MGd rong va khai thac mot bai toan
hay trong dé Brazil TST 2017

Nguyén Duy Khuong-chuyén Toan khoa 1518-THPT chuyén Ha Noi Amsterdam

Tém tit noi dung: Trong bai viét nay, t6i mudn dé cap mot sb khai théc lien quan
dén mot bai toan hay trong dé Brazil TST 2017. Qua bai viét toi cling muén nhan
manh tam quan trong ctia cadc phép doi mo hinh trong viéc gidi toan va sang tao
trong hinh hoc. Bai toan c6 noi dung nhu sau:

Bai toan 1(Brazil TST 2017): Cho tam gidc ABC noi tiép (O). Lay M, N trén
AB, AC sao cho: BM = MN = CN. Lay I 1a tam noi tiép tam giac AMN. Tiép
tuyén (O) tai A cit M N tai P. Ching minh ring: PA = PI.

Nhan xét: Tai sao lai xuat hién gia thiét BM = CN = MN la mat trén? Thay vi



giai ngay bai todn nay to6i xin mé rong hon bai toan nay nhu sau:
Bai toan 2(M& rong Brasil TST 2017): Cho tam giac ABC ¢6 cac duong phan

gidc BE,CF cat nhau ¢ I. Tiép tuyén tai A ctia (AEF) cit BC' 6 P. Chitng minh
rang: PI||EF va PI = PA.

Loi giai(Nura Rhyon): Goi S, G, H 1an lugt 1a giao diém ctia EF véi BC, AD, AP
(chit ¥y AI N BC = D), theo hang diém diéu hoa co ban thi: (SD, BC) = —1 do do:
/ZSAG =90°. Tac6: LZHAG = LZHAF + /GAF = /GAE + ZAEF = ZHGA do

d6 H la trung diém SG. Ap dung dinh i Menelaus cho tam giac SGD véi cat tuyén
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Nhan zét: Co 1é cac ban van chua nhan ra bai toan 1 chi 1a bai toan nhé hon bai
toan 2, sau day toi sé noéi ro i do.
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Lai giai bai toan 1: Goi NINAM = F, MINAN = E. Tacé: = + =
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theo dinh 1i Thales ddo. Vay (AEF) tiép xtc (ABC) do d6 PA la tiép tuyén t6i
(AEF). Vay ap dung bai toan 2 cho tam giac AMN thi: PI = PA hay diéu phéai
chiing minh.

Nhan zét: Nho viéc st dung hgp 1 bai toan mé rong da cho mot 161 giai tuyét dep va
rat tu nhien.
Trong qué trinh déi mo hinh dé giai bai toan 2, t6i tim ra bai toan sau:

Bai toan 3(Nguyén Duy Khuong): Cho tam giac ABC ¢6 cac duong cao AD, BE,CF
cat nhau tai H. X 1a tam duong tron FEuler cia tam gidc ABC. AX N BC = M,

I =DFNBE,J=DENCF. Lay L la tam DIJ. Ching minh ring: DL di qua
trung diém doan AM.



Lai giai: Bo dé: Cho tam gidc ABC c6 tryc tam H va cac duong cao AD, BE,CF.
Goi BHNDF =P, CHNDE = Q. Goi I 1a tam Fuler ctiia tam giac ABC. Ching
minh ring: Al 1 PQ.

Chaing minh(Ban doc ty vé hinh): Lay K la tam (BHC). Ta chi can ching minh
IK 1 PQ. Laico: ZHFB = ZHDB = 90° do d6 HF BD noi tiép nén PH.PB =
PF.PD, chtuy F,D € (Euler) cta tam giac ABC nén Ppj(guer) = Pp/src). Ching
minh tuong tu thi: Py/(puer) = Po/rc) vay PQ la truc dang phuong ctia (Euler)
va (BHC') do d6 cha y I, K 1a tam (Euler) va (BHC) do d6 IK L PQ hay la ta c¢6
dic¢u phai chitng minh.

Quay trd lai bai toan ban dau, theo bo dé thi: IJ L AM, lay P = AM N 1J thi
PAFJ nai tiép. Goi K la trung diem doan AM. Ta c6: ZLDA = /LDI — /EBA =
90° — ZLI1JD —90°+ LA=LA—(LHJD — LHJI) = LA+ /ZMAB — (180° — 4B —
LACF) = LA+ /ZMAB — (LA+ £C - LACF) = LA+ LMAB — (LA+ ZDAB) =
/MAB — /DAB = /MAD = /KDA. Vay D, L, K thiang hang.



Nhan zét: Loi gidi trén khai thac tinh chat tha vi va nhiéu tng dung ctia tam Fuler.
Tt d6 cho ta mot 10i gidi thuan cong goéc. Viét lai bai toan 2 dudi mo hinh triye
tam, ta co6 bai toan sau:

Bai toan 4: Cho tam giac ABC' c6 cac dudng cao AD, BE, C'F cit nhau tai H. Lay

I = DFNBE,J =DENCF. Tiép tuyén tai D cta (DIJ) cit EF ¢ K. Ching
minh rang: KH = KD va KH||IJ.

Lai giai(Nguyén Duy Khuong): Dudng thing qua A vuong goc I.J cat BC tai
M. HM N (AEF) = L,H,lay LAN BC = R. Do ZADM = /MLA = 90° do d6
H la truc tam tam gidc ARM. Theo bai toan 3 ta c6: DS di qua tam (ADM)
do do: (DIJ) tiép xiac (ADM). Goi EF N BC =S, DANIJ = T. Ta lay trung
diém BC 1a X, ta c6 SH vuong géc AX tai Y do d6: SH.SY = SD.SM = SE.SF
hay 1a S thudc truc dang phuong ctia (Euler) va (HBC) do dé S thuoc IJ. Goi
LPNAH = G,EF N AH = @', theo phép chiéu xuyén tam ctia hang dicu hoa co
ban ta dé dang ching minh duge: (AH,G'D) = (AH,GD) = —1do dé: G=G'. Do
d6 chi y rang: FI,EJ, DG dong quy tai H do d6 theo hang chiim diém diéu hoa co
bén thi S(GT,HD) = —1 = S(ET,HR) do d6 cha y ST||HR nén SE di qua trung
diém HR. Goi EF N HR = K, ta dé dang chting minh duge: K'D la tiép tuyén t6i



(ADM) do d6 K'D tiép xiic (DIJ) hay Ia ta c6: K = K'. Vay KD = K H dong thi
K H||IJ(diéu phai ching minh).

Nhan zét: Bai toan nay c6 1oi giai va ¥ tudng kha phiic tap. Day ciing 1a 1 1oi giai
khé do diéu cho bai toan 2, khéac hin cach khai thac gia thiét truc tiép ban dau.

Quay trd lai mo hinh bai toan 2, bai toan van tiép tuc duge mé rong hon nita khi
thay I béi mot diém bat ki trén phan giac géc ZBAC.

Bai toan 5(Nguyén Tran Hitu Thinh): Cho tam gidc ABC. Lay I la 1 diém
nam trén phan giac goc ZBAC. BI,CI cat AC, AB tai E, F. Tiép tuyén tai A clia
(AEF) cat BC tai diem P. Chiing minh rang: PI|EF va PI = PA.

Loi giai: Lay S = EF N BC, APNEF = K,AINEF,BC = L,D. Theo hang
diém diéu hoa co ban thi: (SD,BC) = —1 do d6 ZSAL = 90°. Ta c6: LKAL =

/FAK + /BAD = /KLA do d6 KA = KL = KS vay K la trung diém SL. Ap
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dung dinh Ii Menelaus cho tam giac SLD véi cat tuyen APK thi: D= AD — ID

do d6: PI||EF. Do d6: /PIA = ZALK = /KAI do d6 PA = PI hay ta c6 dieu
phai chitng minh.



Nhan zét: Bai toan nay van st dung ¥ tudng giong 10i gidi bai toan 2.

Ciing md rong bai toan 1, nhung theo ¥ tudng khai thac diéu kien cac diém M, N.
Tac gid Tran Qudc Thinh dé nghi bai toan sau(hién nhién n6 van la hé qua bai
toan 5).

Bai toan 6(Tran Qudc Thinh): Cho tam gidc ABC khong can noi tiép (O). Trén
AB, AC lay cac diem M, N sao cho BM = C'N. Dudng thang qua M song song BN
cat dudng thing qua N song song C'M tai diém I. Tiép tuyén (O) tai A cit MN tai
P. Ching minh rang: AI la phan giac goc ZBAC dong thoi PA = PI.

Loi giai: Ro rang ta chi can chimg minh A7 14 phan gidc goc ZBAC 1a c6 ngay tat
c cac diéu phai can phai chiing minh theo bai toan 5. Goi MI, NI cit AC, AB lan
sin /IAB sin Z/ZLMN sin/KNA

lugt tai L, K. Theo dinh li Ceva sin thi: s JTAC sin ZIMA Sn ZKNM =1. Do
46 chit % rine: sm/ZLMN  sinZMNB MB Tuone tit: sin /ZKNA _ MN
O Y TS G TMA T smn/MBN ~ MN' O G ZKNM T NC

in /IAB
Do d6: "2 4 hay Ia: ZIAB = /IAC tic a AT 1a phan gidc goc ZBAC.
sin ZIAC

Nhan zét: Bai toan nay hay va rat thu vi di khong qua kho khi da chitng minh dugc
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cac két luan ctia bai toan 5. Loi giai & tren la phong theo ¥ tudng ciia ban Tran
Anh Quan.

Bai toan con an chita nhiéu diéu thd vi, cac ban hay tim toi va khai thac thém nita.
Ban doc hay thit chiing minh céc bai toan dudi day xem nhu cac bai tap luyén tap.

Bai toan 7(Nguyén Tran Hiu Thinh): Cho tam giac ABC. Lay FE,F trén
AC,AB va BENCF = X. Tiép tuyén tai A ctia (AEF) cat BC tai P. Dudng thang
qua P song song EF cat phan giac goc ZBAC tai I. Chiing minh rang: Pl = PA.

Bai toan 8(Nguyén Duy Khuong): Cho tam giac ABC c6 cac duong cao AD, BE,CF
cit nhau tai H. Lay [ = DFNBE,J = DENCF. Giao diém tht hai ctia (FIB) va
(HID) 1a P va giao diém tht hai ctia (HJD) cing (CEJ) 1a Q. Goi tam (APQ) 1a

T. Chitng minh ring: AT di qua tam dudng tron ngoai tiép tam gidac BHC.

Bai toan 9(Nguyén Duy Khuong): Cho tam gidc ABC ndi tiép (O) c6 cac duong
cao AD, BE,CF cat nhau tai H. Lay I = DFNBE,J = DENCF. Tiép tuyén tai
D cta (DIJ) c¢&t EF 6 K. Goi AKN(0) = X, K. Giao diém thit hai ctia (FIB) va
(HID) 1a P va giao diém thit hai ctia (HJD) cing (CEJ) la Q. Chitng minh ring:
(AX H) tiép xtc (HPQ).
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