Loi giai va binh luan mét sé bai toan hinh
hoc thi vao 10

Nguyén Duy Khuong-chuyén Toan khoa 1518-THPT chuyén Ha Noi Amsterdam

Nhu vay 13 ki thi vdo 10-nam hoc 2016-2017 di gan nhu da két thic, hau nhu cac

truong chuyén trén ca nude da hoan tat khau tuyén sinh dau vio. Toéi mudn binh

luan mot s6 bai toan hinh hoc hay clia cic truong chuyén trong ki thi nam nay. Ca

nhan to6i thay c6 mot so6 bai toan hinh hoc khé sau sic va hay. Tuy nhién c6 mot

so lai kha "te"-bai toan khé béi ban chat bai toan khong nam & bac hoc cap THCS,

diéu d6 danh dé hoc sinh va la diéu khong can thiét.

Truée khi vao binh luan céc dé thi toi buoc long phai trinh bay 2 bd dé sau:

B6 dé 1: Cho tam gidc ABC va céac diém D, E, F 1an lugt thuoc BC,CA, AB sao
R . DB SB

cho AD, BE,CF dong quy. Gia st FF N BC = S. Chiing minh rang: — = —.

DC  SC

Chitng minh(Ban doc tu vé hinh): Ap dung dinh 1i Ceva cho AD, BE, C'F dong

DB EFA FB p .

quy thi: D_C'E_C’% —Eil ;‘:g dung dinh i Menelaus cho cat tuyén S, E, F' cta

tam giac ABC thi: B EC FAC 1. Chia vé cho vé di nhién ta dugc dpcm.

Bé6 dé 2: Cho cac diém I, F, E, K nim trén 1 duong thing theo thi tu d6 sao cho

thod man 1 trong ba hé thic sau day:

Y IE _FE
IK EK
2) Goi M la trung diém IE. Khi d6: ME? = MI* = MF.MK (Hg thitc Newton).

3) Goi N la trung diém FK. Khi d6: EI.EN = EF.EK (Hé thiic Maclaurin). Cling
can chu y he thic sau ciing goi 13 he thic Maclaurin: IE.IN = [F.IK.

Chitng minh: Ta di ching minh cac hé thic trén la tuong duong nhau. Gia sit ta ¢6
he thiic Maclaurin, thé thi: ME? = MF.MK < ME* = (EF—ME)(EK—ME) &

ET El
ME? = FF.EK+ME?*~ME(EF+FEK) & EF.EK = 7(EF+EK) = 2EN.7 =

EN.EI(dtng). Do d6 néu c6 he thic Maclaurin thi ta ¢6 he thiic Newton. Ta quay

. . a2 - . . ol
lai hé thic thit nhat, gia sit neu ta cing c6 san hé thitc Maclaurin the thi: K=



FE
+r © IK.EF = EK.IF & (EK — EDEF = (IK + ED)IF & EI.EN ~ ELEF =

EIIF+IK.IF < FEI(EN —FEF —IF)=I1IK.IF < IE.IN = [F.IK(ding theo hée
thitc Maclaurin). Nhu vay la cd ba hé thitc trén tuong duong nhau mién la minh ¢6
san mot hé thitc ding.

Bai toan 1(Trich dé thi tuyén sinh vao 10 chuyén Toan DHSP-Vong 2):
Cho M nam ngoai dudng tron (O; R). MA, MB la cac tiép tuyén dén (O). Lay
C la 1 diém nam trén AB, I, K l1a trung diem MA, MC. KAN(0O) = A,D. Lay
MDN(O)=D,Eva KEN(O)=E,F. Jlatrung diém FE.

a) Ching minh ring: OK? — MK? = R%.
b) Chiing minh rang: MCDB la 1 tit giac noi tiép.
c¢) Chiing minh réng: TAJF la ti giac noi tiép.

Lai gidi: a) Goi OMNIK = S. Cha y rang: OM L I K nén theo dinh i Pythagoras
tadé c6: KO?—KM? = SO*-SM? = IO?—IM? = [A2+0A%*— I M? = R*(dpcm).

b) MK?=KD.KA do d6 /KMD = /DAM = Z/CBD do d6 M DCB ndi tiép.



c) Tu b) ta c6: LMCA = 180° — LZMCB = 180° — ZMDB = /BDE = ZCAE
suy ra MC||AE. Goi N la trung diém KA. Ta thay I, N,J thang hang do d6
LIJF = ZAEF = ZIAF nén IAJF noi tiép hay ta c6 diéu phai ching minh.

Nhan zét: Bai toan kha don gian néu nhu nhin ra cau hinh truc ding phuong ciia
duong tron diém. Céch khai thac cau b) & c) 1a rat tu nhién va tao ra diém phu trung
diém KA.

Bai toan 2(Trich dé thi vao 10 THPT TPHCM): Cho tam gidac ABC vuong
tai A c6 dudng cao AD. Lay O la trung diem AB. CON(O;0A) = I sao cho I nim
gitta O, C. Dudng thing qua A vuong géc CO cit CO tai H va cit BC tai M. K la
trung diém BD.

a) Ching minh rang: HM la phan giac Z/ZBHD.
b) OKNAM = E, IM N (0;0A) = I,J. Ching minh rang: EJ cit CO trén (O).

Loi gidi: a) Ta c6: 0A%? = OB* = OH.OC suy ra AOBH ~ AOCB suy ra
/OHB = Z0OBC. Lai c6 ti gidc DHAC nai tiép thé nen ZDAC = ZDHC =
ZOBC do d6 M H la phan giac goc ZBHD.



b) Do HC L HM nén ta c6: HM, HC la phan giac trong va ngoai ZBHD vay ta
MB CB )

D - CD Do K la trung diem BD nén theo hé thic Maclaurin(xem
bo de 2) thi: MJMI = MB.MD = MK.MC do d6 tt giac JKIC noi tiép suy
ra: /KJM = ZICB = ZHBO. Ta dé ¥ ring: CH.CO = CA? = CB.CD suy
ra OHDB noi tiép. Do HM 1a phan gidc ZBHD va OK la trung truc BD nén
suy ra F nam tréen (OHDB) vay: /KEM = /OBH = /KJM suy ra KMEJ
noi tiép do d6 LIJE = /DKE = 90°. Goi CD cit (O) tai L khac I. Ta thay:
ZLJI + ZIJE = 90° + 90° = 180° do d6 L, J, E thang hang hay ta c6 dicéu phai
ching minh.

thu dugce:

Nhan xét: Dé ban dau c6 4 cau nhung ban chat 14 2 cau nhu trén. Theo toi dé bai
nay dé thi la kha te, viec st dung kién thiic cap 3 1a ban chat ctia bai toan nén hoc
sinh cap 2(hoc sinh khong thi chuyén Toan) khong xit 1i dugc la dic¢u kha hién nhién.

Bai toan 3(Trich dé thi tuyén sinh vao 10-THPT chuyén tai TPHCM):
Cho tam gidc ABC c6 AB < AC < BC. Lay cac diém M, N tren BC,CA sao cho
BM =AB=AM. BNNAM =K. Ké KH | AB(H € AB).

a) Chitng minh rang: tam noi tiép tam gidc ABC nam trén HK.

b) Chiing minh rang dudng tron noi tiép tam giac AHC' tiép xtic BHC.



Lai gidi: a) Goi I 1a trie tam tam gidc AK B. Ta thay ABN, ABM 1a cac tam gidc
can tai A, B nén AI, BI 1a phan giac cac géc A, B hay ta suy ra I la tam noi tiép
tam giac ABC(dpem).

b) Goi (I1), (I2) 1a cac dudng tron noi tiép cia hai tam giac AHB, AHC. Lay (I;) tiép
xtic CH tai E. Lay (I5) tiép xtic CB,CH tai D, E'. Theo tinh chat tiép di¢m duong
tron noi tiép thi: 2CE" = CA+CH — AH,2CE = CH — HB+ BC'. Diéu phai chitng
minh tuong duong: CA+HC—-AH = CH-—HB+BC < CA—BC = AH—H B(dung
bdi H 1a tiép diém dudng tron noi tiép tam giac ABC va AB).

Nhan zét: Bai toan nay kha hay & chd tan dung dudc cac bién doi v6i dudsng tron noi
tiép ma von xua nay kha nham chan.

Bai toan 4((Trich dé thi tuyén sinh vao 10-THPT chuyén tai TPHCM):
Cho tam gidc ABC ngoai tiép dudng tron (O) ¢6 goc B tu. (O) tiép xic BC,CA, AB
tai J, H, L. Duong thing qua O vuong géc AJ cat AJ va trung trige BC lan lugt tai
D, F. Ching minh rang: BDFC noi tiép.



Lai giai: Goi AJ cat (O) tai P va J. Ta da biét tinh chat kha quen thugc la tiép
tuyén tai P, J ctia (O) va LH dong quy tai 1 diém la S. Ta lai c6: DJMF la t
giac ndi tiép do d6 SD.SF = SJ.SM. Dé y ring AJ, BH,CL dong quy(theo dinh 1i
¢ SB JB N

Ceva) do d6 ta c6 theo bo de 1: 5o = o Swra rang: SB.SC = SJ.SM (hé thic
Maclaurin) do d6 BCF D noi tiép(dpem).

Nhan zét: Dé bai nay thi theo toi lai phtt hgp véi cac ban thi chuyén, chi dé hang
diém diéu hoa &t han la da dugc day & cac 16p Toan dac biet cap 2, viec kiem tra
kién thiic nay véi cac ban 16p 9 thi chuyén Toan c6 thé 1a hgp 1i hon.

Bai toan 5: Cho tam gidc ABC noi tiép (O). Lay P,Q trén cung BC khong chita
A sao cho AP, AQ dang giac trong géc ZBAC. AJ la duong kinh (0). JBN AP =
M,JCNAQ = N. Khi d6: CP, BQ cit nhau tai trung diém M N.



Ching minh: Ta ching minh theo mot truong hgp hinh vé trén cac truong hop khac

ta ching minh tuong tu. Theo dinh 1i Pascal thi CP, BQ, MN dong quy tai diém
. BM SM R
S. Theo dinh Ii ha 0 sin thi: = dong thoi —— =
€0 G Ram S0 S A G ZBSM  sin ZJBQ ong BHAl sin /BQA

NG . Tacé: LMJP = ZNJQ nén AMJP ~ ANJQ(g.g) suy ra AABM ~

sin ZNSQ
AB  BM BM CN
AJ N h t d — . VA t\ d/
Q (g g) vay —— JQ NQ ay tuong duong sin ZAQB sin ZJBQ ay tu do

chu y ZBSM = ZQSN ta thu duge: SM = SN(diéu phai chiing minh).

Nhan zét: Day 1a 1 b dé dep ma toi vo tinh tim ra khi gidi mot bai toan thi vao 10
khé la. Chiing minh dinh i Pascal(bang kién thitc THCS) khong kho, ban doc c6
thé tim doc rat nhiéu tai lidu.

Bai toan 6(Trich dé thi vao 10 chuyén Toan Quang Ngai): Cho tam giic
ABC nhon, mot duong tron qua B,C cat AB, AC tai E,D. Lay M, N lan luct 1
trung diém BD,CE. Ké MH L AB(H € AB), MK L AC(K € AC). Lay I I
trung diém M N. Chtng minh ring: TH = I K.



Loi giai: Quay tré lai bai toan, ta ¢c6: ZADB = 180° — /BDC = ZAEC do d6
ANADB ~ ANAEC(g.9) suy rta AABM ~ AACN (c.g.c) hay la ZMAB = ZNAC do
d6 AAMH ~ ANANK(g.g) suy ra ZMAH = ZNAK. Goi AMN(AHK) = A, P va
ANN(AHK) = A,Q. Do ZMHA = /NKA = 90° nen HM cat NK tren (AHK)
tai diém J. Theo dinh 1i Pascal cho 6 diem A, H, P, J,Q, K thi HQ, PK, MN dong
quy tai I’. Do AJ la duong kinh cia (AK H) nén suy ra theo bai toan 5 thi I’ 1a
trung diem MN. Do dé ta thu duge I = I’ do dé chi y HKQP la hinh thang can
nén ta c6 diéu phai ching minh.

Nhan zét: Ta c6 thé tong quat bai toan nhu sau: "Cho tam gidc ABC, lay hai
diém P, (Q trong tam giac ABC sao cho AP, AQ dang giac trong géoc LBAC. Ké
PM L AB(M € AB),PN 1 AC(N € AC). Goi I la trung diém PQ. Chiing minh
rang: IM = IN".

Bai toan 7(Trich dé thi vao 10 Ha Nai): Cho tam giac ABC nai tiép (O). Goi
I 1a tam nai tiép tam giac ABC. AI, CI cat (O) tai cac diem tht hai 1a N, M. Lay
MN N AB,BC = H, K.

a) Chitng minh rang: HIBK la hinh thoi.
b) P,Q la tam cia (M BK),(MKC). Ching minh rang: PQ chia doi DK.



~ . 1 — —
a) Dé chiing minh tit gidc KICN nai tiép do d6: LZHKI = ZMCN = §(NB+MA) =
Z/KHB do d6 BH||KI. Tuong tu thi: HI|[BK. Chi y HK 1a phan giac goc ZBHI
nén H KB la hinh thoi.
Trude khi giai cau b) ta chiing minh mot bo dé: Cho tam giac ABC nai tiép (O) c6
K thuoc doan BC. X,Y la tam ngoai tiép cac tam giac KAB, KAC. Chitng minh
rang: BX cit C'Y trén (O).



Ching minh: Ta chiing minh trong truong hgp hinh vé nay, cac truong hgp khac
ta ching minh tuong tw. Goi CY N (0) = J,C. Ta c6: LIBA = ZLJCA = 90° —

szc _ B0 - (3602_ 2ZAKC) _ JAKC —90° = 90° — ZAKB = /XBA do

dé B, X, J thing hang hay b6 dé dugce ching minh.

b) Ta quy bai toan vé chiing minh DPKQ 1a hinh binh hanh. Ap dung b6 dé tren

. /ZBPK
thi BP cat CQ tai D' trén (O), ma £D'BC = 90° — 5 = 90° — ZKMB =

90° — ZKMC = /D'CB do d6 D = D'. Thé nén: /DPK = /ZDQK. Vay ma:
LPKQ =180° — ZPKB — ZQKC = 180° — 2(90° — LKMC) = £/BMC = £Z/BDC
do d6 DPK(Q la 1 hinh binh hanh nén DK di qua trung diém ctia PQ(diéu phai
chtiing minh).

Nhan zét: Cau hinh nay via phéi t6i da luge di cau a) b) bdi ching khong phai §
chiing minh khé. Cau d) bai toan vé ban chat chi 1 trudng hop dic biet ctia bo dé
néu tren.

Bai toan 8: Cho tam giac ABC ndi tiép (0), tiép tuyén tai B, C cia (O) cit nhau
tai P. Ké AJ song song BC(J thuoc (0)). M la trung diem BC. APN(0) = A, K.
Chitng minh ring: J, K, M thing hang
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B6 dé cat tuyén: Cho tit gisc ABC'D noi tiép (O) c6 giao 2 dudng chéo 1a I. Khi dé:
IA BA DA

IC ~ BC DC"

Ching minh: Ta co: = D sm/0DB

1 .
IA B SIAD B EAD]DSZHAADB B ADSIHZADB
1

IC Siep 5-CD.ID.sin/CDB
AD.AB

CD.BC

Quay trd lai bai toan, goi AH la dudng cao clia tam giac ABC. Ta c6 tinh chat quen
thuoc la: ZHAB = ZOAC. Theo tinh chat hé thiic lugng trong tam giac vuong ta co:
OA? = OC?* = OM.OP do d6 AOAM ~ NOPA(c.g.c) suy ra ZOPM = ZOAM =
/ZDAH suy ra ZPAB = ZMAC hay /ZKAB = ZMAC. Goi JMN(0) = J, K'. Goi

, JE . .. DB AB K'B
D'= AKNBC. Theo bo dé cat tuyéen thi: D0 = AC KO
MB JB K'B K'B JC AB D'B  AB?

tuyén thi: — = —. = 1. : = — = — = .
wen B e T JoK'C Swy i 755 = 75 = a0 W e T Ace
nén D = D’ hay la ta

hay dpcm.

. Ma ciing theo bo dé cdt

. DB AB?
i APNBC =D 0 é chi inh ==
Goi N BC ta cling dé ching minh dugc e = Ace
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thu duge K = K’ dan t6i J, M, K thang hang(diéu phai ching minh).

Nhan zét: Bo dé cat tuyén da cho thiy tng dung tuyét voi clia né trong céc bai toan
lien quan t6i chia ti lé doan thing. Cac ban c6 thé tham khao bai viét ctia toi trén
blog ctia minh vé bo dé nay.

Bai toan 9: Cho tam giac ABC noi tiép (O) nhon(AB < AC). I la tam noi tiép
(O). D l1a hinh chiéu ctia I len BC. ADN(0) = G, A, lay F 1a trung diém cung 16n
BC cta (0). Goi IDNFG=H

a) Ching minh rang: H € (IBC).
b) Goi AIN(BIC) =1, J. Chimg minh rang: BH = CJ.
c) HF N (BIC) = N. Chting minh rang: NJ chia doi BC'.

Lai giai: a) Ta ¢6: ID||FFE do d6 LZIHG = ZGFE = ZEAF do d6 TAHG noi tiép
do d6 DA.DG = DI.DH = DB.DC suy ra IBHC nai tiép.

b) Goi AI cat (O) tai diém thit hai E. Ta c6 tinh chit quen thuoc la: E 1a tam (BIC)
do d6 IJ la dudng kinh cta (BIC) do d6 HJ L ID nén HJ||BC suy ra BCJH la
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hinh thang can nén BH = C'J.

c) Do EF la duong kinh ctia (O) nén FB L BE, FC L CFE do d6 FB,FC la cac
tiép tuyén dén (BIC). Ta quy cau c) vé bai toan nhé nhu sau: "Cho tam gidac ABC
noi tiép (O), tiép tuyén tai B,C cia (O) cit nhau tai P. Ké AJ song song BC(J
thuoc (0)). M la trung diem BC. AP N (0) = A, K. Ching minh ring: J, K, M
thing hang". Day chinh 13 noi dung ctia bai toan 8 vay ta thu dugc diéu phai ching
minh.

Nhan zét: Bai toan trén 1a bai toan thi vao 10 chuyén Toan ctia thanh phé Ha Noi.
Dé bai khong kho xong cach dién dat v ¥ tudng theo cap THCS 1a kha kho khan.

Bai toan 10(Thi vao 10 chuyén Toan Hoang Van Thu-Hoa Binh): Cho A
nam ngoai (0). Ké cac tiép tuyén AB, AC dén (O), BD la duong kinh cta (O).
Dudng thing qua A vuong AB cit OC tai E, F la trung diém OB. Chtng minh
rang: EF L AD.

Loi giai: Ta c6: AE|BD do d6 LZEAO = LAOB = ZAOEF suy ra AEO can tai

C s 2 B . IE  IE _
E. Goi I la trung diem OA, J = EF N AD. Ta cé: 04~ 210" Do ZEOI =
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IE IF 1E OA

ZIOF AEIO ~ AIF . — = —. Vay — = —.
OF suy ra O O(g.g9) suy ra 0-0F " IF= 0D
LAOD =90° + LZOAD =90° + LFIO = LZEIF do d6 AEIF ~ ANAOD(c.g.c) suy

ra ZJEI = ZJAI nén tt giac AIJE noi tiép nén FE L AD.

Lai co:

Nhan zét: Y tudng ching minh tam giac dong dang that 1a tu nhien ciing cac bién
doi géc hét stic tinh té. Diém dang chi ¥ 1a bai toan nay da xuat hién trong dé thi
chon HSG quan Ba Dinh, Ha No6i nam hoc 2016-2017.

Nhu vay thong qua cac bai toan trén ta thay xu huéng ra dé thi chuyén Toan van
huéng t6i cac ki thi 16n hon nhu VMO,IMO. Céc cau hinh xuat hién ciing da dang
va dau cho c6 nhitng bai toan chua that sy phit hop véi hoc sinh cap THCS thi ching
déu 1 cac bai toan dep mit va c6 cac phét biéu kha ngén gon. O tren day déu la cac
161 gidi ctia toi, chiing khong phai 10i gidi ngan nhat xong phan nao chi ré ban chat
cac bai toan, do d6 viéc trinh bay cac bo dé la diéu bat budc, mong céc ban thong
cam.
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