kien: x>0

2 2
F:1—4&+1_ 2x +1_2:2(J§—1) L=

2>-2.
2x+1 x2+1 2x+1 x*+1

Vay MinF = - 2 khi va chi khi x = 1.
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Cau 244: [TS10 Chuyén Thai Binh, 2011-2012]
Cho a, b, ¢ 1a céc s6 dwong thoa man abc = 1. Chiing minh rang:
a’ b’ c’

+ + >3
b(c+a) c(a+b) a(b+c) S 2

Loi gidi
Ap dung bt dang thirc Cauchy cho céc sé duong ta duoc

a’ b c+a_3 b’ c a+b_3 c’ a b+c_3
- 4+ —+—">"a +—+ >"h—— >
b(c+a) 2 4 2 c(a+b) 2 4 2 "a(b+c) 2 4

Cong theo vé cac bat dang thuc trén ta dugc

a + b’ + ¢ +a+b+c2—3(a+b+c)
b(c+a) C(a+b) a(b+c)
Hay a’ . b’ c’ >a+b+c

+ >
b(c+a) c(a+b) a(b+c) 2
Mt khac theo bét dang thirc Cauchy ta lai c6 a+b+c>33/abc =3

a’ b® c? 3

Neén ta dugc b(c+a)+c(a+b)+a(b+c)25

Bat dang thire dugc chitng minh. Dau dang thuc xay rakhi a=b=c=1.
NAM HOQC 2010-2011

Céau 245: [TS10 Chuyén KHTN, 2010-2011]
Gia sir X, Y, z la cac sb thuc duong thoa mén diéu kién x+y+z=1.

XY +2Z +4/2X7 +2y° 1
1+\/;

Ching minh rang:

Loi giai

Ta s& quy bai toan vé viéc ching minh bat ding thirc cuing bac 1a

\/xy+z(x+y+z)+\/2x2+2y2
>
ey

<:>\/(x+z)(y+z)+\/2x2 12y% >xty+z+4xy

1

Str dung bat dang thic Cauchy taco +/2x* +2y° > x+y

Do d6 ta chi can chang minh /(z+x)(z+y) = z+xy

Bat dang thic trén trong duong voi
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72 +xy+z(x+y)222+xy+22\/g<:>z(\/;—\/§)2 >0

Bai todn dugc chiing minh hoan toan. Pang thirc xay rakhi x=y=—; z=0.

N | =

Cau 246: [TS10 Chuyén TP. H3 Chi Minh, 2010-2011]

Choa, b la c4c sé duong thoa a” +2b” < 3c* .Chirng minh 1+% >3
a C
Léi giai
12 9
Taco:—+—> (1)< (a+2b)(b+2a)=9ab
a b a+2b

& 2a’ —4ab+2b* 20 <> 2(a—b) >0 (ding)
a+2b < [3(a?+2b”) (2)< (a+2b) <3(a’+2b%)

& 2a%—4ab+2b*20<2(a-b) 20 (ding)

2

2
— do a® +2b* <3c?) (d
T AT (do a ¢*) (dpem)

T () va(2)suyra: l+ ? ? 3
a C

Cau 247: [TS10 Chuyén KHTN, 2010-2011]
Cho a, b, ¢ 1a céc s6 duong théa man a+b+c+ab+bc+ca = 6. Ching minh rang:

3 3 3
a C
—t—+—2>a’+b*+* 23
b ¢ a
Loi giai
) o 2l 33
Trudc hét ta chiing minh bat dang thuc oty >a’+b’ +c’
C a

That vay, theo bat dang thirc Bunhiacopxki dang phan thiic ta duoc

2
a2 bl (a2+b2+c2)
—_—t >

c a ab+bc+ac

Theo mot danh gia quen thudc tacd a> +b”> +c> >ab+bc+ca

Do d6 ta dugc (a2 +b? +c2)2 Z(a2 +b? +c2)(ab+bc+ca)

(a2 +b? +¢? )2

7 >at+b* 4
ab+bc+ac

Nén ta co
3 3 3

, a c
Do d6 ta suy ra ?+—+—2a2 +b*+¢°
c a
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+ Chtrng minh a” +b*+c* > 3.
That vay, &p dung bat dang thirc Cauchy ta co

a’+b*>2ab; b* +c?>2bc; c? +a’ >2ca; a*+1>2a;b* +1>2b;c* +1>2c
Cong theo vé cac bat dang thuc trén ta dugc

3(a2+b2+c2)+322(ab+bc+ca+a+b+c):12

Hay a®+b*+c*>3
3 3 3

£ s A 2 A a C
Két hop hai két qua trén ta dugc —+—+—>a’+b*+c* >3
c a

Viy bai toan duoc chimg minh xong. Pang thirc xay ra khi va chi khi a=b=c=1.

Cau 248: [TS10 Chuyén Phd Tho, 2010-2011]

Cho céc sé duong a, b, ¢ thoa man a+b+c=abc. Tim gié trj 16n nhat cua biéu thuc:

a b C

) \/bc(1+a2) +\/ca(1+b2) +\/ab(1+c2)

S

Lo giai
Két hop véi gia thiét ta co

1/bc(1+a2) = Jbc +a’be =\/bc+a(a+b+c)=\/(a+b)(a+c)

Hoan toan tuong ty ta dugc

1lca(1+b2) :4/(a+b)(b+c); 1/ba(1+cz) :,/(a+c)(b+c);

5 a N b C

\/(a+b)(a+c) \/(a+b)(b+c) \/(a+c)(b+c)

_\/ a a +\/ b b +\/ C C
a+b a+c b+c b+c c+b a+c

Ap dung bt dang thtrc Cauchy ta duoc

a a 1 a a
,/ . <= +
a+b a+c 2a+b a+c
Hoan toan tuong tu ta dugc

Ssl(a+a+b+b+c+c]=§

2la+b a+c b+c a+b a+c b+c

e
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Vay gia tri 1on nhat cua S 1a % . Ping thiic xy ra khi va chi khi a=b=c=+/3.

Cau 249: [TS10 Chuyén Phd Tho, 2010-2011]

Cho céc s6 duong a, b ¢ .Tim gia tri nho nhét cuaa biéu thirc

c(ab+1)2 a(bc+1)2 b(ca+1)2
= + +
b? (bc+1) c? (ca+1) a’ (ab+1)

Léi giai

Ap dung bat dang thiic Cauchy dangx +y +z > 33/xyz ta dugc

o, C(ab+1)2 .a(bc+1)2 .b(ca+1)2 ns (ab+1)(bc+1)(ac+1)
52 3\/b2 (bc + 1).c2 (ac+ 1).a*(ab+1) - 3\/ abc
23#2@2\/@.2\/& e

abc

Vay gia tri nho nhat caa S 14 6, dang thic xay ra khi va chi khi a=b=c=1

Céau 250: [TS10 Chuyén bai Hoc Vinh, 2010-2011]

Cho x, y, z 1a cac s6 duong théa man x+y +z = 18+/2 . Ching minh ring:

1 1 1 1
+ + >
\/x(y+z) \/y(z+x) \/z(x+y) 4
Loi giai
Bat dang thiic can chimg minh twong duong véi

1 1 1 1
+ + >
\/2x(y+z) \/Zy(z+x) \/ZZ(x+y) 42
Ap dung bét dang thirc Cauchy ta cd 2,/2x(y +z) <2x+y+z, do do ta dugc
1 > 2
\/2x(y+z) 2X+y+z

Hoan toan twong tu ta duoc bat dang thuc

1 1 1 { 1 1 1 ]
+ + >2 + +
\/2x(y+z) \/Zy(z+x) \/22(x+y) 2X+y+z X+2y+z X+y+2z

Phép chtng minh s& hoan tat néu ta chi ra duoc

1 N 1 1 S 1

+ >
2X+y+zZ X+2y+z X+y+2z 82

e
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That vay theo bat dang thirc Cauchy ta dugc
1 N 1 N 1 S 9 9 1
2X+y+z X+2y+z x+y+22_4(x+y+z) 4,18\/5 8\/5

Viy bai toan duoc chimg minh xong. DAng thirc xay ra khi va chi khi x =y =z =632

Cau 251: [TS10 Chuyén Vinh Phic, 2010-2011]
Cho a, b, ¢ la c&c s6 thuc duong thoa man abe = 1. Chang minh rang:

3 o 6

1+ >
a+b+c ab+bc+ca

Loi giai
Bat dang thie da cho tuong dwong:

(a+b+c)(ab+bc+ca)+3(ab+bc+ca)Z6(a+b+c)

Pé y ring (ab+bc+ca)223abc(a+b+c)=3(a+b+c)

Nén bai toan quy vé ching minh ,/3(a+b+c)3 +3,/3(a+b+c)=6(a+b+c)
Bat dang thirc trén tuong duong voi 1/3(a+b+c) (\/a+b+c —\/5)2 >0

Bat dang thirc cudi cung 13 mot bt ding thire dung. Vay bai toan duoc ching minh.
bing thirc xay ra khi vachikhi a=b=c=1

Cau 252: [TS10 Chuyén Lam Son, 2010-2011]
Cho 3 sb thuc khong &m a, b, ¢ thoa man a+b+c =1. Chang minh ring: b+c > 16abc.

Ding thic xay ra khi nao?

Lo gidi.

Taco: (a+b+c)’ =(a+(b+c))* >4a(b+c).

Do a+b+c=1 nén tir bat dang thic trén suy ra: 1> 4a(b+c) < b+c>4a(b+c)>.
Lai c6: (b+c)* >4bc = b+c>16abc.

Ding thie xay ra khi a=%;b=c:i.

Cau 253: [TS10 Chuyén Hai Phong, 2010-2011]
Cho a, b, ¢ 1a céc sb thuc duong théa man a+b+c < 2. Ching minh rang:

\/a2 +i2 +\/b2 +i2+\/c2 +l2 > N7
b C a 2

Léi giai
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Ap dung bt dang thirc Bunhiacopxki ta dugc
2
a’ 148, a+i =a+i
b* 16 4b 4b
Hay @,/a2+LZa+i
4 b’ 4b

Chtrng minh tuong tu ta dugc

@ b2+l +i,@ C2 9

2zb +i22c+—
C 4c 4 a 4a

Cong theo vé cac bat dang thie trén ta duoc

@(\/az +%+\/b2 +l+\/c2 +l]2a+b+c+%(l+l+lJ

4 c? a’ a b ¢

Ma ta lai c6 l+l+—>

Do d6 ta dugc

\/a2+i2+\/b2+lz+\/c2+l2 > % latbecr—or
b C a 97 4(a+b+c)

Ta can chitng minh 2 latbror—SL 2\/§
Jo97 4(a+b+c) 2
Hay a+b+c+8—122
4(a+b+c) 8
That vay, ap dung bat ding thirc Cauchy ta dugc
81 65
a+b+c+—=a+b+c+ +
4(a+b+c) a+b+c 4(a+b+c)

>2,/(a+b+c) 4 00 4,5
a+b+c 42 8§ 8

Bat dang thire da duoc ching minh. Ping thirc xay ra khi va chi khi a=b=c :%

Cau 254: [TS10 Chuyén Ha Tinh, 2010-2011]
Chocacsb a, b, ce [1;2]. Ching minhrang:

a’+b?> b*+c* *+a?
+ +
ab bc ca

<7
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Loi giai
Bt dang thtc can chimg minh twong dwong véi
a’b+ab” +b’*c+bc” +c’a+ca’ <7abc
& c(ab—ca—b”+bc)+a(ab—ca—b’ +bc)+5abc—2bc* ~2a’b >0
= (ab—ca—b2 +bc)(c+a)+b(4ca—2c2 ~2a’ +ca) >0
= (a—b)(b—c)(c+a)+b(2a—c)(2c—a) >0

Vi vai trd cua a, b, ¢ nhu nhau nén khong mat tinh tong quat ta gia st 2>a >b>c>1 khi
d6 taduoc 2a>2>c; 2c>2>a. Do d6 ta duogc

(a—b)(b—c)(c+a)20; b(Za—c)(Zc—a)Z 0
Nén bat dang thtc cubi cung ludén dang. Vay bit dang thirc duoc chitng minh.
Diang thirc xay ra khi va chi khi a=b=2; c=1 va cac hoan vi.

Cau 255: [TS10 Chuyén Binh Binh, 2010-2011]
Cho a, b, ¢ la c&c sb thuc duong thoa mén a + b + ¢ < 1. Chiing minh rang:

1 1 1
> + += >0,
a“+2bc b“+2ca c¢"+2ab

Léi giai.
1 9

. Y , 11
Vi X, Y, z la cac so thuc duong ta co: —+—+—2>
X 'y Z X+y+z

()

That vay, theo bét dang thirc Cauchy ta co:

(x+y+z)[l+l+1J233xyz.33/i=9:>l+l+lz > .
X y z Xyz X Yy z X+y+z

Vay (*) dugc chang minh.

Ding thie xay ra khi x =y = z.

Ap dung BDT (*) ta co:
1 + 1 + 1 > 9 = ’ 2 2. 9
a’+2bc b’+2ca c*+2ab a’+b*+c*+2ab+2bc+2ca (a+b+c)’ 1

Bat ding thire da cho dugc chitng minh.
Ding thic xay ra khia=b =c.

Céau 256: [TS10 Chuyén Bai hoc Vinh, 2010-2011]
Tim gié tri nho nhit cua biéu thic:

P =x"+x-2x y+y2+y—2y\/;+2010.

Léi giai.

.Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 153


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

Taco: P=(x—/y)* +(y —vx)? +2010 > 2010 (vx > 0;y > 0).

Ding thire xay ra khi va chi khi x =y =1 hoac x =y = 0.

Cau 257: [TS10 Chuyén Nghé An, 2010-2011]
Cho a, b, ¢ la cac sé thuc duong khong am thoa mdn a+b+c=3. Tim gia tri I6n nhat

cuia biéu thirc: P =av/b + byc + cv/a —+/abe

Loi giai

Pit x=+/a; y =+/b; z=+/c . Tir gia thiét ta duoc x> +y> +2° =3,
Khi ndy biéu thuc P tro thanh P =x’y +y’z+2z°x—xyz

D& thdy P >0 theo bat ding thirc Cauchy

Khong mét tinh tong quat ta gia st y 1a s6 nam gitra x, z. Khi d6 ta c6

z(y—z)(y—x)ﬁO@yzz+zzx—xyz£zzy
Do d6 ta ¢6 P=x2y+yzz+z2x—xyzSx2y+zzy=y(x2+z2)

Mt khac theo bat dang thic Cauchy ta c6

i (e ay[2X242y? 422 )
2y (x +z )(x +z )S 3 =8

Suy ra y(x* +2*) <2 nén ta dugc P <2. Pang thic Xy ra khi va chi khi

o a=b=c=1 e
z=0 vacéchodnvi < va cac hoan vi
a=2;,b=1;,c=0
Vay gia tri I6n nhit caa biéu thac P 13 2.
Ping thic xay ra khi va chikhi a=b=c=1 hoic a=2; b=1; c=0 va c4c hoan vi.

Céau 258: [TS10 Chuyén Hoa Binh, 2010-2011]
Cho x, y 1 hai s6 khdng am. Ching minh rang

x* +8y° > 2x%y +4xy’
Loi giai
Ta cac
x* +8y° > 2x7y +4xy’

& (x+2y) (X =2xy +4y?) > 2xy(x +2y)
< (x+2y) (X —4xy +4y*) >0

& (x+2y)(x—2y)* 20 Vx>0,y>0 (ding)
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Vay bét ding thire duoc ching minh.

Cau 259: [TS10 Chuyén Hung Yén, 2010-2011]
Cho ba s6 duong a, b, ¢ thoa man ab +bc+ca =1. Chimg minh rang:

\/a2+1—a+\/b2+1—b+\/c2+1—c l+l+l
bc ac a b c

ab

Loi giai

Péyla a* +1=a2+ab+bc+ca:(a+b)(c+a),do do ta duoc

Ja?+1= \/(a+b)(c+a)
Ap dung bat dang thire Cauchy ta duoc

2a+b+c
Va? +1 a \/a+b c+a) a_b+c_l(l+1J

bc _ZbC_ZEE

Hoan toan tuong ty ta dugC ——

a ¢ ab 2;5

J— b 2(1 1)’@—c 1(1 1)

Cong theo vé ba bét ding thire trén ta dugc

Ja?+l-a +b*+1-b ~J+1-c 1 1 1
+ + <—4—4-=
bc ac ab a b c

Viy bai toan duoc chimg minh. Bang thtc xay ra khi va chi khi a=b=c=

tol

Cau 260: [TS10 Chuyén Vinh Phic, 2010-2011]

3
N 1 N 1 N 1 (a+b+c+\/ab) (Va.b.c>0)
a+b b+c c+a zi‘/abc (a+b)(b+c)(c+a)

Ching minh rang:

Lo gii.
Dé thay: (a+b)(b+c)(c+a)=c*(a+b)+a’*(b+c)+b*(c+a)+2abc.

Ap dung bt dang thic Co-si va bat dang thirc Bu-nhi-a-cop-xki ta duoc:

(*(a+b)+a’ (b+c)+b2(c+a)+2abc)( _|1_b b-1|-c+c-|1-a ZJi?j

> c\/a+b.;+a\/b+c ——+b+c+a. +\/2abc f c+a+b+\/ab )
c+a \/b+c ab

Suy ra diéu phai chirg minh, dang thtc xay ra kh| a=b=c.

Céu 261: [TS10 Chuyén Kién Giang, 2010-2011]

.Q Lién hé tai liéu word todn SDT (zalo): 039.373.2038 155


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

tri nho nhét do.

Loi giai

Taco:

X =(3b)?>-2.3b.(3+a) +9+6a+a’+a’—4a+4+1997
= (3b)?-2.3b.(3 + a) + (3 +a)® + (a®> — 4a + 4) + 1997
=(3b-3-a)?+ (a—2)?+ 1997 > 1997

DAu “=” xay ra khi {3b_3_a20<:>{3b_3_2:0<:> b=

a-2=0 a=2

Viy véia=2vab = % thi Ximax = 1997

Céau 262: [TS10 Chuyén Phu Yén, 2010-2011]

a) Cho 2 s6 duong a va b. Chung minh rang : t 111
a+b 4\la b

b) Cho 3 s6 duong x, y, z thoa man L1 1 2010 Tim GTLN cia biéu thic:

X y z

1 1 1
P= + +
2x+y+z X+2y+z X+y+2z

Léi giai

a) Bién ddi twong duong bat ding thirc trén nhu sau

1 Sl(1+lj<:>4ab£(a+b)2<:>0£(a—b)2
a+b 4la b

Bat dang thuc cudi cung ludn ding. Vay bai toan dugc chirng minh. Dang thuc xdy ra khi

vachikhi a=b

b) Ap dung bat ding thuc trén ta duoc

1 11 1 1 1(2 1 1
<— + S—| —+—+—
2x+y+z 4{x+y x+z) 16\x y z

Hoan toan tuong tu ta dugc

1 1(1 2 1 1 111 1 2
—<— | —+—+— |, ————<—| —+—+—
X+2y+z 16\x y z) x+y+2z 16(x y z

Cong theo vé cac bat dang thie trén ta duoc

Website: tailieumontoan.com

Tim a, b dé biéu thuc: X = 2a% + 9b? + 2a — 18b — 6ab + 2010 dat gia tri nho nhat. Tim gia
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1 1 1 1 1 1 1) 2010 1005
P= + + <= =—
2x+y+z X+2y+z x+y+2z 4 4 2

x y z
1005
Vay gia tri I6n nhat caa P 1a — Ding thire xay ra khi va chi khi x = y=z=670

NAM HQC 2009-2010

Céau 263: [TS10 Chuyén Thai Binh, 2009-2010]

. 1
Giai phuong trinh: — =+/3 ( J
\/ \/2x 3 Jix=3  Jox—6

Loi giai

Ta chang minh:

1 1 1
3 *
\/_(x/a+2b+\/b+2c+\/c+2aj )

TEE

voia>0;b>0;:c>0

+Véia>0;b>0taco: \/g+2\/B£1/3(a+2b) (1)

+Do [[ J_J(JE+2JE)29 nénT J— J§+2\/_ )

+ Tur (1) va (2) ta co: % ib \/::{_73% (3) (Vo61a>0;b>0;c>0)

+ Ap dung (3) ta co:

1 1 1 1 1 1 }
—+—+—2\/§ + + voia>0;b>0;c>0
\/g \/E \/E [\/a+2b Jb+2¢ \/c+2aj
3
Phuong trinh \/— ( Jcé DK: x>—
J_ \/2x 3 Jix_3  J5x_6 2

Ap dung bt dang thire (*) véia=x; b =x; ¢ = 2x - 3ta co:

11 1 1 1
$+$+sz—3 \/—(\/3_x Jox—6  ix_ 3j

\/_[ ! ! JV(’Jrix>E
\/_ \/2x J5x -6 \/4x 3 2
Dau“="xdyra < x=2x-3<x=3

Vay phuong trinh c¢6 nghiém duy nhat x = 3.

Cau 264: [TS10 Chuyén Hai Phong, 2009-2010]
1

a) Cho cac sb duong a, b, ¢ tiry y. Chiing minh rang: (a+b+ c)(l+%+—j >9
a C

b) Cho cac s6 duong a, b, ¢ thoa man a+b+c < 3. Ching ming rang:
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1 + 2009 >670
a’+b’+c*> ab+bc+ca
Loi giai
a) Ap dung bt ding thirc Co si cho 3 s6 duong a+b+c > ¥abc; 1,1, 1,5 1
’ a b ¢ 3abc
Suy ra (a+b+c)(l+l+1j29
a b c

Bt ding thtrc dugc ching minh. Dau dang thirc xay ra khi va chi khi a=b=c

2
(a+b+c) 3

b) TacO ab+bc+ca<a’+b*+c*=ab+bc+cas<

Suy ra __2007 > 669
ab+bc+ca

Ap dung bt dang thtc trong cau a, ta co

2 12 7t L + L (a2+b2+c2+2ab+2bc+2ca)29
a“+b"+c® ab+bc+ca ab+bc+ca

Suy ra > 12 =+ 1 > o =>1
a“+b"+c® ab+bc+ca (a+b+c)
Do d6 ta duoc 1 + 2009 >670.

a’+b*+c* ab+bc+ca
Viy bat dang thire duoc chitng minh. Dau dang thic xay ra khi va chi khi a=b=c=1.

Cau 265: [TS10 Chuyén Ph Yén, 2009-2010]
a) Chox, vy, z a, b, clacac sé dwong. Chirng minh rang:

{fabc + #xyz < %/(a +x)(b+y)(c+2z).

b) Tirdé suyra: 33+33 +33-33 <233

Léi giai

a) Taco: Yabc+3xyz < f@+x)b+y)c+z) (1)

Lap phuong 2 vé caa (1) ta dugc :

abc + xyz + 3%/(abc)2xyz +3€/abc(xyz)2 <(a+x)(b+y)(c+z)

&< abc + xyz+ 3%/(abc)2xyz +3%/abc(xyz)2 <abc + xyz + abz + ayc + ayz + xbc + xyc + xbz

& 32/ (abc)*xyz +32/ abc(xyz)® <(abz + ayc + xbc) + (ayz + xbz + xyc) (2)

Theo bt ding thirc Cauchy, ta c6 :
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(abz + ayc + xbc) > 33/(abc)’xyz (3)
(ayz + xbz + xyc) > 33/abc(xyz)’* (4)

Cong hai bat dang thirc (3) va (4) ta duoc bat dang thie (2), do d6 (1) duoc ching minh.
b) Ap dung BDT (1) véi a =3+33,b=1,c=1,x=3-3/3,y=1,z=1
Tacd:abc=3+ %/5,xyzz3-%/§,a+x:6,b+y:2,c+z:2

T do: Y3+33 +33- I3 <¥6.2.2 = 233 (dpem).

Cau 266: [TS10 Chuyén Pa Nang, 2009-2010]
Cho ba sb thuc khéng &m a, b, ¢ théa man diéu kién a + b + ¢ = 1. Chtng minh ring

a’+b>+c* >4(ab+bc+ca)-1.

Loi giai
Tacod: a’+b?>2ab;b?+c?>2bc;c?+a’>2ca
= a?+b%+c?> ab+bc+ca 1)
Laico:a?+b?+c?=a’+b?+c?+(a+b+c)’-1
Hay a?+b2+c?2=2(@%+b%+c?)+2@b+bc+ca)—1 (2)
(Dva@2)= a2+b?+c?>4(ab+bc+ca)—1dpem
Cau 267: [TS10 Chuyén Binh Dinh, 2009-2010]

Vi s6 ty nhién n>3. Ching minhrang S_ < %

1 1 1

3(1+\/§)+5(JE+\/§)+'"+(2n+1)(JH+ n+1)

V6i S =

Loi giai
Véin>3 ,taco

| Jari-vn_ Jari-vm

(2n+1)(\/a+ n+1)_ 2n+1 \V4n®? +4n+1

<M—&:M-I=1(1_ 1 j
Jan*+4n  2¥n+14n 2\Vn Jn+1

Do d6 ta duoc

Vay bét ding thire duoc ching minh.
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Cau268:  [TS10 Chuyén Hai Duong, 2009-2010]

Ix? —4x 45 —/x2 +6x+13‘

Tim gia tri I6n nhit caa biéu thuc: P =

Loi giai

Tacé: P= ‘\/(x—z)2 1 (x+3) 42

Trén mat phang toa d6 Oxy ldy cac diém A(x-2; 1), B(x+3; 2)

Ta chimg minh dugc: AB = y(x—2-x-3) +(1-2)' =25+1=+/26

OA =/(x-2) +12, OB =/(x+3) +2

Miit khéc ta co: |OA —OB|< AB = ‘\/(x—z)2 +1? —\/(x+3)2 +2°

<26

DAau “=” xay ra khi A thuoc doan OB hoic B thudc doan OA

X=2 _ 1~ 7 Thirlai x = 7 thi A(5; 1); B10; 2).
x+3 2

CAau 269: [TS10 Chuyén Binh Dinh, 2009-2010]

m S 1
;_\E‘_ nz(\/§+\/5)

Chang minh rang , VGi moi s nguyén m, n.

Loi giai

N <, z ~ A M o L A oA, A IM

Vim, n lacac so6 nguyén nén — la so6 hiu ti va J2 1a's6 vo ti nén 2 _2x0.
n n

Ta xét hai truong hop sau
+ Truong hop 1: V&i 22 >+/2., khi d6 ta dugc
n
m’>2n°=m”>2n’+1 hay m>+/2n +1
Tir do suy ra

2
3—\/5‘2—\/21‘”—\/5= 2 L 2
n

n n

1
2+§—2 1 1

Hmn{mmfﬁ(@ﬁ)

+ Truong hop 2: V&i 22 <+/2., khi d6 ta dugc
n
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m’ <2n’ = m”<2n*-1 hay m<+/2n*-1

Tir do suy ra
1
2-2+—
‘——f‘ N A it
S22+ f2- 1
n’

1 1

[t "

Vay bai toan dugc chitng minh.
Cau 270: [TS10 Chuyén Vinh Phic, 2009-2010]
Cho ba s6 thuc a, b, ¢ d6i mot phan biét. Chitng minh rang:

2 2 2
a b C
+ + >2

(b - c)2 (c - a)2 (a —b)2

Loi giai

Bt dang thtc can chimg minh twong duong voi

e e (o e i)
Ma ta lai c6

ab bc ca
+

(b-c)(c-a) (c-a)(a-b) (a-b)(b—c)

ab(a—b)+bc(b—c)+ca(c—a) (a—b)(b—c)(c—a

)
GB)b-dca)  (a-B)bc)(eal

=-1

2
Do d6 bét ddng thuc trén tro thanh | —— + b ¢ )so.
b-c c-a a-b

Bat dang thirc cudi cuing 13 mot bt ding thire dung. Vay bai toan duoc ching minh.

Cau 271: [TS10 Chuyén Lam Son, 2009-2010]
Cho biéu thaec P=a*+b*+c* +d* +ac+bd, trong d6 ad—bc=1.

Chéng minh ring: P >+/3
Loi giai

Taco
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2

(ac+bd)’ +(ad—bc)’ =a’c® + 2abed + bd* +a’d? —2abed + b*¢?
=a’ (c2 +d2)+b2 <d2 +<:2):(a2 +b2)(c2 +d2)

Viad-be=1nén 1+(ac+bd) =(a*+b?)(c*+d?) (1)

Ap dung bat dang thire Cauchy ta duoc

P=a’>+b* +c2+d2+ac+bd22\/(a2 +b2)(c2+d2)+ac+bd

Suy ta Pzz,/l+(ac+bd)2 +ac+bd.Rdrang P>0 vi 2,/1+(ac+bd)2 >|ac+bd|2

bat x =ac+bd, khi do ta duoc
P>2V1+x* +x < P? Z4(1+x2)+4xx/1+x2 +x? =(1+x2)+4xxll+x2 +4x* +3

2 r 2
Hay P? > (\/1+x2 +2x) +3>3. Do do ta duge P >+/3. Viy bét ding thire dugc ching

ad—bc=1
minh. Ding thic xay ra khi va chi khi {2a =+/3d ¢
2b=—/3c—-d

Céau 272: [TS10 Chuyén Nghé An, 2009-2010]
Cho a, b, ¢ 1a cac sé thuc duong thay doi théa mdn a+b+c=3. Tim gié trj nho nhit caa
biéu thirc:
ab+bc+ca

P=a’+b*+c*+ - —
a’b+b°c+ca

Loi giai
Dy doan dugc dau ding thirc Xy ra tai a=b=c=1 va gia tri nho nhit cua P 1a 4. Ta quy

bai toan vé chung minh bét dang thic

ab+bc+ca

a’+b* +c’ +— >
a’b+b°c+ca

That vay, két hop véi gia thiét ta co
3(a2 +b’ +c2) =(a+b+c)(a2 +b’ +c2)
=a’+b’+c’ +a’b+b’c+c’a+ab’ +bc® +ca’
Ap dung bét dangr thirc Cauchy ta c6
a’ +ab” >2a’b; b’ + bc? > 2b’c; ¢ +ca’ >2c%a

Suy ra 3(a2+b2+c2)23(a2b+b2c+c2a)>0
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ab+bc+ca ab+bc+ca
- — 2a2+b2+c2+—2 —
a’b+b°c+ca a‘+b° +c

Do d6 ta dugc a®+b* +c +

Phép chttng minh s& hoan tat néu ta chi ra duoc

ab+bc+ca
a2+b2+C2+ﬁ24
a-+b +c

9—(a2+b2+c2)

2(a2+b2 +c2) =

Hay a’+b*+c’ +

Pit t=a’ +b” +c°.

Tugiathiét a+b+c=3=a’>+b*+c* >3, do d6 ta duoc t>3
Bat dang thic trén trg thanh

9—t )
t+——24 27 +9-t 28t < (t-3)(2t-3)20
2t
Bat dang thuc cudi cung ludn dung do t > 3. Vay bai toan duoc chitng minh xong.
Cau 273: [TS10 Chuyén Lam Son, 2009-2010]

Goi a, b, ¢ 1a 6 dai ba canh caa mot tam giac c6 ba goc nhon. Ching minh rang véi moi sb
thuc X, y, z ta lubn co:

Xyt 2P 22X +2y*+27°
Sttt 2 12, 2
a~ b ¢ a~+b"+c
Lai giai
Bat dang thiic can chimg minh turong duong véi
x> 2x° y’ 2y* 7’ 27°

+ -

a’ a’+b*+c? b? at+b*+c® & a*+b’+c
xz(b2+cz—a2) yz(a2+cz—b2) zz(a2+b2—c2)

>0

a’ (az+b2+c2)+b2(a2+b2 +c2) c? (a2 +b2+C2)

Do a, b, ¢ la do dai cac canh cua mét tam giac nhon nén

a’+b*>c% b’ +c® >a%; ?+a’ >b?
Nén ta dugc b*+c?-a’>0;a’+c*-b*>0;a’+b*=c* >0
Do vay bt dang thtc trén ludn ding. Bai toan dwoc ching minh xong.

Céau 274: [TS10 Chuyén KHTN, 2009-2010]
Vi a, b, ¢ 1a nhiing s6 thuc dwong. Ching minh rang:

a’ b? c? >a+b+c

+ + >
J3a2+8b2+14ab 3b2+8c?+14bc  /3c? +8a% +14ca 5
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Lai giai
Ap dung bét dang thirc Cauchy ta dugc

3a’ +8b” +14ab = 3a’ + 8b* +12ab + 2ab < 4a’ + 9b* +12ab = (2a +3b)’

a’ a’ a’

Suy ra > - =
V3a?+8b>+1dab (2a+3b) 2a+3b

Ap dung tuong tu ta thu duoc
a’ b? c’
+ +
J3a2 +8b% +14ab  3b?+8c% +14bc  3c* +8a2 +14ca
2 2 2
a b C
> + +
2a+3b 2b+3c 2c+3a

Mt khac theo bat ding thirc Bunhiacopxki dang phan thirc ta duoc

a’ . b’ . c’ >(a+b+C)2_a+b+c
2a+3b 2b+3c 2c+3a 5(a+b+c) 5

a’ N b? N c? >a+b+c
J3a2+8b%+14ab /3b2+8c% +14bc /3¢ +8a’ +14ca 5

Do d6 ta duoc:

Viy bai toan duoc ching minh xong. Dang thtrc xay ra khi va chi khi a=b=c

Céau 275: [TS10 Chuyén KHTN, 2009-2010]
Gia sir X, y, z la nhiing sé thuc thoa man diéu kién 0<x, y, z<2 va x+y+z=3. Tim gid
tri nho nhat va 16n nhét cua biéu thic:

M=x"+y*+z* +12(1-x)(1-y)(1-2)
Loi giai
bata=x-1;b=y-1,c=z-1,taduoc -1<a; b;c<lvaa+b+c=0. Biéu thirc
M dugc viét lai thanh

M=a4+b4+c4+4(a3+b3+c3)+6(a2+b2+c2)+4(a+b+c)+3—12abc
Péylakhi a+b+c=0 thi a’>+b’+c®—3abc=0 nén biéu thirc trén thi thanh
M=a4+b4+c4+6(a2+b2+c2)+3
Theo mot danh gia quen thudc thi
a‘+b*+c'2abc(a+b+c)=0
a2+b2+c221(a+b+c)2=0
3

Do d6 suy ra M >3 hay gia tri nho nhat cia M 12 3.
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Pang thac xay rakhivachikhi a=b=c=0 hay x=y=z=1.

Mait khacdo —1<a; b; c<1 néntacd b

al; |bl; c|$1.T1‘rdétacé

a* <a’ <fa; b* <b’ <|b|; ¢* <’ <|q|
Suyra M=a*+b*+c* +6(a2 +b’ +c2)+3£7(|a|+|b|+|c|)+3
Ma ta lai c6 a+b+c=0 nén trong ba sb a, b, ¢ c6 mot hoidc hai s6 am, tuc 1a ludn ton tai hai
s6 cung dau. Khéng mat tinh tong quat ta gia sir hai s6 d6 1a b va c. Khi d6 ta duoc
[bf+[c[=[b-+c[=fa]
Bén day ta c6 M <14|a|+3 <17 hay gia tri I6n nhat ciia M 1a 17. Béng thirc xay ra khi va chi khi
a=1,b=-1;c=0 vacac hoanvi hay x=2; y=0; z=1 va cac hoan vi

Cau 276: [TS10 Chuyén Théi Binh, 2009-2010]
a) Cho k 1a s6 nguyén duong bt ki. Chirng minh bt ding thirc sau:

1

=)

b) Chirng minh rang: R S S 1 58
2 32 43 201042009 45

Loi giai

a) Bat dang thuc can chimg minh tuong duong véi

(k+1)\/£ < 2%& & 2k+1-2,/k(k+1) >0<:>(x/ﬁ—\/§)2 >0

Bat dang thuc cudi cung ludn dung véi moi k nguyén duong.
Vay bat dang thire duoc chitng minh.
b) Ap dung két qua ciu a ta co

1 1 1

1
VT = + + +o
21 32 43 2010+/2009

<2[L—LJ+Z[L—LJ+---+2( t 1 j
142 2 43 J2009 2010

1 1) 88
—21- <2l1-—|=22_vyp

( Jzomj [ 45} 45

Vay bt dang thie dugc chang minh xong.

Cau 277: [TS10 Chuyén TP. Hd Chi Minh, 2009-2010]
a) Cho 3 s6 thuc a, b, ¢ bt ki. Ching minh rang:
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2 2 2
a’+b*+c? Zab+bc+ca+(a_b) +(b—c) (c—a)

+
26 6 2009

b) Cho a >0; b<0. Ching minh rang 1,2, 8
b 2a-b
Loi giai

a) Bat ding thic can chirng minh tuong duong voi

+

(a—b)2+(b—c)2 (c—a)2>(a—b)2+(b—c)2 (c—a)2

> +
2 2 2 26 6 2009
H 12(a—b)2 (b—c)2 2007(c—a)2 50
ay B + 3 + 5 >

Bat dang thire cudi cang ludn dung.
Viy bai toan duoc chimg minh. Dang thire xay ra khi va chi khi a=b=c.

b) Bat dang thuc can chirg minh twong duong véi

12>8

a —b 2a-b

Pit c=-b, do b <0 nén ta dugc ¢ >0, khi d6 bat dang thirc trén duoc viét lai thanh

1.2, 8
a ¢ 2a+c
Theo mot danh gia quen thudce ta duoc
1 2 2 2 24 8
a ¢ 2a ¢ 2a+c 2a+c

Vay bét diang thie duoc chirg minh. Pang thuc xay ra khi va chi khi 2a=-b.
Cau 278: [TS10 Chuyén Phd Tho 2009-2010]
Cho x, y, z 12 c4c s6 thyc duong sao cho xyz=x+y +z+2. Chiing minh rang:

1 N 1 N 1 <§
VXY \yz \/;_2
Loi giai
i Ae e tae s Aot s s 1 1 1
Gia thiét cua bai toan duoc viét lai thanh + + =1
x+1 y+1 z+1
bat a= 1 o) 1 = 1

;b= ; C . Khi d6 ta dugc a+b+c=1. Turdo suy ra
x+1 y+1 z+1
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l-a_b+c  1-b c+a _ 1-c a+b

X = s Z=
a a b b C a

Bat dang thirc can chimg minh duoc viét lai thanh:

\/(b+c31()c+a) +\/(c+a;)(ca+b) +\/(a+b§?b+c) <

Ap dung bt dang thirc Cauchy ta duoc:

b aj
+
b+c c+a

1
2
bc l C N b
(c+a (a+b) 2lc+a a+b
1
2

a C

a+b b+c

Cong theo vé cac bat dang thire trén ta duoc:

ab N bc N ca <§
(b+c)(c+a) Y(c+a)(a+b) Y\ (a+b)(b+c) 2
Vay bat dang thie duoc chimg minh. Pang thic xay ra khi va chi khi a=b=c=2

Cau 279: [TS10 Chuyén Pht Tho 2009-2010]
Cho céc s6 thuc khdng &m a, b, ¢ sao cho ab +bc +ca = 3. Chiing minh rang:

1 N 1 N 1
a’+2 b*+2 *+2

<1

Loi giai
Bat dang thirc can chimg minh twong dwong véi

a’ b c

+ + >
a’+2 b*+2 *+2

Ap dung bét dang thirc Bunhiacopxki dang phan thic ta duoc

22 b2 2 N (a+b+c)2 B (a+b+c)2 ~

a’+2 b*+2 2+2 a’l+b*+ct+6 _a2+b2+c2+2(ab+bc+ca) B

Vay bét dang thic duoc chimg minh. Pang thic xay ra khi va chi khi a=b=c=1.
Céu 280: [TS10 Chuyén Dai hoc Vinh 2009-2010]
Cho x, y, z 1a cac s6 duong théa mén x +2y +3z =18 . Chang minh rang:

2y+32+5+32+x+5+x+2y+5>5_1
1+x 1+2y 143z 7
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Loi giai
Pit a=x; b=2y; c=3x, khi d6 gia thiét trs thanh a+b+c =18 va bit dang thic dugc
viét lai thanh

b+c+5 c+a+5 a+b+5_ 51
+ + >—
1+a 1+b 1+c 7

Bat dang thirc trén twong duong véi

b+c+5 c+a+b
+1+ +1+

1+a 1+b 1+c

a+b+5+12571+3

1 1 1 J272

Hay (a+b+c+6) + + —
1+a 1+b 1+c

7

Phép chtztng minh s& hoan tat néu ta chi ra duoc

1,113

+ +
1+a 1+b 14c 7

That vay theo bat dang thic Cauchy ta c6
1,1 109 9 3

+ P =
1+a 1+b 1+c 3+a+b+c 21 7
Vay bai toan dugc chixng minh.
Dang thac xay ra khi va chikhi a=b=c=6 hay x=6; y=3;z=2.

Cau 281: [TS10 Chuyén Dai hoc Vinh 2009-2010]
Cho céc s6 thuc x, y thoa man: x >8y > 0. Hay tim gia tri nho nhét cuaa biéu thic:

P=x+— .
y(x-8y)

Loi giai

Sir dung BPT Cauchy cho ba sé duong ta co:

P=(x-8y)+8y+———>6.
y(x—8y)
Xx—8y =8y x=16y X=4
Ding thire xay ra khi va chi khi 8y = 1 e, 1e 1
yox—8y) | Tea V%

Vay minP = 6. khivachikhix=4vay = %
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