POAN HONG bUC




CHUYEN DE BOI DUONG TOAN 8

CHUYEN DE 1 - PHAN TiCH DA THU'C THANH NHAN TU
A. MUC TIEU:
* Heé thdng lai cac dang todn va cac phuong phap phan tich da thirc thanh nhan tir
* Giai mot s6 bai tap vé phan tich da thirc thanh nhan tir
* Nang cao trinh d6 va k¥ ning vé phin tich da thirc thanh nhan tir
B. CAC PHUONG PHAP VA BAI TAP
I. TACH MOT HANG TU THANH NHIEU HANG TU:
Dinh 1i bo sung:
+ Pa thuc f(x) ¢6 nghiém hiru ti thi ¢ dang p/q trong d6 p 1a ude cia hé sb tu do, q 12 udce
duwong ctia hé sé cao nhét
+ Néu f(x) c6 tong céc hé sb biang 0 thi f{x) c6 mdt nhan tir 1a x — 1
+ Néu f(x) c6 tong cac hé sb cia cac hang tir bac chin bang tong cac hé sé cua cac hang tir
bac 1¢ thi f(x) c6 mot nhan tir 1a x + 1

D va D g3y 1a 56 nguyén.
a-1 at |

+ Néu a 1a nghiém nguyén ctia f(x) va f(1); f(- 1) khac 0 thi
Dé nhanh chéng loai trir nghiém 1 udc cta hé sé tu do

1. Vidu 1: 3x° — 8x + 4

Cach 1: Tach hang tu thir 2

3~ 8x+4=3x—6x —2x +4=3x(x-2)-2(x-2)=(x-2)(3x—2)

Cach 2: Tach hang tir thir nhat:

3 —8x+4= (4 -8x +4) - X' =(2x-2) -x =(2x-2+x)(2x -2 —X)
=(x-2)3x-2)

Vidu 2: X —x* -4

Ta nhén thiy nghiém cta f(x) néu c6 thi x = +1;+2;+4, chi c6 f(2) = 0 nén x = 2 14 nghiém
cta f(x) nén f(x) c6 mot nhan tir 13 x — 2. Do d6 ta tach f(x) thanh cdc nhom cé xuat hién
mot nhantr la x — 2

Cach 1:

X3 — X2 -4 = (x's —2)L‘2)+(x2 —2x)+(2x—4)=x2(x—2)+x(x—2)+2(x—2) = (x—Z)(x2+x+2)
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Cich2: x*-x*-4=x"-8-x° +4=(x3 —8)—(){2 —4)=(x—2)(x2+2x+4)—(x—2)(x+2)
= (x—z)[(f +2x+4) - (x+ 2)]=(x—2)(x2 +x+2)

Vidu3: fix)= 3x’— 7+ 17x -5
Nhan xét: +1,+5 khong la nghiém cua f(x), nhu vay f(x) khong c6 nghiém nguyén. Nén

f(x) néu c6 nghiém thi 1 nghiém hitu ti

Ta nhan thy x = % la nghi€ém cua f(x) do d6 f(x) c6 mot nhan tir1a 3x — 1. Nén

f(x) = 3x"— 7x*+ 17x = 5= 3x* —x’ = 6x” + 2x+15x— 5= (3x* = x* )~ (6x* - 2x) +(15x - 5)
= x*(3x-1)-2xBx—1)+53x 1) = Bx —1)(x* —2x+5)
Vi x*=2x+5=(x"-2x+1)+4=(x—1)" +4>0 vo1 moi x nén khong phan tich dugc thanh
nhan tu nita
Vidud: x’+5x° +8x +4
Nhan xét: Tong cac hé s6 ctia cac hang tir bic chin bang tong cac hé sb cia cac hang tir
bac lé nén da thirc c6 mot nhan tir la x + 1
X A5K+H8X +4=(X +x° )+ @x +4x)+ @x+4)=x"(x+ 1) +4x(x+ 1)+ 4(x + 1)
=(x+ DE*+4x+4)=(x+ 1)(x +2)*
Vidu 5: f{x) =x" —2x" +3x’ —4x* +2
Tong cac hé s6 bang 0 thi nén da thirc c6 mot nhan tir 13 x — 1, chia f(x) cho (x — 1) ta co:
X =2x'+3x —4x+2=(x- ' -xX* +2x* -2x -2)
Vix'-x' +2x* -2x -2 khong c6 nghiém nguyén ciing khong c6 nghiém hiru ti nén
khong phén tich duoc nita
Vidu 6: x* + 1997x% + 1996x + 1997 = (x* + x> + 1) + (1996x> + 1996x + 1996)
= (X +x + 1)K -x +1)+1996(x* +x + 1)
= (X+x + 1)K -x +1+1996)=(x*+x + 1)(x* -x +1997)
Vidu7: x*- x-2001.2002 = x> - x - 2001.(2001 + 1)
=x*- x—2001%-2001 = (x* — 2001%) — (x + 2001) = (x + 2001)(x — 2002)
1. THEM , BOT CUNG MQT HANG TU:
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1. Thém, bét ciing mdt so6 hang tir dé xuat hién hiéu hai binh phwong:
Vidu1:4x* + 81 =4x* +36x* + 81 - 36x° = 2x* + 9)* — 36x°

= (2x* + 9)* — (6x)* = (2x* + 9 + 6x)(2x* + 9 — 6X)

= (2% + 6x +9)(2x* — 6x + 9)

Vidu2: x*+98x"+1=x"+2x"+ 1)+ 96x*

=x'+ 1)+ 16x°(x* + 1) + 64x" - 16x5°(x" + 1) + 32x"

=x'+1+8x) —16x°(x" +1-2x") = (x* + 8x* + 1)* - 16x*(x* — 1)
=(x'+8x% + 1) - (4x’ —4x )’

=(x'+4x + 8% —4x+ 1)(x'-4x’ + 8x° +4x+ 1)

2. Thém, bét cung mot ) hang tir dé xuét hién nhén tir chung
Vidul: X +xX*+ 1 =X =x) +(xX*+x+1)=x(x*-1)+ x> +x+1)

= xx -DE+ D+ E+x+1)=xx- D)X +x+1)X + 1)+ +x+1)
= (Hx+ DxE-DE+D)+1]=F +x+ DK - x*+ x* -x+ 1)
Vidu2: x' +x +1 =(x-"—x)+(x5—xz)+(:)(2 +x+1)

=x(xX - )X+ D)+x(x -1+ & +x+1)

=x +x+ DE-DE+x)+ x-D)E +x+ 1)+ +x+1)

=X +tx+ DE -x"+x-x)+ (K -x)+1]= +x+ HE -x"+x —x+1)

Ghi nho:

Im+1 n+2

Céc da thue c6 dang x + X +lnhu: x +x3+1;xX +x+1:x3+x+1;
X +x+1;x+x+1; ...déucénhéintfrchung A x*+x+1
II1. PAT BIEN PHU:
Vidul: x(x+4)(x+6)(x+10)+ 128 =[x(x+ 10)][(x + 4)(x + 6)] + 128
= (x*+ 10x) + (x> + 10x +24)+ 128
Pat x>+ 10x+ 12 = y, da thirc c6 dang
(y—12)(y+12)+ 128 =y* — 144 + 128 =y’ — 16 = (y + 4)(y — 4)
= (X’ +10x+8)x* +10x +16)= (x +2)(x+8)(x*+ 10x+8)
Vidu2: A=x"+6x+7x - 6x + 1

Giasu x # 0 ta viet
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X*+6x’+ 7 —6x+1= xz(x2+6x+7—é+%)=x2[(x2+ 1—,)+6(x-i)+7]
X X" X" X

Dit x—i=y thi x2+1—1=y2+2,dodé
X X~

A=xX Y +2+6y+7)=x(y+3) = (xy+3x)* = [x(x - L)2+3x]2=(x2+3x— 1)°

Chu ¥: Vi du trén co thé giai biang cach ap dung hing diang thirc nhu sau:
A=x"+6x"+7x —6x+1=x"+(6x - 2x*)+ (9x° - 6x + 1)

= x'+2x°Bx- 1)+ Bx-1)* =x*+3x-1)
Vidu3d: A= (x"+)y"+2)(x+y+2)" +(xy+ yzt+zx)’
= ‘:(,\c2 +y’ +zz)+2(xy+yz+zx)] (x> +y* +2°) + (xy + yztzx)’
bat x*+)y*+z° =a,xy+tyz+zx=btaco
A= a(a+2b)+b’=a’+2ab+b* =(a+b) = (x*+y°+2° +xy+yz+2zx)
Vidud4: B=2(x"+y' +z") - (X +y" +2°) -2(x’ + Yy’ + 2 ) (x+y+2)° + (x + y+2)’
pat X' +y*+zt=a, X +y +Z=b,x+y+z=ctaco:
B=2a-b’>-2bc’+c*=2a—2b> +b’-2bc’ + ¢ =2(a - b*) + (b —?)?
Talaico:a—b>= -2(x*y?+ 22 +2°x%) va b —c* = - 2(xy + yz + zx) Do do;
B =-4(x*2+ )y 22 +2°x*) + 4 (xy + yz + zx)’

= 4x’) -4y’ — 42X 44X +4)° 2 + 42X +8x7 2 +8x)7 2+ 8xyz” =8xpz(x + y + 2)
Vidu5: (a+b+c) —4(a’ +b* +*)—12abc
Dita+b=m,a—b=n thidab=m"—n’

I’n2

2
1 ). Ta co:

a’+b’=(a+b)[(a—b)’ +ab] =m(n’ + "

m’ + 3mn’

C=(m+c) —4. 4¢* —3¢(m? - n?) = 3( - ¢’ +mc’ — mn® + cn’)

=3[c*(m-c)-n*(m-c)]=3(m-c)c-n)c+n)=3@+b-c)c+a-b)c-a+b)
III. PHUONG PHAP HE SO BAT PINH:
Vidul: x*-6x°+12x* - 14x + 3
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Nhan xét: cac s& + 1, +3 khong 1a nghiém cua da thirc, da thirc khong c6 nghiém nguyén
cung khong c¢é nghiém hitu ti

Nhu vy néu da thirc phan tich duoc thanh nhan tir thi phai cé dang

(x> +ax +b)(x* +ex+d)=x"+ (a+c)x’ + (ac+ b+ d)x* + (ad + be)x + bd

a+c=-6
ac+b+d=12
ad +bc=-14
bd =3

ddng nhét da thirc nay véi da thirc da cho ta co:

Xétbd=3v6i b,d e Z, b e {+1,+3} vGib =3 thi d = 1 hé diéu kién trén tr& thanh

a+c=-6

ac =-8 2c=-8 c=-4
= =

a+3c=-14 ac=28§ a=-2

bd =3

Vay: x'-6x°+12x7 - 14x+3 = (x*-2x +3)(x* - 4x + 1)
Vidu2: 2x*-3x’ - 7x° + 6x + 8
Nhan xét: da thirc ¢6 1 nghiém 1a x = 2 nén c6 thira sé 13 x - 2 do d6 ta co:

2x* - 3% -7+ 6x + 8 = (x - 2)(2%’ + ax” + bx + ¢)

a—-4=-3
b—2a=-T =

= 2x*+(a- 4"+ (b-2a)x" + (c-2b)x - 2¢ = | g =1p="5
c— = P
-2c=8

Suyra: 2x*-3x’ - 7x"+ 6x+ 8 = (x - 2)(2x’ + X" - 5x - 4)

Ta lai ¢6 2x° + x* - 5x -4 1a da thire ¢ téng hé sb cua cac hang tir bac 1¢ va bac chin b?;ing
nahu nén cé 1 nhantir 1 x+ 1 nén 2x° +x* - 5x -4=(x+ 1)(2x* -x - 4)

Vay: 2x'-3x - 7xX° + 6x + 8 = (x - 2)(x + 1)(2x* - x - 4)

Vidu 3:

12x* + 5x - 12y° + 12y - 10xy - 3 = (a x + by + 3)(cx + dy - 1)

= acx’ + (3¢ -a)x + bdy’ + (3d - b)y + (bc + ad)xy — 3
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(ac=12

a=4
be+ad =-10

c=3

=13c—a=>5 =

b=-6
bd =-12

d=2
k3d—b=l2

= 12+ 5x - 12y* + 12y - 10xy - 3 = (4 x - 6y + 3)(3x + 2y - 1)
Phan tich cac da thurc sau thanh nhan tu:
X -7x+6
2)x° - 9x> + 6x + 16
3)x - 6x° - x + 30
4)2x’ - x> +5x+3
5)27x° - 27x° + 18x - 4
6) x> +2xy+y* -x-y-12
T)(x+2)(x+3)(x+4)(x+5)-24
8) 4x* - 32x% + 1

9)3x*+x*+ 1) -(x+x+1)

10) 64x*+y*

11)a°+a*+a’b* +b*-b°

12) X +3xy+y -1

13) 4x* + 4x° + 5x* + 2x + 1

14) xX*+x +1

15)x*+3x* +4

16) 3x* + 22xy + 11x + 37y + 7y*+10
17) x* - 8x + 63
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CHUYEN DE 2: HOAN VI, TO HQP
A.MUC TIEU:
* Budce dau HS hiéu vé chinh hop, hoan vi va to hop
* Van dung kién thitc vao mot sso bai toan cu thé va thuc té
* Tao hung thu va nang cao ky nang giai toan cho HS
B. KIEN THUC:
I. Chinh hop:
1. dinh nghia: Cho mot tip hop X gdm n phan tir. Mdi cach sap xép k phan tir cta tip hop
X (1 < k < n) theo mot thir tw nhit dinh goi 1 mot chinh hop chép k cia n phan tir iy
S4 tat ca cac chinh hop chap k cua n ph.%‘m tir duoc ki hiéu A:

2. Tinh s chinh chip k ctia n phan tir

Af=n(n-1)n-2)...[n-(k-1)]

I1. Hoan vi:
1. Pinh nghia: Cho mét tAp hop X gom n phan tir. Mdi cach sip xép n phan tir cia tap hop
X theo mét thir tu nhat dinh goi 1a mot hoan vi cia n phﬁn to a’iy

SO tat ca cac hoan vi cua n phan ti duoc ki hiéu P,

2. Tinh s6 hoan vi ctia n phan tir
P,= A =n(n-1)n-2)..2.1=n!

(n!: n giai thura)

IIL. T6 hop:

1. Dinh nghia: Cho mét tdp hop X gdm n phan tir. Mdi tap con ctia X gdm k phan tir
trong n phan tir cua tip hop X (0 < k < n) goi 1a mdt t& hop chap k cta n phan tir iy
S4 tat ca cc to hop chap k ctia n phén tir duge ki hieu ('

2. Tinh s6 t& hop chap k cua n phan tu

n(n-1)n-2)..[n-(k-1)]
k!

C,= A k=

7
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C. Vidu:

1.Vidu 1:

Cho 5 chitsé: 1,2, 3,4, 5

a) c6 bao nhiéu s6 tw nhién c6 ba chit sd, cac chir sd khac nhau, 1ap boi ba trong céc chir

s trén

b) C6 bao nhiéu s6 tu nhién co 5 chit sb, cac chit sé khac nhau, lap bdi ca S chir s trén

¢)C6 bao nhiéu cach chon ra ba chir sé trong 5 chir s6 trén

Giai:

a) s6 tu nhién c6 ba chir sd, cac chit sé khac nhau, 1ap boi ba trong cac chit sb trén 1a

chinh hop chédp 3 cua 5 phz"in tur: A:: =5.(5-1).(5-2)=5.4.3= 60sb

b) s0 tu nhién ¢ 5 chit sd, cac chit s6 khac nhau, lap bdica 5 chit sb trén 12 hoan vi cua 5

phan tir (chinh hop chdp 5 cua 5 phan tir):
Al=5(5-1.(5-2).(5-3).(5-4)=5.4.3.2.1=12050

c) cach chon ra ba chit s6 trong 5 chit s6 trén 14 t6 hop chap 3 ctia 5 phan tu:

C:ZS.(S—I).(5—2)= 5.4.3  _60_ 0 s
: 31 3.3-1)3-2) 6

2. Vidu?2:

Cho 5chitsd 1,2, 3,4, 5. Dung 5 chit ) nay:

a) Lap duoc bao nhiéu sd tu nhién co 4 chir s6 trong d6 khong c6 chit sé nao lap lai? Tinh
tong cac so lap duoc

b) lap dugc bao nhiéu sb ch&n c6 5 chir s6 khac nhau?

c¢) Lap dugce bao nhiéu sb tu nhién c6 5 chir sb, trong do6 hai chi s6 ké nhau phai khéc
nhau

d) Lap dugc bao nhiéu s6 tu nhién 6 4 chit sd, cac chit sé khac nhau, trong do co6 hai chit
s6 1é, hai chit s6 chin

Giai
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a) s& tu nhién c6 4 chit sd, cac chir s6 khéc nhau, 1ap bai 4 trong cac chit sé trén 14 chinh
hop chap 4 cia Sphanti: Al =5.(5-1).(5-2)(5-3)=5.4.3.2 = 1206

Trong mdi hang (Nghin, trim, chuc, don vi), mdi chir s6 c6 mit: 120 : 5 = 24 lan

Tong cac chit s6 & mdi hang: (1 +2+ 3 +4+5).24=15.24 =360

Tong cac sb duge lap: 360 + 3600 + 36000 + 360000 = 399960

b) chit sd tAn cung ¢ 2 cach chon (13 2 hoic 4)

bén chit s6 trude 13 hodn vi cta cua 4 chit s6 con lai vaco P, = 41=4 .3 .2 =24 cach
chon

Tét ca c6 24 .2 = 48 cach chon

¢) Céc s6 phai lap c6 dang abede, trong d6 : a ¢ 5 cach chon, b ¢6 4 cach chon (khéc a),
¢ ¢O 4 cach chon (khac b), d c6 4 cach chon (khac ¢), e co6 4 cach chon (khac d)
Tatcaco: 5.4.4.4.4=1280s0

d) Chon 2 trong 2 chix s6 chin, c6 1 cach chon

chon 2 trong 3 chit s 1¢, ¢6 3 cach chon. Cac chit s6 c¢6 thé hoan vi, do dé co:
1.3.4!=1.3.4.3.2=725

Bai 3: Cho XAy =180°. Trén Ax lay 6 diém khac A, trén Ay ldy 5 diém khic A. trong 12
diém noi trén (ké ca diém A), hai diém nao cung dugc ndi v6i nhau boi mot doan thing.
C6 bao nhiéu tam gidc ma cac dinh 14 3 trong 12 diém ay
Giai

Cach 1: Tam giac phai dém gdm ba loai:

+ Loai 1: cac tam giac ¢ mdt dinh 1a A, dinh th(r 2 thudc
Ax (c06 6 cach chon), dinh thr 3 thudc Ay (co 5 cach

chon), gdm cé: 6 . 5 =30 tam gidc

+ Loai 2: Cac tam giac c6 1 dinh 13 1 trong 5 diém B,
B,, Bj, B4, Bs (cO 5 cach chon), hai dinh kia 1a 2 trong 6

diém A}, Ay, Az, Ag, As, Ag (C6 (7 = % - ? —15 céch chon)

GOom 5 . 15 =75 tam giac
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+ Loai 3: Cac tam gidc c6 1 dinh la 1 trong 6 diém A, Ay, A;, A4, As, Ag hai dinh kia 14 2

trong 5 diém B,, B,, B3, By, Bs gc"im co: 6. C'1 =6.52i11 =6.% =60 tam giac

T4t ca co: 30 + 75 + 60 = 165 tam gic

12.11.10 1320 1320

Céach 2: s6 cac tam giac chon 3 trong 12 diém ay la sz =3 s . 220
S6 bo ba diém thang hang trong 7 diém thudc tia Ax 1a: C; = 7‘36"5 = 23120 = 2é0 =35
S6 bd ba diém thing hang trong 6 diém thudc tia Ay 1a: C'; = 635—14 = % = % =20

S6 tam giac tao thanh: 220 - ( 35 + 20) = 165 tam giac

D. BAI TAP:

Bai 1: cho 5s6: 0, 1, 2, 3, 4. tir cac chit s trén cd thé l1ap duoc bao nhiéu sb tu nhién:

a) C6 5 chit s6 gdm ca 5 chit s6 Ay?

b) C6 4 chit sd, co céc chit s6 khac nhau?

¢) ¢ 3 chit s§, céc chit sd khac nhau?

d) ¢6 3 chit s6, cac chit sd ¢6 thé gidng nhau?

Bai 2: C6 bao nhiéu sb tu nhién c6 4 chit sd 1ap boi cac chit sb 1, 2, 3 biét ring sé d6 chia
hét cho 9

Bai 3: Trén trang vo ¢ 6 dudng ké thing ding va 5 duong ké nim ngang doi mot cat

nhau. Hoi trén trang v do ¢6 bao nhi€u hinh chit nhat

10
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CHUYEN DE 3 - LUY THUA BAC N CUA MOT NHI THUC

A.MUC TIEU:

HS nim duogc cong thire khai trién luy thira bac n ciia mot nhi thirc: (a + b)"

Van dung kién thirc vao cac bai tdp v€ xac dinh hé¢ so cia luy thira bac n cia mot nhi

thirc, van dung vao céc bai toan phan tich da thirc thanh nhan ti

B. KIEN THUC VA BAI TAP VAN DUNG:

I. Nhi thiac Niuton:

(a+b)" =a"+ cla" b+ cla" ?b .+ Citab" + b

Trong do: ck _nm-DHn-2)..[n- (k-]
' “ 123.k

II. Cach xac dinh hé sb cua khai trién Niuton:

nn-1)(n-2)..[n-(k-1)]

1. Cach 1: Dung cong thiuc C! = "

Chang han hé sé cta hang tir a’b’ trong khai trién cua (a + b)’ 1a

c! z?.6.5.4=?.6.5.4:35
4! 43.2.1
. ‘ ' 7.6.543.2.
Chuy: a)C! = . voiquyude 0!=1= Cl= / =7654321=35
n!(n-k)! 4131 43.2.13.2.1
b) Taco: C¥ =C5' nén Cj:c;z%zﬁ

2. Cach 2: Dung tam giac Patxcan

Dinh 1
Dong 1(n=1) 1 1
Dong 2(n=1) 1 2 1
Dong 3(n = 3) 1 3 3 1
Dong 4(n = 4) 1 4 6 4 1
Dong 5(n =5) 1 5 10 10 5
Dong 6(n = 6) 1 6 15 20 15 6 1

Trong tam giac nay, hai canh bén gdom cic s6 1; dong k + 1 duoc thanh 1ap tir dong k

11
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(k >1), ching han ¢ dong2 (n=2)tac62=1+1,dong3 (n=3):3=2+1,3=1+2
dong4 (n=4):4=1+3,6=3+3,4=3+1, ...

Véin=4thi: (a+b) =a’+4a’b+ 6a’b” + 4ab’ + b’

Véin=5thi: (a+b)’=a’+5a’b+ 10a’b” + 10a’b’ + 5ab* + b’

Véin=6thi: (a+b)°=a’+6a’b+ 152’ + 20a’b’ + 152’ b* + 6ab’ + b°

3. Cach 3:

Tim hé s6 cua hang tir ding sau theo céc hé sb cua hang tir ding trude:

a) Hé s6 cua hang tir thir nhét bing 1

b) Mubn c6 hé sb cua cua hang to tha k + 1, ta léy hé sb cua hang tr tht k nhan voi sb
mii ctia bién trong hang tir thir k rdi chia cho k

Chéng han: (a + b)* =a* + Lb+ 232707 + 332 g3 4 3324
1 2 2.3 234

Chu y rang: cac hé s6 cua khai trién Niuton c6 tinh d6i xng qua hang tir dimg giita, nghia

la cac hang tir cdch déu hai hang tir dau va cudi co hé sé bang nhau

(a+b)n=an+nan-lb+ n(Il'l;l)an-ZbZ_i_ L+ ﬂ(l]];l)aan -2+nan-lbn-l +br1

II1. Vi du:
1. Vi du 1: phan tich da thuc sau thanh nhan tir
a) A= (x+y)5-xS —yS
Céch 1: khai trién (x + y)° rdi rat gon A
A= (x+y)-x -y =(x +5y+ 10x’y* +10x°y’ +5xy* +y) - %X -y
= 5x'y + 10x°y* + 10x%y" + 5xy* = 5xy(X° + 2X°y + 2xy° + V')
= Sxy [(x T Y)(X - xy ) + 2xy(x + y)] = Sxy(x + Y)(x* + xy +y)
Cich2: A=(x+y) - (X +y°)
x° +y° chia hét cho x +y nén chia x’ +y’ cho x +y ta c6:
X +y =x+y)x*- Xy +x’y’ - xy’ +y') nén A c6 nhan tir chung 13 (x +y), dit (x +y)
lam nhan tu chung, ta tim dugc nhan tir con lai
b)B=(x+y) -x -y =x+7x°y +21x°y* + 35x"y’ +35x°y" 21X’y Txy’+y')-x -

7

y
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= 7x% + 21Xy* + 35x*y’ + 35¢°y* + 21x%y’ + 7xy°
= Txy[(x* +y) +3(X'y +xy") + 5(’y’ + x°y’ )]
=Txy {[(x+ V)X - Xy + Xy -xy’ +y) ]+ 3xy(x + y)(x - xy +y) + 55Xy (x +y)}
= Txy(x +y)[x* - Xy + Xy’ - xy' +y' + 3xy(x + xy + y?) + 557y ]
= 7xy(x + y)[x' - X’y + X’y - xy’ + y' + 3%y - 3x%y? + 3xy’ + 5%%y° ]
= Txy(x + (X' +2x%y° +y') + 2xy (* +¥)) + X°y* ] = Txy(x + y)(x* + xy +y° )’
Vi du 2:Tim tong hé s6 céc da thirc co duoc sau khi khai trién
a) (4x - 3)*
Céch 1: Theo conh thic Niu ton ta co:
(4x - 3)* = 4.(4x)’ .3 + 6.(4x)>.37 - 4. 4x. 3° + 3" = 256x" - 768x” + 864x” - 432x + 81
Tong céc hé s6: 256 - 768 + 864 - 432 + 81 = |
b) Cach2: Xét ding thic (4x - 3)* = cox* + ¢1x° + c,x° + ¢3x + ¢4
Téng caché sb: cy+c;+cytcy+ey
Thay x =1 vao dé‘ing thirc trén ta co: (4.1 - 3)4 = ¢yt Ccy+teCytcytey
Vay:cptep+textestes=1
* Ghi chu: Téng céc hé sb khai trién ctia mot nhi thitc, mot da thic béng gia tri cua da
thire do tai x = 1
C. BAI TAP:
Bai 1: Phan tich thanh nhan tr
a)(a+by -a’-b’ b) (x+y)* +x*+y"
Bai 2: Tim téng céc hé s c6 duge sau khi khai trién da thuc

13
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CHUEN DE 4 - CAC BAI TOAN VE SU CHIA HET CUA SO NGUYEN
A.MUC TIEU:
* Cung cd, khic sau kién thirc vé céc bai toan chia hét gitta cac sd, cac da thic
* HS tiép tuc thuc hanh thanh thao vé cac bai toan chirng minh chia hét, khong chia hét,
sénguyén td, s6 chinh phuong. ..
* Van dung thanh thao k¥ ning chirng minh vé chia hét, khong chia hét... vao cac bai
toan cu thé
B.KIEN THUC VA CAC BAI TOAN:
I. Dang 1: Chitng minh quan hé chia hét
1. Kién thirc:
* Pé chirng minh A(n) chia hét cho mdt s6 m ta phan tich A(n) thanh nhén tr c6 mdt nhan
tr 1am hodc bdi ctia m, néu m la hop sb thi ta lai phan tich n6 thanh nhan tur ¢6 cac doi
mdt nguyén t6 cung nhau, roi ching minh A(n) chia hét cho céc s d6
*Chuy:
+ Véi k s6 nguyén lién tiép bao gid cting ton tai mot boi cua k
+ Khi ching minh A(n) chia hét cho m ta xét moi truong hop vé sé du khi chia A(n) cho
m

+ V&1 moi sO nguyén a, b va so tu nhién n thi:

+)a”-b" chiahétchoa-b(a #=-b) +)(a + 1)"1a BS(a )+ 1
+)a™ "'+ b™ "' chia hét choa + b +)a-1)™ laB(a)+ 1
+(a+b)" =B(a)+ b" +)(a-1)"""1aB(a) - 1

. Dal wap.

2. Cac bai toan

Bai 1: ching minh ring

a)2°' - 1 chia hét cho 7 b) 27° + 37 chia hét cho 13
¢) 17" + 19" chi hét cho 18 d) 36% - 1 chia hét cho 7 nhung khong chia hét cho
37

14
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e) 2" -1 chia hét cho 15 véine N
Giai
a)2> -1=2)"-1:2°-1=7
b) 270 4 370 (22)35 4 (32)35 — 4% 495 :4+9=13
c)17%+ 19" = (17 + )+ (19" - 1)
177 +1:17+1=18va19'"7-1:19-1=18nén (17 + 1)+ (19" - 1)
hay 17" + 19" : 18
d)36%-1:36-1=35:7

36 -1=(36%+1)-2 chicho37du-2
e)2"-1=02H"-1:2"-1=15
Bai 2: ching minh ring
a) n’-nchia hétcho30 véine N ;
b) n*-10n" + 9 chia hét cho 384 véi moin 1é ne Z
¢) 10" +18n -28 chia hét cho 27 véine N ;
Giai:
ayn’-n=n(n*-1)=n(n-1)n+1)n*+1)=(n- 1).n(n+ 1)(n*+ 1) chia hét cho 6 vi
(n - 1).n.(n+1) 1a tich ctia ba s6 tu nhién lién tiép nén chia hét cho 2 va 3 (*)
Mit khac 1’ -n=n(n’- 1)n*+ 1)=n(n’- 1).(n* -4+ 5)=n(n’*- 1).(n* - 4 ) + 5n(n’ - 1)

=(n-2)n- DHnn+ D(n +2)+5n(n’- 1)

Vi(n-2)n-Dn(n+ 1)(n + 2)1a tich ctia 5 s tu nhién lién tiép nén chia hét cho 5

5n(n” - 1) chia hét cho 5
Suy ra (n-2)(n- )n(n+ 1)(n +2)+ 5n(n” - 1) chia hét cho 5 (**)
Tu (*) va (**) suy ra dpcm
b)Dit A=n*-10n" +9=n*-n*)-(On*-9)= (n’- 1)(n*-9)=(n-3)(n- 1)(n+ 1)(n+3)
Vinlé nénditn=2k+ 1 (k € Z) thi
A= (2k-2).2k.(2k + 2)(2k + 4) = 16(k - 1).k.(k + 1).(k + 2) = A chia hét cho 16 (1)
Va (k- 1).k.(k+ 1).(k + 2) 13 tich ctia 4 s6 nguyén lién tiép nén A cé chira boi cua 2, 3, 4

nén A 13 boi ctia 24 hay A chia hét cho 24 (2)
15
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Tir (1) va (2) suy ra A chia hét cho 16. 24 = 384

c)10" +18n-28= (10" -9n-1)+ (27n-27)

+Taco:27n-27: 27 (1)

+10"-9n-1=[(9.9+1)-9n-1]= 9..9-9n =9( L.l -n) : 27 (2)

n n n

vi9:9val.l-n:3dol.l-n 14 mot sb co tong cac chit s6 chia hét cho 3

Twr (1) va (2) suy ra dpcm
3. Bai 3: Chting minh ring v&i moi sb nguyén a thi
a)a’ - a chia hét cho 3
b)a’ - a chia hét cho 7
Giai
a)a’-a =a(a’-1)= (a-1)a(a+1) 1atich cia ba s6 nguyén lién tiép nén ton tai mot sd
4 boi cia 3nén (a-1)a(a+ 1) chia hét cho 3
b))a’-a =a(@®-1)=a@ - )@ +a+1)a’- a+1)
Néua =7k (k e Z) thi a chia hét cho 7
Néua=7k+1(k €Z) thia®-1=49k’>+ 14k chia hét cho 7
Néua=7k+2 (k €Z) thia’+a+ 1=49k>+ 35k + 7 chia hét cho 7
Néua=7k+3 (k €Z) thia®-a+ 1=49k”+ 35k + 7 chia hét cho 7
Trong trudng hop nao cing ¢ mot thira s chia hét cho 7
Vay:a' -a chia hét cho 7
Bai 4: Ching minh ring A = 1°+2° + 3%+ ..+ 100’ chia hét cho B=1+2 + 3 + ... + 100
Giai
Ta c6: B=(1+ 100) + (2 + 99) + ..+ (50 + 51) = 101. 50
Dé ching minh A chia hét cho B ta chitng minh A chia hét cho 50 va 101
Tacd: A= (1° + 100%) + (2° + 99%) + ... +(50° + 51°)
= (1 + 100)(1* + 100 + 100%) + (2 + 99)(2* + 2. 99 + 99%) + ... + (50 + 51)(50° + 50. 51 +
51%)=101(1% + 100 + 100% + 2% + 2. 99 + 99* + ... + 50 + 50. 51 + 51%) chia hét cho 101
(1)
16
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Laico: A=(1"+99°)+ (2° +98%) + ... + (50° + 100%)

MG&i s hang trong ngodc déu chia hét cho 50 nén A chia hét cho 50 (2)
Ttr (1) va (2) suy ra A chia hét cho 101 va 50 nén A chi hét cho B
Bai tip vé nha

Chtng minh ring:

a) a’ — a chia hét cho 5

b) n’ + 6n° + 8n chia hét cho 48 v&i moi n chin

c) Cho a 12 sé nguyén t6 16n hon 3. Cmr a® — 1 chia hét cho 24
d) Néu a + b + ¢ chia hét cho 6 thi a’ + b’ + ¢’ chia hét cho 6

e) 2009*°'° khong chia hét cho 2010

f) n® + 7n + 22 khong chia hét cho 9

Dang 2: Tim s6 dw ciia mdt phép chia

Bai 1:

Tim s6 du khi chia 2'”

a)cho 9, b) cho 25, c¢) cho 125
Giai

a) Luy thira ctia 2 sat véibdicuia91a2°=8=9 -1

Tacd:2'"=2. (2’ =2.09-1)?=2.[BO)-1]1=B(9)-2=B(9)+7
Vay: 2'% chia cho 9 thi du 7

b) Tuong tu ta co: 2 =(2'%'""=1024""= [B(25)- 11"’ = B(25) + 1
Vay: 2'% chia chop 25 thi du 1

¢)Su dung cong thue Niuton:

210 = (510 = (5 -5.5%+ +¥5-50 5)+1

Khong ké phan hé s6 cta khai trién Niuton thi 48 s6 hang déu da chira thira s6 5 v6i s6 mi

50.49

I6n hon hodc bing 3 nén déu chia hét cho 5° = 125, hai s hang tiép theo: .57~ 50.5

cling chia hét cho 125 , s6 hang cubi cung 14 1

Vay: 2'% = B(125) + 1 nén chia cho 125 thi du 1
17
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Bai 2:
Viét s6 1995"% thanh téng cua céc sb tw nhién . Tong cac 1ap phuong d6 chia cho 6 thi du
bao nhiéu?
Giai
Dit 19957 =a=a,+a, + ...+ a,
Goi S =a’+a,’ +a’+.+a’ =a’+a,’ +a’ +.+a’+a-a
=@ -a)+ (@’ -a)+..t(a, -a,)+a
M&i ddu ngoic déu chia hét cho 6 vi mdi ddu ngoic 1a tich cia ba sb tu nhién lién tiép. Chi
can tim s6 du khi chia a cho 6
1995 13 s 1¢ chia hét cho 3, nén a cing 13 s6 1¢ chia hét cho 3, do d6 chia cho 6 du 3
Bai 3: Tim ba chit s tan cing cua 2'% viét trong hé thap phan
giai
Tim 3 chi s tn cing 1a tim s6 du ctia phép chia 2'” cho 1000
Trudc hét ta tim sé du cua phép chia 2'* cho 125
Van dung bai 1 ta ¢6 2'® =B(125) + 1 ma 2'% 13 s6 chin nén 3 chit sé tan cing ca nd chi
c6 thé 1a 126, 376, 626 hoic 876
Hién nhién 2'” chia hét cho 8 vi 2'% = 16> chi hét cho 8 nén ba chit s tan cung ctia né
chia hét cho 8
trong cac sd 126, 376, 626 hoic 876 chi c6 376 chia hét cho 8

2'% viét trong hé thap phan co ba chit s6 tan cung 1 376

Vay:
Tong quat: Néu n 1 sd chin khong chia hét cho 5 thi 3 chir sd tin cung cua nd 12 376

Bai 4: Tim sb du trong phép chia cac s6 sau cho 7

a) 227 + 557 b)3'9%
Giai

a) ta c: 2272 + 557 = (21 + ) + (56 — 1) = (BS 7 +1)* + (BS 7 — 1)
=BS7+1+BS7-1=BS7nén 22+ 55 chia 7 du 0

b) Luy thira ctia 3 sat véi boicua 71a3° =BS 7 - 1
18
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Ta thiy 1993 = BS 6 + 1 = 6k + 1, do do:

3B =30k =3 33k =3BS7-1)*=3BS7+1)=BS7+3

¢) Ta thay 1995 chia hét cho 7, do d6:

1992"% + 1994 = (BS 7-3)"? + BS 7- 1) = BS 7-3"? +BS 71
Theo cau b ta ¢4 3" =BS 7 + 3 nén

1992'%%% + 1994 = BS 7 (BS 7+ 3)— 1 = BS 7 — 4 nén chia cho 7 thi du 3

d) 32" =3%9=3%"1=33%=3(BS7-1)= BS 7 -3 nén chia cho 7 thi du 4

Bai tap vé nha

Tim s6 d u khi:

a) 2'%* cho 7
b) 3" + 5% cho 13

)A= 1’+2°+3 + .. +99° chiachoB=1+2+3+..+99

Dang 3: Tim diéu kién dé xay ra quan hé chia hét
Bai 1: Tim n e Z dé gia tri cua biéu thirc A = n’ + 2n” - 3n + 2 chia hét cho gi4 tri cta biéu
thite B=n’-n
Giai
Chia A cho Btaco:n’ +2n*-3n+2 = (n+ 3)(n’ - n) + 2
Dé A chia hét cho B thi 2 phai chia hét cho n® - n=n(n - 1) do d6 2 chia hét cho n, ta cé:

n 1 -1 2 -2
n-1 0 -2 1 -3
n(n-1) 0 2 2 6
loai loai

Vay: Dé gié tri cua biéu thirc A = n’ + 2n” - 3n + 2 chia hét cho gié tri cua biéu thirc
B=n"-nthin e{-1;2}

Bai 2:

a) Timn € N dén’ + 1 chia hét chon® + 1

b) Giai bai toan trén néun e Z
19
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Giai
Taco: n’ +1:n+1 o n’@+1)-(n°-1)in+1 o @+Dn-1):n+1
o m+)n-1): m+DH®*-n+1) e n-1:n*-n+1 (Vin+1 = 0)
a)Néun=1thi 0:1

Néun>1thin-1<n(n-1)+1< n*-n+1nénkhongthé xdyran-1: n*-n+1
Vay gid tru cua n tim dugc l[an=1

byn-1:n-n+1=nn-1): n-n+l o @ -n+1)-1: n*-n+1

— 1: n®-n+ 1. Co hai trudng hop xay ra:

= ‘: (Tm d? bai)

+n’-n+l1=1c nn-1)=0«< [n

+n’-n+1= -1 & n’-n+2=0 (V6 nghiém)

Bai 3: Tim s0 nguyén n sao cho:

ayn+2n-4:11 b)2n’ +n*+7n+1:2n-1
on*-2n’+2n*-2n+1:n*-1 dn’-n"+2n+7:n"+1
Giai

a) Tach n” + 2n - 4 thanh tong hai hang ttr trong d6 c6 mot hang tir 1a B(11)
n+2n-4:11 o (N*-2n-15)+11: 11 & @m-3)n+5)+11: 11

n — 311 [n=B(ll)+3
=

- +5)
< (n-3)(n 5)‘11<:{n+5511 n=B(11)-5

b2’ +n*+7n+1=m*+n+4)2n-1)+5

2n — 1=-5 n=
, , 2n - 1=- =
Dé 2n* +n’+7n+1:2n-1thi5:2n-1hay2n-11aUQ5) e 2“ o !
n-1= n=
2n — 1=35 n=

Vay: n e{ -2, 0, 3} thi2n’+n*+7n+1:2n-1
c)n4-2n3+2n2—2n+1 in*-1
DitA=n'-20’ +2n*-2n+1=@*-n’)- @’ -n’)+ (*-n)-(n-1)
=n’(n-1)-n’(n-1)+nn-1) - n-1)=@n-1) @ -n*+n-1)={n-1)>1n*+1)
B=n'-1=n-1)n+1)n*+1)

20
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Achiahétchobnénn = + 1 = AchiahétchoB o n-1:in+1 o (n+1)-2:n+1

n+l1=-2 |n=-3

n+l=-1 n=-2
=

n+1=1 n=0

n+1=2 n =1 (khong Tm)

o2 nt+t]l

Vayine { -3; =2; 0} thi n*-2n’+2n*-2n+1:n*-1

d) Chia n’ - n* + 2n + 7 cho n* + 1 dugc thwong 13 n- 1, du n+ 8
pén’-n*+2n+7:n+1thi n+8:n*+1 = n+8)n-8):in"+1<65:n°+1
Lan lugt cho n® + 1 béng 1;5;13; 65 ta duoc nbéng 0; £2; +8
Thilaitacon=0;n=2;n=8 (T/m)
Vay:n’-n’+2n+7:n"+1khin=0,n=8

Bai tip vé nha:

Tim sé nguyén n dé:

a) n° — 2 chia hét chon —2

b)n’ —3n” — 3n— 1 chia hét cho n* + n+ 1

¢)5" — 2" chia hét cho 63

Dang 4: Ton tai hay khong ton tai su chia hét

Bai 1: Tim n € N sao cho 2" — 1 chia hét cho 7

Giai

Néun=3k (k e N)thi 2" — 1 =2%—1=8" - 1 chia hét cho 7
Néun=3k+1(keN)thi2"-1=2"*"_1=202"-1)+1=BS7+1
Néun=3k+2 (ke N)thi2"-1=2"*"?_1=402"-1)+3=BS7+3
V ay: 2" — 1 chia hét cho 7 khin=BS 3

Bai 2: Timn e N dé:

a) 3" — 1 chia hét cho 8

b) A =3 "3+ 2% 1 chia hét cho 25

c) 5" — 2" chia hét cho 9

Giai
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a) Khin=2k (ke N)thi3"—1=3*-1=9—1chiahétcho9—-1=8
Khin=2k+1 (ke N)thi3"—1=3*""—1=3.(9~1)+2=BS8+2
Vay : 3" — 1 chia hét cho 8 khi n= 2k (ke N)
b) A=3" 42 =27 37 4227 = (25+2)3" +2.2"=25.3" +23" +2.2"
=BS 25 +2(9" + 16"
Néu n =2k +1(ke N) thi 9" + 16" =9*""+ 16" "' chia hét cho 9 + 16 = 25
Néun =2k (ke N)thi 9" cé chit sé tin ciing bing 1, con 16" ¢6 chit s tn cing bing 6
suy ra 2((9" + 16") c6 chit sd tan cung bang 4 nén A khong chia hét cho 5 nén khong chia
hét cho 25
¢) Néun =3k (ke N) thi 5" — 2" = 5 — 2% chia hét cho 5° — 2° = 117 nén chia hét cho 9
Néun=3k+1this"-2"= 5.5%_22%=55%_2%) 13 2k=Bg9+3 g
=BS9+3(BS9-1)=BS9+BS9+3
Tuong tu: néun =3k + 2 thi 5" — 2" khong chia hét cho 9
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CHUYEN DE 5: SO CHINH PHUONG

I. S6 chinh phwong:

A. Mot s6 kién thirc:

S6 chinh phuong: sb bing binh phuong ctia mot s6 khac

Vi du:

4=2%9=3"

A=4n"+4n+1=02n+1)y’=B’

+ S6 chinh phuong khong tin cling boi cac chit sé: 2, 3, 7, 8

+ S6 chinh phuong chia hét cho 2 thi chia hét cho 4, chia hét cho 3 thi chia hét cho 9, chia
hét cho 5 thi chia hét cho 25, chia hét cho 2° thi chia hét cho 2%,...

+8S611..1=athi99.9=9a=9a+1= 99.9 +1=10"
— —_—— —_—

B. Mot s6 bai toan:
1. Bai 1:
Chting minh ring: Mot s6 chinh phuong chia cho 3, cho 4 chi ¢ thé du 0 hoic 1
Giai
Goi A=n"(n eN)
a) xét n =3k (k eN) = A = 9k’ nén chia hét cho 3
n=3k + 1 (k eN) = A =9k + 6k + 1, chia cho 3 du 1
Vay: s chinh phuong chia cho 3 du 0 hoic 1
b) n= 2k (k eN) thi A = 4k chia hét cho 4
n=2k +1 (k eN) thi A =4k’ + 4k + 1 chia cho 4 du 1
Vay: s6 chinh phuong chia cho 4 du 0 hoic 1
Chay: + S6 chinh phuong chén thi chia hét cho 4
+ S& chinh phuong 1¢é thi chia cho 4 thi du 1( Chia 8 cung du 1)
2. Bai 2: S6 nao trong céc sd sau la s6 chinh phuong

a) M = 19927 + 19932 + 1994
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2

b) N = 1992% + 1993* + 1994* + 1995°
)P=1+9""+094"+ 1994
d)Q=1>+2>+..+ 100
e)R=1>+2°+..+100°

Giai

a) cac s6 1993% 1994 chia cho 3 du 1, con 1992* chia hét cho 3 = M chia cho 3 du 2 do
d6 M khong 1a sé chinh phuong

b) N = 1992 + 1993% + 1994° + 1995” gdm tong hai sd chinh phuong chin chia hét cho 4,
va hai s6 chinh phuong 1¢é nén chia 4 du 2 suy ra N khong 1a sb chinh phuong
¢)P=1+9""+094'%41994'% chia 4 du 2 nén khong 13 s chinh phuong
d)Q=1*+2°+ ..+ 100°

S6 Q gom 50 s chinh phuong chén chia hét cho 4, 50 s6 chinh phuong 1é, mdi s6 chia 4
du 1 nén tong 50 s 1¢ d6 chia 4 thi du 2 do d6 Q chia 4 thi du 2 nén Q khong 14 s6 chinh

phuong
e)R=1"+2"+ ..+ 100°
Goi Ag=1+2+.+k="ErD A 1404 +k= k(kz-l)

Ta cé: A’ — Ay 4 = k° khi d6:

’=A/
2’ =A - A7
n=A=A,

Cong vé theo vé cac dang thuc trén ta co:

P+2%+ 4n’= A= {n(n+ I)T {looaoom

5 5 ] =(50.101)" la s6 chinh phuwong

3. Bai 3:
CMR: Véi moin Y N thi cac s6 sau 1 s6 chinh phuong.
a) A= (10"+10""+..+.10 +1)(10 "' + 5) + 1
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I0+l

= (11 ..... DA0™ +5)+1 = (10*+‘+5)+1

Pata=10""thi A = %1 @+5)+1= a‘+4a-5+9_a‘+4a+4=[a+2]

9 B 9 3

b)B—111 ..... 1555....56 (cinsd 1van-1s65)
\_‘V_J

B=111...1555...5+1= I111..1. 10" + 555...5 + 1 = 111....1. 10" +5[111 ..... J"‘l

n n n n n

Batll .1=athi 10"=9a+ 1 nén

T‘I

B=a(@a+1)+5a+1=9a+6a+1=3a+1)=33..34

n-1

c)C—ll 4444 +1
\*J

2n

bata=11..1 1ThiC=11...111..1+4.11..1+1=a.10"+a+4a+1

=a@a+1)+5a+1=9a°+6a+1=(3a+ 1)
d)D=199..9800..01. Dit 9.9=a= 10"=a+1

n n n

D=99.9.10""2+8.10"""+1=2a.100. 10"+ 80. 10" + 1
99...9

n

=100a(a+ 1)+ 80(a+ 1)+ 1 = 100a”> + 180a + 81 = (10a + 9)* = (99...9 )

n+l

e)E=11...122..25=11...122...200 + 25 = 11....1 10”+2+211 .... 100 + 25

n n+1 n n+| n n

= [a(9a + 1) + 2a]100 + 25 = 900a” + 300a + 25 = (30a + 5)° = (33....35)’

That vay: (2n+ 1)>=4n>+4n + 1 chia 4 du 1

11....1 ¢6 hai chit s6 tAn cung 14 11 nén chia cho 4 thi du 3
...l
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100 100

Bai 4:
a) Cho cac s6 A=11.....11 ; B=11...11 ; C= 66.....66
2m m+ 1 m
CMR: A + B+ C + 8 14 s6 chinh phuong .
2m m+l m
Taco: A 10 1;B= 109 ! ;C=6.10 ! Nén:
2m A+l m 2m i+l m
A+B+C+8 = 109—1 " 10 9—1 + 6.109_1 +8= 10" -1+10 —;+6(10 -1)+72

10 —1+10.10" —1+6.10" —6+72 _ (1om)'+16.10m+64_[10"*+8T
9 9 3

b) CMR: Véimoi x,y Y Z thi A = (x+y)(x+2y)(x+3y)(x+4y) + y* 1 s chinh phuong.

A= (X2 + 5xy + 4y2) (X2 + 5xy + 6y2) + y4

= (x> + 5xy + 4y°) [(* + Sxy + 4y)) + 2y°) +y'

= (X" + 5xy + 4y’)" + 2(x" + 5xy + 4y°).y" +y' = [(x* + 5xy + 4y°) + ¥°)’
= (x* + 5xy + 5y°)’

Bai 5: Tim s nguyén duong n dé céc biéu thiic sau 1a s chinh phuong

a)yn’ —n+2 b)n’—n+2

Giai

a) V&in=1thi n”—n+ 2 =2 khong 1 s6 chinh phuong

Véin=2thi n’—n+2=41asd chinh phwong

Véin>2thi n*—n+ 2 khong 14 s6 chinh phuong Vi

m-17=n"—C2n-1)<n’—(n-2)<n’

b) Ta cd n’ — n chia hét cho 5 Vi

n’—n=(n’-1).n(n*+ 1)

V&i n = 5k thi n chia hét cho 5

Vé&in=5k + 1 thin®— 1 chia hét cho 5

V&in=5k + 2 thi n® + 1 chia hét cho 5
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Nén n’ —n+ 2 chia cho 5 thi du 2 nén n’ —n+ 2 ¢6 chit s6 tin cung 12 2 hodc 7 nén
n’ —n + 2 khong 13 sé chinh phuong

Vay : Khong c6 gia tri nao cia n thod man bai toan

Bai 6 :

a)Chung minh ring : Moi s6 1& déu viét duoc dudi dang hiéu cua hai sé chinh phuong
b) Mot s6 chinh phuong c6 chir s6 tan ciing bang 9 thi chit sé hang chuc 1a chit s6 chin
Giai

Moi sd 1é déu co danga =4k + 1 hoaca=4k + 3

Véia=4k+ 1thi a=4k”+ 4k + 1 —4k> = 2k + 1)’ — (2k)*

Véia =4k + 3 thia = (4k” + 8k + 4) — (4k* + 4k + 1) = 2k + 2)* — 2k + 1)’

b)A 14 s6 chinh phuong c6 chit sé tdn cling bing 9 nén

A= (10k + 3)*=100k* + 60k + 9 =10.(10k* +6)+ 9

S6 chuc cua A 1a 10k* + 6 14 s6 chin (dpcm)

Bai 7:

Mot sb chinh phuong c6 chir s6 hang chuc 14 chit s 1¢. Tim chir s6 hang don vi

Giai

Goi n” = (10a + b)* = 10.(10a” + 2ab) + b’ nén chit s6 hang don vi cin tim 14 chit sé tin
cling cua b’

Theo dé bai , chir s6 hang chuc ctia n’ 1a chir s6 1¢ nén chit sé hang chuc cua b” phai 1é
Xét cac gia tri cua b tir 0 dén 9 thi chi ¢6 b* = 16, b° = 36 c6 chit s6 hang chuc 1a chit 6 ¢,
chung déu tan cling bing 6

Vay : n’ ¢6 chit sb hang don vi 1a 6

Bai tap vé nha:

Bai 1: Cac so0 sau day, sO nao 1a so chinh phuong

a) A= 22..24 b) B=11115556 c)C=99..9 00...025
500 n n
d)D=44..4 83..89 e)M=I1...1 —22..2 HN=1>+2>+ ... + 56°

n n- 2n n
Bai 2: Tim s0 tu nhién n d€ cac biéu thirc sau la s6 chinh phuong
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a) n’—n+2

b)n*—n +2

Bai 3: Chirng minh ring

a)Tong cua hai sd chinh phuong 1¢ khong 13 sé chinh phuong

b) Mot s6 chinh phuong cé chit sb tan cing bing 6 thi chit s6 hang chuc 13 chir sd 1é

Bai 4: Mot s chinh phuong ¢6 chit s6 hang chuc bang 5. Tim chit sé hang don vi
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CHUYEN DE 6 - CAC BAI TOAN VE PINH LI TA-LET
A.Kién thic: A
1. Dinh li Ta-lIét:

* §bnh 1Y Ta-1Dt: VIN // BC B Ac

AABC } AM AN
=

AM _ AN MN

* HU quY: MN // BC = B AC BC

B. Bai tap ap dung:
1. Bai 1:

Cho tir gidc ABCD, duong thing qua A song song v6i BC cit BD ¢ E, duong thing qua B
song song v6i AD cit AC ¢ G B

a) chiing minh: EG // CD |
b) Gia sir AB // CD, chiing minh ring AB* = CD. EG
Giai

Goi O 1a giao diém cua AC va BD

a) Vi AE // BC = 2E = OA (1
OB 0OC

BG // AC = OB _0G (5
OD OA

Nhan (1) véi (2) vé theo vé ta co: 2F - 98 — 5G//cD
OD oC

b) Khi AB // CD thi EG // AB // CD, BG // AD nén

AB _OA_OD _CD_ AB_CD_ ,bu:_cp EG
EG OG OB AB EG AB

Bai 2:

Cho ABC vuodng tai A, V& ra phia ngoai tam giac d6 cac tam giac ABD vudng can ¢ B,
ACF vuodng can ¢ C. Goi H 14 giao diém cua

AB va CD, K la giao diém ctia Ac va BF. B "

Ching minh rang:
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a) AH= AK
b) AH* = BH. CK
Giai

Dit AB=c, AC=b.
BD // AC (cung vudng goc voi AB)

~. AH AC b AH b AH b
nén —=—="o-"—="o =
HB BD ¢ HB ¢ HB+AH b+c

Hay AH: b :>AH= b — AH = b.c
AB b+c C b+c b+c

AB // CF (ciing vudng goc voi AC) nén K _AB_ AR _ ¢

c AK ¢
—_ = — = =
KC CF b C b KC+AK b+c

Hay AK= b :)AKz c — AK = b.c
AC b+ec b b+c

Tu (1) va (2) suy ra: AH = AK

b) T AL _AC_D 3 AR _AD_© quyra AL_KC_ AH_ (Vi AH= AK)
HB BD ¢ KC CF b HB AK HB AH

— AH*=BH.KC
3.Bai3: Cho hinh binh hanh ABCD, duong thing a di qua A 1an luot cit BD, BC, DC

theo thtr tu tai E, K, G. Ching minh ring:
a) AE* = EK. EG
1 1

)_:_ i

AE AK AG
¢) Khi dudng thing a thay d6i vi tri nhung van qua A
thi tich BK. DG ¢6 gié tri khong doi

A a B
Giai
a) Vi ABCD 1a hinh binh hanh va K € BC nén ; E
AD // BK, theo hé qua cua dinh 1i Ta-1ét ta co: 5 s

ER _EB_AR PR AL AR -EKEG
AE ED EG AE EG

b) Ta co: E—E°£—E nén

AK DB " AG BD
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AE AE BE DE BD 1 1 1 1 1
+ = +—=—=1=2AE|—+—|=1 = —=—+— (dpcm)
AK AG BD DB BD AK AG AE AK AG
¢) Ta c6: &:ﬁ:%:i (1); K_C:C_(JjK_C:E )
KC CcG KC CcG AD DG b DG

Nhan (1) v6i (2) vé theo vé ta co: % - Z==BK.DG = ab khong ddi (Via = AB; b= AD

1a d¢ dai hai canh ctua hinh binh hanh ABCD khong doi)

4. Bai 4:

Cho tir gidc ABCD, cac diém E, F, G, H theo tht tu chia trong cac
canh AB, BC, CD, DA theo ti s6 1:2. Chirng minh rﬁng:

a) EG=FH

b) EG vuodng goc voi FH

Giai

Goi M, N theo thi tu 13 trung diém ctia CF, DG

Tac6CM=2L cF=lpcBM_1  BE_BM 1
2 3 BC 3 BA BC 3
SEM/AC = EM_BM 2y 2ac ()
AC E 3 3
Tuong tu, ta c6: NF // BD = E:% =§ = NF= %ao(z)

ma AC = BD (3)
Tt (1), (2), (3) suy ra : EM = NF (a)

Tuong tu nhu trén ta c6: MG // BD, NH // AC va MG = NH = %AC (b)

Mit khac EM / AC; MG / BD Va AC L BD =EM 1L MG = EMG =90°(4)

Tuong tu, ta cd: FNH =90°(5)

Tur (4) va (5) suy ra EMG = FNH = 90° (c)

T (a), (b), (¢) suyra AEMG = AFNH (c.g.c) = EG=FH

b) Goi giao diém cua EG va FH 13 O; cia EM va FH 14 P; cia EM va FN 1a Q thi

PQF =90 = QPF + QFP = 90" ma QPF = OPE (ddi dinh), OEP = QFP (AEMG = AFNH)
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Suy ra BOP = PQF=90" = EO L OP = EG L FH

5. Bai 5:

Cho hinh thang ABCD ¢6 day nho CD. Tir D vé duong thing song song véi BC, cit AC tai
M va AB tai K, T C v& duong thing song song véi AD, cit AB tai F, qua F ta lai v&
duong thing song song voi AC, cit BC tai P. Chirng minh ring

a) MP // AB

b) Ba duong thing MP, CF, DB dong quy

Giai

a) EP // AC = % - % (1)

oM _ pe
AM  AK
cac tir giac AFCD, DCBK la cac hinh binh hanh nén

AF =DC, FB = AK (3) P

4 \ ., CP CM
Két hop (1), (2) va (3) taco B AM MP // AB

AK//CD = 2) D c

(Dinh 1i Ta-1ét dao) (4)

b) Goi I 1a giao diém ctia BD va CF, ta c6: c¢r_eM _DC_DC
PB  AM AK FB

My DC _ DI

(Do FB // DC) = %:D_E: — 1P // DC // AB (5)

FB IB
Tir (4) va (5) suy ra : qua P co hai duong thang IP, PM cung song song véi AB // DC nén
theo tién dé Oclit thi ba diém P, I, M thing hang hay MP di qua giao diém cua CF va DB
hay ba duong thing MP, CF, DB dong quy
6. Bai 6:
Cho AABC ¢ BC < BA. Qua C ké dudng thing vudng goac voi tia phan giac BE cua
ABC ; dudng thang nay cit BE tai F va cit trung tuyén BD tai G. Ching minh ring doan
thing EG bi doan thing DF chia lam hai phan bang nhau
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Giai
Goi K 13 giao diém ctia CF va AB; M 13 giao diém cua K

DF va BC

AKBC co6 BF vura la phan gidc vira la duong cao nén
AKBC cén tai B = BK = BC va FC = FK

Mit khac D 1a trung diém AC nén DF 1 dudng trung binh cia AAKC = DF // AK hay
DM // AB

Suy ra M 1a trung diém ctia BC

DF = % AK (DF la duong trung binh cia A AKC), ta co

BG _ BR (doDF// BK) = 29 = BR _2BK 4,
GD DF GD DF AK
Mot khac EzDC'DEzD_C_lzﬂ_l (ViAD=DC) = EZAE'DEzD_C_lzﬂq
DE DE DE DE DE DE DE DE
Hay SE_AE-DE | AE _, AB ) i 2E= AB. by DF// AB)
DE  DE DE DF DE DF
Suyra CE_AK¥BK , 2(AK+BK) ) pyopp  1apy  CE_2AK+BK) , 2BK o)
DE  DE AK 2 DE AK AK
\ , BG _ CE
Ta(l)va(2)suyra — = — = EG//BC
(hva(2)suyra —= =~ =
Goi giao diém ctia EG va DF 12 O ta ¢ oG _ OF (= FO] = O0G=0E
MC MB | FM

Bai tip vé nha

Bai 1:

Cho tir gidac ABCD, AC va BD cit nhau tai O. Puong thing qua O va song song véi BC
cit AB ¢ E; duong thing song song v&i CD qua O cit AD tai F

a) Chung minh FE // BD

b) Tir O ké cac dudng thing song song véi AB, AD cit BD, CD tai G va H.

Chung minh: CG. DH = BG. CH

Bai 2:
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Cho hinh binh hanh ABCD, diém M thudc canh BC, diém N thudc tia d6i cta tia BC sao
cho BN = CM; cac duong thﬁng DN, DM cit AB theo tht tu tai E, F.

Chirng minh:

a) AE* = EB. FE

b) EB =[ﬂju _EF
DF

CHUYEN PE 7 — CAC BAI TOAN SU DUNG PINH Li TALET VA
TINH CHAT PUONG PHAN GIAC

A. Kién thirc:

A
2. Tinh chat duong phan gic:
AABC ,AD la phan gidc géc A = o0 - A8
CD AC
B D C
A
BD' AB b Boc
AD’la phan giac g6 Mitai Ar — = 22
a phan giac goc ngoail tai CD AC
B. Bai tip van dung
1. Bai 1:
Cho AABC c6 BC =a, AB=Db, AC = ¢, phan giac AD
a) Tinh d6 dai BD, CD A
b) Tia phan gi4c BI ctia géc B cit AD ¢ I; tinh ti sd: %
b C
Giai I
a) AD 1a phan gidc cia BAC nén BD_AB_¢
CD AC b B D

a
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BD c BD c ~ac
= = =>—>= = BD =
CD+BD b+ec a b+c b+c
Dod6éCD=a- 2 = @

b+c b+c

+
b) BI 1 phan gi4c ctia ABC nén Al_AB_,. 8¢ _btc
ID BD b+tc a

2. Bai 2:
Cho AABC, ¢6 B< 60° phan gisc AD
a) Chung minh AD < AB
b) Goi AM la phan giac cia A ADC. Chirng minh ring BC
>4 DM A
Giai

A A+C _180°-B

a)Ta c6 ADB = C+ — > =60’
2 2
:HDB>B:AD<AB
b) Goi BC=a, AC=b, AB=c¢, AD=d cC M D B
Trong AADC, AM la phéan giéc ta co
DM AD DM ____AD _ DM __ AD
CM AC  CM+DM AD+AC CD AD+AC
— DM = CD.AD :CD.d; _ ab 5 : .. - abd
AD+AC b+d b+c (b +c)(b +d)
Péc/m BC>4DMtac/m a> ——09  pav (b +d)(b + ¢) > 4bd (1)
(b+c)b+d)

That vay :doc>d = (b+d)(b+c)>(b+d)* > 4bd . Bat dang thic (1) duge ¢/m

Bai 3:

Cho AABC, trung tuyén AM, céc tia phan gidc cua cac goc AMB , AMC cit AB, AC theo
thortg 6 D va E

a) Chung minh DE // BC A

b) Cho BC = a, AM = m. Tinh d0 dai DE
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¢) Tim tdp hop cac giao diém I cia AM va DE néu AABC c6 BC c¢b dinh, AM = m khong
doi
d) AABC c6 diéu kién gi thi DE 14 duong trung binh cua né
Giai
DA _ MB

a) MD 14 phan gidc cia AMB nén ——= = 22 (1
) phén g DB MA()

ME la phan gidc ctia AMC nén =2 - MC oy
EC MA

Tir (1), (2) va gia thiét MB = MC ta suy ra %:% — DE // BC

X
m -

b)DE//BC:Ezﬂzi.f)at DE=x —X_-_ 2 _  _ Zam
BC AB AM a m 1t om
¢) Taco: MI = % DE = i'; khong d6i = I ludn cach M mot doan khong d6i nén tap
a m

da.m

hop céc diém I 1a duong tron tAm M, ban kinh MI = " (Trir giao diém ctia nd véi BC
a

d) DE la duong trung binh cuia AABC < DA =DB & MA=MB < AABC vudng ¢ A
4. Bai 4:

Cho AABC ( AB < AC) céc phan giac BD, CE

a) Dudng thing qua D va song song v&i BC cit AB &

K, chtitng minh E nidm gitta B va K A

b) Chirng minh: CD > DE > BE

Giai K

a) BD I phan gidc nén =

AD _AB AC _AE__AD _AE v B c

DC BC BC EB DC EB

Mit khac KD // BC nén 22 _ AK (9
DC KB

\ \ AK AE AK+KB AE+EB
Tu(l)va(2)suyra —<—= <
KB EB KB EB
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ey A s = E nim gitra K va B
KB EB

b) Goi M 14 giao diém ctia DE va CB. Ta c¢6 €BD = KDB (Gdc so le trong) = KBD = KDB
ma E nam gitta K va B nén KDB > EDB = KBD > EDB = EBD > EDB = EB < DE
Ta lai c6 €BD + ECB = EDB + DEC = BEC>ECB = DEC>DCE (Vi DCE = ECB)
Suy ra CD > ED = CD > ED > BE
5. Bai 5:
Cho AABC vo6i ba duong phan giac AD, BE, CF. Chirng minh

DB EC FA _,

a. —.—.——=1.
DC EA FB
1 1 | 1 1 1

b —+—+—>—+ —+—.
AD BE CF BC CA AB

Giai
DB A

A - > ] r B
a)AD 1a dudng phan gidc cia BAC nénta cd: — = 22 (1
) gphang oC -~ AC (1) .

Tuong tu: voi cac phan giac BE, CF ta co: Ec _ BC (2);
EA BA

FA CA ’
FA_ LA 3
FB CB() B D C

Tad (1); 2); (3) suy ra: 2B EC FA _ AB BC CA_,
DC EA FB AC BA CB

b)bit AB=c,AC=b,BC=a,AD=d.,.
Qua C ké dudng thing song song vdi AD , cit tia BA & H.

BA.CH .CH
Theo DL Talét ta co: %:E — AD = CH__ cC c

= = CH
BH BH BA+AH b+c

Do CH < AC + AH = 2b nén: d, <-2%¢ :L>b£=l[l+l}@l>l(l+l]
b+c d, 2bc 2\b c d

. , 1 I(1 1 A S O | .
Chung minh tuong tu ta ¢é : d_>5(_+_] Va —>—[—+—] Nén:

h a c

11 1 _1[(1 1) (1 1) (1 1 I [l 1 1]
— > || = || || || > -
d, d, d. 2{[1) c} [a c] [a bJ] d d, d. 2 \a b c
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111 1
& —F—F—>—F—+—
d " a a T a e (dpem)

Bai tip vé nha

Cho AABC ¢6 BC =a, AC=Db, AB =c (b>c), cac phan giac BD, CE
a) Tinh d6 dai CD, BE r6i suy ra CD > BE

b) V& hinh binh hanh BEKD. Chirng minh: CE > EK

¢) Ching minh CE > BD
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CHUYEN PE 8 — CHU SO TAN CUNG

A. Kién thirc:
1. Mt s6 tinh chét:
a) Tinh chat 1:
+ Céc s c6 chit sb tan cung 14 0; 1; 5; 6khi nang 1én luy thira bac bat ky nao thi chir sd tin
cung khong thay doi
+ Cac s6 ¢6 chit sb tan cung 13 4; 9 khi ndng 1én luy thira bac 1¢ thi chit s6 tin cung khong
thay do6i
+ Céc sb ¢o chit sb tan cung la 3; 7; 9 khi nang Ién luy thira bac 4n (n € N) thi chi sb tan
cung la 1
+ Cac s c6 chit sb tan cung 14 2; 4; 8 khi nang 1én luy thira bac 4n (n e N) thi chir s tin
cung la 6
b) Tinh chét 2: Mot s tu nhién bat ky khi ning 1én luy thira bac 4n + 1 (n N) thi chit s6
tan cung khong thay doi
¢) Tinh chét 3:
+ Cac s ¢6 chit s6 tan cung 14 3 khi ndng 1én luy thira bac 4n + 3 (n eN) thi chit s tan
cung 1a 7; Cac sd ¢o chit s6 tan cing 13 7 khi nang 1én luy thira bac 4n + 3 (n eN) thi chit
s6 tan cung 13 3
+ Céc s6 c6 chit sb tan cung 14 2 khi ndng 1én luy thira bac 4n + 3 (n eN) thi chit s6 tan
cung 13 8; Céc s6 co chit sd tin cung 13 8 khi nang 1én luy thira bac 4n + 3 (n eN) thi chit
s6 tan cung la 2
+ Céc s6 c6 chit sb tan cung 14 0; 1; 4; 5; 6; 9 khi nang 1én luy thira bac 4n + 3 (n eN) thi
chit sé tan cung 13 khong doi
2. Mot sb phuong phép:
+ Tim chit s tan cung cua x = a™ thi ta xét chir sd tan cung cua a:
- Néu chit s6 tin cling cta a 13 cac chit s6: 0; 1; 5; 6 thi chit sé tn cing cua x 14 0; 1; 5; 6
- Néu chit s6 tan cung cua a la cac chir $6: 3;7;9 thi :
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R e S

Néur 12 0; 1; 2; 3 thi chit s6 tan cung cua x la chi sb tn cung cua a’
Néu r 14 2; 4; 8 thi chit s6 tin cling cia x 13 chit s6 tn cung cua 6.a"
B. Mot s6 vi du:

Bai 1:

Tim chit s6 tan cing cia

a) 243°; 167"

b) () (1) s [(+) ]

Giai

a) 243° =243""%=243" 243

2437 ¢6 chir s6 tan cung 14 9 nén chir sd tan cung cta 243°13 9

Ta c6 2010 =4.502 + 2 nén 167°°"° = 167* 7 "2 = 167,167

167 ¢4 chir sb tan cung la 6; 167 ¢6 chir sb tan cung 1a 9 nén chit sb tan cung cua
167*"" 1a chir s6 tan cing cua tich 6.9 14 4

b) Ta co:

19 1= -1)O%+97+ . +9+1)=4k (k eN) = 9 =4k + 1= (7°) = 7%"!
= 7%7 nén c6 chit sé tan cung 1a 7

14" =(12+2)"=12"+12.14"2 + ...+ 12.12.2" + 2" chia hét cho 4, vi cac hang tir

trude 2'* déu co nhan tir 12 nén chia hét cho 4; hang tir 2'* = 47 chia hét cho 4 hay

14" = 4k = (14")" = 14% c6 chir s6 tan ciing 14 6
+)5(’cochusotancungla5nen( ) =502k+1)=52k+1)-1=4q(k,qeN)

6 7 r r
= 5.02k+1)=4q+1 = [(45) ] = 4871 =4% 4 ¢4 chir s6 tan cung 14 chit s6 tin cling

tich6.41a 4
Bai 2: Tim chit s6 tdn cung cla
A=2"+3+4+5+ . +2004"
Giai
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a) Luy thira ctia moi sé hang cuia A chia 4 thi du 1(Céc s6 hang cua A c¢6 dang n*® 2™

(n e {2;3;...; 2004} ) nén moi s6 hang ciia A va luy thira cia n6 cé chir sd tin cing giéng
nhau (Tinh cht 2) nén chit s6 tan cling cua A 14 chit s6 tin cing cia tong cac s6 hang

Tir 2 dén 2004 c6 2003 sb hang trong d6 ¢6 2000 : 10 = 200 sé hang c6 chit s6 tan clng
bing 0,Tong cac chit sd tan cung cua A 1a
Q+3+.4+9)+199.(1+2+...+9)+1+2+3+4=9009 c6 chit sb tan cung 14 9

Vay A c6 chit s6 tan cung 12 9

Bai 3: Tim

a) Hai chit sé tin cung cua 3°%; (7 )?

A~ /’\ ~ A} P 1
b) Ba chit sb tan cung cua 3'%

¢) Bon chit s6 tan cung cta 577

Giai

a) 3999 — 3 3998 _3 g9 3.(10- 1)499 _ 3_(10499 499 10" + 4499 10 — N
= 3.[BS(100) + 4989] = ...67

77=(8-1)=BS®)-1=4k+3 = (77) =7%" =7 7% =343.(.01)* =

10> - 50.10 + 1

b) 3 100 950 (1 0 ) =1 050 50 1049 + o+ 50249

=10"-50. 10" + ..+ ? 5000 — 500 + 1 = BS(1000) + 1 = ...001

Chuy:

+ Néu n 1a s6 16 khong chi hét cho 5 thi ba chit s6 tan cung cua n'® 13 001

+ Néu mot sb tu nhién n khong chia hét cho 5 thi n'® chia cho 125 du 1

HD C/m:n=5k+ 1;n=5k +2

+ Néu n 12 s6 1¢ khong chia hét cho 5 thi n'®' va n c6 ba chir s6 tin cing nhu nhau
c) Cach 1: 5* =625

Ta thdy s (...0625)" = ...0625

51994 = 58" 2 = 05 (5% = 25.(0625)" = 25.(...0625) = ...5625

Céch 2: Tim 56 du khi chia 5'** cho 10000 = 2°*. 5*
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Ta thay 5* — 1 chia hét cho 5 — 1 = (5" — 1)(5° + 1) chia hét cho 16

Tacd: 577 =5 (5" - 1)+ 5°

Do 5° chia hét cho 5%, con 5'*® — 1 chia hét cho 16 nén 5°(5'"* — 1) chia hét cho 10000
Tacé 5°= 15625

Vay bén chit sé tan cing cua 5" 13 5625

Chu y: Néu viét 57 =52 (572 - 1) + 5

Ta c6: 5'%% — 1 chia hét cho 16; nhung 5% khong chia hét cho 5°

Nhu véy trong bai toan nay ta can viét 5% duéi dang 5°(5"* "= 1)+ 5" ; n > 4 va 1994
—n chia hét cho 4

C. Van dung vao cac bai toan khac

Bai 1:

Chtng minh ring: Tong sau khong 13 s6 chinh phuong

a) A =195+ 5%+ 1995 + 1996* ( ke N, k chin)

b) B = 20042 + 2001

Giai

a) Ta co:

19% ¢6 chit s6 tan cing 13 1

5% ¢ chit s6 tan cung 1a 5

1995% ¢6 chit s6 tan cung 14 5

1996 c6 chit s6 tan cing 13 6

Nén A c6 chit sd tan cung 13 chit sd tin cing cua tong cac chit sb tin clung cua tong
1+5+5+6=17,co chit s6 tan cling 14 7 nén khong thé 14 s6 chinh phuong

b) Ta c6 :k chin nén k= 2n (n € N)

2004*°% = (2004*°"% = (2004")'°%" = (...6)'""" 1a luy thira bac chin cta sb co chit s6

42 12001 ¢6 chit s6 tan cling 1a 7,

tan cung 1 6 nén c6 chit s6 tan cing 13 6 nén B = 200
do d6 B khong 14 s6 chinh phuong

Bai 2:

Tim s6 du khi chia cac biéu thirc sau cho 5
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a) A=2'+3"+4"+..+2003%%

b) B=2%+3"+4"" +. +2005%""

Giai

a) Chit s6 tan cing cua A 13 chit s6 tn cung cua tong
Q+3+..+9)+199.(1+2+..+9)+1+2+3=9005

Chit s6 tan cing ctia A 13 5 nén chia A cho 5 du 0

b)Tuong tu, chit sd tin ciing cta B 13 chit s6 tan cling cua téng
8+7+4+5+6+3+2+9)+199.(1+..+9)+8+7+4+5=9024
B ¢6 chit s6 tan cung 14 4 nén B chia 5 du 4

Bai tip vé nha

Bai 1: Tim chir s6 tan cing cua: 3'" ; (73)5; 3204 230 4 715 _glo
Bai 2: Tim hai, ba chit sb tan cing cua: 3> ; (27 )9

Bai 3: Tim sb du khi chia céc sd sau cho 2; cho 5:

2) 3% 1415 + 151

b) 2009°°'° — 2008
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CHUYEN DE 9 - DPONG DU

A. Dinh nghia:

Néu hai s6 nguyén a va b c6 cing s6 du trong phép chia cho mot sé tu nhién m = 0 thi ta
noi a ddng du véi b theo mddun m, va cé dong du thirc: a = b (mod m)

Vidu:7 = 10 (mod 3), 12 = 22 (mod 10)

+Chiy:a=b(modm) < a—b:m

B. Tinh chit cua dong du thuc:

1. Tinh chat phan xa: a = a (mod m)

2. Tinh chat ddi xtng: a = b (mod m) = b = a (mod m)

3. Tinh chat bic ciu: a = b (mod m), b = ¢ (mod m) thia = ¢ (mod m)

A © s £ |a b (mod m)
4. Cong , tru ting ve: =atc=Dbtd(modm)
C d (mod m)

H¢ qua:
a)a=b(modm) = a +c=b+c(modm)
b)a+b =c(mod m) = a=c-b(modm)

c)a=b(mod m) = a+km = b (mod m)

. d
5. Nhan ting vé : {a b (modm) = bd (mod m)
Cc d (mod m)

H¢ qua:

a)a =b (mod m) = ac = bc (mod m) (c € Z)

b)a = b (mod m) = a" = b" (mod m)

6. C6 thé nhan (chia) hai vé va modun ctia mot dong du thirc véi mot sé nguyén duong
a = b (mod m) « ac = bc (mod mc)

Chang han: 11 = 3 (mod 4) < 22 = 6 (mod 8)

7 {ac = bc (mod m)

( - —>a = b (mod m)
c,m)=

16 = 2 (mod?7)
o

.7 =1 8 = 1 (mod7)

Ching han : {
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C. Cac vidu:
1. Vidu 1:
Tim s6 du khi chia 92°* cho 15
Giai
Ta thdy 92 = 2 (mod 15) = 92°* = 2% (mod 15) (1)
Laic62* = 1 (mod 15) = (2%%. 2% = 4 (mod 15) hay 2°* = 4 (mod 15) (2)
Tir (1) va (2) suy ra 92°* = 4 (mod 15) tie 14 92°* chia 15 thi du 4
2. Vidu2:
Chung minh: trong cac s c6 dang 2" — 4(n e N), ¢6 vo s s chia hét cho 5
That vay:
T 2* = 1 (mod 5) =2% = 1 (mod 5) (1)
Lai c6 2* = 4 (mod 5) (2)
Nhan (1) v6i (2), vé theo vé ta c6: 2* "% = 4 (mod 5) = 2*"? -4 = 0 (mod 5)
Hay 2%*2 _ 4 chia hét cho 5 véimoik=0, 1,2, ... hay ta dugc vo s6 s6 dang 2" -4
(n e N) chia hét cho 5
Chu y: khi giai cic bai toan vé dong du, ta thuong quan tim déna = + 1 (mod m)
a=1(modm)= a" =1 (mod m)
= -1 (mod m) = a" = (-1)" (mod m)
3. Vidu 3: Chirng minh rang
a) 20" — 1 chia hét cho 11 b) 2°° + 3% chi hét cho 13
¢) 55572 + 222°% chia hét cho 7
Giai
a)2° =-1(mod 11)(1); 10 = - 1 (mod 11) = 10° = - 1 (mod 11) (2)
T (1) va (2) suy ra2’.10° = 1 (mod 11) = 20° = 1 (mod 11) =20°—1 = 0 (mod 11)
b)2° =-1(mod 13) = 2% = - 1 (mod 13) (3)
3= 1 (mod 13) = 3°° = 1 (mod 13) (4)
T (3)va (@) suyra2®+3% = -1+ 1 (mod 13) = 2°°+ 3% = 0 (mod 13)
Vay: 2°% + 3% chi hét cho 13
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¢) 555 = 2 (mod 7) = 555°** = 2*** (mod 7) (5)
2> =1(mod7) = (2°)" = 1 (mod 7) = 555" = 1 (mod 7) (6)
222 = -2 (mod 7) = 222%°° = (-2)** (mod 7)
Laico (-2) = - 1 (mod 7) = [(-2)’]" = - 1 (mod 7) = 2227 = - 1 (mod 7)
Ta suy ra 555°% + 222> = 1 - 1 (mod 7) hay 555*** + 222°°° chia hét cho 7
4.Vidu4: Ching minh ringsb 2*"" + 7 chia hét cho 11 véi moi sb tu nhién n
Thét vay:Ta c6: 2° = - 1 (mod 11) = 2" = 1 (mod 11)
Xét sb du khi chia 2* "' cho 10. Ta c¢6: 2% = 1 (mod 5) = 2™ = 1 (mod 5)
= 22" =2 (@mod 10) = 2" "' =2 (mod 10) = 2" '=10k +2
Nén 22" +7=2"%"247=4 2%+ 7=4BS11+1)+7=4.BS11+1%+7
=BS 11 + 11 chia hét cho 11
Bai tip vé nha:
Bai 1: CMR:
a) 2** — 1 chia hét cho 29
b)Trong céac sd c6 dang2" — 3 c6 vo sb s6 chia hét cho 13

Bai 2: Tim s6 du khi chia A = 20" + 222 + 1996**% cho 7.

CHUYEN DPE 10 — TINH CHIA HET POI VOI PA THUC

A. Dang 1: Tim dw cua phép chia ma khong thwe hién phép chia

1. Da thuc chia ¢6 dang x — a (a 13 hing)

a) Dinh 1i Bodu (Bezout, 1730 — 1783):

S6 du trong phép chia da thirc f(x) cho nhi thirc x — a bing gia tri ca f(x) tai x = a
Taco: f(x)=(x—a). Q(x) +r

Ding thire diing v6i moi x nén véi x = a, ta co

fla) = 0.Q(a) + r hay fla) =r

Ta suy ra: f(x) chia hét cho x —a < fla)=0
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b) f(x) c6 tong cac hé ) béng 0 thi chia hét cho x — 1

¢) f(x) c6 tong cac hé sb ctia hang tir bac chin biang tong cac hé sé cua cac hang tir bac 1é
thi chia hét cho x + 1

Vi du : Khong lam phép chia, hdy xét xem A = x° — 9x* + 6x + 16 chia hét cho
B=x+1,C=x-3khong

Két qua:

A chia hét cho B, khong chia hét cho C

2. Da thurc chia c6 bac hai tro 1én

Céch 1: Tach da thtic bi chia thanh tong cua cic da thirc chia hét cho da thuc chia va du
Cach 2: Xét gia tri riéng: goi thuong cua phép chia 1a Q(x), du la ax + b thi
f(x) = g(x). Q(x) + ax + b

Vidu 1: Tim du cta phép chia x’ +x°+x° + 1 cho x” — 1

Céch 1: Ta biét ring x™ — 1 chia hét cho x* — 1 nén ta tach:

X +xX+x+1=x -x)+(x —x)Hx —x)+3x+ 1

=x(x* - 1)+ x(x* = 1)+ x(x* = 1)+ 3x + 1 chia cho x* — 1 du 3x + 1

Céch 2:

Goi thuong cua phép chia 1a Q(x), du la ax + b, Ta co:

X +xX+x +1=(x-1)(x+1).Q(x) + ax + b v&i moi x

Ding thirc ding véi moi x nén véix=1,taco4=a+b (1)

voix=-1taco -2=-a+b(2)

Tu (1) va(2)suyraa=3,b=1nénta dugc dula 3x+ 1

Ghi nhd:

a" — b" chia hét cho a—b (a = -b)

a" +b" (n1¢) chia hét choa+ b (a = -b)

Vidu 2: Tim du cua cac phép chia

a) x"' chia cho x* + 1

b) x*’ +x”+x° + x cho x* — 1

)x’+x”+x""+x+7cho x>+ 1
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Giai
a)x" =x"—x+x=x(x"-1)+x=x[(x")"" - 1]+ x chia cho x*_1 du x nén chia cho
x> +1dux

b)x27+x9+x3+x= (x27—x)+(xg—x)+(x3—x)+4x

= x(x*° = 1) + x(x* = 1) + x(x* = 1) + 4x chia cho x* — 1 du 4x

)X HX X Hx+T=xE P+ D)+ xE T+ +xE+1)—2x+7
chia cho x>+ 1 du —2x + 7

B. So 46 HORNO

1. So 6

Dé tim két qua cua phép chia f(x) cho x —a @

Hé 56 thia2
cuada thic
bi chia

Hé s6 tha
1 dathic bi
chia

bl

(a 1a hdng s0), ta st dung so do6 horno
Néu da thuc bi chia 1a agx’ + a;x* + a,x + a;,

da thure chia la x — a ta dugc thuong 1a

a ‘ a ‘ a, ‘ a
a |bg=ag|b;=abyta;|b,=ab;+a,| r=ab, +ay
box® + byx + b,, du r thita co
Vi du:
Da thtc bi chia: x® -5x* + 8x — 4, da thuc chia x — 2
Ta c6 so do
1 -5 8 -4
2 1 2.1+ (-5)=-3 |2.(-3)+8=2 r=2.2+-4)=0

Vay: x° -5x° + 8x — 4 = (x — 2)(x° — 3x + 2) + 0 12 phép chia hét
2. Ap dung so d6 Horno dé tinh gia tri cia da thic tai x = a
Gid tri cua f(x) tai x = a 1a s6 du cua phép chia f(x) cho x — a

1. Vidu 1:
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Tinh gié tri cia A =X’ + 3x* — 4 tai x=2010

Ta ¢6 so do:
1 3 0 -4
a=2010 1 2010.143 =2013 |2010.2013+0 2010.4046130 -4
=4046130 = 8132721296

Vay: A(2010) = 8132721296

C. Chungs minh mjt da thirc chia hét cho mgt da thirc khac

I. Phwong phap:

1. Cach 1: Phan tich da thic bi chia thanh nhan ti c6 mot thira sb 1a da thirc chia

2. Céch 2: bién d6i da thirc bi chia thanh mot tong cac da thirc chia hét cho da thic chia
3. Céch 3: Bién d6i tuong duong fix) : g(x) < f(x) + g(x) : g(x)

4. céch 4: Ching to moi nghiém cua da thie chia déu 1a nghiém cua da thirc bi chia

IL. Vi du

1.Vidu 1:

Chtng minh ring: x™ + x* + 1 chia hét cho x™ + x" + 1

Tach: X+ xM+ 1 =x% + 2™+ 1 x™ = (x™ + 12 - x™ = (x™ + x + 1)(x™ - x® + 1)
Talaico: x™+x"+ 1=x"+2x"+ 1 - x"=x"+x"+ I)(x"-x"+1)

chia hét cho x*" + x" + 1

Vay: x* + x™ + 1 chia hét cho x™ + x" + 1

2.Vidu 2:

Im+1 In+2

+x + 1 chia hét cho x* +x+ 1 véimoim, n € N

n+2

Chiing minh rang: x

+1

Taco: x™ ' +x" 2+ 1=x""" cx+x"P o+ x4+ x+ 1

=x(x"- D)+ xXx"- D+ + x+1)

Vi x™ =1 va x> — 1 chia hét cho x> — 1 nén chia hét cho x* + x + 1

Im+ 1 n+2

Vay: x + X + 1 chia hét cho x> + x + 1 véimoi m, n € N

3. Vidu 3: Chiing minh ring
fx)=x"+x+x""+..+x""+ 1 chiahétchogx)=x +x*+x' +...+x+1

88 8 77

Ta co: f(x)—g(x)ngg—ngrx X =+ HxTex 11
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=x(x"-1)+x*x* - 1)+ ...+ x(x'° = 1) chia hét cho x'°— 1
Max'0—1=x-1)x +x*+x"+.+x+1)chia hét cho x’ + x* + x" +..+x + 1
Suy ra f(x) — g(x) chia hét cho g(x) = ¥’ +x* +x' +..+x + 1
Nén fix)=x"+x®+x""+ ... +x" +1 chiahétcho gx)= X’ +x*+x'+ ..+ x+ 1
4.Vidu4: CMR: f(x)=(x*+x-1)""+ (x*- x+ 1)'=2 chia hét cho g(x) = x* — x
Da thic g(x) =x* —x =x(x— 1) c6 2 nghiém lax =0 va x = 1
Taco f(0)=(-1)'""+1"-2=0 = x=0 13 nghiém cta f(x) = f(x) chta thira s6 x
f()=1"+1-1)""+1*-1+1)"-2=0 = x=1 1a nghiém cua f(x) f(x) chia thira s6 x
— 1, ma céc thira s6 x va x — 1 khong c6 nhén tir chung, do d6 f(x) chia hét cho x(x — 1)
hay f(x) = (x> + x— 1)+ (x> - x+ 1)'=2 chia hét cho g(x) = x* — x
5. Vi du 5: Chtrng minh ring
aA)A=x"—x —x"* chiahétchoB=x"—x+ 1
b) C = 8x’ — 9x* + 1 chia hét cho D = (x — 1)?
¢) C (x) = (x + 1) —x™ — 2x — 1 chia hét cho D(x) =x(x + 1)(2x + 1)
Giai
DA=X-%x -x"P=K-x+1)-x +1)-x"* -x)
Ta cé: x> —x + 1 chia hét cho B=x*—x + 1
x’ + 1 chia hét cho x’ + 1 nén chia hét cho B=x*—x + 1

1945

x"P —x = x(x"*

— 1) chia hét cho x* + 1 (cling c6 nghiém [a x = - 1)

nén chia hét cho B=x"-x+ 1

VayA=x"—x —x"" chia hét cho B=x"—x + 1

b)C=8x"-9x"+1=8x"-8 -9x*+9=8(x"-1)-9(x*— 1)
=8x—- ) +x + .+ 1)-9x—- 1) +x°+..+1)
=x-DE*-x -x"—x - x'-x -x*—x-1)

5 3

8x*—x" = x°—x’ = x' = x* = x* = x — 1) chia hét cho x — 1 vi ¢4 téng hé s bing 0

suyra (x— 1)(8x*—x"—x°—x’ —x* = x’ = x> = x — 1) chia hét cho (x — 1)’
¢) Pa thitc chia D (x) = x(x + 1)(2x + 1) ¢6d banghiémlax=0,x=-1,x=- %
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Ta co:
C(0)=(0+1)"-0"-2.0 —1=0 = x =0 12 nghiém cua C(x)
CE-D=C1+1D"=(-1)"=2(-1)-1=0 = x=-1 1a nghiém cua C(x)

A

1 1 2n 2n 1 1 3 f A 5
- — — -— + —_ —_— A= - —_— — —— -
C( 2) ( 5 1) (2) 2.( 2) 1=0=x 5 1a nghi€ém cua C(x)

Moi nghi¢m cua da thirc chia la nghiém cta da thuc bi chia = dpcm

6. Vi du 6:

Cho f(x) 1a da thiic ¢ hé sb nguyén. Biét f(0), f{1) 1a cac s6 1é. Chirng minh ring f(x)
khong c6 nghiém nguyén

Gia st x = a la nghiém nguyén cua f(x) thi f(x) = (x — a). Q(x). Trong d6 Q(x) la da thic co
hé s6 nguyén, do d6 f(0) = - a. Q(0), (1) = (1 —a). Q(1)

Do f(0) lasdlé nénalasdle, f(ll)lasd1énén 1 —alasdlé, ma 1 —ala hiucia 2 s 1é
khong thé 1a s6 1¢, mau thuan

Vay f(x) khong c6 nghiém nguyén

Bai tip vé nha:

Bai 1: Tim s6 du khi

a) x™ chia cho x* + 1

b)x+x"+x7+x"+x+9chox’+ 1

Bai 2: Tinh gi4 tri cua da thirc xt+3x’ - 8 tai x=12009

Bai 3: Ching minh ring

a) x° +x' + 1 chia hét cho x*° + x'* + 1

b) x'” — 10x + 9 chia hét cho x* — 2x + 1

¢) x™ 2+ 2x™ "+ 1 chia hét cho x* + 2x + 1

d) (x + )™ 2+ (x — 1)"™"? chia hét cho x* + 1

e) (x"— 1)(x" "' = 1) chia hét cho (x + 1)(x — 1)*
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CHUYEN DPE 11 — CAC BAI TOAN VE BIEU THUC HUU Ti

A. Nhic lai kién thirc:

Céac bude rat gon biéu thire hiru ti

a) Tim DKXD: Phan tich mau thanh nhan ti, cho tit ca cac nhan tir khac 0
b) Phan tich tir thanh nhan , chia tir v mau cho nhan tir chung

B. Bai tap:

, 4 _ g2
Bai 1: Cho biéu thic A = * ¥ +4
x'=10x*+9
a) Rut gon A

b)timx dé A=0

¢) Tim gid tri cua A khi [2x-1|=7

Giai
a)PDkxd :
2 10x°+9 2 0 [(XZ)Z_XZ]_(9X2_9) 40 o Xz(xz—l)—9(x2—1) 20
x#1
SE-1)X=9) % 0 o (x— 1)x+ )(x-3)(x+3) % 0 < X#—I@{xiil
Xx#3 x=13
X #-3

Te: x' -5 +4=[(x)-x]-(x-4)=x(x-1)—-4x-1)
= X - -4) =x- 1)+ DE-2)(x+2)
Voix #+ 1;x =+ 3 thi

_ K-DEHDE-2)E+2)  (x-2)(x+2)
(x-Dx+Dx-3)x+3)  (x-3)(x+3)

(x-2)x+2) _

b)A=0 <
(x-3)x+3)

0 x-2)(x+2)=0 x=+2

2x—-1=7 2x=8 x=4
c) 2x-1|=7 < [ [ @[

=
2x—-1=-7 2x=-6 x=-3

(x-2)(x+2) _(4-2)4+2) _12
(x-3)(x+3) (4-3)4+3) 7
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* V&i x = - 3 thi A khong xac dinh
2. Bai 2:

2x° = 7x* —=12x+45
3x° —19x* +33x-9

Cho biéu thuc B =

a) Rut gon B

b) Timx dé B> 0

Giai

a) Phan tich miu: 3x° — 19x* + 33x — 9 = (3x’ — 9x°) — (10x* — 30x) + (3x — 9)
=(x-3)(3x* = 10x + 3) = (x = 3)[(3x* = 9x) — (x — 3)] = (x = 3)’(3x — 1)

Pkxd: (x—3)2(3x—1) 0o x#3vax # %

b) Phan tich fu, ta co:
2% — TxE— 12x + 45 = (2x" — 6x7) - (x* - 3x) — (15x - 45) = (x — 3)(2x* — x — 15)
= (x = 3)[(2x° = 6x) + (5x — 15)] = (x — 3)°(2x + 5)

Véix # 3ve‘1x¢%

Thi B 26 =% ~12x445 _ (x-3)°'(2x+5) _2x+5
3x°—19x +33x-9  (x-3)°3x-1) 3x-1
[ 1
x>—
) 3
{31’—1)0 5
2x+5>0 Y- | X>3
C)B>0<:»2X+5>0¢:> = 25 3
3x-1 3x-1<0 |
x<-— x<-—=
2x+5<0 ) 2
X <—
3.Bai 3
Cho biéu thire C=( 1 2 —S‘f]:'fz“"
I-x x+1 1-x) x —1

a) Rut gon biéu thirc C
b) Tim gia tri nguyén cta x d¢ gia tri ctia biéu thire B 14 s6 nguyén
Giai
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a) Pkxd: x = + 1
C=[ 1,2 S—x)_1—2x_{1+x+2(1—x)—5]_(x—1)(x+1): -2

1-x ,\:+171—Jc2 -1 (I=x)(1+x) 1-2x 2x—1

co gia tri nguyén

b) B ¢6 gia tri nguyén khi x 14 s6 nguyén thi >

2x—-1=1 x=1
2x—1=-1 x=0
=
2x-1=2 x=15
2x=1=-2 x=-1

o 2x-11AUQ) <

D6i chiéu Dkxd thi chi ¢é x = 0 thoa man
4. Bai 4
X 4+xt=2x

Cho biéu thuc D = .
x‘x+2‘—x“ +4

a) Rt gon bicu thirc D

b) Tim x nguyén dé D c6 gia tri nguyén
¢) Tim gié tri cua D khix =6

Giai

a)Néu x+2>0thi |x+2|=x+2nén

¥ +xP-2x X +x"-2x B x(x=1)(x+2) _xg—x

D= 7 - ) - -
xx+2|-x*+4  x(x+2)-x’+4 x(x+2)-(x-2)(x+2) 2

Néu x+2<0thi |x+2/=-(x+2)nén

_ x4+ x7—2x _ x*+x°—2x B x(x—=D(x+2) _ X
x|x+2|—x2+4 —x(x+2)-x"+4 —x(x+2)—-(x-2)(x+2) 2

Néux+2=0 < x=-2 thibiéu thirc D khong xac dinh

2
X —X

b) Bé D c¢6 gia tri nguyén thi hoic %x cé gia tri nguyén

2

X=X, .. A X -x:2 x(x-1):2

+) co gia tr1 nguyen < =
X>-2 Xx>-2

Vi x(x — 1) 1a tich ctia hai s6 nguyén lién tiép nén chia hét cho 2 v6i moi x > - 2
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5 2 6 gl ifinpuyln e 50 2 T 2k (k e Z k<-1)
o = = S x= e Z; -
g PoaeERERY X B | 2y e

Pox _ 6(6-1) _

¢c)Khiax=6 = x>-2nénD == >

15

Bai tip vé nha

Bai 1:

Chobiéuthl’ch=[2_x—3_x+ 2-x ];[1— "]
x+3 x+2 x +5x+6 x—1

a) Rat gon A
b) Timx dé A=0; A>0
Bai 2:
Cho biéu thire B= 2 7Y *57~1
2y"—y —-4y+3
a) Rat gon B
' A n 2 2D , . ' )
b) Tim s0 nguyén y dé c6 gi4 tri nguyén

2y +3

¢) Tim sé nguyény dé B > 1
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CHUYEN DPE 12 - CAC BAI TOAN VE BIEU THUC (TIEP)

* Dang 2: Cac bicu thirc ¢ tinh quy luit

Bai 1: Rut gon cic biéu thirc

a)A= 3 5 2n+1

i
(1.2)" (2.3) [n(n+1)]*

Phuong phap: Xut phat tir hang tir cudi dé tim ra quy luat

Ta & 2n+1  _ 2n+l1 1 1 A
aco e s=—- - Nén

[J?(H-i—l)] n (n+1)" n° (n+l)
A=t 2 t 1,1 1 1 1 1 1 _nn+d

ot (n+1)? 1 (n+1)? (n+1)

o=

2
Taco 1—]—=k I=(k+1)(k D Nén
k?. k2 2

B— 132435 (n=D)(n+l) _1324.(n-D)(n+l) _ 123.(n—1) 345.(n+]) 1 n+l_n+l

2273 42T n’ 223242 n 234.(n-n  234..n n 2 2n
c)C= 150 /150 150 | .10 0.1.[1—1+1—i ...... L—LJ

58 8.11 11.14 47.50 35 8 8 11 47 50
- 50.(1-i)=so.3=45
5 50 10

e e ————

_ 1 1 | 1 11 1 1 1 1 1
)D = + + o ————— = —, - -
1.23 234 345 (n=Dn(n+1) 2\12 23 23 34 (n=Dn n(n+l)

_ _(n=D(n+2)
2012 nn+l) | 4n(n+1)
Bai 2:
a)ChoA=m—_1+m_2+...+ 2 +L; - L Tinn A
| 2 m—-2 n-1 2 3 n

Ta co

1 1 1 1
A=200  T  a |=n| me ot +—|=(n-1)
1 2 n-2 n-1 — 1 2 n-2 n-l1
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L. -l 1 1 1 1 1 A
=R| —t—t.F +— |[+l=n|=—+.+——+—|=01B = — =n
1 2 1 B

2 n-2 n-1 2 n— n—
b) A= R S S ; B=1+14 4+
1.2n-1) 3.2n-3) (2n-3)3 (2n-1).1 2n- 1
Tinh A : B
Giai

e G R el
= —| 1+ +| =+ +...+ += |+ +1
Zn{ 2n-1 3 2n-3 2n-3 3 2n-1

1 1 1 1 1 1 1
=—| I+=+.+ + }+ + o +—+1]
2n |:[ 3 2n-1 2n-3 2n-1 2n-3 3

=l.2. I+l+ ...... + I + 1 =L.2.B :>-§=l
2n 3 2n-1 2n-3) 2n B n
Bai tap vé nha
Rut gon céc biéu thie sau:
a) 4Ly 4] by o+ 3 >
1.2 23 (n-1n 22-14-16-1"""(n+1) -1
LTI USSR —
123 234 n(n + 1)(n +2)

* Dang 3: Rt gon; tinh gi4 tri biéu thirc thoi min diéu Kién cia bién
1 i o g,

Bai 1: Cho x+ —= 3. Tinh gid tri ctia cac bi¢u thuc sau :
X

1

1 . s 1
a) A= x*+ — b)B=x3+?; c)C=x4+;; d)D=x°+F.

Loi giai

o]
a) A= x*+ : =§(+l$- 2=9-2=17;

x* X @
ol
b)B=x3+i3=§§+l:- R+ L5=27- 9= 18 :
X X9 X
o}
¢) C= x4+l4=§2+l,%- 2= 49- 2= 47 :
X X
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{8
d) AB= gx +—§x +—+—x+l+x+%—D+3:>D 7.18 -3 =123.
X X

b

Bai2: Cho 2+ Y +Z2-2();2+2+5=2().
a b ¢ X y

Tinh gi4 tri biéu thie D = [E] n (E] + [EJ
X y V4
T (1) suyrabex +acy +abz=0(3)

Tu (2) suy ra

(E] +(EJ +(EJ- +2-(§+§+b—c]=4:>[ij +(E] +[£J =4—2.(@+§+E
X y z Xy Xz Yyz X y 7 Xy Xz yz
Thay (3) vao (4)taco D=4-2.0=4
Bai 3
a b 2¢
+ +
ab+a+2 bc+b+1 ac+2c+2

a) Cho abc = 2; rat gon biéu thic A =

Taco:

a N ab N 2c B a N ab N 2c
ab+a+2 abc+ab+a ac+2c+2 ab+a+2 2+ab+a ac+2c+abe

a N ab N 2¢ B a N ab N 2 _abtat+2
abta+2 2+ab+a clat+t2+ab) ab+a+2 2+ab+a at+2+ab ab+ta+2

, A : a’ b’ ¢’
b) Cho a + b + ¢ = 0; rt gon bi€u thuc B = R EpTI TR a e are R,

Tra+b+c=0=a=-(b+c)= a’=b"+c’+2bc = a*-b*-c’=2bc

Tuong tu ta co: b’-a’-c’=2ac;c’-b’-a’=2ab (Hoan vi vong quanh), nén

2 2 2
B = a—+ b ¢ a 4bP+ ¢ (1)
2bc 2ac 2ab  2abc

atb+c=0=-a=(b+c)= -a>=b’+c’+3bc(b+c) o -a’=b’+c’—3abe

< a’+ b’ + ¢’ =3abc (2)

. ‘+b’+c¢’ 3abc 3 .
Thay (2) vio (1) tac6 B= 2" =€ _2 (Vi abe % 0
ay (2) vao (1) ta co e S ahe 2( i abc = 0)
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c) Cho a, b, ¢ ttrng d6i mot khac nhau thoa man: (a + b + c)?=a’+b>+c’

a’ b’ ¢’
+ +
a’+2bc  b*+2ac ¢’ +2ab

Rut gon biéu thie C =
Te(a+b+cy=a’+b’+c’ = ab+ac+bc=0
— a’+2bc=a’+ 2bc — (ab + ac + bc) =a’ —ab + bc —ac = (a — b)(a — ¢)

Twong tw: b°+2 ac = (b—a)(b—c);c’+2ab=(c—a)c—b)

a’ b’ c’ a’ b’ c’
+

(@a-ba-o (-ab-c) (c-a)c-b) @-ba-c) (a-b)b-0) (a-c)b-0)

a’(b-c¢) b’(a-c) . c’(b-c¢) _(a-b)(a-c)(b—c)_l

~ (a-b)a-c)b-c) (a-b)a-c)b-c) (a-b)a-c)b-c) (a-b)a-c)b-c)
* Dang 4: Chirng minh ding thirc thoa mén diéu kién cia bién

LBail:Chot+l+lonaylililos (o)
a b ¢ a’ b~ ¢

Chiing minh ring: a+ b+ c= abc

Tu (1) suy ra L’+bi’+ Lj+2_ [LJF 1y L]=4:>2. [i+ L+ij=4_(
o2 2 2

C ab bc ac ab bc ac
+b+
T R P : C-1e< a+b+c=abc
ab bc ac abc

2.Bai2: Choa,b,c#0vaa+b+c#0 thoa man diéu kién 1,1,

1
a b ¢ a+b+c'

Chirng minh rang trong ba so0 a, b, ¢ ¢6 hai so doi nhau.

1 1 1 1
+ —

TlI dO Suy ra rang Y2009 + 2009 20009 - 2009 2009 2009
a b C a + b+

Taco l+l+l:;@l+l+l_;=0 <:>a+b_'_ atb
a b ¢ a+b+c a b ¢ atb+c ab clat+ b+ ¢)
g’i+b=0 g'i=-b
+ b+ c)+ ¢ - . .
@t )BT OT_ b +a)=00 d+c= 00 H=-c
abc(a+ b+ ¢) € &
£t+ta=0 ¥=-a
Tu dé ) + | + | | + 1 N 1 1
uqgosuyra . 2009 2009 T 2009 - 22009 - 0)2009 2009 - 22009
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1 _ 1 o

aZDU‘) + b2009 + CEUU‘J a2009 + (_ C)E(}O(J + CZOU(J aZUU‘)
1 1 1 1
2009 + 2009 + 2009 = 2009 2009 2009 °
a b C a + b7+
iy a b c b c a
3.Bai3: Cho 2+ 24+ -2 4+ .2 (1
b c a a b c

chtrng minh ring : trong ba s a, b, ¢ ton tai hai sé bang nhau

T (1) = a’c+ab’ +bc’ =b’c+ac’ +a’b = a’(b-c)-a(c’—b’)+be(c-b)=0
— (c—b)a®’—ac=ab+bc)=0= (c—b)a—b)(a—c)=0 = dpcm

4. Bai 4: Cho (a’ — bc)(b — abc) = (b* — ac)(a — abc); abc = O vaa= b

Chirng minh ring: 1y % + L avp+e
a C

Tt GT = a’b—b’c - a’be + ab*c® = ab> — a’c — ab’c + a’bc?
& (a’b —ab®) + (a’c — b’c) = abc’(a — b) + abe(a - b)(a + b)
<> (a—b)(ab +ac + bc)=abc(a—b)(a+b+c)

abtactbe _ ibtce L+t loaibte
abc a b ¢
5. Bai 5: Choa+b+c=x+y+z=3+h+E=0;Chﬁngminhréng:ax2+by2+czz=0
X y z

T x+y+z=0=x=(@y+2) 3y =(x+2) ;2 =@y +x)
= ax’+by’+czi=a(y+z) +bx+z)+c(y+tx)=...
=(b+c)x* + (a+c)y’ + (a+b)z’ + 2(ayz + bxz + cxy) (1)
T a+b+c=0=-a=b+c;-b=a+c;-c=a+b(2)

Te 2+ b,¢ =0 = ayz + bxz + cxy =0 (3). Thay (2), (3) vao (1); ta co:

X y z

ax’ + by’ + cz° = -(ax’ + by’ + ¢z* ) = ax’ + by’ + ¢z* =0

6.Bai6: Cho > + 2 4 ° —0;chimg minh: —*— + 2 4+ ¢
b-¢ <c¢-a a-b (b-c) (c-a) (a-b)
Tor 2 &+ b LC _0 = a _ b . c =b‘—ab+ac-C“
b-¢c c¢-a a-b b-c a-c b-a (a-b)(c-a)
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o 2 b mab*ac-¢ 4y (Nhan hai vé voi
(b-c)” (a-b)c-a)b-c) b-c¢

Tuong tu, ta co: b _ ¢’—bc+ba-a’ 2) c ,= a’—ac+cb-b’ 3)
(c-a)° (a-b)(c-a)b-c) (a-b)’ (a-b)c-a)b-c)

)

Cong ting vé (1), (2) va (3) ta c6 dpem

7. Bai 7:
Cho a + b + ¢ = 0; ching minh: [a-b +b'c+c-a][ c ,_8a ,.°b J=9(1)
¢ a b a-b b-¢c c-a
Dit a-b =x,b_c=y;£=z N C =l a =l; b :l
C b a-b X b-¢ y c-a :z

Ta co (x+y+z)(l+l+ljz3+[y+z+x+z x+y] (2)
X y z X y
Talaicé:Y+Z=(b-c+c-a)' - zbh_bc+ac-a—- ¢ _cfa-b)c-a-b) c(c-a-b)
X a b a-b ab a-b ab(a-b) ab
c[2c-(a+b+c)| 2¢?
- .22 )
ab ab
. + + 2
Tuong tu, ta co: X Z—— 4); Xty _2b° (5)

Thay (3), (4) va (5) vao (2) ta co:

2 2 2
(x+y+z) 1yl )20, 28 20 =3+2—(a3+b3+03)(6)
X y z ab bc ac abc

T at+b+c=0= a’+b’+c’=3abc (7)?

Thay (7) vao (6) ta co: (x+y+z)(l L l]:3 +2 3abc=3+6=9

X y z abc
Bai tap vé nha:

1)cho — + +Z+ 3

+ L2 0; tinh gi4 tri biéu thic A =
z y zZ

><N|'§

1,1
Xy

HD: A= xyf + XB:Z + x{Z ;vandunga+b+c=0= a’+b’ +c’ =3abc
X Yy z
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2) Cho 2° +b® + ¢ = 3abc ; Tinh gi4 trj bidu thirc A = [% + 1][9 + 1][3 s 1)

C a

+ + +
YrZ L XTE XMV 320
X y z

3) Cho x +y + z = 0; chiing minh ring:

4)Choa+b+c=a’+b2+c=1; 2=2_C Ching minh xy + yz +xz =0
X y z
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CHUYEN PE 13 — CAC BAI TOAN VE TAM GIAC PONG DANG

A. Kién thirc:
* Tam gidc dong dang:
a) trudng hop thir nhét: (c.c.c)

AABC » A’B’'C’ « AB _ AC _ BC
A'B' A'C' B'C'

b) trudng hop tht nhét: (c.g.c)

AABC » A'B'C’ « 2B _ AC i
A'B' A'C'

c. Truong hop dong dang tht ba (g.g)
AABC = A’'B’C’ & A=A'; B=B
2

AH; A’H’1a hai duong cao tuong tng thi: % = k (Ti sb dong dang); Siwc K

ABC
B. Bai tap ap dung

Bai 1:

Cho AABC c6B=2¢, AB=8cm, BC=10 cm.

a)Tinh AC

b)Néu ba canh ctia tam giac trén 13 ba s6 tu nhién lién tiép thi mdi

canh la bao nhiéu?

Giai

Céch 1: E
Trén tia d6i cta tia BA 1iy diém E sao cho:BD = BC

AC AD
AACD = AABC (gg) = ===

= AC’ = AB. AD =AB.(AB + BD) = AB(AB + BC) b
=8(10+8)=144 = AC=12cm
Cach 2:
V& tia phan giac BE ctia ABC = AABE » AACB
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A AR BE AR R AC L, AC? =AB(AB+CB) = 8(8 + 10)= 144
AC AB CB AB+CB AB+CB

= AC=12cm
b) Goi AC=b, AB=a, BC=c thitirciuatacdéb’=a(a+c)(l)

Vib>anéncoéthéb=a+ 1 hoicb=a+?2

+Néub=a+1thi(a+ 1)y ’=a’+ac o2a+1=acoalc-2)=1
=a=1;b=2;c=3(loai)

+Néub=a+2thi a(c—4)=4

-Voia=1 thic =8 (loai)

- Véia=2 thi c =6 (loai)
-voia=4thic=6;b=5

Viya=4;b=5;c=6

Bai 2:

Cho AABC can tai A, duong phan giac BD; tinh BD
biét BC =5 cm; AC =20 ¢cm

Giai

= CD=4cm vaBC=5cm

Bai toan trg vé bai 1
Bai 3:
Cho AABC can tai A va O 1a trung diém cta BC. Mot diém O di dong trén AB, lay diém E

OB’

trén AC sao cho CE = — Ching minh ring

a) ADBO»AOCE

b) ADOE = ADBO<« AOCE

¢) DO, EO lan luot 14 phan gidc cua cdc goc BDE, CED

d) khoang cach tir O dén doan ED khong ddi khi D di dong trén AB
Giai
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2 = ;
05 _, CE_OB 3 B-8 (gf) = ADBO»AOCE
BD OB BD

a) Tir CE =

b) Tl cdu a suy ra Os= E. (1)

Vi B, O ,C thing hang nén 0; + BOE + EOC=180° (2)
trong tam giac EOC thi E. + € +Eoc=180° (3)

Tix (1), (2), (3) suy ra BOE=B=C

ADOE va ADBO c6 29 = %E Dy ADBOw AOCE)
DB OoC

va 29 _ O ) 0C = 0B) va BoE=B=¢
DB OB

nén ADOE = ADBO« AOCE

¢) T cau b suy ra P, = D, = DO 14 phan gidc cua cac goc BDE

Cung tir cAu b suy ra E, = E. EO 13 phén gi4c ctia cdc goc CED

¢) Goi OH, OI 13 khoang céch tir O ¢én DE, CE thi OH = OI, ma O ¢4 dinh nén OH khong
d6i = OI khong doi khi D di dong trén AB

Bai 4: (Dé HSG huyén Loc ha — nim 2007 — 2008)

Cho AABC can tai A, ¢c6 BC = 2a, M la trung diém BC, léy D, E thuéc AB, AC sao cho
DME = B

a) Chung minh tich BD. CE khong dbi

b)Chirng minh DM 14 tia phan giac cia BDE

¢) Tinh chu vi cia AAED néu A ABC 14 tam giac déu

Giai

a) Ta c6 DMC = DME + EME = B + BDM, ma DME = B(gt)

nén EME = BDM, két hop véi B=€ (AABC cén tai A)

suy ra ABDM «= ACME (g.g)

—, BD _BM . Bp CE=BM.CM=a’ khong déi
CM CE

b) ABDM = ACME — M _ BD _ DM __ BD
ME CM ME BM
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(do BM = CM)= ADME » ADBM (c.g.c) = MDE = BMD hay
DM la tia phan gi4c ctia BDE

¢) chirng minh tuong tu ta c6 EM 1a tia phan gidc cia DEC

k¢ MH LCE ,MI LDE, MK L DB thi MH =MI=MK =
ADKM = ADIM

= DK =DI = AEIM = AEHM = EI =EH

Chu vi AAED la Psgp = AD + DE + EA = AK +AH = 2AH (Vi AH = AK)

A ABC 1a tam gidc déu nén suy ra A CME cung 1a tam giac déu CH = Mc =%
= AH=1,5a = Pyepp=2AH=2.1,5a=3a
Bai 5:
. , F
Cho tam giac ABC, trung tuyén AM. Qua diém D thudc canh
BC, v& duong thing song song v6i AM, cit AB, AC tai E va F K A
a) ching minh DE + DF khong d6i khi D di dong trén BC
. . E

b) Qua A v€& duong thing song song voi1 BC, cat FE tai K.
Ching minh ring K 13 trung diém cta FE
Giai

DE  BD BD B DM C
a) DE//AM =» — = —=DE=—AM (1)

AM BM BM

DF//AM = 28 D e D i = D am (2

AM CM CM BM
Tu (1) va (2) suy ra
DE+DF= 22 am+ P am = [@ " Q].AM - BC AM=2AM khong déi

BM BM BM BM BM
FK KA
b) AK // BC suy ra AFKA «= AAMC (g. —=—3
) uy @8 = ~om &
EK KA EK KA EK KA EK KA EK KA
- == = (2)

= = = = = = =
ED BD ED + EK BD + KA KD BD + DM AM BM AM CM
(Vi CM = BM)
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Tu (1) va (2) suyra % = % — FK = EK hay K 12 trung diém cta FE

Bai 6: (D& HSG huyén Thach ha nam 2003 — 2004)

Cho hinh thoi ABCD canh a ¢6 A =60°, mdt duong thing bat ky qua C cit tia d6i cia cac
tia BA, DA tai M, N

a) Chtrng minh ring tich BM. DN c¢¢ gié tri khong d6i

b) Goi K 14 giao diém ctia BN va DM. Tinh s do ctia goc BKD

Giail M
a) BC// AN = MB _ €M ) !

BA CN

CM  AD C

CD/AM = =2 =22 (2 B
TN DN @) I

Tu (1) va(2) suy ra
MB AD 2
Ba ﬁ:MB.DN=BA.AD=a.a=a A D N

b) AMBD vaABDN c6 MBD = BDN = 120"

MB _MB CM _ AD BD
BD BA CN DN DN

= AMBD «» ABDN

(Do ABCD 14 hinh thoi c6 A =60°nén AB = BC = CD = DA)

Suy ra M, = B.. AMBD vaABKD c¢6 BDM = BDK va M, = B, nén BKD = MBD = 120

Bai 7:

Cho hinh binh hanh ABCD ¢6 dudng chéo 16n AC,tia Dx cit SC, AB, BC lan luot tai I, M,
N. V& CE vuong gbc vdi AB, CF vudng goc vo1 AD, BG vudng goc vo1 AC. Goi K 1a

diém d6i xing v6i D qua I. Ching minh rang F
a) IM. IN = ID? A
py kM _ DM

KN DN

¢) AB. AE + AD. AF = AC?
Giai
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) TEAD/CM = D=5l i
ID Al

TaCD // AN = SL_1D (o)
Al IN

Tir (1) va (2) suy ra %= % hay ID* = IM. IN

DM CM DM CM DM _ CM 3)

= = = s
MN MB MN + DM MB + CM DN CB
T ID =1K va ID* = IM. IN suy ra IK> = IM. IN

IK IN IK-IM IN-IK KM KN KM IM KM IM CM CM
— == = = - = =— o>5—=—=—=—(4)
M IK IM IK M IK KN IK KN ID AD CB

b) Ta co

\ \ KM DM
Tr(3)va(4)suyra — = —
(3) v (@) suy ra - = ¢

¢)Tacod AAGB = AAEC = % - g: AB.AE = AC.AG = AB. AE = AG(AG + CG) (5)

ACGB & AAFC = 28 - €6 _CC (i cB = AD)
AC CB AD

= AF . AD =AC. CG = AF . AD = (AG + CG) .CG (6)

Cong (5) va (6) vé theo vé ta co: AB. AE + AF. AD = (AG + CG) .AG + (AG + CG) .CG
& AB. AE + AF. AD = AG” +2.AG.CG + CG* = (AG + CG)* = AC?

Vay: AB. AE + AD. AF = AC?

Bai tip vé nha

Bai 1

Cho Hinh binh hanh ABCD, mét dudng thing cit AB, AD, AC lan luot tai E, F, G

AB  AD _ AC

AE AF AG
HD: Ké DM // FE, BN // FE (M, N thudc AC)

Bai 2:
Qua dinh C cua hinh binh hanh ABCD, ké duong thang cit BD, AB, AD 6 E, G, F

Ching minh:

ching minh:
a) DE’= fE Bp?
EG
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b) CE* =FE. GE

(Go1y: Xét cac tam giac DFE va BCE, DEC va BEG)

Bai 3

Cho tam gidc ABC vudng tai A, duong cao AH, trung tuyén BM, phdn gidc CD cit nhau
tai mot diém. Ching minh ring

BH CM AD
a) o M AD

b) BH = AC
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CHUYEN PE 14 - PHUONG TRINH BAC CAO
A.Muc tiéu:
* Cung cd, on tap kién thic va ky ning giai cdc Pt bac cao bang cach phan tich thanh nhan
tu
* Khic sau ky nang phan tich da thirc thinh nhén tir va k¥ ning giai Pt
B. Kién thirc va bai tap:
I. Phwong phap:
* Cach 1: Dé giai cac Pt bac cao, ta bién doi, rit gon dé dua Pt vé dang Pt c6 vé trai 13 mot
da thirc bac cao, vé phai bang 0, van dung cac phuong phap phan tich da thirc thanh nhan
tir &é dua Pt vé dang pt tich dé giai
* Cach 2: Dat an phu
II. Cac vi du:
1.Vi du 1: Giai Pt
a) (x+1)’(x+2)+(x-1)P>x-2)=12
o L o2XTIXx =12 X +5x-6=0 o (x - 1)+ (5x-5) o x-1)E +x+6)=0
X =

x-1=0 1Y | 23 -
=N = 2 =x =1 (Vi |x+ =] +===0 v0 nghiém
[x3+x+6=0 [x-i—%] 23 0 ( [ 2] 4 S )

4
b)x*+ x>+ 6x—8=0(1)
Vé phai cua Pt 1a mot da thic ¢ tong cac hé s6 bing 0, nén c6 mot nghiém x = 1 nén ¢
nhantrlax—1,tacod
(1) e &-x)+x-x)+2x -2x)+(8x-8)=0
Sao X-DE +xF+2x+8) o (x— D[(X +2x°) - (x* +2x) + (4x—8)]=0
o X-DKE+2)-x(x+2)+4(x+2)=0 o (x— DE+2)x -x+4)=0 ...
c) x—1Y+@2x+3)Y=27x+8
o X =3 +3x—1+8x +36x"+54x +27-27x’ -~ 8=0
o - 188 +33x° +57x+18=0 < 6%’ - 11x*-19x-6 =0 (2)

Ta théy Pt c6 mot nghiém x = 3, nén vé trai c6 nhan tir x — 3:

70




CHUYEN DE BOI DUONG TOAN 8

2) o (6x° — 18x%) + (7x* = 21x) + (2x - 6) =0

S 6 (x—3)+ 7Tx(x—-3)+2(x-3)=0 & (x—-3)(6x°+7x+2)=0

o (x=3)[(6x* +3x)+ (4x+2)]=0 & (x—3)[3x2x+ 1) +22x + 1)] =0

o x-3)2x+ 1)3Bx+2).....

d) (xX*+5x)" —2(x* +5X) =24 o [(xX* +5x)’ = 2(x* + 5x) + 1] -25=0

X +5x-1-25=0 (X +5x-14+5)((xX*+5x-1-5)=0

(X +5x+4) (X +5x-6)=0 < [(x* +x) +H4x + 4)][(xX* —x) + (6x— 6)] =0
s+ D)(x+H4)(x-1)(x+6)=0 ...

e) (X+x+1)P=3x"+x+1) o X+x+1)’-3x'+x*+1)=0

o X+Hx+1) -3 +x+1)(xX-x+1)=0

o (XCHx+D[xX+x+1-3x-x+1)]=0 o (x"+x+1)(2x"+4x-2)=0
o X+Hx+ D) -2x+1)=0 o (xX*+x+ D(x-1)°=0..

) =x'+xX+x+x+2 o X -D)-'+x+x*+x+1)=0

o x-DE+X+x+x+ ) -+ ++x+1)=0

o x-2)E+xX+x+x+1)=0

+)x-2=0 x=2

Hxtrdrrxt1=0e X'+t E+F D=0 x+D)E +1)+x =0

o x+H1)PE-x+1)+x=0 o (X+l)2[(x2—2.x.% +%)+%]+x2=0

N (x+1)2KX+%) +ﬂ+x2=0vanghiemvi (x+1)2[["+3 +ﬂ > 0 nhung
khong xdy ra diu bing

Bai 2:

) (X’ +x-2)(xX+x-3)=12 & (X +x-2)(x*+x-2)—-1]-12=0

o K+x-2 - (x+x-2)-12=0

Ditx* + x— 2 =y Thi

XK+x-2 - +x-2)-12=0 y-y-12=0 o (y—4)(y+3)=0
*y-4=0 X +x-2-4=0 X +x-6=0 (X +3x)-(2x+6)=0
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sE+3)x-2)=0...

*y+3=0o X +x-2+3=0 < X +x+ 1 =0 (vd nghiém)

b) (x —4)(x = 5)(x—6)(x—7)= 1680 < (x* — 11x + 28)( x> — 11x + 30) = 1680
Détx2—11x+29=y,tacc’):

(x* = 11x +28)( x> — 11x + 30) = 1680 < (y + 1)(y— 1) = 1680 < y* = 1681 <y =+ 41
y=4] & X’ - 11x+29 =41 & X~ 11x—-12=0(x*—x) + (12x—12)=0

o (x—1)(x+12)=0.....

*y=-41 & xX’~11x+29=-41 & X’ —11x +70=0 < (x’ - 2x. %+%)+%=0

) (x> — 6x + 9)* — 15(x* — 6x + 10) = 1 (3)

Patx’—6x+9=(x—3)’=y > 0, tacod

B) oy -15(y+1)-1=0cy —15y—16 =0 < (y+1)(y-15)=0
Véiy+1=0 < y=-1(loai)

Voiy—-15=0 oy=15= (x-3) =16 < x-3=+ 4

+x-3=4c x=7

+x-3=-4 ox=-1

d) (x* + 1)* + 3x(x* + 1) + 2x* = 0 (4)

Pt x>+ 1=y thi

4) © YV +3xy+2x° =0 & (Y +xy) + 2xy +2x) =0 < (Y + x)(y + 2x) =0
+)x+y=0 x> +x+1=0:Vdnghiém

Hy+2x=0 o X +2x+1=0 (x+1)’=0 < x=-1

Bai 3:

a) 2x + D(x+ 1)’(2x+3)=18 & (2x + 1)(2x +2)’(2x + 3)=72. (1)
Dat2x+2 =y, tacod

() e G- y+)=72 ey -1)=72

= ya—y2—72=0

Pit Y=z >0 Thi y'-y"-72=0o 22-2z-72=0 < (z+8)(z-9)=0

*72+8=0 < z=-8 (loai)
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*7-9=0 z=9 oy =9c y=1+3=x=..
b) (x+ 1)+ (x—-3)"=82(2)
Daity=x-1=x+1=y+2;x-3=y-2,tacod
2 eF+2)' +(y-2)'=82
oy 8y + 24y + 32y + 16 + v - 8y + 24y* - 32y + 16 = 82
o 2y +48y +32-82=0 < y' +24y" —25=0
Dity'=z>0=y' +24y’ -25=0 22 +242-25=0 < (z—1)(z+25)=0
+)z-1=0=z=1=y=+1 =2x=0;x=2
+)z+25=0 < z=-25(loai)

a+b

Chi y: Khi giai Pt bac 4 dang (x + a)* + (x + b)* = ¢ ta thuong dit 4n phuy = x +

)@A-x " +(x-2=32 o(x-2) - (x—4) =32

Dity=x-3 =>x-2=y+1;x—4=y—1;taco:

x-2Y-(x-4Y=32 o (y+1) - (y=1)Y’=32

oy + 5y + 10y’ + 10y* + 5y + 1 — (y° - 5y* + 10y’ - 10y* + 5y - 1) =32 =0
<10y +20y"-30=0 < y*+2y*-3=0

Dity’=z >0= y' +2y’-3=02+22-3=0 < (z-1)(z+3)=0......
d)(x- 7'+ (x—-8)"=(15-2x)"

Datx—7=a;x-8=b;15-2x=cthi -c=2x-15=a+b=-c, Nén

x-D'+x-8)"'=(15-2x)" sa*+b'=c' e a’+b'-c'=0c a'+b' —(a+b)*'=0

o dab(a® + %ab+b2):0 o 4ab{[a+ %b] ¥ % bﬁ] —0 < 4ab=0
(Vi [a+ %b] + % b> > 0 nhung khong xay ra ddu bing) < ab=0 <x=7;x=8

X X

e) 6x'+ 7%’ — 36X~ Tx+ 6 =0 < 6(x3+iz]+?(x- l}—36:0

(Vix =0 khong Ia nghiém). Dit x- - =y = x>+ =y* +2, thi
X

X
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6 (xui:]n(x- l]-sa:o & 6 +2)+Ty—36=0 o6y +Ty—24=0

X X

< (6y°—9y)+(16y—24)=0 < By +8)2y-3) =0

== x:_3
+)3y+8=0@y=-§®?<-l=-§<:>---®(X+3)(3X—1)=0®[x+3 04 !
3 x 3 Bx-1=0" [x=3
D2y-3=0oy= 2o x Lt ol coxe hxo2=0e[ 270 o
- - 3 X-— == — =
’ 2 x 2 Z+1=0 |x=- 2

Bai 4: Chting minh ring: cic Pt sau vo nghiém

)X —3x+6x+13=0 o (x'—4x" +4)+x* +6x+9) =0 (X’ =2+ (x+3)°=0
Vé trai (x* — 2)* + (x + 3)> > 0 nhung khong dong thoi xdy ra x* =2 va x = -3
b)x6+x5+x4+x3+x2+x+1=0<:> (x—l)(x6+x5+x4+x3+x2+x+1)=0
ox -1=0o x=1

x = 1 khong la nghiémctia Pt xX°+x° +x*+x’ +x*+x+1=0

Bai tap vé nha:

Bai 1: Giai cac Pt

a) x>+ 1) =402x-1)

HD: Chuyén vé, trién khai (x* + 1)?, phan tich thanh nhén tir: (x — 1)’ (x> + 2x + 5)=0
b) x(x + 1)(x + 2)(x + 3) =24 (Nhan 2 nhan tir v&i nhau, 4p dung PP dit 4n phu)

c) (12x+7)(3x +2)(2x + 1)=3 (Nhan 2 vé v6i 24, dat 12x + 7 =)

d) (x* —9)> = 12x + 1 (Thém, bét 36x%)

e)(x—- '+ (x-2)'=1(Dity=x-1,5;Ds: x=1;x=2)
HE-1’+x+3)°=242(x+1) Patx+1=y;Ps:0;-1;-2)

g (x+ 1)+ (x-2)y = (2x - 1)’

Pitx+1=a;x-2=b;1-2x =c thia+b+c=0 =a’+b’+c’=3abc
h) 6x* + 5% — 382+ 5x+6=0  (Chia 2 vé cho x’; Dit y= x+ 1 )
X

DX +2x +3x°+3x* +2x+1=0 (Vé trai 1a da thue c6 tong cac hé s6 bac chin

bang tong cac hé sb bac 1¢...)
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Bai 2: Chung minh céc pt sau vo nghiém

a)2x" - 10x*+17=0

(Phén tich vé trai thanh tong cta hai binh phuong)
b)x'—2x’+4x* - 3x+2=0

(Phén tich vé trai thanh tich cta 2 da thirc ¢6 gia tri khong dm....)
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CHUYEN PE 15 - SUDUNG CONG THUC DIEN TiCH PE THIET
LAP QUAN HE PO DAI CUA CAC POAN THANG
Ngay soan:23 — 3 - 2010
A. Mt s6 kién thirc:
1. Cong thuc tinh dién tich tam gidc:

S= % a.h (a — d¢ dai mot canh, h — d¢ dai duong cao tuong ing)

2. Mot sb tinh chat:
Hai tam gidc c¢6 chung mét canh, ¢ cung d¢ dai duong cao thi cé cung dién tich
Hai tam giac bang nhau thi ¢6 cing dién tich

B. Mt s6 bai toan:

1. Bai 1:
Cho AABC ¢6 AC = 6em; AB = 4 em; céc dudng cao AH; BK; CI. Biét AH= <258
Tinh BC
Giai A
Ta co: BK = 22amc ;O = Zanc ¢
AC AB :
1 1
BK+CI=2.Sapc | —+—
- ABC [AC+AB] !
_ Al 5 1 ] (1 1Y) B H C
< 2AH=2.—- . BC.AH.| —+—| ©BC.| —+—| =2
2 AC AB AC AB
I 11
= BC=2: (—+—J =2 :[—+—] =4,8 cm
AC ' AB 6 4
Bai 2:

Cho AABC c6 d¢ dai cac canh 12 a, b, ¢; d0 dai cac duong cao twong ung la h,, hy, h.. Biét
ring a + h, = b + hy, = ¢ + h, . Chirng minh ring A ABC la tam giac déu

Giai

Goi Sppc =S
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28 28 [I 1) a-b
a

Taxéta+h,=b+h,=a-b=h,—h,==— - =—==28. =28. —
b a ab

= a—b=2s, a—bb — (a—b) [1-§]=0i AABC cén ¢ C hodc vudng ¢ C (1)
a

a
Tuong tu ta c6: AABC can ¢ A hodc vuong ¢ A (2); AABC can ¢ B hoac vuong ¢ B (3)
Tir (1), (2) va (3) suy ra AABC can hodc vudng & ba dinh (Khong xay ra vuong tai ba
dinh) < AABC la tam giac déu

Bai 3:

Cho diém O nim trong tam gidc ABC, cac tia AO, BO, Co cit cac canh cua tam giac ABC
theo thu tu tai A’, B’, C’. Chirtng minh rfmg:

OA' OB' 0OC OA OB OC
a) t—t—=1 b) t—t—=2
AA' BB' CC AA' BB' CC
yM=24, 08 OC ¢ Tim vitricua O dé téng M c6 gia tri nho nhét
OA' OB' OC
dyN=A OB OC ¢ Tim vitricua Odé tich N c6 gid A
OA' OB' OC'

tri nho nhat
Giai o
Goi Sapc = S, S| = Spoc » S2 = Scoa » S3 = Saos - Ta co:

OA S, S, S,+S,
=2 ===

OA' SUA'C SUA'B S 1

OA' = Soac = Soan — Soac +Sonn _ i (2)
S

AA' SAA'(‘ SAA'B SAA'(‘ + SAA'B

. \ OA S, +S
Tu (1 2 — =2
u(l)va(2)suyra A S

OB S,+S,. OC _S+S, . OB

Tuong tu ta co ;
OB' S, oc S

3

Sl

OA' OB' OC' S, S
a) b—t—=L 24 =

3
AA'" BB' CC" S S S

=§=l
S

OA OB OC S,+S, S,+S, S,+S, 28
b) +—+ =2 34 S+ 1=""=2
AA" BB' CC S S S S
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_ DA OB OC §,+S, S+S, S+S, (S 8) (S, 8) (s s
OA' OB OC' S, s, (s, s ) Us, s, )7s, s

3

Alp dung Bdt Co sitaco | o2 || S Sl 5,8 )s 0 0006
SZ Sl S3 SS SS 1

Ding thirc xay ra khi S; =S, = S; « O 14 trong tdm ctia tam gidc ABC

S,+S, S,+S, S, +8, _(SE+S,,)(S]+S,_)(SI+83)

d)N =
S, © s, S, S,.S,S,

(S, +S,) (S, +S,) (S, +S, ) , 455,48,5,48

— N?= -
(SI'SZ'S}S) (SISZS'\S)

i>64 = N> 8

2

Ding thirc xdy ra khi S; = S, = S; « O 4 trong tdm ctia tam gidc ABC

Bai 4:

Cho tam giac déu ABC, cac duong caoAD, BE, CF; goi A’, B’, C’ 14 hinh chiéu ctia M
(ndm bén trong tam giac ABC) trén AD, BE, CF. Chiing minh rang: Khi M thay d6i vi tri
trong tam gidc ABC thi:

a) A’D + B’E + C’F khong d6i

b) AA’ + BB’ + CC’ khong dbi

Giai

Goi h = AH 14 chiéu cao ctia tam giac ABC thi h khong doi

Goi khoang cach tt M dén cac canh AB; BC; CA 1a MP; MQ; MR thi A’D + B’E + C’F =
MQ + MR + MP

Vi M nim trong tam gidc ABC nén

Semc T Scma + Sma = Sasc

< BC.(MQ + MR + MP) = BC . AH

= MQ+MR+MP=AH = A’D+B’E+ CF=AH=h

Vay: A’D + B’E + C’F = AH = h khong d6i

b) AA’ + BB’ + CC’ = (AH — A’D)+(BE — B’E) (CF — C’F)

= (AH + BE + CF) — (A’D + B’E + C’F) = 3h — h = 2h khong d6i
Bai 5:
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Cho tam giac ABC ¢6 BC bing trung binh cong ctia AC va AB; Goi I 1a giao diém cua céc
phéan giac, G Ia trong tdm cua tam giac. Chirng minh: IG // BC

Giai

Goi khoang céch tir a, I, G dén BC 1an luot 1a AH, IK, GD

Vil 14 giap diém cia ba dudng phan gidc nén khoang cach tir

[ dén ba canh AB, BC, CA béng nhau va bé’mg IK A
Vi1 ndm trong tam gidc ABC nén:

Sasc = Samw + Sgic + Scia < BC.AH = IK(AB+BC+CA) (1)

AB+CA /
2

— AB+CA=2BC (2) o

Q

]

-~
| e &
gl
]

Ma BC =

Thay (2) vao (1) ta ¢: BC. AH = IK. 3BC = IK = %AH (a)
Vi G 1a trong tdm cua tam giac ABC nén:
Spac =% Sapc < BC.GD=% BC. AH = GD = % AH (b)

Tt (a) va (b) suy ra IK = GD hay khoang cach tir I, G dén BC bang nhau nén IG // BC
Bai tap vé nha:

1) Cho C la diém thudc tia phan gidc cia XOy = 60°, Mla diém bat ky nim trén duong
vudng goc véi OC tai C va thudc mién trong ciia xOy, goi MA, MB thtr tu 1a khoang cach
tir M d&én Ox, Oy. Tinh d9 dai OC theo MA, MB

2) Cho M 14 diém nim trong tam giac déu ABC. A’, B’, C’ 1a hinh chiéu ctia M trén céc
canh BC, AC, AB. Cac duong th‘éng vudng goc voi BC tai C, vudng géc vo1 CA tai A,
vuong goc voi AB tai B cat nhau & D, E, F. Chung minh réng:

a) Tam giac DEF 1a tam giac déu

b) AB’ + BC’ + CA’ khong phu thudc vi tri cia M trong tam gidc ABC
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CHUYEN DPE 16 —- BAT PANG THUC

Phan I : cac kién thirc can lwu y

A2B< A-B20

1-Dinhnghia:
M{ASB@A—BSO

2-tinh chat

+A>B < B< 4

+A>BvaB>C < A>C
+A>B = A+C>B+C

+A>Bva C>D = A+C>B+D
+A>BvaC>0 = AC>B.C
+A>BvaC<0 = AC<B.C
+0<A<Bva0<C<D=0<AC<B.D

+A>B>0 = A">B" wn
+A>B = A">B" vdinlé
+]4 >[B] = A">B" véinchin
+m>n>0vaA>1 = A" > A"

+m>n>0va0<A<] = A" <A"

tA<BVAAB>0 — L1
A B

3 - mot s6 hing bit ding thirc
+A% > 0vdi VA (ddu=xayrakhi A=0)
+ A" >0 véivA (ddu=xayrakhi A=0)

+]4/20 véi vA4 (ddu=xayrakhi A=0)

bl < A= |4

+ |4+ B|>|4|+|B| (diu=xay rakhi A.B > 0)

+ |4-B|<|4-|B| (dau=xay ra khi A.B<0)

Phan II : mdt s6 phwong phap chirng minh bat ding thirc

1) Phwong phap 1: dung dinh nghia

Kién thirc : Dé chitng minh A > B Ta chimng minh A— B> 0

Luu y ding hing bit ding thic M? > 0 véi VM

Vidul V x,y,zching minh ring :
a)x’+y’+z*> xytyz+zx

b)x* +y*>+2z* > 2xy-2xz + 2yz
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Giai:

a) Taxét hiéu: x> +y> +z°-xy—yz—2zx = %.2 (x*+y?+2z2°-xy—yz—2zX)

:% (=) +(x=2) +(y=2)"| 2 0 ding v6i moi x;y;ze R

Vi (x-y)’ 20 voiVx ; y.Dau biang xay ra khix =y

(x- z)* >0 v6iVx ; z . Ddu bing xay ra khi x = z

(v-z)* 20 Vv6iV z;y . Ddu bang xay rakhiz=y

Vay x*> +y?> +2z° > xy+yz+ zx. Déu bing xay ra khi x =y =z

b)Ta xét hiu:

X*+y*+z?-(2xy—-2xz+2yz) =x*+y’ +2z°- 2xy+2xz 2yz=(X-y+2z)*>0
ding v61 moi x;y;ze R

Vay x* +y? +z? > 2xy — 2xz + 2yz dung vdi moi x;y;ze R

Diu bang xay rakhix + y=z

Vi du 2: chimg minh ring :

a) a’+b’

2[a+b]2; b) az+b3+czz[a+b+c
2

2
2 3 3 ] c) Hay téng quat bai toan
gidi

a) Ta xét hiéu

2 2 2 2 2 2 2
a“+b _(a+b] _ 2(a +b )_a +2ab+b" _ l(2a2+2b2—a2 —b2—2ub)=1(u—b)220
2 2 4 4 4 4

N a +b’ a+b\ i s , .o
Vay 2 Dau bang xay rakhi a=b

2 2 2 2
b)Ta xét higu: < ”; e _[“2”] =é[(u—b)z+(b—c)2+(c—u)2]20

. ‘b +c? +bh+e) s s . :
Vay u 3 > ( a 3 ] Dau bang xay rakhi a=b=c
2 . altait..+a’ (a +a,t..+a )
c¢)Tong quat: ———2 L L2 .
n n
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* Toém lai cac budc dé chimg minh A>B theo dinh nghia
Budc 1: Ta xét hicu H=A -B
Budc 2:Bién d6i H = (C+D)*hoic H=(C+D)>+...+(E+F)’
Budc 3: Két luan A > B
2) phwong phap 2 : Dung phép bién doi twong dwong
Ta bién d6i bat ding thirc cdn chimg minh tuong dwong véi bat ding thirc dung hoic bat
ding thire da duoc chitng minh 1a ding.

Vidul: Choa,b,c, d,e 1a cac s6 thuc ching minh ring

2
a) a2+%2ab b)a’ +b* +1>ab+a+b C)a> +b> +c*+d*+e* >alb+c+d+e)

Giai:
2

a) a’ +%2ab & 4a’ +b* > 4ab < da’ —da+b* >0 < (2a-b)’ >0 (Bdt ndy ludn ding)

2 r Al
Vaya’ +% >ab (dau bang xay ra khi 2a = b)

b) @’ +b>+1>ab+a+b < 2a’+b>+1 )>2(ab+a+b)
< a’-2ab+b’>+a* —2a+1+b*-2b+120 < (a=b)’ +(a-1)*+(b-1)>>0 (ludn dung)
Vay a®+b* +1>ab+a+bDéu bing xay rakhia=b =1
c) a’+b*+c*+d*+e* 2alb+c+d+e) o M at +b* +cP+d? +e )>dalb+c+d+e)
& (a® —4ab+4b>)+ (a® - 4ac +4c* )+ (a* — 4ad + 4d? )+ (a* —4ac +4c*)2 0
& (a=-2b) +(a-2¢) +(a—2d) +(a—2¢)" 20
Vidu2: Chiéng minh ring: (a" +5"Ja* +b)> (a* +5* fa' +b")
Giai:
(@ +6"Ya? +b7)2 (a* +b*fa* +b*) < a” +a"b> +a’h" +b 2 a” +a°b* +a'b* +b"
o a'b(a? - )+ a?b*(b* —a?)2 0 o a’b’(a’-b’)(a’-b%)= 0 o a’b(a’-b’)’(a*+ a’b’+b*) > 0

) xyz=1
Vidu4: cho ba so thuc khac khong x, y, z thoa man: {1 1 1 )
—+—+—<X+y+z
X y z
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Chirng minh ring : ¢6 dung mot trong ba s6 x,y,z 16n hon 1

Giai: Xét (x-1)(y-1)(z-1)=xyz + (xy + yz+ zx) + x +y+z- |

=(Xy2-l)+(X+y+z)-xyz(l+l+l)=x+y+z-(l+l+1)>0
Xy z X y z

(Vil+l+l< x+y+z theo gt) — 2 trong 3 s6 x-1, y-1, z-1 4m hoic ca ba so-1, y-1, z-1 1a
X y z

duong.

Néu truong hop sau xay ra thi x, y, z>1 —x.y.z>1 Mau thuin gt x.y.z =1 bét budc phai
xay ra truong hop trén tic 1a 6 dung 1 trong ba sé x ,y ,z 14 s6 16n hon 1

3) Phwong phap 3: dung bét déing thirc quen thudc

A) mjt s6 bat ding thirc hay dung

1) Cac bat dang thic phu:

a) x>+ y> > 2xy b) x> +y?>| xy | ddu( =) khix=y=0
c) (x+ y): > 4xy d)£+é22
b a

A 2 ’ . a +a,+a,+...+a _n» ..
2)Bat dang thuc Co sy: ————— »> Jaa,a,...a, VO a >0

n
3)Bat dang thic Bunhiacopski
(a'z2 + af +...t aj)(xf + xf + ....+i)2 (a]x] +a,x, +...+ a,,)c”)2

4) Bat dang thirc Tré-bu - sép:

£ a<b<c aA+bB+cC _ a+b+c A+B+C
Néu = > )
A<B=<C 3 3 3
Z as<b<c aA+bB+cC a+b+c A+B+C
Néu = < .
A>B>C 3 3 3
X 3 ) Ja=b=c
Dau bang xay ra khi
A=B=C

B) cac vidu
vidul

Cho a, b ,c 1a cic s6 khong am chiing minh ring (a+b) (b+c)(c+a) > S8abc

83




CHUYEN DE BOI DUONG TOAN 8

Giai: Dung bat dang thirc phu: (x+ y)* > 4xy

Tacd (a+b)=4ab; (b+c) =4bc ; (c+a) >4ac

= (a+b) (b+c) (c+a) = 64a’b’c’ =(8abc)’ = (a+ b)(b + c)(c + a) > 8abc
Diu “="xayrakhia=b=c¢

3 3 3
b c

r h] r - \‘t a 1
vidu2: Choa>b>c¢c>0 vaa’+b*+c>=1 ching minh rang + + >—
b+c a+c a+b 2
o L a*>b*>¢?
Do a,b,c doi xing , gidsta>b>c = a b ¢
b+c a+c a+b

ap dung BDT Tré- bu-sép ta co

, a , b , ¢ a*+b*+c*( a b c Y_13 1
a. +b". +c”. > . + + == ===
b+c a+c a+b 3 b+c a+c¢c a+b 32 2
. a b’ ¢’ 1 A 1% X T |
Vay >— Dau bang xayrakhia=b=c= —

+ >
" b+c¢ a+c¢ a+b 2

vidu3: Choa,b,c,d>0vaabecd=1 .Ching minh réng :
a’+b>+c? +d* +alb+c)+blc+d)+d(c+a)>10

Tacd a’+b*>>2ab; ¢ +d* >2cd

Do abed =1 nén cd =1 (dung x+lgl)
ab x 2

Tacod a® +b* +c° 22(ab+cd)=2(ab+ib)z4 (1)
a
Mat khac:  a(b+c)+b(c+d)+d(c+a) = (ab + cd) + (ac + bd) + (bc + ad)

=[ab+LJ+[ac+L)+[bc+L]z2+2+2:> a’ +b* +c? +d* +alb+c)+blc+d)+d(c+a)>10

ab ac be
vidu4: Chting minh ring : a® +b>+c> >ab+bc+ac
Giai: Dung bat ding thirc Bunhiacopski
Xét cip s6 (1,1,1) va (a,b,c) tacd (12 +17 +12 fa® +6% + )2 (la+1b+1c)
= 3(::12 +b’ +c-2)2 a’ +b> +¢* +2(ab+bc+ac) = a’ +b* +¢* > ab+bc+ac (dpecm)
Dau bing xay rakhia=b=c

4) Phwong phap 4: dung tinh chit cia ty so
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A. Kién thire

1) Cho a, b ,c 1a céc sé duong thi

a—Néu 251 thi 4-9*¢ b—Néu L<1 thi 4<4*¢

b b+c b b b+c
2)Néub,d>0 thitr L<£5997€ €
b d b b+d d

B. Cac vi du:

vidul: Choab,c,d>0 .Chimg minh ting :1<— % 42 ¢ . d _,
a+b+c b+c+d c+d+a d+a+b
Theo tinh chét cua ti 18 thirc ta cd @ | atd (1)
a+b+c a+b+c a+b+c+d
Mt khac : > a )
a+b+c a+b+c+d
Tu(l)va (2 taco — 4 <4 o a+d 3)
a+b+c+d a+b+c a+b+c+d
Tuong tu ta c6 : b b . bta 4)
at+b+c+d b+c+d a+b+c+d
c c < b+c (5; d d < d+c (6)

< <
at+b+c+d c+d+a a+b+c+d a+b+c+d d+a+b a+b+c+d

cong vé véi vé cua (3); (4); (5); (6) ta cd

a b c d

+ + + <2 (dpcm)
a+b+c b+c+d c+d+a d+a+b

1<

vidu? : Cho:%<§ vab,d>0

ab+cd ¢

b*+d* d

Ching minh ring %<

Giai: Tﬁ£<£=>a—b<£ ab ab+cd Cdzi N £<ab+cd
b d

<7 T o< a3 273 S—5<= (dpem)
b d B> b +d? d* d b b +d* d

vidu 3 : Cho a;b;c;d 13 cac sd nguyén duong thoa man : a + b= c+d =1000

\ ey £, . a b
tim gia tri [on nhat ctia — + —
C

gidi : Khong mét tinh tong quét ta gia st : < <2 = sa+3£3;351via+b=c+d
c+ c

[~
[T~

Qo
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a, Néu: b <998 thi 55993 = 3+§s 999
C

b, Néu: b =998 thia =1 3£+2=l+% Dat gia tri 16n nhét khi d = 1; ¢ = 999

c d ¢

Vay: gia tri 16n nhét cua 3+§ =999 + 9;_9 khia=d=1;c=b=999

c

, ‘e . A  n . . M 1 1 1 |
Vidu4 : V&i moi so tu nhién n >1 chirng minh rang : —< + ot 3
2 n+l n+2 n+n 4
r l ] ] Fo. —
Taco > =— vol k=1,2,3,...,n-1
n+k n+n 2n
r 1 1 1 1
Do do: + b —> =2

n+l n+2 2n  2n b?:ig__Z

Vidu5: CMR: A= 1+ ‘,+3L+ Lot -L v6in>2 khong 13 s6 tu nhién
Tt —
Hp: Lo L.t t. .
2- 12,3 23
Vidu6: Choa.,b,c,d >0 .Ching minh r?mg:
9 < a+b b+c c+d d+a <3

+ + +
a+b+c b+ec+d c+d+a d+a+b

Giai :

a+b - a+b - a+b+d (U

Via.,b,c.,d>0néntaco:
a+b+c+d a+b+c a+b+c+d

b++c b+c b+c+a
< < (2)
a+b+c+d b+c+d a+b+c+d

d+a d+a d+a+c
< < (3)
a+b+c+d d+a+b a+b+c+d

Cong cac vé cua 4 bat dang thic trén ta ¢6 :

9 < a+b N b+c N c+d N d+a <3 {ﬁpmn)

a+b+c b+c+d c+d+a d+a+b

5. Phwong phap 5:Dung bét déing thirc trong tam giac
Luu y: Néu a;b;cla sé do ba canh ctia tam gidc thi : a; b; ¢ > 0
Vab-c|<a<btc ;la-c|<b<atc ;a-b|<c<b+a
Vi dul:
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Cho a; b; cla sb do ba canh ctia tam gidc chirng minh rﬁng
a, a’+b’+c°<2(ab+ bc+ ac)
b, abc > (atb-c).(b+c-a).(cta-b)
Giai
O<a<b+c |a*<a(b+c)

a)Via,b,c lélsédo.’,canhcﬁam(}ttamgiécnéntacé O<b<a+c=>b*<bla+c)
O<c<a+b |’ <cla+b)

Cong timg vé cac bat ding thirc trén ta c6 a’+ b>+ ¢ < 2(ab + be + ac)
b)Tacé) a>|b-c|=a*>a’-(b-c)*>0
b>lac| = 82>6"—(c-a)*>0
c>lab | = >t —(a—b)?>0
Nhan vé cc bét ding thic ta duge: @’’c’ >[a* = (b=c)' |[8~(c—a)' | & = (a-b) ]
= a’b’c* >(a+b-c) (b+c—a) (c+a-b) = abc>(a+b-c).(b+c—a).(c+a-b)

Vi du2: (d6i bién s)

Cho a,b,c 13 ba canh ctia mdt tam gisc. Ching minh ring —~— + b ¢ 25(1)
b+c¢ c+a a+b 2

- r J"|_ - + -y + -
Datxzb+C;Y=C+a;Z=a+btacoa=} ; * ; b=z ; Y ;c:x «; z
: +z— +x— +y—
taco(l) e 2FETX ERXTY XHYoI 3 0 VL Z G ELE 0V 3
2y 2z 2 X X y oy z z

= 2iHiE+H+E+H>6 12 Bdt dung?
X oy X z y z

Vi du 3: (d6i bién sd)

1 1 1

Choa,b,c>0 via+b+c<l. Ching minh ring : — +— +—
a“+2bc b"+2ac ¢ +2ab

>9 (1)

Gidi: ~ Datx=a’+2bc ; y=b'+2ac ; z= ¢’ +2ab

Tacd x+y+z=(a+b+c) <l

(1) olililsy Voix+y+z<l1 vax,y,z>0
X y z
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Theo bét dang thirc Cosi ta co:

h] l l l
x+y+z=23.3xyz va —+—+—2=3. .3
X y z xyz

= (x+y+z)[l+l+l]29

X y z
6) phwong phap lam trgi :
Chung minh BDT sau :

1 1 1 1
a) —+—+..+ <—
1. 5 2n-1).2n+1) 2
b)l+L+L o
1.2 123 1.23....n
Giai :
, 2k+1)—(2k—-1
a) Taco : 1 1( )~ )l[l—lJ
(2}?—1).(2}?+1) 2 (2k-D.2k+1) 2\ 2k-1 2k+1

Cho n chay tur 1 dén k .Sau d6 cong lai ta co

1ol 1 =l.[1— 2 J<l (dpcm)
1.3 35 2n—-1).2n+1) 2 2n+1) 2

b) Taco: JRLEUE SRS RS P I S
1.2 123 1.23....n 12 123 (n‘—]).n

+[L—l)<2—l<2 (dpcm)
n

n—1 n

Bai tap vé nha:

1) Ching minh ring: x> +y’>+z*43 22 (x+y+2)

HD: Ta xét hiéu: x*> +y> +2z> +3 -2(xty+z)=x*-2x+1+y?> 2y +1 +2z? -2z +1

a b c

2) Cho a ,b,c 12 sd do ba canh tam gidc. Chimg minh ring : 1< 0 i <2
b+c c+a a+b
(HD: a < a+a _ 2a va a S a
b+c a+b+c a+b+c b+c a+b+c
3)1< S 1 PRI S|

ot +...
n+l n+2 2n+1 3n 3n+l1
ap dung phuong phap lam trd1

4) Cho a, b, ¢ > 0. Ching minh ring b—+%+@ >at+tb+c
a c
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HD: 204 %= (—b+—a] > 2c¢; L 23 Lt
a b a b b ¢ a ¢

CHUYEN PE 17 - VE PUONG THANG SONG SONG PE TAO THANH
CAC CAP POAN THANG TY LE

A.Phuong phap:

Trong cac bai tap van dung dinh Ii Talét. Nhiéu khi ta can v& thém dudng phla mot duong
thdng song song v&i mot dudng thing cho trude,. Day 1a mot cach vé duong phu ihay
dung, vi nho d6 ma tao thanh dugc céc cdp doan théng ti 1€

B. Cac vi du:

1) Vidu 1:

Trén cac canh BC, CA, AB cua tam giac ABC, 1§y tuong irng cac diém P, Q, R sao cho
ba duong thing AP, BQ, CR cit nhau tai mot diém.

E A F
Chung minh: AR BP €Q _, (Pinh 1i Cé — va)
RB PC QA “
Q
Giai .
Qua A ké dudng thang song song v&i BC cit cac duong thing
CR, BQ tai E, F. Goi O 1a giao diém cta AP, BQ, CR
AR AE
AARE «» ABRC = ﬁzi(a) B P C
ABOP » AFOA = S22 - OF (4
FA OA
APOC » AAOE — Y€ - PO _ )
AE  AO
\ \ BP PC BP FA
T 1 2 — = — et b
u (1) va(2)suyra A AE:PC NS (b)
CQ BC
AAQF « ACQB — =
Q QB = AQ _ FA (c)

5 o £ ., AR BP C AE FA BC
Nhan (a), (b), (c) v€ theo vé ta co: —.—.—Qz—.—.—=l
RB PC QA BC AE FA
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A_

* Pao lai: Néu B_C Q—Q 1thi bai duong thing AP, BQ, CR dong quy

2) Vi du 2:
Mot dudng thing bat ky cit cac canh( phan kéo dai cua céc canh) cua tam gidc ABC tai P,

Q, R.

RB.QA.PC

=1(Dinh li Mé-né-la-uyt)
RA.CQ.BP

Chtng minh ring:

Giai:
Qua A ké dudng thang song song véi BC cat PR tai E. Ta c6

ARAE = ARBP = B _ BP ()
RA AE
QA AE

AAQE = ACQP =

QE = aCQP = 28 = 22 ()

Nhan vé theo vé cac ding thic (a) va (b) ta co

RB QA_ BP AE
RA QC AE CP

Nhan hai vé ding thic (1) voi % ta co;: "B PC QA _ BP AE PC_

RA BP QC AE CP BP

RB.QA.PC

RA.CQ.BP =1 thi ba diém P, Q, R thing hang

Dao lai: Néu

3) Vidu 3:

Cho tam giac ABC, trung tuyén AM. Goi I 12 diém bat ky trén canh BC. Duong thing qua
I song song v6i AC cit AB & K; dudng thang qua I song song voi AB cit AC, AM theo tht
tu ¢ D, E. Chiing minh DE = BK

Giai

Qua M ké MN //IE (Ne AC).Ta co:

DE AE DE MN

_:—:>—_—
MN AN AE AN() N

MN // IE, ma MB = MC = AN = CN (2) K
Tir (1) va (2) suy ra Ezw()
AE B I M C
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Ta lai ¢ wzﬂﬁwzﬂ@) A E
AB AC CN AC
\ DE AB
T (4)va (5 —= Q
u(4) va (5) suy ra AEAC (a)
Tuong tu ta co: BK _AB (6)
KI AC
ViKI// AC, IE // AC nén tir gidc AKIE 14 hinh binh hanh nén KI = B P C
AE (7)
BK BK AB

T (6) va (7 =2 b

u (6) va (7) suy ra - AR AC (b)

‘ ‘ DE _BK _
Twr (a) va (b) suy ra R I DE = BK

4) Vi du 4:

Puong thing qua trung diém cta canh d6i AB, CD cua tir gidc
ABCD cit cac duong thing AD, BC theo thir ty ¢ I, K. Ching
minh: IA . KC =ID. KB

Giai

Goi M, N theo thu tu la trung diém cta AB, CD
Taco AM =BM; DN =CN

V& AE, BF lan lugt song song véi CD

AAME = ABMF (g.c.g) = AE = BF

Theo dinh 1i Talét ta co: % _ AE_BF

DN CN

Cung theo dinh 1i Talét ta co: RB _ BE (2)

KC CN

Tir (1) va (2) suy ra -2 =XB 1A kKC=1D. KB
ID KC

5) Vi du 5:
Cho XOy, céc diém A, B theo thir tur chuyén dong trén cac tia Ox, Oy sao cho

& n é =% (k 13 hing s8). Chimg minh ring AB ludn di qua mot diém cé dinh
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Giai

V& tia phan gidc Oz cua xOy cit AB ¢ C. v& CD // OA
(D € OB) = POC = Dbco = Aoc

= ACOD cantai D = DO =DC

Theo dinh 1i Talét ta c6 % _BD_ CD_OB-CD

OB OA OB

CD CD 1 1 1
= —t—=1—+—=— (1)
OA OB OA OB CD

Theo gia thiét thi é + % =% )
Tir (1) va (2) suy ra CD =k , khong doi
Vay AB luon di qua mot diém cb dinhla CsaochoCD=kvaCD//Ox,D e OB

6) Vidu 6:

Cho diém M di dong trén day nho AB cua hinh thang ABCD, Goi O 14 giao diém cua hai
canh bén DA, CB. Goi G la giao diém cta OA va CM, H
14 giao diém ctia OB va DM. Chiing minh rang: Khi M di

OG ., OH

~~ + = khéng dbi
GD HC

dong trén AB thi tong
Giai
Qua O ké duong thing song vi AB cit CM, DM theo thi

tu 0 I va K. Theo dinh li Talét ta co:

OG_Ol, OH_OK _ OG  OH_OI OK_IK
GD CD’ HC CD GD HC CD CD CD

0G + O_Hzﬁ(l)

GD HC CD
Qua M vé€ duong th:?ing vuong goc voi AB cit IK, CD theo thi tu & P va Q, ta co:

K MP _FO

= = khong doi vi FO 1a khoang cach tir O dén AB, MQ la duong cao cta hinh
CD MQ MQ

thang nén khong doi (2)

Tir (1) va (2) suy ra o8 + OH _

FC khong doi
GD HC MQ
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7) Vidu 7:
Cho tam giac ABC (AB < AC), phan giac AD. Trén AB liy diém M, trén AC lay diém N
sao cho BM = CN, goi giao diém ctia CM va BN 1a O, Tir O v& dudng thing song song voi
AD cit AC, AB tai E va F.

Chtng minh ring: AB = CF; BE = CA

Giai.

AD la phan giac nén BAD = PAF

EI// AD = BAD = WEF (gbc dong vi)

Ma DAF = OFC (ddng vi); AFE = OFC (dbi dinh)

Suy ra AEF=WFE = AAFE cintai A = AE =AF (a) . | Vc
Aup dung dinh 1i Talét vao AACD , voi 1 1a giao di€m

ctia EF v6i BC ta co = = L, CF_CA 4y
CA CD ClI CD

AD 1a phan gidc cia BAC nén <2 =BA ()
CD BD

Al Y C BA
1 CF_BA
[l (1) va (2) suy ra =

3)

Ké duong cao AG cua AAFE . BP // AG (P e AD); CQ // AG (Qe OI)
thi BPD = QI =90°

Goi trung diém cta BC 1 K, ta c6 ABPK = ACQK (g.c.g) = CQ =BP
= ABPD = ACQI(g.c.g) = CI=BD (4)

3 . CF BA
Thay (4 3)t —=— = CF=BA (b
ay()vao()acoBD 5D = (b)

Tu (a) va (b) suy ra BE = CA
Bai tip vé nha
1) Cho tam gidc ABC. Diém D chia trong BC theo ti s6 1 : 2, diém O chia trong AD theo ti

s6 3 : 2. goi K 1a giao diém cta BO va AC. Chirng minh ring % khong dbi
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2) Cho tam giac ABC (AB > AC). Léy cac diém D, E tuy y thir tu thudc cac canh AB, AC

sao cho BD = CE. Goi giao diém ctia DE, BC 13 K, chirng minh rang :

Ti 56 % khong déi khi D, E thay déi trén AB, AC

(HD: V& DG // EC (G € BC).

CHUYEN DE 18 — BO DE HINH THANG VA CHUM DUONG THANG DONG

QUY

A. Kién thire
1) Bo dé hinh thang:

“Trong hinh thang c6 hai ddy khong bing nhau, duong thang di qua giao diém cua céac

duong chéo va di qua giao diém cua cac duong thing chira hai canh bén thi di qua trung

diém cua hai day”

Chirng minh:

Goi giao diém ctia AB, CD 13 H, cia AC, BD la G, trung diém ciia AD, BC 1A E va F
Noi EG, FG, ta c6: AADG = ACBG (g.g) , nén :

AD AG 2AE  AG AE AG
CB CG 2CF CG CF CG

Ta lai ¢6 : FAG =FCG (SL trong) (2)

Tu (1) va(2)suyra: AAEG » ACFG (c.g.c)

Do d6: AGE=CGF= E, G, H thing hang (3)

Tuong tu, ta cd: AAEH « ABFH= AHE = BHF
— H, E,F thing hang (4)

Tou (3) va (4)suyra:H,E, G, F thing hang
2) Chiim dwdng thing dong quy:
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Néu cic duong thing dong quy cit hai duong thing song song thi chung dinh ra trén hai
duong thing song song 4y céc doan thing twong tng ti 16

Néu m // n, ba dudng thing a, b, ¢ déng quy & O ching cit m tai A, B, C va cit n tai A,
B’, C’ thi

AB BC AC hos AB _AB'  AB AB

AB  BC AC ' BC BC ' AC AC

* Pao lai:

+ Néu ba duong thing trong d6 cé hai dudng thing cit nhau, dinh ra trén hai duong thing
song song cac cip doan thing twong Gng ti 1é thi ba duong thing d6 dong quy

+ Néu hai dudng thing bi cit boi ba dudng thing dong quy tao thanh cac cip doan thing
tuong ung ti 1¢ thi chiing song song vdi nhau

B. Aup dung:

1) Bai 1:

Cho tir gidc ABCD c6 M 1a trung diém CD, N 1a trung diém CB. Biét AM, AN cit BD
thanh ba doan bang nhau. Chirng minh ring ABCD 1a hinh

binh hanh A b
Giai F
Goi E, F 1a giao diém ctia AM, AN vé6i BD; G, H 1a giao

M

diém cua MN véi AD, BD

MN // BC (MN la dudng trung binh cia ABCD) N [e
= T gidc HBFM la hinh thang c6 hai canh bén dong quy

tai A, N 14 trung diém ctia day BF nén theo bd d& hinh

thang thi N 1a trung diém cta day MH

—MN =NH (1)

Tuong tu : trong hinh thang CDEN thi M 14 trung diém ciia GN = GM = MN (2)
Tu (1) va (2) suy ra GM = MN = NH

Tacé ABNH= ACNM (c.g.c) = BHN=CMN = BH// CM hay AB// CD (a)
Tuong tw: AGDM = ANCM (c.g.c) = DGM =ENM = GD // CN hay AD // CB (b)
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Tur (a) va (b) suy ra tir giac ABCD c6 cac cip canh ddi song song nén 1a hinh binh hanh

2) Bai 2:

Cho AABC ¢6 ba goc nhon, truc tdim H, mot duong thing qua H cit AB, AC thir tu ta P, Q
sao cho HP = HQ. Go1 M 1a trung diém cua BC. Chirng minh: HM L PQ
Giai

A
Goi giao diém ctia AH va BC 13 WP
Tax Cké CN //PQ (Ne AB),
ta ching minh MH L CN = HM LPQ N
T gidc CNPQ 14 hinh thang, c6 H 13 trung diém PQ, hai .
M I C

canh bén NP va CQ dong quy tai A nén K 1a trung diém CN

= MK la duong trung binh cuia ABCN = MK // CN = MK // AB (1)

H 1a truc tdm cia AABC nén CHLA B (2)

Tur (1) va (2) suy ra MK L CH = MK la duong cao ciaA CHK (3)

T AH L BC = MC_LHK = MI la dudng cao cia ACHK (4)

T (3) va (4) suy ra M 1a truc tdm cia ACHK= MHLCN = MH LPQ
3) bai 3:

Cho hinh chit nhat ABCD ¢ M, N tht tu 1a trung diém cta AD, BC. Goi E 1a mot dicm

bat ky thudc tia déi cua tia DC, K 1a giao diém ctia EM va AC.

Chtng minh ring: NM 13 tia phan gidc ctia KNE

Giai

Goi H 1a giao diém ctua KN va DC, giao diém cia AC va MN 1a I thi IM = IN

Ta c6: MN // CD (MN la duong trung binh cua hinh chit nhat ABCD)

= Tir gidc EMNH 12 hinh thang c6 hai canh bén EM va HN dong quy tai K va I 1a trung

diém cia MN nén C 1a trung diém ctia EH
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\ \ N \ \ 5 Dt /H M
Trong AENH thi NC vura 1a duong cao, vira 1a duong 1
trung tuyén nén AENH can tai N = NC la tia phan giac
cia ENH ma NC L MN (Do NM LBC —MN // AB) = i ¢ b E

NM la tia phan gidc goc ngoai tai N cia AENH

Vay NM 14 tia phan gidc ciia KNE

Bai 4:

Trén canh BC = 6 cm cuia hinh vuong ABCD lay diém E sao cho BE = 2 cm. Trén tia ddi
ctia tia CD lay diém F sao cho CF =3 cm. Goi M 1a giao

diém ctia AE va BF. Tinh 'AMC A  BH

Giai M
Goi giao diém cua CM va AB la H, cia AM va DF 1a G 1

. BH AB BH 6
Tach: —— = 22 5 20 - 0
CF FG 3 FG

Talsico 22 = BE _2_1 . cG-2aB=120em
CG EC 4 2

T
@)
s
Q

~FG=9cm = %:333H=2cm — BH=BE

ABAE = ABCH (c.g.c) = BAE=BCH ma BAE +BEA =90°

Mit khiac BEA = MEC ; MCE =BCH = MEC +MCE =90° = AMc =90°

Bai 5:

Cho tir gidc ABCD. Qua diém E thudc AB, H thudc AC vé cac duong thing song song vdi
BD, cét cac canh con lai cua t& giac tai F, G

a) C6 thé két luan gi vé cac duong thing EH, AC, FG

b) Goi O 1a giao diém ciia AC va BD, cho biét OB = OD. Chimg minh ring ba duong
thang EG, FH, AC ddng quy

Giai

a) Néu EH // AC thi EH // AC // FG

Néu EH va AC khong song song thi EH, AC, FG dong quy

b) Goi giao diém cua EH, HG véi AC
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Trong hinh thang DFEB c6 hai canh bén DF, BE dong quy
tai A vd OB = OD nén theo bd dé hinh thang thi M 14 trung

diém cua EF

Tuong tu: N 1 trung diém cua GH

Ta co l;[;j = E[l; nén ba dudng thing EG, FH, AC dong
quy tai O
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CHUYEN PE 19 — TIM GIA TRI LON NHAT, NHO NHAT CUA MOT
BIEU THUC

A. Gia tri 16n nhat, gia tri nhé nhat ciia mdt biéu thirc

1) Khai ni¢m: Néu véi moi gia tri cia bién thudc mot khoang xéc dinh ndo d6 ma gia tri
ctia biéu thizc A ludn ludn 16n hon hoic bang (nho hon hodc bang) mot hang sé k va ton tai
mot gia tri cia bién dé A c6 gid tri bang k thi k goi 1a gia tri nho nhit (gia tri 16n nhat) cta
biéu thirc A tng vdi cac gié tri ctia bién thudce khoang xac dinh néi trén

2) Phuwong phap

a) Dé tim gia tri nho nhét cua A, ta can:

+ Ching minh A > k voi k 13 hing s

+ Chi ra di “=" c6 thé x4y ra véi gia tri ndo d6 cua bién

b) Dé tim gia tri 16n nhit cua A, ta can:

+ Chung minh A < k v6i k 14 hang sd

+ Chi ra di “=" c6 thé x4y ra v6i gia tri ndo d6 cua bién

Ki hiéu : min A 1a gid tri nho nhét cua A; max A la gia tri 1on nhat cta A

B.Cac bai tip tim Gi4 tri 16n nhat, gia tri nhé nhat ciia mot biéu thire

I) Dang 1: Tam thirc bac hai

Vidul:

a) Tim gid tri nho nhit ciia A = 2x* — 8x + 1

b) Tim gi tri 16n nhat cia B = -5x” — 4x + 1

Giai

A)A=2(x—-4x+4)-T=2(x-2)y"-7 >-17

mnA =-7 < x=2

s+ A rl=-5+2x 2+ A+ 222 sx+ 2@ <2
b) B=-5(x Sx) 1 5(x 2)(5 25) 573 5(x 5)_5

_ 2
o X=-=
5

maxB=2
5
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b) Vi du 2: Cho tam thirc bac hai P(x) =a x>+ bx + ¢
a) Tim min P néu a >0

b) Tim max P néua <0

Giai

b2

4a

Ta co: P=a(x2+b—x)+c=a(x+ ;L)ZJr(c-
a a

)

2
Ditc - L =k. Do (x + b—)2 > 0 nén:
4a 2a

a) Néua>0thi a(x + zb—)220dod(’)P2k:> mnP=k < x= —zb—
a a

b) Néua <0 thi a(x + 2b—)230dod(’>Psk:> max P=k < x = 2*’_
a a

I1. Dang 2: Pa thitc ¢6 diu gia tri tuyét ddi

1) Vi du 1: Tim gié tri nho nhit cta

a) A=(3x—1)" =4 |3x-1]+5

dat [3x-1|=ythi A=y —4y+5=(y-2)"+12>1

3x-1=-2

. -1=2
m1nA=1@y=2@|3x-l\=2@[3x @{

b)B=|x-2|+|x-3]

B=|x-2|+|x-3|=B=|x-2|+|3-x| > |x-2+3-x|=1

>mnB =1 x-2)3-x)>20< 2<x<3

2) Vidu 2: Tim GTNN ctia C = |x* -x+ 1 [+ x* -x -2 |

Taco C=|x* -x+1[+|x* -x-2| = |x* -x+ 1|+ 2+x-x[2[x* -x+ 1 +2+x-x%| =3

mnC=3 (X -x+D2+x-x)>20=2+x-x 20 xX-x-2<0
oEx+1)(x-2)<0e -1<x<2

3) Vidu 3:

Tim gia tri nho nhat cta : T = [x-1| + [x-2| +[x-3| + [x-4|

Tacd [x-1]+ |x-4| = [x-1|+ [4-x| > [x-1+4-x| = 3 (1)
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Va  |x—2|+|]x-3|=|x-2|+]3-x|2|x-2+3-x =1 (2)
Vay T = [x-1| + [x-2| +|x-3| + |x-4| > 1+3=4
Tacoty (1) = Daubing xayrakhi 1<x<4
(2) = Daubing xay rakhi 2<x<3
Vay T c6 gia tri nho nhat 13 4 khi 2<x<3
II1.Dang 3: Pa thirc bac cao
1) Vidu 1: Tim gia tri nho nhét cua
) A=x(x-3)x-4xE-7)=x -Tx)(x —Tx + 12)
Dit X’ —7x+6thi A=(y—6)(y+6)=y —36 > -36
MinA=-36 o y=0c X -7x+6=0 < (x—-1)(x-6)=0 <x=1hoicx=6
b)B=2x>+y* —2xy—2x+3=(x*—-2xy +y)) + (x* = 2x + 1) + 2

—x-yP+E-11+222 o {"'yzo ex=y=1

x-1=
c)C=x2+xy+y2—3x—3y=x2—2x+y2—2y+xy—x—y
Tacod C+3=(x"-2x+1)+ (Y =2y+ 1)+ (xy—-x—-y+1)
=(x-1 + -1 +x-1)y-1).Pitx—1=a;y—1=b thi

2
C+3=a’+b’+ab=(a’ +Za—+—)+% (a+ = )+%>0

Min(C+3)=0hayminC=-3 < a=b=0< x=y=1

2) Vidu 2: Tim gia tri nho nhit cua

a)C=(x+8)"+ (x+6)*

Patx+7=y= C=(y+ 1)+ y-1)'=y" +4y + 6y  + 4y + 1 +y' -4y’ + 6y - 4y + |
=2y'+ 12y’ +2>2 > minA=2 & y=0 < x=-7

b)D=x"-6x+10x° - 6x+ 9= (x"— 6x’ + 9x* ) + (x* — 6x + 9)

=(x-3x)+(x-3)>0=>mnD=0 < x=3

IV. Dang phan thirc:

1. Phin thirc ¢6 tir 1a hing s6, miu la tam thirc bic hai

Biéu thtric dang nay dat GTNN khi mau dat GTLN
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- T
Vidy:TimGTNNecia A= — > = "= - 2
6x -5-9x° 9x*-6x+5 (3x-1)"+4

! <l:>_72>__2:>A2_
4

Vi(Bx-1>20=Bx—-1Y+424=> — < >
PGx-1) = (3x—1) :>(3x-1)2+4 Bx-1)Y+4 4

b | =

minA=—l o 3x-1=0 < x=l
2 3

2. Phan thitc ¢6 miu 1a binh phwong ciia mét nhi thirc

3x* -8x+6
x*-2x+ 1

a) Vidu 1: Tim GTNN ctia A=

+) Cach 1: Tach tir thanh cdc nhom cé nhan tir chung véi mau

2_ + 2_ -+ _ - + N
_ 3x7 -8 6:3(){ 2x+1)-2(x-1) 1=3_ 2 1 _Dity= 1 Thi

A il ) + "l
X" -2x+1 x-1) x-1 (x-1) x-1

A=3-2y+y' =(y-1P+2>2 5 mnA=2 o y=1 o —— =1 x=2

x -1

+) Cach 2: Viét biéu thirc A thanh tong ctia mot sé véi mot phan thirc khong 4m

_3xT -8 +6 _ 2(x7 -2x+ 1) + (7 -4x+4)_2+(x-2)3 >

A 5 1 >
X" -2x+1 x-1) x-1)

> mnA=2 o x-2=0 < x=2

X
x> +20x + 100

b) Vidu2: Tim GTLN cia B =

X X ity= — x=1_10 thi

Taco B= — = - . D2
X" +20x+ 100 (x+10) x+10 y

L

B=(Lo10)y?=- 10y’ +y=-10(y* - 2.y._y+ - )+ L =-10[y-L}h+L <L
y 20 40

400 10 40 40
1 | 1 _
MaxB= — < y-—=0 y=— < x=10
40 10 10
r bl i 2+ 2
¢) Vidu 3: Tim GTNN cua C=_>"Y
X" +2xy+y

1 2 2
X +y° _2[(x+y) +(x-y):| (x-y) >l

Taco: C= — — = . ! l. _>
X" +2xy+y” (x+y) 2 2 (x+y)y 2

= minA=% & X=Yy

3. Cac phan thirc ¢6 dang khac
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3-4x

a)Vidu : Tim GTNN, GTLN (Cuyc tri) cua A = = ;
x* +

3-4x (4x” —4x +4)— (x> +1) _ (x-2)°

—— = : - —1>-1 > mnA=-1 < x=2
X +1 X +1 Xx“+1

Taco: A=
3-4x (4x*+4)-(4x>+4x+1)

= =4
x?+1 x?+1 x?+1
C. Tim GTNN, GTLN ciia mdt biéu thirc biét quan hé giira cic bién
1) Vidul: Chox+y=1.TimGTNN cia A =%+ +xy

C2x+1)? 1

Talaico: A= s4:>maxA=4¢:>x=—5

TacoA=(x+y) (X —xy+y)+xy=x+y (vix+y=1)
a) Cach 1: Biéu thi 4n nay qua an kia, roi dua vé mot tam thire bac hai
Toe x+y=1=x=1-y

nA=(1—-yP+y= 27 -y)+1=2(7-2y.L +1 +l=2[-—J 1,1
nén (I-y)y+y ¥y -vy) (y Y3 4) 5 y * o2

Vay min A = % < X= y=%
b) Cach 2: Str dung dk da cho, lam xudt hién mot biéu thirc mdi c6 chira A
Tex+y=1= x+2xy+y = 1(1). Mitkhic (x —y)’ > 0 = X’ = 2xy +y* > 0 (2)
Cong (1) v6i (2) vé theo Vé, ta co:

2K +y) 2l =X +y > % = minA=% = x=y=%

2)Vidu2: Chox+y+z=3

a) Tim GTNN cia A=x"+y* + 7Z°

b) Tim GTLN cua B=xy +yz + xz

Te Chox+y+z=3= Cho(x+y+2’=9 o X’ +y + 2>+ 2(xy + yz + xz) = 9 (1)

Tacd x*+y’ +z°-Xy—-yz—2zx = %.2 (x*+y*+2z2°-Xy—yz—2X)

=%[(x—y)2+(x—z)2+(y—z)1 >0 = x*+ty’+2z° > xytyz+zx(2)

Ding thic xdy rakhi x=y=z
a) Tu (1) va(2) suyra

9=x’+y + 272 +2(xy+yz+x2) < X' +y + 22 +2(X +y' + 2) =3(xX* + y* + Z°)
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> X+y+7Z23=>mnA=3 o x=y=z=1

b) Tu (1) va (2) suyra

9=x2+y2+22+2(xy+yz+xz) > xy+yz+zx + 2(xy + yz + xz) = 3(xy+ yz + zx)
= Xytyz+zx <3 =>maxB=3 o< x=y=z=1

3) Vidu 3:

Tim gid tri 16n nhét cua S = xyz.(x+y).(y+2).(z+x) Vv6ix,y,z>0 va x+y+z =1

Vix,y,z> 0 ,ap dung BDT Cosi ta co: x+y + z >33xyz = ¥xyz < % = xyz < %

ap dung bat dang thic Cosi cho x+y ; y+z ; x+zta cod

(x+3)(y+2).(z+%)23(x+p).(y+2).(x+2) =223y (x+y).(y+2).(z+x)

l:>S£ —_—=
3 27 27 729

DAau bing xay ra khi x=y=z=
Vay S 6 gia tri 1on nhit 13 % khix=y=z=é
4) Vidu4: Cho xy + yz+ zx = 1. Tim gid tri nho nhit cia x*+y*+z*
Ap dung BDT Bunhiacépski cho 6 s6 (x,y,2) ;(X,y,2)
Ta co (ny+yz+zx)2 < (x2 +y + 22)2 =1< (x2 +y? +22)2 (1)
ap dung BDT Bunhiacdpski cho (x*,12,2%) va (1,1,1)

Tacd XFP+y°+2°)Y < +P+P)x'+y'+z)=> P +y?+2°) <3(x* +y'+2Y)

Tu (1) va(2) $153(x4+y4+z4)2x4+y4+24£%

Vay x'+y'+z' ¢ gia tri nho nhat 1a % khi x=y=1z= iT?’

D. Mt s6 cha y:

1) Khi tim GTNN, GTLN ta ¢4 thé doi bién

Vi du : Khi tim GTNN cta A =(x — 1)’ + (x — 3)*, ta dit x — 2 = y thi

A=+ 1)V +@Fy-1"=2y"+22>2...

2) Khi tim cyc tri cia mot biéu thic, ta co thé thay dk cua biéu thiic nay dat cuc tri boi dk
tuong duong la biéu thuc khac dat cuc tri:
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+) -A 16n nhdt <> A nho nhit ; +) %lém nhit < B nho nhét (véi B > 0)

+) C 10n nhit < C? 16n nhat
x'+1

(x2 1 1)2

Vidu: Tim cuc tri cia A =

a) Ta cd A > 0 nén A nho nhét khi % 16n nhat, ta co

(x*+1) 2x> 1 B B B
= =1+— > D>mn—=1< x=0=>maxA=1 < x=0
x"+1 x" +1 A

1
A
b)Taco (X’ -1 >0 o x*-2x"+1> 0= x'+1 > 2x’. (D4u bing xdy ra khi x* = 1)

2 2
Vix*+41>0 = ?x+151:>1+ fx+lsl+1=2:>max%=2<:>xz=l
X X

= minA=% o x=+1

3) Nhiéu khi ta tim cuc tri cta biéu thic trong cac khoang cua bién, sau d6 so samh cac cuc

tri d6 dé dé tim GTNN, GTLN trong toan bd tap xac dinh cua bién

Vidu: Tim GTLN ctaB= — Y
5-(x+y)

a)xétx+y<4

-Néux=0thiA=0 -Néu1l<y<3thiAc<3
-Néuy=4thix=0va A=4

b)xétx+y>6thiA <0

So sanh cac gia tri trén cua A, ta thé‘.y maxA=4 < x=0;y=4

4) Str dung céc hing bit dang thirc

Vi du: Tim GTLN cta A = | 2x + 3y | biét x* + y* = 52

Aup dung Bdt Bunhiacdpxki: (a x + by)* < (a® + b*)(x* + y*) cho cac s6 2, x, 3, y ta co:
(2x+3y) < 2P+ 3 +y)=(4+9).52=26" = |2x+3y| < 26

Max A=26 2 = —y=3X :>X2+y2=x2+(3?x]- —52 o 13x° =524 > x=+ 4

X
2 2
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Vay: Max A=26 < x=4;y=6hoacx=-4,y=-6

5) Hai s6 c6 tong khong d6i thi tich ctia ching 16n nhét khi va chi khi ching bing nhau
Hai s6 ¢4 tich khong d6i thi tong ctia chiing 16n nhét khi va chi khi ching bang nhau
a)Vidu1: Tim GTLN cta A = (x* — 3x + 1)(21 + 3x — x°)

Vi (x* = 3x+ 1)+ (21 + 3x — x%) = 22 khong ddi nén tich (x> — 3x + 1)(21 + 3x — x°) 6n
nhat khi va chikhi x> —=3x+1=21+3x-x> & X' -3x-10=0 < x=5hoicx=-2
Khidoé A=11.11=121 = Max A= 121 < x=5hodicx=-2

B = x+4)(x+9)
X

b) Vidu 2: Tim GTNN cua

, + + 2 +
Ta co: B = (x+4)(x 9)=x +13x 36=x+ﬁ+l3
X X X

P+ 36, ., 36 A R: A 36 ; A 36
Vicac so x va — co tich x.— =36 khong déi nén x + — nho nhit ©x=— < x=6
X X X X

S A=x+2,13nhdnhAtlAmin A=25 o x=6
X

6)Trong khi tim cuc tri chi can chi ra rang ton tai mot gia tri cua bién dé xay ra dang thtc
chtr khong can chi ra moi gia tri dé xay ra dang thirc

Vidu: Tim GTNN cua A= |[1"-5"

Ta thdy 11™ tin cung bang 1, 5" tan cung bing 5
Néu 11™ > 5" thi A tan cung bang 6, néu 11™ < 5" thi A tan ciing bang 4
khim=2;n=3thl A= [[21-124| =4 = min A =4, ching han khi m=2, n=3
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CHUYEN PE 20 - PHUONG TRINH NGHIEM NGUYEN

#* - PHUONG PHAP 1: Phuong phap dua vé dang tong

& Phuong phap: Phuong phdp nay thwong sir dung véi cdc phuong trinh cé cdc biéu
thitc chira an viét dwoc dudi dang téng cdc binh phuong.

- Bién d6i phuong trinh vé dang mot vé 13 mot tong cua cac binh phuong cac biéu thire
chtra an; vé con lai 13 tong binh phuong cua céc sd nguyén (sé s6 hang cia hai vé bang
nhau).

Cac vi du minh hoa:

-Vidu 1: Tim x;y € Z thod man: 5x* —4xy+y* =169 (1)

, L (2x—p) +x*=144+25
(Dedxr’-4xy+y° +x* =144+25=169+ 0 <

(2x—y)2+x2=|69+0 (I1)

T (I) ta co: Tu’Ungtu tur (IT) ta co:

[ (2x—y)3=122:> x=%5 [x=45 (2x-y) = 2: x=0
Xt =52 y=$2, y=722 ¥ =0 y==%13
(2x—y):=53:> x=+12 [x=+12 (2x- y)2=0:> x=%13
xI=12° y=F19"| y=F29 x*=13° y =126

Vay (x,y)e{(5;_2);(5;_22);(_5;2);(_5;22)§(12§—19);(12;—29) }

(—12:19);(—12;29);(0;13);(0;—13);(13;26);(—13;-26)
Vidu2: Tim x;y € Zthoa man: x’+y*-x-y=8 (2)

(2) @ 4x? —dx+4y’ 4y =32 4x’ —dx+1+4)y’ —4dy+1=34 & (2x—1) +(2y-1)" =52 +3?

Vay (x:) € {(2:3):(2-2):(-1:3):(~-2):(3:2): (3 -1):(2:2): (-2 D)
Vidu3: Tim x;y € Zthoa man: x*-)*=91 (1)
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(1)<:>(x—y)(x2+xy+y2)=91.1 =137 (Vi (xz +xy+y2)>0)

x—y=I x=6 |x=-5
2 2 = ;
(x'+xy+y')=9l y=5|y=-6

x—y =091
=VN

(Jc—y).(x2 +xy+y:):9l.l:>

(.):2 +xy+y2) =1

Vidu4: Tim x;y € Zthoa man: x*+x-y*=0 (2)

N x-y =04 +4x-4y* =0= (2x+1) —(2y) = 1= (2x+2y+1)(2x—xp+1) =1
{2x+2y+1=1 {x=0
=

2x-2y+1=1 y=0

2x+2y+1=-1 x=-1
=

2x=2y+1=-1 y=0

Vay: (i) < {(0:0):(-10))
% - PHUONG PHAP 2: Phuong phap cuc han
& Phuong phap: Phicong phdp nay thiong sir dung voi cde phirong trinh doi xirng

- Vi phuong trinh dbi xtng nén x;y;zcd vai trd binh dang nhu nhau. Do d6; ta gia thiét
x<y<z; tim di€u kién cua cac nghi€m; loai trr dan cac an dé c¢é phuong trinh don gian.

Giai phuong trinh; ding phép hoén vi dé suy ra nghiém.

A

% Ta thuong gia thiét 1<x<y<z<...
& Cac vi du minh hoa:
Vidul: Tim x;y;ze Z" thoa man: x+y+z=xyz (1)
* Nhdn xét — Tim hudng giai:
Ta thay ddy la phuong trinh d6i xtng.
Gia st 1<x<y<z.Khido:
(D=xyz=x+y+z<3z=xy<3 (Vi x;y;zeZ' )= xye {1;2;3}
* Néu: xy=l=x=y=1=2+z=2z(v0 li)
*Néu: xy=2=>x=lLy=2;z=3

* Néu: sy=iygslyaissra ey (voll)

108




CHUYEN DE BOI DUONG TOAN 8

Vay: x;y;zla hodn vi cua (1;2;3)
Vidu?2: Tim x;y:zez' thod man: ~+1+1=2 (2)
X y z
* Nhdn xét — Tim huong gidai:
Pay la phuong trinh ddi ximg.

Gia st 1<x<y<z.Khido:

2)= 2=l+l+lSE:>xSE:>x=l
X y z x 2
1 1.2
Voi: x:1:>1:;+j£;:>y52:>ye{1;2}

X 1 Py
¢ Néu: y=1=-=0(vd li)
Z
®Néu: y=2=:=2
Vay: x;y;z1a hoan vi cua (1;2;2)

#% - PHUONG PHAP 3: Phuong phép sir dung tinh chét chia hét

& Cac vi du minh hoa:

2

Vidul:Tim x;yeZ dé 4= f ** _ nhan gia tri nguyén
x“+x+1
. ? ? 1-1 1 .y
Taco: A= 2x+x =z jx+ =1+———. Khi d¢:
x“+x+1  x"+x+1 X +x+1

Dé A nhan gia tri nguyén thi nhan gia tri nguyén.

-

X +x+1
=1 +x+1)= (P +x+1) €U, = {-11}

x=0

Vi:(x3+x+l)>0;‘t/xef‘_:>x2+x+1=1:>][ |
xX=-

Vay dé A nhan gia tri nguyén thi: x=0 hoic x=-1
Vidu2: Tim x;yeZ thoa man: 2y’ x+x+y+1=x"+2y" +xy
(2Q)=2y* (x-1)—x.(x—1)=y.(x-1)+1=0(¥)

V6i: x=1;(*) = 1=0= x=1 khong phai la ngiém cua phuong trinh. Nén:
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: 1
297 —x— y4+——=0(**).
Y -x-yt—— [*%)

X —

. . . N _ =0
Phuong trinh c6 nghiém nguyén < Ll ell & (x-1)eUu)={1;-1} :{x |
X
Vidu3: Tim x;y e Z' thod man: 3 +1=(y+1)° (3)
Ta co:
(3)=3"=(y-1)-1=y(y+2).3* 1a sd & =y;(y+2)la hai so 1& lien tiép
= (y;y+2)=1=y;y+21a cac luy thira cua 3, nén:

s

(m+n:x):>3'”+2:3”:>m<n
y+2=3”(**)

" Véi: m=0;=>n=1=y=1Lx=1.

i3

* Véi: m>1=n>1Tu (*);(**)2{(}‘+2)53:>(y;(y+2))¢1(Vf) 1i)

x=1

Phuong trinh c¢6 nghiém nguyén: {

#* - PHUONG PHAP 4: Phuong phap sir dung bt ding thic

& Phuong phap: Phuong phdp nay thuwong sir dung véi cdc phwong trinh ma hai vé la
nhitng da thitc ¢6 tinh bién thién khdc nhau.

- Ap dung cac bét ding thic thudng gip:

*Bat dang thic CO — si:

Cho n s6 khong Am: a;;a,:a,;......;a, . Khi do:

Ek]

an.Dﬁ.u“= xéiyra ca=a, =a; = =a

* Bit ding thirc Bunhiacopxki:
Cho 2n sb thuc: a;;a,;a,;.....;a, Vab;b,:b;;....;h . Khi do:

(a b +ayb,+a.b,+...+a.b,) <(a.+a.+a,+..+a,)(b+b.+b+..+b,).

n n

M

Diu “=" xdy ra < q, =kb, (i=1;n).

*Bét dang thicgia tri tuyét doi:
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|a+b‘ <=abz=0
jal+[6] =
|a—b‘<:> ab<0

& Cac vi du minh hoa:

Vidul: Tim x;yez' thoa: ZX+2242X -3 (1)
z x Yy
Ap dung BDT C6 —si. Ta co: 3= RANP LA YN D AP LA T I
z X y z x y

=3ixyvz<loxyzll=x=y=z=1
Vay nghiém cua phuong trinh la: x=y=z=1
Vi du 2: Tim nghiém nguyén cta phuong trinh: (x+y+1)" =3(x*+y* +1) (2)
(Todn Tuéi tho 2)
Theo Bunhiacopxki,ta co:
(x+y+1) <(r+r +Iz)(x3 +y° +1)= 3(x3 +y° +1)

Y

£ x
Dau “=" xay ra adr 1 =I:>x=y=

Vay nghiém cua phuong trinh la: x=y =1
Vi du 3: Tim tat ca cc sd nguyénx thoa man:
|x =3[+ [x = 10]+|x + 101| +|x +990| +|x +1000| = 2004 (3)
* Nhan xét — Tim huong gidi:
Ta nhan thiy: 2104 =3 + 10 + 101 + 990 + 1000 =101 + 2003 va |¢|=|-d|
Ta c6:(3)= |3 x|+ [10— x|+ |x + 101|+|x + 990| + |x + 1000 = 2004 .

"3—x‘23—x

‘lO—x‘ZlO—x

Ma |a|>a={|x+101]|>x+101 = 2004>|x+101|+2003 = |x+101|<1
|x+990[> x +990

|x+1000| > x +1000

Do do: -1 S(x+101)51:> (x+101)e {—1;0;1} =xe {—102;—10[;—[00}.
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V&1 x=-101= 2004 = 2003 (v0 li). Vay nghiém cua phuong trinh la: x e {-102;-100}
1) Tim cac sb nguyén x,y,z thoa man: x* +y” +z* <xy+3y+2z-3
Vi x,y,z 1 céc s6 nguyén nén
X+ Y+t <xy+3y+2z-3
S +y +2—xy-3y-2z+3<0& (xz —xy+§}+(%—3y+3)+(zz ~2z+1)<0

2 2 2 2
@[x—%} +3[%—1J +(z—l)250 (*) Ma [x—%] +3[%—1] +(z—l)220 Vx,yeR

Xx—2=0
2

5 ) x=1 x=1
ﬁ(x—%} +3[%—1] +(z-1)'=0 & %—1=0c y=2 Cécsdx,y,z phai tim 1a |y =2

z-1=0 (271 z=1

PHUONG PHAP 5: Phuong phap lua chon

Phuong phap: Phuong phdp ndy dwoc sir dung véi cdc phwong trinh ma ta cé thé nham

(phat hién dé dang) duwoc mot vai gid tri nghiém

- Trén co s& cac giad tri nghiém da biét. Ap dung cac tinh chat nhu chia hét; so du; so

chinh phuong; chit s tan clng ..... ta chimg to ring véi cic gid tri khac phuong trinh vo

nghiém
Cac vi du minh hoa:
Vidu 1l: Tim x;y e Z' thoa man: x*+3x’+1=y"

* Nhdn xét — Tim huong giai:

Ta thidy v6i x=0;y=+1 thi phuong trinh duoc nghiém dung. Ta cin chimg minh

phuong trinh vé nghiém véi x =0
+ V&i x=0;y =+1 thi phuong trinh dugc nghiém ding
+ Vi1 x> 0. Khi do:

2

Jr"+2)c"’+l<x"+3x3+l<Jr“+4)c"’+4:()c"’+l)2 <y <(x3+2) (*)

Vi (x"+1);(x’ +2)1a hai s6 nguyén lién tiép nén khong c6 gid tri nao cta y thoa (*)
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Vay x=0;y =1 la nghiém ctua phuong trinh.
Vidu2: Tim x;ye Z' thoa: x*+x-1=3"" (2)
(Tap chi Todn hoc va tudi tré )
Goi b 13 chit sb tan cung ctia x ( Vi be {0:1:2;...;9} . Khi d6: (x*+x-1) c6 chir sO tan
cung la: 1, 5 hoac 9. (*)
Mit khac: 3**'1a luy thira bac 1¢ cta 3 nén ¢o tan cung 1a 3 hoac 7. (**)
T (*) va (**) suy ra phuong trinh vo nghié¢m.
Vidu3: Tim x;yeZ" thoa man: x*-6xy+13y° =100 (3)
: NN LS
(3) = (x-3) =4(25—y‘):> (25—}22):}12 (nen)
Do d6: ye{-5:-4;-3;0;3:4;5} = x €{3;9;11;13}
Phuong trinh c6 nghiém nguyén: (x;y)e {(=53);(=4:9):(=3:11):(0:13):(3;11):(4:9):(5:3)}

PHUONG PHAP 6: Phuong phép 10i vo han (xuéng thang)

Phuong phap: Phuong phdp nay thuong su dung voi nhiing phuong trinh cé (n — 1) an ma
hé $6 6 woe chung khac 1
- Dua vao tinh chit chia hét ta biéu dién 4n theo 4n phu nhim “ha” (giam bét) hing sb
tu do, dé c6 dugce phuong trinh don gian hon.
- Str dung linh hoat cdc phuong phap dé giai phuong trinh d6.
Cac vi du minh hoa:
Vidu 1: Giai phuong trinh: x*-3y°-92°=0 (1)
¢ Nhdn xét — Tim huong giai:

Ta thdy x’-3y’-9z' =0=(x' -3y’ -92°):3 ma (-3y’-9z'):3nénx’3
Ta (:('):(1):>():‘—3y3—9z“)53:>x"53:>x33:>x=3xl
Khi do: (1)= (273:[3 —3y3—923)53:(9xl"’—y3—3zl)§3:>y3§3z> yi3=>y=3y,.

= (9%’ -27y -32’)3= 7323 y=3z,.
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* Ti€p tuc su bi€u dién trén va néu goi x,:y,:z, la nghiém cua (1) va thi 3eU va

{“'u VoS0 )

0<x,;¥:2, <9. Thuc hién thu chon ta dugc: x,=y,=2,=0

Vay nghiém cua phuong trinh la: x, =y, =z,=0
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CAC BAI TAP KHAC

1/Dung dinh nghia

\ 2
1) Cho abc =1 vd a®>36. . Chitng minh réng%+ b*+c*> ab+bc+ac
Giai
Ta c¢6 hiéu:

2 2 2
%+ b’+c2- ab- be — ac =%+ %+ b’+c2- ab- bc — ac

a

a’ P —36abc

2
= (L4 b+’ ab-act 2bc) +=-3bc =(<-b-c)’ +2
4 12 2 12a

3 —36abc

(5 b-c)’ +° >0 (viabc=1 vaa’>36 nén a>0)

2
Vay %+ b*+c”> ab+bc+ac Diéu phai chirng minh

2) Ching minh ring
a) x'+y'+z7+122x(xp’ —x+z+1)
b) véi moi sbthuca,b, ctacod: a’+5b>—dab+2a—6b+3>0
C) a +2b°-2ab+2a-4b+2>0
Giai :
a) X¢t hiéu :
H=x"+y"+z22 +1-2x"y* +2x* =2xz-2x = (x2 —yz)2 +(Jc—z)2 +(J\:—l)2
H>0 ta co diéu phai chirng minh
b) Vé trai co thé viét
H= (a-2b+1)° +(b-1)" +1
— H>0 ta cé diéu phai chitng minh
¢) vé trai co thé viét
H= (a-b+1)] +(-1)
— H > 0 ta c6 diéu phai chirng minh
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Ii / Dung bién d6i twong dwong

A} 2 ’2
1) Cho x > y va xy =1 .Chiing minh rang : LE'F—})ZZZS
x—y

Giai :
Tacd x*+y*=(x-y)+2x=(x-y) +2 (vixy=1)
= (J\:2 +y2)2 = (J;—y)4 +4.(x—y)2 +4
Do d6 BDT can chitng minh twong duwong véi
(x—y)4 +4(x—y)2 +4> 8.(x—y)2 = (Jc—y)4 —4(Jc—y)2 +4>20 < I:(x—y]3 - 2]u >0

BDT cubi diing nén ta cé diéu phai ching minh

. . N 1 1
2) Cho xy > 1 .Chirng minh rang : s+ — 2 2
1+x° 1+y° l1+xp
Giai :
Ta co 12+ 1222 = ]2— ]2+ 12—1 >0
I+x° 1+y" l+xy 1+x" 1+y 1+y° I+xy
2 2 _ o
Xy =X -y 0 X(y=x) Y&y S,

(l+x2)(l+xy)+(l+y2)(l+xy)2 < (+x2)0+x) [+ )1 +xp)

(y=x) (xy-1)
(l +x° )(1 + yz).(l - xy)

BDT cubi ndy ding do xy > 1 .Vay ta c6 diéu phai chimg minh

>0

lii /_dung bét dang thiic phu

1) Choa,b, cla cic sb thuc va a + b +c =1
Ching minh ring o* + 5> + ¢ 2%
Giai :
ap dung BDT BunhiaCépski cho 3 s6 (1,1,1) va (a,b,c)
Ta co (la+1b+1c) <(+1+1)(a> +b> +c)
& (a+b+cf <3(a®+b>+c?)
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& at+bi+c? 2% (viatb+c=1) (dpcm)

2) Cho a,b,c 14 cic s6 duong

Chtng minh ring (a+b+c)[l+l+l)29 (1)

a b ¢
Giai :

e 14449425102, 60 8450 & 3+[3+£j+(3+3]+(§+£]29
b ¢ a c a a b a ¢ a

ap dung BDT phu f+§z 2 Véixy>0

Ta c¢6 BDT cudi cling ludn dung

Vay (a+b+c).(l+l+l) >9 (dpem)

a b ¢

Iv / dung phuong phap bic ciu

1) Cho 0 < a, b,c <1 .Chirng minh ring :

2a° +2b° +2¢° <3+ a’b+bie+cta

Giai :
Doa<l = a*<l va b<l Nén (1-a*)(1-57)>0=1+a’h—a’-b>0
Hay 1+a’b>a’+b (1)

Miatkhac0<ab<l = a’>d’ ; b>b' = 1+a*>a’+b’

Vay a’ +b’ <1+a’b

3,3 2
Tuong tutaco: ° T¢ <1tb

3 3 2
a+c <l+c‘a

= 2a’+2b’+2¢' <3+a’b+b’c+cla (dpcm)
2)Sosanh 31" va 17"
Giai :

Ta thdy 31" < 32" =(2°) =2% <2%

Mat khéc 2% =2 =(2*)" =16" <17"

Voy 31" <17 (dpem)
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V/ dung tinh chét ti s6

vidu4: Cho 4 sd a,b,c,d bat ky, ching minh ring:

\/(a+c)2 +(b+d)? <Na® +b* +c? +d?

Giai: Dung bt ding thirc Bunhiacopski

tacd ac+bd < Va?+b2Ae? +d?

ma (a+c)’ +(b+d) =a®> +b> +2(ac+bd)+c* +d* S(a2 +b2)+2\/a2 +b* At +d* + P +d?

:>\/(a+c)2 +(b+d)’ <Va® +b* +c? +d?

Trong anh da swu tam va chon loc dwge tai lidu:
20 CHUYEN DE BOI DUONG TOAN 8
xin chia sé t¢i cac quy thy, cb va cac doc gia
Kinh mong cic quy Thay, ¢6 dong goép bd xung dé chuyén dé hiru ich hon nira,
link gbc da chinh sira mot s6 lan

http://c2tienthang.violet.vn/present/show/entry_1d/4266741/cm_1d/1932704#1932704
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