Tim toi va phat trien mét 16p bai
toan hinh hoc cé gia thiét hay

Nguyén Duy Khuong-chuyén Toan khoa 1518-THPT chuyén Ha Noi Amsterdam

Ldi néi dau: Trong bai viét nay toi mubén dé cap t6i mot dang cAu hinh dep,
nhiéu tinh chat tha vi: "Cho tam gidc ABC va cac diem M, N tréen AB, AC. Lay
(ABN)N (ACM) = A, P". Van dé 1a véi cac diem M, N & cac vi trf ddc bigt thi ta
c6 dude rat nhiéu két qua tha vi.

Chung ta sé mé dau bang bai toan sau:



Bai toan 1: Cho tam gidc ABC noi tiép (O) c6 M, N la trung diém ctia AB, AC.
Liy (AMC)N (ANB) = A, K. Chiing minh ring: AK la dudng ddi trung ctia tam
gidc ABC.

Loi giai: Goi G la trong tam tam giac ABC. Ta thay rang: K la diem Miquel
clia t giac toan phan (AM, MG,GN,NA) do d6: K € (GMB),(GNC) hay la:
/KMB = /KGC = Z/NCK, dong thoi: ZMBK = 180°—~/ZANK = ZKNC do dé:
AMBK ~ ACNK(g.g). Goi AKN(0) =D, Atacé: ZDCB = /DAB = /KNB
dong thoi: ZDBC = /KAC = ZKBN do d6: AKBN ~ ADBC(g.g) suy ra:
_i((ff = gg = Agﬁ = ﬁg hay 1a: DBAC 1a 1 tit gidc dieu hoa do d6: AK 1a duong
d6i trung ctia tam giac ABC(diéu phai chiing minh).

Nhan zét: Day 1a 1 b6 dé rat hitu dung trong giai cac bai toan lién quan t6i cau hinh
diém Miquel.



Bai toan 2: Cho tam giac ABC noi tiép (O) c6 trung diem AB, AC 1la M, N.
(AMC)N (ANB) = A,G va trung truc BC' c&t MN tai K. Ching minh rang:
A,G,0, K dong vien.

Loi gidi(Nguyén Duy Khuong): T bai toan 1 ta c6: AG chinh 1a duong doi
trung ctia tam gidc ABC. Goi tiép tuyén tai B,C cta (O) cit nhau tai S. MN
cat lai (AMC) va (ANB) tai I,J khac M,N. Ta c6: IJ||BC do d6: Z/KJB =
/SBC = /SOB(do OBSC nai tiép) vay JKOB nai tiép. Tuong tu thi: OKCT noi
tiép vay OK, C1,JB dong quy tai S dong thoi: SK.SO = SC.ST = SJ.SB do dé
PS/(AMC) = PS/(ANB) hay la: S_A@ = S_K% do do: A, G, K,O déng vién ta co
diéu phai chitng minh.

Phoéng theo céch lam ctia t6i & céc bai toan trén thi ta c6 thé mé rong hon nita bai
toan 2 nhu sau:

Bai toan md rong bai toan 2(Nguyén Duy Khuong): Cho tam gidc ABC



noi tiép (0). Lay M, N trén cac doan AB, AC sao cho: MN|BC. Goi (AMC) N
(ANB) = A,G. Trung tryc BC cit MN & K. Chiing minh rang: A,G,0, K dong
vién.

Nhan xét: Di nhién mau chdt van 1a chi ra duge AG 1a duong ddi trung ciia tam giac
ABC.

Thay déi cac diem M, N di ta lai c6 bai toan thd vi sau:

Bai toan 3(Nguyén Duy Khuong): Cho tam gidc ABC c¢6 tam noi tiép I va noi
tiép duong tron (O). (I) tiép xtic BC,CA, AB tai D, E, F. M la trung diém cung
BC chita A. Chiing minh riang truc dang phuong ctia (ABE) va (ACF) cat M D trén
(0).

Lai giai: Goi (ABE)N(ACF) = A, P. Lay APN(O) = K, A, taco: /PFB = /PCFE
. . . PF BF DB ,
va /PEC = /PBF do d6: APBF ~ APEC(g.g) hay la: P~ BC — DO Lai
c6: LKBC = /ZPAC ?(BAPF%]}/& /BKC = 180° — ZBAC = /ZFPC do dé:
APFC ~ AKBC vay “C — PC — DO nén KD la phan giac ZBKC do dé:

K, D, M thing hang hay la ta c6 diéu phai ching minh.

Nhan zét: Loi giai hoan toan tuong tuong tu cho bai tong quat nhu sau:

Bai toan 4(Nguyén Duy Khuong): Cho tam giac ABC. Lay D bat ki tren BC
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khac B,C. Lay E, F tréen AB, AC sao cho: DB = BE va DC = CF. M la trung
diém cung BC chita A ctia (O). Chiing minh rang: M D cat truc dang phuong ctia
(ABF) va (ACE) trén mot duong ¢b dinh.

Cung tit bai toan 4, khi nhan ba bai toan nay thi theo tinh chat tam dang phuong
ta c6 bai toan sau:

Bai toan 5: Cho tam giac ABC nai tiép (O) va ngoai tiép (). Lay M, N, P lan luct
la trung diém céac cung BC, C A, AB chita A, B, C ctia (0O), tiép diém ctia dudng tron
noi tiép véi BC,CA, AB 1a D, E,F. Goi MD N (0) = M, A,, NEN (O) = N, By,
PFN(0) = P,C;. Chiing minh rang: AA,, BB;,CC; dong quy tai 1 diém.

Nhan zét: Bai toan nay khong mdéi nhung ta da thu duge 1 10i gidi méi va 1 két qua
khac kha tha vi.

Bai toan 6(Aops): Cho tam gidc ABC' c¢6 dudng tron noi tiép (I). (I) tiép xuc
BC,CA,AB tai D,E,F. Lay H la hinh chiéu ctia D len EF. Chiing minh rang: H
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thuoc truc dang phuong ctia (ABE), (ACF).

Lai giai(Nguyén Duy Khuong): Goi (O) la dudng tron ngoai tiép tam gidc ABC,
M 1la trung diém cung BC chita A. Goi (ABE) N (ACF) = A, P. Lay APN (0) =
K, A, ta c6: LPFB = /PCE va ZPEC = ZPBF do d6: APBF ~ APEC(g.9)

PF BF DB . Z. . . N B (o]
56 - EC - Do Lai ¢6: /KBC = /PAC = /ZPFC va /ZBKC =180
KB PF DB

/BAC = /ZFPC do d6: APFC ~ ANKBC vay %0 - pC - po KD la phan

giac ZBKC do do: K, D, M théing hang. Goi EFNBC = S thé thi theo hang diéu hoa
cd ban thi: (SD, BC) = —1. Lay J la trung diém cung BC khong chita A ctia (O). T
1 trung diem BC. Ta c6: DT.DS = DB.DC = DM.DK (theo hé thitc Maclaurin)
do d6: SMTK noi tiép. Lai c6: SHDK noi tiép suy ra ZDHK = /DSK = /K AI
Ma DH||AI nén A, H, K thang hang. Do d6: A, H, P, K thang hang hay la: H nam
trén truc dang phuong ctia (ABE) va (ACF).

hay la:




Nhan xét: Bai toan nay khong méi va da dude tong quat bdi Luis Gonzales trén
Aops.

Bai toan 7(Nguyén Duy Khuong): Cho tam giac ABC noi tiép (O). Lay D bat ki
trén doan BC', P, Q trén AB, AC sao cho: BD = BP,CQ = CD. (APQ)N(0O) = A, J
va JDN(0)=T,J. Lay M déi ximg T qua O. Chitng minh réng truc ding phuong
clia (ABQ) va (ACP) c&t M D tren (O).

Bai toan 8(Nguyén Duy Khuong): Cho tam gidc ABC noi tiép (O). Lay D bat
ki tréen doan BC', P,Q trén AB, AC' sao cho: BD = BP,CQ = CD. I la tam néi
tiép tam gidc ABC. Duong thing qua A song song ID cit (APQ) tai R. Tia RD
cat (O) tai diém J, ké duong kinh JM ctia (O). Chitng minh riang truc dang phuong
clia (ABQ) va (ACP) c&t M D tren (O).

C6 thé thay rang viec tim méi lien hé cac diem E, F trén AB, AC chinh la diém quyét
dinh khi tao ra nhitng bai toan nhu kiéu tren.

Bai toan 9(Tran Quan): Cho tam giac ABC noi tiép (O; R). Lay D, E trén
AB, AC sao cho: BD = CE. (ABE)N(ACD) = A, K. T la tam ngoai tiép tam giac
ADE. Chtng minh rang: TK = R.

Thay d6i thanh tiép diém duong tron Miztilinear thi ta c6 bai toan khac nhu sau.
Viéc di tong quat bai toan theo nhiéu géc nhin chinh 1 diém thd vi. Diéu dé sé cho
ta rat nhiéu bai toan la va dep.

Bai toan 10(Nguyén Duy Khuong): Cho tam gidc ABC' ¢6 tam noi tiép I. Dudng

thiang qua I vuong Al cit AB, AC tai F, E. Chiing minh réng truc ding phuong ctia
(ABE) va (ACF) di qua tiép diém dudng tron A — Mixtilinear noi.



Lai giai 1(Nguyén Duy Khuong): Ta dé thay theo dinh 1f ddo Shawayama rang:
E, F la tiép diem duong tron A— Miztilinear noi. Goi D la tiép diém ctia duong tron
A — Migztilinear noi, ta c6: DF, DE lan luct 1a phan giac cac goc LZADB, ZADC.

FB DB £C’ DO FB
ay: — = — : = av: = . Taco: LZPFB = /ZPCA
Vay: T4 T pa tome W o = 5O V&Y e < po aCOFB o ¢
va ZPEC = ZPBF do d6: APBF ~ APEC(gg) hay i o = oo Goi

D'B PB DB

p— p— D
DC _ PE _DC ¢

AP N (0) = D', A ta c6: APBE ~ AD'BC(g.g) thé nén:
d6: D = D'. Ta c6 dieu phai chitng minh.

Loi giai 2: St dung phép nghich dio ddi xing cyc I phuong tich AB.AC truc doéi
xitng 13 phan giac ZBAC, ta thiy ngay rang: tiép diém duong tron A — Mixtilinear
noi bién thanh tiép diém dudng tron bang tiép géc LBAC véi BC, E, F bién thanh
tiép diém duong tron bang tiép goc BAC v6i AB, AC. Ta quy vé bai toan quen thuoc
sau: Cho tam giac ABC c6 dudng tron bang tiép (J). (J) tiép xic BC,CA, AB tai
D,E,F. EF N BC = K. Ching minh rang: (BC,DK) = —1.



Tiép tuc, ta thu dudc bai toan thd vi nhu sau:

Bai toan 11(Nguyén Duy Khuong): Cho tam gidc ABC c¢6 tam noi tiép I.
Duong thang qua I vuong goc Al cit AB, AC tai F,E. Ha BP 1 AI(P € Al). Lay
EP N BC = D. Chiing minh réng: truc dang phuong ctia (ABE), (ACF) cit ID
tren (ABC).

Bai toan 12(Nguyén Duy Khuong): Cho tam giac ABC noi tiép (O). Lay
D thay ddi trén cung BC khong chita A. Gia sit cac diem E, F tréen AB, AC sao
cho: BD = CF va CD = BE. Lay (ABF)N (ACE) = A, P. Chiing minh rang:
/DAB = /PAC.

Lai giai: Tac6é: LPEB = /ZPCFva/PFC = /ZPBE dodo: APBE ~ APFC(g.9)
PB BE  DC

suy r}a(éDF —DCFC = DB Goi APN(0) = A K ta ¢6: ABKC ~ ABPF(g.9)
fn — = ——. i ADNBC =1, AKNBC = L. Th 6 dé cd én thi:
nén %0 DB Goi N BC , N BC eo bo de cat tuyen thi



IB AB DB _ LB AB KB py IB LB AB?

IC ~ AC'DC L T Ac'KC U 10 IC T ACY
trong ZBAC. Vay ta thu duge: ZDAB = ZPAC(diéu phai ching minh).

vay AI, AL dang giac

Nhan xét: Di nhién khi da quen v6i cach lam tit cac bai toan truée do thi bai nay
cling sé c6 tu tudng tuong tir. Tuy nhién viéc xit If doan sau bai toan khong hé don
gidn nhu toi nghi, ciing khong don gian khi nghi ra 18i gidi trén va mot lan nita viéc
st dung b6 dé cdt tuyén thuc su rat tha vi.

Bai toan 13(Nguyén Duy Khuong): Cho tam giac ABC c6 tryc tam H. Goi
tam (BHC) la I. Lay cac diém E, F trén AB, AC sao cho I[E | AC va I[F 1 AB.
Goi (ABF) N (ACE) = A, K. Chiing minh rang: AK chia doi BC.

Lai giai: Ta biét két qua quen thudc dé la I déi xing O qua trung diém BC.
Goi FI,EI cat AB,AC tai S,T. Ta c6: £BIS = 90° — ZIBC = 90° — ZOBC
do d6: 4ZBIT = 2/BAC +90° — ZICT = 2/A + 90° — (180° — £C' — ZOCB) =
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LA+ ZC = 180° — ZB. Tuong tu thi: ZCIS = 180° — ZC. Theo dinh 1i ham s6 sin
B BE _ _BE__ BE ... CF
sinZBEL, sin/BIE ~ snZBIT — smZB' 18 ,'ﬁ;‘ sin ZFIC ~
2 . o ~ o S111 _ .

S0 ZIFC ~ smoc Do dochay 1B = ]i;en' OF ~ sniC " AB Coi
AK N (0) = A, P thi ta dé ching minh duge: PC = FC — AB

tuyén ta c6: AP di qua trung diem BC/(di¢u phai chiing minh).

ta co:

nén theo bd dé cat

Tuong ty ta c6 rat nhiéu bai todn thu vi khac. Ban doc ty thit stc:

Bai toan 14(Nguyén Duy Khuong): Cho tam giac ABC noi tiép (O). Tiép tuyén
tai B,C cat nhau 6 P. Lay E,F tréen AB, AC sao cho: PE 1 AC va PF 1 AB.
Chiing minh rang tam (BOC) nam trén truc dang phuong ctia (ABF) va (ACE).
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Lai giai 1: Ta da biét rang: B,0,C, P dong vien duong tron (K). Lay (ACE) N
(ABF) = A,Q. Lay AQ N (O) = A, I, tut cac bai toan trén thi ta dé dang co:

IB_BE . .~ PB_ BB __ _PC__ _CF_

1C~ CE a.CO'ZBs}gEABEP zosinAEPB " s ZPEC T sinZFPC w
S1n COS —

hay 1a: - _ . Ta goi AK N BC = J. ta 6 22 —

Wl R T GWJCPE  cos(B_aA) 28l ARNBC =], ta o Ta

AB sin /KAB Lai c6: sin/KAB  sin/ABK _ sin/KAC  sin ZACK

AC sinZKACT ™M T kB T AK_ YT KC _  AK

sin /KAB  sin/ABK  sin(90° — ZC + ZA)  cos(C — A)

sin /KAC ~— sin/ACK — sin(90° — /B + ZA)  cos(B— A)

JB AB IB , R
70 = A0 Ic nén theo bo dé cdt tuyén ddo thi: A,J I, K thing hang(diéu phai

chiing minh).

Ldi giai 2(Huynh Bach Khoa)(Ban doc tu vé hinh): Lay T = (ABF)N(ACE).
/ d BE .
O’ ddi xing O qua BC. Ta c¢6: ATBE ~ ATFC do do: T/AB _ . Lay
dr)ac CF
CONAB = X,BONAC =Y, taco: ABCX ~ ANACFP va ACBY ~ ABEP
BE 'BE PC _BC BX  BX

Do do:

do do:

. = . = . = . T /I / = ’ = ’ d
W GRS BpCF - Oy BC Oy M0 Somx = Soso = Sove do
. BX _ doyac ,
dé: — = hay la: AT, AO" dang giac nén AT di qua tam (BOC)(diéu phai
XY  dous

chiing minh).

Nhan zét: Ro rang 161 gidi 2 ngan hon 161 gidi goc ctia toi bdi né kha tir nhién khi chi
ra 2 duong dang gidc bang phuong phép ti lé khoang cach.

Bai toan 15(Nguyén Duy Khuong): Cho tam giac ABC noi tiép (O), c6 truc
tam H. Lay M la trung diém cung BC khong chia H cta (BHC). Lay E, F trén
AB, AC sao cho ME 1 AC,MF 1 AB. Chitng minh ring truc ding phuong ctia
(ABF) va (ACE) chia doi goc BAC.

Bai toan 16(Nguyén Duy Khuong): Cho tam giac ABC noi tiép (0). AO N
(BOC) = A,I va E, F la cac hinh chiéu ctia I léen AC, AB. Chitng minh rang truc
dang phuong clia (ABE) va (ACF) la dudng ddi trung clia tam giac ABC.
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Lai gidi: Goi AK N (O) = A,J va D la hinh chiéu cia A len BC', AON BC = P.
NN e . JB KF BF . B _
TU cac bai toan trude doé ta co: C - KC - OB a cO: 5= cosélgg =
—cos (£B+240AB) = —cos (90° + ZOAB) = sin ZDAC. Tuong tu thi: St
BF DCIB AB AB DB PC AB -
CE~ AC 'DB.]EB; AC DC PB ~ Ac\do AD, AP dang

) B
giac). Lay AJ N BC = @ ta co: g_C =10

gidc ABC(diéu phai chiing minh).

sin ZDAB do dé:

do d6: AK la duong déi trung ciia tam

Bai toan 17(Nguyén Duy Khuong): Cho tam giac ABC noi tiép (O) c¢6 tam
bang tiép goc A la J. Hinh chiéu ctia A len JB, JC lan lugt 1a £, F. Ching minh
rang truc dang phuong ctia (JBF) va (JOE) cat trung triue BC trén (ABC).

Nhan zét: Ung dung ctia phép d6i mo hinh la rat quan trong. Viec déi goc nhin 1a
cach hay nhat dé khién 1 bai toan cii(hodc c6 ¥ tudng cii) trd nén mdi mé.
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Bai toan 18(Nguyén Duy Khuong): Cho tam gidc ABC c6 cac duong cao
AD,BE,CF. P,Q la hinh chiéu ctia D len AB, AC. Chiing minh ring truc dang
phuong cia (AEP) va (AFQ) chia doi BC.

Nhan zét: Dé y sé thay né chinh 1 bai toan 382. Van dé la nhan ra vai tro diém A
l4 gi ma thoi.

Bai toan 19(Téng quat bai toan 384): Cho tam giac ABC. Mot dudng tron (K)
qua B,C cit AC,AB tai E,F. P la 1 diém nam trén AB. Qua P ké dudng thing
song song EF cit AC tai Q. Chitng minh ring truc dang phuong ciia (AEP) va
(AFQ) chia doi BC.

Bai toan 20(Nguyén Duy Khuong): Cho tam gidc ABC noi tiép (O). M la
trung diem BC. AM N (0) = K, lay E, F 13 hinh chiéu ctia K len AC, AB. Goi tam
(ABE) 1a I va tam (ACF) 1a J. Ching minh réang: [J 1 BC.
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Loi giai: Lay (ABE) N (ACF) = A, P. Tit gia thiét ta c6 APBF ~ APEC(g.g)
_ PB BF KB AC, .. . . 3

do dé: PE-FBC - KO~ AB (bo dé cat tuyén). Do d6: APBE ~ AAC’J}\?(C.g.c)

do d6: LPBE = /PAC = ZACB do d6: AP||BC nén ta c6: IJ 1 BC(diéu phai

ching minh).
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