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Bai 1. Cho tam gidc ABC ngi tiép duong tron (O), diém D thugc cung nho AB. Ké ddy DE
vudng goc voi OA. Goi M 1a giao diém cua BD va CA, N 1a giao diém cua BA va CE.
Chutng minh rang MN song song véi DE.
Loi giai :
N

Goi | 1a giao diém cua DE va AB.

OA L DE = OA di qua trung diém day DE (Lién hé duong kinh va day).
= DE la duong trung truc cua DE.

= AD = AE (Tinh chat duong trung truc).

— AD = AE (Lién hé day va cung).

Theo tinh chat goc c¢6 dinh & bén ngoai dudng tron ta co:

L —

BNC =%(sd—sd;4—1§).

— 1

BMC=%(sd1/9—5—sdAf5) ZE( déE—deE) (Vi AD = AE).

= BMC = BNC .
= Tu giac BMNC Ia tir giac noi tiép (hai goc dinh M va N nhin canh BC duéi cling mot goc).
— MNB = MCB (Cung chin cung MB cua dudng tron ngoai tiép tir giac BMNC).

Ma MCB = %sd@ _ %(sdé—ﬁ +saAD) (Tinh chit goc noi tiép). (1)

Mat khac: AIE = %(Sd,BB - deE) (Tinh chat goc c6 dinh & bén ngoai dudng tron).

e~

AIE=%(Sd§B+SdK[\)) (AD = AE) (2)
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Tir (1) va (2) = MNB=AIE

= MN //DE (Ciap g6c so le trong bing nhau). (dpcm)

Bai 2: Cho tir gidc ABCD ndi tiép duong tron (O) va AB = BD. Tiép tuyén cta (O) tai A cit
duong thang BC tai Q . Goi R la giao diém cua hai duong thang AB vaCD .

a) Chirng minh AQ* =QB.QC.

b) Ching minh AQRC néi tiép.

¢) Chang minh AD//QR.

Loi giai :

Q

D

a) Xét AAQB va ACQA c0:

BAQ = ACQ (gdc tao bai tiép tuyén va day cung va goc noi tiép chin cling chin AB ). AQB 1a goc
chung.
= AAQB «» ACQA (9.9).

- AQ_CQ _ \»2_poco.

BQ AQ
b) Taco: AB=BD = AABD can = BAD = BDA.
BAD =QCR (gdc ngoai bing goc déi trong cua ti gidc ABCD noi tiép).
QAB = BDA (g6c tao béi tiép tuyén va day cung chin va géc néi tiép cling chdn AB).

= QAB =QCR.
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— Tu giac AQRC ndi tiép (hai goc bang nhau cling nhin mét canh).

c) Xét tr gidc AQRC nai tiép co:

AQR + ACR =180° (tong hai goc ddi bang 180°) (1).

Cin CM: ACR=QAD.

That vay: BAD = QCR (chitng minh phan b).

QAB = ACB (goc tao bai tiép tuyén va day cung chén va goc ndi tiép chén ciing AB).

— BAD +QAB =QCR + ACB..

— ACR=QAD (2).

Tu (1),(2) ta dugc:

AQR +QAD =180° = AD//QR (trong cling phia)

Bai 2: Cho géc nhon xBy . T mot diém A trén tia Bx ké AH vudng goc véi By tai H va ké
AD vudng géc véi dudng phan giac cua goc xBy tai D, Chirng minh t giac ABHD ndi tiép dugc
duong tron va xac dinh timO cua duong tron do.

a) Chizng minh ring OD L AH .

b) Tiép tuyén tai A véi duong tron (O) cét By tai C. Duong thing BD cit AC tai E. Ching
minh t gidc HDEC nai tiép.

a) Ta co:

AADB vudng tai D nén ba diém A D,B cling thuoc dudng tron dudng kinh AB (1)
AABH wvudng tai H nén ba diém A,B,H cling thudc dudng tron duong kinh AB (2)
Tu (1)va (2) = Ta gidc ABHD noi tiép duge dudng tron duong kinh AB.

— Tam O trung diém cua doan AB.
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b) Tt gidc ABHD noi tiép nén:

5, - &~ 307D | @

~ ~( 1 —

B, = Hl(:Esd AD) (2)

Ma B, =B, (BE la phan giac cua ABH ) (3)

Tr (1),(2) va (3) = A, =H, =sdAD=sdHD = AD=HD

= D thudc duong trung truc ciia HA(4)

Mat khac OA=0H = O thudc dudng trung truc cua HA(5)
Tur (4),(5)= OD laduong trung tryc cia AH = OD L AH .

c) Tacé: BEC la géc ngoai cua tam gidc ABE nén BEC =90°+ B,

Ta lai co:
OD L AH (cmt) [

—=OD//BH = DHC =0DH (So le trong)
BH L AH (gt)

AOHD = AODA(ccc) = ODH =0AD (hai canh tuong trng)
Ma DHC =ODH (Chting min trén) = OHC = OAD
Mt khac OAD =90°— A Vva A:Bj(:%sdl\?)) — OAD =90°- B,

~

— OHC ==90°-B,
Xét tir gidc HDEC c6: BEC + OHC =90°+ B, +90°— B, =180°
Ma hai g6c nay & vi tri doi nhau nén HDEC noi tiép.
Bai 4: Cho duong tron (O) ; duong kinh AB = 2R ; tiép tuyén Ax .Trén tiép tuyén Ax lay diem
F sao cho BF cét dudng tron tai C : tia phan giac ABF cit duong tron tai E va cét tiép tuyén
Ax tai D
a)Chung minh OD // BC
b)Chang minh BD.BE = BC.BF
¢)Chirng minh : t&r giic CDEF ni tiép
d)Xéc dinh sé do ABC dé t giac AOCD 13 hinh thoi.Tinh dién tich tt giac AOCD theo R
Lo gidi -
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a)Ching minh : OD//BC

Tac6 CBD: DBA Ian luot 1 cAc g6c noi tiép chén cac cung AD; DC

Maf CBD = DBA AD = DC = AD = DC két hop véi OA=0C =R =>OD L AC(do OD la
duong trung truc cua AC )

Ma C e duong tron duong kinh AB = ACB = 90° = AC | CB = CB//OD

b)Ta cd : D thudc duong tron duong kinh AB = AD 1| DB = AD 1 BE

Tam giac AEBvudng & A c6 duong cao AD = AB? = BD.BE ( hé thuc luong )

Tuong tu ta cling c6 : tam gidc ABF vudng tai A duong cao AC = AB® = BC.BF ( hé thuc
lugng )
Vay nén BD.BE = BC.BF

c¢)Do BD.BE =BC.BF = @ :E
BF BE
Xét tam gidc BDC vatam gidc BFEtaco:
B :chung -
BD BC = ABDC «» ABFE(c.g.c) = BDC = BFE = tgCDFE nt ( goc ngoai bang gdc trong
BF BE

& dinh d6i dién)

d)Do OD//BC = ABC = AOD ( ddng vi)

Do OA=0C: DA=DC = OADC I hinh thoi khi va chi khi OA = AD hay OA=0D = AD khi
d6 tam gidgc AOD la tam gidc ddu nén AOD = 60° = ABC = 60°
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Trong tam giac vuéng ABC (wvubng ¢ C ): SinABC :%: AC =2R.sin60° = 2R.§ =R\/3
S 00 =%OD.AC :%R.\@R =§R2

Bai 5:

Cho ba diém A;B;C thang hang ( Bnam giira A va C).V& duodng tron (O) duong kinh BC ; vé

tiép tuyén AT .Turtiép diém T vé duong thang vudng goc véi BC ; duong thang nay cit BC tai

H vacit duong tron (O) tai T' .Dat OB =R

a)Chiing minh OH.OA =R’

b)Chang minh TB la phan giac goc ATH

¢)Tur B ké duong thiang song song TC .Goi D;E lan luot 14 giao diém cua dudng thang vira vé

véi TT' va TA .Ching minh ATED cén
HB AB

d)Chiang minh —=—
HC AC

a)Chung minh : OH.OA = R?

Do AT latiép tuyén ciia duong tron (O) = AT L OT = AAOT vudng tai T c6 duong cao TH
= OH.OA=0T?=R?

b)Chang minh : TB 1a duong phén giac géc ATH

Tacé ATB+OTB =OTA=90° va BTH +OBT =90° maf

OB =OT = OBT =OTB = ATB = BTH

Vay TB la duong phan giac goc ATH

¢)Chung minh : tam gidc TED cén

+)Do T thudc duong tron duong kinh BC = BT LTC=TB L ED (vi DE//TC )
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Ma theo céu (a) ta co TB la duwong phan giac goc ETD = ATED cano T ( duong cao dong thoi
la duong phan giac)

d)Chting minh : HB =ﬁ

HC AC

TacO TB la duong phan giac trong cua tam gidc ATH ma TC L TB = TC 1a duong phén giac
ngoai cua tam giac ATH

AB AT . CA TA AB AC AB BH
BH TH CH TH BH CH AC HC
Bai 6: Cho duong tron (O) ; mot day cung AB ; mot diém C ndm ngoai dudng tron va nam trén

Vay néntacé : (dpcm)

tia BA .Tur diém chinh giita P caa cung 16n AB ké duong kinh PQ cua dudng tron cit day AB
tai D .Tia CP cdt duong tron (O) tai diém thir hai | .Cac ddy AB va QI cét nhau tai K
a)Chuang minh tir gidc PDKI noi tiép

b)Chang minh : CI.CP =CK.CD

¢)Chung minh IC la phan giac géc ngoai tai dinh | cua tam giac AIB

d)Gia st ba diém A;B;C cb dinh ; chimg minh khi duong tron (O) thay doi nhung van di qua
A;B thi duong thiang QI luén di qua mot diém cb dinh

Loi giai
Q
) A%\B
C K DND
0]
|
p
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a)Cm : T giac PDKI noi tiép
Taco PQ la dwong kinh ciia duong tron (O) = PIQ =90° = PIK =90°

Do PQ L AB = PDK =90° = PDK + PIK =90°+90° =180° = tg PDKI nt ( hai goc déi b

nhau )

b) Xét tam gidc CIK vatam giac CDP taco:
C :chun
. /g\ :>ACIKwACDP(g.g):ﬂ:C—K:CI.CP:CD.CK
CIK =CDP =90° CD CP

c)Tacod PQ L AB; PA=PB = QA=QB hay diém Q la diém chinh giita cung nho

AB = AQ = BQ

Do d6 AlQ = BIQ ( hai géc noi tiép chin hai cung bing nhau thi bing nhau )

Hay IK la duong phén giac trong caa tam giac AIB ; valaico IK L IC ( Igl?) =90°) nén IC la
duong phan giac géc ngoai tai dinh | cua tam giac AIB

d) Ta di chttng minh K 1a diém cé dinh

Ta cé diém D la trung diém AB( OD L AB)

Do ABPI la t& gi4c noi tiép

— CAl = CPB = ACAI ©> ACPB(g.g) = 2 = & . cace=cicp
CP CB
Vay nén
2
CACB =CK.CD(=CI.CP)= CK.CD = (CD - DA)(CD + DB) :(CD—%XCD +%) ~CD’ - AE’
2 2 2
= CD?*-CK.CD = AB = CD.KD = AB = KD = fCI:BD (const)

A;B;C;D labdn diém cé dinh nén K diém c6 dinh .Ta c6 dpcm
Bai 7. Cho ntra duong tron tim O duong kinh AB va diém M nam chinh gira cung AB. Trén
cung AM léy diém N (N =AN=M). Puong thing AM cét duong thing BN tai H. Duong
thang MN cat duong thang AB tai | . Goi K la hinh chiéu cia H trén AB . Chirng minh rang:

a) Tt giac KHMB nai tiép.

b) MA la tia phan giac cua NMK .

¢) MN.MI = MB?.

Loi giai
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| A kK O B

a) Taco: HKB=90° (gt); AMB =90 (gdc noi tiép chan nira duong tron)
Xét tir giac KHMB c6: HKB + AMB =90° +90° =180°

Hay HKB+HMB =180°

Ma HKB va HMB 1a hai goc ddi nhau do do tir gidc KHMB ndi tiép (dpem).
b) Ta c6: HMK = HBK (do t& giac KHMB noi tiép)

Hay AMK = NBA

Ma NMA = NBA (hai g6c néi tiép cung chin cung AN )

— AMK =NMA = MA la tia phén giac cua NMK (dpcm).

¢) D& thidy MA=MB = AMAB vudng cantai M = MAB = MBA = 45°

= MAI =180° - 45° =135°

T gidac ABMN noi tiép = ANM =135°

Tir d6 ta c6: ANM = MAI

Xét AMNA VA AMAI c6: AMI chung va ANM = MAI = AMNA© AMAI (g -g)

MN  MA
>—=—
MA Ml

Bai 8. Tt gidc ABCD ndi tiép trong nira duong tron (O) duong kinh AD, E 14 giao diém cia AC
va BD, ké EF L AD tai F; M 1a trung diém cta DE . Chirng minh rang:
a) Céc tir gidc ABEF, DCEF ndi tiép.

— MN.MI = MA2 = MB? (dpcm).

b) Tia CA la phéan giac cua BCF .
¢) T giac BCMF nai tiép.
Loi gidi

. O Lién hé tai liéu word toan SPT (zalo): 039.373.2038 9



https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

A O F D

a) Taco: AFE=90° (gt); ABE =90° (goc néi tiép chin nira duong tron)
Xét tir gidc ABEF c6: AFE + ABE =90° +90° =180°
Ma AFE va ABE la hai goc d6i nhau do do tir gidc ABEF ndi tiép (dpem).
Taco: DFE=90° (gt); DCE =90° (géc néi tiép chin nira duong tron)
Xét tir gidc DCEF c0: DFE + DCE =90° +90° =180°
Ma DFE va DCE la hai goc dbi nhau do d6 tir gidc DCEF noi tiép (dpcm).
b) Ta c6: ECF = FDE (do t& gisc DCEF ndi tiép)
Hay ACF = ADB
Ma ADB = ACB (hai gdc noi tiép ciing chan cung AB )
— ACF =ACB = CA latia phan giac cua BCF (dpcm).
¢) Chirng minh tuong tu ta cO EF |a tia phan giac cua BFC = BFC = 2CFE = 2CDM
Tac6 = 2CDM =CME hay 2CDM =BMC .
— BFC = BMC do d6 ttt gidc BCMF ndi tiép (dpem).
Bai 9. Cho duong tron (O;R) hai duong kinh AB va CD vudng g6c véi nhau. Trén doan thang
AB lay diém M (M #0), duong thaing CM cét duong tron (O) tai diém tha hai 1a N . Duong
thang vudng goc véi AB tai M cat tiép tuyén tai N vé6i duong tron (O) & diém P.
a) Chizng minh tir gidc OMNP noi tiép duogc duong tron.
b) T gidc CMPO 14 hinh gi?
¢) Chang minh tich cM.CN khéng doi.
d) Chttng minh khi M di dong trén doan thang AB thi P chay trén mot duong thang cd dinh.
Lot giai
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O B

C

R ﬂ
N@

P D

a) Tac6: ONP=90° (NP 12 tiép tuyén ciia () ); OMP =90° (gt)

= ONP = OMP =90°

Xeét tir gidc ABEF c6 hai dinh M;N cung nhin doan OP dudi mot goc vudng
Do d6 tir gidc OMNP noi tiép duoc dudng tron (dpem).

b) D& thdy OC //MP = MPO = DOP

Ma MPO = MNO (do t& gidc OMNP noi tiép ¢/m cAu a)

Lai c6 MCO =MNO (vi OC =ON =R)

Tir cdc didu trén ta c6 MCO = DOP = CM // PO

OC/IMP

Xét tir gidc CMPO cd
CM// PO

= T giac CMPO la hinh binh hanh.

c) Xét ACMO va ACDN ¢6 COM =CND =90°; DCN chung = ACMO > ACDN (g -g)

_CM _cCo
CD CN

d) Taco MP L AB

Lai c6 t& gidc cMPO 14 hinh binh hanh (c¢/m c&u b) = MP =CO =R khéng d6i

— P lubn cach AB mat khoang bang R khong doi

— P thudc duong thang song song véi AB va cach AB mot khoang R khong doi.

Vay khi M di dong trén doan thang AB thi P chay trén mot duong thang ¢ dinh.

— CM CN =CD.CO = 2R? khéng doi.

Tasuy rakét qua PD latiép tiép tai D cta (O)
Bai 10: Cho tam gic ABC ndi tiép trong dudng tron (O;R)va co AB = AC =+/2R. Tinh do dai
BC theo R.
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a) Goi M la diém di dong trén cung nho AC (M khac A va C) .tia AM cét BC tai D
.Chting minh tich AM.AD khong dbi.
b) Timvjtricia M trén cung nho AC dé tong 2.AM + AD ¢ gié tri nho nhat.
¢) Goi I latam dudng tron ngoai tiép tam giac MCD .Ching minh | di dong trén duong
cb dinh M di dong trén cung nho AC.
Loi gidi

"

K

a) Ké OH L BCtinh dugc BAH =45°suy ra tam giac ABC vudng can tai A tir d6 tinh
duoc BC =2R
b) AAMC «> AACD(g-g)=> AM.AD = AC’ = 2R* khong d6i khi M di chuyén

¢) Theo bét ding thirc Co-si : 2.AM + AD > 24/2.AM.AD = 4R?Vvay gid tri nho nhit Ia
4R* xay ra khi 2AM = AD < AM =R
d) Ké duong kinh AK cua (O) = ACK =90° (1) mat khadc AM.AD = AC?nén AC la
tiép tuyén cua duong tron ngoai tiép tam giac MCD = ACI =90°(2)
Tir (1) va (2) suy ra K,C, 1 thang hang ma C,K c¢b dinh nén | thudc duong hing
CK cb dinh.
Bai 11 : Cho dudng tron (O) duong kinh AB, day CD vubng goc voi AB tai P.Trén cung nho
BC liay diém M (M khac C va B) duong thang AM cit CD tai Q
a) Chiing minh t& giac PQMB nai tiép;
b) Ching minh AAPQ <« ABM suy ra AC? = AQ.AM ;
¢) Goi giao diém ciia CB va AM la S, MD véi AB la T chang minh ST //CD.
Loi giai
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<
AN

a) QPB+QMB =180°nén t giac QPBM noi tiép
b) Tac6: AAPQ «» ABM (g-g)= AQ.AM = AP.AB = AC*( HTL trong tam gi4c ACB)

c) Taco: /@=%Sd(@+@); A/TB=%sd‘(f4—15+BA7) ma AC = AD nén

ACS = ATD = MSB = MTB suy ra MSTB noi tiép = MTS =90°= ST L MB = ST //CD.

Bai 12: Cho nira duong tron (O) duong kinh AB. Goi M 1a diém chinh giita cung AB,P 1a diém
thudc cung MB ( P khong tring véi M va B), duong thang AP cat duong thang OM tai C,duong
thang OM cit duong thang BP tai D

a) Chting minh OBPC la mét ti giéc noi tiép va tich: AC.AP khong d6i;

b) Ching minh hai tam giac BDO va CAO dong dang;

¢) Tiép tuyén thtr hai cua nira duong tron & P cat CD tai I. Chang minh | 13 trung diém cua

doan thang CD.
Loi giai

a) + Chirng minh ttr giac OBPC nai tiép: D
Vi M 1a diém chinh giita cia AB nén:
MA = MB = MA = MB = AMAB can tai I
M = duong trung tuyén MO cling 1a

P
duodng cao . Do do: M
MO L AB = MOB = 90° = COB = 90° C
Mt khac: CPB = APB =90° (g6c ndi tiép B y
chin nira dudng tron) A 0

Suy ra: COB + CPB = 90° + 90° =180° = OBPC ndi tiép.
+ Xét AAPB va AAOC c6: A chung, APB = AOC = 90°
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2
suy ra; AAPB o> AAOC = P~ A8 _ ac.ap—oanaB =28 ag = 2B (Khong déi)
AO AC 2 2

Do d6 tich AC.AP khéng doi.
b) + Xét ABDO va ACAO c6: BOD = AOC =90° ( theo cau a)
OAC = ODB ( cling phu OBD )

Suy ra: ABDO > ACAO(g.9)
c) Tacé: IPD = BPx ( Hai goc déi dinh), BPx = PAB =%sd5§ ( hai goc noi tiép cling chén PB ),
PAB = IDP ('theo cAub) . Do do : IPD = IDP = AIPD can tai | = IP = ID(1)
Mit khac: IPD + IPC =90°, ICP + IDP =90°(ADCP vudng tai P) ma IPD = IDP
Suyra: ICP = IPC = AICP cantai | = IC =IP(2). Tir (1), (2) tacé: IC = ID(= IP)
Vay | latrung diém caa CD.
Bai 13: Cho nira dudng tron (O) dudng kinh AB, mot diém C ¢ dinh thude doan AO ( C khéac
A va 0) duong thang di qua C va vudng goc voi AO cat nira duong tron tai D trén cung BD
liy diém M bat ki (khac B va D ) .Tiép tuyén caa nira duong tron da cho tai M cit CD tai E,
goi F la giao diém cia AM va CD

a) Chiing minh BCFM nai tiép

b) Chang minh EM =EF

¢) Goi | latam duong tron ngoai tiép tam gidc FDM chting minh D, 1, B thang hang va goc

ABI ¢6 s do khong doi khi M di chuyén trén cung BD
Giai

A

a) Taco: BCF = BMF =90°(gt) = BCF + BMF =180° vay t&r gi&c BCFM noi tiép

b) Do BCFM ndi tiép nén MFE = ABM ( g6c ngoai bang ddi trong )
Ma AMB = AFC (cling phu BAM ) vd ABM = EMA ( gdc tao bai tt va day)
Nén EMF = FME = EM =EF

c) Ké IN LDM;IK L DF do | latam duong tron ngoai tiép nén KN 1a duong trung binh
cua ADMF suy ra KN //MF = DNK = DMA = DBA
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Do tir gidc DNKI noi tiép nén DNK = DIK = DIK = DBA => CDI = CDB ( ciing phu
DIK =DBC) suy ra D, 1,B thing hang
Tu d6 ABI = ABD khong déi do A D,B cb dinh

Bai 14: Cho duong tron (O) duong kinh AB ¢ dinh mot diem | nam gita A va O sao cho

Al =§AO ké day MN vudng goc véi AB tai | , goi C la diém tly y thuoc cung BM (khac B

va M ) AC cit MN tai E
a) Chuang minh t giac 1IECB noi tiép
b) Chting minh AAME <> AACM va AM? = AE.AC
¢) Chitng minh AE.AC - IB.IA = IA?
d) Goi O'latam duong tron ngoai tiép tam gidc CME chttng minh M,0’, B thang hang va s6
do goc O’BA khong d6i khi C di chuyén trén cung nho BM
Giai

N
a) BCE + BIE =180°nén ti giac BCEI ndi tiép
b) Tacé AAME <> AACM (g—g)=> AM? = AC.AE
c) Do IAIB=IM.IN =IM?(IM =IN) vy AC.AE-IAIB=AM?*-IM?=1A’?(Py ta go trong
tam giac vuéng AMI)
d) Gibng bai 13:
Bai 15: Cho duong tron (O;R) duong kinh AB . Diém | nam giita hai diém A va O ké duong
thang vudng gc véi AB tai | dwong thang ndy cit (O) tai M va N goi S la giao diém ctia
BM va AN qua S V& duong thang song song véi MN duong thang nay cit AB va AM lan luot
tai K va H ching minh
a) Tir gidc SKAM noi tiép va HS.HK = HAHM
b) KM latiép tuyén cua(0)
¢) Badiém H,B,N thiang hang
Gial
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a) Taco: SKA+SMA=180° nén ti gidc SKAM noi tiép
AHKA ¢» AHMS(g —g):> HK.HS = HAHM

b) Taco: BAN = BAM:BAN = SAK va BAM =OMA; KSA = KMA nén = OMA + KMA = 90°
(do KSA+KAS =90°) = KMO =90° vay KM la tiép tuyén cua (O)

c) Tac6: SK.SH =SM.SB = SASN => AASK <> ASNH (c—g—c)=> SNH =90°
Ma SNB =90° = SNH + SNB =180° vay N,H ,B thing hang

Bai 16: Cho duong tron (O;R) duong kinh AB va day CD vudng goc véi nhau (CA<CB). Hai tia
BC va DA cit nhau tai E. Tir E ké EH vudng goc voi AB tai H; EH cit CA tai F. CHimg minh

rang :

a. Tt giac CDEF ndi tiép duong tron.
b. Ba diém B,D,F thang hang

c. HC 12 tiép tuyén ctia dudng tron O.
d. BC.BE = BD.BF

Loi giai:
a) Xet ti gidc CDEF co:
EF// CD (cung vudng goc AB)
— DEF = EDC (1)
goi I 1a giao diém cua AB va CD.
AB vubng goc CD
=114 trung diém CD
= AB 1a duong trung truc caia DC = AC = AD
— ACD = ADC (2)
Tur (1) va (2) = = DEF = FCD ciing chin cung FD.
Suy ra ti giac CDEF nai tiép duong tron.

9,
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b) Ta cé T giac CDFE noi tiép (cmt)

— ECF = EDF =90°(3)
ADB =90° (gdc ndi tiép chén nira dusng tron) (4)
tir (3) va (4) = EDF + ADB =180°

— BDF =180°(g6c bet)

suy ra ba diém B,D,F thang hang.
c) Xéttxr giac EHAC co:

— EHA+ ADB =180°

do @6 tir giac EHAC noi tiép duong tron.
— HCA = AEH (vi 14 hai gdc noi tiép chan cung AH)
Ma HEA =EDC (2 gdc so le trong)

— = 1
= HCA=EDC (_E s0 do cung AC)
= HC 1a tiép tuyén cta duong tron 0.
d) Xét AEDB va AFCB c0:
B gdc chung.
EDB = FCB =90°
do d6 AEDB ~ AFCB (g.9)
BC _BF = BC.BE =BD.BF (dpcm).
BD BE
Bai 17: Cho (O) dudng kinh AC, trén doan OC lay diém B va vé duong tron tm (O'), duong
kinh BC. Goi M 1a trung diém caa doan AB. Tuir M vé day cung DE vuéng géc véi AB, DC cit
duong tron tam O’ tai |

a) Tt giac ADBE la hinh gi ?

b) Chimg minh DMBI ndi tiép

¢) Ching minh 1,B,E thing hang va Ml = MD

d) Chirng minh MI 14 tiép tuyén ctia (O") va MI?* = MB.MC
16 giai:

Tacd DE L AB(gt) E
= DE L AC (quan h¢ gitra duong kinh va day)

= ME =MD

ma MA=MB (vi M la trung diém AB)

va DE L AB (gt) =
= Tu giac ADBE la hinh thoi vi hai duong chéo

=
S

vudng goc va cat nhau tai trung di€ém moi dudng.
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b) vi DC cit dudng tron tim O' tai [

= | nam trén dudng tron tam O’.

BC la duong kinh

BIC 1a goc i tiép chin nira dudng tron

= BIC =90°

Tac6: BIC + BID =180°(2 goc k& bu)

thay s§ 90° + BID =180° = BID =180° —90° = 90°

Xét tir gidc DMBI c6: DMB + BID = 90° +90° =180° (hai goc ddi nhau trong tt giac)

= tir gidc DMBI noi tiép duong tron.

c)Xét tam giac ADC c6: ADC 1a goc ndi tiép chin cung AC

= tam gidc ADC vudng tai D.

= AD L DC

ma Bl L DC (vi BIC =90°)

= AD//BI Q)

Tacd AD//EB (vi tir giac ADBE la hinh thoi) (2)

tir (1) va (2) = E, B, | thang hang ( theo tién d& O-clit)

Taco MBD =MID vila2 goc ndi tiép cung chan cung MD  (3)

Ta c6 EB = BD (vi tit giac AEBD 1a hinh thoi)

EDB = DEB (quan hé gbc va canh ddi dién) 4

Tt (3) va (4) = MID = MDI

= Tam giac MDI can tai M= MD = MI (dpcm).

e) Taco O1=0C=r=A0'IC tai 0'=0'CI =0'IC
Ma O'Cl = AED (vi 1a hai goc ndi tiép chian cung AD)
Taco AED =EDB (2 géc so le trong)

Ma EDB = MIB (vi 14 hai gdc noi tiép chan cung MB)
—0'IC =MIB
Tacéd BIO'+0'IC =BIC
BIO'+MIB :900(\,‘,@ = M/\H3)
= MIO"'=90°
ma [ thudc duong tron tam O’
vay MI 1a tiép tuyén cua (O).
Xét AMIC vuong tai .
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= MI? = MB.MC (h¢ thitc lugng giac).
Bai 18: Cho duong tron (O) dudng kinh AB. Mot cat tuyén MN quay quanh trung diém H caa
OB.
a. CMR: Khi cat tuyén MN di dong, trung diém | caa MN ludn nim trén mot dudng tron
cé dinh.
b. Tur A ké tia Ax vubng goc véi MN. Tia Bl cat Ax tai C. CMR: CM=BN.
c¢. Khi MN quay chung quanh H thi diém C di chuyén trén duong nao? vi sao?

1o giai:

Ta co MI = NI (gt)

a) Ol thudc duong kinh di qua trung diém | caa MN

= Ol L MN (quan h¢ duong kinh va day)

— OIH =90°

Vay khi cét tuyén MN di dong ,1 caa MN lubn nam

trén duong tron duong kinh OH.

b) Tacb Ol 1L MN(cmt)
AD L MN(gt)

Xét ABAC ¢o:
Ol /1AC(cmt)
OA = 0B(gt)

Xét AMCI va ANBI c0:

IC = IB(cmt)
CIM =BIN (2 goc dbi dinh)
IM = 1IN (vi I 1a trung diém MN)

Do d6 AMCI = ANBI (c.g.c)

= CM = BN (2 canh tuong tng)

¢) Néi OC.

, Cl =CB(Cmt(1))} . .
Taco = OI la duong trung binh AABC.
AO =0B(gt)
O 1 _AC_
oc 2 Ol
Ta co OA = OB; H la trung diém OB
OH _1_OH_1_OA_,

= == ——=
oB 2 OA 2 OH
oA_AC_,
OH Ol

}:>OI//AD:>OI//AC

}3 IB=1C (d@inh 1) (1)

2
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Xét AACO va AOIH co:
oA_AC_,
OH Ol
ACO =I0OH (déng Vi)
do d6 AACO ~ AOIH (C_g_c)

OIH =90’
Viy MN quay chung quanh H thi diém C di chuyén trén duong tron duong kinh AO
Bai 19. Cho tam gidc déu ABC ndi tiép duong tron (O) dudng kinh AD. Goi M [a mot diém di
dong trén cung nho AB (M khdng tring voi diém A va B).
a) Chuang minh ring MD 1a phan giac cua géc BMC.
b) Cho AD =2R. Tinh dién tich tir giac ABCD theo R.
¢) Goi K 1a giao diém cia AB va MD, H 1a giao diém caa AD va MC. Chang minh riang ba
duong thang AM, BD, HK d6ng quy.
d) Chirng minh DM .DK + AK.AB khéng dbi.
Loi giai
a) Chizng minh rang MD 1 phan giéc ciia géc BMC.
Ta co: A
O 1a tam dudng tron ngoai tiép AABC M
= O cling la tryc tm va tdm cua duong
tron ngoai tiépcua AABC F K &
{m - DMC (1)
=
AD L BC (2) 8 c

Tur (1) suy ra: BD=DC.
— BMD = DMC (2 gdc néi tiép chan hai
cung bang nhau).
b) Tinh dién tich tw giac ABCD theo R.
Goi | 1a giao diém cua AD va BC.
Tur gidc ABCD c6: AD L BC (do (2)).
= Al L BC=0Il LBC.
Lai c6: AOBC cantai O (do OB=0C =R).
Va BOC = 2BAC = 2.60° =120°.

Do dé: BOI =%.120°=60°:>6I5’\I =30° (ABOI vudng tai ).
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OB:EAD:E.
2 2

Xét ABOI vudng tai | cé: 1B = OB.cosOBI = OB.c0s30° = —

:>BC=2IB=2.%=R.

Do dé: S,qcn =%AD.BC = %.ZR.R = R?(dvd).

¢) Goi K la giao diém cia AB va MD, H la giao diém ciaa AD va MC. Chirng minh rang
ba dwong thang AM,BD,HK dong quy.
Goi F 1a giao diém cia AM va BD.
Xét AFAD c6: DM L FA, AB L FDva K 1a giao diém cia AB va MD.
= K latryc tdm cia AFAD = FK L AD (*)
Xét tr giac AMKH c6: M, = A, (gdc ni tiép chin 2 cung bing nhau)
Suy ra: AMKH noi tiép (2 dinh A, M cuing nhin canh KH dudi mot goc khong doi).
Ma AMK =90° = KHA = 90°.
= KH L AD (**)
Tur (*) va (**) suy ra: F,K,H thang hang
= AM,HK,BD dbéng quy tai F.
d) Chitng minh DM .DK + AK.AB khong dbi.
Xét hai tam giac ADHK va ADMA co:
D chung va H=M =90° (cmt)
= ADHK ©» ADMA(g.g)

DK DA — DK.DM =DH.DA (3)
DH DM
Tuong tu ta c6: AAHK <> AABD (g.9)
=>— AR _AH = AK.AB = AH.DA (4)
AD AB

Tir (3) va (4) suy ra: DM .DK + AK.AB = DH.DA + AH.DA = 2DA = 4R. (dpcm)
Bai 20. Cho nira duong tron thm O duong kinh AB, trén nia duong tron lay diém C
(C khac A va B). Trén cung BC lay diém D (D khéac B va C). V& duong thang d vuéng goc
véi AB tai B. Cac duong thang AC va AD cit d lan luot tai E va F.

a) Chang minh t gidc CDFE noi tiép.

b) Goi | 1a trung diém ctia BF. Ching minh ID la tiép tuyén cua nira duong tron (O).
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¢) buong thang CD cit d tai K, tia phan giac cua goc CKE cit AE va AF tai M va
N . Ching minh tam gidc AMN la tam giac can.
Loi giai

a) Chirng minh tir giac CDFE néi tiép.
Xét tar giac CDFE ta co:

CEF = AEB =~ (sdAB ~sdCB)
2

- 5dAC = ADC y
— T gidc CDFE ndi tiép.
b) Chiéeng minh ID la tiép tuyén caa nira dwong i
tron (O). c D K
Ta co:
ADB = 90° (gdc noi tiép chdn nira duong tron)
= ABDF vudng tai D.Ma | 1a trung diém DF
Do d6: DI = IF = AIDF cantai | (1) a® S B
Lai c6: AODB cantai O (2)
AADB ¢«» AABF (2 tam gic vubng co A chung)
— ABD = AFB (2 gbc tuong tng) (3)
Tur (1), (2) va (3) suy ra: AIDF «» AODB (g.9)
— DIF = DOB = Tt giac OBID ndi tiép = ODI =90°.
Vay ID latiép tuyén cua nira duong tron (O).

¢) Chirng minh tam giac AMN la tam giac can.
Ta c6: ABDC nai tiép = ABD = MCK

Xét AMCK va ANFK co:

MCK = NFK (cung bing ABD)

va CKM = NKF (KM 1a phan giac cia CKE )
Suy ra: AMCK «» ANFK (g.9)

= CMK = KNF = AMN = KNF

Ma KNF = ANM .

Suy ra: AMN = ANM = AAMN cén tai A.
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Bai 21. Cho dudng tron (O) dudng kinh AB =2R. Goi M 1a mét diém nam trén duong tron (O)
sao cho AM =R, C la mot diém tuy y trén doan OB (C khac B). Puong thang qua C va vudng
g6c v6i AB lan luot cit cac duong thing MA, MB tai K va H.
a) Chang minh AMHC néi tiép.
b) Tinh d6 dai doan BM va dién tich tam giac MAB theo R.
c) Tiép tuyén cua duong tron (O) tai M cat CK tai 1. Ching minh tam giac MIH déu.
d) Céc duong thing KB va MC cét duong tron (O) lan luot tai E va F. Chang minh rang
EF//KC. K
Loi gidi
a) Chieng minh AMHC néi tiép.
Xét tar giac AMHC co:
AMH = AMB =90° (g6c noi tiép chin nira duong tron) .
HCA =90° (gt) b
Suy ra: AMH + HCA = 90°+90° =180° .
= AMHC noi tiép. A
b) Tinh d¢ dai doan BM va dién tich tam giac MAB
theo R.
* Xét AABM vudng tai M , ta co:
BM? = AB?> - AM? = (2R)” - R? = 3R?

O
9]

— BM = R+/3 (dvdd)
1 1 V3

*Dién tich AMAB 18: S 45 = MAMB = E.R.Rﬁ = R? 73 (dvdt)

¢) Chieng minh AMIH déu.

Taco: AAMO du (vi AM =OM =0A=R) = AMO =60°

AMHC noi tiép = MAC = MHI

Ma MAB = IMB = IMH (gdc noi tiép va goc tao béi tt va dc ciing chin MB)

Suy ra: MHI = IMH = AMIH can tai |

Lai cé: IMH = AMO = 60° (cung phu CW\B)

Do d6: AMIH déu.

d) C4c dwong thing KB va MC cit dudng tron (O) lan lugt tai E va F. Ching
minh rang EF//KC.

Xét (0) taco: EFM = EAM (g6c noi tiép cung chin cung ME ) (1)

Tw giac AMHC noi tiép nén ta co:
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HAM =HCM (cling chin HM)

— EAM = HCM (2)

Tur (1) va (2) suy ra: EFM = HCM .

= EF//CK (2 g6c & vi tri dong vi bang nhau) (dpcm).

Bai 22: Cho tam giac ABC vudng tai A ( AB < AC) néi tiép dudng tron (0) duong kinh BC = 2R,

diém D 1a trung diém cia OC. Pudng vudng goc véi OC tai D cit AC va AB theo thir tu tai E va
F.
a) Chang minh tir gidc ABDE noi tiép va tich CE.CA khdng phu thudc vao vi tri diém A.

b) Chitng minh CAD = CFD .

c) Goi M la trung diém ctia EF. Chiitng minh AM 14 tiép tuyén ctia duong tron (0) .
d) Goi P 1a giao diém cua FC va dudng tron <0> . Chttng minh B,E,P thang hang.
Giai:

—_—

a) Vi A nam trén (O) va BC 1a duong kinh suy ra BAC chan nira duong tron (0) nén
BAC =90°.

Xét tr giac ABDE c6 BAE + BDE —180° . Suy ra ABDE ni tiép.

Xét AABC va ADEC cé6:

BAC = EDC = 90° .

A/CTB = ITC\E (go6c chung)

Suy ra AABC#ADEC (g.9)
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EZC—D & CEAC=BC.CD .
BC AC
Mat khac BC =2R vaDC =%TR:§ .

Suy ra CE.CA=BC.CD = 2R.§ = R*> =const .

Vay CE.CA khdng phu thudc vao vi tri diém A.

b) Xét ta gidc CFAD c6 FAC = FDC = 90° , ma 2 gbc nay cung nhin doan CF nén suy ra t
giac CFAD noi tiép.

Tur d6 suy ra EAB = 677) ( cung nhin cung CD).

c¢) Nhan thiy AM Ia trung tuyén cua tam giac FAD vuéng tai A. Suy ra AM = MF = ME . Tt
do suy ra m:@ (D)

Mt khac OB= OA = R suy ra AAOB can tai O nén OBA — OAB . (2)

Ta lai c6 AFDB vubng tai D nén 51574—171773 =90° (3)

Tu (1), (2) va (3) tasuy ra 5&3—#]\7&29@’ = &74:90’ .

Vay AM la tiép tuyén caa duong tron (0) .

d) Vi P thuoc (O) nén BPC =90° = BP L FC. (4)

Mat khac vi E la giao cia CA va FD nén suy ra E la truc tdm cua tam giac FBC. Tir d6 suy ra BE
cling la duong cao cua tam giac FBC hay BE L FC (5).
Tur (4) va (5) suy ra B, E, P thang hang.

Bai 23: Cho nira duong tron (O;R) duong kinh AB. Cac diém C va D bat ki thugc cung AB sao

cho sdCD =90° ( C thudc cung AD ). Goi E 1a giao diém cua AC va BD, K 1a giao diém cua AD
va BC.

a) Tinh s6 do goc CED

b) Chttng minh tt gidc ECKD ndi tiép va xac dinh tdm | cua duong tron do.

¢) Chirng minh rang OD Ia tiép tuyén cua dudng tron ngoai tiép tir gidc ECKD.

d) Chitng minh rang tong AK.AD + BK.BC khéng phu thudc vao vi tri cua hai diém C va D.

Giai:
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A

0 R B

a) Ta c6: CEA = %(sdAB _ stD) - %(1800 —90°) = 45°.

b) Vi C va D nam trén nira duong tron thm O nén BEC = ADE = 90° . Xét giac ECKD ¢6 téng
hai goc ddi dién bang 180° nén ECKD nai tiép.

Goi I 1a trung diém cua EK , d& dang chimg minh dugc IE =IC =ID = IK , suy ra tam | cia
duong tron ngoai tiép t giac ECKD 1a trung diém cua EK.

c) Pau tién ta c6 nhan xét rang K chinh Ia truc tdm cua AEAB , suy ra EK L AB.

Goi R la giao diém cua AB va EK.

Vi AERB vuong tai R nén REB + RBE = 90° (1) .

—_—

Mit khac AIED céan tai | va AODB can tai O néntacoé IDE = IED va ODB = OBD (2)
Tu (1) va (2) tasuy ra IDE +ODB =90° = IDO =90° .

Viy OD la tiép tuyén cua duong tron tdm | ngoai tiép t giac ECOD.

d) Goi J la giao diém cia EK voi (0) .

D& dang chirmg minh dugc ta gidc ACKR noi tiép suy ra BK.BC = BR.BA .

Tuong tu chim minh dugc ti giac BDKR noi tiép suy ra AK.AD = AR.AB .

Ap dung hé thire lién hé gitra cac canh trong tam giac vao tam giac AJB vudng tai J duong cao JR
suy ra:

BK.BC = BR.BA=BJ".

AK.AD = AR.AB=AJ’,

Tirdo suy ra AK.AD + BK.BC = AJ* + BJ® = AB* =(2R) = const .
Vay AK.AD + BK.BC khéng phu thudc vao hai diém C va D.
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Bai 24: Cho nira duong tron (0) duong kinh AB. Liy diém C thudc nira dudng tron ( C khac A
va B, CA < CB). Lay diém M thudc doan OB ( M khac O va B), dudng thang di qua M vudng goc
v6i AB cat hai duong thang AC va BC lan luot tai hai diém D va H.

a) Chtrng minh bén diém A,C,H,M cuing thuoc mot duong tron.

b) Ching minh MA.MB = MD.MH

¢) Goi E la giao diém cua dusng thang BD voi duong tron (O) , ( E khac B ). Ching minh rang
ba diém A H,E thang hang.

d) Trén tia d6i cua tia BA lay diém N sao cho MN = AB. Goi P va Q twong ng 1a hinh chiéu vuéng
goc cua diém M trén BD va N trén AD. Chang minh bén diém D,Q,H,P cung thuoc mot dudng

tron.
Giai:

D

Q
C
E
4 R
]
A O M B N

a) Vi tir giac ACHM c6 ACH + AMH =180° va 2 gdc nay ¢ vi tri d6i dién nén t giac ACHM
noi tiép, suy ra 4 diém A,C,H,M cuing thuéc mét dudng tron.
b) Xét AAMD va AHMB c6 :

AMD = HMB = 90° .
ﬁl:@ ( cung phu vai 54]\\4 ).
Nén AAMD «» AHMB (gg)
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: M =—— = AM.MB = HM.MD (dpcm).
HM  MB

¢) Vi E nam trén (0) nén AEB=90° = AE L BD. (1)

Mat khac vi H la giao cua AM va BC la nhitng duong cao cua tam gidc ADB. Suy ra H la truc tam
cua tam giac ADB , nén AH ciing la duong cao cua tam giac ADB = AH L BD. (2)

Tur (1) va (2) suy ra A, H, E, thang hang.

d) Goi giao diém ciia AE va NQ 1a R, giao diém caa MP va NQ 1a T nhu hinh v&. Xét ti gidc DQPT

—_—

c6 DQT =TPD =90° , ma hai goc nay cung nhin doan TD nén tir giac DQPT noi tiép. (1)

NT _NM AH _AB

Trong AARN ¢6 MT // AR = vaNR//BH = ——=—— (DI Thales).
AR AN

my A8 _ VM Vi AB =MN)

AN A ¢

Suy ra A—H:E = HT // AN ( Hé qua dinh i Thales ).
AR NR

Suyra HTQ = ANQ (So le trong)

Ma ANQ — ADM ( ciing phu véi DON )
Suy ra Q/DY-I:Q/T?I :

—_—

Xét tir giac DQHT c6 ODH = QTH (. cmt) ma hai géc nay cung nhin QH nén suy ra tir giac DQHT
noi tiép. (2)

Tir (1) va (2) suy ra D,Q,H,P,T cung nim trén mot dudng tron, hay 4 diém D, Q, H, P ciing nim
trén mot duong tron. (dpem)

Bai 25. Cho nira duong tron (O;R) duong kinh AB. Goi C la trung diém cua doan thang AO.
Mot duong thang (a) vudng goc véi AB tai C va cat nira dudng tron (O) tai 1. Trén doan Cl
lay diém K bat ky (K khong trang véi C val ). Tia AK cit nira duong tron (O) tai M, tia BM
cat duong thing (a) tai D.

a) Chirng minh rang: T giac BCKM ndi tiép; tich AK.AM khéng phu thudc vao vi tri diém K.
b) Tiép tuyén cua nira dudng tron (O) tai M cat duong thang (a) tai N. Chiing minh NK = ND.

¢) Chang minh rang khi K chuyén dong trén doan thag ClI thi tam duong tron ngoai tiép AAKD
lubn nam trén mot duong thang cb dinh.
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AMB =90° ( noi tiép chin nira duong tron). Hay KMB = 90°

KCB=90° (gt)
Do d6: KMB + KCB =180°
Vay tir gidc CKMB noi tiép duong tron duong kinh KO.

b)

AACK «» AAMB (g.9)
AC _ AK

= - =5 = AM.AK = AC.AB ma AC.AB ¢ dinh nén AM.AK khong doi.

Taco M, = é(:%sdA’—N\[) . NKM = B ( Tu gidc CKMB noi tiép)

Suyra M, =NKM = ANKM can tai N = NK = NM

—~ ~ ~ A~

Tacoé: M, +M, =K, +D, =90°

Ma M, =K, nén M, =D, = NM=ND.

Vay NK = ND.

Goi E 1a giao diém cua BA va duong tron ngoai tiép tam gidc DKA

Tacd N=B(=K,) = ADBN can, c6 DC la dudng cao nén la duong trung tuyén

— C la trung diém cua NB

= N d6i xing B qua C

— N cb dinh vi B, C cb dinh.

T gidc DKAN noi tiép = duong tron ngoai tiép tam giac AKD diqua A va E. Ma A E
¢ dinh nén tdm duong tron ngoai tiép tam gidc AKD di dong trén duong trung truc cua
AE 1a dudng cé dinh.

Céch 2.

Goi E la diém ddi xang cua B qua C.

= Ncb dinh vi B, C ¢b dinh

ADNB can = N=B

Taco K, =B= K, =N = Tu gidc DKAN ndi tiép.

9,
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Suy ra tam dudng tron ngoai tiép tam giac AKD lubn nam trén duong trung truc ctia AE
1a duong thang ¢ dinh.
Bai 26. Cho nira duong tron (O), duong kinh AB. Mot diém M ¢é dinh thuc doan thang OB ( M
khac B va O). Budng thang d vudng goc voi AB tai M cét nira duong tron (O) tai N. Trén cung
NB lay diém E bat ki ( E khac B va N), tia BE cat duong thang d tai C, duong thang AC cit nira
duong tron tai D. Goi H 1a giao diém ctia AE véi duong thang d.
a) Chirng minh tir giac BMHE noi tiép.
b) Chitng minh ba diém B, H, D thang hang.
¢) Tinh gié tri cua biéu thac BN? + AD.AC theo R.
d) Puong tron ngoai tiép tam giac AHC cit AB tai K. Chtrng minh rang khi E di dong trén cung
NB thi d6 dai doan thang BK khong doi.
Huwéng dén giai:
a) Taco: BMH = 90° (gt); BEH = 90° ( ndi tiép chén nira duong tron)

— BMH + BAH = 180°

— T gidc BMHE noi tiép duong tron duong kinh BH.
b) ACAB c6 hai dudng cao CM va AE cit nhau tai H. /
= H la truc tdm cia ACAB |

= BH L AC (1) \
— , , \

Lai c6 ADB =90° ( noi tiép chan nira duong tron) \

— BD L AC ) N

Tur (1) va (2) suy ra: B, H, D thang hang.
c) AANB vudng tai N ¢c6 NM la duong cao nén: BN? = BM.AB (3)

AADB# AAMC (g.g) =20 _AB _ ADAC-AMAB  (4)
AM ~ AC

Tir (3) va (4) suy ra; BN? + AD.AC = BMAB + AM.AB = AB.(BM + AM = AB? = 4R?

d) Ta gidc AKHC noi tiép = K, = C,

Ma C, = B, (cung phu CAB)

Do d6: K, = B, = AHKB can tai H, c6 HM la duong cao ddng thoi 1a duong trung truc.
— K dbi xiing véi B qua M.

= K ¢ dinh (vi B, M ¢é dinh)

— BK khéng doi.

Bai 27. Cho dudng tron (O; R) duong kinh AB ¢é dinh. Trén tia d6i cua tia AB lay diém C sao
cho AC = R. Ké dudng thing d vudng goc véi BC tai C. Goi D 1a trung diém cua OA, qua D vé
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day EF bt ki caa duong tron (O;R), ( EF khong 1a duong kinh). Tia BE cat d tai M va tia BF cat
d tai N.

a) Chang minh tir giac MCAE noi tiép.

b) Ching minh BE.BM = BF.BN.

¢) Khi EF vudng goc véi AB, tinh d6 dai doan thang MN theo R.

d) Chirng minh ring tdm | ciia dudng tron ngoai tiép tam giac BMN ludn nam trén mot duong
thang cb dinh khi day cung EF thay d6i.

Huéng din gidi:

a) Taco : AEB =90° ( noi tiép chin nira duong tron)

— AEM = 90° ( ké bu)

Lai c6: ACM = 90° (gt)

Do d6: AEM + ACM = 180°

= T giadc MCAE noi tiép duong tron duong kinh MA.
b) Ta c6 BE.BM = BA.BC (1) d
(hai cat tuyén ké tir 1 diém dén duong tron)

Tt gidc CAFN noi tiép duong tron dudng kinh AN
— BF.BN = BA.BC (2)

Tu (1) va (2) suy ra: BE.BM = BF.BN

c) EF L AB = DE = DFVa AE = AF

Ta cé: DA = DO; DE = DF; OA L EF tai D.

= Tu giac OEAF la hinh thoi.

— AOE =60° = B, = 30° = B, = 30°

™

Taco: MC = BC.tan B, = 3R.tan30° = R+/3

NC = BC.tan B, = 3R.tan30° = R+/3
Do d6: MN = MC + CN = 2R+/3.

d) Goi J 1a giao diém cua BC vai duong tron (1) N\
A} // e
Tacd MC.MN = ME.MB ( = MA.MF) -, MC _ ME \N\s__,/’ -7
MB MN ~—~__1l__----

AMCE va AMBN , c6: MC _ ME . QNiB: chung.
MB MN’

Do d6: AMCE # AMBN = MEC = MNB

~

Lai co: J, = MNB (Tw giac IMBN nai tiép); A MEC ( Tt giac MCAE nai tiép).

Do do: : A\ — AMJA can tai M; c6 MC 1a duong cao ddng thoi 1a duong trung truc.

‘ O Lién hé tai liéu word toan SPT (zalo): 039.373.2038 31



https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

— J d6i xang voi A quaC = J ¢ dinh (vi A, C ¢6 dinh)

— | nam trén dudng thang d ¢ dinh 1a dudng trung truc cia doan thang JB.

Vay tam | cia duong tron ngoai tiép tam giac BMN lubn nam trén mot duong thiang d ¢b dinh
khi day cung EF thay doi.

Bai 28. Cho dudng tron (O; R), hai diém C va D thudc duong tron , B 1a diém chinh giira cung
nho CD. K¢ duong kinh BA. Trén tia d6i cua tia AB ldy diém S. N&i SC cit duong tron (O) tai
M: MD cit AB tai K; MB cit AC tai H. Ching minh rang:

a) BMD = BAC. Tir d6 suy ra ttr giac AMHK noi tiép.

b) HK // CD c) OK.OS = R2, ?

Huéng din gidi: c/]\o
a) Tacé: BC = BD = BMD = BAC ( hai géc néi tiép chén hai cung bing nhau g
Tacé BMD = BAC hay HMK = HAK = Tt giac AMHK noi tiép. .
b) Ta giac AMHK ndi tiép = AKH =180° — AMH =180° — 90° = 90° >

= HK 1L AB.Ma AB 1 CD. Do d6 HK // CD.
C) AMOD céntai O

—— 0_/\ MOD ——
:QMK=w=900_¥=900_MCD

S

Goi J 1a giao diém cia CD va AB.

Tacd BC = BD = OJ L CD tai J.

ASCJ vudng tai J = JSC = 90° — SCJ. Hay OSM = 90° — MCD

Do d6: OMK = OSM

Tir d6 suy ra: AOMK «» AOSM (g.g) = OK.OS = OM? = R?,

Bai 29.

Cho tam giac ABC vuédng tai A. Trén canh AC liy diém M, vé& duong tron duong kinh MC
cit BC tai D. Cac duong thang BM va AD lan luot cit dudng tron tai diém tha hai E va F.
Chting minh rang:

a) AB.MC = AC.MD:

b) Tt giac ABDM va AECB noi tiép duong tron

c) AB//EF;

d) Cac duong thang AB,CE,MD dong quy.
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a )Chang minh: AB.MC = AC.MD;
Xét dudng tron duong kinh MC ¢6 MDC 14 géc néi tiép chén nira duong tron nén MDC = 90°;

ABC = MDC = 90°

~

Xét AABC va ADMC co6 {

C —chung
AB AC : 1A
Suy ra AABC #ADMC (g.9)= oM = oC = AB.DC = AC.DM (hai canh tuong ung ti 1€)

b) Tir giac ABDM va AECB néi tiép dwong tron

Xét tar giac ABDM co:

DAB + BDM =90° +90° =180°

Hai goc DAB:BDM déi nhau

Nén tir giac ABDM noi tiép duong tron.

+Tacéd CEM =90° (goc noi tiép chan nira dudmg tron duang kinh MC)

+ Xét tr giac AECB c6

CEB =CAB =90°

Hai dinh A, E ké nhau

Nén tir giac AECB noi tiép duong tron

¢)Chirng minh: AB//EF;

Theo cau b) T gidc ABDM ngi tiép dudng tron nén ABM = ADM (hai g6c noi tiép cling chin
cung m) (1)

+ Tt gikc AECB nén nén ABC =ACE (hai gc néi tiép cung chin cung AE) (2)
T (1) (2) suy ra FDM = ECM
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Ma FDM = FCM (hai géc noi tiép ciing chén cung MD)

Nén FCM = ECM

Suy ra CM la phan giac cua FCE va CM 1a duong kinhnén CM L EF

Lai c6 AB 1 AC(gt)

Suy ra AB//EF

d) Cic dwong thang AB,CE,MD dong quy.

Goi K 1a giao diém cua AB;CE

Xét AKBC co:

CALKB;BE 1L CK

Nén CA, BE 1a duong cao cua AKBC cit nhau tai M

Do @6 M latryc tam cua AKBC

Nén KM L BC

Lai c6 MD L BC (cmt)

Suy ra ba diém K, M, D thang hang.

Hay cac duong thang AB,CE,MD dong quy tai K.

Bai 30

Cho (0). L4y diém A & ngoai duong tron (O), dudng thang AO cit dudng tron (O) tai hai dié
m B,C(AB<AC).Qua A V& duong thang khong di qua O va cit dudng tron (O) tai hai diém
phan biét D, E(AD < AE). Duong thang vudng goc véi ABtai A cét duong thang CE tai F
a) Chtrng minh rang tir gidc ABEF ndi tiép.

b) Goi M la giao diém thir hai clia duong thing FBvéi (0). Ching minh MD vudng goc véi
AC

¢) Ching minh CE.CF + AD.AE = AC?
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a) Chizng minh rang ti gidc ABEF néi tiép.

BEC =90° = BEF + BAF =180° = t& gidc ABEF ndi tiép.

b) Goi M la giao diém thir hai ciia dwéng thang FBVéi (O). Ching minh MD vudng goc Véi
AC

T gidc DECM ngi tiép = ADM = MCE

T gidc BECM noi tiép = FBE = MCE

Tt gidc ABEF ndi tiép = FBE = FAE

Suy ra = FAE = ADM = FA||DM = DM L AE

¢) Chizng minh CE.CF + AD.AE = AC?

CE_CB

ACEB -~ ACAF (g -g)= A~ op = CECF =CBCA (1)

T gidc BDEC noi tiép = ADB = ACE = AADB - AACE (g - g)
//:E 22 AD.AE = AB.AC )

Tur (1) va (2) = CECF + AD.AE = AC.(AB + BC) = AC?

Bai 31

Cho tam gidc ABC vudng tai A. Tréncanh AC Iy mot diém M, vé dudng tron duong kinh
MC cit BC tai D va cat duong thang BM tai E,(E khac M). Puong thang AE cit duong tron
tai S(S khéc E). Chirng minh rang:

a) Ta giac ABDM ndi tiép.

b) MAMC = MB.ME

c) MD = MS
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a) Tir giac ABDM ndi tiép.
MDC = 90" = MDB = 90" = MDB + MAB =180" = tir gidc ABDM ndi tiép.
b) chi#eng minh: MAMC = MB.ME
MEC =90° (géc noi tiép chin nira duong tron)
MA _MB
ME MC

:AMABMAMEC(g—g): = MAMC = ME.MB

¢) Ch#eng minh MD = MS
C6 MAMC = ME.MB = AMAE - AMBC (¢ - g —¢) = MEA = MCD

Tt gidc MESC noi tiép = MEA = MCS = MCS = MCD => MS = MD => MD = MS

Bai 32: Cho duong tron tim O duong kinh AB, trén cling mét nira dudng tron (O) Iy hai diém
G va E (theo thi tu A,G,E,B) sao cho tia EG cat tia BA tai D . Puong thang vudng goc véi
BD tai D cit BE tai C, duong thang CA cit duong tron (O) tai diém thir hai 1a F .
a) Chang minh ti gidc DFBC ndi tiép.
b) Ching minh: BF =BG

DA DG.DE

¢) Chirng minh: —=
BA BE.BC

Gidi
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c
a) Vi F e(0) duong kinh AB = AFB =90° = BFC =90° = BFC = BDC = 90°
— BDCF 14 tir gi4c noi tiép.

b) Goi P 1a giao diém cua CD va BF.

Taco A latruc tdm cia ACPB = PA LCB

Ma AE LCB (vi AEB la goc ndi tiép chén nira duong tron)

— P, A, E thang hang

— D,E cung nhin doan PB ¢é dinh dudi 1 goc 90°

— Tu gi4c PDEB ndi tiép

:ﬁ:[ﬁ:%gdﬁﬁ
Ma @’:@:%sd@

— DBP =GBA
Lai c6: AGB = AFB =90° (goc noi tiép chin nira duong tron)
AB la canh chung
= AAGB = AAFB (ch - gn)
= BG =BF.
c) Tacoé: ADC =90° (GT)
CEA=90° (chitng minh trén)
— ADC +CEA=180°
— DAEC noi tiép.
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= BE.BC = BA.BD (vi ABED «» ABAC)
= DABE.BC = DA.BABD

DA DADB
- — =
BA BE.BC
Ma DA.DB = DG.DE (vi ADGB «> ADAE )
DA DG.DE
= —0= .
BA BE.BC
Bai 33: Cho tam gidc ABC c6 ba g6c nhon ndi tiép duong tron (0)

(AB < BC < AC). Cac dudng cao AD,BE,CF cat nhau tai H .

a) Chtrng minh rang céc t gidc BFHD, DHEC noi tiép.

b) Tia FD cat duong tron (K) ngoai tiép t gidc DHEC tai 1. Ching minh IE // AB.

¢) Puong tron (K) cét duong tron (O) tai diém thi hai M . Chiing minh BF.BA=BI.BM .
Gidi

a) Tacé BFH = BDH =90° = BFH + BDH =180°
— BFHD 14t gi4c noi tiép.

Tacd HDC = HEC =90° = HDC + HEC =180°

— DHEC la tir giac noi tiép.

b) Tacé FIE = DCE (clng chdn DE )

Mt khac AFC = ADC = 90°

— AFDC (2 gdc bang nhau ciing chan 1 cung)
— BFD = ACD (gdc ngoai tt giac)

— FIE = ACD ma 2 g6c nay & vi tri so le trong.
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= IE/ AB.
c) Tacé AFC = ADC =90° = AFDC la t& gi4c noi tiép (2 géc bang nhau cling chén 1 cung)
— BFI = ACB
Ma ACB = AMB (gdc ndi tiép)
— BFI = AMB
Tuong tu BIF = BAM
= ABFI ¢«» ABMA
BF BM

e G
Bl BA
= BF.BA=BM.BI

Bai 34: Cho tam gidc ABC c6 ba g6c nhon ndi tiép duong tron (O). Ké cac duong cao BB' va
CC' (B thuoc canh AC, C' thudc canh AB). Puong thang B'C' cat duong tron (O) tai hai
diém M va N (theo thttw N,C',B", M ).

a) Chtrng minh t& gidc BC'B'C ndi tiép.

b) Ching minh AM = AN .

c) Ching minh AM? = AC.AB.

a) Tacd BC'C=BB'C =90°

= BC'B'C ndi tiép (2 gbc bang nhau cuing chin 1 cung).
b) Vi BC'B'C ndi tiép = AC'B'= ACB

— NAC'+ ANC'= ACB

— NAB+ANM = ACB

— 1— 1

— ZNB+=AM =—’AT3=1(’AN+WB‘)
2 2 2 2

Slav=ian
2 2
— AM = AN
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c) Xét AAMC' va AABM cO:
A chung
ANIC' = ABM (= ANM

— AAMC'©> AABM (g- g)
AM  AB

TACT AM
= AM? = AC'.AB.
Bai 35 Cho tam gidc ABC nhon (AB < AC) noi tiép duong tron (O:R). Cac duong cao AD,
BE, CF catnhautai H.
a).Chang minh  EH.BD = ED.HF
b).Chirng minh OA L EF .

¢).buong thang EF cét duong tron (O) tai M va N (F namgitra £ va M). Chimg
minh AM 14 tiép tuyén cia dudng tron ngoai tiép tam gidc MDH .
d).Gia sit EF =R . Tinh sé do BAC.

Léi gidi
A
N
X
- E
F

H

M
0

8 |

D

C
K

a).Chaéng minh  EH.BD = ED.HF .

C6 BEC = BFC =90° = BCEF ndi tiép duong tron duong kinh BC.

—

. EFH = EBD = L sdEC (1).
2
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HK .

Tuong ty 6 CDHF noi tiép :}ﬁ:}ﬁ:%sdﬁl}, ma Iﬁ:fﬁ:%sdﬁ.

Suy ra @):1@(2).

‘ . EH HF
Tir (1) va (2) suy ra AEHF <> AEDB =>——=—— = EH.ED = HF.BD .
ED DB

Vay EH.ED = HF.BD.
b).Ch#ng minh 0OA L EF .

V& tiép tuyén Ax tiép xdc véi duong tron (0) tai A.
CO xAB = ACB =%st1§ . ACB = AFE (do BCEF noi tiép duong tron dusng kinh BC).

— xAB = AFE , ching lai c0 vi tri so le.

= Ax// EF,ma Ax LOA = EF 1 OA.

Vay EF L OA.

¢).Duong thang EF cat dwong tron (0) tei M va N (F nam gi@a E va M ). Ching
minh AM 1a tiép tuyén ciia dwong tron ngogi tiép tam giac MDH .

C6 MAF = BAM (g6c chung), AMF = ABM (hai g6c Ian luot chin hai cung bing nhau).

AM _ AF

Suy ra AAMF ©> AABM = = AM® = AB.AF (3).
AB  AM

Ta con co Aﬁ:@:%% FAH = DAB (g6c chung) = AAFH <> AADB .

AF  AH
=-—=— = AF.AB=AH.AD (4).
AD AB
Tur (3) va (4) suy ra AM® = AH.AD _ AM _AD 5 MAH = DAM = AMMH <> AADM |
AH AM

Suy ra Aﬁzﬁdzésdﬁﬁ.

Vay AM 14 tiép tuyén cua duong tron ngoai tiép tam giac MDH .

d).Gid si EF =R . Tinh sé do BAC.

V& duong kinh AK cua duong tron (0), goi 7 1a trung diém BC.

CoO CH// KB (do cung vudng goc AB), BH// KC (do cung vudng goc AC).

Suy ra BHCK la hinh binh hanh. C6 I 1a trung diém dudng chéo BC, nén I 1a trung diém

C6 0 la trung diém AK .
Suy ra oI 1a duong trung binh AAKH , nén AH =201

9o,
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C6 AEH = AFH =90° = AEHF noi tiép duong tron dudng kinh AH .
Hay AAEF noi tiép duong tron duong kinh AH |
C6 AABC noi tiép duong tron duong kinh AK

Co AAEFmAACB(g.g):gzﬂzﬂch.AszRz,
BC AB AK

Ma AH =201, BC =2yOB? —0I* =2:/R* —OI
Ta ¢6 phuong trinh: 24R* ~0I° 201 =2R’ = 4(R* -0I’ ) OI" = R*
— 40I* —4R*0I*+R* =0 :>(2012 —R2)= 0

:>01=i, co cosB/\OI:g=L:>B/\OI:45°

V2 OB 2

— BOC =90° (do or latrung tryc cia BC)
Vay BAC = %B/O\C _ 450

Bai 36 Cho tam gidc ABC nhon (AB > AC) ndi tiép duong tron (0:R), ké hai duong cao AD,
BE catnhautai H .
a).Chang minh CE.CA=CD.CB va CH vubng goc AB tai F.
b).Goi M la trung diém BC. Chang minh t&r gidc EFMD noi tiép.
¢).Qua D V& duong thiang song song voi EF cat AB tai R, cat AC kéo daitai 0. Goi P
1a giao diém cua hai duong thang EF va BC . Chirng minh duong tron ngoai tiép tam giac
PQOR diqua M.

d).Gia s dién tich tam gidc ABC bang 1, BAC =30°. Tinh di¢n tich i gidc BCEF .
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— FEB=FCB =

qﬁ
c J

D M B

r

Loi giai
a).Chi#rng minh CE.CA=CD.CB va CH vudng goc AB tai F.
C6 ECD = BCA (g6c chung), ADC = BEC =90° = AACD <> ABCE .
= % = g—g = CA.CE =CD.CB
AABC c¢6 hai dudng cao AD va BE citnhautai H.Suyra H latruc tim AABC.
Suyra CH 1 AB tai F.

b).Goi M la trung diém BC . Chirng minh ti# giac EFMD ni tiép.
C6 BEC = BFC =90° = BCEF noi tiép duong tron duong kinh BC

1

—sdl/?_lg.
2

Tuong ty ¢6 CDHE ndi tiép dudng tron duong kinh CH = FCB =BED = %sdi]ﬁ .

— 1 — — e~

—_ 1 N 1
Suy ra FEB = BED =5FED ,ma FEB =5FMB = EFD=FMB.

Suy ra t gidc EFMD ndi tiép (do c6 goc trong bang goc d6i ngoai).

¢).Qua D Vvé dwong thang song song Véi EF cdt AB tai R, cit AC kéo dai tai Q. Goi
P la giao diém ciia hai dwong thang EF va BC . Chitng minh dwong tron ngoai tiép
tam gidc POR di qua M .

9,
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C6 QRB = PFB (ddng Vi), AFE = ACB (do tu gidc BCEF noi tiép)
Do d6 QCB = QFB = ORB (do Ian luot bi véi hai goc bing nhau).
Ma CDQ = RDB (déi dinh)

Suy ra ACDQ ©> ARDB = €D _DO _ ppp- RD.DQ (1)
RD DB

—

CO EB latia phan giac cua FED, EB L EC, nén EC latia phan giac cia PED
CD BD ED
:> = =
CP BP EP
_ |pB.CP= DB.(DP - CD) = DB.DP — DB.CD
6
CD.BP = CD.(DB + DP) =CD.DB+CD.DP

= DB.CP =CD.BP

— DB.DP — DB.CD = CD.DB + CD.DP = 2DB.CD = DB.DP — CD.DP
—2DB.CD = DP(DB—CD) .c6 DB=CM +DM, CD=CD-DM

— 2DB.CD =2.DP.DM = DB.CD = DP.DM (2)

. . RD MD |, —— —— ... .
Tur (1) va (2) suy ra RD.DQ = DP.DM =——=——,¢0 RDB = PDQ (doi dinh).
PD QD

—_—

— ARDP > AMDQ => OPD = MRD .
— POMR ndi tiép (do c6 hai dinh ké cuing nhin canh d4i dién qua hai goc bang nhau)

d).Gid si dign tich tam giac ABC bdng 1, BAC =30°. Tinh di¢n tich ti giac BCEF .

S 2 2
CO AAEF «» AABC = 2 = AE :(cosBAC) =3, S =1.
S AB 4

ABC
ABC

3
= SAEF = Z’ co SBCEF = SABC _SAEF =

I

1

CEF :Z

Vay S,

Bai 37 Cho tam giac vubng cAn ABD (DA = DB) noi tiép dudng tron (0). Dung hinh binh hanh

ABCD . Goi H 1a chan duong vubng goc ké tr D dén AC, K 1a giao diém cua AC voi dudng
tron (0). Chang minh rang:

a).Ta gidc HBCD noi tiép.
b). DOK =2.BDH .
c). CK.CA=2.BD".
Loi giai

9,
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a).Tir gidc HBCD ni tiép.

C6 DBC = ADB =90° (Cap goc so le), DHC =90° = HBCD noi tiép duong tron dudng
kinh ¢D.

b). DOK =2.BDH .

—_

BDH = BCH = %sdé?z (HBCD noi tiép dudng tron duong kinh ¢D).

o T e
Ma BCH = DAK (SO |e)DAK=5D0K (g6c ndi tiep va goc ¢ tdm cung chan mot cung).

—

= DOK =2.BDH
¢c). CK.CA=2.BD".
Cé CD LOD, oD laban kinh cia (0), nén €D tiép xtc duong tron (0) tai D.

C6 AABD Nnén CD =BD+2.
o =l —— =
CO0 CDK = DAK =5sdDK , DCK = ACD (g0c chung) = ACDK > ACAD .

CD CK
==
CA

Vay CA.CK =2BD".
Bai 38: Cho hinh binh hanh ABCD cé dinh D nam trén dusng tron (O) dusng kinh AB = 2R. Ha

— CD*=CA.CK , Ma CD = BD\J2 = CA.CK =2BD?

BN va DM cung vuéng goc véi duong chéo AC.

a) Chang minh t& giac CBMD noi tiép.

b) Chttng minh rang DB.DC = DN.AC

¢) Xac dinh vj tri diém D dé hinh binh hanh ABCD c6 dién tich Ién nhat va tinh dién tich hinh binh
hanh trong trueong hop nay.
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Giai:

a)  Tacd ADB=90° ( G6c noi tiép chan nira duong tron )

Nén AD | DB, ma CB // AD (ABCD I hinh binh hanh) suy ra CB L DB nén DBC = 90°

Xeét tir giac DMBC c0 EAE‘ = EEJ =90° ma hai goc nay cung nhin canh CD nén suy ra
BMBC la tir giac noi tiép.
b) Vi CD /[ AB nén 554 = C/ATB (so le trong)

Ta lai c6 CAB — NAB — NDB (g6c noi tiép cung chan cung NB)
Suy ra 554 = 1@ :
Xét ADAC va ANBD co
DCA = NDB (cmt)
DAC = NBD (g6c noi tiép cling chan cung ND)
Suy ra ADAC #ANBD (g9)

A ., DB A
Néntaco —= AC = DB.DC = DN.AC (dpcm).

DN DC

1

c) Nhanthdy S, =25, = 2.5.AD.DB

ABCD

Theo bat dang thixc AM — GM thi suy ra

AD* +DB* AB* (2R)
22

AD.DB < =2R* .
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Ding thic xay ra khi AD = DB hay D 1a diém chinh gitra cung AB.

1

Khi do S,,, =25, =2._ AD.DB= 2R’ .

ABCD
Viy dé hinh binh hanh ABCD c6 dién tich 16n nhat thi D phai 1a diém chinh giita cung AB
vakhido S, =2R.

Bai 39: Cho duong tron cb dinh thm O, béan kinh bang 1. Tam giac ABC thay doi va ludn ngoai

tiép dudng tron (0) . Mot duong thiang di qua tim O cit cac doan AB,AC lan luot tai M va N . Xac

dinh gié tri nho nhat cua dién tich tam giac AMN.

Giai:

B L ~C
Goi J,K,L lan luot la céc tiép diém caa (0) véi cac canh AB,AC,BC cua tam giac ABC nhu

1

. , 1 1
hinh V&. Ta c0: S, =S, + S, =5 AM.0J +—AN.OK =5(AM+AN) .

- Mamo ANO

Ap dung bit dang thic AM — GM suy ra :

S :%(AM+AN)2\/AM.AN (1)

AMN

. . 1 LT
Mat khactaco: S, = EAM AN .sin MAN

28
= AM.AN =240 > 25 (2).

sin MAN A
Tr (1) va(2) = S = ,/2SAMN = SAMN > 2 .(dvdt)
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, |AM = AN AM = AN N
Dau “=" xay ra khi S S = AAMN vudng can tai A.
sin MAN =1 MAN =90°

Bai 40: Cho hai dudng tron (O:R) va (O';R") cét nhau tai A va B (tam cita dudng tron nay nam
ngoai dudng tron kia). Pudng thang AO cét dudng tron (O) tai C va cit (0') tai E. Pudng thing
AO’ cit (0') tai F vacat (O) tai D.

a) Chtrng minh cac t giac CDEF, ODEOQ’ ndi tiép.

b) Chirng minh A 14 tAm dudng tron ndi tiép cua ABDE .

¢) Chang minh cac duong thang CD, EF, AB dong quy.

Giai:

a)  *) Chitng minh CDEF n@i tiép:
Nhan thdy ADOA cén tai O nén ODA = OAD

—

AAQO'E cantai O’ nén O'AE = AEO" .

Ma DAO = EAO' (dbi dinh) = ODA — AEO" .

Tir d6 theo tinh chit tng ba géc trong mot tam gi4c ta suy ra DOA = AO'E . (1)
A = T A
Mait khdc DBA = EDOA ( gbc nai tiep bang B so do goc otam ) (2)

T 1

Vi ABE = %AO'E (g6e ngi tép bing 56 do géc & tam ) (3).

Tir (1),(2) va (3) suy ra DBA — EBA . (4)
Lai c6 tir giac ADCB noi tiép (0) nén DBA = DCA (cling chin cung DA) (5)
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Tir gidc EABF ni tiép (0') nén ABE = AFE (6)

Tir (4), (5) va (6) suy ra DCE = EFD .

Xét tir gidc CDEF ¢6 DCE — EFD (cmt) ma hai goc ndy cing nhin doan DE du6i mot
cung. Suy ra ti giac CDEF ndi tiép.

*) Chietng minh ODEO’ n@i tiép:

Nhan thay OO’ 1a duong trung binh cua tam giac ACF, suy ra OO’ // CF nén

AOO' = ACF (ddngVvi). Ma FCA = FCE — FDE ( CDEF noi tiép ) suy ra

—_—

EOO'=0'DE , ma hai goc nay cing nhin doan EO’ nén suy ra tir gisc ODEQ’ ndi tiép.

b) Taco XI-DTB = ,ﬁ ( cung nhin cung AB)
ma El;l = ECTB (cmt)
nén EDA — BDA suy ra DA la tia phan giac caa tam giac EDB tai dinh D. Lai c0 BA la tia
phan gi4c cua tam giac EDB tai dinh B. Nén A 1a giao diém cua 3 dudng phan gi4c cua
tam giac EDB. Tir d6 suy ra A 1a tim duong tron noi tiép tam giac EDB. (dpcm)

C) Goi H 1a giao diém cua CD va EF nhu hinh v&. D& dang ching minh dugc A 14 trrc tam
cua tam giac HCF, suy ra HA L CF. Lai c6 AB L CF ( ABC =90° ). Suy ra H, A, B thang
hang. Tir d6 suy ra CD, EF, AB dong quy.( dpcm)

Bai 41. Cho tam gidc ABC cantai A. LAy diém D nam giita B va C. Qua D lan luogt vé cac

duong thang song song véi AC cit AB tai E, song song véi AB cat AC tai F.

a).Chirng minh DE + DF = AB.

b).Goi I 1a diém dbi xng cua D qua EF . Ching minh t gidc AFEI 14 hinh thang can.

¢).Chitng minh I thudc duong tron ngoai tiép tam giac ABC .

A

Bv C
Lo giai

a).Chi#rng minh DE + DF = AB..
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Cb AE/l DF, DE// AF = AEDF la hinh binh hanh = AE = DF .

C6 BDE = BCA (ddng Vi), BCA = EBD (do AABC cantai A).

— BDE = EBD = AEBD CAntai E = EB—ED .

Nén AB = AE +EB=DF +DE .

Vay DE + DF = AB.

b).Goi I la diém doi xieng ciia D qua EF . Chieng minh tie giac AEFI 1a hinh thang can.
Goi K 1a giao diém cua AE va IF .

CO FE latrung truc cua ID = FD=FI = AE, EI =ED = AE.

AAEI , AIFA €O Al chung AE =IF, IE = AF

— AAEI = AIFA = IAE = AIF = AKAI can tai K

= KA=KI,ma AE =IF = KF = KE = KFE = KEF

:Xﬁ(:}E/ﬁ(:M, chiing lai c6 vi tri so le.

= Al// FE, ma AE =IF = AIEF lahinh thang can.

¢).Chitng minh 1 thuge dwong tron ngogi tiép tam giac ABC .

+Chiing minh tt gidc ACBI noi tiép — > JAC = IBC

CO BE =ED =EI = AF = AIEB cantai E.

CO FI=FD=FC = AIFC cantai F.

C6 AFEI 13 hinh thang cn, nén 1EA = IFA

— IEB=1IFC (hai g6c Ian lugt bu véi hai géc bing nhau), ma AIFC can tai F, AIEB cAn tai E .
— IBE = ICE (hai tam giac can c6 goc & dinh bing nhau thi cac goc day bing nhau)

— ACBI ndi tiép (do c6 hai dinh k& cuing nhin canh déi dién qua hai goc bang nhau).

Vay I thudc duong tron ngoai tiép tam giac ABC .

Bai 42. Cho tam gidc ABC c6 goc A nhon, M 1a diém di dong trén BC. Goi D va E lan luot Ia
hinh chiéu vuéng goc caa M trén AB va AC.

a).Chang minh t gidc ADME ndi tiép. Xac dinh tam I caa duong tron.

b).Ké IK vubng gbc véi DE tai K. Ching minh DAE =DIK .

¢).Xac dinh vi tri diém M trén BC dé d6 dai DE ngan nhat.
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g ¢ ) .
D M ¢
Loi gii
a).Ching minh ti gidc ADME néi tiép. Xdc dinh tam I cia dwong tron.
CO ADM = AEM =90° = ADME ndi tiép duong tron dudng kinh AM , tdm I 1a trung diém AM .

b).Ké IK vudng géc Véi DE tai K . Ching minh DAE = DIK .
CO AIDE céantai I, IK 1 DE,nén IK Iatrung truc cua DE .

1/\ —

C6 DAE _EDIE DIK (g6c ndi tiép bang — gdc & thm cung chan mot cung)

Vay DAE = DIK .
¢).Xdc dinh vi tri diém M trén BC dé dé dai DE ngan nhat.
V& AD 1L BC tai D, c6 AD khong ddi vd AM > AD (doan vudng goc la doan xién ngan nhat)
C6 tir gidc ADME noi tiép duong tron tim 1 duong kinh AM , ¢ DAE khong di,
Suy ra saDE khong déi. Do d6 ddy DE ngén nhat khi dudng tron ngoai tiép t gidc ADME c6
duong kinh nho nhat
< AM=AD < M=D.
Vay khi M 1a diém chiéu vudng goc ciia A 1én BC thi ddy DE ngan nhat.
Bai 43. Cho tam giac déu ABC c6 duong cao AH , M 1a diém bat ky trén canh BC (M khdng
tring véi B va C). Goi P, Q theo thir tu 1a chan cac duong vudng goc ké tir M dén AB va AC
, O 1a trung diém cia AM . Ching minh rang:
a).Cac diém A, P, M, H, Q cing nam trén mot duong tron.
b).Tw giac OPHQ la hinh gi?
¢).Xac dinh vi tri caa diém M trén canh BC dé doan thang PQ c6 do dai nho nhat.
Loi giai
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M H
a).Cic diém A, P, M, H, Q cung nam trén mgt dwong tron.

Cé APM = A/QT/I — AHM =90° = A,P,M,H,Q cung thuéc duong tron duong kinh AM .
b).Te# gidc OPHQ la hinh gi?
C6 OP=OH , POH =2.BAH =60° = APOH d&u.
Tuong tw AQOH déu.
= OP = PH = HQ = Q0 = OPHQ la hinh thoi.
¢).Xdc dinh vj tri ciia diém M trén canh BC dé doan thang PQ cé d¢ dai nhé nhat.
C6 AM > AH (doan vudng goc 1a doan xién ngin nhat), AH khéng doi.
Co P/A\Q =60° = sdI/’PTQ =120°, AAPQ ndi tiép trong dudng tron dudng kinh AM .
Do d6 day PQ ngan nhat khi duong tron ngoai tiép AAPQ c6 dudng kinh ngan nhat.
S AM=AH < M=H.
Vay PQ ngan nhat khi M 1a trung diém BC.
Bai 44. Cho tam giac déu ABC c6 dudng cao AH. Trén canh BC liy diém M tiy y (M khéng tring
véi B, C, H). Goi P va Q lan luot 12 hinh chiéu caa M 1én AB, AC.
a) Chiing minh tt giac APMQ néi tiép duoc trong dudng tron va xac dinh tam O cia duong
tron nay.
b) Chung minh OH 1 PQ.
c) Chtng minh MP + MQ = AH
Loi giai:
a) Taco MO L AC:MP | AB = MPA — MOA — 90"

Xét tir gidc APMQ co: MPA + MOA = 90° +90° = 180"
suy ra tr giac APMQ noi tiép duong tron
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7 AM
Goi O 14 trung diém AM=> OM = 0A === (dinh1y) (1)

Xét AAPM vubng tai P, c6 PO la duong trung tuyén.

= PO = AM (2)
2
Xét AAQM vubng tai Q, c6 QO la dudng trung
tuyén.
AM
= Q0= 5 3)

Tu (1);(2) va (3) = Q0 = PO =0A=0M

suy ra tr giac APMQ noi tiép duong tron tam O
duong kinh AM.

b) Xét tam gidc ABC céan tai A

duong cao AH ciing 1a duong phén giac

1;41\1:64?1:%:300

Xét (0) duong tron ngoai tiép APMQ c6:

HOQ =2HAQ (gbc c6 dinh & thm = 2 1an goc noi tiép chan cung HQ )

— HOQ = 2HAC = 60"
Ma OH = 0Q (cmt) = AOHQ d&u = OH =0Q = HQ (4)
CM tuong tu: = AOHP déu = OH = OP = HP (5)
tir (4) va (5) = OP = PH = 0Q = HQ
suy ra tir giac OPHQ la hinh thoi = OH 1 PQ
c) Xét AMQC vudng tai Q.
co sinocM =2 om = M sin60° (6)
CM

Xét ABPM vudng tai P.

——  PM

C6 sin BPM = —— = PM = BM .sin60° 7)

BM
tir (6) va (7): = OM + PM = CM .sin60° 4+ BM .sin60° = (CM + BM).sin 60"
iQM—kPM:gBC (8)
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Xét AAHB vubng tai H.

C6 sinABH = A7 = AH = AB.sin60° = ﬁAB (9)
AB 2

vi AABC déu = BC =AC = AB (10)

Tir (8);(9) va (10) = OM + PM = AH (dpcm).

Bai 45. Cho duong tron (0;R) va diém A niam ngoai duong tron véi OA = 2R. Tir A dung hai tiép

tuyén AB’, AC’ véi dudng tron (0) (B, C’ 14 hai tiép diém). Dung tia ddi cua tia OA cit dudng

tron (0) tai A’. Tia tiép tuyén tai A’ lan luot ci tia AC’, AB’tai B va C.

a) Chimg minh tam giac ABC déu va tinh S sc theoR.

b) Goi M la diém bét khi trén cung nho B’C’ va H, K, L lan luot Ia hinh chiéu cua M trén
canh BC, AC, AB. goi J 1a giao diém cia MH va B’C’. Chirng minh céc tht gidc IMKC?,
LMJB’ ndi tiép duong tron.

¢) Chang minh MJ?> = MK.ML

d) Ching minh xMH =MK +ML

Loi giai: -

—

AO la tia phéan giac cia C'AB'
= = .~ C'AB

T A dung hai tiép tuyén AB’, AC’ (gt) E}
™

‘;l_AJ H

C'AO—=B'AO — A_:.:f’ | \O L
Xét AABC ‘ L || /
co6 OA la tia phan giac dong thoi la duong N “-“J"ii
cao ~
suy ra AABC 1a tam gidc can, ™~
€y B

Xét AAOC'vubng tai C.

goi T 1a trung diém ctia AO

= C'T 1a duong trung tuyén AAOC"'
=CT=TA=T0

ma C'O =TO (cung la ban kinh)
=C'T=0C'=T0

= ATC'O déu

—

= C'0A =60’

—_—

Taco = C'OA+ C'OA'=180° (hai gdc ké bu)

. O Lién hé tai liéu word todn SDT (zalo): 039.373.2038 54



https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

thay = 60° + C'OA’ = 180"
— C'0A' =180 — 60"
— C'0A'=120"

Xét tar gidc C'OA'C co:

CC'O+CA'O+C'OA'+C'CA' = 360°(dinh Iy)
thay s6: 90° +90° +120° +C'CA' = 360"

e ——

= C'CA'=360"—90° —90° —120° = 60" (2)
T (1) va (2) = AABC déu

Tacé S —lAA'.BC

AABC — )
ma AA'= AO+OA'=2R+R =3R
Xét AACA' vubng tai A'":

étanazﬂ:>CA'= AAO=3R=\/§R
CA' tan60° /3

ma BC=2CA'=2+3R

vay S —%AA'.BC —3R2\3R=6\3R?

AABC —

b) Xét t& gidc JMKC® ¢o: C'EM + C'JM = 180° (2 gbc ddi nhau trong t gidc)
Do d6 tir giac JMKC’ noi tiép duong tron.

Xét tir giac LMJB’ co: MHB' + MNB' =180 (2 goc d6i nhau trong tir giac)
Do d6 tir giac LMJB’ noi tiép duong tron.

¢) Tur A dung hai tiép tuyén AB’, AC’ (gt)

= AB'= AC'(tinh chat)

—

suy raAAB'C' latam giac can, c6 B'AC' = 60"
suy raAAB'C"' 1a tam giac déu.
= AB'=AC'=B'C'=+3R

L (RV3’N3 _ 33R°
' 4 2

Cé MJ.B'C'+ ML.AB'+ MK.AC'=2S§,,. . =

ﬁMJ—I—MK—I—ML:a‘TR

ma JH = AT (véi T 1a giao diém cua OA va B'C') do IHA’T 1 hinh chit nhat.
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12
#ATZOA'—I—OT:R—FOOB:4 =R—|—§=37R:>MJ—|—MK—|—ML=A'T:JH

=2MJ + MK + ML =MJ +JH =MH

= MK + ML + 2/ MK.ML = MH = MH =MK +/ML

Bai 46. Cho duong tron tam (O), vé cung BC khong di qua tam. Trén tia d6i cua tia BC lay diém
M bt ki. Puong thang di qua M cit dudng tron (O) lan luot tai hai diém N va P (N nam gitta M
va P) sao cho O nam bén trong géc PMC .trén cung nho NP lay diém A sao cho cung AN bang
cung AP ) hai day cung AB, AC cit NP lan luot tai D va E.

a) Chang minh ti giac BDEC nai tiép.

b) Ching minh :MB.MC=MN.MP.

¢) Ban kinh OA cit NP tai K. Chung minh MK* > MB.MC
Loi giai:

— 7~

a) Vi ACB |3 gbc noi tiép chin cung B

—~ ACB— %Sd BA=%(sd BN +sd NA) (1)

Vi BDN la goc nam trong duong tron

— BDN = %(sd BN +sd PA) 2)
Visd AN=sd PA (gt) (3)
Tir (1);(2) va (3) = BDN = ACB

vi BDN.BDE Ia hai goc ké bu.

e —

BDN +BDE =180°| — —
= + — ACB + BDE = 180"

BDN = ACB

= BCE + BDE =180° (téng 2 goc d6i nhau trong tir giac)
Do d6 tir giac BCED nai tiép duong tron.

b) Xét AMBPva AMNC

co: M chung
BPN = NCB (2 g6c ndi tiép chian cung BN)

Do d6 AMBP ~ AMNC (g.9)
= @ = M = MB.MC = MN.MP (dpcm)

MN MC
c)  KéMT latiép tuyén véi duong tron (O) trong d6 1a tiép diém)
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Xét tam giac MKO vuéng tai K (Ap dung dinh ly Pi-ta-go)

MK’ +OK*> = MO?
= MK* =MO* —OK*> > MO* — R*(doOK < R)

MC.MB = MT* = MO* — R*(vi Mt la tiép tuyén cta duong tron O)

= MK’ =MC.MB (dpcm)

Bai 47. Cho tr gidc ABCD c6 hai dinh B va C ¢ trén nira duong tron duong kinh AD, tdm O.
Hai duong chéo AC va BD catnhautai E. Goi H la hinh chiéu vuéng goc cua E xuéng AD
va | 1a trung diém caa DE. Ching minh rang:

a) Céc t gidc ABEH; DCEH nai tiép.

b) E l1atdm cua dudng tron noi tiép ABCH.

¢) Nam diém B, C, 1,0, H cung thuoc mot dudng tron.

Loi gidi:

a)
e ABD =90° (ngi tiép chin nira duong tron) hay ABE = 90°
AHE =90° (gt)
Do d6: ABE + AHE =180°
Vay tir giac ABEH nai tiép dudng tron dudng kinh KO.
e Tuong tu ta ciing chimg minh dugc tt gidc DCEH nai tiép.

b) Ta co BCA = @(:%sd,@); ECH = EDH (tér gidc DCEH ni tiép)
Suy ra BCA=HCE =CE phan giac cua BCH

Tuong tu ta cling ching minh dugc BE |a phén giac cua CBH
Tir d6 suy ra E 13 tAm ctia dudng tron noi tiép ABCH.

S7
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¢) AECD vudng tai C c6 OI la dudng trung tuyén nén BIC = EIC = 2D, =2A, (vi D, A chin
cung BC)

Dua vao cau b ta co HE la phan giac cua goc BHC nén BHC = 2@ (vi ABEH ni tiép)

Ta ciing c6 BOC = 2A (goc & tm va géc noi tiép cling chan cung nho BC)

Vay BIC - BHC - 80C(- 24

Ba diém I, H, O cung nhin doan thang BC dudi mot goc khong doi. Do d6 nam diém

B,C, 1,0, H cung thuéc mot duong tron.

Bai 48. Cho tam giac ABC c6 ba goc nhon. Pudng tron (O) duong kinh BC cat AB, AC theo thir
tu & D va E. Goi H 1a giao diém caa BE va CD.
a) Chang minh ti gidc ADHE nai tiép.
b) Goi I 1a trung diém cua AH. Chttng minh 10 L DE.
¢) Chirng minh AD.AB = AE.AC.
Lai giai:
a) Ta c6: BDC = BEC = 90° (ngi tiép chan nira dudng tron).

— ADH = AEH =90° (k& bu)

— ADH + AEH =180°

= Tir giac ADHE ndi tiép duong tron duong kinh AH.

b) Vi I 1a trung diém cua AH nén I 13 tdm duong tron ngoai tiép ti
giac ADHE.

=ID=IE.

Lai c6: OD = OE (ban kinh duong tron (O))

Do d6: OI 1a duong trung truc cua DE

= 0Ol L DE.

c) Xét AADE va AACB, co:

BAC : chung; ADE = ACB (tt giac BDEC noi tiép)

ﬂ = E = AD.AB = AE.AC.

AC B

Bai 49. Cho duodng tron (O) duong kinh AB = 2R va diém C thudc dudng tron d6 (C khac A va
B). Lay diém D thudc day BC (D khéc B va C). Tia AD cit cung nho BC tai diém E, tia AC cat
tia BE tai diém F.

a) Chang minh FCDE Ia ti giac noi tiép.

b) Chung minh DA.DE = DB.DC.

Do d6: AADE «» AACB (g.9) =
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c¢) Chang minh CFD = OCB. Goi I 1a tam duong tron ngoai tiép ta giac FCDE, ching minh IC 12
tiép tuyén cua duong tron (O).
d) Cho biét DF = R. Chiing minh ring: tan AFB = 2
Loi giai:
a) Taco: ACB = AEB = 90° (ngi tiép chan nira duong tron).
— FCD = FED = 90° (k& bu)
— FCD + FED =180°
= Tir giac FCDE noi tiép duong tron duong kinh AH.
b) Xét ADAC va ADBE, c6:

— — —_ — — , B
CAD = EBD [: %stEj : ADC = BDE (déi dinh) S
Do dé: ADAC # ADBE (g.g) % = % — DA.DE = DB.DC

¢) Taco: CFD = E, (tir giac FCDE noi tiép)

E, = B, (tu giac ACEB noi tiép); B, = OCB (AOCB cén tai O)
Suy ra: CFD = OCB

*Taco: C, = F, (AIFC cantail); F, =B, (=E,) =C, = B,

C, = CAO (AOAC cin)

—C, +C, = B, + CAO = 90° (AACB vudng tai C).

— 1CO = 90° = IC la tiép tuyén caa duong tron (O).

d) Xét AAEB va AFED, co: EAB = EFD (= ECD) ; AEB = FED( = 90°)

Do dé: AAEB »AFED — 2B _AB L nare=2R 2.
FE FD R

Bai 50: Cho dudng tron (O;R) dwong kinh AB. Trén tiép tuyén ctia duong tron (O) tai B Iy diém
M sao cho AB=BM . Dudngthang AM cat duong tron (O) tai C, goi | la trung diém cia BM
a) Chizng minh C 1a trung diém caa AM .

b) Chitng minh CI 1a tiép tuyén ciia duong tron (O)

c) Duong thang Al cit dudng tron (O) tai E. Ching minh tir giac MCEI noi tiép.

d) Buong thang ME cét duong tron tai diém tha hai la F. Chang minh ba diém C,0, F thang hang.
Tinh tich ME.MF theo R.

Giai:
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a) Taco ACB = 90° (GAc ndi tiép chan nira duong tron )
AABM can tai B (AB=BM ) ¢6 BC la dudng cao nén la duong trung tuyén
= C la trung diém cua AM .

b) Taco: CA=CM va IB=IM = CI la duong trung binh cuia AABM .

= CI/IAB (1)
Theo tinh chat trung tuyén trong tam giac AAMB vuéng tai B
= CA=CB

— AABC can tai C ma CO la duong trung tuyén nén CO 1a duong cao = CO L AB
(2)

Tir (1) va (2) CI LCO

= CI latiép tuyén cua (O).

¢) Taco: CEA= %C/OTA = %.90° = 45° (Hé qua goc nai tiép)

AABM vubng cantai M = AMB = 45°.
Do d6 AMB = CEA = 45°.
Tt gidc MCEI c6 CMI +CEI = CEA+ CEIl =180° (K& bu)
= Ta gidc MCEI noi tiép
d)  Taco EMI = EFC (G6c ngi tiép va goc tao bai tia tiép tuyén cing chin El )
= CF//IBM (So le trong).
Mat khac CO//BM (Cung vubng goc AB)
Qua diém Cc6 CF//BM va CO//BM nén theo tién dé Oclit ta c6 C,0,F thang hang.
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Xét AMBE va AMFB c6
BME chung.

MBE = MFB (Goc noi tiép va gac tao béi tia tiép tuyén cang chan EB).
— AMBE ~ AMFB (g.g).

MB _ MF
->—=—
ME MB
= ME.MF = MB? = AB? =(2R)’ = 4R’.

Bai 51:

Cho duong tron (O;R) vaday BC c6 dinh. Goi A 1a diém chinh giita cung nho BC . Lay diém M
bat ki trén cung nho AC, ké tia Bx vudng gdc voi tia MA tai | va cattia CM tai D.

a) Chang minh MA 1a tia phén gic cua géc BMD.

b) Ching minh A 1a tim duong tron ngoai tiép ABCD va goc BDC c6 d6 16n khoéng phu thudc vi
tri diem M.

c) Tia DA cit tia BC tai E va cit duong tron (O) tai diém thir hai F. Chung minh AB Ia tiép
tuyén caa duong tron ngoai tiép ABEF .

d) Chitng minh tich P = AE.AF khong d6i khi diém M di dong. Tinh P theo ban kinh R va
ABC =q .

Giai

a)  Theo tinh chit goc noi tiép ta co: BMA = %sd@ va BMC = %sdﬁé.

sdBnC = 360° - sdBC = 360°—2sdAB (Vi A 1a diém chinh giita cung BC).

— BMC = %(360° - 2de§) ~180°—SAAB .

DMB =180°— BMC (K& bi).
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= 180°—(180°—sd/&§) — sdAB

T (1) va (2) = BT\/TA:%DT\E:D/M\A (=%de§).

= MA la tia phan giac cua géc BMD.
b) Tacd AB=AC = AB=AC (Lién hé day va cung)
AMBD c¢6 MI la duong cao va duong phan giac nén AMBD cén tai M .
= MI la duong trung truc cua BD .
AeBD = AD = AB (Tinh chat duong trung truc)
Do d6 AB = AC = AD nén A 1a tim duong tron ngoai tiép ABCD.
Theo tinh chét géc ngodi ABMC ta c6: BMC = MBD + MDB
BMC = 2.MDB (MBD = MDB do AMDB can tai M).

— MDB = % BMC = %sdgﬁe (Khéng dbi do day BC cé dinh).

c)  Taco ABC = BFA (Cac goc ngi tiép chin cac cung bing nhau, AC = AB).
ABEF c6 EFB = EBA vatia BA nim ngoai ABEF nén AB la tiép tuyén ciia dudng tron
ngoai tiép ABEF .
d) Xét AABE va AAFB co:
BAF chung;
ABE = AFB (Chting minh trén).
— AABE ~ AAFB (g.9)
AB AE
=>-—=—
AF AB
— P = AE.AF = AB? (Khéng doi).
Goi I 1a giao diém cua BC va AO.
AB = AC va OB =0C nén OA la duong trung truc cua BC = AIB=90".
Ké OH L AB tai H.

— AH =BH = % AB (Quan hé vudng goc durong kinh va day).

AOI = AOH (Ciing phu OAH ).

AH =OA.sin A/Oﬁ =0A.sIn @ =R.sina.
AB =2AH =2R.sina .

P =(2Rsina)’ = 4R%sina .
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Bai 52: Cho duong tron (O), hai duong kinh AB va CD vudng gdc véi nhau, M 1a mot diém

trén cung nho AC . Tiép tuyén tai S. Goi | 1a giao diém caa CD vaMB.

a) Chang minh t gidc AMIO ndi tiép.

b) Chitng minh; MIC = MDB va MSD = 2MBA.

¢) MD cat AB tai K. Chang minh DK.DM khéng phu thudc vao vi tri ciia diém M trén cung AC .
Giai:

S

C

D

a)  Taco: AMI =90° (G6c ndi tiép chin nira duong tron).
Xét tir gidc AMIO ¢6 AMI + AOI =90°+90° =180° ma hai goc nay dbi nhau nén tir giac
AMIO noi tiép.

b) Vi hai duong kinh AB va CD vuéng goc véi nhau nén
— SdAC = sdCB = sdBD =sdDA = 90°. (1)

MIC = %(sdﬂ/l—(\: + sdé—ﬁ) (Géc ¢6 dinh ndm bén trong dudng tron)  (2)

- %(sdﬁé + sdAE) (Do sdAC = sdBD).

=ldeCB
2

Mit khac MDB :%sd‘mca‘ (Tinh chét géc noi tiép)
— MIC = MDB.
Ta co: I\//@\:%sdm (Tinh chét géc noi tiép)

= 2MBA = sdAM (3)

. O Lién hé tai liéu word toan SPT (zalo): 039.373.2038 63



https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

—_

MSD =1(deAD—sdﬁ6)
2
~—(s4AM +5aAD - saMC ) = saAM (4)
Tir (3)va (4) suy ra MSD = 2MBA.

c) Ta co: ADOK «> ADMC(g.9)

DO DK
->—=—
DM DC

2
= DK.DM =DO.DC =%DC.DC = D;)

(Khong doi)
Bai 53
Cho dudng tron (O) dudng kinh AB .Goi K 1a diém chinh gitta cung AB; M 1a diém luu dong
trén cung nho AK (M khéc hai diém A;K ).Ldy diém N trén doan BM sao cho BN = AM
a)Chirng minh AMK = BNK
b)Chtng minh : tam giac MKN la tam giac vudng can
¢)Hai duong thdng AM va OK cét nhau tai D .Ching minh MK 1a duong phan giac géc NMD
d)Chtng minh rang duong thang qua N vubng géc BM luén di qua mot diém cé dinh

Loi gidi :

[D
Q
K
M
N

—
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a)Tacd KA=KB ( K la diém chinh giita cung AB )

Vacéd MA=BN (gia thiét) va MAK = NBK ( cling chén cung MK )
Vay AMAK = ANBK (c.g.c) = AMK = BNK

b)Ta di chirng minh : KM = KN

Do AMAK = ANBK (c.g.c) = KM = KN va MKA = BKN

— — e~

Nén MKA+ AKN = AKN + BKN = AKB =90°( do K thudc duong tron duong kinh AB )

Hay MKN =90° KM = KN suy ra tam gidc MKN vubng can ¢ K

c)Taco : tir gidc MKBA ndi tiép= DMK = KBA = 45° ( tinh chat tt giac noi tiép )

Va KMB = KAB = 45° = DMK = KMB = MK 1a dudng phan gidc géc NMD

d)Dung tam gi4c vudng can ABQ vudng cn tai B nhu hinh v& (K 14 trung diém AQ ) nhu thé ta
c6 Q la diém cb dinh

Taco BQ=BA;BN =AM ; QBN = MAB ( cling phu MBA)

Vay nén AMAB = ANBQ (c.g.c) = BNQ = BMA=90°= NQ L BM hay la duong thing qua N va
vudng goc BM di qua diém cé dinh Q

Bai 54: Cho ntra duong tron (O; R) c¢6 duong kinh AB . Ban kinh CO vudng goc véi AB , M

la mot diém bat ki trén cung nhd AC ( M khac A va C ); BM cat AC tai H. Goi K Ia hinh
chiéu cua H trén AB .

a) Chang minh CBHK 14 tir gi4c noi tiép.

b) Chitng minh  ACM = ACK

¢) Trén doan thang BM ldy diém E sao choBE = AM . Chiing minh tam giac ECM |a tam giac
vubng can tai C

d) Goi d la tiép tuyén cua duong tron tm O tai A; cho P 1a diém nam trén d sao cho hai diém

AP.MB

P;C nam trong cling mot nira mat phang bo AB va =R. Chirng minh rang duong thang

PB di qua trung diém cua doan thang HK
(Dé thi vao 10 THPT — TP Ha Noi ndm hoc 2012 — 2013)
Loi gidi :

C

N

A K 0 B
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a) Xét tir gidAcCBKH ¢06
HCB =90° (Gdc ndi tiép chén nira dusng tron)
HKB =90°(gt)
= HCB + HKB = 90° + 90° =180°
— Tt gidc CBKH noi tiép ( Tur giac co tong hai goc ddi bang 180°)
b) C6 tir gidc CBKH nai tiép (cmt)
HCK = HBK ( Hai goc noi tiép ciing chén cung HK )
Xét (0) c6 HBK = MCA ( Hai g6c ni tiép cting chin cung AM )
— MCA= H/C\K(: H@?)hay MCA = ACK
c) C6 CO L AB;OA=0B(gt)
= AACBcan
C6 ACB =90° nén tam gidc ACB vudng can.
Xét AMCAva AECB c0:
MA = EB (gt);
CBE = MAC (hai géc néi tiép cling chin cung MC )
CA=CB (AACBcan)
MC = EC(1)

= AMCA=AECB(c.gc)=¢
MCA=ECB

C6 ACB =90° = HCE + ECB=90° = HCE + MCA=90° = MC\E=90°(2)
Tur (1) va (2) suy ra tam gidc CME vudng can tai C

d) Co AP.MB _R

= AP.MB = MA.OA:>@:%
MA AP

Xét AAMB va APAO cé

AMB = PAO =90°

MB OA

MA AP

= AAMB ~ APAO(c.g.c) = ABM = POA (hai gbc tuong ng)

Ma hai géc nay & vi tri ddng vi

= PO//BM

Goi N 1agiao diémcua BM va d ; | 1a giao diém cua HK va PB .

Xét AANBCO O 1a trung diém ciia AB ; = Pla trung diém cia AN = PA=PN .
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CO6 HK //AN (cung vubng gbc vsi AB )
= % = %(: %j (Hé qua cua dinh ly Ta Iét)
Ma PA=PN suyra IH=1K = PB di qua trung diém cua HK .

Bai 55:Cho tam gidc ABC vulng tai A (AB > AC).Trén canh AC lay diém M ( M khac A va

C ).Puong tron duong kinh MC cit BC tai E va cat duong thang BM tai D (E-£C va D=M )
a)Chitng minh ABCD 4 ti gi&c noi tiép

b)Chang minh ;: ABD = MED

¢) Buong thang AD cit duong tron duong kinh MC tai N (N = D) .Duong thang MD cét CN

tai K ; MN cit CD tai H .Chang minh KH //NE

Loi gidi
C
E
H
K
D
A > B

a)Tacé CDM =90° (D thudc dudng tron dudng kinh MC )= CDB =90°

Ma tam giac ABC vudng tai A=> BAC =90°

Vay t gidc ABCD la ttr giac noi tiép ( hai dinh lién tiép D; A nhin canh BC dudi gdc bang nhau)
b)Ta co ta gidc CEMD Ia tw giac ndi tiép = MED = MCD

Va tt gidc ABCD ndi tiép ( da chung minh )= MCD = MBA

Vay nén MED = ABD

c)Do N thudc dudng tron duong kinh CM = CNM =90° = MN L KC

Mt khac twong tu ta ciing dé dang ¢ CD L KM ( D thudc dudng tron duong kinh MC )

Vay H la tryc tdm tam gidc MKC = HK L. MC suy ra HK L AC = HK //AB (do AB L AC )

Do d6 ta s& ching minh NE //AB < ABC = NEC
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Ta c6 tu gidc NCED la t& gidc noi tiép ( dudng tron dudng kinh MC )= NEC = NDC ( cling
nhin canh NC dudi gc bang nhau )

Ma ABCD la tir giac néi tiép = NDC = ABC ( gdc ngoai bing goc trong & dinh ddi dién )

Vay NEC = ABC = NE //AB ( cdp goc dong vi bang nhau )= NE //HK (dpcm)

Bai 56: Cho nira duong tron (O) duong kinh BC . V& day BA. Goi | 1a diém chinh giira cua cung
BA, K 1a giao diém cua Ol voi BA.

a) Chang minh OI //AC.

b) Tir A vé& duong thang song song véi CI cit duong thang Bl tai H . Chitng minh tir giac IHAK

noi tiép.
¢) Goi P 1a giao diém cua duong thang HK véi BC . Ching minh ABKP# ABCA.
Giai:
H
|
A
K
B
P O c

a) 10 di qua diém chinh gitra cia AB = BK = KA. Ma BO =0C.

Suy ra OK//AC (do OK la duong trung binh cuia AABC) hay Ol //AC.

b) Vi AB L Ol nén IKA=90" (1).

Vi AH//CI nén AHI =CIB (hai goc ddng vi), ma CIB =90° (g6c noi tiép chin nira dudng tron).
Suy ra AHI =90° (2).

Tir (1) va (2) suy ra AHI +IKA=180" = Tt gic IHAK noi tiép.

¢) Vi tr giac IHAK noi tiép nén HIA = HKA (hai gc néi tiép cung chin mot cung).

— HIA=BKP (do BKP = HKA).

Mit khac AIC = ABC (hai gdc néi tiép ciing chin mot cung).

Suy ra HIA+ AIC = BKP + ABC = BKP + ABC = 90° = KBP = 90"
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Xét ABKP va ABCA c6: B chung, KBP = BAC =90° = ABKP «> ABCA(g.9).
Bai 57: Cho tam gidc ABC can tai A, ni tiép dudng tron (0). Ké duong kinh AD. Goi M la
trung diém cta AC, | 1a trung diém cia OD.
a) Chang minh OM //DC. .
b) Ching minh AICM céan.
¢) BM cat AD tai N.Chang minh IC? = IA.IN .

Giai:

A

B%\L/C

a) Trong AADC, OM 1la duong trung binh. Suy ra OM //DC..
b) Kéo dai IM cat DC tai E.Khido AIDE = AIOM (g.c.g) = IM = IE.

Xét AMCE vudng tai C ¢6 CI la duong trung tuyén. Suy ra IC =%ME.

Vay IC = IM hay AICM céantai |.

¢) Goi J, K lan luot 1a trung diém cia BC, MC . Khi d6 tt giac 1IKCJ noi tiép. Suy ra
JIC = JKC (hai g6c ciing chin mét cung).

Mat khac JK //BM (JK la duong trung binh cia ABCM )= BMC = JKC = NMC .
Suy ra JIC = NMC . Suy ra tit gisc NMCI nai tiép.

Xét AICA va AINC c6: | chung, INC = IMC = ICM (do t&r giac NMCI noi tiépva IM =1C)

e

= AICA©AINC =< == = IC* = IAIN (dpem).
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Bai 58: Cho tam giac MNP can tai M c6 canh day nhé hon canh bén, ni tiép duong tron (O; R)
. Tiép tuyén tai N va P cua duong tron lan luot cit tia MP vatia MN theo tha tutai E va D.
a) Chitng minh EN? = EP.EM .
b) Ching minh t gidc DEPN noi tiép.
c) Qua P keé duong thang vudng goc véi MN cdt duong tron (O) tai K (K khong tring véi P).
Chtng minh rang MN? + NK? = 4R?.

Giai
a) Goi | 1a giao diém cua DP va NE.
Vi IN =P, ON =OP, MN = MP nén |, O, N thang hang (cung nam trén dudng trung truc cua
NP).

M

r

Tac6 INP = NMP (g6c noi tiép va goc tao bai tiép tuyén ciing chin mot cung).
Xét AMNE va ANPE c6: PNE = NME, E chung.

ME NE
Suy ra AMNE «» ANPE (g.9) :E:E = EN’*=EP.EM .

b) + Tacé AMIN = AMIP (c.g.c) = MIN =MIP = MID = MIE..
Xét AMID va AMIE ¢6: DMI = EMI, MI chung, MID = MIE
— AMID = AMIE (g.c.g) = MD = ME .

Xét AMNE va AMPD c6: MN =MP, M chung, MD = ME

= AMNE = AMPD (c.g.c)= NE = PD (1).
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MN MP
+Vi MN =MP va MD = ME nén —=—— = NP// DE (dinh Iy Talet).
MD ME

Suy ra DEPN la hinh thang (2).

Tur (1) va (2) suy ra DEPN la hinh thang can = Tt giac DEPN la tu giac noi tiép.

c) Goi J 1a giao diém ciia PK va MN . Kéo dai OP cit (O) tai F.

Tacé JPM + JMP =90° (1), OPN =ONP.

Ma ONP + PNE =90°, PNE = JMP => OPN + JMP =90’ (2).

Tur (1) va (2) = JPM =OPN = JPN =OPM hay KPN = FPM = KN = FM .

Tacé FM?+MP? = FP? < KN? + MN? = 4R? (dpcm).

Bai 59. Cho tam gidc ABC nhon noi tiép duong tron <O;R>, cac tiép tuyén tai B, C voéi dudng
tron (0) cat nhau tai E, AE cét duong tron (0) tai D (D= A).

a) Chizng minh tir giac OBEC noi tiép.

b) Tur E ke duong thang (d) song song véi tiep tuyén tai A ciia duong tron (0) , (d) cét cac duong
thang AB, AC lan luot tai P, Q. Chang minh AB.AP = AD.AE .

—

¢) Goi M 1a trung diém caa BC . Chiang minh EP = EQ va PAE = MAC .

s BC?
d) Chang minh rang: AM.MD = R

a) Ta cé: O/B\E' = 900 (gt), O/C‘\E‘ = 900 (gt)’
Xét ti giac OBEC c6: OBE + OCE = 90° 4 90° = 180"
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Ma OBE; OCE |3 hai goc d6i nhau = T giac OBEC noi tiép (dpem).

b) Taco: APE = BAx (hai géc so le); ADB = BAx (géc noi tiép va goc tao bai tiép tuyén
va day cung cung chin mét cung) = APE = ADB

xét AABD 3 AAEP ¢4 APE = ADB (c/mtrén) ; PAE chung

AB AD
= AABD «» AAEP (g-9) :—:E: AB.AP = AD.AE (1)

c) Theo b) ta c6: AB.AP = AD.AE (1)

Chtng minh tuong tu ta co AC.AQ=AD.AE (2

Tir (1) va (2) = AABC © AAQP = ACB = APQ => APQ + ABC + BAC =180"

Ma PBE + ABC + BAC =180° = APQ = PBE => ABEP ¢an tai E nen EB=EP

Tuong tu ta ciing c6 EC=EQ mj EB=EC = EP=EQ (dpcm)

AC BC MC —_ ——
5 sc AABC oo AAQP = 5 ACM = APE
Mit khac QP = AP PO PE V@

—_—

= AACM @ AAPE (c.g-c) PAE = MAC (dpem)

e —

d) Tuong tu ta c6 BDA = MDC

AM _ MC

2
= AACM «» ACDM = = = AM.MD = MC? = BC
MC MD

(dpcm)

Bai 60. Cho tam gi4c ABC nhon ndi tiép dudng tron (O;R), ké duong cao AH (H eBC). Goi
D, E lan luot 12 hinh chiéu cia H trén AB va AC.
a) Chang minh cac tir gidc ADHE, BDEC nai tiép.
b) Ching minh BAC va HAO c6 cung tia phan giac.
c¢) Chirng minh OA L DE
d) Gia st AH =R+/2 va BC =2R. Ching minh S, =25, .
GIAl
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a) Taco: ADH =90° gt): AEH =90° (gp):

Xét tir gidc OBEC c6: ADH + AEH =90° +90° =180°

Ma ADH; AEH |3 hai goc dbi nhau = T giac ADHE noi tiép (dpem).

D& thiy AAED @2 AABC (¢-g-c) = ABC = AED = Ty giac BDEC noi tiép (dpem).
b) Ke tia phan gidc cia BAC ¢4t duong tron (O) tai M = MB=MC,, lai ¢6 OB =0C
— OM latrung tryc cia BC = OM //AH = OMA = HAM (1)

ma OMA = 0AM )

Tir (1) va (2) = AM latia phan gidc cia HAO.

Vay BAC va HAO c6 cung tia phan giac.

¢) Tia OA cit DE tai K, cit duong tron (0) tai N .

TacO ABC = ANC (CUng Chén cung AC )’ ABC = AED (Cé_u a)

— AKE + KAE = NAC + ANC =90° = AO L DE

d) Truéc hét ta ching minh ba diém D,0, E thing hang véi AH =R+/2

Taco: AD.AB = AE.AC = AH? =2R?* = AO.AN (1)

Lai cO: AAKE «» AACN 3&=£:> AK.AN = AE.AC (2)
AC N

Tir (1) va (2) = AO.AN = AK.AN = AO = AK = K =0 = badiém D,O,E thang hang
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S AKY RZ 1
Ta cd AAED « AABC = :\\:E :(AHJ = oR2 :§:> Sasc = 25 p0e (dpcm).

Bai 61. Cho tam giac ABC c6 ba goc nhon noi tiép dudng tron (O;R) . Hai duwong cao AE va BK
cua tam giac ABC cat nhau tai H véi (E € BC,K e AC).

a) Chtrng minh t& gidc ABEK ndi tiép.

b) Ching minh CE.CB =CK.CA .

c¢) Chirng minh OCA = BAE.

d) Cho B,C cd dinhva A di dong trén duong tron (O) nhung thoa man diéu kién tam giac ABC
nhon, khi 6 H thudc mot dudng tron cd dinh. Xac dinh thm | va béan kinh r cua duong tron
do, biét R =3cm .

A

a) Taco: AEB=90"(gt): AKB=90"(g):

Xét tir gidc ABEK c6: AEB = AKB =90°

Tu giac ABEK ¢4 hai dinh lién ké cing nhin canh AB duéi mot goc vudng

= T giac ABEK ngi tiép (dpem).

b) Xét AACE va ABCK c6 AEC = BKC =90° (gt): EAC = CBK (ciing phu ACB )

= AACE «» ABCK = (C;_Ili = C—g = CE.CB=CK.CA (dpcm)

c) Tac6 OCA=90° -3 AOC =90° _ESd AC = OCA+ ABC =90° (1)

Ma ABC + BAE =90° (2)
Tir (1) va (2) = OCA = BAE
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— 1 — 9 4
d) Tacoé BHC =180° 5 BOC khong doi, BC co dinh

e 1 e
— H thudc cung chira g6c BHC =180° -3 BOC duyng trén canh BC.
- Dyng duong thang (d) trung truc ciia BC

- Dung tia Cx tao véi tia CB mot goc a = BHC —90°
- LAy giao diém | cua (d) va Cx tadugc | 1a thm duong tron ngoai tiép ABHC , ban kinh
r=IB=IC=1IH.

Ta c6: OCB =90 —%B/(f 1)

a = BHC —90° =180°—%B/OTZ :900—%8/0\C )

Tur (1) va (2) OCB =a = ICB => AIOC cantai C = IC=0C=R=3cm . Vay r = 3cm.

Bai 62. Cac dudng cao AD, BE cua tam giac nhon ABC cat nhau tai H va cit dudong tron ngoai
tiép tam gidc ABC lan luot tai | va K.

a) Chang minh tir gidc CDHE noi tiép.

b) Chirng minh tam giac CKI can.

¢) Chirng minh AH = AK.

d) Ké duong kinh BOF ( O 1a tam duong tron ngoai tiép tam giac ABC). Goi P 1a trung diém cua
AC. Chirng minh ba diém H, P, F thang hang.

Giai:

a) AD 1 BC (do AD la duong cao cua tam giac ABC) = CDH =90°
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BE L AC ( do BE la dudng cao cua tam giac ABC) = CEH =90°
Tt gidc CDHE c6 CDH +CEH =90° +90° =180° nén tt giac CDEH noi tiép.
b) Tacé CAl =CBK ( ciing phu DCE )
Xét (0) c6 CAl =CBK = Cl =CK ( Hai goc noi tiép bing nhau thi chin hai cung bang nhau)
=Cl=CK .
c) Xét (O) Do CI =CK = CAl =CAK ( Hai géc noi tiép chan hai cung bing nhau) nén tia AE Ia
phan giac cua HAK
Xét AAHK co AE 1a phan giac ddng thoi 1a duong cao nén AAHK can tai A = AK = AH
d) Tacé BCF =90°( G6c ndi tiép chin ntra duong tron) = FC L BC ma AH L BC
=AH// CF

Chung minh twong tu AF// CH

Tu giac AHCF co AH // CF; AF// CH nén ti giac AHCEF Ia hinh binh hanh = Hai duong chéo
AC va HF cit nhau tai trung diém mdi duong ma P 13 trung diém ciaa duong chéo AC nén P
cing 1a trung diém cua duong chéo HF = ba diém H, P, F thang hang

Bai 63. Cho tam gi4c ABC ( AB= AC) noi tiép dudng tron (O), ké duong cao AP, tia AP cit
duong tron tai diém K, F 1a d6i xtng cia A qua O; M 1a trung diém caa BC; OM cat duong tron
tai E va H la truc tdm cua tam giac.

a) Ching minh BCK =CBF = BCH va FAE = EAK

b) Chirng minh FK=2MP

¢) Chang to F, M, H thing hang

d) So sanh cac doan thing OM va AH

E

a) AKF =90° ( géc ndi tiép chin ntra duong tron) = KF L AK ma BC L AK = BC//KF
— BCK = CKF ( hai géc so le trong)
Tacd CKF =CBF ( Hai géc ni tiép cting chin cung CF)
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— BCK =CBF (1)

Taco ABF =90°( géc ndi tiép chin nira duong tron)= FB L AB ma CH L AB (do H 14 truc tam
cua tam giac ABC) = BF//CH = CBF = BCH ( hai géc so le trong) (2)

Tu (1) va (2) = BCK =CBF = BCH

Ta ¢ M 1a trung diém cua BC nén OM L BC hay OE 1 BC ma AK L BC = OE//AK

— OEA = EAK ( hai géc so le trong) ma OEA = OAE ( do tam giac OAE can tai A)

— OAE = EAK hay FAE = EAK

b) Chitng minh tt giac BHCK 1a hinh binh hanh ( tt giac c6 céc canh dbi song song)

ma M la trung diém cua duong chéo BC thi M ciing 1a trung diém cta duong chéo HF)

Xét AHKF c6 M 1a trung diém cua HF ma OP//FK ( cing vubng goc vai AK) nén P 1a trung
diém cua HK = MP 1a duong trung binh cia AHKF nén FK=2MP

¢) M 1 trung diém cia FH (cmt) nén ba diém F, M, H thang hang

d) AAHF ¢6 O 1a trung diém ctua AF; M 14 trung diém ctia HF nén OM 1a duong trung binh cua
tam gidc AHF nén OM =%AH

Bai 64:

Cho tam giac ABC c6 ba géc nhon. V& ba duong cao AD, BE, CF cit nhau tai H. Goi M 1a diém
dbi xtrng véi H qua BC.

a) Chang minh tir gidc ABMC ni tiép duong tron (O).

b) Goi Q 1a trung diém cua AB. Chirng minh EQ tiép xdc véi duong tron ngoai tiép tam giac

EHC.
c) Biét BE cat duong tron (O) tai diém thu hai 1a N va CF cit duong tron (O) tai diém tht hai 12
P. Tinh gia trj cua biéu thuc T = AM A BN  CP
AD BE CF
A
N
%
B
2
H
—| [
B\\—/c

M
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a) M 1a d6i xtng cua H qua BC nén BC 1a dudng trung truc cia HM= BH = BM;CH =CM
ABHC = ABMC (c.c.c) = BHC = BMC
ma FHE = BHC ( hai goc dbi dinh); BHC = BMC = FHE = BMC
Tt giac AEHF ngi tiép ( Tu gidc c6 tdng hai goe ddi bing 180°) = FAE + FHE =180° ma
FHE = BMC = FAE + BMC =180°nén tir giac ABMC néi tiép dudng tron (O)
b) Goi 11a trung diém ctia HC. Ta c6 AEHC vubng tai E c6 EI la dudng trung tuyén tng voi

canh huyén HC nén IE=IH = IC =H—2C nén I 12 tm dudng tron ngoai tiép AEHC

Taco IE = IH = AIEH can tai |= [EH = IHE ma IHE = BHF ( déi dinh) = IEH = BHF
Ta c6 AAEBvubNg tai E c6 EQ 1a dudng trung tuyén ang véi canh huyén AB

nén QE=QB = % = AQEB can tai Q= QEB QBE

e~  —

tuyén cua duorng tron ngoai tiép tam giac EHC.
¢)Ta co6 H va M ddi xang nhau qua BC nén DH = DM
Tuong ty EH =EN;FH =FP
Taco HD HE HF SBHC + SAHC + SAHB — SBHC +SAHC +SAHB — SABC =1
AD BE CF SABC SABC SABC SABC SABC

- DM + EN + FP

AD BE CF
AM BN CP _AD+DM BE+EN CF+FP _3. (DM + EN FP
AD BE CF AD BE CF AD BE CF
Bai 65. Cho tam giac ABC c6 ba g6c nhon, noi tiép duong tron (0), cac duong cao
AM, BN, CP ctia tam giac ABC dong quy tai H (M e BC,N € AC,P € AB).
a) Chang minh tir gidc MHNC ndi ti€p duong tron.
b) Kéo dai AH cét (O) tai diém thir hai 13 D . Chig minh DBC = NBC .
c) Tiép tuyén tai C ciia dudng tron ngoai tiép tr giac MHNC cat dudng thang AD tai K . Chiing
minh ring KM.KH + HC? = KH?.
MH NH PH

+ + .
AM BN CP
Loi giai

::1

Taco T=

j3+14

d) Tinh gi4 tri cta biéu thic S =
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a)

X6t tir gidc MHNC c6 HMC + HNC =180", ma hai goc nay ddi
nhau nén tr gidc MHNC noi tiép.

b)Ta c6 DBC =CAD (2 gbc ngi tiép cing chén cung CD ).

va NBC =CAD (cung phu véi goc ACB). Tir 46 suy ra
DBC = NBC |

c)tacdO KM.KH =KC? tir d6 suy ra

KM.KH + HC? = KH? (py ta go)

d)Ta co Senc _ HM S, _ HP  Saic _ HN
Sec AM’'S,.. CP’S,.. BN

MH NH PH S +Sus+Sas

= + + =
AM BN CP S ase

Bai 66. Cho tam giac ABC c6 ba goc nhon noi tiép (O;R). Cac dudng cao BE, CF cat nhau tai H

va lan luot cat duong tron (O) tai P va Q.

a) Chirng minh PQ//EF.

b) Ching minh OA 1 EF

¢) Chang minh rang do dai ban kinh duong tron ngoai tiép tam giac AEF khong d6i khi A di dong

trén cung lon BC cua (O).

d) Tia AH lan luot cit BC va duodng tron (O) tai cac diém D va N. Chirng minh rang

AD N BE N CF 59

HD HE HF

Loi giai

a) Taco BEC = BFC = 90° => dinh E, F ctung nhin BC

duéi goc vudng nén tir giac BCEF noi tiép =>

EFC = EBC = PQC => EF//BC

b) do tt giac BCEF noi tiép =>

ABE = ACF = AP = AQ = AO L PQ

ma PQ//EF => AO L EF

¢) V& duong kinh AJ cua (O) .

Xét tar giac BJCH c6 BH //CJ va CH //BJ

=> tir giac BHCJ la hinh binh hanh;.

Goi K 1a giao diém cua BC => KB = KC; HK = KJ => OK

1 BC.

Mat khac OA = OJ => OK la duong trung binh cua tam gidc AHJ => AH = 20K

=1.
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Ma BC cb dinh ; O cb dinh => OK khong d6i => AH khong doi.

Do tir giac AEHF nai tiép duong tron dudng kinh AH => AH 1a duong kinh caia duong tron ngoai
tiép tam giac AEF => ban kinh duong tron ngoai tiép tam giac AEF khong doi

AD — SABC . BE — SABC . CF _ SABC

HD S, HE S, HF S_.

d) ta co

batS,, . =1S,,.=aS

3S e =b;S, _ =c=>a+b+c=1

AHC AHB

HD HE HF a b c
Ap duyng bat dang thic Cosi cho 3 sb duong ta co

a+b+c>33ab ;l+l+1213/l.l.l
a b c abc

:>(a+b+c)(l+l+lj29:>l+l+lz9 hay AD BE CF .4

a b ¢ a b c HD HE HF

Dau = xay rakhia=b =c¢ < AABC déu.

Bai 67. Cho tam giac ABC ndi tiép duong tron (O;R) c6 H 1a truc tm cua tam giac. Tia AH cat
(O) tai E. Ké duong kinh AOF.

a) Chirng minh BC//EF va B/ATE = Ciﬁi

b) Goi I 1a trung diém cua BC. Chtng minh H, I, F thang hang va AH = 20I.

¢) V& duong tron tim H ban kinh HA, duong tron nay cit cac duong thang AB, AC lan luot tai D
va K. Chitng minh AO L DK va D, J, K thang hang (J 1a giao diém cua BC va AE)

d) Chirng minh rang sinA + sinB + sinC <2(cosA + cosB + cosC)

.AD BE CF 1 1 1
va t—t—=

a) BC//EF va BAE = CAF
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*)ta c6 AEF =90° (goc noi tiép chin nira duong tron) => AE | EF
ma H la truc tdm nén AE 1 BC
suy ra EF//BC (tir vudng goc dén song song).

*)ta c6 ABC = AFC (hai g6c noi tiép ciing chn cung AC)
ma ABC + BAE = 90°; KF\C+€A\F=90°(A/C\F=90°)

suy ra BAE = CAF
b) H, I, F thang hang va AH = 20l.
*) ta c6 H la truc tam tam giac ABC nén CH L AB; BH L AC

ma ABF = ACF = 90° (géc ngi tiép chin nira duong tron)

=> BH//CF va BF//CH => t&r giac BHCF la hinh binh hanh

=> HF va BC cit nhau tai trung diém mdi duong; do I 13 trung diém caa BC => HF di qua I hay
H, I, F thang hang.

*) Xét tam giac AHF ¢6 OA = OF; IH = IF => OI la duong trung binh cua tam giac

=> AH = 20l

¢) AO L DKvaD,J, K thang hang (J 1a giao diém cua BC va AE)

*) Goi giao diém AH va duong tron (H) 1a N

Taco ABC = AND (t gidc BDNJ noi tiép)

— —

ABC = AFC; AND = AKD (cac goc ndi tiép cung chan mét cung)

=> AKD = AFC

Ma ACF =90° = AF | DK hay AO 1 DK

*) Xem lai dé bai

d) Xét AABC taco

sinA + sinB + sinC <2(cosA + cosB + cosC)

ta co @:ﬁ;ﬁ:%"

=> BF = AF.cosF = AF. cosC =2R.cosC (v6i R la ban kinh (O)

Tuong ty CF = 2R.cosB; BC = 2R.sinA (v€ thém duong Kinh tir B);
Xet tam giac BCF c6 BF + FC > BC < 2RcosC + 2RcosB > 2RsinA
< cosC + cosB > sinA

Churng minh twong tu ta ¢6 cosA + cosB > sin C; cosA + cosC > sinB

Cong tung Vé ta duoc 2(CosA + cosB + cosC) > sinA + sinB + sinC

hay sinA + sinB + sinC < 2(cosA + cosB + cosC).
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Bai 68. Cho dudong tron (O;R). Tirdiém M ndm ngoai dudng tron vé tiép tuyén MAMB (A B la
cac tiép diém). Liy diém C bat ky trén cung nho AB (C khéc A va B). Goi D,E,F lan luot 12
hinh chiéu vuéng goc cua C trén AB, AM,BM .
a) Chizng minh tir gidc AECD noi tiép.
b) Chung minh CDE = CBA.
c) Goi | 1a giao diém cua AC va ED, K 1a giao diém cua CB va DF . Chang minh IK // AB.
d) Xéc dinh vi tri ciia diém Ctrén cung nho AB dé AC?2+CB? nho nhat. Tinh gia tri nho nhat d6
khi OM = 2R.

(Dé thi tuyén sinh THPT chuyén Lé Quy Pén, tinh Binh Pinh,

nam hoc 2017 -2018)

a) Theo gia thiét ta c6: AEC = ADC =90° = AEC + ADC =180°

= T gidc AECD noi tiép.

b) Vi ti gidc AECD ndi tiép= CDE = CAE (cting chén CE)

Ma CAE = ABC (cling chan cung AC trong (O))

— CDE =CBA.

c) Theoy b) tacé: CBD=CDE (1)

Tuong tw CAD =CBF =CDF = CAD=CDF  (2)

Ma CBD +CAD + BCA=180°, tir (1) va (2) suy ra CDF +CDE + BCA =180° = KDI + KCI =180°
— tu gidc CIDK ngi tiép suy ra CKI =CDI (chén cung CI )

va CDE =CBD (chung minh trén) nén CKI =CBD (ddng vi) suy ra IK // AB.

d) Ap dung BDT C6 si ta c6 AC2+CB2 > 2AC.CB nén AC2+CB? nho nhat khi diu bang xay ra
khi AC =CB nén nhé nhit khi C chinh giira cung BA nhé.
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Khi OA=2R suy ratam gi4c MAB déu nén MC = MA=AB = R+/3. Do d6 CA=CB =R (do tam
gidc COB déu) nén AC?+CB? = 2R?.
Bai 69. Cho duong tron (0) duong kinh AB=2R va E 1a mét diém bt ky trén duong tron d6 (
E khac A va B). Puong phan giac cia goc AEB cit doan thang AB tai F va cit dudng tron
(0) tai diem thr hai 1a K.
a) Chirng minh AKAF <> AKEA.
b) Goi | la giao diém cua dudng trung truc doan EF véi OE . Ching minh dudng tron (1), béan
kinh IE tiép xdc véi duong tron (O) tai E va tiép xdc véi duong thang AB tai F .
¢) Chang minh MN / AB , trong d6 M, N lan luot 13 giao diém thir hai cia AE, BE véi duong
tron (1).
d) Goi P 1a giao diém cua NF va AK : Q 1a giao diém cua MF va BK . Tim gid tri nho nhét cua
chu vi AKPQ theo R khi E chuyén dong trén duong tron (0).

(Pé thi tuyén sinh vao 10 THPT, Tp. Ha Ngi,

nam hoc 2008 - 2009)
Gial

M ! N

.

K
a) Xét (0) c6 AEK = KEB (EK la phén giéc E)

— AK = KB (hai cung chan hai géc néi tiép bing nhau)
— AEK = BAK (hai géc néi tiép chin hai cung bing nhau)
Xét AKAF va AKEA':

K chung

AEK = BAK (chieng minh trén)

= AKAF ©> AKEA (g-0)
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b) Tacd AEIF cantai | va AEOK cantai O (vi IE=IF;0E =0K)

= IFE = OKE (: CTE\K)

Ma hai géc ndy bang nhau & vi tri ddng vi

= IF / OK

Vi AK = KB (cmt)=> AOK =90° = OK L AB

Taco IF /OK;OK L AB=IF L AB

Ma IF la mét ban kinh cua (1;1E)

= (I;IE) tiép xtc voi AB tai F.

c) Xét (O): AEB=90° (goc ngi tiép chin nira dudng tron)

Xét (1;1E): MEN =90° (vi AEB =90°)

= MN 1a duong kinh caa (I; 1E)

= AEIN céntai I .

Ma AEOB can tai O = ENI =6B\E(= @)

Ma hai goc nay & vi tri ddng vi= MN // AB.

d) D& thdy ttr gidc 1a PEQK hinh chix nhat; tam gidc BFQ la tam giac vubng can tai Q.
Chu Vi AKPQ = KP + PQ + KQ

Ma PK = FQ (t& gidc 1a PEQK Ia hinh chit nhat)

FQ =0QB (tam giac BFQ vuodng can tai Q)= PK =QB

PQ = FK (tér giac 1a PEQK 14 hinh chi nhat)

= Chu vi AKPQ = KP+PQ+KQ=QB+QK +FK =BK + FK

Vi (0) cb dinh, K ¢b dinh (do K la diém chinh giita cung AB )

FK <FO (quan hé duong vudng goc, duong xién)

— Chu vi AKPQ nho nhit = BK + FO khi E 1a diém chinh giita cung AB
Taco FO=R

Ap dung dinh Iy Pytago trong tam giac vudng can FOB tinh dugc BK = R+/2
— Chu Vi AKPQ nhé nhit=R+R2 = R(1+\/§).

Bai 70. Cho tam giac déu ABC noi tiép duong tron (O). Trén cung nhé AB lay diém M . Duong
thiang qua A song song véi BM cit CM tai N .

a) Chizng minh rang AMN 14 tam giac déu.

b) Ching minh MA+MB =MC.
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1 1 1

¢) Goi D 1a giao diém cua AB va CM . Chirng minh hé thirc — + —=—,
MA MB MD

Giai

a) Vi AABC déu = A=B=C =60°

Tu gidc AMBC noi tiép (O) = AMC = ABC =60° (cling chin AC )
Vi AN / BM = ANM = BMC

Ma BMC = BAC =60° (clng chin BC)

— ANM =60°

AANM c6: AMN = ANM =60° = MAN =60° = AAMN déu.
b) Taco: AMB=ANC =120° ; ANM = ABM (cling chin AM )
— MAB = NAC .

Xét AAMB va AANC co:

AM = AN (Vi AAMN déu)

MAB = NAC (cmt)

AB = AC (Vi AABC déu)

= AAMB = AANC (c-g-C)

= MB=NC

Ma MN + NC =MC

= MN+MB=MC

— MA+MB =MC (do MA=MN)

c) Xét AMDB va AMAC c0:

MBD = MCA (cting chin MA)
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BMD =CMA (chin 2 cung bang nhau)
= AMDB <> AMAC (g-Q)

= MAMB = MC.MD
Ma MA+ MB = MC (cmt)
— MAMB = (MA+MB).MD
MA+ MB 1
- =
MA.MB MD
1 1 1
==
MA MB MD
Bai 71: Cho tam giac ABC céntai A noi tiép duong tron (O) .Trén cung nhé AB ldy diem D
Trén tia DB ldy mot diém E | trén DC lay diém F sao cho BE = CF .chang minh ring :
a) DB<DC
b) Tam giac AEF cén
¢) Tu giac ADEF noi tiép

Léi giai

A

a) Taco: sd DC > sd BD = DBC > DCB = DC > DB

b) Vi AAEB =AAFC(c— g —c)=> AE = AF suy ra diéu phai chirng minh

¢) AAEB =AAFC = AFC = AEB = AED = AFD nén t& giéc ADEF ngi tip
Bai 72: Cho tam giac déu ABC noi tiép duong tron (O;R) va M 1a mot diém cua cung nho
BC trén MA lay diém D sao cho MD = MB

a) Chirng minh ABDA =ABMC
b) Xéc dinh diém M trén BC dé tong MA + MB + MC dat gi4 tri 16n nhat
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Lo giai
a) Tac6: ABDA=ABMC(c—g-c)
b) ABDA=ABMC = MB = BD;MC = DA vay :
MA+MB +MC =MA+ DB+ DA=MA+BD +MA-DM =2MA<4R
Vay gid tri I6n nhat 1a 4R khi AM la duong kinh cia (O)

A

M

Bai 73: Cho tam giac déu ABC néi tiép duong tron (O). Trén cung nhé AB liy diém M (M
khac A va B )trén day MC lay diém N sao cho CN = BM .K¢ duong kinh BD cua duong
tron (O)

a) Chtrng minh tam giac AMN déu .Xéc dinh vitri M sao cho MA + MB 16n nhit

b) Chung minh MD la duong trung truc caa AN

c) Turdiém D ke tiép tuyén véi duong tron (O) cat cac duong BA ,MC lan luot tai 2 diém

T,K tinh sé do tdng NAT + NKT

Loi giai

a) ABMA=ACNA(c—-g-c)= AM = AN va AMN = ABC = 60°suy ra tam gidc AMN
déu

b) MA+MB=CN +MN =CM < 2R vay MA+ MB 16n nhat khi CM Ia duong kinh caa
(0)

¢) D&thdy BD L AC = KT //AC = KTC =CAB = 60°
Ma ANK =180°— ANM =120° = ANK + KTA =180° suy ra ta giac NAKT nai tiép
— NAT + NKT =180°
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Bai 74: Cho duong tron (O) va duong kinh AB =2R. Goi C la trung diém cua OA va ddy MN

vubng goc véi OA tai C. Goi K 1a diém tdy y trén cung nhé BM, H 1a giao diém cua AK va

MN.

a) Chang minh BCHK 4 t& giac nai tiép.

b) Tinh tich AH.AK theo R.

c¢) Chirng minh tir giac AMON |a hinh thoi.

d) Xéc dinh vi tri diém K dé tong KM + KN + KB dat gia tri 16n nhat va tinh gia tri 16n nhat do.
(Pé tuyén sinh 10 THPT — TP. Ha Ngi)

Léi giai
a) Chitng minh BCHK 14 tir gi4c ndi tiép.
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Xét tir giac BCHK ta co:

HCB =90° (do MN L OA) M .

HKB = AKB = 90° (g6c noi tiép chin nira duong tron)

Suy ra: HCB + HKB = 90° + 90° = 180° H

= BCHK noi tiép.

b) Tinh tich AH.AK theo R. A g > B

Xét AACH va AAKB, ta co:
ACH = AKB = 90°

A chung
Suy ra: AACH [J AAKB (g.9) N
 AC _AH L AHAK = ACAB=10AAB=1R2R=R’

AK  AB 2 2

Vvay AH.AK =R%

¢) Chirng minh tr giac AMON la hinh thoi.

Xét tir giac AMON ta c0:

AO L MN (gt)(1)

= C la trung diém MN (tinh chat dudng kinh vudng géc voi day cung)
Ma C ciing la trung diém cua OA (gt)

Do d6: AMON 12 hinh binh hanh (2)

Tur (1) va (2) suy ra: AMON la hinh thoi.

d) Xac dinh vi tri diém K dé tong KM + KN + KB dat gia tri I6n nhat va tinh gia tri l6n nhat
do.

Ap dung bét dang thirc Bunhiacopski cho 4 s6 1,1, KM, KB ta c6:

1.KM +1.KB < \/(12 +12)(KM 2 + KB?)

Ding thie xay ra khi: KM = KB.

Do d6: KM + KB dat gia tri 16n nhat khi KM = KB

— K 1a diém nim chinh giira BM .

Mat khac: Khi K 1 diém ndm chinh gitta BM thi OK L BM (3)

Ma ON//AM va AM 1 BM = ON L BM (4)

Tur (3) va (4) suy ra: NK 1a duong kinh (khi K 1a trung diém BM )

Do d6: Khi K 1a diém nim chinh gitta BM thi NK dat gié tri I6n nhit (dwong kinh 1a day cung
16N nhat)

Vay KM + KN + KB dat gia tri 16n nhat khi K 1a diém nam chinh giita.
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Khi d6: KM =KB = AK = AO=R (vi AM = MK = KB =60°)

KM +KN +KB=R+2R +R =4R.

Bai 75: Choduong tron thm O duong kinh AB =2R . Goi C 1a trung diém cua OA, qua C ké day

MN vudng géc véi OA tai C. Goi K 1a diém tly y trén cung nhé BM, H 1a giao diém caa AK

va MN.

a) Chung minh BCHK a ti giac noi tiép.

b) Chang minh AH.AK = R?,

c) Trén KN lay diém | sao cho KI = KM. Chitng minh NI = KB.
Loi giai

a) Chieng minh BCHK 14 tir gi4c ndi tiép.

Xét tir giac BCHK ta co:

HCB =90° (doMN L OA)

HKB = AKB = 90° (g6c ndi tiép chin nira duong tron)

Suy ra: HCB + HKB = 90° + 90° = 180°

K
M
H
I
= BCHK nai tiép. A \g 0 B
\ U

b) Tinh tich AH.AK theo R.
Xét AACH va AAKB, ta co:

ACH = AKB = 90°

A chung

Suy ra: AACH# AAKB (g.9)
L AC _AH | AH.AK = AC.AB = LOAAB =X R2R =R
~AK  AB 2 2

Vvay AH.AK =RZ

c) Chirng minh NI = KB.

Xét (O) ta co:

MNK = MBK (g6c néi tiép ciing chin 1 cung) (1)

Xét AMKI cé:

KM =KI (gt)

MKN =60° (g6c ndi tiép chin cung MN v6i sdMN = sdAM +sd AN =120° )
Do d6: AMKI déu = MK = MI =KI va MIK =60°.

MIK =60° = MIN =180° —60° =120° (2)

Mat khac: MKB = MKA + AKB = 30° +90° = 120° 3

Xét AMIN va AMKB ta co:
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MNK = MBK (cmt) va MIN = MKB =120° (do (2) va (3))
— NMI = BMK (theo dinh i tdng 3 gdc trong 1 tam giac)
Lai c6: Ml = MK (cmt)
Suy ra: AMIN = AMKB (g.c.g)
= NI = KB (2 canh twong (ng bang nhau) (dpcm)
Bai 76: Cho tam gidc déu ABC noi tiép duong tron (O;R), M 1a mot diem bat ki trén cung nho
BC (M khac B va C). Buong tron (O;R’) tiép xdc trong véi duong tron (O;R) tai M (V6i
R'<R). Céc doan thing MA,MB,MC lan luot cit duong tron (O';R’) tai diem tht hai la D,E, F
. Tir A/B,C V& céc tiép tuyén Al,BJ,CK véi dudng tron (O;R’) trong d6 1,J,K 1 cac tiép
diém.
Chitng minh DE//AB va Al = BJ +CK.
(Pé thi tuyén sinh vao 10 THPT Chuyén Phan Bgi Chau — Tinh Nghé An
nam hoc 2010-2011)
Lot gial
* Chwng minh DE//AB
Ke tiép tuyén xy cua (O) tai M.

— e~

Khi d6 ta c6: EDM = EMx = BMx = BAM

— DE//AB (2 gdc & vi tri ddng vi bang nhau).

* Chieng minh Al = BJ +CK.

L4y diém P trén AM sao cho AP = MC

Xét ABAP va ABCM ta co:

BA=BC (AABC déu)

BAP = BCM (g6c noi tiép ciing chin BM )

AP = MC (céach dung)

Suy ra: ABAP = ABCM (c.g.c)

= BP =BM (*)

Xét ABMP cé:

BMP = BMA = BCA = 60°

MBP = MBC + CBP = ABP +CBP = ABC =60°
Suy ra: ABMP can tai P.

= MP =BP (**)

Tu (*) va (**) suy ra: MP =BM .

= AM =BM + MC

Tuong ty cach chitng minh ED//AB ta ciling chirng minh dugc EF//BC.
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Theo dinh ly Talet ta co: BE _CF (1)
BM CM
Ma ABEJ [ ] ABIM (g.g)
2
P B g8y
CK BM BM
Va ACFK [JACKM (g.g)
2
:C_F:C_K: F _CK (3)
CK CM CM

BJ? CK? BJ CK
Thay (2) va (3) vao (1) ta co: = = =
BJ N Al BJ CK
BM AM BM CM

" X er L3 , Al B CK BJ+CK BJ+CK
Ap dung day ti s6 bang nhau ta co: = = = =
AM BM CM BM+CM AM

Tuong tu ta cling chirng minh duoc: :\I\I/I =

Vay Al =BJ +CK.
Bai 77.
Cho dudng tron (O), dudng kinh AB ¢ dinh, mot diém | nam gitta A va O sao cho Al :%AO. Ke

day MN vuéng goc vai AB tai I. Goi C 1a diém tly y thudc cung Ién MN sao cho C khong triing voi
M, N va B, AC cit MN tai E.
a) Chang minh ta giac IECB noi tiép.
b) Ching minh aAME [] AACM va AM? = AE.AC.
¢) Chitng minh AE.AC — AL.IB = Al
d) Goi O' 1a tAm duong tron ngoai tiép ACME. Chirng minh M, O, B thang hang. Hay xac dinh vi
tri diém C sao cho NO' nhé nhit.
(Trich dé thi TS vao 10 THPT - TP Ha Ngi 2002-2003)
Hudéng dan giai:
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a) Taco: AO L MN =1 (gt) = EIB=90° (Vi: EcMN)
Ma: ACB =90" (goc ndi tiép chin nira dudng tron)

— ECB=90" (Vi: EcAC) = EIB+ECB =180
—oIECB noi tiép (vi: EIB;ECB dbi nhau).

b) Taco: AMB =90° (g6c noi tiép chan nira dwong tron)
— AMC = AMB+M, =90° + M, (1)

Ma: AEM = AIE+ A =90° + A (2) (g6c ngodi sAIE)
Mat khac: A = MA1=%§E (goc noi tiép chén BC)

Tur (1) va (2) = AEM = AMC

Xét aAEM VA 2AMC c6: 4™, AEM [1.AMC (g.g)
AEM = AMC (cmt)
Vi sAEM []2aAMC (cmt)=>-2E _AM _ AM? = AE.AC (dpem)
AM _ AC
, : . L =1,=90 . P
c) Xét AAMI va aMBI ¢c6: ¢~ ° ~___ (Cung phu vai BAM)
AMI = MBI (hay MBA)

— +AMI [1sMBI (g.g) = M _ AL

— MIZ=IAIB (3)
BI Ml
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Ma: AM2 = AE.AC (cmt) (4)

Tir (3) va (4) = AE.AC — IAIB = AM2 —MI? = Al? (dpem)

d) Tact: C, =M, (Do: sAEM [1sAMC (cmt))

Ma: Q:%ME (goc ndi tiép chin ME) = M, :%ME

— MA la tiép tuyén tai M cua (O') = MA L MO (5)

Mit khac: MA 1 MB (cmt) (6)

T (5) va (6) = M, O', B thiang hang.

Ta thay: NO' nhé nhat khi O" 1a hinh chiéu vuéng gdc cua N trén MB.
Hay: NO'L MB =0'

T O ké duong thang vudng géc véi MN tai H. Lay diém E ddi xang véi M qua H
—~0'M=0'E=E,M (0

V& duong tron (O') cat (O) tai C.
Vay C thuoc NB cua dudng tron (O) sao cho OC = OM = OE thi NO' nhé nhét.

Bai 78.

Cho duong tron (O) duong kinh AB = 2R. Goi M 1a mot diém bat ky thudc (O) (M khac A, B). Céc
tiép tuyén cua duong tron (O) tai A va M cat nhau tai E. V& MP vudng goc véi AB tai P, vé MQ
vudng goc véi AE tai Q.

a) Chang minh tir gidc AEMO nai tiép va t giac APMQ 13 hinh chit nhat.
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b) Goi I 14 trung diém cta PQ. Chitng minh O, 1, E thang hang.
¢) Goi K 1a giao diém cua EB va MP. Ching minh rang aAEO [[] APMB va KM = KP.
d) bat AP = x. Tinh MP theo R va x. Tim vj tri cta diém M trén duong tron (O) dé hinh chit nhat
APMQ c6 dién tich 16n nhat.
(Trich dé thi TS vao 10 THPT - TP Hé Chi Minh 2010-2011)
Huéng dan giai:

1 2
Q N TN
-7 < 2
N X, 1\
// N
s \
/’/ K AN
I > N
= SIS
pid \\
2 .77
{ 1
AR N N J &
H O P

a) Tacd: EMO = EAO=90" (gt)= EMO + EAO =180°

— = AEMO noi tiép (vi: EAO;EMO déi nhau).

Xét = AQMP c6: Q = A=P =90 (gt) == AQMP Ia hinh chit nhat.

b) Vi: 1IQ = IP (gt) = IA=1IM (T/c cta hinh chir nhat)

Ma: EA = EM (T/c 2 tiép tuyén cit nhau)

= El L AM (T/c tam giéc can) (1)

Mit khac: Ol L AM (Do:1A=IM) (2)

T (1) va(2) = E, O, | thang hang (dpcm).

c) Taco: E, = E, (T/c 2 tiép tuyén cit nhau) va A = M, (cling phu véi B)
Ma: A =E, (Vi: cAEMO noi tiép) = E, = M,

E, = M, (cmt)

A~ A~

A=P =90 (gt)

Xét aAEO va aPMB c6: { —aAEO [] aPMB (g.9)
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A=M(mt)
Do:: . __ 1 —=M,=M,= MB latiaphan giac ngoai cia AMKE

A=M,==MB

2

BK MK N .
= —=—+(1) (T/c duong phan giac trong tam giac

BE ME()( g phang g giac)

. [A =M, (mt - e
Mat khéac: E A“( ) =M, = M,= MA latia phan giac trong cua ~MKE

A, = M, (Soletrong)

Goi N 1a giao diém cua EB va MA = % = %(Z) (T/c duong phén giac trong tam giac)

s KN BK( MK
T (1) va(2) => (— ME j(S)

NE BE
MK _ KN
Lai c6: MP//EA TheoTa-Let={ EA NE MK _KP o 0(3)= MK =KP (dpcm)
KP_BK ~EA EA
EA BE

d) Taco: AMB =90° (g6c ndi tiép chén nira dudng tron) = A AMB vudng tai M.
= PM? = PAPB (Hé thirc lugng trong tam giac vudng)
= PM? = PA(OB-OP)=x(R-(x-R))=x.(2R-X)

= PM = /x.(2R—x) (dvdd)

Goi H 1a hinh chiéu vudng g6c cua | trén AB.

= S poup =2S e = 2:(S o+ S ,MP)=2%- IH.AP+2-%- IK.MP

Ma: IH =%MP;IK =%AP (cmt)

=S owp :%- MP.AP +%- AP.MP = AP.MP

cosi AP + MP

Mit khac: AP.MP < . DAu "="xay ra AP = MP.

Hay: o AQMP 14 hinh vudng (Ttc M nam chinh gitta cung AB).

Bai 79.

Cho duong tron (O) duong kinh AB. Trén dudng tron (O) lay diém C (C khac A, B va CA > CB).
CAc tiép tuyén cua duong tron (O) tai A va C cit nhau tai D. Ké CH vudng gdc véi AB (H € AB
), DO cét AC tai E.

a) Chtrng minh t& gidc OECH noi tiép.

b) Puong thdng CD cét duong thing AB tai F. Chitng minh ring 2BCF +CFB =90".

¢) BD cit CH tai M. Chitng minh EM // AB.
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Hudéng dan giai:

a) Ta c6: OEC =OHC =90 (gt) = OEC + OHC =180
Ma: OEC; OHC déi nhau =>CEOH ndi tiép.
b) Taco: C,=A (Clng phu véi B)

1 —

Ma: C, = A ==CB (Goc ndi tiép va goc tao béi tiép tuyén va day cung ciing chén CB)

)
N

=C,=C,(=A)
Mat khac: C/3\1+(/3\2+ﬁ=90° (Vi: aHCF vudng tai H)
:>2C/3\2+|/:\=90°:> dpcm.

¢) Tacé: C, =C, (cmt)= CB la tia phan gic ngoai cua aCDM tai C.
BM MC

>—=—(1
MD CD()

Ma: ACB =90° (G6c ndi tiép chin nira duong tron) = AC LCB=C
= AC la tia phén giac trong cia ACDM tai C.
Goi N 1a giao diém caa DC va AC.

_MN_MC
ND CD
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Tir (1) va (2) =M - MN (— 'V'Cj(s)

MD ND\ CD
CM _MN

Mt khac: AD // CH (gt) = CM, MH //AD = | AP gla (Theo Ta-Let)

AD MD

:ﬂ:w:CM =MH (4)
AD AD

. [DA=DC g .
Lai co: {A _ (T/c 2 tiep tuyen cat nhau)

1 2
— EA—EC (Vi: aCDA can tai D) (5)
Tir (4) va (5) EM //=%AH (Pudng TB trong tam gic) = EM //AB (Vi: H  AB)
Bai 80:
Cho duong trong (O) duong kinh AB =6cm .Goi H 1a diém nam giira A va B sao cho AH =1cm
.Qua H V& duong thang vudng goc véi AB , duong thang nay cit duong tron (O) tai C va D .
Hai duong thang BC va DA ciatnhautai M . Tir M ha dudng vudng géc MN voi dudng thang
AB (N thudc duong thang AB).
a)Chtrng minh MNAC 12 ti giac noi tiép.
b)Tinh d6 dai CH va tinh tan ABC .
¢) Chizng minh NC 1a tiép tuyén cua duong trong (O)
d)Tiép tuyén tai A cua (O) cit NC & E . Chung minh duong thing EB di qua trung diém cua
doan thang CH .

LOI GIAI ¥ .

Xét tir gidc MNAC c6: MNA =90° (Theo gia thiét) c

ACB =90° (g6c ndi tiép chin nira dudng tron) E ,

— ACM =90°

Nén MNA+ ACB =90° +90° = 180° | N s 5
Vi 2 g6c & vj tri d6i nhau nén MNAC 4 tir giac noi

tiép.

b)+)Theo gia thiét: AH =1cm ma D

AB =6cm = HB =5cm
Ap dung hé thirc lwong vao AACB vudng tai A Ta c:
CH?=AH.HB=15=5=CH =+/5(cm)
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+)Xét AACBvudNng tai A c0:

an ACB— tanCBH - CH _ 5
HB 5

c)Ta c6: MN//CD (vi cling vudng goc véi AB) nén: NMD = MDC (2 gdc so le trong)

Ma ADC = ABC (g6c ndi tiép cuing chin AC)

Lai c6:0B=0C =R = OBC =0CB ;

T gidc MNAC ndi tiép AMN = ACN (gdc néi tiép ciing chin AN)

Do d6: ACN =0OBC

Ma OCB+OCA=ACB=90° = ACN + ACO =90°hay NCO=90° = CN L CO

Tir d6: NC la tiép tuyén cia dudng trong (O).

d) Goi K 1a giao diém cua AE va BC , | 1a giao diém cua CH va EB Ta cd: KE//CD (Vi cling
vubng goc véi AB)

— AKB = DCB (hai goc ddng vi)

Ma DAB = DCB (cling chin cung BD); DAB = MAN (ddi dinh); MAN = MCN (cling chin MN ).
Suy ra; EKC = ECK = AKEC can ¢ E

Do d6: EK =EC . Ma EC = EA (Tinh chat 2 tiép tuyén cit nhau) nén EK = EA .

AKBE C0: CI//KE:>ﬂ=ﬂ va AABE c0 IH//AE :ﬂ— BI
KE BE A

E BE
.. Cl IH . R
Vay —=—— ma KE = AE nén IC = IH (dpcm).
KE AE
Bai 81:

Cho duong tron (0) duong kinh AB =2R .Goi d,,d, 1a hai tiép tuyén ctia duong tron (O) tai hai
diém A va B .Goi | la trung diém cia OA va E la diém thudc duong tron (0) (E khéng tring
V6i A va B). Puong thang d di qua E va vudng goc véi El cat hai duong thang d,,d, lan luot

tai M va N .

a)Chang minh t&r giac AMEI 12 tir gidc noi tiép.

b)Chung minh ENI = EBI v& MIN = 90°

¢) Chiing minh: AM.BN = Al.BI

d) Goi F 1a diém chinh giita cung AB khéng chira diém E cia duong tron (O) . Hay tinh dién

tich cua tam giac MIN theo R khi ba diém E, I, F thing hang.

LOI GIAI

a) Chtrng minh t& gidc AMEI 12 ta giac noi tiép.
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X6t tr gidc AMEI c6: MAI =90° (vi ds 13 tiép tuyén)

IEM =90° (Theo gi thiét) _
Suy ra MAI + IEM =180° ’
Viy T giac AMEI 14t giac noi tiép .
b)Chitng minh ENI = EBI v& MIN =90°
+)Xét tir giac BIEN cO: NBI =90° (vi d2 1 tiép tuyén) 1

NEI =90° (Theo gia thiét) A I 0 B
Suy ra NBI + NEI =180°
Vay Tt giac BIEN 14 tar giac noi tiép nén ENI = EBI
(g6c noi tiép cung chan cung/? ).A | q, = a,
+)Xeét AMIN va AAEBcO: EMI = EAI (gbc noi tiep

cuing chin cung El )
ENI = EBI (gdc noi tiép ciing chén cung EI )

Nén AMIN ~ AAEB(g.g) = AEB = MIN

Ma AEB =90° (g6c ngi tiép chén nira duong tron)
Vay MIN =90°.
¢) Chirng minh: AM.BN = Al .BI
Xét AAMI VA ABIN c6: MAI = NBI =90°

AMI = BIN (Vi ciing phu véi AIM )

AM Al

Nén AAMI ~ ABIN(g.g) = —— = ——=> AM.BN = Al.BI
Bl BN

d) Khi E;I:F thing hang ma F 1a diém chinh gitta cung AB nén sd AF = 90°

Ma Tt giac AMEI 13 tr giac noi tiép nén AMI = AEF = 45° = AAMI vudng can tai A .
Churng minh twong tu : ABNI vudng céan tai B

Ap dung dinh ly Py-ta-go vao AAMI va ABNI ta co:

2 2
M|2=AM2+A|2=(1R) +(1Rj g RY2
2 2") 72 2
2 2
N|2=BN2+B|2=(R+1R) +(R+1Rj Ope - 3RYV2
2 2" ) 72 2
2
Ma AMIN vudng tai | nén S,,, =%MI.IN =%.R\2/§.3R2\/§=3§ (dvdt)
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Bai 82: Cho nia dudng tron (O;R) duong kinh AB . Goi C 1a diém chinh giita cung AB . Trén
tia d6i cua tia CB lay diém D sao cho CD=CB , OD cit AC tai M . Tir A ké AH vudng goc
véi OD tai H , AH cit DB tai N va cat ntra duong tron (O) tai E .

a)Chang minh MCNH 14 tt giac ndi tiép, OD // EB

b)Goi K la giao diém EC va OD . Chuing minh ring ACKD = ACEB. Suy ra C 1a trung diém caa
KE

¢)Chtng minh AEHK vubng cén, MN // AB

d)Tinh theo R dién tich hinh tron ngoai tiép tr giac MHNC .
LOI GIAL

a)Chtrng minh MCNH 12 tur giac noi tiép, OD//EB
+)Xét ti gidc MCNH c6; MHN = 90° (Theo gia thiét)

MCN =90° (G6c ndi tiép chén nira duong tron)
Suy ra MHN + MCN =180°
Vay Tu gidc MCNH 12 tir gidc noi tiép.
+)Ta c6: AEB =90° (géc ndi tiép chin nira duong tron)= AE L BE (1)
Theo gia thiét: AH LOD= AE LOD (2)
Tur (1) va (2) suy ra: OD//EB.

b) Chitng minh raing ACKD = ACEB .
Xét ACKD va ACEB c0:
KCD = ECB (dbi dinh)
CD = CB (gia thiét)
EBC = KDC (50 le trong)
= ACKD = ACEB(g.c.g) = EC =KC.
Vay Suy ra C la trung diém cia KE .
¢) Chirng minh AEHK vudng can, MN //AB
Vi C 1a diém chinh gitra cung AB nén

sd AC = sdCB =90°
— AEC = %sd[@ = 45°
Ma AE 1 OD = AEHK vudng can tai H
+)Vi AEHK vudng can tai H ¢6 C 1a trung diém ciia KE .nén HC 1a duong trung tuyén dong
thoi 1a duong cao = HC L EK = HCE = 90°
Taco: ECB=HCM (vi cling phu véi HCN )
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Ma MCNH & tir gi4c noi tiép MHN = MCH (gdc néi tiép ciing chin cung MH )

Lai c6: ECB = EAB (g6c ndi tiép cuing chin cung EB )

Do d6 MNH = EAB . Ma 2 g6c ndy & vj tri so le trong nén MN//AB.

d)Tinh theo R dién tich hinh tron ngoai tiép t& giac MHNC .Theo gia thiét: CD=CB=C Ila
trung diém caa BD

Ma OA=0B=R= 0O latrung diém cua AB

Do dé6: AC va DO latrung tuyén cia AADB

AC va DO cit nhautai M nén M latrong tim AADB . Theo tinh chat trong tam ta cé:

Mc_1
AC 3
Mit khdc: MN//AB = ACMN ~ ACAB = N _CM _1
AB A 3
Taco: = MN =1AB _2R
3 3
Goi | 1a tam duong tron ngoai tiép tar gidc MCNH = | 14 trung diém ciia MN do
MHN =90° = IM =W:§
Vay dién tich duong tron ngoai tiép tir gidc MCNH 1a
2
S =7IM? = ”5 (dvd).

Bai 83: Cho dudng tron (0) va (0') catnhau tai A va B, tiép tuyén chung véi hai duong tron (0)
va (0') vé phia mat phang bo 00’ chira diém B, c6 tiép diem theo thir tw 1a £ va F. Qua A ké cét
tuyén song song véi EF cdt duong tron (0) va (0') theo thi ty tai ¢ va D . Duong thang CE va
duong thang DF cat nhau tai 7.

a) Chang minh 74 L CD .

b) Chirng minh tt gi4c IEBF la tt gi4c noi tiép

¢) Chang minh duong thang AB di qua trung diém cua EF .

Giai
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a)Ké OE cit AC tai H, OF cit AD tai K
Vi CD//EF = CAE = AEF (sltr)

ma @:@:%ZE
— ACE=CAE = MEC can E = EC=EA (1)
Mt khac CD//EF = ACE = FEI (ddng Vi); CEH + FEI = 90°

— CEH + ACE =90° = CHE = 90° = HC = HA
Tuong ty: KA =KD

T gidc HEFK 12 hinh chit nhat = EF = HK = EF = %CD

Vi cpyer nen LE_EE 1 e _pe-Lic

IC CD 2 2
Tu (1) va(2)suyra EC=EA=IE = AAIC vubdngtai I = IA 1L CD
b) Tt gidc CABE va ti gidc ADFB ndi tiép duong tron (0) va (0')
— ACE + ABE = 180°% ADF + ABF =180°

:f@+@:=360°—(Z(75+A/ﬁz)=360°—(180°—51??)=180°+51\c

Mit Khac ABE + ABF + FBE = 360°

— 180°+ DIC + FBE = 360° = DIC + FBE =180°
Ma DIC,FBE 14 hai goc ddi nhau

Vay tir gidc IEBF 1 tt giac noi tiép.

) Ké AB cit EF tai M.

Xét AMEB Va AMAE ¢6 AME chung; @:@:%Eé
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— AMEB «» AMAE (9.9) _ME_MB _ \ig> — MAMB
MA ME

Tuong tu: MF* = MA.MB
Do d6 ME* = MF* = ME = MF
Viy duong thang AB di qua trung diém M cua EF .

Bai 84: Cho tam gidc ABC c6 ba goc nhon (AB < AC) c6 dudng cao AH . Goi Dva E lan lugt 1a
trung diém cia AB va AC.

a) Chizng minh DE 14 tiép tuyén chung cua hai duong tron ngoai tiép hai tam gidc DBH va ECH .
b) Goi F la giao diém thi hai cta hai duong tron ngoai tiép hai tam giac DBH va ECH . Chang
minh HF di qua trung diém cua DE.

¢) Chitng minh riang duong tron ngoai tiép tam giac ADE di qua diém F.

Giai

a) AABC cO0 DA =DB;EA = EC (gt) = DE la duong trung binh cia AABC = DE//BC
— EDH =DHB (slt) (1)

Talai c6: AAHB vudng & H ¢6 HD la dudng trung tuyén = DB = HD = DA

— ADHB €an & D = DBH = DHB )

Tur (1) va (2) suy ra EDH = DBH .

Do d6 DE 14 tiép tuyén caa duong tron ngoai tiép ADBH tai D .

Tuong ty, DE la tiép tuyén cua duong tron ngoai tiép AEHC tai E.

b) Ké HF cit DE tai 1.
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Taco ﬁ)?«*:ﬁ{?):%ﬁﬁ

Xét AIDF VA AIHD ¢ DIH chung, IDF = IHD

= AIDF o» AIHD (9.9) :>£=£:> ID* = IF.IH
IH ID

Tuong tu: IE* = IF.IH

Khi d6 ID* =IE* = ID = IE

Vay HF di qua trung diém cua DE.

C) Xét AABC c6 BAC +DBH +ECH =180° = DBH + ECH =180°— BAC
TG gidc BDFH va th gidc CEFH ndi tiép duong tron (0) va (0')

— DFH + DBH :180°;1§77{+E/C71:180°
:ﬁ?ﬂﬁ?{=360°—(@1+E/c?1)=360°—(180°—BA/\C)=180°+BA/\C

Mit khac DFH + EFH + EFD = 360° = 180° + BAC + EFD =360° = BAC + EFD = 180°

hay DAE + EFD =180°

ma DAE,EFD la hai goc d6i nhau

— Tt gidc ADFE noi tiép duong tron hay duong tron ngoai tiép tam gidc ADE di qua diém F.

Bai 85: Cho hai duong tron (0) va (0'), R> R’ cit nhau tai hai diém A va B. V& tiép tuyén
chung MN cua hai duong tron, (M thudc duong tron (0), N thude duong tron (0')). Buong
thang AB cat MN tai I (B namgiita A va 7).

a) Chirng minh IN*> = IA.IB.

b) Chitng minh IM = IN .

¢) Buong thang MA cit duong thang NB tai Q, duong thing NA céat duong thang MB tai P.
Chang minh MN//PQ.

Giai
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a) Xét AINB Vi AIAN c6 AIN chung; EN\I:I/AJ\V=%BT\7

= AINB «» AIAN (9.9) :ﬂzﬁz IN* =IA.IB
IA IN

b) Tuwong tu: IM* = IA.IB
Do d6 IM* =IN*> = IM =IN .
) Qua A ké duodng thang song song véi MN cit NO tai H vacat MP tai K.

Taco Ak/MI =B 2K (Tajer)
BI MI

AHJIN = 2B Z A7 (o et
Al NI

Do d6 AK _ Al

MI NI
Ma MI = NI = AK = AH
AH _ QA . AK _PA _ QA _PA
MN OM' MN PN QM PN
Bai 86: Cho duong tron (O), M 1a mot diém nam ngoai duong tron (0). Qua M Ve hai tiép tuyén
véi duong tron (0), (A, B 1a tiép diém). MPQ & mot cat tuyén khong di qua tdm caa duong tron (
P nam gitta M va Q). Qua P vé& dudng thang vudng goc véi OA cit AB, AQ lan luot tai R va S.
Goi N 12 trung diém cua PQ.
a)Chimg minh nam diém M,A, N, O, B ciing thuéc mot dudng tron. Chi ra ban kinh caa duong
tron do.
b) Chirng minh tt giac PRNB nai tiép.
c) Chirtng minh RP = RS
Giai:

Ta lai co = PQ//IMN (Ta- let dao)

% y
0 \

B

a/ Chirng minh: nim diém M,A, N, O, B cling thudc mot duong tron
Xét (O) c¢6 : ON la 1 phan duong kinh
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PQ la day khong di qua tam
ON N PQ ={N}
N Ia trung diém PQ

— PQ LON tai N = ONM =90°
Xét (O) c6 MA, MB lan luot 1a tiép tuyén tai A va B
— MA L OA, MA 1L OB
— MAO = MBO = 90°
C6 : ONM =90° = N thudc dudng tron duong kinh OM (1)
OAM =90° = A thudc dudng tron duong kinh OM (2)
OBM =90° = B thugc duong tron duong kinh OM (3)

Tur (1) (2) va (3) c6 N ,A, B, C, M thudc cung mot duong tron duong kinh OM |, ban kinh OTM

b/ Ching minh: Tt giac PRNB noi tiép

Xét duong tron duong kinh OM:

NBA = NMA ( gdc ndi tiép cling chian NA)

Ma NMA = NPS ( ddng vi do PS//MA)

— NBA= NPS

Xét tir giac PRNB:

NBA=NPS (cmt)

Ma B, P Ia hai dinh k& nhau

— PRNB la tir giac noi tiép

¢/ Ching minh: RP = RS

Xét duong tron ngoai tiép ta giac PRNB, ¢6:

PBR = PNR ( 2 gdc néi tiép ciing chin PR)

Xét dudng tron (O) c6 PBA=PQA (2 géc noi tiép cling chan PA)

— PNR = PQA

— NR//QA

Ma M 14 trung diém PQ

= R la trung diém PS

=RP=RS

Bai 87: Tur diém M ¢ ngoai duong tron (O; R) vé hai tiép tuyén MA, MB dén duong tron (O), (
A, B la c4c tiép diém). Goi C la mot diém trén cung Ion AB ciia duong tron (0). V& AH vudng
g6c véi BC tai H.Goi | 1a trung diém cua AH, CI cit duong tron (O) tai diém tha hai l1a E, ME cit
duong tron ( O) tai diém thi hai 1a F, MO cit AB tai K.

a) Chirng minh MO 1L ABtai K
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b) Chitng minh : MA*> = ME.MF

c) Chang minh : AEK =90°

d) Chirng minh t&r giac MEKB néi tiép, OM tiép xtc véi dudng tron ngoai tiép tam giac MEA
Giai:

a)Chang minh MO L ABtai K

Xét duong tron (0) c6 MA, MB lan luot 1a 2 tiép tuyén cat nhau tai M
=MA =MB

Ma OA = OB (=R)

= MO la duong trung truc cia AB

= MO L ABtai K

b) Ching minh : MA? = ME.MF

Xét dudng tron (O) c6 MAE 1a goc tao bai tiép tuyén va day cung AE, chin AE
AFE 1a goc noi tiép chin AE

— MAE = AFE

— AMAE ~ AMFA (g.q)

3%:%: MA? = ME.MF

c/ Chirng minh : AEK =90°

C06 MO la duong trung truc cua AB

MO n AB ={K}

= K la trung diém AB

= IK la dwong trung binh cua tam giac AHB

= IK 1L AH

Ma CB L AH

=1K//CB
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— EIK = ECB (ddng vi) (1)
Xét duong tron (O) cd EAB = ECB ( goc ndi tiép chén EB) (2)
T (1)(2) suy ra EIK = EAB
Xét tir giac EAIK c6: EIK = EAB (cmt)
Ma A, | 12 hai dinh ké nhau
= Tt gidc EAIK ndi tiép
— AEK + AIK =180°
3 AIK =90° (IK L AH)
— AEK =90°
d) Chirng minh tr giac MEKB néi tiép, OM tiép xtc véi dudng tron ngoai tiép tam giac MEA

M

Xét AABF ¢6 AO la duong trung tuyén va AO = % FB(=R)

= AABF vuong tai E

— FEB = MEB = 90°

Xét tir gidc MEKB ¢6 :

FEB = MEB = 90°

Ma E, K 1 hai dinh ké nhau
= T giic MEKB noi tiép

— OME = EBA
Ma MAE = EBA ( cling chin EA)
— OME = MAE

— OM la tiép tuyén tai M ciia dudng tron ngoai tiép AMEA

Bai 88: Cho duong tron (O; R) va diém S sao cho SO = 2R. V& cac tiép tuyén SA, SB véi dudng
tron (0), ( A, B 1 tiép diém) va cat tuyén SMN khéong di qua tim O. Goi | 14 trung diém caa MN.
a)Ching to nim diém S, A, O, |, B cuing thugc mot dudng tron. SAB 13 tam giac gi?

b) Ching minh: SA? = SM.SN

¢) Ké MH vudng goc voi OA tai H va cat AN, AB tai D va E. Chiang minh tir giac IEMB noi tiép.
d) Chang minh ED = EM.

Giai:
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a/ Chirng t6 nam diém S, A, O, |, B cuing thudc mot dudng tron. SAB 14 tam giac gi?

Xét duong tron (O) ¢6 : SA, SB lan luot 12 2 tiép tuyén cit nhau tai S (A, B 1a 2 tiép diém)

= 0OALSAOB_LSB

— SAO = SBO =90°

Lai c6, Ol 1a 1 phan duong kinh, MN 1a day khong di qua tim

Ma | 1a trung diém MN

= 10 LMN tail = OIS =90°

=A, B, O, |, S cung thuéc mot duong tron duong kinh OS

Xét dudng tron (0) c6 SA, SB la 2 tiép tuyén cat nhau tai S = SA = SB

= ASAB cantai S

b/ Chirng minh: SA* = SM.SN

Xét dudng tron (O) cd SAM 1a goc tao bai tiép tuyén SA va day AM, chin AM

ANM la goc noi tiép chin AM

= SAM = ANM

= ASAM ~ ASNA (g.9)

_ SA_SM
SN SA

¢/ Chirng minh tt giac IEMB ni tiép.

Taco: S, A,0, B, | cung thude 1 duong tron (cma)

= tir giac AOIB noi tiép

— IBA+ I0A=180° (1)

Xét tir giac OIHM :

OIM =90° (Ol L MN)

OHM =90° (MH L OA)

— OIM +OHM =180°

= tir gidc IOHM noi tiép

= SA’ = SM.SN
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— IMH + IOH =180° (2)

Tir (1)(2) c6 IBA=IMH = IBE = IME

Xét tir giac IEMB ¢6 IBE = IME (cmt)

B, M Ia 2 dinh ké nhau

= ttr giac IEMB ndi tiép

d/ Chirng minh ED = EM.

tir giac IEMB noi tiép

— EBM =EIM (3)

Xét dudng tron (0) ¢ : (2 gdc ndi tiép ciing chin AM ) (4)

T 3) (4) ¢6 :

EIM = ANM

= IE//AM

Ma | 1 trung diém MN

= E 14 trung diém DM

=ED=EM

Bai 89. Tir diém A nam bén ngoai duong tron (O) Ve hai tiép tuyen AB, AC va cét tuyén AMN
dén duong tron (O). Goi E 1a trung diém ciia MN. Duong thang CE cat duong tron (O) tai .

a) Ching minh nim diém A, B, C, O, E cling thudc duong tron c¢é tam S.

b) Chiing minh AOC = BIC .

c) Chang minh BI //MN .

d) Xéc dinh vi tri cua cat tuyén AMN sao cho tong AM+AN dat gié tri I6n nhat.
Bai giai

a) Tur tinh chat tiép tuyén duong tron ta co:
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AB 1 OB
AC 1L OC
— ABOC tir giac noi tiép duong tron hay A,B,0O,C cung thudc duong tron. (1)

Day cung MN cua duong tron (O) c6 E la trung diém cua MN

— OE L MN (tinh chat duong kinh va day cung)

— ACO, AEO cling nhin day AO du6i mot goc 90°

— ACEO ti giac noi tiép duong tron hay A,C,E,O cung thudc dudng tron. (2)

T (1) va (2)= A,B,C,0,E cling thuoc mot duong tron tdm S 1a trung diém cua AO.
b) xét (O) ta co:

sdCMB = COM = 2.COA (géc & tam ,tinh chét hai tiép tuyén cit nhau cia (0))

ma: s CMB = Z.EI\B

— COA=CIB (dpcm). 3)
¢) Theo chiing minh cu a tao 6 tir giac ACOE noi tiép dudng tron voi tam S 1a trung diém AO
— CEA = COA (géc néi tiép cling chén cung AC) (4)

Tir (3) va (4) = CEA=CIB

Ta lai c6 hai goc nay dong vi

= MN//BI (dpcm).

d) Taco: OE L AN (vi OE L MN )

ta thay cét tuyén AMN duy chuyén thi

AE < AO

NE <NO=R

AO cb dinh

= MN=NE+AE<AO+R

Vay d¢ MN lénnhatla MN = AO+R thi E =0 hay cat tuyén AMN qua (O)

Bai 90. Cho dudng tron (O;R) duong thang d khong di qua O va cét duong tron tai hai diem A
va B. Tir mot diem C trén duong thang d (C ndm ngoai duong tron (O)) keé tiép tuyén CM va CN
(M, N la tiép diém). Goi H 14 trung diém cia AB, duong thang OH cit tia CN tai K.

a) Chtrng minh bén diém C, O, H, N cling nam trén mot dudng tron.

b) Ching minh KN.KC=KH.KO.

c) Poan thang CO cét duong tron (O) tai 1. Chimg minh I cach déu CM, CN, MN.

d) Mot duong thang di qua O va song song v&i MN cit cac tia CM, CN lan luot tai E, F. Xac dinh
vi tri caa C trén d sao cho dién tich cua tam giac CEF la nho nhat.
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(dé tuyén sinh vao THPT-Tp. Ha Ngi ndm hoc 2003-2004)

Bai giai
K
S F
N
| ]
0 u C
H
B
M
E

a) xét tr giac CHON c0:
CNO = 90° ( géc tao bai tiép tuyén va day cung)
COH =90° ( dudng kinh vudng géc véi day cung AB )

— CNO +COH =180° ( téng hai goc ddi trong tw giac )
— CHON & tir giac noi tiép duong tron hay C,0,H, N cuing thuéc mot dudng tron.

b) tir gidc CHON ndi tiép duodng tron

— KON =KCH @)
Ma KNO = KHC = 90° )
Tir (1) va (2) = AKHC ~ AKNO (g - g)
_, KH _KC . kH.KO = KN.KC (dpem)

KN KO

c) Tacé CM,CN latiép tuyén nén CO 14 phan giac cia goc NCM . Ma | e tia kéo dai CO.
= | cach d&&u CM,CN .
T | ha vudng goc xudng CN,CM chéan duong vudng goc lan luot 1a S, T

=IS=IT (*)
MN L Cl tai U va IC latrung truc cia MN = IN = IM
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— sdIN =sd IM (3)
Tacé: KNI =% sd IN' ( géc tao boi tiép tuyén va day cung) (4)
_ = ] =

INU = INM =3 sd IM (gbc noi tiep) (5)
Tir (3); (4) va (5) = KNI = INU = SNI (6)
Ta lai c6 IC chung va ISN = IUN =90° (7)
Tir (6) va (7) = AISN = AIUN  ( canh huyén-g6c nhon )

=I1S=1U (2)

T (*)va(2*)= IS =1U = IT hay | cach déu CN,CM,NM .
d) S, =25, =OC.OF
ma ACOF vubng tai O = OC.OF =ON.FC
= S,cer =ON.FC =R.FC =R(FN +NC) (3%)
Dé ACEF c6 dién tich nho nhat thi FN + NC ngan nhat
Ap dung BDT ¢6 si ta co: FN + NC > 2,/FN.NC =2,/(ON)" =20N =2R (4%
FN + NC = 2R ngén nhat khi ddu "=" xay ra: FN = NC
= N Ia trung diém cua FC
— OC?=NC.FC =2.0N?=2.R?
< 0C =R2
Tur (3%) va (4*)= dién tich ACEF nho nhat: S, .. = 2R’
Vay vitri cua C cantim 1a C cach O mét khoang : OC = R+/2.
Bai 91. Cho AB, AC la hai tiép tuyén cua duong tron (O), (B, C la hai tiép diém). V& CH vudn
goc véi AB tai H, CH cat duong tron (O) tai E va cat OA tai D.
a) Chirng minh CO=CD.
b) Chirng minh tr giac OBCD la hinh thoi.
¢) Goi M la trung diém cia CE, BM cat OH tai . Chirng minh I 14 trung diém ctia OH.
d) Tiép tuyén tai E cta duong tron (O) cit AC tai K. Ching minh rang ba diém O, M, K thang
hang.
Bai giai
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a) CD//0OB ( cung vudng goc vsi AB )

— BOD =0DC (sole trong) (1)
Ma BOD = DOC (tinh chét hai duong tiép tuyén cit nhau) )

T (1) va (2) = DOC =0ODC

= AOCD cantai C

= CO=CD (dpcm)

b) AB, AC Ia hai tiép tuyén véi cac tiép diém B,C

= OA la trung tryc cuia BC

— DB =DC ©)
Ma DC =0OC =0B =R (chirng minh céu a) 4
Tir (3) va (4) = DC =0C =OB=DB=R

= OBDC Ia hinh thoi (dpcm)

¢) OM L CE (tinh chat duong kinh va day cung)

— OBH = BHM = HMO =90°

— BOM =90°

= OBHM 1a hinh chit nhat (dinh nghia hinh chir nhat )

= BM,OH 1a hai duong chéo hinh chit nhat OBHM

— | 1a trung diém cua BM (dpcm)

d) EK,AC Ia hai tiép tuyén cua (O)

= EKC céantai K

M 1a trung diém cta CE (gt)

MK _L CE ( trong tam giac can trung tuyén ddng thoi la duong cao hay cd thé dung tc hai tiép
tuyén cét nhau )

— EMK =90° (5)
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EMO =90° ( dua theo chitng minh cau ¢ ) (6)
Tir (5) va (6) = OMK = EMO + EMK =180° 12 goc bet
= 0O,M,K thinghang  (dpcm)
Bai 92. Cho duong tron (O;R) duong kinh  AB. Trén tia d6i cua tia AB lay diém E. Tir E V&
tiép tuyén EM véi (O) (M la tiép diém). EM cit cac tiép tuyén cua (O) tai A B lan luot tai
C,D.
a) Chiing minh: AC + BD =CD va COD =90°
b) Chiang minh: AC.DB =R?®
c) V& MH vudng géc véi AB. V& duong kinh MON cua (O). EN cét (O) tai F (F khac N
). Chang minh tr gidc MHFE noi tiép.
d) AN cit BF tai K. Tinh AK.AN + BK.BF theo R.
Giai:

a)  Taco: CACM latiép tuyén cua (O) (gt)

— CA=CM va AOC =COM =%A/OW (t/c hai tiép tuyén cit nhau)

Taco: DB,DM latiép tuyén cua (O) (gt)

— DB =DM va MOD = DOB =%M/O\B (t/c hai tiép tuyén cit nhau)

Vi CM +MD =CD, CA=CM, DB =DM (cmt) = AC + BD=CD
Tac6: AOM +MOB =180° (hai goc ké bu)
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b)

d)

— 20CM + 2MOD =180°

— OCM + MOD = 90°

— COD =90°.

Do EM latiép tuyén cua (O) (gt)

— EM L OM (t/c) = EMO = OMD = 90°

Xét ACOD vuodng tai O, duong cao OM |, ta co:

CM.MD =0OM? (HTL trong tam giac vuong) (1)
Ma CA=CM, DB=DM (cmt), OM =R 2)
Tur (1), (2) = AC.DB = R?(dpcm)

Xét (O) c6 MN 1a duong kinh.
— MFN =90° (g4c noi tiép chin nira dudng tron)
— MFE =90° (k& bu v6i MFN)
Vi MH L AB (gt) = MHE =90°.
X6t t giac MHFE ¢6 MHE = MFE = 90°.
Ma hai dinh H,F ké nhau cung nhin canh EM dudi ciing mot goc 90°.
Nén t&r giac MHFE néi tiép (dhnb).
(0) co MBN = 90°, ANB = 90°, AFB = 90° (goc noi tiép chin nira dudng tron).
MBF = EMF (g4c néi tiép va géc tao bai tia tiép tuyén va day cung chin MF )
Xét AKNB vuodng tai N c6: KBN +BKN =90° (t/c)
Ta co:
MBF = ﬁ/l\F(cmt)
KBN + BKN =90°(cmt)
AKF = BKN (dd)
MBK + KBN = MBN = 90°

— EMF = AKF (3)

Lai 6 t& giac MHFE ngi tiép (cmt) = EMF = EHF (4)

Tt (3), (4) = AKF = EHF hay AKF = AHF

Xét tir gidc AHKF c6: AKF = AHF (cmt)

Ma hai dinh H, K ké nhau cing nhin canh AF duéi cuing mot géc 90°.
Nén t giac AHKF noi tiép (dhnb) = AHK + AFK =180°.

9o,
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— AHK +90° =180° = AHK =90°.
Xét AAHK va AANB c6:

A chung

AHK = ANB = 90°
= AAHK - AANB (g.9)
_ AK_AH

AB AN

Xét ABHK va ABFACO:

(t/c)= AK.AN = AH.AB (t/c TLT) (5)

B chung

BHK = BFA=90°
— ABHK ~ ABFA (3.9)
N % - %(t/c) — BK.BF = BH.AB (t/c TLT) (6)
Tir (5), (6) = AK.AN + BK.BF = AH.AB + BH.AB
—(AH +BH).AB = AB.AB = 2R 2R = 4R’

Bai 93: Cho tam giac nhon ABC. Goi O 1a trung diém cia BC, dung duong tron (O), dudng

kinh BC . V& duong cao AK cua tam gidc ABC va cac tiép tuyén AM, AN véi duong tron (O)

, (M, N Ia cé4c tiép diém). Goi H Ia giao diém cia MN véi AK. Chang minh rang:

AH.AK = AM 2.
Giai:
A
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Do AM la tiép tuyén duong tron (O) nén AMO = 90°

Do AN 2 tiép tuyén duong tron (O) nén ANO = 90°

Do AK la dudng cao AABC nén AKO = 90°

Suyra: M, N, K thudgc duong tron duong kinh AO .

= nam diém A, M, K, O, N cuiing thuc dudng tron duong kinh AO.
AM = AN (tinh chét hai tiép tuyén cit nhau)

Xét duong tron (AMKON) c6 AM = AN = AM = AN

Suy ra AMN = AKM (hai goc ni tiép chén hai cung bing nhau).
Xét AAMH va AAKM c6:

AMN = AKM
MAK chung
Suy ra: AAMH -~ AAKM (g.9)
Suy ra: ﬂzﬂ: AM? = AH.AK .
AK AM

Bai 94: Tam giac ABC nhon. O 1a trung diém BC . V& duong tron tam O duong kinh BC . V&
duong cao AK cua tam giac ABC, va vé cac tiép tuyén AM, AN véi (O) tai M, N. MN cat
AH tai K. Chtng minh H la truc tdm cua tam giac ABC.

Giai:

A

Goi H, la tryc tdm cua tam giac ABC.
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Chtng minh 5 diém A, M, K, O, N cung thuoc mét duong tron.

— AKN = ANM ( g6c ndi tiép ciing chan cung AN )
Lai c6 AM, AN 1 tiép tuyén cua duong tron tm O nén AM = AN

— AANM can = AMN = ANM

— AKN = ANM (1)

Ta c0: OA la duong trung truc caa MN .

Goi OALMN =1.

Ap dung hé thirc lwong trong tam giac vudng ANO, duong cao NI ta co:
AN? = Al.AO

AAH,I -~ AAOK (g.g) = AI.AO = AH,.AK

— AN’ = AH,.AK

= AANH, ~ AAKN (c.g.c)

— ANH, = AKN )

Tir (1) va (2) tacod ANH, = ANM

Taco: M, H, N thing hang = ANH = ANM = ANH, = ANH = H = H,.

Vay H latryc tdm cua tam giac ABC.
Bai 95: Cho tam giac nhon ABC, truc tdm H. Tir A vé cac tiép tuyén AM, AN véi duong tron (O)
duong kinh BC (M, N 1 céc tiép diém). Chang minh rang M, H, N thang hang.

Goi H’, D lan luot la giao cia MN véi Al va AO B

Do AM = AN,OM =ON = AO la trung truc cta

MN

- M

= H'DO0 =90° = D thudc duong tron duong kinh

OH’ (1) 0
Ma H'10=90° = | thudc duong tron duong kinh )V ef |
OH’ (2)

Tir (1), (2) = DH '10 ndi tiép duong tron duong

kinh OH". E

- A C

Xét AADI va AAH'O cé DAH' chung, N
DIA=H'OA (hai g6c noi tiép cting chin cung

DH’)
AADI ~ AAH 'O (9.9)
_, AD _ Al AH'Al=AD.AO (1)

AH' AO
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Do AN la tiép tuyén = AN L ON = AANO vudng tai N
Ap dung hé thirc lwong trong tam giac vudng cd: AD.AO = AN? (2)
Xét AANE va AACN c6: A chung, ANE = ACN (tinh chat géc tao bai tia tiép tuyén va day)
= AANE - AACN (g.9) _ AN _AE L AN? = AC.AE (3)
AC AN
Ta c6: CIHE la tir giac noi tiép (vi tong hai goc d6i bang180° )
= AE.AC = AH.AI (4) (h¢ thuc lugng trong duong tron)
Tu (1), (2),(3), (4) = AHAI=AH' Al =>H=H"
Viy ba diém M, H, N thiang hang.
Bai 96: Cho tam giac ABC c6 ba goc nhon (AB<AC). Pudng tron (O) dudng kinh BC cit céc
canh AB, AC theo thi tu tai E va D.
a) Chtng minh AD.AC=AE.AB.
b) Goi H 1a giao diém cua BD va CE, goi K 1 giao diém cua AH va BC. Ching minh AH
vubng goc vaéi BC.
c) Tur A ke tiép tuyén AM va AN dén duong tron (O), (M, N 1a cac tiép diém). Chirng minh
ANM = AKN.
d) Chirmg minh ba diém M, H, N thing hang.

a) Xét AABD va AACE cé: A chung,
ADB = AEC = 90°
= AABD - AACE (g.9)
= ﬁzﬂz AD.AC = AB.AE
AC AE
b) Do BD,CE la cac duong cao cia AABC = H la
truc tam= AH L BC tai K.

c) C6 OM L AM,ON L AN (tinh chat tiép tuyén)

= AMO = ANO =90° ma AKO = 90°
= M, N, K cung thudc duong tron duong kinh

AO

= A/M,K,N,O cung thugc duong tron duong
kinh AO.

— AKN = AMN (hai g6c noi tiép cling chin cung
AN)

Lai c6: AM = AN = AAMN Can tai A = AMN = ANM

‘ O Lién hé tai liéu word toan SPT (zalo): 039.373.2038 121



https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

d)

Suy ra; AKN = ANM

Goi J la giao cua MN va AO.

Ap dung hé thac luong trong tam giac vudng ddi véi AANO vubng tai N ta co:

AJ.AO = AN? (1)

Theo tinh chét hai tiép tuyén cit nhau suy ra AO la trung truc cia MN = AO L MN tai J
Xét AAHJ VA AAOK ¢6 A chung, AJH = AKO =90°

= AAHJ -~ AAOK (9.0)

:%:A—i: AJ.AO = AH.AK (2)

Tir (1), (2) = AN = AH.AK = 20 _ AN
AN AK

Xét AAHN VA AANK c6: A1 _ AN 3 chung
AN AK

= AAHN -~ AANK (c.g.C)

— ANH = AKN

Ma AKN = ANM = ANH = ANM
— A/M,N thang hang

Bai 97: Tur diém M & ngoai dudng tron (O) vé cét tuyén MCD khong di qua tam O va hai tiép
tuyén MA, MB dén duong tron (O), (A, B 1a cac tiép diém).

a)
b)

c)

d)

Chtrng minh MA?* = MC.MD

Goi I 1a trung diém caa CD. Chirng minh rang 5 diém M, A, O, I, B ciing thudc mot duong
tron.

Goi H 1a giao diém caa AB va MO. Ching minh ti gidc CHOD noi tiép duoc dudng tron.
Suy ra AB la phéan giac cua géc CHD.

Goi K 1a giao diém cua tiép tuyén tai C va D cta duong tron (O). Ching minh A, B, K
thang hang.

9,
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a)

b)

d)

Xét AAMC va ADMA c0:

M chung, CAM = ADM (tinh chét géc
tao boi tiép tuyén va day)

= AAMC - ADMA (g.9)

:%:'\'\;—i: MA? = MC.MD

Do I 1a trung diém day CD nén Ol L. CD
(quan hé duong kinh — day cung)

— OIM =90°

Vi MA, MB 14 hai tiép tuyén

— MAO = MBO = 90°

= A,B, 1 thudc duong tron duong kinh MO

Hay nim diém A M,B,0,1 cing thudc duong tron dudng kinh MO.

Tt tinh chat hai tiép tuyén cat nhau suy ra: MO 1a trung truc cua AB

= MO L AB taiH

Ap dung hé thie luong trong tam giac vudng ddi véi AAMO vudng tai M suy ra:
AM? = MH.MO

Ma MA* =MC.MD (Y a)

— MC.MD = MH.MO = MC _ MH
MO MD

Xét AMCH va AMoD c6: MC _MH "% chung
MO MD

— AMCH ~ AMOD (c.g.c) = MHC = MDO (3)

— CHOD ndi tiép (téng hai goc dbi bang 180°)

Do AOCD can tai O nén ODM =OCD (4) ma OCD =OHD (5)(hai géc ndi tiép cling chin
oD)

Tt (3), (4), (5) = MHC = MDO = OCD = OHD

Ma CHM +CHA = OHD + DHA = 90°

— CHA = DHA = HA Ia phan gi4c cia CHD

Do KD, KC 4 tiép tuyén nén KD L OD,KC L OC = KDO = KCO =90".
= C,D thudc duong tron duong kinh KO

Hay tir gidc KDOC ndi tiép duong tron duong kinh KO.

Lai c6: CHOD ndi tiép (y ¢)

9o,
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Qua ba diém C,0,D xéc dinh duy nhat 1 duong tron nén 5 diém K,D,0,H,C cung thudc
duong tron duong kinh KO

— KHO =90° ma OHA =90°

— KHO =OHA = K, A H thing hang

Ma B e AH = K, A B thang hang.
Bai 98. Tir diém M nam ngoai dudng tron (O;R) V& hai tiép tuyén MA; MB va cét tuyén MCD .
Goi I la trung diém cia CD. Goi E,F,K lan luot la giao diém cua duong thang ABvoi
MO,MD,OI .
a) Chang minh R* = OE.OM =0I1.0K .
b) Chang minh M, A,B,0,I cling nam trén mot duong tron.

c) Khi cung CAD nho hon cung CBD hdy chitng minh DEC =2DBC.

Giai:

a) Tacd MA = MB (tinh chat hai tiép tuyén cit nhau); OA = OB =R = MO la trung truc
cuia AB = MO L AB tai trung diém E cia AB.
Mt khac vi 1 1a trung diém cia CDnén OI L CD = AMIO «» AKEO (hai tam giac vudng c6 goc
nhon O chung) = om = or < OE.OM =0I1.0K .

OK OE

Mit khac trong tam gidc MAO vudng tai A ¢ AE la duong cao, ta cO OA> =OE.OM hay
R*=0E.OM .Vay R* =0E.OM =0I.0K .
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b) Ta c6 MAO = MBO = MIO =90° (theo tinh cht caa tiép tuyén va quan hé vudng goc
gitta duong kinh va day) nén nim diém M,A,B,0,I cing nam trén dudng tron dudng kinh OM .

c) Xét tam giac MAC va tam giac MDA co M chung, MAC = MDA (g6c tao bai tia tiép
tuydn va day cung va goc noi tiép cung chin AC) AMAC «» AMDA(g.g)

:>M=@:>MA2 =MC.MD.
MC MA
Mt khac trong tam gidc MAO vuodng tai A c6 AE la duong cao, ta cO MA*> = ME.MO

— MC.MD = MEMO(= ma*) = MC _ ME lai c6 M chung nén AMCE > AMOD(c.g.c)
MO MD
— MCE = MOD. Tt giac CEOD c6 goc ngoai mot dinh bang goc trong dinh ddi dién nén 1a ti
gi4c noi tiép=> DEC = DOC ma DOC =2DBC (g6c noi tiép va goc & tm cing chin CD) nén ta
c6 DEC =2DBC .
Bai 99. Cho duong tron (O;R), qua diém K & bén ngoai duong tron ké cac tiép tuyén KB,KD (
B,D la cac tiép diém), ké cét tuyén KAC (A nam giita K va C).
a) Chizng minh ring AKDA «» AKCD.
b) Chang minh rang: AB.CD = AD.BC.
¢) Goi I 1a trung diém cta BD . Chirng minh tt giac AIOC noi tiép.
d) Ké ddy CN song song véi BD. Chirng minh ba diém A,I,N thang hang.

Giai:
a) Xet tam giac KDA va tam giac KCD co A/D7{chung; KDA = KCD (g6c ndi tiép va goc
ta0 béi tia tiép tuyén va day cung ciing chin AD) = AKDA > AKCD(g.g).
KD AD

b) AKDA©» AKCD(Ya) = ——=—— (1
) Va)=—2~=cp W
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. . . KB AB
Ching minh tuong ty Y @) ta c6 AKAB «» AKBC(g.¢) = —=— (2)
KC BC
Theo tinh chat hai tiép tuyén cit nhau, ta lai c6 KB = KD (3)
Tir (1), @), @) taco 22 =48  upcD = ADBC.
CD BC

¢) Tacd KB =KD (tinh chét hai tiép tuyén cit nhau); OB=0D =R = KO la trung tryc
cia BD = KO L BD tai trung diém I cua BD. Trong tam giac KBO vudngtai B ¢6 BI 1a duong
cao, tacd KB® = KI.KO . Lai cO AKAB > AKBC(g.g) = KA _KB _, kg - kAKC

KB KC
— KI.KO = KA.KC(= kB*) = KL _ KC lai c6 K chung nén AKAI ©» AKOC (c.g.c)
KA KO

— KAI = KOC . Ta gidc AIOC ¢6 g6c ngoai mét dinh bing goc trong dinh déi dién nén 1a tt giac
noi tiép.

d) Day CN //BD ma OK 1. BD (yc) = OK L CN hay OK latrung truc cia CN (quan
hé vudng gbc gitra duong kinh va day) = OIN =OIC

Tu gidc AIOC ni tiép nén OIC = OAC (hai goc noi tiép cung chin OC)

Tam gidc OAC cantai O nén OAC =0CA.

Ma OCA + OIA = 180° (hai goc dbi cua tir gidc AIOC noi tiép) nén OIN + OIA = 180° suy
ra AIN =180° hay ba diém A,I,N thing hang.
Bai 100. Cho ba diém A,B,C cb dinh va thang hang theo thi tu d6. Puong tron (O;R) thay doi di
qua B va C sao cho O khong thudc BC . Tir diém A vé hai tiép tuyén AM va AN véi duong tron
(0). Goi I 1atrung diém BC, E 1a giao diém cua MN va BC, H la giao diém cua dudng thang
OI va duong thang MN .
a) Chtrng minh bén diém M,N,0,I cung thugc mot dudng tron.
b) Chang minh OI.OH = R’.
¢) Chang minh duong thaing MN 1uén di qua mot diém cé dinh.
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H

a) Theo tinh chit cua tiép tuyén, ta cé AMO = ANO =90°. Lai c6 I 1a trung diém cua day
BCnén AIO = 90° (Quan hé vubng géc gitra dwong kinh va day) nén M,N,O,I cung thudc duong
tron duong kinh AO.

b) Theo tinh chat hai tiép tuyén cét nhau, tac6 AM = AN ma OM = ON (ban kinh cia (O)
)nén AO latrung truc cia MN = AO L MN tai trung diém K cua MN . = AAIO «» AHKO (hai
tam giac vubng c6 goc nhon O chung)

04 _OH _ o1.0H = A0.0K 1)
Ol K

Lai cO trong tam giac AMO wvubng tai M c6 MK 1la duong cao nén
OK’> = AO.KO < AO.KO =R’ (2)

Tur (1) va (2) suy ra OI.OH = R*.

¢) Goi E la giao diém cia MN va AC ta cd AAEK 2 AAOI (hai tam gi4c vudng c6 goc

AE AK _ AO.AK 3).

nhon A chung) > —=——& AE
AO Al Al
Trong tam gidc AMO vuodng tai M c6 MK 1a duong cao nén AM* = AO.AK (4)
Mit khac AAMB o> AACM (MAB chung; AMB = ACM goc tao bai tia tiép tuyén va day
AM  AC

cung va géc ndi tidp cling chin BM )= = = 2% — AM? = AB.AC (5
gvag C p g ) B AM (5)

AB.AC
Al

Tu (3), (4), () taco AE =
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Vi A,B,C cb dinh, I 1a trung diém cia BC cd dinh nén AE khong doi suy ra E ¢ dinh.
Vay duong thing MN 1uén di qua diém E c¢b dinh

Bai 101. Cho duong tron (O; R), tir diém M & ngoai duong tron ké hai tiép tuyén MA, MB (A, B
la tiép diém) va cét tuyén di qua M cét duong tron tai C va D ( C nam gita M va D) cung CAD
nhé hon cung CBD. Goi E 13 giao diém cua AB va OM.
a) Chirng minh DEC = 2DBC
b) Tir O ké Ot vudng goc vai CD cit tia BA tai K. Ching minh KC va KD 14 hai tiép tuyén cua
duong tron (O).

( Dé thi chon hsg toan 9, Tinh Nghé An,ndm hoc 2013 — 2014)

Giai:

a) Vi MA va MB la hai tiép tuyén cia (O) => MA = MB; OA=0B
=> OM la trung truc caa AB hay OM L AB
Tam gidc MAO vudng tai A, duong cao AE, ap dung hé thire luong trong tam giac vuong
ta c6: MA2 = ME.MO (1)
Xet AMAC va AMDA co:
AMC chung
MAC = MDA (cling chin cung AC)
=> AMAC ~ AMDA (g.g)
=> MA_MC vy MA2=MC.MD (2)
MD MA
Tu (1) va (2) => ME.MO = MC.MD
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Xét AMCE va AMOD c6: M, chung: % _ % => AMCE ~ AMOD (c.g.c)
=> MEC = MDO => Tt gidc DOEC néi tiép dugc dudng tron
=> DOC = DEC (cling chén cung DC)
Ma DOC = 2DBC (géc noi tiép va géc & tam ciing chin cung DC)
=> DEC =2DBC (dpcm)
b)  GoiH lagiao diém cua OK va CD
Xét AOHM va AOEK c¢6: O 1a goc chung; OHM = OEK (= 90°)
=> AOHM ~ AOEK (g.g)
OH OM

=> —_ =—_hay OE.OM = OH.OK
OE OK
Ma OE.OM = OA2 => OH.OK = OA? = 0C?=0D? => 21 _9D
OD OK
, \ LA OH OD _
Xét AOHD va AODK c¢6: O chung; —=— => AOHD ~ AODK (c.g.c)
OD OK
=> ODK =OHD =90° =>OK_LOD tai D hay KD la tiép tuyén cua (O)  (3)
Theo chirng minh trén: OH.OK=0C? => OH _0oC
OC OK
, \ LA OH OC _
Xét AOHC va AOCK c6: O chung; oC “ oK => AOHC ~ AOCK (c.g.c)

=> OCK = OHC =90°
=> KC L OC tai K hay KC Ia tiép tuyén cua (O) (4)
Tur (3) va (4) => KC va KD 1a 2 tiép tuyén cua (O). ( dpcm)

Bai 102. Tir diém A ¢ ngoai duong tron (O) ké hai tiép tuyén AB, AC dén duong tron (O), (B, C
|4 céc tiép diém). V& duong kinh BD cua dudng tron(0), AD cat duong tron (O) tai E.

a) Chitng minh AB? = AE.AD

b) Ké duong kinh EK cua duong tron (O), CK cat DE tai 1. Ching minh I 13 trung diém
cua DE.

¢) Goi H 1a giao diém cua OA véi BC. Chiang minh HC I tia phan giac cia goc DHE.

d) Goi S 14 giao diém cua hai tia Ol va BC. Ching minh SD 14 tiép tuyén cua dudng tron

(0).

Giai
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a) Tacd: ACE = ADC ( cling chin cung EC)
Xét AACD va AAEC co:
A chung, ACE = ADC (cmt) => AACD ~ AAEC (g.g)

—>AC_AD _, Ac2= AEAD
AE AC

Ma AB = AC ( Tinh chét hai tiép tuyén cit nhau)=> AB? = AE.AD (dpcm)

b) Ta co: s¢CIA = %sd‘(C/TE+l/)_I\() (tinh chdt géc c6 dinh ¢ bén trong dwong tron)
B

Ma sdCoA :%sdcﬁ (do OA Ia phan giac)

thi s¢COA4 = %sd@ (tinh chdt goc ¢ tam)

:>st/O\A:1sd((/?_E+l/Z_l§) A
2

Lai c6: BDEK =0 = DOK = BOE (déi dinh)

Thi DK =EB

Do d6 CIA=COA

Xét tir gidc AOIC c6 CIA=COA va cling nim trén nira mit phing.

Nén tir giac AOIC noi tiép duoc mot duong tron.

Suy ra ACO = AIO (cling chin AO)

Hon nita AC 13 tiép tuyén thi ACO =90° = AIO =90° hay Al L Ol =1

Hay ED L Ol =1

Vay | 1a trung diém caa ED (tinh chdt ciia dwong kinh va day cung)

¢) Vi AB=AC (tinh chdt cua tiép tuyén) = A thudc dudng trung truc cia BC.
OB =0C(=R) = O thudc duong trung truc cia BC.

Do d6 OA 1a duong trung truc cia BC hay OA 1L BC (@D

Xét AABO vuong tai B, duong cao BH c6: AB? = AH.AO

Ma AB? = AE.AD (ch#ng minh phan a)

Nén AH.AO = AE.AD :ﬁ :E
AD AO
AH AE

X6t AAEH va AAOD c6: " = "= va A chung
AD AO

Nén AAEH ©» AAOD
Do d6 H, = ADO
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Xét ttr giac OHED ¢6 H, = ADO =t giac OHED nai tiép duoc mot duong tron (tinh chdt ddio
g6c ngoai cua cua tir giac ndi tiep).
Suy ra H, = DEO (cling chén cung OD)

Hon nita AOED cén tai O(do OE =0D = R)=> DEO = ADO

Nén H, =H, (2)

Tur (1) va (2) suy ra EHC = DHC hay HC la tia phan giac cua goc DHE

d) Goi S 1a giao diém caa hai tia Ol va BC. Chitng minh SD 1a tiép tuyén ciia dwong tron
(0).

Vi AIO =90°(chizng minh trén)
— SID=90° (déi dinh véi AlO)
Lai c6 BCD =90° (goc chdn niza
dwong tron)

— SCD =90° (ké bl véi BCD)
Nén SID = SCD =90° /
Xét tir giac DICS ¢6 SID = SCD =90° va ciing nhin SD )
Nén ti giac DICS noi tiép duoc mot duong tron. C
Suy ra SDC =SIC (cting chdn CS)

Lai ¢6 5 diém A, B, O, I, C ciing thudc duong tron dudng kinh OA.
Nén t giac BOIC cung thuoc mét duong tron

Do d6 OBC =SIC (tinh chdt géc ngoai cua tir gidc ndi tiép)
Hay DBS =SIC
Suy ra SDC = DBS

— — e~

Suyra SD L BD

Hon nita BD 1a duong kinh caa duong tron (O) nén SD 14 tiép tuyén caa duong tron tam (O).
ChU y: Ta ciing ¢ thé ching minh ciu d) nhu sau:

Trén clng mét niza mdt phang chiza diém S, €6 bo la dwong thang chiza tia DC, vé tiép tuyén
Dx cua dwong tron (0O), ta di chung minh SDC = xDC = DBS thi suy ra dwoc hai tia Dx

DS tring nhau. Tir dé, suy ra dwoc DS 1a tiép tuyén.
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Bai 103. Cho duong trong (O) va hal duong kinh AB va CD khong vudng géc véi nhau. Goi M 1a
giao diém cua AC va tiép tuyén cua duong tron (O) tai B, MO cét BC tai N. Puong thang MD cit
(O) tai diém thir hai P. Ching minh A, N, P thang hang.

Goi K=AP~MB (1)

| =CK nMO M

Ta di chitng minh t giac ACKB Ia hinh thang va I 13 trung diém cua CK.
Tir d6, theo bd d& hinh thang ta s& chi ra duoc N 13 giao diém hai dudng chéo cua
hinh thang ACKB.

That vay, vi ti gidc ACKB ngi tiép duong tron (O), (theo dinh nggia)

Nén MCP = ABP (tinh chdt géc ngoai cia ti giac ngi tiép) 1 )
Lai c6: ORI

AB 1 BM (do BM Ia tiép tuyén) = AMB = 90° g N

APB = 90°(g6c chdn nita duong tron) = BPK =90° A Sl S B

Nén ABP = BKA (cting phu véi KBP)

Do do, ta co: MCP = BKA

Xét tr giac MCPK ¢ MCP = BKA

Nén ta gidc MCPK noi tiép duoc mot duong tron (tinh chd ddo géc ngoai cud cia tir giac néi
tiép).

Suy ra CPM =CKM (cling chdn CM)

Hon nita, CPD =90° (g6c chdn niza dirong tron) thi CPM =90° (hai géc ké bu)

Do d6: CKM =90°
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Hay CK L BM

Talaicd AB L MB

Nén CK //AB

Suy ra f—KI = g—g (tinh chdt chim dwong thang dong quy) hay ?—KI =1do AO=OB=R
Nén Cl = IK hay | 1a trung diém cua CK.

Hon nira, tir gidc ACKB cd CK //AB = ti giac ACKB la hinh thang.

Theo b6 dé hinh thang thi N 14 giao diém cua hai duong chéo AK,BC

Do d6 N e AK 2)

Tur (1) va (2) suy ra ba diém A N,P thiang hang.

Cha y: CO thé duwa va Talet ciing chirng minh dwroc ANIK 2 ANOA (c.g.c) suy ra diegC
INK =ONA thi A, N, Pthdng hang.
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