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MUC LUC
Trang

1. Céc bai toan vé cin thirc va biéu thirc
2. Bat diang thirc va cuc tri
3. Phwong trinh
4. Hé¢ phwong trinh
5. Ham sb
6. Cac bai toan lap phwong trinh, hé phwong trinh, toan thyc té
7.S6 hoc va to hop
8. Hinh hec
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CHU PE 1: CAC BAI TOAN VE CAN THUC VA BIEU THUC

Cau 1. ( Truong chuyén tinh An Giang nam 2023-2024)

. J7+1 0 2\14
Thyc hién phép tinh: A= +7 - 242.
_2\/’ J2-1

Loi gidi

\/7+1 2\14
T3-2V2 J2-1 -2z
71 2A(V2-1) (V7-242)(3-242)
3-22 (V2-1)(V2 ) MCRPN )

N7+1 2142 -2\14
3-22  3-22

:9_6\/523(3—3\/5) 3
3-242  3-32 '
Cau 2. ( Truong chuyén tinh Ba Ria Viing Tau nam 2023-2024)
Rat gon biéu thac: P = x=3Jx _ X ; 1-Vx VoI X>0;x =1 x#0.
x—2dx -3 x-1) x—2Jx+1
Loi giai
o xEx=3) 2x ) 1-Ux 0 xWx=D-2x . -1
Wx+D)Ex=3) x-1) (Jx-1)* W x-DEx+1) Vx-1

(X +D) T
NUETTE (x-1) =X

Cau 3. ( Truong chuyén tinh Bdc Giang niam 2023-2024)

— _ 2 2
Rl’thaniéuthﬁcQ:L X=y . X-y J X

3ﬁ—6J§—2J1_4+8
3-22

Y-
: 0
JX—y+x—y \/Xz_yz_x_’_y /7X2_y2VU|X>y>
Loi gidi
X—y X—y x> +y?
. VoI X >y >0
[\/X y+X-y \/X - x+yJ X2 —y?
0| - (x+y) X* +y?

J—y+JX—\/m\/xy -y
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Xy 1 . 1 X% +y?
\Wxry+dx—y  Jxry-Vx-y ) Jx2—y?

Xy «/X+y x? +y?
X —y?
=x2+y2
y

CAau 4. ( Trrong chuyén tinh Bdc Ninh nam 2023-2024)
Rt gon biéu thic: P =+/3+ 242 —/3-242
Loi gidi
Taco P=+/3+2v2 ~\/3-242 = \/(ﬁ+1)2 —\/(\/5—1)2
=‘ﬁ+#—‘ﬁ—ﬂ —J2+1-2+1=2
CAu 5. ( Trwong chuyén tinh Bén Tre ndm 2023-2024)

X+dVx+4  x+4x ( 11
x+x-2  1-x ) (Jx+1 1-x

a) Rt gon biéu thirc A

Cho biéu thuc A:( J vai x>0, x = 1.

1+/2023
J2023
Loi gidi

b) C6 bao nhiéu gia trj nguyén cua x dé A>

a) Taco:
x+4\/§+4 x+\/_J( 1 1 j
x+dx-2  1- Ix+1 1-Jx
(Vx- )(J—+2) (1-Vx)(1+x) | \Wx+1 Jx-1

?f 1IM ]
)

_[Nx+2 (&]

A=

_\/—1\/—1

=l

_\/§+1
NG

b) Ta c6 bién doi sau

|_\
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asLHN2028 Vx4l 1432023 | pesar mosms Iy 303K
2023 Jx <20

= Jx </2023 = x< 2023
Két hop véi diéu kién x4c dinh ban dau, ta duoc 1< x< 2023(x € Z).
Cau 6. ( Truong chuyén tinh Gia Lai nam 2023-2024)

Cho biéu thac P = 2 Vx=2], xJx v6i x>0, x=4.Tim x dé¢ P==
=2 Jx+2) x-4
Loi gidi

*) Vi diéu kién x >0, X # 4 ta co:

_( 2 &—2] xVx _2(/x+2)-(/x-2)  x/x

TlUx=2 Ix+2) x-4 X—4 "X—4
2&+4 X+ 4X — 4 x4 6Vx—x
X—4 xVx  xx
_6-x
X
3 X 3
& X+3/x-18=0
-3
= Vx < x=9(TM)
Jx=-6(L)

Cau 7. ( Truong chuyén tinh Binh Binh nam 2023-2024)
Tinh gid trj cua biéu thic (x* +4x2~23x+1)" voi x=3y3-2.
Theo dé& x=3J3-2< x+2=3J3 < x> +4x+4=27 < x* +4x =23,

2024

Taco (X +4xt - 23x+1)" =[x (x* +4x)-23x+1]  =(23x-28x+1)** =1.

Vy gia tri cua biéu thic bang 1 khi x=33-2.
Cau 8. ( Truong chuyén tinh Binh Phuoc nam 2023-2024)

3a+\/_3x/_+1\/—2

Cho P = voi a>0, a=1.

a+Ja-2 \/—+2 1-+a

a) Rat gon biéu thiac P.
b) Tim a nguyén dé biéu thuc P nhan gia tri nguyeén.
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Léi gii
_3a+V%-3 Ja+l Ja-2
a+Ja-2 Ja+2 1-+a

3a++/9a -3 a-1 a-4

(x/5+ 2)(x/5—1) (x/3+ 2)(\/5—1) B (\/§+ 2)(\/5—1)

a+3\/a+2

(x/5+2)(\/5—1)
B (\/a+2)(\/a+l)

(Va+2)(va-1)

\/5+1

Ja-1

%=1+ﬁfacé P e Z khi va chi khi \/52_1
Va-1=-1 [a=0(N)

- \/5—1=—2® VN

Ja-1=1 |a=4(N)
Ja-1=2 |a=9(.

vay a=0; a=4; a=9thi PeZ.
Cau 9. ( Trurong chuyén tinh Can Tho nam 2023-2024)
Cho biéu thtc

Q:( 10— 24/x 6}_ 4x

a) P

b) P = e’z

VG x>0 x=1.

+ .
XX —x—x+1 x-1) x—2x+1
a) Rat gon biéu thue Q .
b) bat P :Q.(x—\/;+1). Ching minh rang P >1
Loi gidi
a) V6oi x>0 va x=4,x=9,taco:

P 2Jx -9 _\/;+3_2\/§+1
X—5Jx+6 x-2 3-x
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_ 2Jx-9 (x+3)(3 \/§)+(2\/§+1)(\/§—2)
RN N (R O

_ 20x-9  9-x+2x-3Jx-2
(Vx-2)(Vx-3)  (Vx-2)(3-x)
_2Jx-9+9-x+2x-3\x -2

EE

—X+X=2

" (Vx-2)(Vx-3)
(=2t
(Vx=2)(Vx-g) x-s
Jx+1  x-3+4 4

=1+

H-3  Jx-3 Jx -3

Pé P nhan gié tri 1a s6 nguyén thi LB phai nhan gia tri 1a s6 nguyén

><

b) P =

:&4_36{—4;—2;—1;1; 2,4}

*) &4_3=—4@\/§-3=-1:>x=4 (loai)
*) &4_3=1@\/§—3=4:>x=49

*) \/;4_3=—2<:>\/;—3=—2:>X=1

*) \/_4_3:2c>ﬁ—3=2:x=25

*) &4_3=_1@&_3=_4@I=—1 (1oai)
*) \/_4_3=4<:>\/§—3:1:>x:16

Viy x e1;16;25;49} thi P nhan gié tri 1 s6 nguyén
Cau 10. ( Truong chuyén tinh Cao Bang nam 2023-2024)
1)RUt gon biéu thie sau:
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x-108+23J/x | 75-x  /x+3
P= -1 +
x—16 X+/x 12 Jx+4

],(x>0,x¢9,x¢16).

2) Cho ba s6 thuc a,b,c théa man abc = 2023. Tinh gia tri ciia biéu thuc:

3 2023a N b L ¢
Cab+2023a+2023 bc+b+2023 ca+c+1

L&i gidi
x>0
1)Picukién {x =9 .
X #16
X—108+23vx 75-x  Jx+3

Taco P=(

x—16 ]{x+\/§—12+\/§+4J

:[X_16+23\/;_92_1J- (75—X)(\/;+4)+(\/;+3)(X+\/;—12)
x—16 ' (Vx+4)(x++x-12)

_ 23(\/;—4)_ 75V + 300 — Xv/X — 4X + XX + X —124/X + 3% + 34X — 36
e (sl i1

23 66/ + 264 :23(x—16+\/;+4):§(\/;_3)
Ix+4 (\/;+4)(x+\/;—12) 66(\/§+4) 66

2)Tur gia thiét abc = 2023, ta co

B 2023a N b L ¢
Cab+2023a+2023 bc+b+2023 ca+c+1
a’bc b C a’bc b c

= > + + = + +
ab+a’bc+abc bc+b+abc ac+c+1 ab(ac+c+1) b(ac+c+1) ca+c+l

__ac 1 L C _a+c+ 1
ac+c+1 ac+c+1 ac+c+1 ac+c+1
Cau 11. ( Truong chuyén Thanh phé Da Néang ndam 2023-2024)

Cho bidu thie P = —~+Y [‘& X Xy ]vébiéuthfrc

K Py -
:x&—yﬁ—xﬁwﬁ v6i X >0, y>0 va x #y. Rat gon cac biéu thic P, Q va chimng
2(Vx—ly )

minh rang véi cac sé x, y duong phan biét tuy y thi 4Q+1 > 2P.
Loi giai

Q
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P=Vx+y=2P=2Jx+2Jy

Q :XLZy: 4Q+1=2(x+y)+1
Nhan hai vé cua biéu thic 4Q +1—2P cho 2
2(4Q+1-2P) =4x+4y +2-4/x -4y
= (2vx-1) +(2yfy 1)

Taco x=y=2(4Q+1-2P)>0=4Q+1>2P
Cau 12. ( Truong chuyén tinh Dak Lak nam 2023-2024)

Goi X, X,, X3, X, la c&c nghiém cua phuong trinh (x+1)(x+3)(x+5)(x+7)=1. Tinh gia

tri cua bicu thirc P = X .X,.X;.X,

Loi gidi

Goi X, X,, X, X, la c&c nghiém cua phuong trinh (x+1)(x+3)(x+5)(x+7)=1. Tinh gia tri cua
biéu thac P = X,.X,.X,.X, .
Bién d6i phuong trinh thanh: (X* +8x+11—4)(x* +8x+11+4) =1
Piat t = x? +8x+11 va giai duoc t =17, t = —/17
V6i t=—17 = x? +8x+11+/17 =0 ¢6 x,.x, =11++/17
Vay P = X.X,.%,.X, = (11-~+/17)(11++/17) =104
Cau 13. ( Trwong chuyén tinh Bong Nai nam 2023-2024)

Cho s thuc x théa man 3 < x < 4. Rat gon biéu thirc

A=+x=2+2Ix=3 +4/x—2-2x-3.

Loi gidi

Céach 1: Tacé
A= (VrB+) + (Vx—3-1)
A= ‘\/XT3+1‘+‘\/X——3—1‘

VX=3+1>0
Vi 3<x<4nén 0<+/x-3<1,suyra g
Vx-3-1<0

Vay A=+Xx-3+1-+x-3+1=2.

Cach 2: Taco

A? =x—2+2\/x—3+x—2—2\/x—3+2\/(x—2)2—4(x—3).
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A? =2x—4+2,|(x—4)" =2x—4+2|x-4|.
Vi3<x<d4nén A’ =2x-4-2(x-4)=4.
Do A>0nén A=2.

Cau 14. ( Truong chuyén tinh Dong Thap ndm 2023-2024)

Jx 4 j_\/;+2

- : voi X>0,x#4.
Ix=2 x-2Jx

a) Rat gon biéu thuc P .

Cho biéu thuc P :£

b) Tim tat ca cac gia tri cua x dé P>1.
Loi gidi

Vx4 2
Jx -2 ﬁ.(\/?—z) Jx+2
. x-4 2

x(Vx-2) Vx+2
_2(x=4)
- Ix(x-4)
_2

Jx

b) Tim tat ca cac gia tri cua x dé P>1.

a) Tacd: P=

P21:>i21
X

=>JX<2
= Xx<4
Do x>0,x-4 nén 0<x<4

Cau 15. ( Trwong chuyén tinh Ha Nam niam 2023-2024, dé chung)

1 I [ x
1 x—J(\/}_l
1. Rut gon biéu thirc P.

2. Tim tit ca cac gia tri nguyén ctua X dé biéu thirc P nhén gia tri nguyén

Cho biéu thirc P = ( —1} (v6i x=>0,x#1).

N = .

Loi gidi
Rt gon biéu thuc P
X +1+4/x 1
(Vx-1)(Vx+1) Vx-1

P=
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2% +1
P= (Vx-1
e
B 2x +1
Jx+1°
2. Tim tat ca cac gié tri nguyén cua X dé biéu thirc P nhan gia tri nguyén.
1

\/§+1

nguyén cua 1
o Jx+1=1 - Jx=0
x+1=-1 |[Jx=-2(WN)

Vay X =0thoa mén.
CAau 16. ( Truong chuyén tinh Ha Nam nam 2023-2024, dé chuyén)

xvx -1 j[x&ﬂ_ Jx -2

1+ x+Vx )l x=1 x—=+/x=2
1. RGt gon biéu thuc A

P

. 1 .
P=2- . Biéu thac P nhan gia tri nguyén \/— 1 la s6 nguyén < JX +1 13 wéc
X +

= x=0.

Chobiéuth&cA:( ] VOi X>0,x %1, X # 4.

2.Tim tat ca c4c s6 nguyén caa x dé [2A—1/+1=2A,
Loi gidi
1. Rat gon biéu thuc A,
O e o
Lexex | (Vx+a)(Vx-1) (Veert)(Vx-2)
(WX =D(x+/x +1) S+l x-2
- 1T++/X + X ' (\/;+1)(\/§—1) (\/;+1 (\/;—2)

1

:(&_1)(&1—1_&%}

R

2
\/§+1'

2. Tim tat ca cac sb nguyén cua X dé

2A-1]+1=2A
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H)2A-1+1=2A=[2A-1|=2A-1<2A-1>0 < Az%

+) 2
X +1
Két hop voi didu kien x> 0;x =L, x # 4 = x €{0;2;3;5;6;7;8;9}
Cau 17. ( Trwong chuyén Toan Thanh pho Ha Ngi ndam 2023-2024)
Cho a,b va c 1a céc sd thuc khac 0 thoa mian diéu kién a? —c? =c,c?—b?=b va b*-a’=a.
Chung minh (a—b)(b-c)(c—a)=1.

2%@ X<3&< x<9

Loi giai
a’-c’=c
Taco{c’-b’=b=a+b+c=0
b’-a’=a

c

Taco a*-c’=c<(a-c)(a+c)=c=(a-c)(-b)=c<=b(c-a)

a.

Tuong ty taco ¢’ —b*=b=a(b-c)=b;b*-a’=a=c(a-b)
Do d6 b(c—a)a(b—c)c(a—b)=abc=(a-b)(b-c)(c—a)=1 (do abc=0).

Cau 18. ( Truong chuyén tinh Ha Tinh nam 2023-2024)

, 1 1 1
Cho a, b, ¢ la céc so thuc khac khdng thoa mén E+B+E =0.
1 1
2 +3 LY, =\
a“+2bc b“+2ca c°+2ab
Loi gidi

Chting minh rang

1+1+1=0<:>ab+bc+ca:0
a b c
Taco: a*+2bc=a’+bc+(—ab—ca) = (a—b)(a—c).

Tuong tw c6 : b® +2ca=(b-c)(b—a); c¢*+2ab=(c—a)(c—h).

1 1 1 1 1 1
5 +— +— = - -
a“+2bc b°+2ca c“+2ab (a-b)(a-c) (b-c)(b-a) (c—a)(c-b)
1 1 1 _b-c-(a-c)+a-b

- - + = =
(a-b)(a-c) (b-c)(a-b) (a-c)(b-c) (a-b)(b-c)(a-c)

Cau 19. ( Truong chuyén tinh Hai Duong nam 2023-2024)

1. Cho hai sé a,b thoa mén cac diéu kién ab=1, a+b=0. Rt gon biéu thuc:
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Q_;[i—FA]—F;[i—Fi]-FL
(a+b)la® b°) " (a2 yp?12)(a® b)) (atb)
2. Cho hai s6 duong X,y thoa man x\/y2+1+ yyx? +1=+/15 . Tinh gia tri cua biéu thic:

o~ ({75

Loi gidi

1)Tacé: a®+b?+2=(a+b)’

wna- L [1L3) 3 (1)
- )3 a3 b3 (a—|—b)4 aZ b2 (a+b)4

a®+b®  3(a’+b’) 6
3 + 4 + 4
(a+b) (a+b) (a+b)

(a°+b°)(a+b)+3(a’ +b*)+6
(a+b)*

B a“er“Jrab(aerbz)JrB(a2 +b2)+6
- (a2+b2+2)2

B a4+b4+4(a2+b2)+6
- (a2+b2+2)2

(a'+b*+2a%h*)+4(a’ +b*)+4  (a° +b2)2 +4(a*+b?)+4

(a2 +b?+ 2)2 (a®+b* + 2)2

(a*+6°+2)

(a2 +b? +2)
S
P=x+1y* +1+ xy—(x\/yz 11+ yJx2 +1):\/x2 11y? +1+xy-15
Dt M = +13/y? +14xy = M2 = (x2 +1)(y2 +1) +3°y? + 2xy3/x2 + 1y +1
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=2X°Y2 4+ X2+ Y2 414+ 2xyV X +14 Y +1

=x*(y* +1)+y* (x° +1)+2x\/y2 +LyNx2 +1+1

=(x\/y2 +1+yVx2 +1)2 +1

=16=M =4.Vay P=4-4/15.

Cau 20. ( Trurong chuyén tinh Hai Phong nam 2023-2024)

Chobié’uthd‘cAzL X+2 | VX 1 ].\/;Jrl

— : (véi x> 0).
xXx+1 x—=+/x+1 Jx+1) 2Jx
RUt gon biéu thirc A va chirng minh A< 2.

.

Loi gidi

A= () Jxea_ 2l
(\/;+1)(x—\/;+1)' 2% x=/x+1

As2©2ﬁﬁ2x—2ﬁ+2©(\/§—1)2 > 0(ludn déng). Vay A<2.
x—\/;+1

Cau 21. ( Truong chuyén tinh Hoa Binh nam 2023-2024)

Rat gon biéu thire: A= (/5 -1)v6+2/5

Loi gidi

A= (5 -1)(/5 +1)2
A=(R5-D5+1)=4

Cau 22. ( Truong chuyén tinh Hung Yén nam 2023-2024)

x 4 2 +2X_X\/;_2v(yix20,x¢1,x¢4.
Ix-1 Jx-2 X —3VX +2
a) Rat gon biéu thuc P.
b) Tim tat ca cac gia trj cia x dé

Cho biéu thuc P =

P|-P=0.

a) Taco:P= X 42 +2X_X\/;_2x20,x¢1,x¢4
\&—1 \&—2 x—3\/§+2
Loi giai
p= X 2 +2x—x\/§—2

+
\&—1 \/§—2 x—3x/§+2
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x(&—2)+2(&—1)+2x—x&—2

" (51 2)

o= XX 4+ 2X = 24/X =2+ 2x — xa[x = 2
(&—1)(&—2)

.- 2(Vx-2) )

(Vx-1)(vx-2) N
b) |P| -P=0<|P| =P<=P>0
2

Jx -1
Két hop voi PKXD: x# 1, x#4
Vay x>1, x4 thi |P| - P =0.

Cau 23. ( Truong chuyén tinh Khanh Hoa nam 2023-2024)

= >0<:>\/§>1<:>X>1

1 XV X —X

Cho biéu thauc M =

1

Rt gon M va tim gia tri nho nhét caa M.

Loi gidi
*Rutgon M :
M = 1 B 1 _4X\/;—X
N TN R N N | 1-+/x
ax(+/x -1
- (R i) (R i) 2 s )

=2X-1+4x
* Tim gié tri nho nhat cua M :
Cach 1: Pat t=vx-1 (t>0) = x=t>+1

2
Khi do M =4t2+2t+4=[2t+%j +%>4, Vt>0

2
=M —E=(2t+£j
4 2

:>,fM—E:2t+1
4 2

Pit y = f(t)=2t+%: HS bac nhit, déng bién (vi a=2>0)

4. , VoI x>1.
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Vit>0nen y=f(t)> f(0)=2

— Khong ton tai miny = Khang ton tai min M .
Cach 2:

Do x>1nén 2x-1>0va 4x>4.Vay M >4, vVx>1

Giast m laGTNNcua M = m>4
Do m > 4 nén tdn tai nsao cho m>n>4

Xét phuong trinh:  2Jx-1+4x=n (1)
= 2\/x_—1+4(x—1)+4—n =0
Pit t=+/x-1 (t>0) . Phuong trinh tr thanh: 4t*+2t+4-n=0 (2)
Vi n>4nén4(4-n)<0 = Phuong trinh (2)trai dau
= Phuong trinh (2)cé mot nghiém t >0
— Phuong trinh (1) c6 mot nghiém x >1
— Tontai x>1dé M =n (Piéu nay vd ly véi gia st m 1a GTNN cua M)

Vay khong ton tai GTNN cua M .

Céach 3:

Patt=vx-1 (t>0) =>x=t+1
Khido M =4t>+2t+4

4 2 4) 16
M 15 (1Y
4 16 \ 4
_M 15
&Y = X2 véi 4 1161
X=t+—>=—
4

Gia st GTNN cua Y =Y, dat duoc khi X =X,.

VX > 0¥ 2Y, (%)
Theo dinh nghia ta co: 4

3X :x0>%:Y(xo)=Y0

Vi Y =X? laham sé dong bién khi X >0 nén Y = X° ciing dong bién khi X >%
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Chon X1>XO>%:> Y(X,)>Y(X,) =Y, >Y, (mauthuan vai (*))

Vay khong ton tai GTNN caa M .
Cau 24. ( Trurong chuyén tinh Lao Cai nam 2023-2024)

2)Cho bidu thic p—| 3=YX  Y¥=2 _ 9-x Lt NN B g
Jx -2 f+3 x+f 6 x=9 x+4\/;+3

x>0,x#4,x=9. Tim cac gia tri x dé P nhan gia tri nguyén.

b)Cho a, b, ¢ 1a cac s6 thuc thda man diéu kién abc 0 va a+b+c= 0. Chuing minh rang néu

a+b+b+c+c+a_ S thi 1 N 1 N 1 1
c a a2023 b2023 C2023 a2023 + b2023 + 02023 :
Loi gidi.

aVaoi x>0,x#4,x+#9.

P(3\/7\/72 9xJ(x3\/7 \/;+1]

Jx Jx+3 x+Jx-6 =9 x+4x+3
{3J_x/_2(3\/_)(3+x/_HJ_\/_3) Jx+1 }

V-2 13 (Wr-2Wx+3) | | (x-3)x+3)  (x+D)Wx+3)

f \/§+1
\/;+3 \/;+3

Vx-2 3

=1

\/;+1 _\/;+1

3

\/;+1

Do x20:>\/;+121:>1— >-2

>0:>1—L<1

3
\/;+1 \/;+1
Nén -2<P<1

PeZ = {210}

Popm1o =2 x+1=1</x =0< x=0(Théa min)
\/§+1

Polml S —1<:>\/§+1_—<:>f_—<:>x_—(Thoaman)
\/;+1
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P=0=1- =0 VX +1=3 X =2 < x =4 (Khong théa méin)

3
\/§+1

. 1
Vay xe{0; Z}

b)Tuwabc #0 =a,b,c #0

a+b+b+c+c+a=_2<:>a+b+1+b+c+1+c+a+1=1
c a b c a b
a+b+c a+b+c a+b+c
+ + =1
c a b
@(a+b+c)(£+£+lj=1
a b c
1 1 1 1
& —+—+-=————(Do a+b+c=0)
a b ¢ a+b+c
a+b 1 1
= = -
ab a+b+c ¢
a+b —(a+b)
<:> =
ab c(a+b+c)
a=-b=0
a+b=0 a=-b a=-b 0
= = Slc=-a#
ab=-c(a+b+c) ~|c+ab+ac+bc=0 "|(c+a)(c+b)=0
c=-b=0
TH1l:a=-b#0
1 1 1 1 1 1 1 1 1
a2023 + b2023 C2023 = a.2023 _a2023 C2023 = C2023 = a2023 _ a.2023 + C2023 = a-2023 + b2023 + C2023

Tuong ty cho TH2, TH3 = diéu phai chitng minh
Cau 25. ( Truong chuyén tinh Long An nam 2023-2024)

Jat1 Na-1)Va 1)
Ja-1 a+1

4 4a
a) Rut gon biéu thuc 7.

Cho biéu thae T = v6i a>0, a = 1.

b) Tim tht ca cic gid trj cia @ d& T = —a — 1.

Loi qidi.
a) Ratgon biéu thie T
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(\/E+1)2_<\/;_1)2 [\/; 1 ]2_ (\/ZH)Q_(\/E_l)Z [a_1]2

IR R S i e e
4\/_ (“_1)_a—1

a1 (4\/—) Ao

Tim tat ca cac gia tricia a dé T = —\/E —1.
Z\E=—ﬁ—1@5a+4\/5—1:0

\/_— —1 hoac \/— —. Két luan a_%

Cau 26. ( Truong chuyen tinh Nam Dinh nam 2023-2024, dé chung)
Tinh gia trj bidu thic P = /2024 + 24/2023 —+/2025 + 24/2024 .

Loi gidi.
P = /2024 + 24/2023 — /2025 + 242024
P= \/(Mﬂ)z —\/(\/2oﬁ+1)2
:\/ﬁﬂ—(\/MH) =/2023 -/2024

Cau 27. ( Trwong chuyén tinh Nam Dinh nam 2023-2024, dé chuyén)

a) Cho x,y,z laba s thuc khac 0 thoa man: x+32/+§ =1va 1+ 2+§ = 0. Chting
X y z
. y2 2
minh rang: x* + 2+ — =1
4 9
Lai giai.
y 2 1 2 3
Cho x,y,z 1a ba sb thuc khac 0 thoa méan: x+2+— =lva —+—+= =0.Chtng minh
X y z
. y2 2
rang: x> +2-+— =1
4 9
Bang cach quy dong mau sé ta duoc:
1+£+§:> yz+22x+3xy =0 (1)
X 'y z
Lai co:
y . zY A I
NETATIL RNNCIS A —
( 2 3) 4 9 (2 6 3)
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2 2
2 YT Syhyze2x (2)
4 3
2 2

Két hop (1) va (2) ta dugc: x? +y7+3 =1

Cau 28. ( Trwong chuyén tinh Nam Binh nam 2023-2024, dé ban xa hgi)

X+4x +4 L X= 9
Jx+2 Jx -3

1) Rat gon biéu thuc P .

2) Tim x dé P=5.

Cho biéu thic P = (v6i x>0 va x=9).

Loi gidi.

1)
(x&+ 2)2 (&—3)(\/;+3)

Ix+2 ’ Jx-3
=X +2+/x+3=2/x+5
2) Tim x dé P =5.
P=5&<+/x=0

< x=0(tm).

Vay x = 0 thi P=5
CAau 29. ( Trurong chuyén tinh Ninh Binh nam 2023-2024 )
Cho a, b 1 2 s6 thuc nguyén duong phan biét théa man (1 —a)(1 - b) + 2 Jab =1. Tinh gia tri cua biéu

P=

thirc P= a\/g_b\/B _ a + b
a-b Va+db  Ja-+b
Loi giai
. av/a-byb -a(a-vb)+b(va-b)
- a-b
_ ava —bvb —ava +avb +bva +bvb
a-b

\/%(\Emm) _ Ja
(JE+JB)(J5—JB) “Ja-b
* (1-a)(l-b)+2vJab =1 < 1-b-a+ab+2+/ab =1
& a-2vab +b=ab & (Va-+b) = (Vab)
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JBb
Ja—+b =+/ab (khia > b) - Ja-+b
Ja—+b =—/ab (khia <b) Jab
S e |
Ja-+/b
* Vay P =1 (khi a > b) hoac P =-1 (khi a<D)
Cau 30. ( Truong chuyén tinh Phu Tho nam 2023-2024)

2
Cho x;y la céc sb thuc thoa man 123 T gia tri cua biéu thac P = X—2+y—2
y X 2x+Yy y° X
Loi gidi
.1 2 3 .
Tr ———= (dk: x=0,y#0;2x+y #0)
y X 2X+y
X—2Yy 3
= = S (Xx=2y)(2x+Yy)=3x
Xy 2X+Yy ( y)( y) y
& 2X% +xy —4xy —2y® =3xy
& 2(X* —y?)=6xy
< X —y® =3xy
2 2 b o (2= v2Y 4 4x2y? 3xv)? + 4x2 V2 2,,2
Suyrap:X_2+_2:X2+¥ :( yz 2 ’ :( y)z 2 ! :13)2()2/ =13
y X X"y X"y X"y X"y

Céu 31. ( Truong chuyén tinh Qudng Ninh nam 2023-2024)

Chobiéuthl’rch[ 5+4Vx 2 + 3 J(\/— S- \/_]v(yixzo,x;t%

2X+5x =12 2Jx -3 Jx+4 X+

a) Rut gon biéu thuc P.
b) Tim gid tri 16n nhat caa P.
Loi giai
2) P 5+ 44X — 2(\/§+4)+3(2\/— 3) X+ 44/X +5—6+/X
(2Vx =3)(Vx +4) Jx+4
_ 8/x —12 [ x-2Jx+5
Ix=3)(x+4) ) | Jx+4

4 Jx+4 4
IX+4 x=2x+5 x—-2Jx+5

2
b) Ta c6 x—2&+5:(&—1) +4=> Xx—24/X +5> 4 voi szo,x;s%

P=
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Khi d6 P <1 voi szo,x;t%. Dau “ =" xay rakhi x=1.

Gia tri 16n nhat caa Pla1khi x=1
Cau 32. ( Truong chuyén tinh Quang Tri nam 2023-2024)
ab bc ca

Cho céc s6 thuc duong a,b,c¢ thoa man —+—+F:a+b+c.
c a
Ching minh a=b=c.
Loi giai
Taco a?b+bf:+%=a+b+c<:>(ab)2 +(bc)’ +(ca)’ = abc(a+b+c)

& 2(ab)" +2(bc)* +2(ca)’ = 2ab.bc + 2bc.ca+ 2ca.ab

& (ab—bc)’ +(bc—ca)’ +(ca—ab)’ =0a=b=c,

Cau 33. ( Truong chuyén tinh Son La nam 2023-2024)
XY + VX = yx =y
1+ \/E

a) Rt gon biéu thic Q.
b) Tinh gié tri biéu thic Q khi x = 2024 + 24/2023; y = 2024 — 24/2023

Loi giai

Cho biéu thuc Q = ,V6i x>0;y>0.

a) Rut gon biéu thirc Q.

) ()
1+\/W - 1+\/W

b) Tinh gi4 tri biéu thic Q khi X = 2024 + 24/2023: y = 2024 — 2,/2023
X = 2024 + 2/2023 = 2023+ 24/2023 +1 = (\/2023 +1)2

y = 2024 — 24/2023 = 2023 - 24/2023 +1= (\/2023 —1)2

Khi x,y nhan cac gia tri trén, ta co:

Q= (V2028 +1) - [(V2023 1)’ = /2023 +1- 2023 +1=2

Cau 34. ( Truong chuyén tinh Tay Ninh nam 2023-2024)
Tinh gi4 tri cia bidu thic T = 13+ 443 13- 443 .

Loi giai

N
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Tacé: T =13+ 443 —4/13- 443 =12+ 2.243.1+1-+/12-2.24/3.1+1

= (23 +1)2 —y/(2/3-1)? =23 +1]-{2V3-1 =23 +1-2{3+1=2

Cau 35. ( Trurong chuyén tinh Thai Binh nam 2023-2024 )

. s , . . Xy X2 yP
a)  Cho cac so thuc x,y khac 0, thoa man: —+==3 va —+-—=10.
y X y X

Chtrng minh 1 + 1 =1
Xy
b) Cho céc s6 thuc khong 4m a,b,c thoa man dong thoi cac didu kién: Ja+b++c =8;

a+b+c=26:abc =144. Tinh gi4 tri biéu thirc: P = !

1 1
+ +
\/E—\/a+9 \/a—ﬁ+9 \/@—ﬁ+9
Loi giai
a) Tur gia thiét ta co
X2+y2:3xy 2 2 3 3
= (X+ X5+ =3XY(X+Y)=> X+ YV +XY(X+Y)=3Xy(X+
Lo (x4 ) =B 9) = 0y ()= (x)

< 10xy =2xy(x+Yy) < x+y=5(xy #0)
o) it (va,vb,c)=(xy,2)diéukign: x,y,220
=X+ Y+2=8x*+y* +17° =26;x*y*z* =144
X+y+2) —(x2 +y° +22)
2

=S X+Y+Z=8Xy+Yyz+2X= =19;xyz =12 (Do x,y,2>0)

1 1 1
+ +
yZ—-X+9 xz2-y+9 xy-z+9
Taco: yz-X+9=yz—X+X+y+z+1=(z+1)(y+1)

Taco: P =

Tuong tu: X2—y+9=(x+1)(z+1);xy—z+9=(x+1)(y+1)

X+1+y+1+z+1 X+y+2+3 _ 11 _1

(x+1)(y+1)(z+1) xyz+x+y+z+xy+yz+xz+1 12+19+8+1 40
11
VayP= —
YT 40

Cau 36. ( Trurong chuyén tinh Thanh Hoa nam 2023-2024)
a) Cho cac sb thyc duong x, y théa man x*> —3xy =10vay®+xy=6 . Tinh A=x + 3y.

b) Cho x, y, z 1a cac s thuc dwong théa man xyz( X +y +z ) = 1. Ching minh

1 1 1
\/[XZ +7][y2 —|-Z—2][Z2 —|—7

=(x+y)(y+2z)(z+x)

Nt -

Loi giai

. O Lién hé tai liéu word toan SDT (zalo): 039.373.2038 21


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

a) Cho cac sb thyc duong x, y théa man x*> —3xy =10vay® +xy = 6. Tinh A= x + 3y.
Tir gia thiét x> —3xy =10vay? 4+ xy =6
Chota x* —3xy+9(y* +xy) =64 <=> (x + 3y)* = 64

<=>x + 3y = 8 (Vi X, y la 6 thuc duong)
VayA=x+3y=8

b) Cho x, y, z 1a cac s thuc dwong thoa man xyz( x +y +z) = 1.

2y2 22 Xy (xy +xz + yz + 22
Tacéxz+%zx V1 Ry hxyz(x+y ) 9(xy ve+2)  x(x+2)(y+2)

2 2 2

y y y y
2, 1 x%y?+1 x%*y?+xyux+y+z) xy(xy+ xz+yz+z2) x(x+2z)(y+2)
X —_— = = — —
y oy y? y? y

Twong ty y? + L = YEHDHX) o 1 2(y+2)(y+x)

z z X X
Khidé\/[x2+i2][y2+i2][zz+i2]:\/X(XH)(VH)_y(X+Z)(V+X)_Z(y+Z)(y+x)

y z X y z X
=(x+y)(y+z)(z+x)

Cau 37. ( Truong chuyén Quéc Hoc Hué nam 2023-2024 )

2++/a _x/5—2 _ Ja
a+2a+1 a-1 ) aJa+ra—+a-1
khong phu thudc vao gia tri ciaa, véi a >0 va a #1.

a) Chirng minh gia tri cia biéu thic P = (

b) Cho a, b, ¢ 12 ba s6 nguyén duong thoa méan ﬂ +% = 1 . Chuing minh
a C

Q =a’ +4b* +16¢? 1a mét sb chinh phuong.
Loi gidi
a) Vai a>0,a#1 taco:
| 2+Ja  Ja-2 | a
(\/5+1)2 (\/5—1)(\/5+1) (a—l)(\/5+1)

(o 2)a 1) -2)a ) (-
(o1& 0
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_ 24/a 2 .(ﬁ_l)(ﬁﬂ)z _
(Vo 1)(4a 1) Ja

Vay gia tri cua P khong phu thudc vao gia tri cia a.

b) Ta co i+%=£<:>ab:2ac+4bc<:>ab—2ac—4bc:0.
a c

Khi d6 Q =a’ +4b” +16¢” =a’ +4b’ +16¢” + 4(ab — 2ac — 4bc)
= (a+ 2b—4c)? 1a mét sb chinh phuong.
Cau 38. ( Trwong chuyén tinh Tién Giang nam 2023-2024 )

q 2 4
Tinh gia tri coa bidu thic P = (X2 + 2x + 2021)" " tai x = - .
gt ( ) ’ x—+15 +5-1

Loi gidi:

Ta co:

~ 2 4 4(\/§+1)
R PN R - N WY

=5+43-15-1=43-1

Suy ra (x+1)2 =3 X +2x=2

= (VB3] ~(5+1)

Dodo P = (x2 +2x+2021) =2023%%*,

)2024

Cau 39. ( Truong chuyén thanh phé Ho Chi Minh nam 2023-2024 )
Cho a,b 1a cac s6 thuc, b # 0 thoa mén diéu kién

2
a’ +b? :L+a\/a2+b2.
Jat+b® +a

Tinh gia tri cua biéu thac P =a® +b?.
Loi giai
Vib® =(a® +b*)-a’ = (\/a2 +b? —a)(\/a2 +b? + a) nén tir gia thiét, ta co:
a’ +b’ =4(\/a2 +b? —a)Jra\/a2 +b? , hay a? +b? —4+/a? +b? =a(\/a2 +b? —4)
Mot cach tuong duong, ta co:

(x/a2 +b? —4)(\/a2 +Db? —a) =0
Vi Va2 +b? >+/a? > a nén tir két qua trén, ta suy ra va? +b? =4, tic P =16.

‘ o Lién hé tai lidu word toan SPT (zalo): 039.373.2038

23


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

Cau 40. ( Truong chuyén tinh Tuyén Quang nam 2023-2024 )

15Vx -11 3[ 2 2Jx+3
X+ 20X -3 1-vx  Jx+3
a-3J/a+6
Ja-2
Cau 41. ( Truong chuyén tinh Vinh Long nam 2023-2024)

a) Rut gon biéu thic p = voi x>0,x #1.

b) Tim gié tri nho nhét cua biéu thic g - véi a>4.

a) Tinh gia tri cia biéu thirc: A =+/4+ 243 +6—-245 +

2
J5+43
1 - 2\/; 1- i voi X >0,x #1.
Jx -1 x\/§+\/;—x—1 X+1
Loi gidi

a) Taco: A= \/(\/§+12 +\/(\/§—1)2 + \Ei\@

\/_+\/—
M: 2\/5_

b) Cho biéu thic: P {

3+1++6-1+

3++/6+

Ta co:
by w1 23x 1 23x X+1-24/x
\/_ 1 xdX VX —x—-1 Jx-1 (\/; )(x+1) (\/;—1)(x+1)

2[ X+1- 2%

Xx+1 X+1
X+1—2x X+1

(Vx=1)(x+1) x+1-2Vx

)1

Nén P =

1
P= .
Ix -1
Cau 42. ( Truong chuyén Bai hoc SP vong 2 nam 2023-2024 )
a) Rat gon biéu thuc:

2 -_ -
Al X +8x +2x+&+16 X i v o0

x=24x+4  x  Wx+2

Loi gidi.

x? +8y/x +2x+\/_ 16-4x X'(JX73+8)
X—24/x +4 Jx \/§+2 X—24/x +4
:&.(\/;+2)+2ﬁ+1+4(2—f):x+9

A = + 2\/;+1+4(2—\/§)
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Vay A =x+9

Cau 43. ( Truong chuyén Bai hoc SP vong 2 nam 2023-2024)
a) Cho a, b 1a cac sb thuc khéng am, ¢ 1asé thuc duong thoa méan dang thic

Ja-Ja+b-c=+vb++c
Chtng minhring: ¥a+3b-3c=3Ya+b-c
J3++/a
V5 ++b
Loi giai.
a) Bang cac phép bién doi biéu thirc két hop véi a, b khéng &m va ¢ thuc duong, ta co:

Ja-Jarb—c=b+ o
oAb =vo+arb=c

<:>a+b—2\/£:a+b+21/c(a+b—c)
<:>\/£+,/c(a+b—c) =0

ab=0 N
Q{(a+b—c):0 ®)
Ta can chting minh
Ya+¥b-3Yc=%Ya+b-c
Ta bién ddi trong duong dang thire nay két hop vai a, b khong &m va ¢ thuc duong, ta co:
Ya+3b-Yc=%Ya+b-c
o¥Ya+d=3Yc+YJa+b-c

<:>a+b+3(%/%+@):a+b+3(i/cz(a+b—c)+§/c(a+b_c)2)
<:>(§/612b +3/ab2):(g/cz(a+b—c)+%/c(a+b—c)2)

Ding thic cudi dung véi didu kién (*) nén dang thiae dau dung. Bai toan dwoc ching minh.
b) L4y a € Qsao cho

b)Tim tt ca céc sé nguyén duong a, b sao cho sb 4 s6 hiru ty.

V3+va _
s+vb

Viét lai phuong trinh dudi dang
Va—aVvb = aV5 -3
Binh phuong 2 vé ta co:
a+a’h—2a+/ab =5a% - 2a+/15
Tir do suy ra
Jab —+/15 = peQ

Binh phuong 2 vé ding thic +/ab —+/15 + S taduogc
ab =15+ 8% + 2315
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< 2815 =ab-15— 32
Ping thirc cudi xay ra khi va chi khi g =0 tic 12 ab = 15 . Xét tat ca kha niang c6 thé xay ra, ta
duoc.

. J3+1
e a=1,b=15tacla « 1a1 s vo ty.
NN f
e a=3,b=5tucla « 2\/— \/—Ialsovoty
25 5
e a=5Db=3tucla « \/§+\/—_1 1a 1 s hiru ty.
V5+4/3
e a=15,b=1,tecla « _V3+415 =3,1s6voty.
\/§+1

Vay tat ca cac cap (a,b) thoamanlaa=5b=3.

Cac ban c6 thé tham khao bai toan géc cua cau 44b) nhu sau. Tim tit ca c4c s6 nguyén duong a,

b sao cho s6
V2 +a
V3++b

la sb hitu ty.
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CHUONG 2. BAT PANG THUC
VA GIA TRI LON NHAT, NHO NHAT CUA BIEU THUC

Cau 1. (Truong chuyén tinh Ba Ria — Viing Tau nam 2023-2024)
Véi céc s thue duong a, b, ¢ thay doi thoa man abc =1. Tim gié tri nho nhat cua biéu thuc:

p_ a’ . b . c’
\/(1+8a3)(1+8b3) \/(1+8b3)(1+803) \/(1+803)(1+8a3)
Loi giai

Ap dung bt dang thic Co — si ta duoc:

_ 2
\/1+8a3:\/(1+2a)(1—2:;1+4:;12)g1+2a+1 22148 _ o201,

2
Tuong tu, ta ¢d: v1+8b° <2b* +1;+/1+8¢® <2¢c® +1.
2 b2 C2

Do do: P2 (2a2 +1)(2b2 +1) " (2b2 +1)(2c2 +1) ' (2c2 +1)(2a2 +1)
2 b2 2

Tiep theo ta chimg minh: (222 +1)(267 +1) " (2% +1)(2c2+1) (267 +1)(2a% 1)

That vay: (*) < 3(2(a2b2 +b?c? +c%a’)+a’ +b’ +c2) >(2a® +1)(2b% +1)(2¢* +1)
& 2(a’b? +b*c? +¢%a’)+(a +b” +c?) > 9.
Pidu ndy hién nhién ding do a’h? +b2c? +c?a? > 3¢/a’b'c’ =3 va a? +b? +¢? > 3¥a%?c? = 3.
Vay GTNN cua P =% dattai a=b=c=1
Cau 2. (Trwong chuyén tinh Bic Giang nam 2023-2024)

Cho x, Y, z 1a cac s6 thuc duong va thoa man diéu kién x + y + z = xyz. Tim gia tri Ion nhét cua cac
1 1 1

biéu thirc P= + + :
NS \/1+y2 J1+7°
Loi giai
Tirgiéthiétx+y+z:xyz,tacc’)i:izizl.
Xy Yz Xz
Détazi;bzl;c=1:>a,b,c>0;
Xy oz

a b C

Gia thiét tro thanh ab + bc + ca=1; P = + n
Vi+a? N1+b?  l+c?
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Peé y rang:
a’+l=a’+ab+bc+ca=(a+b)(a+c)
b?+1=b’+ab+bc+ca=(b+a)(b+c)
c+1=c’+ab+bc+ca=(c+a)(c+b)

Ldc nay ta co:

B a b C

" fasb)arc) J(bra)brc) ycra)(ceD)

R R TR R R O
a+bVa+c \Vb+a \\b+c Vc+a Nc+b

Theo bét ding thiric Co-si (AM-GM), ta c6:
Pg1 a_. 2., b + b TR
2\a+b a+c b+a b+c c+a c+b

3
hay P<—,
j YT

Dz?iu:xé1yrakhiv.'§1chikhia:b:c:i hayx=y=z=+/3

NE

Vay gia tri lon nhétcﬁaP:g S Xx=y=2=4/3.

Cau 3. (Trwong chuyén tinh Bic Ninh ndm 2023-2024)

Cho céc s6 thuc duong a,b,c théa man a+b+c=3. Ching minh rang

15

———>6-abc
ab+bc+ca

Loi giai
Ta s& chung minh (3—2a)(3-2b)(3—2c) < abc (1).

Néu (3-2a)(3-2b)(3-2c) <0 thi (1) dung

Taco

(3-2a)(3-2b) < Lf‘z'“jz:cz

(3-2a)(3-2¢) < WJ _p? | = (3-2a)(3—2b)(3-2c) < ab .
(3-2¢)(3-2b) < wy:az

Dau “=" ¢ (1) xay rakhia=b=c=1.
Tu (1) taco 27-9(2a+2b+2c)+3(4ab+4bc +4ca)—8abc < abc
< 27-9.6+12(ab+bc+ac)-8abc <abc (do a+b+c=3)
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= abczg(ab+bc+ca)—3

Lac nay

12 . 3
ab+bc+ca ab+bc+ca
12 9

22\/ﬂ(ab+bc+ca) + ~—3=8+1-3=6
3 ab+bc+ca (a+b+c)

abc+L>ﬂ(ab+bc+ca)+

ab+bc+ca 3

Suyra b >6-abc (dpcm).
ab+bc+ca

Diu “=”" xay rakhia=b=c = 1.
Cau 4. (Trwong chuyén tinh Bén Tre nam 2023-2024)
Cho sé thuc x théa médn 0< x < % Tim gia tri nho nhét caa biéu thirc

Ao 2—X 1+2x

+
1-2x  3x
Loi giai
1 2
2—— 1+—
Détazl,a>2.KhidéA: a, a:2a—1+a+2:2+i+a;2+i
X 2 3 a-2 3 a-2 3 3

1-%
a a

Ap dung bét dang thac AM —GM cho hai s6 duong % va aT—Z , ta dugc

A22+2\/ 3 :\/a_2+f=§
a—2 3 '3 3

Ding thirc xay ra khi va chi khi a=5 < x =é.
Cau 5. (Truong chuyén tinh Binh Phudc nam 2023-2024)
Cho a, b, ¢ la cac s6 duong. Ching minh:

bc N ca N ab <a+b+c
2a+b+c 2b+c+a 2c+a+b 4

Loi gii
4

Chtrng minh dugc bat dang thic 1.1, 4
a b a+b

. 1 1 4 1/ 1 1
Taco ==. <Z| = 4=
2a+b+c 4 (a+b)+(a+c) 4(a+b a+c)

bc 1( bc +£) 1)

j—__ —_
2a+b+c 4\la+b a+c

Tuong tu, ta cd
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ac si( ac , ac j @

2b+a+c 4\{b+c b+a

ab <£( ab . ab ) 3)

2c+a+b 4la+c b+c

cong (1), (2) va (3) vé theo vé ta duoc

+
4\a+b a+c b+c b+a a+c b+c
1/( bc ca bc ab ca ab a+b+c
41\a+b a+b a+c a+c b+c b+c 4
Dau"="xayra < a=b=c.
Cau 6. (Truwong chuyén tinh Can Tho nam 2023-2024)
Cho a,b,c la céc s6 thuc khdng nhé hon 1. Chitng minh rang:

\/ab—1+\/bc—1+\/ca—1 . a+b+c
b+c c+a a+b 4

VTgE(bC+bC+aC ac+ab+abj

Loi gidi
Ap dung bét dang thirc AM-GM, ta c6

Jab-1 \/ab 11 /___ 1 __
brc bc

Lai theo bt dang thac AM-GM, ta cé:

11
1, 1) 1% 11, 1
~[Hla-= <= —F="|-+a-=
el® b)) 27 2 4lc " b

'Jab—1<1(1+ _1j
Jbc—c  4lc b
c+a
\/ca—l(ler_lj

a

Tuong tu, ta co:
a C

M(l 1)

I

b a

Cong vé theo vé cac bat dang thuc trén, ta duoc:
Jab-1 s Jbhc-1 s Jea-1 _atb+c (dpem)

b+c c+a a+b 4
Ping thuc xay rakhi a=b=c=+2
Cau 7. (Truong chuyén tinh Cao Bang ndm 2023-2024)
Véi a,b,c 1aba sé thuc dwong, chitng minh rang:

a’ b? c? >a+b+c

+ + >
J3a2+8b%+14ab  /3b?+8c?+14bc  +/3c? +8a® +14ca 5
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Loi gidi
Trudce hét ta chimg minh BDT sau: Véi 4 86 thuc a,b, x,y va x,y>0. Ta co:

2 p2 (a+b)’ .

@ b (BFD) o) G v —xay rakhi 2D

X Yy X4y Xy
That vay, ta viét BDT (2) dudi dang:

a’y(x+y)+b’x(x+ y)z(a+b)2 xy<:>(ay—bx) >0 (ludn dung). Dau "="xay ra khi iz%

2 p? a+b)’ ¢ (a+b+c
Ap dung BDT (2) hai lan ta duoc: a—+b—+c—2u+c—2g Dau "="xay ra khi
X Yy Z X+y Z  X+y+z
a_b_c
X y z
o 2 a+b+c)
Theo B3 d& (1) taco: 3 a .| )

o \/3a2 +8b% +14ab 2\/3a2 +8b%+14ab

cyc

Mt khac, theo BDT GM - AM:
> 3a®+8b” +14ab =" (v/3a+2b - Ja+4b)<z

cyc cyc cyc

(3a+ 2b)(a +4b)

=5(a+b+c)

a >(61+b+C) _a+b+c
5o \3a’+8b°+14ab 5(a+b+c) 5
Hay Z S a+b+c
o \/3a° +80% +14ab 5
Dau "="xay rakhi a=b=c.
Cau 8. (Truong chuyén T.P Pa Ning nam 2023-2024)
Cho cac sb thuc duong x, y, z thoa man xyz = 1. Chang minh rang:

=

2

(dpcm).

2008(x2 +y? +22)+15(1+£+1j >2023(x+y+2).

Xy z
Loi giai
+ AB.GM ba sb: x+y+2z>33xyz =3
+ Ta co:
2
X+Y+12
2008(x2+y2+z)+15(1+1+1J>2008( y+2) 15 9
X y 2 X+Y+12
bt t=x+y+z (t>3), ta phai ching minh:
2
X+Y+12
2008( y )+15. J >2023(x+y+12)
X+Y+12
Tuc la:
t° 9

20085 +15.? > 2023t

= 2008t* +405 > 6069t
= (t—3)(2008t* -45t-135)>0 (1)
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Trong do
2008t* — 45t —135
=1993t? +15t* — 45t —135
=1993t* +15t(t—3)-135
>1993.3° +15.3.0-135>0
= 2008t* — 45t -135>0
Ttrc 1a (1) dung
Vé}y ba}i toan dugc ching minh
Dau bang xay rakhi x=y=z=1
Cau 9. (Trwong chuyén tinh Ddk Lak nam 2023-2024)
Cho cac sb thuc X, Y, z,t thoa man x2 + y? + z? +t* =1. Tim gié tri 16n nhat cua biéu thirc
A=Xy+XZ+Xxt+yz+yt+3zt.
Loi gii

Véi moi s6 thuc a >0, taco

20A=2axy+2axz+2axt+2ayz+2a yt + 2a3zt
< 2aA=a(2xy)+2x(az)+2x(at)+2y(az)+2y(at)+(22t)(3a)
e 2aA<a (X +y?)+X +(az)’ + X2 +(at) +y? +(az) +y? +(at)’ +(2* +t°)(3a)

& 2aA<(a+2)(X +y*)+(2a% +3a) (2 +17)

Do biéu thirc trén ding voi moi sb thuc & >0 nén ta chon « =%:>0:+2=2052 +3a = 3+2\/§
Khi do 20A<(a+2)(X* +y?)+(20° +3a)(2° +1*) = (a +2)(X* +y* + 2 +1°)
o A< a+2 _ 2+5
2a 2
Vay gid tri 16n nhét cua biéu thic A 13 2+2J§ dat duoc khi
yoy— 525
20
X=y X=y
=t ~t poto BB
20
X=az=at SiX=az=at =
,_5-1 L _5-1 X=y=_.§:i§
2 2 20
X+yr+i4ti =1 (X +yi i+ttt =1 St 5++/5
20

Cau 10. (Truong chuyén tinh Pong Nai nam 2023-2024)
Cho hai s6 duong x va y théaman x+y =2. Tim gia tri nho nhét cia biéu thirc
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B=x"+y*+

X2 +y?

Loi giai
Véi hai s6 khéng am a, b, ta chitng minh

a+b>2Vab . 1)
(a+b)’ <2(a’+b*). (2)
Piang thic xay ra khi a=b.
That vay
(1) a-2Jab+b>0e(Va—b) >0 (luon ding).
(2) < a®+2ab+b? < 2a? +2b? < 0<(a—b)’ (luon dung).
Ap dung (2):

(x+y)232(x2+y2):>432(x2+y2):>x2+y222.

Ap dung (1):
2 2 2 2 2 2
xX*y . 21 ~>2 x2+y2 XY 21 ~>1.
4 X2 +y 4(x +y) 4 X2 +y
Taco minB=§.
2

X2 +y?=2
Pang thic xay rakhi {x+y=2 < x=y=1.

X=y
Vay minB:g.

Cau 11. (Truong chuyén tinh Ha Nam nam 2023-2024)

. . a1 1 1
Cho a,b,c laba so thuc duong thoa man dicu kien —+—+—=1.

a- b° ¢
Tim gi4 tri 16n nhat cua biéu thic:
1 1 1
= + + *
J5a2+2ab+2b%  5b2+2bc+2c2  +/5¢% +2ca + 23’

Loi giai

P

Vi a,b,c >0, chiung minh dugc:
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1 1 1 1 11 1 1
(a+b+c)| =+—+=|29= <o =+ =+=
a b c a+b+c 9la b c

(x+y+2) <30 +y?+2%) == 1 +%+1_\/3(i2+i+i2j
a c

Vé6i a,b>0,taco:

5a’ + 2ab + 2b® = (4a® + 4ab +b®) + (a®* —2ab + b?)
— (2a+b)? +(a—b)? > (2a+h)?

= \/5a% + 2ab+ 2% > \/(2a+b)? = 2a+b

1 1 1(1 1 1) 1(2 1)
= < +—+— —+—
Jsa?+2ab+2p? 2a+b - 9la a b) 9la b
] 1 1(2 1)_ 1 1(2 1)
Tuong tu: e <= =+=
J5b2+2bc+2c? 9\b ¢/ 5c24+2ca+2a2 9\lc a

P£1(3+£+E 1 EJFEJ 1(1+1+1j:>Psl-\/3(i2+i+i2)=%~\/§=?3
a

a b ¢ ¢ a b c¢ 3

a=b=c
DAu “= ”Xayra<:> <:>a:b:c:\/§

VaymaxP_?khla b=c=43.

Cau 12. (Truong chuyén Tin T.P Ha Noi nam 2023-2024)
Vi cac s6 thuc a,b vac thoa man (a+1)(b+1)(c+1)=(a-1)(b-1)(c—1). Tim gia tri nho nhat
cua biéu thic A=|a|+|b|+]c|.

Loi gii

Tur gia thiét ta suy ra ab+bc+ac=—1, c6 A=|a|+ o] +|c| , xét
A’ =a’ +b® +c? +2ab|+2|bc|+ 2|ac| . Theo bat dang thuc gia tri tuyét ddi , ta c6 :
A?=(a+b+c)’ +2(|ab|+oc|+ac|)+22 0+ 2[ab +bc +ac|+2 = 4
Tur day két hop A>0 = A > 2.D4u bang xay ra nhiéu truong hop, chang han (a,b,c¢)=(0,1,-1)
Vay gia tri nho nhit cua A 13 2.
Cau 13. (Truong chuyén toan T.P Ha Noi nam 2023-2024)
Véi cac s thuc khong &m a,b va ¢ théa man a+2b+3c =1, tim gia tri I6n nhat va gié tri nho nhat
ciia biéu thic P =(a+6b+6c)(a+b+c).
Loi gidi

Pit x=b+c

2x=1-a-c<1l-a

3x=1+b-a>1-a

-Tim GTLN cua P
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1-a) 1 1 (3-2a+2+2a)° 25
P< 3)(1- — |==(3-2a)(2+2a)<~. =—
(a+3)( a)(a+ : j ! (3-2a)(2+22) < 2 72T 2
Vay GTLN cua P:§.
16
A [T 1] 9 H by 9 H 1 3
Dau “=" xay ra khi va chi khi c:O,a:Z,bzg.

-TimGTNN cua P

w|nN

P 2[a+2(—a):|{a+1_7a} =%(2a2 +5a+2)>

Déau “=” xay ra khi va chi khi a=b=0,c= %

Cau 14. (Truong chuyén Ha Tinh nam 2023-2024)
Cho cac sb thuc a, b, ¢ théamin a>b>c; ab+bc+ca>0 va a+b+c=1.

1 1 1 5

Tim gi4 tri nho nhét cua biéu thac P = + + + .
g ) a-b b-c a-c 2Jab+bc+ca
Loi giai
Ta str dung cac bat dang thirc 11,4 22 véi m>0;n>0

m n m+n Jm24n?
DAu bang xay ra khi m=n
1 1 1 5

P= + + +
a-b b-c a-c 2Jab+bc+ca
4 1 5 5 5
P> + + = +
a-c a-c 2Jab+bc+ca a-c 2Jab+bc+ca
Lai cé: > + > >5 22 = 10V2
a-c 2Jab+bc+ca f(a—c)?+4(ab+bc+ca) +/(a+c)’+4b(a+c)
=P 10V2 = 10V2 (doa+c=1-b)
J@+c)a+c+4b) /(1-b)(1+3b)
=P 106 > 10/6 =56
\/(3—3b)(1+3b) 3-3b+1+3b
2
Gia tri nhé nhét cua P bang 5v/6 khi
a>b>c
a>b>c 1 a:2+\/6
a+b+c=1 b:§ 6
a-b=b-c = 2 = b:1
a+c=— 3
a—-c=2,b(a+c)+ca 2-J6
3-3h=1+3b a—c=2/>+ca |°" 6
9
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Cau 15. (Truong chuyén Hai Duong nam 2023-2024)
Cho a,b,c la céc sb khdng am va khdng c6 hai s6 nao dong thoi bang 0. Ching minh rang:

1 1 1 10
2 2+ 2 2+ 2 22 2
a‘+b* b°+c® c+a (a+b+c)

Loi giai
Gia st c=min{a,b,c}. Khi dé:

2
c
csa:>c2sac:a2+czsa2+acs(a+§)

2
ch:>czsbc:>b2+czsb2+bcs(b+%j

2 2
a’+b? s(a+£j +(b+£j
2 2

1 1 1

VT(*)2 2 2+ 2+ 2
C c c c

(a+j +(b+j (b+) (a+j
2 2 2 2

bat x:a+%;y=b+%.Khidc’) x>0,y>0va x+y=a+b+c.

Taco VT (*)> 21 2+i2+i2

X“+y" y X
2212+£:212+1+322£21 +3
X“+YS Xy X 4+Yy° 2xy 2xy X +Yy +2xy  2xy
4 3> 4 2 10 10

P = 7 +3. 2 = 2= 2=VP(*)
(x+y) 2y (x+y) (x+y)" (x+y) (a+b+c)

L s c=0 c=0 . .
Dau bang xay ra khi {x = { . Do vai tro cia a,b,c binh dang nén dau “=" cua (*) xay ra khi
= y =
va chi khi trong ba sé a,b,c c6 mét sé bang 0 va hai sé con lai bang nhau.
Cau 16. (Truong chuyén Hai Phong nam 2023-2024)
Cho céc s6 thuc a, b, ¢ thoa mdn a+b+c=0. Tim gia tri nho nhit caa biéu thic:
2a-1 2b-1 2c-1
P=——Ft—o—F+5—
a+2 b°+2 c°+2
Loi giai
Khong mét tinh tong quat, ta gia st ab > 0. Khi d6
a+b+2)’ 2 (c—2)? :
P : ) PR et G
(@+b)*+4 c¢°+2 ¢ +4 c°+2
2 2
(c-2) +(c+1) ZE
c’+4  c*+2 2

Xét BDT:

& c?(c-2)" >0 (ding).

Vay PZ_?3;déudéngtht’rcxéyrachénghankhi a=b=c=0,a=b=-1c=2.Dodd P,, =_3

Cau 17. (Truong chuyén Hoa Binh nam 2023-2024)
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Tur gia thiét a(a—1)+b(b-1)=ab=a’*+b’—(a+b)=ab

=a’+b*=ab+a+b

Theo bt ding thicc AM-GM, ta cé: a®+b*>2ab=ab+a+b>2ab=a+b>ab (1)

Lai co: ab+a+b+8=(a2+4)+(b2+4)24a+4b=4(a+b)

= ab+8>3(a+b)>3ab (do (1))

—ab<4.

< 2 4

Dattzx/%:>0<ts2:>?212>t—221.

Ap dung bat dang thaee AM-GM, ta c6:
2 2 2 2

F =a—+b—+2023(1+1j+i22,/a—.b—+2023.2 |22 atra0sl+
b a a b)) ab b a ab ab t ot

F 22t+§+2019-g+i2.
t t t

Theo bt ding thirc AM-GM, ta c6 2t +% >2 /Zt.% =8

= F >8+2019+1=2028. Vay min F =2028, dat khi a=b=2.

Cau 18. (Truong chuyén Hung Yén nam 2023-2024)
Cho ba sé thuc duong a,b,c théa méan ab+bc+ca = 3abc.

Tim gi4 tri 16n nhat cua biéuthtc T = \/ . f‘ + \/ . 2b + \/ . 2C
3b“c” +abc 3a°c” +abc 3a“bh” +abhc
Loi giai

Theo bai ra, ta co: a,b,c>0véab+bc+ca:3abc<:>§+%+%:3

E)efltl la x; % Iély;l Az (x,y,z>0;x+y+2z=23)
a

c
. y2z2 _ vz
1 X(X+y+2z)+yz 3X+ Xy

Suy ra: / 5 2a +
3b“c” +abc
Xyz

YZ+2X | yZHyx  Xy+2X
X+y  X+z y+2

1
X

3

2,2

y’z

1 1 3
Suyra:T< = == (X+y+2)=—
yure - Laryens:

Diu“="xayra<>a=b=c=1

Cau 19. (Truong chuyén Khanh Hoa nam 2023-2024)
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a) Chtrng minh (x—1)2+(y—1)2+(z—1)2 > 2 (x+y-2)(z-1), véi moi x, y, zeR.

b) Tim sb thuc k nho nhét sao cho bat ding thirc sau ludn dung véi moi X, y, ze R

K[ (x=1)" +(y=1)"+(2-2)° | 2 |(x+y-2)(z-1)
Loi gidi

a) Céch 1:

*) Ap dung bat dang thirc B-C-S, ta co:

(=2 +(y=1)" |[2+2° |2 [(x-1)-2+(y-2) 1]
e (x-1 + (y-1y > HY=D (1)

2

DAu “=" xay ra khi XT_l :yT_1<:> X=y

*) Ap dung bit dang thiec AM-GM, ta c6:

M+(Z_l)z22\/[(x+y—2)(z—1)]2 =V2|(x+y-2)(z-1]  (2)

2 2

2
DAu “=" xay ra khi w =(z —1)2
*) Mat khac: |(x+y-2)(z-1)|(x+y-2)(z-1) (3)
(Dau “=" xay ra khi (x+y-2)(z-1)=0).
Tu (1), (2) va (3) ta suy ra:

(x—l) +(y- 1 x+y 2)(z-1) (4)

*) Pang thac (4) xay ra khi: |x+y 2 =+2]z-1
x+y 2 Z- 1 >0
(Chang hantai x=y=1z=1)

Céch 2:
bt ((x-1), (y-1), (z-1))=(a, b, c)
2 2
Ta cé: VT:a2+b2+c22(a+b) +c2>2 % V2|(a+b)c|=2(a+b)c=VP
A 2 2 2 . .
Vay (x-1)" +(y-1) +(z-1) 2\/§(x+ y—2)(z-1) véimoi x, y, zeR
7-1++2

Dang thuc xay ra khi va chi khi x=y =

V2

(Chang hantai x=y=z=1)

b)

Gia sir k 1a s6 thuc nho nhat dé bat dang thire sau ludn ding voi moi x, y, ze R:
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K[(x=1)" +(y=1)"+(z-2)" |2 |(x+y-2)(z-1) (*)
= Bét ddng thic (*) ciing dang khi x=y, [x+ y—2|=‘x/§(z—1)‘
(Hay x=y, |z—]4:\/§|x—1|)
Do do: k[ 2(x-1)"+2(x-1)" |2 [2(x-1)¥2 (x-1)
& 4k(x-1)" > 22(x~1)° voi moi xeR

Cho x =2, ta dugc: Ak>22 k> L
V2

*) Ta chirng minh véi moi k > iz thi bat ddng thic (*) dung.
That vay:
kﬂx-nﬁqy_nﬁqz-nﬂz(k-

1
+_
2

[(x=2)"+(y-1)"+(z-1)|

N2|(x+y-2)(z-1) =|(x+y-2)(z-1) (theo ching minh cia cau a).

jﬂx-gﬁqy_gﬁqz-nﬂ
(x=1)" +(y-2)’ +(z—1)2}

=5

>

>

NS

Khi k = 1 thi theo chimg minh ciu a ta cling c6 bat dang thirc (*) dang.

J2

Vay gia tri k nho nhét can tim 1a k 1

5
Cau 20. (Truong chuyén Lai Chau nam 2023-2024)
Cho a;b;c la céc sb thuc duong théa man a+b+c =3. Ching minh rang :
ab bc ac 3
+ + <=
JoZ+3 Ja?z+3 b2+3 2

Loi gii
Tacé a+b+c=3<:>9:(a+b+c)223(ab+ac+bc)<:>ab+ac+bcs3
bc bc bc 1( bc bc )
a+b a+c

< <1
Ja?+3 ~ (a’+ab+ac+bc) f(a+b)(a+c) 2

Tuong tytaco : ac <1( ac + ac ); ab <1( ab +a_bj

213 2la+b b+c) Joz+3 2\b+c a+c
Cong vé vai vé cua cac bat ding thirc trén ta duoc:
bc ac ab 1( bc bc ac ac ab ab 1
+ + <= + + + + + <=(a+b+c)
Ja?+3 b?2+43 +c2+3 2la+b a+c a+b b+c b+c a+c) 2

bc ac ab 3

+ + <=

Ja?+3 b?+3 c?+3 2
dau "=" xayrakhi a=b=c=1

ma a+b+c=3 nén
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ay bc Loa ab .3
T Ja?+3 b?+3 JP+3 2
Cau 21. (Truong chuyén Lao Cai nam 2023-2024)

V

a) Cho a >3. Tim gid tri nho nhét cua biéu thirc Q = a* +%

b) Cho ba s6 thuc duong a,b,c théa mdn a+b+c <1. Ching minh rang:

a(Bbc+1)?* Db(3ca+1)> c(3ab+1)°
+ + >12
c’(3ac+1) a’*(3ab+1) b*(3bc+1)

Loi giai
a) Dy doan Q dat gia tri nho nhit tai a=3.
Tacd Q =a2£+£—@
a a 3a
2. 2727

Ap dung bt dang thiec AM-GM cho ba sé a’; i ta duoc:

a2+£+£23. az.£.£=27
a a V" "a " a

160 160 160 _ 160
< < = - > )
3a 9 3a 9

Maa=>3=0

Diu “=" xay ra < a=3.

Vay gié tri nho nhat cua biéu thuc Q= % tai a=3.

ab+1 ~ 3bc+1 .- 3ca+1

b) Ta dat x = Y , =XY,2>0
b c a
2 2 2 2 2 2
it P = a2(3bc+1) N b§3ca+1) N cg3ab+1) ~p :y_+z_+x_
c“(3ac+1) a“(3ab+1) b°(3bc+1) zZ Xy

Ap dung bét dang thirc Cauchuy-Schwarz ta c6

P>(y+z+x)2
X+ Y+z

=X+Yy+z()
Ta c0:

X+Yy+1z :3a+1+3b+1+3c+l
b c a

=(9a+1)+[9b+%)+(90+£]—6(a+b+c)2 2.\/9a+£+2.\/9b+%+2.\/90+l—6(a+b+c)
C a C

a
=6+6+6-6(a+b+c)>18-6=12(2) (via+b+c<I).

Tu (1) va (2) suy raP>12.
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Dau“="xayra <a=b=c¢ :% = dpem.

Cau 22. (Truong chuyén Long An nam 2023-2024)
Cho a>0,b>0 thoaman 2a+3b <6 va 2a+b<4. Chiing minh rang:

—QSaZ—Za—bSO.
9
Loi giai

2a+3b36:>—b2§a—2

2
a2—2a—b2a2—2a+§a—2=(a—gj —22—2 (1)

2a+b<4=2a*+ab<4a

:aZ—Za—bS—a?b—bsO(Z)

Tur (1) va (2) suy ra diéu phai chiing minh.
Cau 23. (Truong chuyén Nam Dinh nam 2023-2024)
Cho céc s6 thuc x;y;z théaman 0< x,y,z < 4. Chirng minh rang:
X2y + YPX+ 22X +16 > xy® + yz° + 2x°
Loi giai
Ta co:
X2y + Y272+ 22X +16 > xy® + yz° + 2%
S XY+ Y2+ 7°x+16—xy? —yz? —z2x* >0
< (x-y)(x-z)(y-2)+16>0

Ta c6 bét dang thuc: ab > —%(a—b)2 \Va,beR

2
va abg(azb) ,Va,beR
Truong hop 1: Néu x>y taco (x—z)(y—z)z-%(x—y)2

nén (x—y)(x—z)(y—z)+162—%(x—y)3+162—%43+1620
Truong hop 2: Néu y > x ta xét

Truong hop 2.1: Néu y >z, ta co (x—y)(x—z)z-%(y—z)2

nén (x—y)(x-z)(y-z)+16> —%(y—z)3 +16> —%43 +16F0
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Truong hop 2.2: Néu y<z,taco: (x—y)(x-z)(y-z)+16=(y-z)(x—z)(x-y)=16

Két hop véi (y—X)(Z—y)S—%(Z—X)2V3X< y<z

Ta duoc: (y—x)(x—z)(z—y)+162%(z—x)2(x—z)+16:—%(z—x)3+1620

Vay véi moi truong hop thi (x—y)(x—2)(y—2)+16>0 hay

XY+ Y22+ 22X +16 > xy® + yz° + 2%
Cau 24. (Truong chuyén tinh Nghé An nam 2023-2024)
Cho céc sb thuc a,b,c thoaman a,b,c>1 va a’+4b” +c®+2ab+12=3(a+5b+c). Tim gia tri nho
a’ . a’

nhat cua biéu thie T = > 5
a+(a+b)” a+c

Loi giai
Bing cac phép bién doi gia thiét, ta co
3(a+b+c)=a”+4b’ +c” +2ab+12-12b
=(a+b)’ +c?+3(b—2)">(a+b)’ +c?
Bang bién d6i bt ding thirc két hop cong mau, ta duoc

(a+b+c)2
3(a+b+c)2(a+b)2+c2 >~ 7

Do d6 a+b+c<6 suy ra (a+b)’ +c? <18. Khi d6, bing céc phép bién ddi ta c6

a a® a’ a’
T= 7t 2= T 2
a+(a+b) a+c” a+(a+bh) a+c
2
S 4a

_2a+(a+b)z+c2

2 2 2
S 4a :2a 22a =321
2a+18 a+9 10a 5 5
Tir day ta dugc MinT =é. Dau bang xay ra khi va chi khi (a,b,c¢)=(12,3)

Vay gia tri nho nhat caa T =%

Cau 25. (Truong chuyén Pai Hoc Vinh nam 2023-2024)
Xét cac s6 thuc khong am a,b,cthéa man a?+b?+c? =1. Tim gia tri I6n nhat caa biéu thuc
P= L + ! + ! .

Ja+l b+l c+2
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Loi giai
Ta c6 nhan xét sau

( 1, 1 jzz 1,1 2
Vva+l +b+1 a+l b+1 (1+a)(1+b)

a+b+2 2 a+b+2 2 ( 1 Jz
= + < + =1+
ab+a+b+1 +Jab+a+b+1l a+b+l a+b+1l Ja+b+1

Do d6 ta duoc

1 1 1
+ <1+ .
va+l +/b+1 Ja+b+1
Mt khéc, tacé (a+b+c)’ >a?+b?+c?=1suyra a+h>1-c.

Tir day két hop véi ¢<1 (vi ¢>0 va c*<1),tasuy ra

2
1 1 1 1 1 1 2
P<1+ + =1+ + =1+ + +
J2—c Je+2 \/(\/Z—C \/c+2j \/2—0 2+¢ Ja—¢?

=1+ 42+ 2 <1+ 4 +—2 =2+i
4—c? Ja_¢o? 4-1 Ja-1 V3

DAau bang xay ra chang han khi a=b =0,c =1. Vay gia tri Ion nhat cua P 1a 2+ L

J3
Cau 26. (Truong chuyén tinh Ninh Binh nam 2022-2023)
Cho a, b, ¢ 1a cac s6 thuc duong thoa man a + b + ¢ = 6. Chiing minh
a + b + ¢ 22
Pl i+l Jaiil
Loi giai
Ap dung BDT Co-si ta co:
b+1+b’—-b+1 Db*+2
b*+1 = ./(b+1)(b*-b+1) < =
Vb7 1 = |(b+1)(6"-b+1) : )
2 2
T2 Jed41 < & 2+2 s yad+l < a2+2
Dods VT > 22 4 2, 2
b*+2 c¢°+2 a“+2
Ta can CM: S = 22a + 22b + 22C >2
b*+2 c¢°+2 a“+2
a(b®+2)—ab? 2
Ta co: 22a = ( 2) =a- ?b
b +2 b +2 b +2
2 2 2 32b? a(2+b+b 2a.(b+1
Laicé : r;lb _ 22at; o2 _alvap® ( ) _ 2a(b+1)
b*+2 b*°+b°+4 3B p* 4 3 9 9
2.(a+b+c) 2(ab+bc+ca 7.(a+b+c) 2(ab+bc+ca
T?tadugcS >a+b+c- ( )- ( 5 ): ( 5 )_ ( ] )
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a+b+c)
TacOab+hc+ca< Q
2
Dodész7—'6-§.6—=2
9 9 9

DAu bang xay ra khia=b =c=2. Ta c6 dpcm.
Cau 27. (Truong chuyén Tin Phii Tho nam 2023-2024)
Xétbasd x;y;z>2 thoaman 4xyz =9(x+y+2z)+27

2 2 _ 2
V-4 Y -4 P-4
X z

Tim gi4 tri 16n nhat cua biéu thic Q =

Loi giai
Tac6 50 = \/5(x—2)(x_+2 +\/S(y—Z)(y+2) +\/5(z—2)(z+2)
X y z
J50 < 5(X—2)+X+2+5(y—2)+y+2+5(z—2)+z+2
2X 2y 2z

<~BQ < ox=8 6y=8 0278 _ 4 41,11
2X 2y 21 X y z

2 3
Tu 4xyz =9(x+y+2)+27 < 4=9(i+i+iJ+£ < 3(1+1+£j +(1+1+1j

Xy Yz XZ) Xxyz X y z X y z
Dét£+1+1:t

X y z
Taco

P43t —4>0t> —t?+4At° —4t+4t—-4>0
& (t-1)(t-2)° 20
sSt>l

Suyra~5Q<9-41=5<Q<+5

X,Y,2>2;4xyz =9(X+y+12)+27
Viy MaxQ =+5 < 5(x—2)=x+2,5(y-2)=y+2,5(z-2)=2+2
1 1 1
—+—+—=1
X Yy z

S Xx=y=z=3
Cau 28. (Truong chuyén Todan Phii Tho nam 2022-2023)
Xét cac sb thuc duong a,b,c; Tim gia tri nho nhat cua biéu thirc
_ a N b N c _
Ja?+obc  vb?+9ac  +/c?+9ab

Loi giai

Tacé (a\/a2 +9bc +by/b? +9ac +cv/c? +9ab).F >(a+b+c)
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Dit Q = av/a’ +9bc +by/b? +9ac + cy/c? +9ab

2
_ [\/E\/a3 +9ac ++/b/b® +9ac ++/c+/c? +9ab} < (a+b+c)(a3 +b3+c? +27abc)

Talai c6 a®+b*+c® =(a+b+c) —3(a+b)(b+c)(c+a)<(a+b+c)’ —24abc

3
:>(a+b+c)(a3+b3+c3+27abc)£(a+b+c)[(a+b+c)3+3abc} ma 3abc < (a+b+C)

4

= (a+b+c)(a3 +b¥+c? +27abc)s 10(a+§+c)

J10(a+b+c)’
3

3\/— 3V10

min F = Y10
Vay 10

=0Q=<

ma (a«/a2 +9bc +by/b? +9ac +cv/c? +9ab).F > (a+b+c)2

Suyra F >

Diu“="xayra < a=b=c

Cau 29. (Truwong chuyén tinh Phl Yén nam 2023-2024)

Cho x >1,0<y <1. Chitng minh rang: ! + ! > 2x + 2y
X+1 y+1 X°+y Yy +Xx

Loi giai

)

Vi gid thiét dd cho, ta sé chizng minh L> X (1) ai>
y+1 x°+1 X+1 Yy +x

Taco: (1) xy+Xx—x*-y<0< y(x-1)+x(1-x)<0

< (x-1)(y-x)<0(3)

(3) dung vi x>1,0<y<1

Ddu dang thire xdy rakhi x =1,0<y <1

Ta ciing c6: (2) <= Xy+y -y’ —x<0& y(x-y)—-(x-y)<0

< (x-y)(y-1)<0(4)
(4) dung vi x>1,0<y<1
Dau bdt dang thirc xay rakhi x =y =1
Cong vé theo Vé (1) va (2) ta dwge——++ > X Y
X+1 y+1 X4y Yy +X
Ddu ddang thirc xay rakhi x =y =1
Cau 30. (Truong chuyén tinh Quang Tri nam 2023-2024)
Cho céc s6 thyc duong a, b, ¢ thoa mén ab +bc +ca = abc.
1.  Chang minh a+b+c>9.

2. Chang minh a+b+c>4(i+£+ij+5
bc ca ab

Léi giai
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Taco ab+bc+ca=abc<:>£+l+1=1.

a b c

Cach 1: Khi @6 a+b+c=(a+b+c)(£+1+1j 33ab033,/ 1 =9
a b c abc
a

Cach 2: a+b+c=(a+b+c)(1+£+1j=3+ B+9+E+a+c>3+2+2+2 9
a b c a ¢ c a
a+h)’ (b+c c+a)’
Taco a+b+c=(a+b+c)| = 1 1 1 ( ) +( ) +( ) -3
a b c ab bc ca

4(a+b+c) 4(a® +b* +c?
2&_3: ( ) +5= 4( +£+£ 45
ab+bc+ca abc bc ca ab
Cau 31. (Truong chuyén Son La nam 2023-2024)
Cho X, Y,z 1a c4c s6 thuc duong théa man x+ y + z = xyz. Chang minh rang:

1+/1+ %2 +1+\/1+ y? +1+\/z—2
z

< Xyz.
X y
Loi giai
Tu X+y+z=2y1=. i+i+i=1
Xy yz Xz

Lai co:

“1+X \/— =\/—2 L1 (4p dung \/_b< (a+b))
x> Xy yz xz

1+\/1+x 2 1 1 1+1+X 1 11
— <+ —+—=>— <3| —+—+—
X X 2y 2z X X Yy z

Diu “=" xay ra < X=y=12
Chang minh:
3(1+£+1j£ Xyz

X y 2
< 3(xy+ yz+zx)s(xyz)2
< 3(xy+ yz+zx)£(x+y+z)2
< (x- y)2 2+(y—z)2 +(z—x)2 >0 (dung)
Vay bét ding thirc dugc ching minh. DAu “=” xay rakhi x=y =z =+/3.
Cau 32. (Truong chuyén Tay Ninh nam 2023-2024)
Cho a,b,c 1 céc sb thuc duong thoa man a+b+c > 6. Tim gia tri nho nhat cua biéu thic
M :1(19a+22b+25c)+2(5+§+zj.

6 a b c
Loi giai

Tacd: a+b+c>6.

M_(15(19a+22b+250)+2(5 E+7j (£a+ﬂj ( b+ 12) (25C+Ej

a c 6 a b 6 C
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Xét k,m,n >0:ka+£2 2\/10k;mb+%2 2\/12m;nc+E2 2/14n
a c

a=2=2k+5> 210k
Dau bang xay ra <:>ka=%:>2k=5<:>k=g.

Tuong tu ta tim dugc: m=3,n :g.

Do d6: M = Ea+E + 3b+E + Zc+& +Ea+gb+gc
2 a b 2 c¢) 3 3 3

=M > 225+ 2436 + 228 +-6 = 40.

DAu bang xay rakhi a=b=c=2.

Vay M, =40 khi a=b=c=2.

Cau 33. (Truong chuyén Thai Binh nam 2023-2024)

Cho 3 s6 thyc duong x,y,z thoa min Xy + yz + zx =1. Tim gié tri 16n nhét cia biéu thirc:

_ 2X N y N z
V1+x? Jy?+1 2241

Loi giai

P

—x* -28y*-287°

Ap dung bat dang thic AM - GM:

2X X B 2X < X X

= = < +
V14X X2+ xy+yz+12x \/(x+y)(x+z) X+y X+z

y _ y 1y [ x
Y2+ Xy +yz+ 2% \/(y+x)(y+z) 4 y+7 y+X
z z 1 z X

\/22+xy+yz+zx_\/(z+x)(z+y) S 4 zHy Z4X

2X N y N z
V14X Jy?+1 Nz2+1

<1+1+

n|©

@)

NG

Vataco: x* +28y* +28z° :%(x—7x)2+%(x—7z)2+%(y—z)2+727 (2)

Dau "=" ciia cac bat dang thirc (1), (2) xdy rakhi x =7y =7zVa xy + yz+ zx =1 khi va chi khi

y=Z:\/15;X=7\/15
15 15
Tir (1), 2)c6 P<2-7=-2 suyra MaxP =7 > y=z =2, (VIS
4 4 15 15
Vay MaxP = _Tlg

Cau 34. (Truong chuyén Quéc Hoc Hué niam 2023-2024)
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Cho hai sé thuc duong a,b théa man 4a®+b? = 2. Tim gié tri nho nhat cua biéu thuc
4a b 2024
= + + :
2+b 1l+a 2a+b
Loi gidi
Taco 4a”+b” > 4ab < 2(4a” +b”) > (2a+b)’

<:>42(2a+b)2<:>2a+b32<:>a+g£1.

5 b )

Datx:a;yzg,taco X+y<1.

Khid(’)sz a+ b +506: X+y+506.
20 4.0 2(1+a) . b 14y Lex x4y

Ap dung bat dang thirc Cauchy, ta ¢6
+ix(1+y)2£x<:>iz§x—ﬂxy.
1+y 9 3 1+y 9 9

y 4 (1+x)>4y<:>i>8y—ﬂxy

1+x 9 3 1+x 97 9
Suy ra £T2§(x+y)—§xy+ 506 2§(x+y)+ 8 N 4546 —§xy.2§.2+4546—§ £:1520 N
2 9 9 X+y 9 9(x+vy) 9(x+vy) 9 9 9 94

2
2 X+Yy 1
déy xy < <=
eyyﬁzj 2

Dodo T > 3040

. Dau “=" xay ra khi va chi khi x = yzé hay a:%;bzl.
3040 1
Vy gia tri nho nhit cua T bang 3 dat duogc khi a—z b=1.

Cau 35. (Truong chuyén Tién Giang nam 2023-2024)
Cho hai sé thuc x va y thoaman x>1y>1

s X
a) Chtng minh ran >2.
e
, ) 2 y2
b) Tim gi& tri nho nhat cua biéu thirc T = +
y-1 x-1
Loi giai

a) Chang minh rang >2.

X
Jx-1

Ap dung bét dang thtc AM —GM cho hai sé thue duong (x—1) va 1 ta dugc

=(x-1)+122(x-1).L=2Vx 1.
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Vay X . > 2 voi moi sb thuc x >1. Pang thic xay ra khi va chi khi x-1=1< x=2.
X_
. . X2 yz
b) Tim gi& tri nho nhat cua biéu thirc T = +
y-1 x-1
. L . 2 y’
Ap dung bat dang thiec AM — GM cho hai s6 thuc duong 1 va 1 ta duoc
y-1  x-
2 2 2 2
T=2 L o X Y _p X Y 5950-3
y-1 x-1 y-1'x-1 " x-1.y-1
Vay minT =8 khi x=y=2.
Cau 36. (Truong chuyén T.P Ho Chi Minh ndm 2022-2023)
Cho céc s6 thyc duong X,Yy,z thoa man \/1+4xy+2x+2y+22 =5
a) Chung minh ! + ! ZE
J2x+1)(2y+1) 2z+1° 3
b) Tim gié tri nho nhat caa biéu thac P = X+l y+l 2243
2X+1 2y+1 4z+2
Léi giai
a) Tir gia thiét ta co \/(2x+1)(2y+1) =5-2z.
Tir d6 két hop st dung bat dang thirc Cauchy Schwwarz, ta dugc:
1 1 1 1 4 4 2
+ = + > =—==,
\/(2x+1)(2y+1) 2z+1 5-2z 2z+1 5-2z+2z-1 6 3
Dau bang xay ra khi chang han x=y =z =1.
b) Ta thay rang
1 1 1 1 1 1 3 1 1 1 1
P= 4 —— 4+ 4+ —— 44— =" + +
2 2(2x+1) 2 2(2y+1) 2 2z+1 2 2\ 2x+1 2y+1) 2z+1

Ap dung bt dang thirc Cauchy cho hai sé duong va str dung két qua ¢ y (a) ta dugc
Pz § + L 1 > § + 3 = E
2 \/(ZX +1)(2y+1)+2z+1 2 3 6
DAau bang xay ra khi va chikhi x=y=z=1.
Cau 37. (Truong chuyén Vinh Long nam 2023-2024)

x%+10

VX2 +9

Tim gié tri nho nhit cua biéu thic

Loi giai:
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:{%.\/x2+9+ J+%.\/X2+9

X2 +9

Suyra P> 2.1+§.3=E
3 9 3

Vay gié tri nho nhat can tim 1a P :%khi x=0

Cau 38. (Truong chuyén Vinh Phiic nam 2022-2023)

1. Cho ba s thyc duong a, b, ¢ thoa man ab+bc+ca=1. Tim gia tri I6n nhat ciaa biéu thic:
p= 2a N b L
Ji+a® Nl+b?  1+c?
2. Cho ba sé thuc khong &m a,b,c thoa man ab+bc+ca+abc<4. Ching minh ring
a+b+c>ab+bc+ca.
Loi gidi:
1. Ta co:
p_ 2a N b LG
Jl+a? V1+b?  1+¢?
2a b c
= + +
Ja’+ab+bc+ca +a’+ab+bc+ca ~a+ab+hbc+ca
2a b c

~J@rb)(arc) Jbro)bra) (cra)cih)

\/ 2a 2a 2b b 2c c
= . + . + .
a+b a+c \/b+a 2(b+c) \/c+a 2(c+b)

AM -GM
1] 2a 2a 2b b 2¢ c
<= + + + + +
2la+b a+c b+a 2(b+c) c+a 2(c+b)
1[( 2a 2b 2a 2a ) 1( b c
== + + + + 5| —
2|\a+b a+b a+c a+c) 2\b+c b+c
=l 2+2+l)=g
2 2 4
DAu “= ”Xayrakhla—ib C—E

15
v.aypd.gaGTLl\||a%khia_i b=c =1£55
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2. Tacod ab+bc+ca+abc<4
< abc+2(ab+bc+ca)+4(a+b+c)+8<(ab+2a+2b+4)+(bc+2b+2c+4)+(ca+2c+2a+4
< (a+2)(b+2)(c+2)<(a+2)(b+2)+(b+2)(c+2)+(c+2)(a+2)

1 1 1 2 2 2
< + + = + + >
a+2 b+2 c+2 a+2 b+2 c+2

Q(l_i}(l_ij{l_ijgl
a+2 b+2 c+2

a b c
+ +
a+2 b+2 c+2

=12

Ap dung BDT Cauchy-Schwarz
a b c a’ b? c?
> + + =— +— +—
a+2 b+2 c+2 a“+2a b°+2b c°+2c

2
Coss (a+b+c)
Ca’+b’+c?+2(a+b+c)

:>(a+b+c)2s(a2+b2+c2)+2(a+b+c)
< a+b+c>ab+bc+ca (dpem)
Cau 39. (Truong chuyén KHTN nam 2023-2024)
V6i x,y,z 1a nhiing s6 thuc dwong, tim gia tri nho nhét cua biéu thirc:
14 |6 14 6 14 6
M — 2x2 X°+3 N 2/2 y’+3 N 2z2 2’+3
XyP+zx+zy V2P HXy+XZ 2°XP 4 yZ+ X

Loi giai:
Taco 3(x“—x6 +3)=(3x“+4)—3x6+527x6—3x5+5=4x6+5
theo bat ding thirc AM-GM. Lai ¢6 ciing theo bit dang thizc AM-GM, thi
4x6+5=(x6+x6+1)+(x6+x6+1)+323(x4+x4+1)23(x4+2x2)

x* x>

X*y? + X2+ yz X*y? + X2+ yz

va &p dung bat ding thirc cong mau cho vé tréi, ta
(3 +y*+ 22)2 +2(X+y+12)° 3(x2y2 +y?22 + X7+ 6(xy + yz + 2X)
> _

M > >
XY+ YR+ 22X+ 2(xy+yz+2x)  XYE 4yt + 20X+ 2(Xy + yz + 2X)

DA4u bang xay ra khi va chi khi x =y = z = 1 Gié tri nho nhét cia M 1a 3.
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CHU DE 3.PHUONG TRINH
Cau 1. (Truong chuyén tinh An Giang nam 2023-2024)

Phuong trinh x> +ax+b=0 (v6i a; b 1a cac s6 nguyén) c6 mot nghiém 1a 5++/21.
Tinh nghiém con lai.
Loi giai
Goi x;;x, la hai nghiém cua phuong trinh x* +ax+b =0 (1).
Khong mét tinh tdng quat, gia st x, =5++/21 va x, 1a nghiém con lai.

Thay x=x = 5++/21 vao (1) ta duoc:

(5+\/ﬂ)2 +a(5+\/ﬂ)+b=0
< 46+10v21+5a++/21a+b =0
& (a+10)v21+(5a+b+46)=0
Vi a; b 1a cac s6 nguyén nén ta cé hé:

a+10=0 a=-10 a=-10
=N =N
5a+b+46=0 b=-46-5a b=4
Suy ra phuong trinh (1) 1a x* -10x =4 =0.

Theo hé thiac Vi-ét, ta duoc:
X, + X, :1O:>(5+\/ﬁ)+x2 =10=x, =5-4/21.

Vay nghiém con lai la x =5-+/21.
Cau 2. (Truong chuyén tinh Ba Ria-Viing Tau nam 2023-2024)

b-4c 1

Cho a,b,c 1a c4c sé thuc thoa mén diéu kién: > Chutng minh rang phuong
a

trinh ax? +bx+c =0 c0 it nhat mot nghiém am
Loi Giai

Tur gia thiét taco: a=0 va

a—4b+16c¢

<0=a(a-4b+16c) <0= (a—2b)’ <4(b’—4ac)=A>0
a

do do6 phuong trinh da cho ¢6 2 nghiém x,,X, ma x, + X, = b va X .X, = ¢ bén day thay
a

D

Vao gia thiét ta thu duoc: —(x, +X, ) — 4%, > % = (4% +1)(4x, +1)<0. Néu x,,x, déu
khong am thi din dén diéu vé ly. Do vay phuong trinh phai 6 it nhat mot nghiém am.

Cau 3. (Truong chuyén tinh Bic Giang ndm 2023-2024)

Tim tat ca cc gia trj ctia tham sé m dé phuong trinh x* —2(3m-1)x +m? -m -4 =0 ¢ hai

nghiém phan biét x,,x, théa man (x1 + X, /%X, )+(x1 + X, —4/X X, = 2008)
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Loi Giai
Phuong trinh x* —2(3m-1)x+m? -m-4=0 (1) ¢6 hai diém phan biét

2
:A'>O:>(3m—1)2—(m2—m—4)>0:>8m2—5m+5>0:>8(m—%} +%>O;VmeR

Vay phuong trinh (1) luén c6 hai nghiém phan biét x,,x,
X, +X, =2(3m-1)

X, X, =m?—-m-4

Dat A=x, + X, + XX, ;B=X, +X, —\/E

Theo Vi-éttaco : {

x, ) 3x2
Taco AB=(x, +x2)2 — XX, = (xl +?2j +TZ >0, VX, X,

Suy ra A va B ludn cliing dau = |A|+[B|=|A + B

Do do ‘x1+x2+1/x1x2 +‘x1+x2 — XX, | = 2008 :>‘x1+x2+1/x1x2 +x1+x2—m

503
= |%, +%,|=1004 = 2[3m -1/ =1004 =[3m-1/=502=| " 3
m =167

Cau 4. (Truong chuyén tinh Bic Giang ndm 2023-2024)
Giai phuong trinh 4/x +3 —V/x-1=x+7.

Loi Gidi

=2008

biéu kién x>1.

Taco (1)< x+3-4VXx+3+4++/x-1=0

JX+3=2
<:>(\/x+3—2)2+\/x—1=0<:>{ +1 Jex=1
A X—=—1=

Cau 5. (Truong chuyén tinh Binh Duong nam 2023-2024)
Cho phuong trinh x? + 2mx—1—2m =0 (m & tham s)
a) Ching minh rang phuong trinh luén c6 2 nghiém x,, x, Vi moi gia tri caa m.

2023(2x,%, +1)

- dat gia tri nho nhat.
X, —2mx, —1-2m

b) Tim m dé biéu thic P =

Cau 6. (Truong chuyén tinh Binh Duong nam 2023-2024)
Giai phuong trinh: 4x* +5++/3x+1=13xVoi xeR

Cau 7. (Truong chuyén tinh Yén Bai nam 2023-2024)
Giai phuong trinh x* = x+2+2x+1.

Cau 8. (Truong chuyén tinh Bdic Ninh nam 2023-2024)
Giai phuong trinh: 2X +3++/4x? +9X+2 = 24/x+ 2 +/4x +1
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Loi Gidi

PK: xz-%. Taco (2) < 2x+3+/(x +2)(4x+1) = 2x+2 +/4x +1.

Dit t=2x+2 +/4x+1 (v6i t=/7) thi t? =8x+4/(x +2)(4x +1) +9 hay:

2 _ 2_
2X + (X +2)(4x +1 :%.Phuong trinh (2) tré thanh t 49+3:t
o t?-4t+3=0<t=1hoic t=3.

Két hop véi didu kién t>/7 taldy t=3
V&it=3thi 2Jx+2+v/4x+1=3< 2X+./(x+2)(4x+1) =0

x<0 2
& J(X+2)(dx+1) = -2X < S X=—=

(X +2)(4x +1) = 4x? 9

Vay phuong trinh (2) ¢6 nghiém duy nhat x = —%
Cau 9. (Truong chuyén tinh Bén Tre nam 2023-2024)
Giai phuong trinh(\/x+ 6 —VX~— 2)(1+ X%+ 4X —12) =8
Loi Giai
X+62>0

Diéu kién xac dinh x—2>0 & X=2
X +4x-120>0

Phuong trinh ban dau twong duong
(Jx+6+Jx—2)(Jx+6—\/X—Z)(1+M):8(M+«/E)
@8(1+M)=8(M+m)
©1+m =Jx+6+/x-2
@(1+M)Z=(M+M)z
S1Hx2+4X—1+23X2 +4x—12 =x+6+x—2+24X% +4x—-12

< xP+2x-15=0

@[ x = 3(tm)

x =—5(loai)

Binh luan — Ap dung cac ki thuat thuong gip ddi véi bai toan phuong trinh vo ti, ta
c6 cac cach danh gia hét st tu nhién dé dan dén loi giai cta bai toan:
i) Tathiy néu nhan luong lién hop thi c6 (\/x+6 —Jx— 2)(\/x+ 6 —\/x—Z) =
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X +6— X+ 2 =8 nén ta méi di nhan hai vé cho luong vx + 6 +~/x—2 dé triét tiéu 8 &
hai vé ctia phuong trinh.
ii) Bé y rang (x+6)(x-2)=x*+4x—12 nén khi binh phuong hai vé sé triét tidu duoc
luong 2+/x% + 4x—12 dé dua vé 1 phuong trinh don gian hon.

Pay 1a 1 phwong trinh v6 ti khdng qua kho trong viéc phan tich, danh gia, tuy nhién can luu
y vé viéc loai va nhan nghiém dua vao diéu kién xac dinh.

Cau 10. (Truong chuyén tinh Binh Dinh nam 2023-2024)
Giai phuong trinh: V4x—1-2/4x+1++16x*-1=2,(xeR).

Loi Giai
s 1
bieu kién x> =
4
Taco

JAX 1= 2\/AX 14+ V16X —1 = 2 & (VAX—1—2) +VAX +1(/AX—1—2) = 0 = (VAX—1—2)(\/ax+1+1) = 0 (1)
Vsi XZ% thi VAx+1+1>0: do do (1) < VAx—1=2 < x=% (nhan).

5
Vay x=—-
a1y 4

Cau 11. (Truong chuyén tinh Binh Phudc nam 2023-2024)

a) Cho phuong trinh 5x* +mx—28=0, m la tham so.
Tim m dé phuong trinh da cho c6 hai nghiém x;, x, phan biét thoa mé 5x, +2x, =1

b) Giai phuong trinh: (X+4)(x—2)=2Vx*+2x-5.

Loi Giai
a) Tacé A=m’+560 >0 nén phuong trinh (1) ludn c6 hai nghiém x,, X, phan biét.

Theo dinh li Vi-ét ta co:

m
+ X, =—— 1
XX == (1)
28
X, =—— 2
X% == (2)
Tur (1) vagid thiét ta co
m+1
T L
T > < 2m+5
+
X +2X 15
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Thay céc gia tri x,, x, vira tim duoc vao (2) ta duoc

<:>(2m+5j(—m+1j:—%<:>2m2+7m+5:252

15 3
m=-13
S2m+Tm-247=0< 19
m=—.
2

Vay cac giatri m cantimla m=-13; m =—%.

b) Biéu kién: x*+2x-5>0.

Taco (x+4)(x—2)=2Vx*+2x-5
& X +2x-8=2x* +2x-5

& X2+ 2x—5-2x* + 2x-5-3=0,
it t =vx* +2x-5, t>0.

t=-1 (loai)

Ta c6 phuong trinh t>° -2t -3=0 <
P s LzS (nhan)

Véit=3taco Vx> +2x-5=3 < x> +2x-5=9

x=-1-+/15
x:—1+\/1_5.

Vay phuong trinh da cho c6 nghiém x=-1+ J15.
Cau 12. (Truong chuyén tinh Binh Thudn nam 2023-2024)

Giai phuong trinh: 9x* —53x =+/2x+1-71
Loi Giai

<:>x2+2x—14:0<:{

Piéu kién 2x+1>0 < xz-%

Phuong trinh viét lai thanh:
36x% — 212X + 284 = 4+/2x +1
< 36x° — 212X+ 284 +8Xx+5=4(2x+1)+4V2x +1+1

< 36X* —204x + 289 = 4(2x +1)+4v2x +1+1
& (6x-17) = (22x+1+1)

2N2x+1+1=6x-17(1)
=
2N2x+1+1=17-6x(2)
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Xét (1), ta co:
(1)< 242x+1=6x-18
& 22x+1=3(2x+1)-21(1)
Pit t =+/2x+1>0ta co:
()= 3t -2t-21=0
< (t-3)(3t+7)=0
t-3=0
g [3t+7 -0
Xét (2), ta co:
(2) © 6x+2/2x+1-16=0
& 3(2x+1)+242x+1-19=0
Pit t =/2x+1>0 ta co:
(2)=3t?+2t-19=0

—1+\/%
3

Giai phuong trinh nay ta dugc hai nghiém t, =

1+\/§

Voi t, = _T ta duoc:

han);t, = ———
(ahan), - 1~

m =—_1+3\/§ = 2x+1=—59_§\/§ = 2X =—50_92\/§
=ﬂ(nhan)

Viy § :{25—9ﬁ;4}

Cau 13. (Truong chuyén tinh Can Tho nam 2023-2024)
Giai phuong trinh: x> +1=2x++/3x-1
Loi Giai

Piéu kién xac dinh: x?—x+1>0 (ding VxeR)
2x2 —(x—2)Vx? = x+1=5x-2
& 2x* =5x+2=(x-2)Vx* —x+1
& (x=2)(2x-1)=(x-2)Vx* —x+1

(x=2)=0 (1)
=

X’ —x+1=2x-1 (2)

(1) & x=2(nhan)
(2) & x* —x+1=4x* —4x+1

< X2 —Xx=4x*—4x
< x(x-1)=4x(x-1)
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< 3x(x-1)=0

= {’:2 (nhén)
Vay $={0,1,2)

Cau 14. (Truong chuyén tinh Can Tho nam 2023-2024)
Giai phuong trinh: x? +1=2x+~/3x—1

Cau 15. (Truong chuyén tinh Cao Bang nam 2023-2024)

Giai phuong trinh: x+£+‘/x2 +i2—4 =3.
X X

Loi Giai
bicukign § , 1

bit x 1o t,[t|>2 (**). Khi do x* +i2 =t? — 2, phuong trinh (3) ¢6 dang:
X X

\/gstg:g |:\/EStS3
t+t?P —6=3t?-6=3-t<=1|t<-/6 o llts—6 :t:g

2 _a_(a_t\? t=§
t* —6=(3-t) 5

1
X=—(t/m(*
Vc’yit=§,thayvao(**),taduqc x+1o20 % Bxi2=0= 2( ()).
2 X 2
x =2 (t/m(*))

Vay nghiém ctia phuong trinh da chola S = {% 2} :
Cau 16. (Truong chuyén tinh Pa Nang niam 2023-2024)

Giai phuong trinh 10x* +3x +2 = (6x +1)Vx* +2 .

Loi Gidi

Cach 1: Binh phuong hai vé rdi casio bac 4.
Cach2: bat t =vx* +2 = t* =x* +2 (t > 0). Ta duoc:
X2 +3x+17 = (Bx+1)t = (9X* —6Xt+1*)+3x—t=0= (3x—t)’ +(3xt)

3x=t [ Ax=+/x*+2

0

= (3x-t)(3x-t+1)=0= {

=
3x+1=t 3x+1= +2

{ Ix* =x*+2 (3x=0) x=i% (3x>0)
=
2 2
9" +6X+1=X"+2 (3x+1)20 = g2 o 1§ (3x+120)
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1
X =—
. 2
X_—3+\/1_7
8
VéyS={%;_3+8\/1—7}

Cau 17. (Truong chuyén tinh Pong Nai ndm 2023-2024)
Giai phuong trinh (x—2)(x+1)(x+3)(x+6)+56=0.

Viét lai phwong trinh thanh
(x=2)(x+6)(x+1)(x+3)+56 =0 <> (x* +4x—12)(x* +4x+3)+56 =0.
bat t =x*+4x-12,taco

t(t+15)+56=0<t* +15t +56 =0.

Tacd A=15*-4.156=1

t=-7
Do d6 phuong trinh trén c6 nghiém L __g
& N 2 2 o A X:1
Vi t=-7 thi X" +4x-12=-7 < X" +4x—-5=0. Giai twong tu trén, ta dugc (o5

V6i t=-8 thi x*+4x-12=-8<x*+4x-4=0. Gidi twong tu trén, ta duoc
Xx=-2+22
x=-2-22

Tap nghiém cia phuong trinh 1a S = {1;—5;— 2+242;-2— 2x/§} :
Cau 18. (Truong chuyén tinh Ha Nam nam 2023-2024)
Giai phuong trinh (X —1)v/X? + 6x +16 = 2x* — 6x + 4.
Loi Giai
(X—D)/X2 +6X+16 = 2X% —6xX+4 < (X=X + 6x +16 = (x—1)(2x — 4)
& (X=D)(V/X? +6x+16 —2x+4) =0

+) x-1=0<x=1

2X—-4>0
+)\/x* +6x+16 =2x—4<:>{

X° +6X+16 = (2x — 4)?
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X>2
X>2 x=0(l)
= =
3x>-22x=0 22
X:?(tm)

Phuong trinh da cho c6 hai nghiém x=1;x = 22

Cau 19. (Truong chuyén tin Ha Noi nam 2023-2024)
Giai phuong trinh 2x+2 = (5-x)/3x -2
Loi Giai
2x+2=(5-x)v/3x—2 (DKXD: xz% )
= (2x+2)" =(5-x)"(3x-2)
= 4% +8x+4=(x* —10x+25)(3x-2)
= 4% +8x+4=(x" —10x+25)(3x - 2)

= Ax® +8x+4 =3x* —32x* +95x — 50
= 3x*-36x*+87x-54=0

= (x—9)(x—2)(x—1)=0:> x e {1,2;9}

Thu lai thu duoc: x e {1;2}. Vay x e {1;2}

Cau 20. (Truong chuyén toan Ha Noi nam 2023-2024)
Giai phuong trinh Vx—-3-~/2x—7 =2x-8
Loi Giai
A LA 7
bieu kién: XZE.
X—=3-2X+7
1)< =2(x-4
) Vx-3++2x-7 (x=4)
4-X

NN e
x =4 (TMDK) x =4 (TMDK)

g 1 = -1
=-2 |JX-3+2x-7T=— (2
VX=3++/2x-7 2 @)

=2(x-4)
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) {\/X—BZO
Tacd

. . 7T 4 . . 7
VGi Moi X >— nén +x—3++/2x—7>0>-2 V&i moi x>—.
V2x-720 2 2
Viy phuong trinh ban dau c6 nghiém x = 4.
Céu 21. (Truong chuyén toan tinh Ha Tinh nam 2023-2024)

Giai phuong trinh v/x* +3X+11—+/X+2 = 2x - 2.

Loi Gidi

2 >
K- X +3X+11_0<:>x2—2
X+2>0

VX +3X+11 =X+ 2 = 2= 2 = (X =1)? +5(X +2) —/x+2 = 2(x —1)

Xét x =-2 (khong phai la nghiém)

—_— 2 —_—
Xét x >—2 Chia hai vé phuong trinh cho~/x +2 ta dugc: M+5—1:2(X 1). bat
X+2 VX+2
x-1
t= ta duoc phuong trinh: Vt? +5-1=2t
Jxrz | CTOCPIIONS
1
1 t>——
2t+1>0 t>——
<:>\/t2+5:2t+1<:>{2 , e 2 o 2 2<:>t=§
C+5=Q+1" a2 g g0 t=-2t=7
. 2 x-1 2 Xx-1>0
Khi t == ta duoc phuong trinh: =— S 2UX+2=3(x-1)
g e PR I R T 3 x=1) {4(x+2)=9(x—1)2
Xx>1
o X2l - \/_QX_11+4J7
9x2 — 22X +1=0 x:% 9
11+ 47

Vay phuong trinh ¢6 dung 1 nghiém x =

a=x-1
b=+x+2>0.

Cau 22. (Trudng chuyén toén tinh Hai Duong nam 2023-2024)
2
Giai phuong trinh: /x* +3x +2¢/x—1 = 2X+\/@
X

Loi Gidi

Cha y: Hoc sinh ¢6 thé giai theo cach: Dt {
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x> 4+3x>0
biéu kién: 1x—1>0 Sx>1
2
X“+2x—3 >0
i X
Phuong trinh tré thanh

x(x+3)+2ﬂ—2x— wzo
@[1/x(x—|—3)— w +(2Jﬁ—2x):0
X+3

& T<X_ x—1)—2(x— x—1):0

o
X3 50 X+3:2(2)
V' x X

(1) & x* =x—1< x* —x+1=0 (v nghiém)
X+3 s A LA
(2) & ——=4 s x+3=4x« x=1 (Thoa man diéu kién)
X

Céau 23. (Truong chuyén toan tinh Hai Phong nam 2023-2024)
Giai phuong trinh: (3x2 +4X+ 6)\/3x2 +4x+5 =27x° +3x.

Loi Giai
Piat V/3x*+4x+5=a, 3x=b

Khi d6 phuong trinh tré thanh:a’ +a=b*+b
o (a-b)(@*+ab+b*+1)=0<a=b (vi a®+ab+b*’+1>0)

x>0
<:>\/3x2+4x+5=3x<:>{ <:>x=2+\/3_4.

6x>—4x-5=0 6
Cau 24. (Truong chuyén toan tinh Hoa Binh nam 2023-2024)
Giai phuong trinh: (4x? —7x+4)(3x? —4x + 3) = 3x?
Loi Giai
(4x2 —7x+4)(3x? —4x+3)=3x> (1)
Ta thay x = 0 khong phai 1a nghiém caa phuong trinh (1).
Xét x khac 0, chia ca 2 vé cua (1) cho x? ta dugc phuong trinh.
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pcreffocsetsclioe i)

1 -
bat X +—=t. Ta dugc phuong trinh:
X

t=1
(4t—7)(3t-4)=3<12t? - 37t +25=0 < 25
12

*Voit=1= x+1:1<:> x* —X+1=0 (Phuong trinh vo nghiém).
X

4
*\/6it = %:x+1=§:>12x2—25x+12=o@ g KL....
X
4

Cau 25. (Truong chuyén toan tinh Hoa Binh nam 2023-2024)
Gidi bai toan sau bang cach ldp phirong trinh hodc hé phwong trinh:

M6t con Robot dugc lap trinh dé chuyén dong thing déu trén mot quing duong tir diém

A &n diém B theo quy tic: Bi dugc thi dung lai 1 pht, di tiép
phut, di tiép 360cm |4 ding lai 3 pht..., téng’théi gian tir khi bat dau di chquyén tir A cho dén
B 1a 253 phut. Tinh quang duong tir A dén B biét van toc cua Robot khong doi 1a 40cm/phat.
Loi Giai
Goi s6 lan di cuia Robot (theo quy luat di r6i lai nghi) 1a x (x > 1, xe N¥)
Thoi gian di cua Robot theo quy luat la:

120 + 240 + 360 +...+120X =3+6+9+...+3X=M (phat)
40 40 40

Thoi gian nghi cia Robot 1a: 1+2+3+....+ x—1=¥ (phut)

S(x+D)  X(X=D) _ora L ove v 9530

Theo bai ra ta c6 phuong trinh:

Giai phuong trinh tim duoc: x, =11 (TM); x, = —% (KTM)

3.11.12

Quéng duong tir A dén B la: .40=7920 (cm)

Cau 26. (Truong chuyén toan tinh Hung Yén nam 2023-2024)

2
Giai phuong trinh 3x® - 7x? + 6x + 4 = 3 w :

Loi Gidi
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DKXDb: Vvx e R

2
3X3—7X2+6x+4=33w
2
<=>3X3+9X2+12X+6=16x2+6x+2+33w

’ 2
Dat 3% =t, taco:

3x3 +9x? + 12x + 6 = 3t3 + 3t

X3+ +HAx+2 =13+t
SX+HL)P+(x+1) =3+t
SE+HLI-O[(x+1)2-(x+Dt+t2+1]=0
Ma(x+1)P?-(x+Dt+t2+1>0=>x+1-t=0

=X+1=t

oxtl= 3/16x2+6x+2
3

S+ + 12X+ 6 = 16X2+ 6X + 2
S3AE-TX2+3x+1=0
S3AC-32 42 +4x-x+1=0

& (X=1)(3x2-4x+1)=0

x=1
- x=2+ﬁ
3
x:z_\/7
L 3

Thur lai thiy ca 3 nghiém thoa man.

1_2+ﬁ_2—ﬁ
3 3

Vay x €

Cau 27. (Truong chuyén todan tinh Khanh Hoa nam 2023-2024)
Cho phuong trinh x* +bx—7+2b=0 (1) (an x), véi b 1a tham sb nguyén.
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a) Chirng minh phwong trinh (1) ludn c6 hai nghiém phan biét x,, x,. Tim b dé x? =9x,.
b) Ching minh riang néu b 1a s nguyén 1¢ thi phwong trinh (1) khong c6 nghiém hitu ti.
Loi Giai

a) Chirng minh phwong trinh (1) ludn c¢é hai nghiém phan biét x,x,. Tim b dé x2 =9x,

+) Taco: A=b?—4.1.(-7+2b)=h>-8b+28 =(b—4)*+12>12>0 Vb
= (1) ludn c6 2 nghi¢ém phén biét x,x, .

4 {x1+x2 =—b )

X.X, =2b-7
2 2
x2+X—2=—b 2x2+2i=—2b
Voi x5 =9 =1 | 9 =1, 9
%y =2b-7 | X2x =2b-7
9 9

2 X3

. : 2
Cong ve theo ve ta dugc: 2x, +%+?2 =-7

& X +2x; +18x, +63=0
< (X, +3).(x —x,+21) =0
<X, =-3

X
9

2
2

=>x=—=1

-2=-b
(*) = < b=2¢eZ (théa man)
-3=2b-7

b) Chitng minh rang néu b 1a sé6 nguyén lé thi phwong trinh (1) khong ¢é nghiém hiru
ti.

Cach1:Néub Ié¢ =b-41é

Pat b—4=2k+1(k e Z)

Ta can chitng minh A khong 1a sb chinh phuong.

Phan chting: A 12 s6 chinh phuong

= Pit (2k+1)’ +12=m*=m I¢

Pit m=2l+1= A=4k*+4k +13=41° + 41 +1

k?+k:chan

I +1:chan

’ 3:1é

Vay A khéng la s6 chinh phuong = (1) khéng c6 nghiém hitu ti.

=k>+k+3=1>+1 (v Ii) | Do
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Céach 2: Gia sit (1) ¢6 nghiém hitu ti, goi Ia: E( peZ,qeN* (p,q)=1).

Theo tinh chat vé nghiém hitu ti cua da thac nguyén, tacéd q|1va p|2b-7 =q=1va p
€.

Hon nita, do q=1 nén p la nghiém nguyén cua (1) = p>+bp-7+2b=0.

Ma diéu nay l1a vé li do p?+bp—7+2b 1é = Diéu gia s 1a sai hay (1) khéng cé nghiém
hiru ti.

Céch 3: Dit b*-4.(2b-7)=a’*,ae N (*)

Néub 1 = VPIé =alé

Tir (*) > b2 -a? =4.(2b-7)

Via, b déu lé nén a* b®=1 (mod8)

=8|a*-b’

Ma 4.(2b—7) khong chia hét cho 8 (Do 2b-7 18).

= Mau thuan

Vay khi b 1a s6 nguyén 1¢é thi phuong trinh khong thé c6 nghiém hitu ti.
Cau 28. (Truong chuyén toan tinh Lao Cai nam 2023-2024)

Cho phuong trinh x? —(m—4)x—m—2=0, véi m 1a tham sb. Tim tat ca cac gia tri cia m dé
phuong trinh d cho c¢6 2 nghiém phan biét X1 , X2 thda man diéu kién:

\/W+xl(m—8—x1)=M+xz(m—xz).

Loi Giai
X? —(M—-4)x—m-2=0(1)
A':(m—4)2—4(—m—2):m2—8m+16+4m+8:m2—4m+24:(m—2)2+20>0,Vm
= Phuong trinh (1) c6 hai nghiém phan biét X1, X2 vai moi m.

X, +X,=m-4

Ap dung dinh Ii Vi-ét: {
XX, =—m-—2
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VX2 +2023 + X (M=8-X,) = /X, +2023 + X,(M—X,)
& X +2023 + X (X, + X, —4—X%) = /X,7 +2023 + X, (X, + X, —4—X,)
& X2 42023 — /X, +2023+ X, (X, —4) — %, (%, +4) =0
P X12_X22
JXC +2023+,/x,2 +2023
(X1_X2)(X1+X2)
X +2023 +/x,7 +2023

+ XX, —4X — XX, —4X, =0

—4(x +%,)=0

< (X +X,) %% =0(2)
X2 +2023 +/x,2 +2023

Tach VX H2023+%2 +2028 > \[x +x.7 =[x [ +[x,|

X1—X23|X1_X2|S|X1|+|X2|
X, — X, |X1|+|Xz|
in +2023 +4/x,> +2023 |X1|+|Xz|

%% -4<0
\/xi +2023+4/%,2 +2023

Qo x+x%=0m-4=0=m=4

Vay m =4.
Cau 29. (Truong chuyén toan tinh Long An 2023-2024)
Tim tit ca céc gia trj cia tham s6 m dé phuong trinh 2> — (2m — 1)z +m’ — 7 = 0 ¢0 hai
nghiém phan biét z,z, thoa man diéu kién 4z, + 3z, = 1.
Loi Giai
TacO A=—4m +29

Dé phuong trinh c6 hai nghiém phan biétthi A >0 < m < %

Theo h¢ thic Vi-éttacd: z, +z, =2m —1; z.0, =m’> -7

T +z,=2m—1 . =4 —6m
Taco:{ ' 2 !
4:1:1—1—3332: z2:8m—5
m =
.3, =m’ -7 13 (nhan).
m=—

49
Céu 30. (Truong chuyén toan tinh Long An 2023-2024)
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Giai phuong trinh x2—5x—|—2+(3—2x)\/x2 +z+2=0.
Loi Giai

<:>(\/:E2—I—x—|—2—2x)( x2+x+2+3):0

SN +r+2-20=0 (Vivz®+2+2+3>0Vz)

$3x2—x—220:x:1,a::—§

Thur lai va két luan nghiém cua phuong trinh da cho 1a z = 1.

Cau 31. (Truong chuyén toan tinh Nam Dinh 2023-2024)

1) Cho phuong trinh x* —(2m+1)x+4m-2=0 (1) (v6i m 1a tham sd).

a) Tim tat c gid tri cia m dé phuong trinh (1) c6 hai nghiém phan biét.

b) Goi x,, x, 1a hai nghiém phan bi¢t cia phuong trinh (1). Tim tat ca gid tri caa m dé
X,, X, 1a d6 dai hai canh caa mét hinh chit nhat c6 do dai duong chéo bang 13.

2) Giai phuong trinh 6v2x+5 +4y/x+2 =3x+20.

Loi Giai
1) Cho phuong trinh x* —(2m+1)x+4m-2=0 (1) (v6i m la tham s).
a) Tim tat ca gia tri ctia m d¢ phuong trinh (1) c6 hai nghiém phan biét.
Tacé A=(2m+1)° —4(4m-2)=4m* -12m+9
Phuong trinh (1) c6 hai nghiém phén biét khi va chi khi A>0<m ;tg.

b) Goi x,, x, 1a hai nghiém phan biét ctia phuong trinh (1). Tim tat c gid tri cia m dé
X,, X, 1a d6 dai hai canh caa mét hinh chit nhat c6 do dai duong chéo bang /13.
Véi m ;tg thi phuong trinh (1) c6 hai nghiém phan biét x=2,x=2m-1.

Vi x,, X, 1a d¢ dai hai canh cua mot hinh chr nhat nén 2m-1>0<m >%.

Tacd x2+x2 =13 22 +(2m-1)" =13 m* -m-2=0

m=-1(1)
c{mzz(tm)'
Vay m=2.

2) Giai phuong trinh 632x+5 +43/x +2 =3x+20.
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biéu kién: x>-2.
Phuong trinh tré thanh [(2x+5)—6\/2x+5 +9}+[(x+2)—4\/x+2+4]=0

Vay nghiém cua phuong trinh la x=2.

Cau 32. (Truong chuyén KHXH tinh Nam Dinh 2023-2024)

1)Cho phuong trinh x* —(2m+1)x+4m-2=0 (1) (véi m l1a tham sb).

a) Giai phuong trinh (1) v6i m=0.

b) Tim tat ca gi tri cia m dé phuong trinh (1) c6 hai nghiém x,, x, théa man x? + x? =13.
2) Giai phuong trinh Vx+1++/4—x =+/2x+9 .

1) Cho phuong trinh x* —(2m+1)x+4m-2=0 (1) (v6i m 13 tham sb).
a) Giai phuong trinh (1) véi m=0.

V6i m=0, phuong trinh (1) tr¢ thanh x*-x-2=0 c{ngl.
X =

b) Tim tat ca gi tri cia m dé phuong trinh (1) c6 hai nghiém x,, x, théa man x? + x? =13.
Tacd A=(2m+1)° —4(4m—2)=4m*~12m+9=(2m-3)° >0 Vm.

X, +X, =2m+1

Ap dung Viet {X1X2 4m_2

Taco x2+x2 =13 (% +%) —2x%, =13 (2m+1)’ -2(4m-2) =13 m? -m-2=0
l:mz—l(tm)
m=2(tm)

Vay m=-1, m=2.

2) Giai phuong trinh Vx+1++/4—x =+/2x+9 .

Diéu kién: —1<x<4.

Phuong trinh tro thanh < x+1+2,/(x+1)(4-X) +4—x=2x+9 < /(x+1)(4—X) =x+2

X>-2 X> -2
=S o
X +3X+4=X>+4X+4 2x°> +x=0
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Vay nghiém cua phuong trinh la x = —% , x=0.

Cau 33. (Truong chuyén todn PBC-Nghé An 2023-2024)

Giai phuong trinh X* —4x* +6x* —4x-3=0
Loi Giai

Ta bién dbi phuong trinh nhu sau
X' —4x*+6X° —4x-3=0< (X" —2x-1)(x* - 2x+3) =0
X" =2x=1=0 (vi X'~ 2x+3=(x-1) +2>2>0)

<:>Xe{l+\/§,l—\/§}

Nhu vay, tap nghiém cua phuong trinh da cho 1a S :{1+ \/E,l— \/E}

Cau 34. (Truong chuyén toan DH Vinh - Nghé An 2023-2024)

Giai phuong trinh X* —4x> +6x° —4x—-3=0
Loi Giai

Diéu kién x4c dinh: x> 0. Dt t =(x-1)+/x phuong trinh tr& thanh

X3 —2x? +x—5(x—1)\/§—6:0 = x(x—l)2 —5(x—1)\/;—6=0

S t?P-5t-6=0 < (t+1)(t-6)=0
Truong hop 1. t=-1suyra 0<x<1.Piat V/x =a (0<a<1), khido taco
(x-1)Vx=-1<a’-a+1=0 (vd ly a®+1-a>0),
Trudng hep 2. t=6. Dt Vx =a (a>0), khidé taco
(x-)Vx =6 =a*-a-6=0
& (a-2)(a*+2a+3)=0
ea=2 (via’+2a+3=(a+1)"+2>2>0)

< x=4 (thoa man diéu kién).

Vay tat ca cac nghiém thoa méan phuong trinh 1a x = 4.
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Cau 35. (Truong chuyén toan tinh Ninh Binh 2023-2024)
Giai phuong trinh (\/x +23 —x+ 7)(\/6 —X+ 2) =8

Loi Gidi

DPK:-7<x<6
Véidk trén thi Vx+23+x+7 20

Do d6 (*) & 16(\/6——x+2) =8(\/x+23—\/x+7)
PN 2(\/6——x+2) = Ix+23 -Jx+7
& x+23 =5 +/x+7 —3+2(2—J6——x)=0

X—2 + X—2 +9 X—2 -0

=
Vx+23+5  Ix+7+3  (2446-x)

1 1 2
+ +
NX+23+5 x+7+3 (2+«/6—x)

 x=2=0(do —— L 2

+ +
JX+23+5 Jx+7+3 (2+\/6—x)

< (X-2) =0

> 0)

< x =2 (t/m dk)
Vay PT da cho c6 nghiém duy nhat x =2
Céu 36. (Truong chuyén toan tinh Phu Tho 2023-2024)
Tim tat ca cac gia tri ciia tham s6 m d€ phuong trinh x* —2(m-1)x+m? —2m-8=0 c6 hai
nghiém phan biét x,,x, théa man x +6 = /x,.

Loi Giai

Phuong trinh (1) ¢c6 A'= [—(m —1):|2 —1.(m2 —-2m —8) =m’-2m+1-m*+2m+8=9>0 Vi
moi m = +/A' =9 =3 suy ra phwong trinh (1) ¢6 hai nghiém: m+2 va m—4.
X¢ét hai truong hop:

Truwong hop 1: x, =m+2;x, =m—4 dé x1+6=\/Z thi

m+2+6=+vm-4 (dk:m=>4)
=>m+8=+m-4

o mi+16m+64=m-4
< m’+15m+68=0 (2)

Phuong trinh (2) c6 A, =15 —4.1.68 = —47 < 0 suy ra phuong trinh(2) v6 nghiém

Truwong hop 2: x, =m—4;x, =m+2 dé x1+6:\/Zth‘|

m—-4+6=+m+2(dk:m=>-2)
oSm+2=Jm+2

.Q Lién hé tai liéu word toan SDT (zalo): 039.373.2038 20


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

o m+2(\/m 2—1):0

Vay me{-2;-1}

Cau 37. (Truong chuyén toan tinh Phu Yén 2023-2024)

Giai phuong trinh: (x —\/5)3 + (x + \/§)3+(\/§ ~J5- 2x)3=0
Loi Giai

Dit U=x-+/3, v=x++5, khi do \/§—J§—2x:—(u+v)

u+v=0
PTCP viét lai Ié\:u3+v3—(u+v)3 =0 3(u+v)uv=0<| u=0
v=0

(1):u+v=0<:>x—\/§+x+\/§=0c>x=\/§;\/g

(2Q:u=0<x=+3;3):v=0cx=-5

Vay tap nghiém cua phuong trinh la: S = {\/§ ; V5 \/3;4/5}

Céch 2: Pt a=x—-3+x++/5,c=+3-+/56-2x. Khi do:

a® +b® +¢® = 3abc ( chizng minh). Tur d6 ta c6 nghiém nhwe cach 1

Cau 38. (Truong chuyén toan tinh Phu Yén 2023-2024)

Cho phuong trinh ax’ +bx+c=0 (a=0), véia,b,clasé thucthéa 2a—b+c=0. Ching

minh rang phwong trinh luén cé 2 nghiém phan biét va 2 nghiém khdng thé déu duwong.
Loi Giai

Ta ¢6 biéu thirc: A = b? —4ac = b? —4a(b —2a)=(2a- b)2 +4a’>0,va =0, do do, phuwong

trinh ludn c6 2 nghiém phan biét.

x1+x2=—E
Gia sir 2 nghiém da cho la x,,x,.Theo dinh li Viét, ta c6 . a
Xlxzzg
s 4 b ¢ [
Tur gia thiet 2a—b+c:0:>E—g:2,dodo

—(X, X, ) = XX, = 2(%, +1)(X, +1) = =1(*). Néu 2 nghiém déu dwong thi (x, +1)(x, +1)>1,
mau thudn véi (*).

Vdy 2 nghiém cua phwong trinh khéng thé déu dwong.

Cau 39. (Truong chuyén toan tinh Qudng Ninh 2023-2024)

.Q Lién hé tai liéu word toan SDT (zalo): 039.373.2038 21


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

Giai phuong trinh X2 + X —6 = 3(x — 2)Vx + 1.

biéu kién: x>-1

Tacd X +Xx—6=3(x—2)Vx+1 < (x—2)(x+3)=3(x—2)v/x+1 =0

& (X=2)(x+3-3/x+1) =0 < x = 2 (théa man dk) hoac X+3-3/x+1=0
X+3-3/x+1=0< x+3=3/x+1 < x> =3x=0< X, =0;X, =3 (thoa man dk)
Tap nghiém cta phuong trinh 1a S = {O; 2;3} :

Cau 40. (Truong chuyén toan tinh Quang Tri 2023-2024)

Giai phurong trinh \/333 +1-— \/23; —-1=1.

Loi Gidi

A Pn 1
bieu kién z > 5

Taco 3z 4+1—-2r—1=13z+1=14+22—1

Binh phuong hai vé, rat gon, tadugC 22z —1 =z +1
2 r =

N2 -1l=z+1e4(22-1)=(s+1] &2’ —6r+5=0%
Vay phuong trinh co6 tap nghiém S = {1;5}
Céu 41. (Truong chuyén toan tinh Son La 2023-2024)
Giai phuong trinh: x* —4x++/x* —4x-5=7.

Loi Giai
x<-1

PK: x2—4x—520<:{
X>5

Phuong trinh di cho X* —4x—-5++/x* —4x-5-2=0
bit t =+x* —4x-5,(t>0) , ta duoc phuong trinh :

, t =1 (nhan)
t“"+t-2=0& .
t =-2(loai)
+Voit=1lcoJx* —4x-5=1< x> -4x-6=0
X =2+4/10 -
& " (thoa mén)
X=2-+10

Két luan: Vay phuong trinh c6 nghiém: x =2++/10.
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Cau 42. (Truong chuyén todan tinh Thdi Binh 2023-2024)
Giai phuong trinh: 3x* + x—6 = 4x(\/5x -6 —1)
Loi Giai

Pidu kién: x> g

2

Tir gid thiét ta c6: —x2 +5x—6 = 4x(BX—6 —X) > —x? +5x 6 = 4x, % +°2X—6

¢ ( ) V5X—6 + X
. 6 . . —x* +5x—6
Vi X > — nén phuong trinh tuvong duong: < (x-2)(x-3)|1-———|=0

g [ PIHOne gg()()(HmJ

Do d6 x =2 hoic x = 3 (thoa mén diéu kién) hodc: 3x =/5x—6 (*)
Giai phuong trinh (¥*): 9x* =5x — 6<:>x(x—gj+§_o(Vonghlemv1x>— >g)

Vay phuong trinh ¢6 nghiém x =2 vax =3
Céau 42. (Truong chuyén toan tinh Thanh Hoa 2023-2024)

Giai phuong trinh 2(3x + 1) + % =5v2x +7
Loi Giai
PK:x # 0; x =~

phuong trinh tré thanh 2x(3x + 1) + 7 = 5xv/2x + 7
& 6x2+2x+7=5x2x+7 (1)
Pitu=+V2x+7
Khi d6: phuong trinh (1) tré thanh 6x2 — 5xu + u? = 0
& (2x=u)(Bx—-u)=0
& u=2x hoacu=3x
THL1: Vé6i u = 2x ta dugc 2x = V2x + 7 (K x > 0)
S 4x:=2x+7
S 4x?—-2x—-7=0

Sx = 1”_ (TMDK)

TH2: Véiu = 3x ta dugc 3x = \/Zx +7 (PBKx =0)
S 9x2=2x+7

S 9x2—2x—-7=0
&x = 1(TMPK)

Vay S € {
Cau 43. (Trueong chuyén todn Quoc hoc Hué 2023-2024)

1+v29 1}
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a) Tim m d¢ phuong trinh x* —2(m-1)x—m?+2m-3=0 (x |2 4n s0) c6 hai nghiémx,, X,

thoa man /X2 +1—X, = /X2 +1+X,.

b) Giai phuong trinh 2(\/x +9 —3)(\/9—x +3) =9,
Loi Giai

a) Tac6 ac=—(m—1)" —2 <0, v&i moi m.

Suy ra phuong trinh Iuén c¢6 hai nghiém phan biét véi moi m.

Taco X; +1-x, = X2 +1+X, <:>\/x12+1—\/x§+1=x1+x2

X12 —Xg (X1 _Xz)(X1+X2)
&= —— =X +X, &
\/xl +1+\/x2+1
X, +X,=0

S 5 :
\/xl +1+\/x2 +1=X,-X,

=X, +X,
2 2
\/xl +1+\/x2 +1

THL: X, +X,=02(Mm-1)=0< m=1.
TH2: \/xf+1+\/x§+1=xl—x2 @(«/xf+1—x1)+(«/x§+1+x2)=0 (VO ly).
Vay m=1.

b) Giai phuong trinh Z(M— 3)(Jsa—_x+ 3) =9,

biéu kién: —9<x<9.

Taco (M—3)(Jﬂ+3)=§© 81— x° +3(\/x+9—\/9—x)—2—27:0.

Pit t=vx+9-+/9—-x, suy ra t>? =18—2+/81—x?, ta c6 phwong trinh

2 2
B 32 ge-tisd 0o _Lus-0ot-3.
2 2 2 T3 2

Véit=3,tac0 VX+9-vV9-Xx=3=/x+9=3+/9-x
S X+9=18—-X+64/9-X < 6/9-Xx =2x-9

9 9
X2 X>—
< 2 o 2 S X= % (théa man).

36(9 — x) = 4x*> —36x +81 4x* = 243
Vay S= {%} :

Cau 44. (Truong chuyén toan tinh Tién Giang 2023-2024)
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Giai phuong trinh 2x* +2x —1=3x+/2x —1.
Loi Giai

s 1
bieu kién: sz.

bat t =+/2x-1>0, phuong trinh da cho tré thanh

t=X

2x? +12 = 3xt < t? —3xt + 2x? :0<:>(t—x)(t—2x)=0<:>[t_zx

[EEN

A

Vi t=X,XZE nén V2x-1=x<2x-1=x*> < x=1.

V6i t=2x,X z% nén +/2x—1=2x < 2x—1=4x? < 4x? - 2x+1=0, phuong trinh vo
nghiémdo A'<0
Vay phuong trinh da cho c6 tap nghiém S = {1}.
Cau 45. (Truwong chuyén toan TP Ho Chi Minh 2023-2024)
Giai phuong trinh: x = % +24/x-2.
‘ Loi Gidi
bicu kién: x > 2. Phuong trinh da cho co6 thé duoc viét lai thanh

xz—x—5=2(x—1)(\/x—2),
Hay: (x—l)2 +(x=2)-2(x-1)vx-2 =4.
Mot cach tuong duong, ta co: (x—l—\/x—Z)2 =4,

Vi (x—l)z—(x—z):x2—3x+3>0 nén x—1—+/x—2>0. Ké& hop véi phuong trinh trén, ta
dugc x-1-+x-2=2,hay x-3=+/x-2.Turday, tasuyra x>3 va (x—3)2 =x-2.

Giai ra, ta duoc x= 7+2\/§
7+5
5
Cau 46. (Truong chuyén toan tinh Tuyén Quang 2023-2024)
Cho phuong trinh X* —4x* +m+2=0 (1), véi m |a tham sb.
a) Giai phuong trinh (1) khi m=-7.
b) Tim m dé phuong trinh (1) c6 4 nghiém phan biét x,X,, X,, X, théa man
1+1+1+1—2x1xxx
w2 g2 T2 2 T 27374
XX XX
Céau 47. (Truong chuyén toan tinh Vinh Long 2023-2024)

(théa man). Vay phuong trinh da cho c6 nghiém duy nhat
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Tim tat ca cac gia tri caa m dé phuong trinh x? —5x+3m+1=0 (x 12 4n, m 12 tham s6) c6 hai
nghiém phan biét x,,x, théa mén |x* —x;| =15.
Loi Giai

Phuong trinh c6 hai nghiém x,x, Khi A=5°-4(3m+1)>0< 21-12m >0 <:>m<£

X +X,=5
X, =3m+1

Ta co: |x1—x2|=\/(x1—x2) \/(x1+x ) —4xX, = /5" —4(3m+1) =/21-12m.
Theo y&u cau dé bai: [x7 — ;| =|(x +%,)(% =%, )| :|5 X, =X, )| =5|x —X,| =5v21-12m
Suy ra [x? — x| =15 < 5y21-12m =15 & V21-12m = 3

< 21-12m=9 < 12m =12 < m =1 (nhan). Vay m =1 la gié trj can tim.

Theo Vi-ét ta co: {

Cau 48. (Truong chuyén toan tinh Vinh Phic 2023-2024)

Giai cac phuong trinh sau:
1. (X=1)(x+2)(x+3)(x+6)=160

2. X*+3x+8=2(x+DVx+7
Loi Giai
1. (x=1)(x+2)(x+3)(x+6)=160

e [(x=1)(x+6)][(x+2)(x+3)]=160

<:>(x2 +5x—6)(x2 +5x+6):160
& (x2+5x) ~36=160 < (x*+5x) =196

x> +5x =14
=== o
x* +5x = —14(vd nghiem)

o (X+7)(x=2)=0 @{X;‘;

Vay phuong trinh c6 tap nghiém S = {2;,-7}
2. X*+3x+8=2(x+1)Vx+7 (*)

DKXD: x> -7
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(*) & (x+1)" +x+7-2(x+1)x+7 =0

<:(x+1—Jx+7f=0 o x+1l=Vx+7

Xx=>-1 x>1
= 2 = 2
XS+ 2X+1=X+7 X°+Xx-6=0

Xx>1
=S {x=—3 < x=2 (TM bKXD)
X=2

Vay phuong trinh co6 tap nghiém S = {2}
Céu 49. (Truong chuyén KHTN-Ha Noi 2023-2024)

Giai phuong trinh: 2x +1+ 2y4x2 + 6 = 44/5x — x?
Loi Giai
Diéu kién: 0< x <5 . Ta bién d6i phuong trinh thanh
X+ 24/ X/AX+6 + 4x+ 6 = 4x + 4/x[E-x +5—x
Str dung hing ding thire, ta thu dugc
(WX +/4x+6)? = (2v/x + /65— x)?
Suy ra vVx ++/4x+6 = 2J/x +/5-x (do tirng vé déu khong am), hay
Jax+6 =x +5-x

Binh phuong hai vé cua phuong trinh nay ta c6

4X+6=X+5-x+2,/x(5-x)
Hay 4x+1=2,/x(5-x). Tiép tuc hay Tiép tuc ta binh phuong hai vé voi diéu kién
4x+1>0 (dathoa man duoc)
16x* +8x +1=4x(5-x)
Giai phuong trinh trén ta thu dugc x = %Vé X = % (déu thoa man diéu kién).

1
!X:_
10

N |-

Vay, phuong trinh da cho c6 dung hai nghiém x =

Cau 50. (Truong chuyén Su pham-Ha Noi 2023-2024)
Cho phuong trinh x* —(2m-1)x—(m? +1) =0 (1) (m la tham s6). Chirng minh véi moi gia
tri cia m, phuong trinh (1) ludn c6 2 nghiém x,, x,.Tim hé thac lién hé gitra x;, x,5a0 cho
hé thirc do khong phu thugc vao m.

Loi Gidi
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x> —(2m+1)x—-(m*+1)=0
Cachésé a=1b=—(2m+1),c =—(m*+1)
Vi ac = —(m*+1) <0 nén phuong trinh (1) ludn c6 2 nghiém.

2
(x1+>;2 +1) N

Hé thuc lién hé khéng phu thudc vao m can tim 1a: x,.X, + 1=0
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= 4
= t =
CHUONG 4. HE PHUONG TRINH

Cau 1. (Truong chuyén tinh An Giang nam 2023-2024)

Giai hé phuong trinh {X * \/§y ~6-2V3
X+y=2
Léi gidi
{ x+/3y =6-243 (1)
X+y=2 (2)
Trir (1) va (2) theo vé ta duoc:

(\/§—1)y:4—2\/§=(\/§—1)2 = y=43-1

Thay vao (2) dugc X =2—y = 2—(J§—1) ~3-43.
Vay hé da cho c6 nghiém (x;y) = (3—J§;J§—1).

Cau 2. (Truong chuyén tinh Ba Ria Viing Tau nam 2023-2024)
2

y>—2x*—xy—y+2x=0
X -y-1l+x+y=1

Loi giai
yo—2x"—xy—y+2x=0 (1)

JXe—y-1+x+y=1 (2

y = 2X
y=1-x

Giai h¢ phuong trinh: {

bidu kién: x> —y—1>0. Xét hé pt: {

ta co: (1)<:>(y—2x)(y+x—1)=0<:{

* Truong hop 1: voi y = 2X thay vao (2), thu duogc:

X<l X<1

VX =2x-1=1-3x<={ ~ 3 <9073 (vd nghiém)
x> —2X—1=1-6X+9x? 8x?—4x+2=0

=1

X
* Truong hop 2: véi y =1— X thay vao (2), thu dugc: VX° +X—2 =0 {x

Vay tap nghiém cta hé pt da cho la: S={(1; 0) ;(-2 ; 3)}

Cau 3. (Trwong chuyén tinh Bic Giang nam 2023-2024)
X2 +X—2xy =2
+ X2 —4x%y = 4 - 4x%y?

4

Giai h¢ phuong trinh : {
X

Loi giai
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\, '
Et‘
{ X2+ X —2Xy =2 { X2 —2xy =2-X

X2 —2xy =2-x
=N
X4 +x2 —4x3y = 4— 4x2y? (x4 —4x3y+4x2y2)+x2 —4=0

(x2—2xy)2 +x2-4=0

{ ooxy—2-x X T2Y=2x()
= ), e x=0
(2-x)" —x*-4x=0 {x=2

+) v6i x = 0, thay vao (*) ta dugc 0 =2 (vo ly)
+) véi x = 2, thay vao (¥*) tadugcy =1
Vay hé phuong trinh c6 nghiém duy nhat (2;1)
Cau 4. (Truong chuyén tinh Yén Bai nam 2023-2024)

x(x+1)(x+3y)=20

Giai hé phuong trinh
 PRTonS {x2+2x+3y=12

Loi giai
{x(x+1)(x+3y):20<:> (X2+X)(X+3Y):20
X* +2x+3y =12 (x2+x)+(x+3y):12

2
X“+x=a ab =20
bat { { khi do a, b 1a nghiém ctua phuong trinh

=
Xx+3y=b a+b=12
) t=2
t*-12t+20=0< (t-2)(t-10)=0 <
t=10

Do do:

((a=2 [[x+x=2 {[X:—;v);;l

b=10 ||x+3y=10 X+oy=

S S _
{3.:10 {x2+x=10 )(::I'iT\/H
b:2 =
i i X+3y=2 ] X+3y =2

@(x;y)=(—z;4),(1;3),(‘1—2m;5+6m}[—1+2m;5_:ﬂ]

Cau 5. (Trwong chuyén tinh Bic Ninh ndm 2023-2024)

6X + 6y = 2023|xy|

Giai h¢ phuong trinh:
X —2y =3xy

Loi giai
6x + 6y = 2023|xy|

1
X —2y =3xy ®

Xét hé phuong trinh {
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0,8 5pp3 [1_2032 18
Néu xy > 0 thi (1) < 4 P 2005 (thoa mén xy > 0)
12, Tli_asT] o
y x 18 2032
6.8 o3 [L__2014
, X
Néu xy < 0 thi (1) <47 , >1’ (loai, vi khong théa man xy < 0)
I_f_3 Lo _ v
y X X 18

Néu xy = 0 thi tir (1) ta tinh dugc x =y = 0

\ (18 9
Vay hé phuong trinh (1) c6 ding 2 nghiém 12 (0; 0) va : .
ay hé phuong trinh (1) c6 dang 2 nghiém 1a (0; 0) (2005 2032j

CAu 6. (Truong chuyén tinh Bén Tre ndm 2023-2024)

9
X+y+—=—
Giai h¢ phuong trinh X
4 4y
X+y——=—-

X

Loi giai
Diéu kién xac dinh: x> +y®> #0

Taco

(2)<:>X+Y=X;‘;(X+y)<:>(x+y)():iz_ j:o

N X+y=0 o
izzl X==2
X
e V4i X =-vy, thay vao (1), ta dugc
1910 e
y y |y
e V4i x =2, thay vao (1), ta dugc
1
= =(T™
y+1=g—2:>2y2—5y+2:0:> y 2( )
y 2 y=2(TM)

Voi x = -2, thay vao(l), ta dugc y + L

= 2(T™M
—%+2:>2y2+5y+2:0:> y (™)

Vay hé phuong trinh c6 nghiém (X;y) € {(2; 2),(-2;-2), (2;1)(—2;—%)}
Cau 7. (Truong chuyén tinh Gia Lai nam 2023-2024)
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x(y+2)+2=>5y

Giai h¢ phuong trinh .
{(xy ~1)’+3(1-y)=0

Loi giai

+2)+2=5 +2x+2=5
Taco x0y )2 y2 = x);z x Y )
(xy—-1)"+3(1-y")=0 Xy =2xy+4 =3y

+ Vi y =0 thi hé v nghiém

2
x+2_x+%:5 x+—+2£=5
y y
+V6i y # 0 h¢ da cho tré thanh Yo = )
2 2)C 4 2 X
e I | FTa pr
y oy y y
a=x+—
5 y o a+2b=5 (1)
bat : Khi d6, hé tro thanh 5
bzﬁ a-6b=3 (2)
y

Te (1) tacé: a=5-2b (*)

N p=t
Thay (¥) vao (2) ta dugc 4b° —26h+22=0 < 11=> { hoic {2
) a= a=-6
3 _{x =1
x+==
. ja=3 y X+z=3 x2=3x+2=0 y=1
+ Vi & & X & =
b=1 X xX=y x=2
—=1 xX=y
y y=2
2 Ily 2
a=-6 [x+Z=-6 | Z24Z=6 (1) +12y+4=0 (3)
+ Vi 11 y < 4 & 11y
b= By x 11 11y x=—=
o x=—2
y 2 2
Phuong trinh (3) vo nghiém nén hé vé nghiém.
Vay (1;1), (2;2)1a nghiém cua hé phuong trinh.
Cau 8. (Truong chuyén tinh Binh Pinh nam 2023-2024)
3 3 _
Giai hé phuong trinh: Xy =1 (x,y €R).
(X+y)(4+3xy)=-2

Léi giai
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Et‘

o

3 3 3 _
Taco: X+y’ =7 o (X+y)” =3xy(x+y)=7
(X+y)(4+3xy)=-2 4(X+Yy)+3xy(x+y)=-2

Suyra (x+Yy)} +4(x+Yy)-5=0 < (x+y—l).[(x+ y)? +(X+ y)+5]:0 2)

2
Vi (x+y)2+(x+y)+5:(x+y+%J +%>O voi moi X, V.

X+y=1

Do d6 (2) < x+y=1,khidotaco {
Xy =-2

u=-1
= X,y la hai nghiém cua phuong trinh u> —u-2=0< L 5
Vay hé phuong trinh ¢6 nghiém 1a: (x;y) =(-1,2),(2;-1).
Cau 9. (Truong chuyén tinh Binh Phudc nam 2023-2024)
2x* +y*—3xy +7x-5y+6=0

4%% — Y2 +OX+9 = \[2X+ Y+ 2+ X+ 4y +1

Giai h¢ phuong trinh: {

Lai giai
Diéu kién: {ZX ty+220
X+4y+1>0.
Xét phuong trinh (1) 2X2+y* —3xy+7X-5y+6=0
< 2x* +(7-3y)x+y*-5y+6=0 *)
Ta xem (¥) 1a phuong trinh bac hai theo bién x. Biét thic
A, =(7-3y) -4-2:(y* -5y +6)=(y-1)".
Phuong trinh (*) c6 hai nghiém

_3y-7+y-1_

X= 4 =y-2 y=X+2
=

X_3y—7—(y—1)_y—3 y=2X+3.

- 4 2

+) Vi Y = X+ 2, thay vao phuong trinh (2) ta duoc:
3x2 +5X+5=/3x+4 ++/5x+9

& 83X +3x+| (x+2) =/3x+4 | +[ (x+3)-5x+9 | =0

X% + X . X% + X _o
X+2++/3X+4 X+3++/5x+9

= x(x+1){3+ L + . }=0 **)
X+2++/3x+4 Xx+3++/5x-9

<:>3(x2 +x)+

Lién hé tai liéu word toan SDT (zalo): 039.373.2038 5



https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

Gt;

a3 +420 4 )
Vi diéu kién & X>——,taco
5x+92>0 3
3+ 1 + 1 >0
X+2++3x+4 x+3++/5x-9

x=0 =>y=2

Dodé(**)@{
X=-1=y=1

JAX+5+/9x+13+3x=0
<:>(«/4x+5—1)+(\/9x+13—2)+3x+3=0
4(x+1) 9(x+1)
= + +
VAX+5+1 /9x+13+2

4 9
< (x+1 +
( )[\/4x+5+1 JOX+13+2

o 4x+5>0 5 )
Vi dicu kién = P _Z’ taco

3(x+1)=0

+ 3} =0 (***)

9x+13>0

4 9
+ +
JAX+5+1 /9x+13+2
Do dé (***) = x+1=0<x=-1=y=1

Véy h¢ phuong trinh da cho c6 hai nghiém (x;y) = {(0; 2),(—1;1)} .

3>0.

Cau 10. (Truong chuyén tinh Can Tho ndm 2023-2024)
Giai hé phuong trinh: {)2(;(2_;;/2_;3:()2/;);+ y=0
Loi gidi

{x3 —-y*-35=0

2x% —4x+3y*+9y=0
Nhan hai vé cua (2) véi 3 ta dugc:
3(2x2 —4x+3y+9y) =0 6x° —12x+9y* +27y=0
lay (1)—(3) ta duoc:
X —y®—35-6x*+12x-9y*—27y =0
< X2 —6x2 +12x 8-y —9y* —27y-27=0
S X3P 4322 -2 —y? —3y** —3y.3* -3 =0
<:>(x—2)3—(y+3)3 =0
<:>(x—2)3 :(y+3)3
S X-2=Yy+3
S X=Y+5

. Lién hé tai liéu word toan SDT (zalo): 039.373.2038 6


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

- (1) = (

Thay x=y+5 vao (4) taduoc:

X=y)(x*+xy+y?)=25

(y+5) +y(y+5)+y*=7
< ¥ +10y +25+y* +5y+y* =7
< 3y?+15y+18=0

y=-2
oo
O Véi y=-2,tacé x=3
O Véi y=-3,taco x=2
Vay nghiém cua hé la (3;-2) va (2;-3)
Cau 11. (Truong chuyén tinh Cao Bang niam 2023-2024)
x|+ y? =10

Giai hé phuong trinh: .
{2|x| -3y =-25

Loi giai
_ 2| +2y* =20 (1)
H¢é phuong trinh da cho tuwong duong véi hé sau:
2|x|-3y* =-25 (2)
Trir ting vé phuong trinh (2) va (1), ta dugc: 5y? =45 y?> =9 = y =43
Véi y = +3, thay vao phuong trinh (1), ta dugc |x|=1= x=+1

Vay tap nghiém ciia hé phuong trinh da cho 1a S ={(-1;3),(1;3),(-1;-3),(L;-3)}
Cau 12. (Truong chuyén tinh Pa Nang ndm 2023-2024)
(x*—y)Vx=2=x(y-x+2)

Giai h¢ phuong trinh
(y-1)(y—3x—3)=x>-3x+3-8Jx-2

Loi giai
Diéu kién: x> 2
Xét phuong trinh (1):

(X =y)Vx=2=x(y-x+2) = X’Vx=2-yx-2=xy-x(x-2)
= X*X=2-xy+X(X-2)-yJx-2=0= x(x\/x—Z—y)+ x—2(x\/x—2—y):0

= (x\/x—Z—y)(xh/x—ZJ:O: XAXx=2-y=0
>0 vi x22
= y=XJX—-2

Xét phuong trinh:

(y-1)(y—3x-3)=x* —3x+3-8Jx-2 = y* -3xy -4y +3x+3=x* —3x+3-8/x-2
= x*(x-2)-3VXx -2 —4x/x -2 - x* +6x+8/x-2 =0

= (x3—3x2+6x)—\/E(3x2+4x—8):0:> x3—3x(x—2)—\/ﬁ(3x2+4x—8)=0
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afz
Pit t =+/x—2 thi t? = x—2 va 4x -8 =4t?

(x3—3xt2)—t(3x2+4t2):0 = X} -3t -3t -4t} =0= (x—4t)(x2+tx+t2)=0

Ma X2+ tx + 12 :(x+%j2 +%t2 >0 (déu bing khong xay ra)

Ta dugc:

X=4t = x=4/x-2= x*=16(x-2) = x* -16x+32=0

X =842 : nhan

x:8+4\/§:>y:xm:<8+4\/§). 6+ (8+4\/§).(2+\/§):32+16\/§
X=8-4J2 =y =xJx-2 = (8-42) 6 -4V2 =(8-4V2).(2-2) =32-16V2
Xx=8+42 va{ X=8—4/2
y=32+16v2  |y=32-16V2

Cau 13. (Truong chuyén tinh Pak Lak ndm 2023-2024)

X° —6x° +13x—10— (X -y +2){/x—y+1=0

(3x* +18x—2xy + 6y — y*)y/x—y +6 —24x -8y =0.

3

Vay h¢ phuong trinh c6 hai nghiém : {

Giai hé phuong trinh sau {

Loi gidi
Xét phuong trinh X° —6x* +13x—10—(x—y+2)/x—y+1=0(1)

Piéu kién: x—y+1>0.
(1)<:>(x3—6x2 +12x—8)+(x—2):1/x—y+1(x—y+1)+«/x—y+1
<:>(x—2)3+(x—2):(«/x— y+1)3 +x-y+1(2).

u=x-2
pit { ,khi d6 (2) & u®+u=v:+v <:>(u—v)(u2+v2+uv+1)=0<:>u:v

V=4X-y+1

S JX—y+1l=x-2

Xét phuong trinh (3x2 +18x—2xy+6y—y2)w/x—y+6—24x—8y:0
<:>(3x2 —2xy —y? +18x+6y)\/x—y+6 —24x-8y=0
@[(3X2 —2xy—y*)+6(3x+ y)] X—y+6-8(3x+y)=0

< [(Bx+Yy)(x-y)+6(3x+Yy)[yx-y+6-8(3x+y)=0

< (3x+ y)[(\/x—y+6)3—8}=0<:>3x+y:0 (do x—y+120:>(,/x+ y+6)3—8>0)
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o o [Bx=-y 3x=-y
Ta 0 hé phuong trinh {m=x—2®{m=x—2
X=-y
C>i22—y c>{xz4+¢§<®{x=4+¢@
gxram0 | XT4TVIE ly=-12-3413
X>2

Cau 14. (Truong chuyén tinh Pong Nai nam 2023-2024)
. X*+y>=5
Giai h¢ phuong trinh
(x+1)(y+1)=6
Loi giai
Cach 1:
S*-2P=5

S+P=5

S=x+y .
bat . Hé phuong trinh tré thanh
P=xy

{52—2(5—s)=5 {sz+25—15=o (*)
= fe— .
P=5-S P=5-5

. o _|S=-5P=10
Phuong trinh (*) c6 A'=1°+1.15=16 nén .

S=3,P=2

S=-5
Voi {P 10 thi X, y la hai nghiém cta phuong trinh

X?+5X +10 =0 (phuong trinh v6 nghiém).

S=3
Voi {P 5 thi X, y la hai nghiém cta phuong trinh

X=1
X2—3X+2=0¢${X_2(Wa+b+c:1—3+2:0)
Vay hé phuong trinh c6 hai nghiém la (1; 2) va (2; 1) :

Cach 2:

X 5-X
Tu phuong trinh sausuyra X# -1, y#-1vay= 1
X+

2
. \ 5—X
Thé vao phuong trinh déu, ta duoc X° + (—:J =5.
X+
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=N x2(x+1)2 +(5—x)2 :5(x+1)2_

< xP+2x3-3x2-20x+20=0
o (x4 -2x° + 2x2)+(5x3 —15x2 +1Ox)+(10x2 —30x + 20) =0
<:>(x2—3x+2)(x2+5x+10)=0 '

2
& x5 =3x+2=0 (vi x2+5x+10=(x+gj +%>O vai moi X).
X=1l=>y=2
x=2=y=1

Cau 15. (Truong chuyén tinh Pong Thap nam 2023-2024)
x(3y+1)-y=3

Giai h¢ phuong trinh :
X +y+xy=3

Loi giai
x(3y+1)-y=3 [X-y+3xy=3
=
X2 +y +xy=3 (x—y) +3xy =3
u=x—
Dét{ y
V=Xy
[(u=0
[
Taeshe oo o [U3V=3 [urdv=3 3 Y=
[ uong trin = = = —
> PATOTE uz+3v=3  |u*-u=0 {U=0 u=1
u=1 VZE
i 3
u=0 ([x-y=0 =y=1
Vi = y = X=y .
v=1 xy =1 Xx=y=-1
u=1l [x-y=1 X:3+;,/§ x:3_g/£
Vi 2= 2 =héconghiém la hoac .
v=="T xy=2 ~3+4/33 ~3-4/33

Vay h¢ phuong trinh c6 4 nghiém (1; 1), (—1; —1), [ 5 5

3+«/§_—3+@J (3—@_—3—@}
6 1T 6 '

Cau 16. (Truong chuyén tinh Ha Nam nam 2023-2024)
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2\/X—1+£=4
Giai h¢ phuong trinh 1y .
VX-1-—=-1
y
Loi giai
Diéu kién xac dinh x>1y =0
1 2a+b=4
Pita=+/Xx—-1(a>0); b==" Hg tré thanh
y a-b=-1
a-1 X=2
& = 1.

Vay hé c6 mét nghiém (x;y) = (2;%]

Cau 17. (Truong chuyén todn tinh Ha Nam nam 2023-2024)
2x° +xy(2y —X) +2x* +6x=xy+y* +3y (1)
Y30 +y)+7 +[5x +5y+14 =4—y—x* (2)

Giai h¢ phuong trinh {

Loi giai
3(x*+y)+7>0
5x* +5y+14>0
Phuong trinh (1) twong duong véi

biéu kién: {

2X% +2xy? = X2y +2x° +6x =Xy + Yy + 3y
< (2x3 = xy) + (2xy? — y¥) + (2x* = xy) + (6x-3y) =0
< X2x—y) + Y2 (2x - y) + X(2x - y) +3(2x-y) =0
S X=X +y*+x+3)=0
<:>(2x—y)[(x+%)2+y2+1741]:0
&S 2x-y=0& y=2X
Thay y = 2X vao phuong trinh (2) ta dugc
V3X2 46X+ 7 +5x2 +10X +14 = 4— 2% — X°
& (V3% +6X+7 —2) + (v5X* +10x +14 —3) + (x° + 2x+1) = 0
3(x +1)? . 5(x +1)°

=
V3 +6X+7+2 5x2+10X+14 +3

+(x+1)°%=0
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Et‘

<:>(x+1)2{ 3 + > +1}—0
V32 +6X+7+2 /5x% +10x+14 +3
3 5

Vi +1> 0 nén phuong trinh twong duong véi

+
V32 4+6X+7+2 /5x*+10x+14+3

(x+1)° =0 x+1=0 x=-1=y=-2 (tm)

Vay hé phuong trinh c6 nghiém (X;y) = (-1,-2)

Cau 18. (Truong chuyén toan tin Ha Noi nam 2023-2024)
X+y+3xy=9

Giai h¢ phuong trinh { s 3
X*+y =9

Léi giai

Bt X+y =a;xy =b(a’ > 4b)

(
N { a+3b=9(1)
a’-3ab=9(2)

Tu(l) = a=9-3b = (9-30)’ -3(9-30b)b=9
= —27b° +252b? —756b + 729 =9 = —27b> + 252b* — 756b + 720 = 0

= b e{2;4;%}

THL: b=2 = a=3 = (x,y)e{(12);(21)}

TH2: b=4 = a=-3 (loaido a*>4b.)

TH3: bz% = a=-1(loai do a > 4b)

Tir cac truong hop trén = (x,y) € {(1,2);(2,1)} (Thir lai thoa mén)

Vay (xy) {(12);(22)}

Cau 19. (Truong chuyén toan Ha Tinh nam 2023-2024)
(x+2)(2-y)=8

J11-4(x—y) + x*y* +1=3xy.

Léi giai

Giai h¢ phuong trinh {

{x2+3x+1120
PK: &S X> -2

X+2>0

X2 +3X+11 =X+ 2 = 2= 2 = (X =1)? +5(X+2) —/Xx+2 = 2(x —1)

Xet x =—2 (khdng phai la nghi¢m)
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Xét X > —2 Chia hai vé phuong trinh cho~/X + 2 ta duoc: Qt£i+5—1 2(x-1) biat
Patons N x+2 Jx+2
Xx-1
t= ta dugc phuong trinh: Vt? +5 —1 = 2t
NX+2 P s
1
1 t>-=
2t+1>0 t>—— -
< AtP+5 2H&©{ 5 (241 2 & 2 zcﬂzg
5= 24 4t—4=0 t=-2t=7
2 x-1 2 Xx-1>0
Khi t = = ta duoc phuong trinh: =— S 2UX+2=3(x-1D) &
g PRSI 2 3 =1 {4(x+2)=9(x—1)2
x>1
NEE o (@x—“”ﬁ
9x? — 22x+1=0 :% 9
Vay phuong trinh c6 ding 1 nghiém X = %
Ch y: Hoc sinh ¢6 thé giai theo céch a=x-1
0 y: Hoc sinh cé thé giai theo cach: it
b=+vx+2=>0.
Cau 20. (Truong chuyén toan Hai Duwong nam 2023-2024)

Xy +2Xx+y=2

Giai hé phuong trinh:
* PRUORS {%L+W+2x+4y:3
Loi giai

o |(x+)(y+2)=4
H¢é phuong trinh da cho trd thanh )
(x+1)° +(y+2)" =8

_la=x+1 _|lab=4
bat tadwoché { , |

=4
ab—4 {ab (1)
at+b=4
sSila+b=4 < bea
atb=—4 {a_ (2)
a+b=-4
a=2 x=1
1
()@{bZZ {yzo
(a¢>a:—2:_x:—3
b=-2 y=-4
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'
&= -
fL Cau 21. (Truong chuyén toan Hdai Phong nam 2023-2024)
\N( x+1+\/§)=1
y+4Jy =x* +3x-3-2(x+1)Vx.

Loi gidi
PKXD: X >0; y>0.PT thir nhit < [y =Vx+1-vx (1).

PT thir hai <> (\/§+2)2 =(x+1—\/§)z.

+THL: [y +2 = x+1-/x = \Jy = x—/x —1. Két kop vsi (1):

Giai hé phuong trinh:

Xx>1

2

& Xx=3y =7-4/3 (tmdkxd).
X“=3x=0

\/x+1=x—1<:>{

+TH2: [y +2=—x—-1+/x (Vo Iy Vi \Jy +2>0;—x—1+/x <0).

Vay x=3;y=7—4x/§.

Cau 22. (Truwong chuyén todn Hoa Binh nam 2023-2024)
X+my=3m-3
mx+y=2m-2
phuong trinh c6 nghiém duy nhét (X;Y), trong d6 X;y la cac s6 nguyeén.

Cho hé phuong trinh: { (m 1a tham s6). Tim céc gié tri nguyén cuia m dé hé

Loi giai
X+my=3m-3 - X+my=3m-3
mx+y=2m-2 (m? -1)x =2m? —-5m+3

Dé hé phuong trinh c6 nghiém duy nhat thi m?> =120 < m = +1

,_2m-3_, 5

m+1 m+1
5

m+1

Suy ra hé phuong trinh c6 nghiém duy nhat 1a

Vi m nguyén dé hé phuong trinh c6 nghiém duy nhat 1a cac s6 nguyén thi m + 1 phai 13 u6c cua 5
= m+1le{l-15-5}

= me{0;-2;4,-6}(TM).

Cau 23. (Truong chuyén todn Hoa Binh nam 2023-2024)
(2-x)V1-x-y\Jy-1=0
IX+2+y+1=3

Giai h¢ phuong trinh: {

Loi giai
bKXb: x<ly>1
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£
’L D)o @-X)VI-Xx—(y-DJy-1+V1-x—/y-1=0

bit V1-x =u (U>0); \Jy—1=t (t >0) ta dugc phuong trinh:
u-t=0
wB-tP+u-t=0< U-t)(U2+ut+t2+1)=0<
u?+ut+t>+1=0
S U-t=0=21-x=y-1<x=2-Y.
Tu (2)suyra \J4—y +./y+1=3 (DKXD: 1< y<4)
=5+2J(@d-y)(y+]) =9 J4+3y-y? =2=3y-y?=0
{yzO (KTM)

y=3(TM)
Vay hé c6 nghiém (x;y) = (-13).

Cau 24. (Truong chuyén toan todn Hung Yén nam 2023-2024)
2 2 _
Giai hé phuong trinh X +2y +;(+ y=8
2X°+ Yy -3xy+3x—-2y+1=0

Loi gia
) {x2+y2 +x+y=8(1)
' 2

2x% +y? —3xy +3x -2y +1=0(
(2) & 2x2 +3(1-y)x+(y-1)" =0 & (x+1-y)(2x+1-y) =0

X=-2=Yy=-3

y-1 y=2x+1:>(1)<:>x2+(2x+1)2+x+2x+1=8<:> 3 11

= 2 = 5 5
x=y-1 x=Ly=2
y y=x+1:>(1)©x2+(x+1)2+x+x+1=8<:>2x2+4x—6:0<:{ 3y ,

R )

Cau 25. (Truong chuyén todn Lai Chau nam 2023-2024)

X +y*+x+y=8 (1)

2x* +y? =3xy +3x—2y+1=0 (2)
Loi giai

Giai h¢ phuong trinh {

X*+y?+x+y=8 (1)
2x* +y* =3xy +3x—2y+1=0 (2)

X +y +X+y=8
X—y+1=0 =
2x—-y+1=0 {

x2+y2+x+y=8(*)

X +y +X+y=8 X-y+1=0

g 1)(2 1 —0<:> 24 y?
(x—y+1)(2x—-y+1)= x> +y +x+y:8(**)

2X-y+1=0
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x=y-1 {
2 2 — Xx=v—-1 -2
Giai (*) Xy ey 8<:> zy olfy=2 < y
X—y+1=0 2y’ =8 {x:—B
y=-2
[ly=-2
y=2x+1
2
Giii (**) x2+y2+x+y:8<:> X* +(2x+1) +x+2x+1:8<:> 5x2+7x—6:0© (3
2X—-y+1=0 y=2x+1 y=2x+1 5
X=-2
(.3
X=—=
5
, L
< 5
X=-2
y=-3

Vay h¢ phuong trinh da cho c6 4 nghiém (1,2);(-3;-2);(-2; —3);(%:%j

Cau 26. (Truong chuyén Nam Dinh nam 2023-2024)
Jax? +3-2,Jy = \Jy? +3-22x
VX+1+43-X=2+,/y+3-X°

Léi giai

Giai h¢ phuong trinh {

0<x<3
piéu kién: {y>0
y+3-x*>0

Phuong trinh (1) tré thanh v4x? +3 —\y? +3+24/2x -2,y =0

(\/ﬂ+\/§)(2x+y) B B
@(\/ﬂ—ﬁ) x/4x2+3+\/y2+3 +2|=0cy=2x.

Thay vao phuong trinh (2) ta dugc

VX+14+/3-X=2+/2x+3-X%°
2_
Pit t =vX+1++v3—-X = 2x+3-X? L > 4

t=0
t=2

2
Khidét=2+t 4

<:>t2—2t=0<:>[

V6i t=0 ta duoc VX+1++3-x=0(vn).
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x==1(I
Véi t=2 taduge VX+1+v3-x =2 /(x+1)(3-x) =0 ( )
x =3(tm)
Véi x=3=y=6.
Vay nghiém cua hé phuong trinh 1a (X;y)=(3;6).
Cau 27. (Truong chuyén toan todn Nam BPinh nam 2023-2024)
Xy =Xy +X—y+2
Giai h¢ phuong trinh § | 3y y y
X +y =y(x+y+4)+x
Loi giai
X2 —xy+y =x—y+2 (1)

Hé phuong trinh

Thé (1) va (2) tadugc: (x+y)(X—y+2)=xy +y> + 4y + X

<:>x2_xy—2y2+x—2y:0<:>(x—2y)(x+y+1):0<:{x)i:_)2/{1
Vai x =2y, thay vao (1) ta c6:
y=1
4y -2y* +y =y+2 3y —y-2=0< 2
=73
Khido (x;y)=(2;1) va (x;y) = (—%;—%
Véi x = -y —1, thé vao (1) ta duoc:
y=0
(y+1)2+(y+1)y+y2:—y—l—y+2<:>3y2+5y:0<:> 5
Y=3
Khi d6 (x;y)=(-10) va x; y)=(§;§j.

Vay hé da cho c6 4 nghiém (x;y) =e {(2;1),(—5;—5) (-1,0), (?5)}
Cau 28. (Truong chuyén todan chung Nam Dinh nam 2023-2024)
Jax+5+2x = \/m +y

Ix+1++3=x=2+ m .

Loi giai

Giai h¢ phuong trinh {

-1<x<3

biéu kién: 1y = -5

y+3-x>>0

Phuong trinh (1) trd thanh (\/4x+5 —\/2y+5)+(2x— y)=0
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< 4
Eti‘b
< (2x-y) 2

VAX+5+4/2y +5
Thay vao phuong trinh (2) ta duoc

VX+1+43-X=2+2X+3-X°
2_
Dit t =Vx+1++/3-x =~2x+3-x° ! 5 4

2

+1J=0<:> y =2X.

t=0
t=2

V6i t=0 ta duoc VX+1++/3-x=0(vn).

Khid(’)t:2+t

<:>t2—2t:0<:{

Voi t=2 tadugc Vx+1+43-x =2 J(x+1)(3-x) =0 = X:_l(tm).
x=3(tm)

Voi x=-1=y=-2.

Véi x=3=y=6.

Vay nghiém cua hé phuong trinh 1a (-1,-2), (3;6).

Cau 29. (Truong chuyén toan Phan B Chdu — Nghé An nam 2023-2024)

2X — X+ Y =+/2y = X* +2X
(2—«/x+ y)\/x2+4:2\/§x

Léi giai

Giai h¢ phuong trinh

biéu kién xac dinh: X+y > 0,2y — x> +2x >0

Truéc hét ta c6 bién doi sau
ZX—W:MQ(ZX—W)Z=2y—XZ+2x
S A% — XX+ y + X+ Yy =2y —x* +2X
& 5X% —dxx+y —(x+y)=0
<:>5x(x—\/x+ y)+\/x+ y(x—\/m)zo
o e )= )0

Luc nay, ta xét hai truong hop sau

o Truong hop 1. X—/X+y =0suyra x=4/x+Yy(x>0)

Thay vao phuong trinh thir hai cua hé, ta duoc

(2=x)Vx* +4 =2\/§x<:>(2—x)2(x2 +4)=12x2
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N (x2 —4x+4)(x2 +4)=12x2

<X+ AP — A3 —16X + 4x% +16 =12%°
o x4 —4x* -16x+16=0

c>(x2 +2x+2)(x2 —6x+4)=0

<:>x2—6x+4=0(v‘| x2+2x+2=(x+1)2+1>1>0)

< xe{3-+5,3+5|
Pé y didu kien 0< X <2 nén Xx=3++/5 loaisuyra x=3—-+/5

Khi do, thay vio bidu thirc ta dugc 3— /5 =+/3—+/5+Y suyra y=11-55

Thur lai, ta thdy nghiém trén thoa mén

o Truong hop 2. 5X+/X+y =0 suyra \/x+y =—-5x(x<0)

Thay vao phwong trinh dau caa hé, ta cd

TX =42y — x> +2X

Tir day két hop X <0 suyra X =Yy =0. Thir lai, ta thay nghiém trén khong thoa
Nhu vay, tat ca cac nghiém cia hé phuong trinh Ia (X, y):{3 ~5,11- 5\/5}

Cau 30. (Truwong chuyén toan Vinh — Nghé An nam 2023-2024)
5X +y = x*y* —15

Giai hé phuong trinh y y
2x +3y =3x’y* —~13xy —6

Loi giai
5 . 5X+Yy =x’y* -15 ()]
Ta dat phuong trinh nhu sau
2x +3y =3x%*y* —-13xy -6 (2).
Truong hop 1. Néu x =0 thi —=15=y =-2 vé Iy nén truong hop nay vé nghiém.
Truong hop 2. Néu x =0, ta ¢ bién doi nhu sau
(1).3-(2) ©13x =13xy -39 & xy=x+3 <y =1+§
X
X 3 . ) .
The y=1+ ~ Vo phuong trinh (1), ta c6

5x+1+§:(x+3)2 -15 <:>5x2+x+3=x(x2+6x+9)—15x
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S x3+x2-7x-3=0

<:>(x+3)(x2 —2x—1):0

<:>Xe{—3;1+\/§;1—\/§}.
X s 3
Neéu x =-3 thi y:1+;=0.
Néu x =1++/2 thi y=1+§=—2+3x/§.
X

Néu x =1—+/2 thi y:1+§:—2—3x/§.
X

Vay tit ca cac nghiém (x; ) thoa man 12 (=3;0);(1++2,-2+3V2};(1-v2,-2-3V2).

Cau 31. (Truong chuyén todn Ninh Binh nam 2023-2024)
1 1 9

X+Yy+—+—=—
y Xy 2

33l

Loi giai

3
_+_

Giai h¢ phuong trinh 9
4 2(

bK:x#0;y=0

bata= x+l b= y+1
y X

ath=2 (1)
HPT da cho tro thanh { 2
—+-a=ab (2)

4 2
Tu(1):b= %—a. Thay vao (2):
422 :a(%_aj < 9+6a=2a(9-2a)
& 4a2-12a+9=0 <(2a-3)" =0

& 2a-3=0 <:>a:g =b=3

1 3

X+ ===
w [
y+%=3 yris (4)

= y =2x. Thay vao (4):
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1
2X°-3x+1=0 < 1
2

x=1->y=2
X=% —>y=1 (t/m dk)

Vay (x;y) ¢ {(1; 2); 61}

Cau 32. (Truong chuyén todn Phii Tho nam 2023-2024)

Gidi he 2\/x-3y =16-3x+9y (1)
al Nne
" |29x=3+/y+3=5y+1(2)

(x;y eR)

Loi giai
X>3
Piéu kién: {y>-3
X >3y
bat \/x -3y =t >0 thay vao (1) ta dugc

t=2

2t:16—3t2<:>9t2+6t+1:49<:>(3t+1)2=72<:> 8. .
t:?(loal)

V6i t=2= x—2y =4 thay vao (2) ta dugc 2,3y +1+./y+3 =5y +1 (3) BK yz%l

Suyra 4y-2/3y+1+y+1-,/y+3=0
16y2—12y—4+ yi4+y—2

= =0
4y +23y+1  y+1+,y+3
<:>4(4y+1)(y—1)+(y+2)(y—1):0
4y +23y+1  y+1+,y+3
4(4y+1 2
(4y+1) 0+2) gyt

it 4y+2\/3yﬁJr y+1+\/m
viyz2)
Try=1l=>x=7
Vay nghiém cua h¢ la (x;y) =(7;1)
Cau 33. (Truong chuyén todan Phii Tho nim 2023-2024)
2(x+mzl—y+\/m
y? —2(x—2)=3\/(y+1)(y2 +2x)

Loi giai

Giai hé phuong trinh (x,y eR).
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:E 2(x+\/x2—x+1):1—y+\/m (1)

v ~2(x=2)=3(y+2)(y" +2x) (2)

Tt phuong trinh (1)

= (2x+ y—1):\/y2+3—2\/x2—x+1

1

@(2“3"1):[3’2+3_4(X2_X+1)J'\/y2+3+2\/x2—x+1

1
.\/y2+3+2\/x2—x+1
1
Y2342 —x+1
) 1
.\/y2 +3+ 20X —x+1

< (2x+ y—l):[y2 +3—4(x2 —x+1)}

< (2x+y-1) =[y2 —(2x—1)2}

< (2x+y-1)=(y-2x+1).(y+2x-1

_ 2x+y-1=0
< (2x+y-1) y-2x+1 —1}:0@[

JY2+3+20x% —x+1 y—2x+1=4y? +3+2Jx’ —x+1

+) Truwong hop 1: 2x+ Yy —-1=0= 2x =-Yy +1 thay vao phuong trinh (2) ta dugc

2) <y -1+ y+4:3\/(y+1(y2 —y+l) ey -y +l+ 2y+2:3\/(y+1)(y2 —y+1)

bita=y+Lb=y*-y+1=2a’-3ab+b’ =0« (a-b)(2a-b)=0

y—0:>x—l
Véia=b=y+l=y’—y+les y? —2y =0 21
y=2:>x:—E

\/173+3:> _J13-1
4

~J13+3 J13-5

= > X=—"
2 4

Véi 2a=b=2y+2=y*-y+ley" -3y-1=-0<

+) Truong hop 2: y—2x+1=\/y2+3 +2UX° =x+1 DK y-2x+1>0

Binh phuong hai vé ta duoc

(y—2x+1)" = y? +3=4(x’ —x+1)+4\/(y2 +3)(x* —x+1)

& Y2 HAXE +1-Axy —Ax+2y = Y2 +4X2 —4x+7+4\/(y2 +3)(x* —x+1)
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o —4x+2y—6:4\/(y2 £3)(x —x+1) (3)

Piéu kién: y > 2x+3
Binh phwong hai vé cua (3) ta duoc
(-2x* + y—3)2 =4y +3)(x* -x+1)
S 4X2 + Y2 +9—4Axy +12X -6y = 4x*y? —4xy® +4y® +12x° —12x +12
= 3(4x2 +y? +1—4xy—4x+2y) =0
<:>(2x—y—1)2 =0
< 2x-y-1=0

S 2x=y+1
Két hop voi diéu kién y > 2x +3

Taco 2x=y+1>2x+4 < 0>4 (v li)

Vay hé da cho c6 4 nghiém

e[ ) r )

Cau 34. (Truong chuyén todn Phl Yén nam 2023-2024)
3 3 3
Giai hé phuong trinh ()" +(x+vB) +(v3-+B-2x) =0
3xy® =y* +2
Lo giai
(xy)3 +3xy° +2=6y* (1)
By =y 2)

2

Uu=X ~
Dét{v Y Déthiyy=0. Ti(2) suy ra3xy = Y2 >0, do do ta ludn c6 u> 0,v > 0(3)
y

2

u’+3uv+2=06v(4)

Ta cé hé phuong trinh maéi:
7P 8 {3UV =V+2 (5)

u® +4
5

Thé (5) va (4) ta dugc: v = (6)

Thé (6) vao (5) ta duoc:
3u*-u’+12u-14=0 < (u-1)(3u’ +2u’+2u +14) = 0(7)
Déi chiéu vai diéu kien(3) thi 3u® +2u? + 2u +14 > 0 nén(7) cd nghiém u =1

Voi u=1,tr(6)suyrav=1hay y’ =1l y=+1=x=+1.
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Cau 35. (Truong chuyén toan Quang Ninh nam 2023-2024)
X2 —2X—xy+y+1=0

X2 +3X—+/y2 +5x-1-2=0

Loi giai

Giai hé phuong trinh {

X2 —2X-xy+y+1=0 (x-D(x-1-y)=0< x=1 hoac y =x-1

V6i X =1 ta c6 phuong trinh \/m=2<:> y=0

V6i y = x—1 ta c6 phuong trinh X° +3X—\/ﬁ3)(—220

Pat t =+/x? +3x, >0, pttro thanh t2 —t—2 =0 <> t, =1 (loai), t = 2 (théa mén)
Véi t =2 tadugc X° +3x—4=0<x =1 X, =4,

Vay hé phuong trinh ¢6 hai nghiém 1a (1;0);(—4;-5).

Cau 36. (Truong chuyén todn Qudng Tri nim 2023-2024)

T+y—ry =3

Je+1+Jy+1=3

Giai hé phuong trinh
Loi giai

(S? > 4P) hé phuong trinh da cho tr¢ thanh:

zy >0 S=z+
Y bt {P y
=2y

Diéu kién: { -

Ty >—1"
s—JP=3
S+2+20S+P+1=9

2
S+242JS4P41=0 P=(s-3)

2
2S5 +(S-3) +1=7-8

S > 3;
[5—5—3

2\/S+(S—3)Q+1:7—S:>4(82—55’+10):49—14S+52
S=—1

352 —6S—-9=0
& Slg_ g

o ) S=3 r+y=3
Thu lai thay S = 3 théa man. Khi do ta dugc & .
P=0 zy =0
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Giai ra ta duoC tap nghiém cia hé S = {(0;3);(3;0)}.

Cau 37. (Truong chuyén toan Son La nam 2023-2024)
X2+ Xy —2y* = X+2y

X +2X°y=x+y° -1

Giai hé phuong trinh: {
Loi gidi
Tac6: { x: + xyz— 2y22= X-|2-2y (1)
X +2x°y =x*+y? -1 (2)
(1) & x*+(y-1)x-2y*-2y=0
A=y2—2y+1+8y2+8y=9y2+6y+1=(3y+1)2

2
1-y-3y-1_
2

+V6i x =y +1 thé vao (2) ta duoc:

+1
Phuong trinh (1) <

X -2y

x3+2x2(x—1)=x2 +(x—1)2 “lex+2x3 —2x2 =x2 + x> -2x+1-1
Xx=0=>y=-1

3 —4x* +2x=0
< " c{ 3x* —4x+2 =0 (vonghiem)

+Véi x = -2y thé vao (2) ta duoc:

-8y? +2(_2y)2.y:4y2 1y -1 5y’ =l y=i§:> X=—2(1§J
Két luan: hé phuong trinh c6 3 nghiém phan biét: (x;y) = {(0;_1){—25\/5 ; ? }[2\5/6 ; _;/E j}

Cau 38. (Truong chuyén toan Thai Binh nam 2023-2024)

Giai hé phuong trinh { X —xy -6y =0
(x+y)(x+2y)=3(xy+2)
Loi giai
x} —xy? -6y =0 (1)
{(x+ y)(x+2y)=3(xy+2) (2)

Xeét (2): (x+Yy)(x+2y)=3(xy+2) & x* +2y* =6
Tu (1): x® —xy® — y(x2 +2y2)=0<:> XX —xy? —yx?-2y* =0
& (x=2y)(X* +xy+y*)=0
Ta dé ¥ (x, y) = (0,0) khong 1a nghiém ctia hé
2
do d6 X* +xy+Vy° =[x+%J +%y2 >0.

Viy Xx=2y=6y* =6=y=1=1
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Néu y = -1= x =—2(Thtr lai thoa man)
Vay (x,y) =(2,1) va (x,y) = (—2,—1) 1a nghiém cuia h¢.
Cau 39. (Truong chuyén todn Thanh Hoa nam 2023-2024)

x> -y —3y* +3x-6y-4=0

2

X°=3X—-2y+,/3x+y+5=0

Giai h¢ phuong trinh {
Léi giai
Tur Phuong trinh (1) ta cd x* +3x =y +3y* +6y+4
& x* +3x =(y+1)3 +3(y+1) (3)
bitu=y+1
Phuong trinh (3) tré thanh x® +3x =u® +3u
s x*+3x-u®-3u=0

SX=-u)(x*+xu+u*+3)=0
2
Do x2+xu+u2+3:(x+%j +%u2+3>0 VG moi u, X

Khidox-u=0=>x=u=y+1=>y=1-x Thay vao (2)ta dugc
x> =X +2+2Jx+1=0(HK x> -1)
& XF—4x+4—-(x+1)+2Jx+1-1=0

@ (x-2) =(Vx+1-1)

o | X—2=4/x+1-1
| X=2=—/x+1+1

o | X=1=+x+1
|3—-x=—/x+1

TH1: x-1=+/x+1(PK x >1)

& xP=2x+1=x+1

< X =0(Loai) hodac x =3 (TMbK) =>y =-2
TH2: 3-x=/x+1(PK x <3)

& xP—6x+9=x+1

& x2-Tx+8=0
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t
X = 7_‘/E(TMJDK) =y= V175
o 2 2
= 7+\/E(Loai)

2

2

7—\/1_7_\/17—5J
S

Vay nghiém cua hé pt (x, y) = (3; - 2); (

Cau 40. (Truong chuyén todn Thira Thién Hué nam 2023-2024)

JX=2y-3+2y*+4y=0

Giai hé phuong trinh
X?+1=xy

Loi giai

D& thdy X =0 khong thoa (2) nén (2) < y =X+ 1 Thay vao (1), ta dugc
X

2
‘/—x—£—3+2(x+£] +4(x+1]=0
X X X

= —x—3—3+2(x2+2x+1)+2(i2+3+1j:0
X X2 X

2 2 1 .Y
= —x———3+2(x+1) +2| =+1| =0
X X

< —x—£—3=x+1=£+1=0
X X
< X =-1
Véi x=-1,tasuyray=-2.
Vay hé pt da cho ¢6 nghiém duy nhat (x;y) = (-1,-2).
CAu 41. (Truong chuyén toan Tién Giang ndm 2023-2024)
. 3x® =2x+4 1
Giai h¢ phuong trinh s 3 Y (1)
2x° +y’ =3x+3y (2)
Loi giai
L4y phuong trinh (1) trir phuong trinh (2) vé theo vé ta duoc

X} —y? =—x+y<:>(x—y)(x2+xy+ y2)+x—y:0
2
& (x=y)(X* +xy+y +1)=0=x=y do ¥’ +xy+y2+1:(x+%j +3%+1>0,VX,y

x=0
Thay y = x vao phuong trinh (1), ta duoc 3x° = 6x <
y'y phuong (1) . L=i\/§-
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Vay tap nghiém cua hé phuong trinh da chola S = {(0;); (V2;32;(—2; —\/E} :

CAu 42. (Truong chuyén todn TP Ho Chi Minh ndm 2023-2024)
9y +49
Giai h¢ phuong trinh: { X+Y
xx + Yy = 7(x +4fy)
Lai giai
Piéu kién: x>0,y>0va x+y =0.Véichly

X x+y\/§=(\/§+\/§)(x+ y—\/@).
Va \/x +.Jy >0, phuong trinh tht hai cua hé ¢6 thé duoc viét lai thanh
X+Yy —\/W =7. ()
Phuong trinh tht nhit cua hé c6 thé duoc viét lai thanh 9y + 49+ (x+y)* = 23(x+y), hay
9(7+ xy—x)+49+(\/ﬁ+7)2 :23(\/@+7).

Sau khi thu gon, ta dugc x(y—9)=0. Tirdé x=0 hodc y=9.. Két hgp véi (1), ta tim duoc cc
nghiém (x;y) cua hé phuong trinh da cho 1a (0, 7), *1, 9) va (4, 9).

+X+y=23

Cau 43. (Truong chuyén todn Vinh Long nam 2023-2024)

X_y_5
Giai h¢ phuong trinh {1 y x 6.
X’ —y? =5

Loi giai
Diéu kién: x = 0;y = 0.

Hé phuong trinh da cho tuong duong voi:

X 6 &
Xz_yy2= X*—y*=5 (2)
2 _
e g5-0e| X0 ()
x*=—4 ()
Voi x2:9<:{x:3:>y:2
X=-3=>y=-2

Vay nghiém cua hé phuong trinh 1a (3;2); (-3;-2).
Cau 44. (Truong chuyén todn Vinh Phiic nam 2023-2024)

X+2y 6

X+Y+
Giai hé phuong trinh: <
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Loi giai
DKXD: x,y=0
1
X+y+1+g:6 X+—+y+—=6
y X X y
(e < 2
1 4 2\ 1
X +y + =14 (x+—) +(y+—} =20
y- X X y
Dﬁx+2=&y+1=b
X y
Tac6ha) Atb=6 a+b=6
acohé =
" ]a?+b* =20 7 |(a-b)’ =2(a*+b*)-(a+b) =4
a+b==6
a=4b=2
<<l a-b=2 <
[ a=2b=4
a-b=-2
x+2—4
£_ - _ _
e a=4b=2=> X = i 4x+2 Oc{} 2i\/E('I'MDK)
y+1—2 y?-2y+1=0 y=1
y
X+ =2 X +2x+2=0
) a=2b=4= s , ~ ~(v6 nghiem)
4 y°—-4y+1=0

y+==
y

Vay hé phuong trinh ¢6 nghiém (x,y)= {(2 + x/E;l),(Z —\/5;1)}

Cau 45. (Truong chuyén todn Khoa hoc ty nhién nam 2023-2024)

Giai hé phuong trinh xy(x+y) =30

lal n¢ phuong trin

¢ P g X +y® =30+/x+y+120
Loi giai

bat S=x+y,P=xy .Taco x° +y° =(x+y)’ —3xy(x+y)=5>-3SP
SP =30
S®-3SP =30+%/S +120

Thay SP = 30 vao phwong trinh thir hai ta c6 S* =120+ 3/S +120

Khi d6 hé phuong trinh trg thanh {
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Néu S >3/S+120 thiS®>S+120,suyra S*+S>(S+120)+3/S+120 loai.
Néu S <¥/S+120 thiS®<S+120 suyra S°+S <(S+120)+3/S +120 loai.

Nhu vay tacd S =3/S+120,hayS® —S—120  Giai phuong trinh ta thu dugc S = 5 khi d6

30

X =5
P_?=6.Vaytacé{ Y

Xy =6
Theo Vi-ét dao thi x,y la hai nghiém ctia phuong trinh x> —5x+6 =0
Giai phuong trinh ta dwoc (X,y)=(2,3),(3,2).
Vay hé da cho c6 hai nghiém (x,y) 1a (2,3) va (3,2)
Cau 46. (Truwong chuyén toan su pham nam 2023-2024)

A s A A X A . 2xy —x =10
Tim cac cap so nguyén (x, y) la nghiém caa hé phuong trinh

X+y+xy=12
Loi giai
Bang cac phép bién d6i ta duoc hé phuong trinh sau
2xy —x =10 x(2y-1)=10
4 o (2y-1) (1)
X+Yy+xy=12 (x+1)(y+1)=12

Vi 2,y nguyén nén x , 2y - 1 nguyén do d6 2y - 1 1a wéc 1é caa 10. Ta xét cac treong hop sau.

2y-1=1suyray=1vax=10 thay vao (1) khdng thoa man.

2y -1=-1suyray=0vax=-10 thay vao (1) ta thay khong thoa man.

2y -1=5suyray =3 vax =2 thay vao (1) ta thdy thoa man.

2y-1=-5suyray=-2vax=-2 thay vao (1) ta thiy khong thoa man.
Vay cap sé nguyén (x,y) thoéa man duy nhat 1a (x, y) = (2, 3) .

‘ Lién hé tai liéu word toan SDT (zalo): 039.373.2038 30



https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

X CHUONG 5. HAM SO

Cau l. (Toan chuyén An Giang nam 2023-2024)
Hinh v& bén 1a do thi cua ham s6 f (x)=ax’ va g(x)=—-ax+b (a; b a cc sé thuc), diém chung tht

nhét c6 hoanh d6 bang 1. Tim hoanh d¢ caa diém chung th hai cua hai d6 thi.
Ty

=

b

.,
i
|

g

A

x‘
7] | N

b [ R e
by

Lai giai
Hinh v& cho biét a>0.
Hoanh d6 giao diém cua hai d6 thj ham s 1a nghiém cua phuong trinh:

2

ax’ =—ax+b o ax* +ax—b=0 (*).

Goi nghiém con lai cua (*) 1a x,. Theo h¢ thuc Vi-ét, ta co:
14x = 2= 1 x =2
a

Viy hoanh d6 cua diém chung thtr hai 1a x = 2.
Céau 2. (Toan chuyén Yén Bai nam 2023-2024)

Trong mét phing toa do Oxy , cho parabol (P):y =x* va duong thang (d):y=2x-m-2. Tim tat ca
cac gia tri cua tham s6 m dé (d) cét (P) tai hai diém phan biét lan lugt c6 hoanh d x, X, théa man
X2 +1=2Xx,.

Cau 3. (Toan chuyén Bic Ninh nim 2023-2024)
V& duong thiang d1a @6 thi caa ham s y = 2x —4. Tinh khoang cach tir goc toa d6 O dén duodng thang

Léi giai
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V& duong thang d 1a d thi cia ham sy = 2x — 4
Puong thang d cét truc Ox tai A(2; 0), cit truc Oy tai B(O; 4)
Tinh dugc OA = 2; OB = 4. Goi H la hinh chiéu cua O trén AB. Ta c6

1 1 1 1 1 5 45
OH? ~ 0A? ' OB? 162"

— =
4 16 16 5

45

Vay khoang cach tir goc toa do O dén duong thang d 14 OH = -

Cau 4. (Toan chuyén Bén Tre nim 2023-2024)
Cho Parabol y = %xz (P), duong thang (d): y = —%x +2 v6i m=0 va diém 1(0;2)

a)Chiing minh rang duong thang (d) ludn cét (P) tai hai diém A, B phén biét.
b)Goi H, K lan luot Ia hinh chiéu cua A, B trén truc hoanh. Chitng minh rang tam giac IHK la tam giac

vuong. ‘ 1
¢)Chang minh rang d6 dai cua doan thang AB 16n hon 4
Léi gidi
a)Phuong trinh hoanh d6 giao diém cua(P) va (d) la
leo —£x+2,m #0(1)
2 m
1, 2 x-2=0

m

= X +ix—4:0
m

[1Do A, =% +4>0,Vm #0 nén phuong trinh (1) luén c6 2 nghi¢m x, X, phan biét.

[JM3t khac, s6 nghiém caa phuong trinh(1) chinh 1a s6 giao diém cua (P) va (d).

[1Vay duong thang (d) lubn cat (P) tai 2 diém A, B phan biét.

b)Ta dat A(x;;y,),B(X,;Y,) hay A(Xﬁ%xfj’ B(xz;%xzzj, Khi d6 H(x;;0),K (x,;0).
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& -
[1Ap dung Viét cho phuong trinh (1) véi 2 nghiém phan biét x,, x, ta c6 WX =T
XX, =—4
2 2 2 16
HK =(X, = X,) =(X,+X,) —4X1X2=W+16
IH? = (X, —0)" +(0-2)" = X2 +4

UTa tinh duoc ,

IK? =(X,-0) +(0-2)" = X,* +4

IHZ +1K2 = X2 + X2 +8=(X, + X, ) =2X, X, +8:%+16

[ISuy ra HK? = IH? + IK?, hay tam giac IHK vuong tai I.

¢) Ta di ching minh AB? > 16 véi moi m = 0. That vay,

2
AB® = (%, _X1)2 +(%X22 _%Xizj

= (% — X, +%(x1 FX)2(% — %)

= (X, _X1)2 +[1+%(X1 + X2)2:|

= (1—E+16j(1+i2j
m m
:6—4+8—2+16>16,Vm #0

m* m

Binh luan — Méu chét cia bai toan 1a 4p dung dinh 1y Vi-ét va cong thuc tinh do dai cua doan thang tur
hai diém ¢ toa do6 cho trudc. Ta chu y tinh todn va bién doi that ki ludng dé dam bao do chinh xéac
CAau 5. (Toan chuyén Can Tho nam 2023-2024)

Trong mét phang Oxy, cho duong thang (d):y =2mx—4m+5 (m la tham so) va parabol (P):y =X
. Tim tat ca gia tri cia m dé (d) cét (P) tai hai diém phan biét A, B sao cho ba diém O, A, B tao thanh
tam giac vuodng tai O.

Loi giai

Ta ¢ phuong trinh hoanh d giao diém cua (P) va (d):

x> =2mx—4m+5

= x?-2mx+4m-5=0

A =4m?—-16m+20>0(Vm)

= Phuong trinh 6 hai nghiém phan biét:

2 2
XA:2m+\/4m 16m+202er /7m2—4m+5:>yA=(m+ /m2—4m+5)

2
Xg = 2m \/4m2 16m + 20 =m-vVm*—4m+5=y, =(m—\/m2—4m+5)

AAOB vudng tai O
= OA? + OB? = AB? (Dinh ly Pythagoras)
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2 2 2 2 2 2

S Xt Yot Xg+Yg =(XA_XB) "‘(YA_YB)
2 2 2 2 2 2 2 2
S XpatYatXgt Vs :XA_ZXAXB+XB+yA_2yAyB+yB

& X Xg +YaYs =0

o T8 ) —m 5 ) (55 ) (m- a5 <0
(m+ i —am5) - —am 5) -0

(m+ o —am5) a5 -

Giai (1)

(m+ o 25 (m - —am =5 =0

<:>m2—(m2—4m+5):0

= 4m-5=0

=

om :% (loai vi khi m =% thi s& nhan dugc X, =0 Va y, =0, diém B tring véi diém O khong tao

dugc tam giac)
Giai (2):

(me+Vm? —4m-+5)(m—Jm? ~4m-+5 ) = -1

N mz—(m2—4m+5)=—1

< 4m-5=-1
< m=1(nhan)
vay m=1

Cau 6. (Toan chuyén Cao Bang nam 2023-2024)
Trén mit phang toa do Oxy, cho parabol (P):y = x* va dudng thang (d):y = —x+6 cét nhau tai hai

diém phan biét A, B. Tinh tong do dai OA va OB (Iam tron két qua dén chir s6 thap phan thir hai).

Loi giai
Phuong trinh hoanh d¢ giao diém cua parabol (P) va duong thang (d) la
2 2 x=-3
X=X+ X +x-6=0&
X=2

Toa d¢ giao diém A,B cua (P)va (d) 1a A(-3;9),B(2;4).
Do d0, tong d6 dai cua hai doan thing OA va OB la

T =0A+0B =(0+3)° +(0-9)" +/(0-2)° +(0—4)" =90 ++/20 ~13,96

Cau 7. (Toan chuyén Pa Nang nim 2023-2024)
Trén cling mot mat phang toa do, cho parabol (P):y = x* va duong thang (d):y = kx +5. Duong thang

(d) cét parabol (P) tai hai diém A va B. Goi C, D lan luot I hinh chiéu cua A, B trén
truc Ox.

a) Khi k = -4, tinh dién tich hinh thang ABDC
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& t Nt b) Tim tat ca cac gia tri ciia k @& AD va BC cat nhau tai 1 diém nam trén duong tron duong kinh CD.
Lai giai

a) Phuong trinh hoanh d6 giao diém cua (d) va (P):

X* =—4X+5

< XP+4x-5=0

a+b+c=1+4-5=0

X=1x=-5

x=1=>y=x*=1

X=-5=>y=x"=2

A(-5;25)vaB(L1)

Dién tich hinh thanh ABDC :

(AC+BD)CD (25+1).6
2 2

b) + Goi I 1a giao diém cua AD va BC.

Vi | thugc duong tron duong kinh CD nén:

CID =90° (g6c noi tiép chin nira duong tron)

= AD 1 BC

+ Phuong trinh hoanh dé giao diém cua (d) va (P):

x* =kx+5

< x> —kx-5=0

ca=-5<0

Do d6 hai d thi ludn cit nhau tai hai diém phan biét c6 hoanh db tréi dau.

Toa d¢ hai giao diém 1a A(x,,y, )VaB(Xx,,Y, ).

=78 (dvdt)

X +X, =k

XX, =5

+ Phuong trinh duong thang AD c6 dang: y = ax+b. Ta c6:
{ylzax1+b C>{kx1+5=ax1+b

+ Theo dinh i Vi-ét: {

Yp =aXy +b O=ax,+b
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= kx, +5=a(% —X,) (trir theo vé)
+ Phuong trinh duong thang BC c6 dang: y = a’x +b'. Tuong tu nhu trén ta co:
kx, +5=2a'(x, — %)
Nhan theo vé hai y vira c6 duoc:
(kx, +5)(kx, +5)=—a.a".(x — X, )2

& k2%, +5K (X +%,)+25=(x% +X, )" —4xX, < -5k?+5k?+25=k*+20

ok?=5 ok=+/5

Vay k = +/5
Céu 8. (Chung Ha Nam nam 2023-2024)

Trong mit phang toa do Oxy, cho parabol (P) ¢6 phuong trinh y = x* va duong thing (d) c6 phuong
trinh y = 2mx—m? —m—2 (véi m la tham sd).

1. Tim toa do diém M thuoc (P) biétdiém M c6 hoanh d6 bang —3.

2. Tim diéu kién cia m d¢ dwong thang (d) cét parabol (P) tai hai diém phan biét. Goi
A(%;Y,), B(X,;Y,) 1a hai giao diém cia dwong thang (d) va parabol (P), xac dinh m dé
X Y, + Xy, =2m° +6.

Loi giai
1. Tim toa d6 diém M thugc (P) biét diém M co hoanh do bang —3.
X=-3=>y=9
Vay M (-3,9).

2. Tim diéu kién cia m dé duong thang (d) cat parabol (P) tai hai diém phan biét. Goi
A(X;Y;),B(X,;y,) 1a hai giao diém cua duong thang (d) va parabol (P), xac dinh m dé
XY, +X,y, = 2m* +6.

Ta c6 phuong trinh hoanh dé giao diém cua (d ) va (P) la

x> =2mx—m?-m-2< x> —2mx+m*+m+2=0 (1)

A'=(-m)" —(m*+m+2)=-m-2

(d) cat parabol (P) tai 2 diém phan biét khi va chi khi phuong trinh (1) ¢6 hai nghiém phan biét
SA>0-m-2>0m<-2(*)

Taco X +X%, =2M, XX, =M’ +M+2 XY, +X,¥; = XX +X,. % = X% (% +X,) =2m(m* +m+2)

m=1

=2m3+2m2+4m2m3+2m2+4m:2m3+6<:>2m2+4m—6=0<:{ 3
m=-—

Déi chiéu (*) vay m=-3.
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-”f = Cau 9.(Toan chuyén Hoa Binh nam 2023-2024)
[1Trong mat phang toa 6 OXY , cho duong thang (d): y = (m+2)x+3. Timgiatri caa m dé duong
thang (d) cat hai truc Ox; Oy lan luot tai 2 diém A va B sao cho tam giac AOB can.

Loi giai
Ta co tam giac AOB céntai O nén OA=0B <:>‘ 3 =3
m+2
3 =3
| m+2 N m=-1(TM)
3 3 m=-3(TM)
m+ 2

Cau 10. (Toan chuyén Hung Yén nam 2023-2024)

Cho parabol (P): y = x2 va dwong thang (d): y = (m + 2)x — m — 8 (véi m 1a tham s6). Tim cac gia
tri cia m dé dwong thiang (d) cit parabol (P) tai hai diém phan biét nam bén phai truc tung, c6 hoanh
do x1, x2 théa man x% —x2=0.

Loi giai
Ta c6 phuong trinh hoanh d6 giao diém x* = (m+2)x—m—8
DX —(Mm+2)x+m+8=0

Vi phuong trinh ¢6 hai nghiém nam bén phai truc tung nén phuong trinh c6 hai nghiém duong phan biét

A>0 m2-28>0 [m>2J7
I=>im+2>0=<m+2>0 <<m>-2 :>m>2\/7
m+8>0 m+8>0 m > -8

[JAp dung Vi-et va két hop gia thiét ta co:

X13_X2:0(1) x1={‘/m_+8

O(l)esx+X=m+2=(1)= . Thay vao (1) ta cé:
() X+ X () X2=(M)3

XX, =m+8

3
0 {‘/m+8+({‘/m+8) =m+2.Pat Ym+8 :a(a>\4/2\/7+8). Phuong trinh tro thanh:

a+a’=a'-6<a'-a’-a-6=0
: & (a-2)(a’+a*+2a+3)=0=>a=2
Ha=2=4m+8=2< m=8(tmdk)
IVay m=8.
CAu 11. (THPT chuyén Pai hoc Su pham Ha Noi dé chung niam 2023-2024)
Cho parabol (P):y=ax® (a=0) di qua diém A(-1; %) .Tim toa d6 cua diém M trén parabol (P) sao

cho khoang céch tir diém M dén truc tung gap hai lan khoang céch tir diém M dén truc hoanh.
Loi giai
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Vi (P) y =ax? di qua diém M (—1,%) nén a :%

- \ 1 2
Goi toa do caa M 1a (X, Yo) = Y, =E-Xo

Theo gi thiét d& bai ta suy ra: [X,| = 2]y,| = [¥,| = X," = X, € {0;£1}
. A 1:R A e s 1 1
Do d6 toa do diem M can tim la (0,0); (1, E)’ (-1, E) .

Trong mit phang toa dd Oxy, cho parabol (P):y = x* va duong thang (d):y =2(m-1)x+3.

CAu 12. (Toan chuyén Tién Giang nim 2023-2024)
Tim tat ca cc gia tri ciia tham s6 m dé duong thang (d ) cét parabol (P) tai hai diém phan biét c6 hoanh
do x,,x, thoamén x, +2x, =5.
Loi giai:
Phuong trinh hoanh d¢ giao diém cua (P) va (d) la
x> =2(m-1)x+3< x* -2(m-1)x-3=0
Do 1.(-3) =-3 < 0 nén phuong trinh trén ludn c6 hai nghiém phén biét x,,x,

[1Do d6 duong thang (d ) ludn cét parabo; (P) tai hai diém phan biét c6 hoanh do x,,X,.

X +% =2(m-1) (1)

[1Theo hé thic Vi-ét, ta cd
{X1X2 =-3 (2)

, , , X, =7—-2m
LA 2x, =5 trir (1) vé theo vé ta duoc { °

ay X +2X%, u (1) ve ¢ ta dug { X, =2(m-1)—(7-2m)=4m-9
[IThay vao (2) ta dugc (7 —2m)(4m—9)=-3 < -8m’ +46m—60=0

m=2
< 4m’ -23m+30=0< 15

m=-—
Vaym e {2;%}

4
Cau 13. (Toan chuyén Quéc hoc Hué nam 2023-2024)
Trén mt phang toa do Oxy, cho parabol (P):y =2x’ va duong thang (d):y = % X+m. Tim tat ca cac
giatricuia m dé (d) cat (P) tai hai diém phan biét A, B sao cho tam gidc OAB vudng tai#A.
Loi gidi

Phuong trinh hoanh d¢ giao diém cua (d) va (P):

2xzzéx+m<:>4x2—x—2m:0 (1).
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(d) cét (P) tai hai diém phan biét A, B <> (1) c6 hai nghiém phan biét
SA=1+32m>0< m>—3—12.

Vi tam gidc OAB vudng tai Anén OA L AB, hay OA 1L (d).
Mt khac, duong thang OA di qua O nén OA co phuong trinh 1a y = —2X.

Phuong trinh hoanh do giao diém ciia OA va (P): 2x* = —2X.

Phuong trinh ¢6 hai nghiém X, = 0;x, = -1, suy ra A(-1,2).

Vi(d)diquaAnén 2= %.(—1) +m,suyram :g (théa man).

Vay m :g la gid tri can tim
Cau 14. (Toan chuyén Tay Ninh nam 2023-2024)
Cho hai duong thang (d,):y=ax+5 va (d,):y=3x+b-2.Tim a,b biét (d,) va (d,) cung di qua
diem M (2;-3).
Loi giai
2a+5=-3 {a =4

Do (d,) va (d,) ct i iém M (2;-3) né o)
o ( l) va (d,) cung di qua diém ( ) nén ta cé {6+b—2=—3<:>
Vay a=-4,b=-7

Cau 15. (Toan chuyén Son La nam 2023-2024)
Cho parabol (P): y = x® va duong thang (d): y =(2m-3)x+3m-5 (m la tham so)

a) Xéc dinh gid tri cia m d@é duong thang (d) di qua diém A(-2;3).
b) Tim m dé dwong thang (d) tiép xtc véi parabol (P).
Loi giai
a) (d):y=(2m-3)x+3m-5 di qua A(-2;3)
< Ae(d)e(2m-3).(-2)+3m-5=3< -4m+6+3m-5-3=0
S-M=2m=-2.
b) Xét phuong trinh hoanh d6 giao diém ciia (P) va (d):
x> =(2m-3)x+3m-5< x* —(2m-3)x-3m+5=0 (*)
(d) tiép xtc véi (P) < phuong trinh (*) 6 nghiém kép < A =0
o[-(2m-3)] ~4(-3m+5)=0= 4m* ~12m+9+12m-20 =0
V11
2

<::>4m2=11<::>m2:17f1<::>m:1L

Cau 16. (Chuyén Nam Dinh ban x& hoi nam 2023-2024)
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- l hat Tim toa do cia diem M la giao diém cua duong thang y = x+1 véi truc Ox.
Loi giai
Toa d¢ giao diem 1a M (-1,0).
Cau 17. (Chuyén Nam binh todn chung nam 2023-2024)
Tim toa d6 cua diém M 14 giao diém ctia duong thing y = x+1 v&i truc Oy .
Loi giai
Toa d6 giao diém la M (0;1).
Cau 18. (Toan chuyén Lai Chau nam 2023-2024)
Tim cac gia tri cua tham s6 m dé duong thang (d):y=-x+m+1 cit (P):y=x* tai hai diém phan
biét co hoanh d¢ x;;x, théa man diéu kién x> —x, —4m+1=0
Loi giai
Xét phuong trinh hoanh d6 twong giao cia (P) va (d): x* =—x+m+1< x* +x-m-1=0(*)

dé (d) cat (P) tai 2 diém phan biét x;;x, thi (*) c6 2 nghiém phan biét
:>A>0<::>1+4(m+1)>0<::>m>_T5

Taco x’—x,—4m+1=0(1)

Vi x la nghiem cia (*) suy ra x'=-x+m+l thay vao (1) ta duoc
X +M+1-X,—-4m+1=0< —(X +X,)-3m+2=0

Theo viet ta c6: x, + X, =—1= m=1(nhan)

Vay m=1 théa man dé bai.
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CHUONG 6. CAC BAI TOAN THUC TE

Cau 1. (Truong chuyén tinh An Giang nam 2023-2024)
M6t nha may san xuat dng thép khi xuit xuang cac 6ng
thép duoc b lai tao thanh khéi gdm 37 éng nhu hinh
v&. Biét cac dng c6 dang hinh try dudng kinh day bang
nhau va bang 10cm . Tinh d6 dai cua mét soi day dai dé
budt cac dng thép lai véi nhau.

Loi giai
bit d,r(cm) lan lugt la dudng kinh va ban kinh cta
céc 6ng thép = d =10cm;r =d / 2="5cm.

Ky hiéu cac diém nhur hinh minh hoa bén. cia .

Trong do:
A, B, M, N, H la cac tiép diém gitta day dai véi cac
ng thép.

D, C, E, F, O la tam cua mot sb dng thép.
Gia sir cac 6ng thép tiép xuc khit nhau va day dai budc
chinh xac.
D& thiy ABCD Ia hinh chit nhat.
= AB =CD =3d =3.10=30(cm) (1)
Nén hién hién cac diém A, D, H, E thang hang.
Xét ADEF co:

DE = 2DH = 2JOD? —~OH? = 2,/(2r)" —r? = 2{/3r =10v/3(cm)

Tuong tu cling tinh dugc DF =10\/§(cm) va EF :10\@(cm).
Nhu vay DE = EF = DF =10v/3(cm) nén ADEF 14 tam giac déu = EDF = 60".

Suy ra ADM = EDF = 60° (dbi dinh).
Chiéu dai cung AM bang

7560 5
w0 3" (™ (2)

Tir hinh v&, két hop (1) va (2) ta tinh dugc chiéu dai day dai la:

| = 6.§7r+ 6.30 =180 +107(cm).
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Cau 2. (Truong chuyén todn tinh Gia Lai nam 2023-2024)
Ban Tuin lap ké hoach tiét kiém tién dé mua mot cai laptop phuc vu cho viéc hoc tap nhu
sau: Hang thang, Tuan tiét kiém cac khoan chi tiéu ca nhan dé danh ra mot triéu déng. Vao
ngay 01 hing thang Tuan giri vao tai khoan tiét kiém cua minh mot triéu dong va bat dau guri
vao ngay 01 thang 7 nam 2023 dé huong 4i suat 0,5%/thang theo hinh thuc 13i kép (nghia la
tien 1&i cia thang triede dwoc cong vao vén dé tinh 13i cho thang sau) va duy tri viéc nay lién
tuc trong 3 nam. (Biét tai khoan ban dau cua Tuén 1a 0 dong va hang thang Tuan khéng rat
von, 1ai).

a) Tinh sd tién tiét kiém Tuan c6 duoc trong tai khoan tinh dén ngay 02/8/2023.

b) Tinh dén ngay 02/10/2023 thi sé tién trong tai khoan tiét kiém caa Tuan 1a bao nhiéu
(1am tron két qua dén hang don vi)?

¢) Hay dé xuat cong thtc tinh tong sé tién trong tai khoan tiét kiém sau ky gui thang thir
n(nla sb ty nhién, n>3). S dung cong thirc d6 dé tinh s6 tién Tuin co duoc trong tai
khoan tinh dén ngay 02/7/2026.

Loi giai

) Ta ¢6: 1.000.000(1+0,005)+1.000.000 = 2.005.000 (VND)
b) Bén ngay 02/10/2023 thi sé tién trong tai khoan tiét kiém caa Tuan 1a bao nhiéu? (1am
tron két qua dén hang don vi).
DBén ngay 02/09/2023 sé tién c6 duoc trong tai khoan tiét kiem 1a:
2.005.000(1+0,005)+1.000.000 = 3.015.025 (VND)

Dén ngay 02/10/2023 s tién c6 duoc trong tai khoan tiét kieém la:

1.000.000[1 +1,005+1,005% +1, 0053] = 4.030.100 (VND)

¢) Hay dé xuit cdng thie tinh tong sb tién trong tai khoan tiét kiém sau ky gui thang thir 7 (
nla sb tu nhién, n>3). Sir dung cong thirc d6 dé tinh s6 tién Tuan c6 duogc trong tai khoan
tinh dén ngay 02/7/2026.

Sau ky goi thang thi n s6 tién duogc tinh theo cong thic

T, =1.000.000] 1+1,005+1,005" +-+-+1,005" |

Vao ngay 02/7/2026 ban Tuén d tiét kiém dugc 3 ndm (36 thang).
T,y =1.000.000] 1+1,005+1,005" +-+-+1,005* |

1,0057,, =1.000.000[ 1,005 +1,005” +++-+1,005" +1,005 |

1,005, ~ T, =1.000.000] 1,005" —1|

) 1.000.000[1,00537 —1]

=T, = s ~ 40.532.785 (VND)
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Cau 3. (Truong chuyén Pong Thap nam 2023-2024)

Phién cho heé Lotus st dung hai loai thé: loai thé gia 3000 dong va loai thé gia 4000 dong.
Vao dip nghi hé, ban An muon dung hét so tien tiet kiém cta minh d€ mua x thé loai gid 3000
dong va y thé loai gia 4000 dong. Tim so cach mua c6 du ca hai loai thé néu tién tiet kiém
ctia ban An 1a 2023000 dong.

Loi giai
Ta c6 phuong trinh 3000x +4000y = 2023000 < 3x + 4y = 2023
Suyray =M21:>1s X< 2019 _ 673
Mat khactaco y= 2023;_3)( _2024-ax=1rx 506 — x+XT_1

Pé y nguyén thi x—1 chiahétcho 4, suyra x=1+4k,k € Z.
Kéo theo y=505-3k.

Do db 1<1+4k <673« 0<k<168.

Vay c6 169 cap (x;y)

Cau 4. (Truong chuyén tin SGD Ha Noi nam 2023-2024)

Trén ban cé hai thi keo: tdi thir nhat c6 18 vién keo, thi tha hai c6 21 vién keo.An va Binh
cung choi 1 trd choi nhu sau: mdi lugt choi, 1 ban s& liy di 1 vién keo tir 1 tli bat ki hoic 1a
mdi tai ldy di 1 vién keo. 2 ban luan phién thuc hién luot choi ciia minh.Nguoi dau tién khong
thuc hién duogc luot choi ciia minh 14 nguoi thua cude, nguoi con lai 1a ngudi thang cudc.Néu
An 12 nguoi lay keo trudc, hdy chi ra chién thuat choi cia An dé An 1a ngudi thang cudc.
Loi gidi
Dau tién An s& boc 1 vién tir tai tha hai, hai tai 1Gc nay lan luot ¢ 18 va 20 vién keo. Tai
luot tiép theo, chién thuat An s& 1a néu Binh boc nhu thé ndo thi An s& bé y hét nhu vay.
Khi d6 ta thay Binh s& phai bat dau boc voi hai tii déu ¢ sé chin vién keo, hay ndi riéng, 1a
con keo. Nhu vay khi dén luot An thi An hoan toan c6 thé sao chép cach béc caa Binh, do
ctr tdi ndo ma Binh bdc thi phai con keo. Khi d6 dén luot Binh thi Binh lai phai béc véi hai
tdi con sb chan vién keo, va An van c6 thé 1ap lai chién thuat nhu trén. Trong qua trinh boc
nay, ta thiy An luén c6 thé bdc keo, cho nén An khdng thé 1a nguoi thua cudc, ndi cach
khac, An s& 1a ngudi thang cudc véi chién thuat nay.
Cau 5. (Truong chuyén tinh Hung Yén nam 2023-2024)

C6 mat binh thaty tinh hinh try cao 30cm chira nuéc, dién tich day binh bang % dién tich

xung quanh, mit nudc cach day binh 14 18cm (hinh v& bén). Can d6 thém bao nhiéu lit nudc
nita dé nudce vira day binh (Bo qua bé day cua binh, cho t = 3,14 va két qua 1am tron d&én
chix s6 thap phan tha nhat) ?
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Loi giai

18em

Dién tich day binh bang % dién tich xung quanh = nr2 = %.anh =h=3r

Taco:h=30=r=10
Thé tich nudc can d6 thém dé vira day binh 1a: V = nr2.(h — 18) = 3,14.102.12 = 3768(cmd)

Cau 5. (Truong chuyén Long An nam 2023-2024)
Nhan dip ki niém 10 nam thanh 1ap, ctira hang GNH c6 thuc hién chuong trinh giam gia cho
mat hang X 1a 20% va mat hang Y 1a 15% so voi gia niém yét. Ba Gigi mua 2 mon hang X
va 1 mén hang Y phai tra s tién 1a 395000 dong. Ngay cudi cing caa chuong trinh, cira
hang thay d6i bang cach giam gia mat hang X 1a 30% va mat hang Y 1a 25%. Vao ngay
hém dé, ¢6 Binh mua 3 mén hang X va 2 moén hang Y thi tra s tién 1a 603000 déng. Tinh
gia niém yét caa méi mon hang X va Y (gia niém yét la gid ghi trén mén hang nhung chuwa
thuc hién giam gia).

Loi giai:
Goi gia niém yét cia mat hang X va Y lan luot 13 z,y (d6ng)

22 (1—20%) + y(1—15%) = 395000

Lap duoc hé phuong trinh
ap duoc hé phuong trin |3x<130%)+2y<125%>—603000

.. x = 130000

Giai duoc
y = 220000

Két luan dung.
Cau 6. (Truong chuyén Su pham Ha Noi nam 2023-2024)
Bay luc giac déu duoc sip xép va td mau bang hai mau tring, den nhu & Hinh 1. M&i lan
cho phép chon ra mot luc giac déu, doi mau cua luc gidc do va cua tat ca cac luc giac deu
chung canh véi luc giac d6 (trang thanh den va den thanh trang). Chang minh rang du gé
thuc hién cach lam trén bao nhiéu lan di nita, cling khong thé nhan duoc cac luc giac déu
duoc 6 mau nhu & Hinh 2.
Loi gidi.:
Céch 1. Banh s6 vao cac hinh luc gidc nhu hinh v&.
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Ta xét mot hinh luc gidc dugc dién s a, thi a, =b (mod 2) trong d6 b, 14 tong céc s dugc
dién trong céc hinh luc giac chung canh véi hinh lyc gidc dang xét. Do do, khi d6i mau theo
dé bai thi s6 du trong phép chia cho 2 cua tong cac so6 trong cac hinh luc giac t6 den ludén
khong doi.

Ddi v6i hinh 1 thi s6 du nay bang 1, con d6i voi hinh 2 thi 6 du nay bang 0 nén khang thé
c6 cach doi mau nao bien hinh 1 thanh hinh 2.

Céch 2.

Xét cac 6 2,3,5,6. Mdi budc ta d6i mau hai hoic ca bon 6 d6 nén sb 6 den khong thay doi
tinh chan, lé. Ban dau trong bon 6 noéi trén c6 hai 6 den nén khong thé ¢ trang thai trong
bon 6 d6 c6 dang mot 6 den.
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CHUONG 7. CAC BAI TOAN SO HQC VA TO HQP

Cau 1. (Truong chuyén tinh Ba Ria Viing Tau nam 2023-2024)
a) Tim tat ca cac cap so nguyén (X, y) théa man dang thuc:

X2+ X2y —2xy +2X—2y* + 2y +1=0

b) Cho 31 diém bét ki nam bén trong hinh vuéng ABCD c6 d6 dai canh bang 12 . Chiing
minh rang tén tai mot hinh tron c6 ban kinh bang 1 nam bén trong hinh vuéng ABCD
va khong chtra diém nao trong 31 diém di cho.

Loi giai

a) Ta co: (x+y)(x* —2y+2)=-1. Do d6 c6 hai kha ning xay ra:

X+y=1 y=1-X x=-1
THL: ¢, S0, = .
X°—-2y+2=-1 X“+2x+1=0 y=2

X+y=-1 =-1-x
TH2: ¢ y < yz (v6 nghiém)
X°-2y+2=1 X°+2x+3=0

Vay c6 duy nhat cip sé nguyén (x,y)théa man yéu cau la: (-1;2).

b) Ta chia hinh vuéng ABCD thanh 36 hinh vudng c6 d6 dai canh bang 2. Khi d6 c6
it nhat mot hinh vudng khong chira diém nao trong 31 diém di cho . Hinh tron noi
tiép hinh vudng di cho 13 hinh tron théa man yéu cau bai toan.
Cau 2. (Truong chuyén tinh Bic Giang ndm 2023-2024)
1) Tim cac bo ba sé nguyén duong (x,y,z) thoa man dang thie dudi day:
x> +y° +x%(3y+22)+y* (3x +2z) + 2° (X + y) + 4xyz = 2023.

2) Trén mit phang cho 2x2024 diém phan biét, trong d6 khong c6 bat ki 3 diém nao thang
hang ngudi ta t6 2024 diém trong cac diém mau do va t6 2024 diém con lai bang mau xanh.
Chung minh rang, bao gid cling ton tai mot cach ndi tat ca cac diém mau do véi tat ca céc
diém mau xanh bai 2024 doan thiang (mdi doan thang c6 hai diém dau mat 1a mot cap diém
do-xanh) sao cho hai doan thang bat ki trong d6 khong c6 diém chung .

Loi gidi
1) X2 +y° +x%(3y+22)+y* (3x +22) + 2° (X + y) + 4xyz = 2023.
< X+ Y +3x°Y + 2X°2 4+ 3xy® + 2y°Z2 + 2°X + 2%y + 4xyz = 2023
= (x3 +3x°y +3xy* + y3)+(2x22 +2y°z+ 4xyz)+(zzx + zzy) = 2023
<:>(x+y)3 +22(x+y)2 +2° (x+y)=2023
=3 (x+y)[(x+y)2 +22(x+y)+22} = 2023
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= (x+y)(x+y+z)2 =717

Z . X =7 X+y=7
Vix,y,znguyéndu’ongnéutacox+y+Z>O,dodé:{ oY :>{ oY

X+y+z=17 z=10

Co6 x +y =7 max, y nguyén duong nén ta c6

X 1 2 3 4 5 6
y , 6‘ 5 4 3 2 1
KL.: cac bo so can tim 1a (1;6;10);(3;4;10);(94;3;10);(5;2;10);(6;1;10)

2) Xét tat ca cac cach noi 2024 cip diem (d6 voi xanh) bing 2024 doan thang. cc cach
noi nhu vay luén ludn ton tai do chi c6 2024 cap diém nén so tat ca cac cach noi nhu vay
la hitu han.

Do d6, tim dugc mot cach néi c6 tong do dai bang cac doan thang 1a ngan nhat.
Ta chitng minh rang day 1a mot cach ndi phai tim

That vay , gia sit nguoc lai ta c6 hai doan thing AX va BY ma cit nhau tai diém O (gia s
A va B t6 mau do, con X va Y t6 mau xanh).khi d6 neu ta thay doan thang AX va BY bang
hai doan thang AY va BX, cac doan thang khac gitr nguyén thi ta c6 cach noi nay c tinh
chat:

AY+BX <(AO+0Y)=(A0+0X)+(BO+0Y)= AY + BX < AX +BY

Nhu vy , viée thay hai doan thang AX va BY bang hai doan thang AY va BX , ta nhan
dugc mot cach noi mérj co tong do dai cac doan théng la nho hon. Vo6 ly, vi trai vai gia thiét
la da chon mot cach noi c6 tong cac do dai la bé nhat.

Piéu vo ly chuang to: cach ndi co tong d6 dai cac doan thang la ngan nhat 1a khong ¢ diém
chung.

Cau 3. (Truong chuyén tinh Bic Ninh ndm 2023-2024)
Cho cac s nguyén duong X,y,z thoa man x* +y® + 2% =18(x +y +z).
1. Chang minh rang x+y+z chia hét cho 6.
2. Tim gié tri 16n nhat caa biéu thic F = xyz.
Loi giai
3 3 3 B
i s (¥ 7)1 9)#(7 2Ty
Tich cua ba s6 nguyén lién tiép ludn chia hét cho 6 nén x® —x = (x —)x(x +1):6
Tuong tu Yy —yi6,2°-z:6= 17(X+y+2):6
Ma 17 va 6 nguy@n té ciing nhau nén x+y+z:6

2. Tacod x+y+z=6m, x*+y*+2z°=108m, v4i me N".

Vi

3 3 3 3
X} +yi+z 2(x+y+zj nen 108m2(6_m

3
cmzsg, suy ram <2
3 3 3 3 2
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3 3
Ldc nay F=xyzs(x+§+zj s(%j =64 (1)

T X +y°+2°=3xyz = (x+y+2)(X* +y* +2° —xy—yz—2x) suy ra
108m—3F = 6m(36m2 -3(xy+ yz+zx))<:> F:36m—6m(12m2 —(xy+yz+zx)).

Do d6 Fi6 (2). Tu (1) va (2) suyra F<60 (3).
Ding thuc ¢ (3) xay ra, chang han khi

X+y+z=12 X+y+z=12
60 =72-12(48—(Xy+Yyz+2x)) <> { Xy +yz+2x =47 < (x;y;z) lahoan vi cua (3;4;5)
Xyz = 60 Xyz =60

Vay gia tri I6n nhat cua F 1a 60, dat dugc chang han khi (x;y;z) 1a hoan vi cua (3;4;5)
Cau 4. (Truong chuyén tinh Binh Dinh nam 2023-2024)
Tim tat ca gia tri nguyén cua n dé n?+2026 1a mot sé chinh phuong.
Loi gidi
Djt n’ +2026 = m* (m e N',m>46) <> (m—n)(m+n) = 2026 = 2.1013 (*)
Vi m—n,m+n cing tinh chan 1é = khéng c6 cap s6 m,n thoa phuong trinh (*)
Vay khéng cd gia tri nguyén caa n thoa yéu cau bai toan.
Cau 5. (Truong chuyén tinh Binh Phudc nam 2023-2024)
a) Giai phuong trinh nghiém nguyén: x* + xy + y* = x*y~.
b) Cho p la sé nguyén té 16n hon 3. Chiing minh rang (p—1)( p+1) chia hét cho 24.
Loi giai
a) Tacd x*+xy+y>=x°y°
X=Xy +xy+y>=0
o(1-y*)x* +xy+y* =0 (1)
Ta xét cac truong hop:
Truong hop 1: 1-y* =0 < y = +1.
e Véiy=1tacd x> +x+1=x"<x=-1,
o Vi y=-1taco X’ —x+1=x><x=1.

y=1

Truong hop 2: 1-y* #0 <:>{
y #-1.

Xét phuong trinh bac hai (l— yz)X2 +xy+y>=0,co
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A =Y —4(1— yz)y2 = y2(4y2 —3).

e Néuy=0tacd x=0.
e Néu y =0, phuong trinh (1) c6 nghiém nguyén khi va chi khi 4y* -3 la s chinh
phuong.
bat 4y’ -3=k* (keN).

2y—k =1 y=1 ,
(loai)
2y+k=3 k=1
2y —k 3<:> 1
y y (loai).
2y +k=-1 k=1

Vay phuong trinh dé cho c6 3 nghiém (0;0), (L-1), (-11).

4y? -3=k* = (2y-k)(2y+k)=3 <

b) Vi p 12 sé nguyén té Ion hon 3 nén p lasd lé, tacd p=2k+1
(keN, k>1).
Do dé ta co (p—1)(p+1)=2k(2k+2)=4k(k+1) i 8

e Néu p=3k= p=23 (loaivi p lasdnguyén té I6n hon 3).

e Néu p=3k+1,taco (p-1)(p+1)=3k(3k+2) :3.

e Néu p=3k+2,taco (p-1)(p+1)=3(3k+1)(k+1) i 3.
Vi (3;8)=1nén (p-1)(p+1) i 24 v6i p lasé nguyén td Ién hon 3.
Cau 6. (Truong chuyén tinh Binh Thudn nam 2023-2024)

a) Ki hiéu S(n) 1a tong cAc chit s ciia s0 nguyén duong n. Biét a va b 12 hai s6 nguyén
duong thoéa S(a) = S(b) = S(a + b) . Chirng minh rang a va b chia hét cho 9.

b) Tim nghiém nguyén cua phuong trinh: x* +(x +1)2 =y +(y +1)4

Loi giai
a) Ta &p dung tinh chata- S (a) : 9 v&i moi s6 nguyén dwong a (ban doc tu chitng minh tinh
chat nay)

Vay (a+b-S(a)=a+b-S(ath):9
=(a-S(a))+bi9=bi9
Tuong tu , ta (,iu’c_)’c a‘9. Vay a, b chia hét cho 9 (dpcm)
b) Phuong trinh viét lai:
2X° +2x+1=2y* +4y* +6y* +4y +1
= 22X +2X+2=2y" +4y* +6y> +4y +2

:>x2+x+1:(y2+y+1)2
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Vay tir dy ta duoC X? + x+1 12 56 chinh phuong hay 4x* +4x +4 = (2x+1)" +31a s6
chinh phuong.
Pat (2x+1)" +3=t2(teZ) (**)
Ta co:
(**) = t* —(2x+1) =3
o (t-2x-1)(t+2x+1)=3
Xét tat ca cac truong hop sau:

1 3 -1 -3

t—2x-1
t+2x+1 3 1 -3 -1
t 2 2 -2 -2
X 0 -1 -1 0

Vay x=0vax=-1
Vi x = 0 thay vao (*), ta dugc:

(M) (v +y+1) =1
y+y+l=ley +y=0cy(y+l)=0<

y? +y+1=-1(vonghiem)
Vai X = - 1 thay vao (*), ta dugc:

(M) (v + y+1)2 “lo {yy:_ol

Vay phuong trinh c6 cac 1‘1ghiém x;y)=(0;0);(0;-2);(-1;0); (-1;-1)
Cau 7. (Truong chuyén tinh Can Tho nam 2023-2024)
Tim tat ca cap songuyén (x;y) thoa man phuong trinh x* -2y —xy +2x+5y ~5=0.
Loi gidi
X —2y? —xy+2x+5y-5=0(x,y € Z)
S X2 =2Xy +3X+xy—2y? +3y —x+2y—-3=2
< X(x—2y+3)+y(x—2y+3)—(x—2y+3)=2
< (x+y-1)(x-2y+3)=2
Do d6 ta c6 bén truong hop:

4
X==

X+y-1=2 .

Truong hop 1: i & 3(LOaI)
X-2y+3=1 _o
3
X+y-1=1 x=1

Truong hop 1: i < (Nhan)
X—2y+3=2 y=1
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X+y-1=-1
y - 3

Truong hop 1:
gnop X—2y+3=-2

. X+y-1=-2 X=-2 .
Truong hop 1: =
X=2y+3=-1 y=1

Vay cap (x;y) nguyén can tim la: (L1) va (-2;1)
Cau 8. (Truong chuyén tinh Dak lak nam 2023-2024)

1) Cho 9 hinh vudng c6 d6 dai cac canh 1a 9 s6 nguyén dwong lién tiép. Goi S 1a tong
dién tich cta 9 hinh vuéng da cho. Ton tai hay khdng mét hinh vudng c6 canh la mot s6
nguyén duong va c6 diéntich la S.

2) V& bat ki 17 duong tron, mdi duong tron c6 do dai dudng kinh 1a mot s6 nguyén
dwong. Ching minh rang trong 17 duong tron do ta luén chon dugc nam duong tron co
tong do dai cac duong kinh 1a mét so chia hét cho 5.
Loi giai
1) Goi X,X+1,X+2,X+3,X+4,X+5,X+6,X+7,X+8 V4i x 1a s6 nguyén duong lan luot 12
canh cta céac hinh vudng da cho, suy ra
S=x"+( x+1)2 +( x+2)2 +( x+3)2 +( x+4)2 +( x+5)2 +(x+6)2 +(x+7)2 +( x+8)2
Rt gon S =9x2 +72x+ 204 . Goi hinh vuéng can tim c6 canh 12 y véi y 13 s6 nguyén
duong, ta c6 9x* +72x+204=y* (1)

Taco 9x? +72x+204=9(x2 +8x+22)+6 chia cho 9 du 6.

Mt khac y2 chiacho 9cosédula re {0;1,4,7} suy ra phuong trinh (1) v0 nghi¢m.

Vay khdng ton tai hinh vuéng théa man yéu cau bai toan.

2) Goi cac so tu nhién a,,a,,...,a, lan lugt 1a do dai duong kinh 17 duong tron da vé va
r,f,,....T, 1as6 du khi chia lan luot a,a,,...,a, cho 5. Taco: r,r,,...1, €{0,1,2;3;4}

Néu trong 17 s6 1,,1,,...,t,, ton tai ndm s bang nhau, chang han: r,=r,=r, =r, =r, thi ta c6
a, +a, +a, +a, +a, chiahét cho 5.

Néu trong 17 s6 I,,1,,...,,, khéng c6 nim sd nao bang nhau, tic 1a t6i da 4 s6 bang nhau,
ching han ¢6 4 nhém 4 s6 bér}g nhau, nhu vay 17 s6 du dugc phan thanh 4 16p ma mbi 16p
cd 4 phan tir va 1 16p cd 1 phan tir véi cac phan tir dai dién la 0;1;2;3;4. Lac do lay trong
mdi 16p 1 s6 s& duge ndm s O gia tri doi mot khéc nhau. Chang han r,#r, =1, =1, #r,va
[+1,+F+1,+, =10 nén a +a, +a, +a, +a, chia hét cho 5.

Cau 9. (Truong chuyén tinh Pong Nai niam 2023-2024)

Tim céc sb ty nhién x, y, z thoa man x* + y? = 20237 +35.

Loi giai
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Do vai trd cua x, y ddi xing nhau nén gia sit x<y.
Véi z=0 thi

x* +y* =36. (1)
Vi x<y nén x*<18=0<x<4.

. x=0
Thur truc tiép, ta duoc { s thoa (1).

Vi z>1:
Do 2023:7, 35:7 nén
x> +y*iT. (2)
Pit x=7a+r, y=7b+t véi a, b, r, t l1a céc sé ty nhién thoa0 <r <6, 0<t < 6. Khi d6
x> +y® =49a’ +14ar + 49b° +14bt + r* +t*>.  (3)
Tu (2) va (3) suy ra r® +t2:7.
Thu truc tiép, ta thay chi cd r =0, t =0 thoa man.
Dodé x=7a,y="7b.
Thay vao phuong trinh ban dau:
49a” +49b* = 2023" +35 < 7(a’ +b”) = 289°.7" " +5.
Néu z >1 ta c6 vé trai chia hét cho 7 va vé phai khdng chia hét cho 7 (vo 1y).
Néu z =1 ta co:
7(a®+b*)=289+5 <> a’ +b” =42.
D& dang kiém tra dugc phuong trinh a® +b? = 42 khéng c6 nghiém tu nhién.

Viy phuong trinh ban dau c6 hai nghiém

I
© o o

N << >
Il
© o O

X
Y
YA
Cau 10. (Truong chuyén tinh Pong Thap ndm 2023-2024)

Phién cho hé Lotus sir dung hai loai thé: loai thé gia 3000 ddng va loai thé gia 4000 ddng.
Vao dip nghi hé, ban An muon dung hét so tien tiet kiém ctia minh d€ mua x thé loai gia 3000
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dong va y thé loai gia 4000 dong. Tim sé cach mua c6 di ca hai loai thé néu tién tiét kiem
ctiia ban An 1a 2023000 dong.

Loi giai
Ta c6 phuong trinh 3000x + 4000y = 2023000 < 3x + 4y = 2023
Suyra y =221 21 <x< D0 673
2023-3x 2024 —-4x-1+X x-1

Mit khactacd y= :506_X+T

4

Dé y nguyén thi x—1 chiahétcho 4, suyra x=1+4k,k e Z.
Kéo theo y=505-3k.

Do d6 1<1+4k <673 <0<k <168.

Vay 06 169 cap (x;y)
Cau 11. (Truong chuyén tinh Ha Nam nam 2023-2024)
Tim tat ca cac sb tu nhién n dé2%% + 22" 4 2" 13 s6 chinh phuong.

Loi giai
Gia str s6 ty nhién n thoa man dé bai. Khi d6 ton tai s6 nguyén duong k sao cho
M £ 2P 4 2N =K 5 9.27 4 2" =k o (k3.2 ) (k-3.2%) = 2".
k+3.21%2 = 2

= k—3.21012 =2b — 2&1 _2b :3 21013
a,beNa+b=n

280 _1=3
227" -1)=32""¢ {
2b — 21013
a-b=2 a=1015
= & = n=2028
b=1013 b=1013

Vay véi n=2028thi 22 + 222 4 2" |3 sb chinh phuong
Cau 12. (Trueong chuyén Ha Néi chuyén tin ndm 2023-2024)
1) Cho p lasé nguyén té 16n hon 3. Chirng minh s6 A =272 -8 chia hét cho 21.
2) Tim tit ca cac s nguyén x va y thoaman x° -y =2(x—y)" +17
Loi gidi
1) Vi p la s6 nguyeén t6 I6n hon 3 nén p 1a s 16 nén p?+2 lasb l¢ = 272 =2(mod 3) =
272 _8:3(1)

Vi p la so nguyén to lén hon 3 nén p*=1(mod3)= 2, :3=

272 =1(mod 7) =
2P _8i7(2).
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Ma (3,7)=1 (3). Tir (1) (2) (3) = 2°** -8: 21 (DPCM).
2) x*-y° =2(x—y)2+17.

Pt x—y =a,xy =b(a’ > -4b).

Vi 2(x—y)2+17>0 = X -y*>0 = x-y>0 = a>0.

Taco: X’ —y* =2(x—y) +17 = a®+3ab=2a’+17 = 17ia = ae{1;17} (do a>0)
THL: a=1 = b=6 = (xY)e{(32);(-2,-3)} (thir lai thoa man)

TH2: a=17 = b:?(loai)

Vay (x.y)€(3,2):(-2-3)}

Cau 13. (Truong chuyén Ha Ngi chuyén toan nam 2023-2024)
1) Cho ba sé nguyén a,b va c théa man a?+b*+c?—2abc chia hét cho 6. Chitng minh
abc chia hét cho 54.
2) Tim tat ca cip s6 nguyén duong (x,y) thoa man x°y —x?y —4x* +5xy —y* =0.

Loi giai

1) Néu a,b,c déu khong chia hét cho 3 thi a2 b? c? chia cho 3 du 1.
2 2 ZZ .

SRS is vo ly)
abc/3

Néu a,b,c c6 mot hoic hai sé khong chia hét cho 3 va cac s6 con lai chia hét cho 3
2 2 2
{ , A 1r
:»{a HOTHES M3 (o Iy)
abc:3

Viy a,b,ci3= abci27 (1)

. 3 .| a*+b*+c?12 At
Lai c0, néu a,b,c deu lé thi 4 +? O M2 (Vo ly)
2abc:2

Vay a,b,c c0 it nhat mot s6 chan = abci2 (2)

Tu (1) va (2) = abci54 vi (2,27)=1.

2) X’y—x’y—4x*+5xy-y* =0 xy(xz—x+1):(2x—y)2 )
Goi d =(x;y)= x=da;y=db voi (a;b)=1 va a,b,d nguyén duong.
Khi @6 (1) tré thanh d’ab(d’a’ —da+1)=d*(2a—b)’ < ab(d’a’ -da+1)=(2a-b)".
Suy ra (2a-b)*ia va (2a—b)’b
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Taco (2a-b)ia ma (a;b)=1:>(2a—b;a)=1:>((2a—b)2;a)=1 do do a=1.
b=1

Tir (2a—b)*ib = 4a*:b ma (a;b)=1=4ib=|b=2 (do b>0)
b=4

+) TH1: a=b=1=x=y=d.

\ . y =1

Thay vao gia thiét ta dugc d* -d®*=0=d =1 (do d nguyén duong):{?_l.

+) TH2: a=1;b=2 khong théa man.

+) TH3: a=1b=4suyra x=d;y=4d

x=1

Thay vao gia thiét ta dugc d*—d*=0=d =1(do d nguyén duong):{y_4.

Thir lai ta thay cap s6 (x;y) e {(11);(1;4)} thoa man yéu cau bai toan.
Cau 14. (Truong chuyén tinh Ha Tinh nam 2023-2024)

Chutng minh rang véi moi sé tu nhién n Iénhon 1thi A=n
phai 1a s6 nguyén to.

2024 2023
+

n®? +n* —n+1 khong

Loi giai
Taco A=n"*+n* 2 4n*—n+1= (n2°24 - n2)+(n2°23 - n)+(n4 +n? +1)
=n?(n* —1)+n(n*? =1)+(n* +n° +1) = (n* +n)(n** -1) + (n* +n° +1)
Taco (n2 + n)(n2022 —1) = (n2 + n)[(n3)674 —1}
=(n*+n)(n°-1).B=(n*+n)(n-1)(n* +n+1).B chiahétcho n*+n+1
Laicd n*+n2+1=n*+2n?+1-n?= (n2 +1)2 —n?
=(n*+n+1)(n* —=n+1) chia hét cho n® +n+1
Vay A=n**+n?*® 1 n* —n+1 chia hét cho n? +n+1 voi moi s ty nhién n 16n hon 1 nén
A khdng phai la s6 nguyén tb.
Cau 15. (Truong chuyén tinh Hai Duong nam 2023-2024)
1. Tim tat ca cac s6 nguyén t p 1é sao cho 2p* — p? +161a s6 chinh phuong.
2. Tim nghiém nguyén cua phuong trinh 6x* +7xy +2y? +x+y—2=0.
Loi gidi
1.pat A=2p"—p° +16
Véi p=3 thi A=169=13% la 56 chinh phuong. Vay p =3 thoa man.
Véi p>3thi p*=1(mod3). Suy ra p* :(p2)2 =1(mod3)
Suyra A=2p*—p?+16=2.1-1+16=2(mod3)
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Do c4c s6 chinh phuong chia cho 3 chi du 0 hodc 1 nén A khong la s6 chinh phuong.
2.Ta c6 phuong trinh
6X° +7xy +2y* +x+y—1=1
& 6X° +(Ty+1)x+2y* +y—1=1
& (2x+y+1)(3x+2y—1)=1
(2x+y+1=1
{3x+2y—1:1 @)
2X+y+1=-1
{3x+2y—1:—1 (2)

X=-2

Wi,
@={y

y==6
Cau 16. (Truong chuyén tinh Hdai Phong nam 2023-2024)
Tim cac sé nguyén té a, b va sé nguyén duong m thoa man a’ +b* +18ab = 4.5".
Loi giai
Taco (a—b)* =4.5"-20ab:5 = (a—b):5= (a—b)*:25.
a,b>2=a*+b*+18ab=45">80=>m=>2
= 20ab =(a—b)*-4.5":25= 20ab:25= ab:5
:[aFS:{a?5:a=b=5;m:3.
b:5 b:5
Cau 17. (Truong chuyén Hung Yén nam 2023-2024)
Tim cac nghiém nguyén (x; y) cuia phuong trinh 2024(x? + y?) — 2023(2xy + 1) = 5.

Loi giai
2024(x2 + y?) — 2023(2xy + 1) =5
& X2+ y? +2023(x? + y?) — 2023.2xy — 2023 =5
< X2+ y? +2023(x% + y? - 2xy) = 5 + 2023
< X2+ y? +2023(x —y)? = 2028 (*)
Vix,y e Z. Do d6 |x-y| 1a s tu nhién
Nhan xét: Néu [x - y| 2 2 thi (x — y)? 2 4 = 2023(x - y)? > 8092
Do d6 x? + y? + 2023(x — y)? > 2028
Nén (*) khong xay ra. Nén |x—y| <1
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Vay ¢6 |x-y| € {0;1}
* Xét|x—y| =0.Taco: x—y =0 x=y
Vé&i x =y, tir (*) ¢6 2x% = 2028 ma x;y € Z nén loai.

—v=1
* Xét |x—y| =1<:>{X y
X-y=-1
VEix=y, tr (*) cOX>+ (X-y)?’=5<2x2+2x+1=5
+Xéty=x-1.Taco x>+ (x-1)2=5=2x>+2x+1=5

eX-x-2=0 [x:Z V6i {XZZ y=2
x=-1 x=-1ly=-1
Vay céc cap sé nguyén (x;y) can tim la (-1; -2), (2;1), (1;2), (-2; -1)

Cau 18. (Truong chuyén Khdnh Hoa nam 2023-2024)
Chtng minh p* -1 chia hét cho 240 véi moi s6 nguyén té p > 5.

Loi giai
Vi p 12 s6 nguyén t6 16n hon 5 nén p khéng chia hét cho 2, 3 va 5 (1)
[ p? =0(mod3)
| p? =1(mod3)
Tacd p? lasb chinh phuong =4[ p? = 0(mod5)
p? =1(mod5)
I p* =4(mod5)
p? =1(mod 3)
Két hop véi (1) = 4| p® =1(mod5)
p? =4(mod5)

“lo K

Mt khac tir (1) = p 1é

= p*=1(mod16)
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=(p*-1):16 (**)
Tir (%), (**) va 3, 5, 16 nguyén té ciing nhau suy ra (p*-1)i(3-5:16)=(p* -1) : 240.
Vay p* -1 chia hét cho 240 véi moi sé nguyén té p > 5.
Cau 19. (Truong chuyén Khoa hoc Tu Nhién HN nam 2023-2024)
Tim tat ca cac cap s6 nguyén duong (x;y) thoa man
4* +(1+3y)(l+ 7y) =2" (3y +77 +2)
Loi giai
Céch 1. Ta c6 cé4c bién d6i phuong trinh sau
4+ (1+3)(1+7)=2° (3 + 7' +2)
& 2% 14243 + T 420 =2 (3 + 7V +2)
(2 -1)(3 +7 +1-2) =21 (1)
Ta chitng minh UCLN (2* -1;3" +7” +1-2") =1.That vy, néu UCLN(
2* —1;3+7Y +1-2% ) > 1 thi goi p 1a wéc nguyén té chung cia 2* -1,3* +7 +1-2*. Suy ra
p|3'+7' .chiyla 3 +7¥ déu khong chia hétcho 3,7 nén p=37. Laicdp|21’ nénp e
{3, 7} mau thuan.
Vay UCLN (2" -1,3" +7” +1-2") =1 Ta xét hai truong hop sau

e Néu x 1asd chin thi 2* —1 chia hét cho 3 va 3+ 7 +1—2* chia 3 du 1.
Khi do, tr phuong trinh (1) ta c6

2 -1=3
F+7+1-20=T7
Suyra 2*=3"+1 ,Chiyla 3’ =1,3 (mod 8) nén 3’ +1 khéng chia hét cho 8. Tir d6
x=2vay=1..Vay (x,y)=(2,1)

e Néuxlasdléthi 2* -1 chia3 du 1 va 3* +7’ +1-2* chia hét cho 3.
Khi do, tir phuong trinh (1) ta co

X —1=7"
F+7+1-20=3
Suy ra 2 =7 +1. V& phai chia 7 du 1 nén vé trai chia 7 du 1. Tr d6 x =3k, k e N *

va thay vao phuong trinh dugc
(2-1)(2* + 28 +1)=7
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VIUCLN (2 -1,2% +2“ +1) e {1,3} nén UCLN(2" -1,2%* +2 +1)=1. Vi
2% +2+1>1nén 2" —1=1suyrak=1va 7’ =7 nén y=1va x =3k =3. Vay
(xy)=(31).
Vay tat ca cac cap sb (x, y) thoa man 1a (2, 1), (3, 1) .
Céch 2. Phuong trinh d4 cho co thé viét lai thanh
(2 -7 -1)(2* -3 -1)=0
Té6i day giai gidng hai truong hop ¢ trén.
Cau 20. (Truong chuyén Lai Chau ndm 2023-2024)
Tim nghiém nguyén cua phuong trinh (2x+y)(Xx—y)+Xx+8y =22
Loi giai
Taco: (2x+y)(x—y)+x+8y=22 < (2x+y)(x—y)+3(2x+y)-5(x—-y)=22
< (2x+y)(x—y+3)-5(x—y+3)=7
& (x—y+3)(2x+y-5)=7

Khi d6 ta c6 cac kha nang sau:

KNL: {x—y+3:—7 @{x:—z
2X+y—-5=-1 y=38

KN2: X-y+3=-1 - X=-2
2X+y-5=-7 y=2
10
X—y+3=7 =3
< (1
2X+y-5=1 -2
y=?

KN3: {

~-y+3=1 B
KN4: 177570 o0 3y
2X+y-5=7 y_E

Vay nghiém ciia phuong trinh 14 (x;y) e {(-2;8);(-2;2)}
Céau 21. (Truong chuyén Lao Cai nam 2023-2024)
a) SO nguyén duong m dugc goi la Sé: tot néu tong cac binh phuong cua tat ca cac udc
duong cua né(khdng tinh 1 va m) bang 6m+8. Chirng minh rang néu c6 hai so a pq la
S0 tot thi pg + 2 la s6 chinh phuong.
b) Tim tat ca cac cap s6 nguyén (X; y) thoa man x2°% 4 y22 4 yi¥0 | y675 _ o
Loi giai
a)Do p. q 1a cAc s6 nguyén nén pq cé cac ude duong 13 1, p, q, pq.

Vip, qlasététnén p>+q2=6pq+8 (1)
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© pa+2=p°+q°-5pq-6=p°+q°-2pg-3pg-6=(p-0)°-3(qp +2)
2

< 4p+2)=(p-9)° = pqﬂ:(%] (2)

T (1) < (p-09)*=4pq+8

Do 4pq+8:2 nén (p-q)*:2

= p-0:2 (Do 2 1a s6 nguyén t6)

P 9.7 3
2
Tir (2) va (3) = pg+2 la sb chinh phuong.
b) X2025 _ y2025 + y1350 + y675 — 2 Dét X675 =m: y675 e y2025 — n3 . y1350 — n2
Do X,y €Z phuong trinh da cho tr¢ thanh m®* =n®-n*-n+2
Xet (n —1)3 -m*=-2n°+4n-3=-2(n*-2n+1)-1-2(n-1)*-1<0

Do —-2(n-1)*-1<0 vdi moin = (n-1)° <m® (1)

2
Xét (n+3)3—m3=10n2+28n+25=10(n2+E+£j+zzlo(n+zj 2
5 25 5 5 5

2
Do 10(n+%) +2—57>0 VG moi n.

Suyra (n+3)°*>m* (2)

Tu (1) va (2) suyra:(n+1)°<m’® < (n+3)°

m*® =n®
Suyra | m®=(n+1)°
m® = (n+2)°

*THL: m*=n*<n?+n-2=0
n=1 TR 675 _ _
& N 2Vol n=1=y"=1=y=1TM)

Véi n=-2= y*® =-2= khong c6 gia tri nao cia y ez thoa man.
Thay y=1 vao phuong trinh da cho
& X 41=2

= X2025 :1

< x=1TM)

*TH2: m*=(n+1)° < 4n* +4n-1=0
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A =8 khong 1 sb chinh phuong.

Suy ra khéng co gidtrine Z.

*TH3: m*=(n+2)° < 7n*+13n+6=0
< (N+1)(7n+6)=0

n=-1 ( loai vi n khong thuoc 2)
= N __6
7

Vi n=-1=y*"* =-1< y=-1(TM)

Thay y=-1 vao phuong trinh ban dau ta co:

X2 412 P51 o x=1(TM)

Vay phuong trinh da cho c6 hai nghiém nguyén (x,y) e{(1;1); (L -1)}
Cau 22. (Truong chuyén Nam Dinh nam 2023-2024)

a) Cho hai s nguyén duong a,b thoa man a®ib;b’a. Ching minh (a‘ +b*):ab
b) Tim tit ca céc cap 6 nguyén (x;y) thoa man x(x* —y)+(y—-3)(x* +1)=0
Loi giai
a) Vi a':b nan @’aiba pay a':ab Tyong ty, vi 0°ia nen b’biab pay b*iab Ty
day suy ra (a*+b*):ab.
X(x* =y)+(y=3)(x* +1)=0

b) Tur dé bai ta rat ra
—x*+3x*+3 3x+1
yzz—I—X+2+2—
X —x+1 X —x+1

(Vi x* —=x+1> 0voi moi x)
Khi x nguyén, dé y 1a nguyén thi (3x +1)E(x2 —X +1) do do;
(3x+1)° = (9x* +6x+1) = 9(x* —x+1) +(15x —8)i(x* —x+1) hay (15X—8)E(x2 —X+1)
Suy ra 3= [5(3x +1)—(15x—8)]§(x2 - x+l)
Nhu vay:
P X -X+1=13=x*-x-12=0= x=-3 hoac x=4
Voi x=-3 thi y :% (khong nguyén); véi x =4 thi y =-1 (nguyén).
% xP-x+1=1=x*-x=0=x=0 hoic
Véi x=0 thi y=3 (hguyén); vai x=1thi y=5 (nguyén).
Thir lai thdy cac nghiém trén déu thoa man. Vay c6 3 cap (x;y) théa mén yéu cau bai toan

la (0; 3), (1;5) va (4; -1).
Cau 23. (Truong chuyén Phan Boi Chdau — Nghé An nam 2023-2024)
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1 . .
a) Tim xe R sao cho X ++/2024 va ——+/2024 déu la cac so nguyén
X

b)  Tim sé nguyén duong a nhé nhat sao cho 2a 1 sb 1ap phuwong va 5a 1a sb chinh
phuong
Loi giai

a) Theo gia thiét ta c6 thé dit nhu sau X ++/2024 = a,1 —+2024 =b thi a,beZ
X

Bang cac phép bién ddi ta dugc
(a-/2024)(b+~/2024) =1 /2024 (a~b) = 2025 - ab

Vi /2024 vbty vaa-b, 2025 —ab nguyén néna=bva 2025 =absuyra a=b=+45
Khi d6 bang phép thé ta dugc

X++/2024 = a = +45 < x e {45 /2024, — 45— /2024

Vay tt ca gié tri x thoa man 1a x e {45 —2024,- 45— \/2024}
b) Theo gia thiét 2a =b’(1) va 5a=c?(2) véi b,c 1a céc s6 nguyén duong.
Tur (1) suy ra b® chia hét cho 2, ma 2 1a sé nguyén té nén b chia hét cho 2.
Dt b = 2d, thay vao (1) dwoc 2a=8d°, hay la a=4d°(3).
Tur (2) suy ra C° chia hét cho 5, ma 5 1a sé nguyén t nén ¢ chia hét cho 5
bit ¢ = 5e, thay vao (2) duoc 5a = 25e%, hay la a = 5e? (4)
Tur (3) va (4) c6 a=4d°> =5¢e? (5) véi d,e 1a cac s6 nguyén duong. Do 4 va 5 1a hai sb
nguyén tb cting nhau nén tur (5) thi d* chia hét cho 5, suy ra d chia hét cho 5
bit d = 5k, thay vao (5) duoc a =5e” =500k? véi k 12 s6 nguyén duong
Tu d6 e° =100k® =10°k®. Biéu nay xay ra véi sé k nhé nhat lak = 1, e = 10 va a = 500
Luc d6 2a=1000=10° va 5a = 2500 =50 thoa mén bai toén
Vay sb nguyén duong a nho nhat thoa mén 1a a — 500
Céau 24. (Truong chuyén BH Vinh - Nghé An nam 2023-2024)
a) Tim tat ca cac cap s6 nguyén (x;y)théa man x? —y? +2(3y+y)=23.
b) Cho da thirc P(x)=x?+bx+c ¢6 hai nghiém nguyén. Biét rang |c|<16 va |P(9)| la s
nguyén té. Tim céc hé s b,c.

Loi giai
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a) Ta bién d6i phuong trinh nhu sau

x? —y? +2(3x+y) =23 <:>(x2+6x+9)—(y2—2y+1)=31 c>(x+3)2—(y—1)2 =31
< (x—y+4)(x+y+2)=31

Tur day, ta xét bang sau

X-y+4 31 1 =31 -1
X+y+2 1 31 -1 =31
X 13 13 -19 -19
y -14 16 16 -14

Vay tat ca cac nghiém (x,y)thoa man la (13,-14);(13,16);(-19,16);(~19,~14).
b) Goi hai nghiém nguyén cua P(x)=x*+bx+c la u,v.
Theo dinh ly Vi — et ta dugC u+v=-b, uv=c.

Vi |P(9)| 1a s nguyén té nén |(9-u)(9-v)| 1a s nguyén té dan dén [9—u|=1 hoic
9-v|=1.

Khong mat tinh tong quat, ta gia st [9—u|=1< u < {8;10}.

Truong hop 1. u=10, Vi |c|<16, nén |v|e{0;1} < ve{-10;1}.

M3t khac 9-1=8,9-0=9, 9+1=10 déu khdng la s6 nguyén té nén trudong hop nay loai.
Truwong hep 2. u=8, vi [c[<16, nén |v|<2.

Ma v phai la s6 chin nén tir day suy ra ve {-2;2}. Thtr lai ca hai gia tri nay thoa man va ta
nhan duoc gié tri cua b,c twong tng 14 -10,16 va —6,-16.

Vay tat ca cap (b,c) thoa mén la (b,c) e {(-10,16);(~6,-16)} .

Cau 25. (Truong chuyén tinh Ninh Binh nam 2023-2024)
Cho p 1a mot s6 nguyén td.
a) Chirmg minh néu p 1¢ va ton tai s nguyén x sao cho (x2+ 1) ‘pthi(p—1) } 4.
b) Chirng minh 2023p + 23P — 24 khong 1a s6 chinh phuong.
Loi giai
a) Vipla SNT 1€ nén p chi c6 1 trong 2 dang:
4k +1 hodc 4k +3
Vi(x?+1) ipnénpcodang 4x + 1, hayp—-1=4k : 4.
b) Ton tai STN x sao cho 2023p + 23P — 24 = x2
& X2+ 1=2023p + 237 -23
Theo Fermat nho, ta c¢6 23P — 23 = 0 (mod p)
=>2023p + 237 - 23 = 0 (mod p)
=>x?>+1=0(modp)=>p=4k+1
=>2023p +23P-24 =-p + (-1)’ = 2 (mod 4)
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Ma x? = 0,1 (mod 4), méu thuan_

Vay 2023p + 23P — 24 khong 1a s chinh phuong.

CAu 26. (Truong chuyén tinh Phii Tho chuy8n tin ndm 2023-2024)

a) Tim tat ca cac cip s6 nguyén duong (x;y) thoa man (x* —x—1)(y* +xy-9) = 2x+1

b) Cho n 1a s6 nguyén duong 1¢ sao cho 3" +7" chia hét cho 11. Tim sb du khi chia
2" +6" +2023" cho 11.
Lo gisi
a) Tim tat ca cac cap so nguyén duong (x;y) théa mén (x2 - X —1)(y2 + Xy — 9) =2x+1
Vi (x;y) nguyén duong nén tir diéu kién 2x+1:x* —x -1

22 +x:x2 —x-1
=S 2XF - 2X—24+3X+2: X =X -1=>3x+2:x* —x-1
2X+1:x* —x—1 {6x+35x2 —x-1

=1x2-x-1

6x+3:x° —x—1

Tu d6 suy ra .,
3X+2:x°—x-1

Suy ra X' —x-1=1
X2 —x-1=-1
X=2

T T A L

Tu x=2:>(y2 +2y—9)=5<:>(y+1)2 =15 (loai)

. Xx=1
+Voi x> -x-1l=-lox -x=0x(x-1)=0< )
x =0 (loai)
. ) ) y =—3 (loai)
To x=1=—(y’+y-9)=3c y* +y-6=0<(y+3)(y-2)=0< ,
y:

Vay cidp s6 nguyén duong (x;y) théa man (X2 —X —1)(y2 + Xy — 9) =2x+11a xy)=(L2).

b) Cho n 1a s6 nguyén duong 1¢ sao cho 3" +7" chia hét cho 11. Tim sb du khi chia
2" +6" +2023" cho 11.

Taco: 3" +8"+7"+4":11 (vi n 1&)

= 4" +8"111= 4" (1+2")i11= 2" +1:11

n=10k +5 (ke N
Tacé 6" =6 = (6°)".6° = ~1(mod11); 2023" = ~1(mod11)
Suy ra 2" +6" +2023" =3 =8(mod11)
Vay 2" +6" +2023" =8(mod11)
Cau 27. (Truong chuyén tinh Phit Tho chuyén toan nam 2023-2024)
a) Cho c4c sb nguyén a,b,c,d thoa mén diéu kién a®+b® —8c® +28d°* = 0. Ching minh

ring (a+b+c+d)’ chia hétcho 9.
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b) Chang minh ring ton tai da thirc P(x) 6 h¢ sb thuc, bac 2024 théa man diéu kign
P(x* —2) chia hét cho P(x).
Loi gidi
a) Taco: a’+b®*-8c*+28d° =0=a’+b®+c*+d%:3
:>(a+b)3 —3:;1b(a+b)+(c+d)3 —3cd(c+d):3
= (a+b) +(c+d)’:3

:>(a+b+c+d)3—3(a+b)(c+d)(a+b+c+d)§3
= (a+b+c+d):3
=a+b+c+d:3
= (a+b+c+d) 9 (dpcm)

101

b) Xét da thuc P(x)=a(x+1)

1012 (

x—2)"", véi aeR, dathirc P(x) c6 bac la 2024

Ta co:

P(x2 - 2) = a.(x2 —1)1012 (x2 - 4)1012 =a(x +1)1012 (x- 2)1012 (x- a)1012 (x+ 2)1012
_ P(X)(X _1)1012 (X n 2)1012
= P(X2 - 2) chia hét cho da thuc P(x)

Vay ton tai da thuc P(x)=a(x+1)" (x—=2)"" véi h¢ s6 thirc, c6 bac 2024 théa man da thuc

P(x2 —2) chia hét cho da thuc P(x).

Cau 28. (Truong chuyén tinh Quang Ninh nam 2023-2024)
a) Cho X,y la c4c sb nguyén duwong thoa man x> —y va x* +y déu la cac sé chinh phuong.
Chtng minh y 1a sb chén.
b) Tim cac s6 nguyén duong a,b thoa man a® —2(a+b)? =b* +19.
Loi giai
a) x> —y=a’;x*+y=Db’ véi a,b 1a cac sb tu nhién = 2y =b? —a?
Ta c6 b>—a® la s6 chan suy ra a,b 1a hai s6 cung chin hoac cung lé= (b—a)(b +a):4
= y:2.
b) a®-2(a+b)* =b*+19 < (a-b-2)(a* +ab+b*) =2ab +19

Vi 2ab+19>0, a® +ab+b*>0=>a-b-2>1=a-b>3

Tra-b-2>1=a’+ab+b®<2ab+19 :>(a—b)2 <19=a-b<4

Vi2ab+19 l¢ =>a-b-21¢ =>a-blé¢ = a-b=3
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Tra-b=3=b*+30-10=0="Db=-5 (loai) hoic b=2.Vay b=2;a=5.
Cau 29. (Truong chuyén tinh Quang Tri nam 2023-2024)
1. Chang minh n” 4 3n + 1 1 56 18 v6i moi s6 tw nhién n.
2. Tim tat ca cac s6 nguyén duong a,b sao cho 4a” + b + 4; 4b> + a + 4 déu lasb chinh
phuong.
Léi giai
1. Taco ™ +3n+1=n(n+1)+2n+1.

Do n(n +1) chin, 2n+1 lénén n* +3n+1 lasb lé.
2. Do vai trd a,b binh ding nén ta co thé gia st b < a.

Khi @6 (2&)2<4a2—I—b—|—4§4a2—|—a+4§4a2+4a—|—1=(2a+1)2
Suyra da* +b+4=(2a+1) = b=4a—3.

Khi d6 (8a —6) < 4b* +a+ 4= 64a* —95a +40 < (8a — 4)
Suy ra 64a* —95a +40 = (8¢ —5) ©a=1=b=1.

Thur lai thiy thoa man. VAy a = 1;b = 1.
Cau 30. (Truong chuyén tinh Tay Ninh nam 2023-2024)
Tim nghiém nguyén cua phuong trinh (x+Yy)? +2y*(x+1)+(y+2)*-9=0
Lo giai
(x+ y)2 +2y2(x+1)+(y+2)2 -9=0(*)

S Xy 2xy+2xy° +2y? + Yy +4y+4-9=0
o X —4+2x(y2+y)+4(y2+y):1
@(x+2)(x—2)+2(y2+y)(x+2):1

& (x+2)(x—2+2y*+2y)=1

x=-1
X+2=1 x=-1 -
TH1: e el o1l y=1 =(-11), (-1 -2)
X—2+2y°+2y=1 2y°+2y=4 y=-2
2-1 3 x=-
X = X =— _
TH2: e el el y=1 =(-31), (-3 -2)
X—2+2y°+2y=1 2y°+2y=4 y=-2

Cau 31. (Truong chuyén tinh Thai Binh nam 2023-2024)
Chtrng minh rang néu p 13 sb nguyén té 16n hon 3 thi (7 — p)(7 + p) chia hét cho 24
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Loi giai
Do p nguyén td p>3= p khong la boi ctia 3 va 2
= p® =1(mod3) vap? = 1 (mod8)= p? ~1:3 va8suy ra = p* -1:24
Vi (3,8)=1nén (7—p)(7+ p)=49- p* =48—(p’ —1):24
Viy ta c¢6 diéu phai chirng minh
Cau 32. (Truong chuyén tinh Thanh Hoa nam 2023-2024)
a) Giai phuong trinh nghiém nguyén x° + 2024x = y> + 1
b) Cho cac s nguyén duong x, y thoa man 44x2 + 1 = y2. Chitng minh 2y + 2
la s6 chinh phwong.
Loi giai
a) Tacox®> —x+2025x =y> +1
S X(x*—1)+2025x =y> + 1

& X(x -1)(x + 1)(x? + 1)+2025x = y°> + 1
& X(x -1)(x + 1)(x? — 4 + 5) + 2025x = 5 + 1
& X(x -1)(x + 1)(x + 2)(x — 2) + 5x(x + 1)+2025x = y° + 1(1)
Do x(x -1)(x + 1)(x + 2)(x — 2) la tich cia 5 s6 lién tiép nén
chia hét cho 5.
Khi @6 VT (1) = x(Xx -1)(x + 1)(x + 2)(x — 2) + 5x(x + 1)+2025x
Chia hét cho 5.
VP(1) = y° + 1 chia cho 5 du 2 hoic 1
Vay vé trai caa (1) chia hét cho 5, vé phai cua (1) khdng chia hét cho 5 nén phuong trinh (1)
vO nghiém, hay phuong trinh da cho khong c6 nghiém nguyén.
b) D& thay y la sé Ié nén daty = 2k + 1( k€ N)
Khi d6 ta c6 44x? + 1 = 4k? + 4k + 1
=>11x2 = k(k + 1) (*)
=> k(k + 1) chia hét cho 11
Do 11 1a SNT nén hoic k chia hét cho 11 hoac k + 1 chia hét cho 11
TH1: k :11,datk =11.m (m € N) Thay va (*) taco
x2=m(l1lm+1)

Lai ¢6 (m; 11m+1) = 1= m va 11m +1 déu I cac sb chinh phuong.
:>{ m = a?

m+ 1= b?
Khi d6 2y + 2 = 4k + 4 = 44m + 4 = 4b? |13 SCP.
TH2: k+1 :11,datk+1=11.n(n € N) Thay va (*) taco

voablaSTN,b>0
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x?=n(11n—-1)

Lai ¢6 (n; 11n— 1) = 1= n va 11n — 1 déu la céc sé chinh phuong.

[ n=c* . ; .
{n_lzdzvoc,dlaSTN khac 0

Khidotacod 11c? —d? =1 => 12c¢?> =c? +d? + 1 (x%)
Ta thady VT(**) = 12c? chia hét cho 4

VP(**) = ¢ 4+ d? + 1 chia cho 4 chi c6 thé c6 s6 du 1a 1; 2 hoac 3 nén (**) khdng
Xay ra.

Vay néu céc s6 nguyén duong x, y thoa man 44x? + 1 = y?
thi 2y + 2 la s6 chinh phwong.
Cau 33. (Truong chuyén tinh Quoc Hoc Hué nam 2023-2024)

Tim tat ca cac sb thuc a sao cho a++/2023 va 999 | /2023 déu la céc s6 nguyen.
a

Loi giai

X =a++/2023 a=X-+2023

Dat 999 = 999 .
_ 222, 2023 =————— +/2023
y a y X —+/2023
999

Tacd y=—————++/2023 < xy —y+/2023 =999 + x~/2023 — 2023

y X —+/2023 =y

< Xy +1024 = (X +y)~/2023
Vix,ynguyénnén x+y=0,suyra y=-x va xy+1024=0.

Do d6 x =+32.Vay a=+32-+/2023.
Cau 34. (Truong chuyén tinh Tién Giang nam 2023-2024)
Cho hai s6 nguyén p,q théa man dang thic p? +q* =2(3pg—4) (*)

1) Chtng minh rang c6 it nhat mét trong hai sé p,q la boi cua 3
2) Tim tat ca cac cap s nguyén (p,q) thoa (*)
Loi gidi
a) Chang minh riang c6 it nhat mot trong hai sé p,q 1a boi cua 3
e Giasirtrong hai sé p,q khdng c6 s6 nao chia hét cho 3.
e Khidd p?,q° chia 3 du 1. Suy ra:

+) p?+q® chia3 du?2;
+) Trong khi vé phai 2(3pg—4)=6pq—-9+1 chia3 du 1, vo ly
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e Do d6 tromg hai sé p,q phai co it nhat mot sb 12 boi cua 3.
b) Tim tat ca cac cap s6 nguyén (p,q) thoéa (*)
e Do vaitrd cia p,q nhu nhau, khéng mat tinh tong quat, gia st q 1a boi cua 3.
e Do q nguyénténén q=3
e Khiddtrr(*)tacd p’+9=2(2p-4)< p°-18p+17=0<« p=1hoac p=17
e Do p nguyén to nén p=17.
Vay cac cap sb (p;q) thoa man (*) 1a (p;q) € {(17:3);(3:17)}.
Cau 35. (Truong chuyén tp Ho Chi Minh ndm 2023-2024)
Xeét cac s6 nguyén a <b <c théamédn n=a®+b® =c® = 3abc 1a s6 nguyén té.
a) Chtrng minh a<0.
b) Tim tat ca cac s6 nguyén a,b,c (a<b <c) sao cho n la mot udc caa 2023.
Loi giai
a)Giasira>0,khido b>1vac>2.Tacd

n=(a+b+c)(a2+b2 +c° —ab—bc—ca) la s6 nguyén té, ma a+b+c>1
Nén a’ +b* +¢c®* —ab—bc—ca =1, hay (b—a)2 +(c—b)2+(c—a)2 =2.

Vic>b>anén (b-a) +(c—b) +(c—a)’ >1% +12 +22 > 2. Tirmau thuin nhan dugc, ta suy
ra a<o.
b) Néu c<0,thitacé a+b+c<0,suyra n<0, mau thuan. Do d6 ¢ >1. Nhu vay

a?+b? +c? —ab—bc—ca:%[(b—a)2 +(c—b)2+(c—a)2}

> %(c— a)’ > %[1—(—1)]2 =251,

Vi n 12 s6 nguyén t6 va 1a uéc cia 2023 = 7.17% nén ne{7,17}.
Truwong hep 1: n=17. Theo ching minh & trén, ta phai cé a* +b* +¢®> —ab—bc-ca =17
va a+b+c=1. Tur do, ta dé dang tinh dugc
3(a’+b’ +¢’)=2(a’ +b* +¢’ —ab—bc—ca)+(a+b+c) =35.
Mau thuan vi 35 khong chia hét cho 3
Trwong hop 2: n=7. Theo chitng minh & trén, ta phai c6 a® +b* +c* —ab—bc—-ca=7
Va a+b+c=1. Tir do 3(a’ +b* +¢* =2(a” +b* +c* —ab—bc—ca)+(a+b+c)’ =15, suy ra
a®+b*>+c’=5vaab+bc+ca=-2.

Do 5=a%+b*+c* >1+c’ nén c<2.Ma c>1nén ce{L2}.
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e Néuc=2,thitacé a?+b*=1.Suyraa?<1,tecca>-1.Maa<Onéna=-1vab=0
. Thtr lai, ta thiy thoa man.
e Néuc=1,thitacé a®+b?>=4.Suyra a’<4,tic a>-2. Ma a<0 nén ae{-1-2}.
Thur tryuc tiép, ta dugc a=-2 va b=0. Tuy nhién, cac s a=-2,b=0 va c=1 khéng
théaman a+b+c=1.
Vay, c6 duy nhat mot b s6 (a,b,c) théa man yéu cau dé bai la (-1,0,2).
Cau 36. (Truong chuyén tinh Vinh Long nam 2023-2024)
a) Tim tit ca cac sb nguyén x sao cho gia tri cua biéu thic x? +x+6 1a mot sé chinh
phuong.
b) Tim nghiém nguyén cua phuong trinh y* = -2(x* —x°y -32).
Loi giai

a) Taco x* +x+6=n%(nxeZ)= 4x* +4x+24 = 4n’

< 4X° +4x+1-4n° =23 & (2x+1-2n)(2x+1+2n) =23

THL (X tImen=l g
2X+1+2n=3

THo: | 2XH1-2n=1 6
2X+1+2n=-23

2 oryb o3y 6 3V o
b)Tacéy =2(x =x'y-32< X +(y x) 64
= X' <64 x<2do xeZ = xe{-1,-2;0;1;2}
Xét cac truong hop:

2
+x:2:>(y—x3) =0=y=8

312

+x=1=(y-x*) =63=y¢Z (loai)
y-x)

+x=0=( -64=y=8vay=-8

+ x:—1:>(y—x3)2 =63=yeZ (loai)

+x=—2:>(y—x3)2 =0=>y=-8

Vay nghiém cua phuong trinh l1a: (0;8);(0;-8);(2;8);(-2;-8).

Cau 37. (Truong chuyén DH Sw Pham HN —vong 2 nam 2023-2024)

Tim tat ca cac s6 nguyén duong a, b sao cho sb 3+va la s hitu ty.
V5 ++/b
Loi giai
L4y a € Qsao cho
V3+va
NFeRk
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Viét lai phuong trinh duéi dang
Va—avb = aV5 -3

Binh phuong 2 vé ta co:
a+a’b—2a+ab =5a% - 2a+/15
Tu d6 suy ra

Jab - /15 = peQ
Binh phuong 2 vé dang thuc «/ab — /15 + B ta dugc

ab =15+ 8% + 215

< 2815 =ab-15— 32
Pang thire cudi xay ra khi va chi khi g = 0 tac 1a ab = 15 . Xét tat ca kha nang c6 thé xay

ra, ta duoc.
R \/§+1 1 ., 2. 4
e a=1,b=15tacla a=—=———-—=—"—-1alsovoty.
NN g
e a=3.b=5ticha=2B_Y3 B1ssvoty.
25 B
. a=5,b=3t&claa=\/§+\/§=1 1a 1 s6 hitu ty.
J5+43

. a=15,b=1,tﬁ:c|aa:%=ﬁ,156véw.
+

Vaiy tat ca cac cap (a,b) thoamadnlaa=5b=3.
Cau 38. (Truong chuyén DHSPHN —vong 1 nam 2023-2024)

C6 hay khong cac s nguyén a,bsao cho (a+ bm)z = 2024 +2023:/2023?
Léi giai
Gia sir ton tai cac s6 nguy@n a,b thoa man dé bai.
Khi d6 (a-+b+/2023)? = 2024 + 2023+/2023
= a? +2ab.A/2023 + 2023b? = 2024 + 20231/2023

= a% +2023b% — 2024 = 20232023 — 2abA/2023
— a® +2023b? — 2024 = 4/2023(2023 - 2ab)

2 2 , r
Vi @ +20230% - 2024 |3 6 hiyy ti, con V2023(2023-2ab) 13 58 v ti nén

2ab=2023 pidy nay 1a vo 1i vi 1 vé 1a chin 1 vé 1 1&.Suy ra gia st trén sai.Vay khong
ton tai cac s6 nguyén a,b thoa man de bai.
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CHUONG 8. CAC BAI TOAN HINH HOQC

Cau 1. (Truong chuyén tinh An Giang nam 2023-2024)
Cho tam giac ABC c6 ba goc déu nhon, BH 1a duong cao ké tir B (H € AC). Goi D, E lan
luot 14 trung diém cua AB va AC, F 1a diém dbi xting cua diém H qua DE.
a. Chiing minh rang t&r giac ABFH noi tiép.
b. Ching minh FBA = EFH.
¢. Chiing minh rang BF di qua tam dudng tron ngoai tiép tam giac ABC.
Loi giai

a) Xét AAHB vubng can tai H c6 D 1a trung diém AB = DA=DB=DH ().
Vi F 1a diém di xting cua diém H qua DE nén DH = DF  (2).
T (1) va (2) = DA=DH = DB = DF.
Suy ra bén diém A, H, B, F cuing thudc duoc tron dudng kinh AB.
Vay tir giac ABFH noi tiép.
b) Tu giac ABFH noi tiép (cau 6a) = FBA = FHE  (3).
Vi F 1a diém di xting cua diém H qua DE nén EH = EF.
Suy ra AEHF céntai E = FHE = EFH (4).
Tir (3), (4) = FBA = EFH.
¢) Vi F 1a diém ddi xtng cua diém H qua DE nén
FDE = % HDF  (5)
Tur clu 63, cO A, H, B, F thudc duong tron tdm D duong kinh AB nén

m\ngmﬁ (6).

Tir (5), (6) = FDE = HAF = EAF.
Suy ra tr gidc FDAE noi tiép. (7)
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Xét duong tron (O) tam O ngoai tiép AABC c6

D Ia trung diém day AB = ODA = 90°

E 14 trung diém day AC = OEA = 90°
Xét tir giac ODAE co:

ODA + OEA =180°
Nén ttr giac ODAE noi tiép duong tron duong kinh AO.  (8)
Két hop (7), (8) = A /D,F,0,E cung thudc duong tron duong kinh AO.
— AFO = ADO =90° (cuing chén cung AO).

Mt khac: AFB =90° (gc noi tiép chan nira duong tron duong kinh AB)
Suy ra: AFO + AFB =180°, nghia 1a B, F, O thing hang.
Vay BF di qua tdm duong tron ngoai tiép AABC.
Cau 2. (Truong chuyén tinh An Giang nam 2023-2024)
M6t nha méy san xuit éng thép khi xuit xudng cac dng thép dugc b lai tao thanh khéi gdm 37 éng

nhu hinh v&. Biét cac 6ng c6 dang hinh tru duong kinh day bang nhau va bang 10cm . Tinh d6 dai
ciia mot soi day dai dé budt cac dng thép lai véi nhau
Loi gidi
bit d,r(cm) lan luot la dwong kinh va ban kinh cia cac
6ng thép = d =10cm;r = d / 2= 5cm.

Ky hiéu cac diém nhu hinh minh hoa bén.

Trong do:

A, B, M, N, H Ia céc tiép diém giira day dai v6i cac 6ng

thep. HINH VE
cua 8

D, C, E, F, O la tam cua mét sb 6ng thép.
Gia st cac 6ng thép tiép xtc khit nhau va diy dai budc
chinh xéac.
D& thdy ABCD Ia hinh chit nhat.
= AB=CD =3d =3.10 =30(cm) (1)
Nén hién hién cac diém A, D, H, E thang hang.
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Xét ADEF co:

DE = 2DH =2/0D? —~OH? =2,J(2r)* —r? = 2/3r =10/3(cm)

Tuong ty ciing tinh dwgc DF =10+/3(cm) va EF =10v/3(cm).
Nhu viy DE = EF = DF =10+/3(cm) nén ADEF 1a tam gidc déu = EDF = 60"

Suy ra ADM = EDF = 60° (déi dinh).
Chiéu dai cung AM bing

7560 5
50~ 3~ (M (2)

Tir hinh v&, két hop (1) va (2) ta tinh duoc chiéu dai day dai 1a:

= 6.%7: +6.30 =180 +107(cm).

Cau 3. (Truong chuyén tinh Ba Ria — Viing Tau nam 2023-2024)
Cho duong tron (O;R)va diém A sao cho OA>2R. Tir A v& hai tiép tuyén AB, AC cua

(0) (B, C la hai tiép diém). V& day cung CD cua (O) song song véi AB. Puong thang AD
cit (O) tai E khac A va cit BC tai G. Qua G vé dudng thang vudng goc véi OG lan luot cit
hai duong thang AB, AC tai M va N.

a) Chirng minh tam gidc OMN cén
b) Goi I 1a trung diém cua DE, OA cit BC tai K. Chiang minh: 1E2 = IA-IG
¢) Tia BE cit AC & H . Chuang minh CE di qua trung diém cua HG.

Léi giai
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a) Tt gisc OGMB noi tiép dudng tron dudng kinh MO = OMG = OBG.
Tt gidc OGCN noi tiép dudng tron duong kinh NO = ONG = OCG

Tuy nhién tam giac OBC can tai O = OBC = OCB => OMG = ONG => AOMN c4n
tai O.

b) ta c6: ZAKG = ZAIO =90" = AAKG, AAIO ddng dang = AG.Al = AK.AO.

Mat khac, d&thdy: AK.AO = AB? va AB? = AE-AD = AG- Al = AE - AD

Khi d6: AG- Al = (Al —IE)(Al + IE) = Al —IE> = IE2 = A1’ - AG - Al = IG - 1A

¢) Goi T la giao diém cita HG va CE . Ta c6: BED = BCD = CBA = ACB = HEGC I
tu giac noi tiep.

— — e~ ,

— HGC = HEC = CDB = CBA Dén day ta chimg minh hai duong thing HG, AB song
song véi nhau .

Kéo dai CE cit AB tai F.

Dé thiy: ~FAE = ZEDC = ZECA = AFAE,AFCA d6ng dang = FA> = FE.FC, ma
FB? = FE.FC = F la trung diém cua AB. Pén day sir dung dinh ly Ta-lét , thi :
TG CT TH

=~ —=— = TG=TH hay T la trung diém cua GH.
FB CF FA

Cau 4 . (Truong chuyén tinh Ba Ria — Viing Tau nam 2023-2024)
Cho duong tron (O) ban kinh 1. Ba diém phan biét A, B, C thay ddi ndm trén duong tron
(0) sao cho diém O nam bén trong tam giac ABC . Cac duong thang OA, OB, OC lan luot
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cat duong tron ngoai tiép tam giac OBC, OCA, OAB tai M, N, P khéac O. Tim gia tri nho
nhat caa biéu thac: S =OM? + ON? + OP?

Loi giai

Goi D, E, F lan luot 14 giao diém caa OA, OB, OC véi cac dudng thang BC, CA, AB

D& thiy hai tam giac OCD, OMC dbng dang = OD.OM =0C? =1=OM = o%
Tuong ty: ON =i;OP = L
OE OF

1 OA y+z

Dat: Xx=S.4.;Y=Socn;Z=S,s = = =
‘ OBC y OCA: OAB OD OD X

1 x+z, 1 y+z
OE y OF X

Khi do: L + L + ! L +(5+£)+ Y 25
OD OE OF y X Z X z Yy

Tuong tu:

>12

2+ 2+ 2 = +
OD® OE® OF- 3\0D OE OF

2
Dodc'):Sz1 L 1 i 1+1J

Vay GTNN caa biéu thirc S 13 12 dat dugc khi tam giac ABC déu.

CAu 5. (Truong chuyén tinh Bdic Giang nam 2023-2024)

Cho dudng tron (O:R) va day cung BC c¢b dinh cua duong tron thoa midn  BC < 2R. Mot diém A
di chuyén trén (O:R) sao cho tam giac ABC c6 ba géc nhon. Cac duong cao AD, BE, CF cua tam
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giac ABC cit nhau tai H. Pudng phan giac cia CHE keéo dai v& hai phia cit AB va AC lan luot tai
M,N.

1. Chung minh tam gidc AMN can tai A.
2.Goil,P,Q,J lan luot 1a hinh chiéu cua D trén canh AB, BE, CF, AC. Chiing minh réng bdn

diém I, P, Q, J ciing nam trén mot duong thang vudng goc véi AO.
3. Pudng tron ngoai tiép tam gidc AMN cit dudng phén giac trong cia BAC tai diém thtr hai K.
ching minh rang HK ludn di qua mét diém co dinh.
Loi giai

- | T

4.1. chtrng minh tam giac AMN can tai A.
Vi BE L AC =E nén HEC =90°
Vi CF L AB =F nén HFB =90°
= FMH + MHF =90° ENH + NHE =90° (1)
Vi HN la phan gidc cua goc CHE nén CHN = NHE
Lai c6 CHN=MHF ( d6i dinh) nén NHE = MHF (2)
Tur (1) va (2) suy ra FMH = ENH hay AMN =ANM
Vay AAMN can tai A.
2. Chi ra ttr gidc BIPD ndi tiép nén IBD + IPD =180° (3)
Chi ra IBD = FHA ( cung phu véi goc FAH);
Lai c6 FHA = QHD( dbi dinh) = IBD = QHD;

Chi ra & gidc DPHQ noi tiép nén QHD = QPD = IBD = QPD (4)
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Tir (3) va (4) suy ra QPD + IPD =180° nén ba diém I, P, Q thing hang

Chitrng minh tuong ti ta duoc P, Q, J thang hang.

Vay 4 diém I, P, Q, J thing hang.

Tur tir giac BIPD ndi tiép chi ra MIP = PDB

Lai c6 PD//AC (cung vudng géc véi BE) nén PDB = ACB

Qua A ké tiép tuyén tAt’ ciia (O)suy ra AO L At; tAB = ACB( ciing bang 3/ sd AB)

Suy ratAl = AIP

Ma hai goc nay & vi tri so le trong nén IP/At = IP L AO (dpem)

3.
. ) .
e
74 N
3
0
F H N
3 \\\_
8 o Ve

Vi tam giac AMN cén tai A va AK la phan giac goc MAN nén AK la trung tryc cia MN suy ra
AK la duong kinh cua duong tron ngoai tiep AMN

AKM =ANK =90° = KM//CF ; KN //BE
Goi R =KMNBH;s = KN nHC = HRKS 1a hinh binh hanh suy ra HK di qua trung diém cua

RS (5)
Tu MR//FH= HR_ m;
RB MB
CTINT 18 b A i h o A TINA 1S b A A FM FH
Vi HN la phén giac cua goc CHE nén HM la phan giac cua goc BHF = B HB
Tir SN/HE = 0> - EN.
SC NC
Vi HN la phan giac cua goc CHE nén EN = HE
NC HC
Chi ra AFHB ~ AEHC( géc —g6c) =~ = 1=
NC HC
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:ﬂ=ﬁ:>RS//BC (6)
RB SC

Tir (5) va (6) suy ra HK ludn di qua trung diém caa BC ( ¢ dinh).

Cau 6 . (Truong chuyén tinh Binh Duong nam 2023-2024)
Cho tam giac nhon ABC (AB > AC) ndi tiép duong tron (O). Goi D, E lan luot 1a chan

duong cao ha tir dinh A, B. Goi F 14 hinh chiéu vudng goc cua B 1én dudng thang AO.
a) Chang minh rang 4 diém B, E, D, F 1a 4 dinh ctia mot hinh thang can.
b) Chung minh rang EF di qua trung diém caa BC.
¢) Goi P 1a giao diém thtr hai cua duong thang AO véi duong tron (O), M, N lan
luot 14 trung diém cua EF va CP. Tinh s6 do goc BMN.

Loi giai

Cau 7. (Truong chuyén tinh Yén Bai nam 2023-2024)

Cho tam gidc ABC nhon noi tiép duong tron tim O, cac duong cao AD,BE,CF
(DeBC,E cCAF € AB). Tiép tuyén tai A cia duong tron (O) cat DF tai M,MC cét (O)
tai 1 khéc C,1B cat MD tai N .

a) Chiing minh rang MA//EF . ’

b) Chirng minh rang aMAF cén, ta giac AINF ndi tiep.

¢) Chang minh ring MA? = MN -MD .

d) Goi K 1a giao diém ctia CF va duong tron (0). Chling minh ring A,N,K thang
hang.

Loi giai
Cau 8 . (Truong chuyén tinh Bdac Ninh nam 2023-2024)
1. Cho tam giac ABC nhon noi tiép duong tron (O), AB < AC, c6 céc duong cao BE va CF
. Céc tiép tuyén cta duong tron (O) tai B va C cat nhau tai S. Goi M 1a giao diém caa BC va
SO.
a. Chang minh rang tam giac EAB ddng dang véi tam gidc MBS, tir d6 suy ra tam giac AEM
ddng dang véi tam giac ABS.

b. Goi N 1a giao diém cia AM va EF, P 1a giao diém caa SA va BC. Chang minh ring NP
vuoéng
goc vai BC.
2. Cho hinh chit nhat ABCD. Ly cac diém E, F thudc canh AB (E nam giira A, F); G, H thudc
canh
BC (C nam giira B, H); I, J thudc canh CD (I nam giita C, J); K, M thudc canh DA (K nam giira D,
M) sao cho E, F, G, H, 1, J, K, M d6i mot phan biét va khac cac dinh cua hinh chit nhat ABCD, dong
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thoi hinh da giac EFGHIJKM c6 cac goc bang nhau. Chirng minh rang néu d6 dai céc canh caa hinh
da giac EFGHIJKM la cac sb hitu ti (theo don vi cm) thi EF = 1J.

Léi giai a. Ta c6 OS L BC tai trung diém M ctia BC. Nén BEA =SMB =90°.

Ma Iﬁ=§l3?:=%sdff. Suy ra AEAB ddng dang AMBS.

Hai tam giac EAB, MBS d6ng dang nén AB_ B—S
AE BM
Tam giac BEC vuong tai E, EM Ia trung tuyén nén BM = ME.
AB BS
Suyra —=——
y AE ME ( )

S

Tam giac MEC cén tai M, nén MEC = MCE. Mait khac

ABS+ACB =180° = AEM + MEC

— AEM + ACB

— ABS = AEM (2).

Tur (1), (2) suy ra hai tam giac AEM, ABS dong dang.

b. Hai tam gidc AEM, ABS ddng dang nén BAP = EAN ; AME = ASB (3).
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Ma ttr giac BCEF noi tiép duong tron duong kinh BC nén ABP = AEN . Suy ra hai tam gic

AEN, ABP dong dang, dan toi %:E( )

— e —— e

Suy ra: NEM = BAC =SBP (5)
Tir (3) va (5) suy ra hai tam giac EMN, BSP d6ng dang. Do d6 % :'\IQI_IS\I (6)
Tur (4) va (6) suy ra AN _NM _ AN _ AP _ \p//wms.
AP PS MN PS
Ma SM L. BC= NP LBC.
2.Gol EF=a; FG=b; GH=c; HI=d; U =¢; JK =f; KM =g; ME = h (theo don vi cm, Vi
a,b,c,d,e,f,g, hlacéac sé hitu ti duong).
Do céc goc cua hinh bat giac EFGHIJKM bing nhau nén méi gdc trong cua hinh bat giac dé
(8—2).180°
8

c6 s do 1a =135°,

A, E = F__ B
b
h |
C
M
g
) /
\
€

D’ J I C
Suy ra moi goc ngoai cua hinh bat giac nay la 180° —135° = 45°.
Do d6 cac tam giac MAE; FBG; CIH; DKJ la cac tam giac vuéng can.

, h b d f
Taco: MA=ME=—;BF=BG=—;CH=Cl=—; DK=DJ=—.
\/2 J2 J2 J2
b f
Vi AB = CD nén o (e-a)N2=h+b—f—d.
RGN
N&u e—a »0thi J’:%, didu nay v6 I, do 2 1256 v ti, con % la b

hitru ti. Vay e—a=0<«< e=a hay EF = 1J (dpcm)

Cau 9. (Truwong chuyén tinh Bén Tre nam 2023-2024)
Cho tam giac ABC khong c6 goc til (AB < AC, BC < 2R) ndi tiép duong tron (O;R) (B, C ¢b dinh,
A di dong trén cung 16n BC). CAc tiép tuyén tai B va C cit nhau tai M. Tir M ké duong thing song
song véi AB, dudng thiang nay cat (O) tai D VA E (D # E, D thudc cung nhé BC), cit BC tai F va
cat AC tai 1.

a) Chiing minh rang MBIC 14 tirc giac noi tiép.

b) Chimng minh ring FI.FM= FD.FE

¢) Tim vi tri ctia diém A trén cung 16n BC sao cho tam giac IBC c6 dién tich 16n nhét
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Léi giai

Loi giai.

a)

b)

Do MB thugc tiép tuyén tai B ciia duong tron (O) va MI || AB nén ta c6
MBC = BAC = MIC..
Do d6, MIBC 1a ttr gi4c noi tiép.
, \ BFI = MFC (doi dinh)
Taco ABFI ~AMFC(g.Q)vi<
BIF = MCF (ctng chancung BM )
Tu day suy ra

Tuong tu vai cap tam gidc BFE va DFC, ta cling c6 FB.FC = FD.FE
Suyra FI.FM = FD.FE .

Tacod
1

S sc =E.BC.d (1,BC).

Do B va C 14 hai diém ¢ dinh nén d6 dai ctia doan BC khong d6i nén S5 co dién tich 16n
nhét khi ca chi khi d (1,BC) dat gia trj 16n nhat.

Mit khac, do MB va MC lan luot 13 hai tiép tuyén tai B va C cta dudng tron (O) nén

MOB = MCO =90’ tirc Ia t&r gite MBOC ndi tiép dudng tron duong kinh OM (goi 1
duong tron C ), lai c6 MBIC la tir giac ndi tiép 5diém M, B, 0,1, C cung thudc mot duong
tron ¢6 dinh C (do O, M ¢6 dinh).

Lai c6 OB =0OC =R nén O la diém chinh giita cing BC cua C, Vi | di chuyén trén cung
nay nén d(1,BC)<d(O,BC)=const.

Ping thirc x4y ra khi va chi khi | =0, hay A,O,C thang hang.

Vay khi A 1a giao diém ciia OC va (O) thi tam gidc IBC c6 dién tich 16n nhat.

Binh Luan - Déi véi ¥ b), néu hoc sinh di dugc lam quen véi “phuong tich cia mot diém
dbi voi dudng tron” thi y nay sé rat d& dang, du vy cach tiép can bang tam giac dong dang
ciing rit d& nhan ra. Y ¢) ¢6 thé xem la cau hoi “lay diém 10” cua d&; ddi voi dang cuc tri
hinh hoc nhu nay, ta c6 thé tién hanh phan tich nhu sau:

e
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i. Tacd Sy =%.BC.d (1,BC) ma BC =const nén ta chi can bién luan vi trf ctia | dé
d(1,BC) 16n nhét.

ii.  Dua vao cac thanh phan ¢ dinh, ta di tim quy tich ctia diém | va tiép hanh 1y luén dé dan
dén 101 giai cho bai toan.

Cau 10. (Truong chuyén tinh Gia lai nam 2023-2024)

Tir diém M nam ngoai dudng tron (0), ké hai tiép tuyén MA, MB (A, B la tiép diém),
cat tuyén MCD khong di qua tim O, MD > MC.

a) Ching minh rang MA* = MC.MD. ‘ ,

b) Goi H 1a giao diém cia MO va AB. Chuing minh rang tir gidc CHOD ndi tiép.
¢) Tim vi tri cia diém D trén duong tron (0) dé tam giac MAD c6 dién tich I6n nhat.

Loi giai

E

Xét AMAC va AMDA c0

AMD chung

MAC = MDA (Cung chin AC)

Suy ra AMAC « AMDA (g-9)
MA MC

>—=—
MD MA i . )

Goi H la giao diém cia MO va AB. Chang minh rang ti gidc CHOD noi tiep

Ta co: OAM = 90° (tinh chét cua tiép tuyén)

= MA?> = MC.MD

MA = MB (tinh chét hai tiép tuyén cat nhau) va OA = OB
= OM latrung truc AB hay OM 1 AB tai H

= AM* = MH .MO (hé thic luong trong tam giac vudng)
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— MH.MO = MC.MD(: MAZ)

MH MD . ——
——=——va DMO chung
MC MO

= AMHD > AMCO (c-g-c)

= MDH = MOC (hai goc tuong tng) hay (TD?I = 17(-)\(?
= tir giac DOHC noi tiép duong tron

Tim vi tri cua D dé tam gidc MAD c6 dién tich 16n nhat.

. 1
Dung duong cao DK cua AMAD.Khido S, = EMA.DK
S mp = %MA.DK dat gia trj 16n nhat khi va chi khi DK 16n nhit ( MA khéng doi)

Goi E 1a diém d6i xtiing voi A qua O. Qua D dung duong thang song song MA cat AE
tai F = DK = AF 7
Kh’i D di chuyén trén cung I16n AB thi F di chuyén trén duong kinh AE . Suy ra AF 1on
nhat khi AF la duong kinhhay D=F=E
Cau 11. (Truong chuyén tinh Binh Dinh nam 2023-2024)
Cho tam gi4c nhon ABC c6 cac dudng cao AD, BE,CF . Goi K, L lan luot 1a tim duong
tron noi tiép cua cac tam giac CDE, BDF.

1. Chirng minh LDF = KDC .
2. Chang minh hai tam gidc LDF va KDC d6ng dang, hai tam giac LDK va FDC dong
dang.
3. Chitng minh tir giac BLKC noi tiép.
4. Goi P,Q lan luot 1a tam duong tron ngoai tiép cac tam gidc AKC, ALB, ching minh PQ song
song vai KL.
Loi giai
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1. Goi H latryc tdm cua AABC.

Vi K, L lan luot 1 tam duong tron ndi tiép cua cac tam giac CDE, BDF = DL 14 tia
phan gidc cua FDB;FL la tia phan gic cua BFD;CK la tia phan giac cia ECD; DK 1a
tia phén giac cua EDC.

Vi tt gidc DHEC c6: HDC + HEC = 90" +90° =180’

Suy ra tir gidc DHEC ndi tiép= EDC = EHC = EDC = FHB

Vi tir gidc DFHBCO: FDB+ FHB =90" +90° =180°

Suy ra tt gidc DHFB noi tiép = FDB = FHB.

Do d6: EDC = FDB = LDF = KDC.

2. Tr gidc ACDF c6: AFC = ADC =90°

— Tir gidc ACDF noi tiép = BFD = ACD = LFD = KCD

X6t ALDK va AKDC , ta c6: LDF = KDC va LFD = KCD = ALDF - AKDC (g.g).

LD DF _ LD KD

ALDF - AKDC = = = =
KD DC DF DC

@)

Vi EDC = FDB = LDB = KDC = LDK +2LDB =180
FDC + FDB =180° = FDC + 2LDB =180’

Nén LDK = FDC (2)

Tu (1) va (2), suy ra: ALDK -~ AFDC (c.g.c).
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Vi L la tim duong tron noi tiép ABDF nén BLD =90" + BFL .
Khi d6 BLK +KCD = BLD + DLK +KCD =90" + BFL +90" — BFL =180’
= Tt gi4c BCKL noi tiép.
4. Goi J,1 lan luot 1 tAm dudng tron noi tiép cia AAEF va AABC = J € Al .
Tuong tu Y 1,2,3 ta suy ra cac t giac ABLJ, ACKJ noi tiép
— J 1a giao diém thu hai cua hai duong tron (P) va (Q)

= PQ L Al = PQ L Al (3)

-

ABC

& LIK =90° + IAK + KAC < IAK = LIK — KAC —90°
Taco

— e~~~ e~~~ e~~~ e~

LKA = LKI + IKA = LKI + KAC + KCA = LKI + KAC + KCB = LKI + KAC + ILK

Do d6 IAK + LKA = LIK + LKl + ILK =90 =90° = Al 1 LK (4)
Tur (3) va (4) suyra PQ//LK.

Cau 12. (Truong chuyén tinh Binh Phudc nam 2023-2024)

Cho doan thang AB va C la diém nam trén doan AB sao cho BC > AC . Trén cling mot nira
mat phang bo 1a duong thang AB, v& nura duong tron duong kinh AB va nira duong tron
duong kinh BC . Lay diém M thudc nura duong tron duong kinh BC (M =B, M #C). K¢
MH vudng géc véi BC (H € BC), duong thang MH  cét ntra duong tron duong kinh AB
tai K . Hai duong thing AK va CM cit nhau tai E.

a) Chuang minh t gidc BMKE noi tiép va BE? = BA-BC..

b) Tir C ké CN vudng goc véi AB (N thudc nira duong tron duong kinh AB), goi P la giao
diém cia NK va CE . Chang minh rang tim dudng tron ndi tiép cua cac tam giac BNE va
PNE ciing ndm trén dudng thang BP .

Loi giai
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a) Ta c6: BME = BKE =90° nén tu giac BMKE ndi tiép.

— HKB =CEB

ma HKB = BAE (cung phu voi ﬁK\A)

— BAE =CEB.

ABEC ddng dang véi ABAE (vi ABE chung va BAE = CEB)

BE _BC

Do d6 = BE*=BC- AB.

b) Xét tam giac vudng ABN c¢6 CN L AB= BN’=BC-AB
ma BE? =BC-AB suy ra BN = BE hay ABNE can tai B, suy ra BNE = BEN . (1)

Mt khac, theo cau trén ta c6 CEB = BAE va BAE = BNP suy ra CEB = BNP.
()

Tur (1) va (2) suy ra PNE = PEN hay APNE cén tai P = NP = PE.
Vi NP =PE va BN =BE nén BP L NE.
Suy ra BP la duong phan giac cua cac géc EBN va EPN .

Do d6 tam dudng tron noi tiép cac tam gidc BNE va PNE clng nim trén dudng
thing BP

Cau 13. (Truong chuyén tinh Binh Thudn nam 2023-2024)
Cho tam giac déu ABC c6 dudng cao AH. Trén canh BC lay diém M tiy ¥ (M khéng tring

B,H,C). Goi P, Q lan luot 13 chan duong vudng goc ké tir M dén AB, AC.

a) Chirng minh MP + MQ = AH

b) Goi K 1a trung diém ciia AM. Chang minh rang KH L PQ

¢) Cho duong tron (O) noi tiép tam giac ABM. Goi D,E,F theo thu ty 14 tiép diém cua (O)
Véi cac canh BM,AB,AM. V& DN vudng goc véi EF tai N. Ching minh BNE = MNF

Loi giai
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B D M H C

a) Trong ABMP vudng ¢ P. ta c6: MP = MB.sin MBP = MB.sin60° = ?MB

3

Tuong tu, ta chiing minh dugc: MQ = X MC

Ne

Vay MP +MQ :TBC = AH
b) Do APM = @ = AHM =90 ° nén A, M, P, Q, H cing nam trén dudng tron dudng
kinh AM. Do @6, K 1a tam ctua duong tron nay = KP = KH = KQ
Trong A PKH can 6 K co6 PHK = 2PAH = 2BAH =2. 30 °=60°. Vay A PKH déu
= HP = HK (1)
Tuong ty, 1a chimg minh dugc A QKH déu = HQ = HK (2)
Tur (1), (2) ta duge:
HQ = HK
MaPQ =PK
7 ¢) Goi B', M' 1an luot 1 hinh chiéu cua B, M 1én EF. Khi d6 do BB'||DN|[MM' Goi N 1a giao
diém cua DN va BM.
Ap dung dinh 1y Thales trong A BMM"; A M'BB' ¢4 BB'|DN|| MM"; D
€ BM;N'e BM’;N € B'M’, ta c¢:
MD M N
DB N'B BD B'N
1 1 1 == —u( )
M'N' M'N DM NM
N'B NB'
Xét ABB'Eva A MM'F, ta co:
BB'E = MM 'F =90°
BEB'= AEF = AFE (A AEF can tai F do AE = AF theo tinh chét tiép tuyén )
= MFM "'
Vay ABB'E ~A MM F(g.9) =

}:> PQ la duong trung truc cuia HK = PQ 1L HK

BE _BE _BD 4y (do BE = BD :MF = MD theo
ME MF DM

tinh chit tiép tuyén )
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BM BE BN-BE _EN
NM" MF NM'-MF FN
Xét ABNEvaAMNF,taco:
BEN = MFN
EN BN BE
FN MN'  MF
Vay ABNE ~AMNF (c.g.c) = BNE = MNF (PPCM )
Cau 14 . (Trwong chuyén tinh Can Tho nam 2023-2024)
Cho tam gidc ABC nhon (AB < AC) . Goi M,N lan luot I3 trung diém cua AB va AC . Dyng
bén ngoai tam giac ABC cac tam giac déu ANI va BMK . Goi diém D la hinh chiéu vuéng
g6c caa diém A 1én canh BC , diém E la trung diém cua doan thang 1K .
a) Chung minh tr gidc AKBD noi tiép.
b) Chting minh diém E 14 thm duong tron ngoai tiép tam giac IKD .
¢) Tinh sé do cia NEM

Tu (3) va (4), ta dugc

(CMT)

Léi giai

a) Ta co:
CA=CB ma CB = DA (ABCD la hinh binh hanh)

= AC = AD = AACD cén

ADC = ACD

Ma ACD = BAC (so le trong)

— BAC = ADC = AB Ia tiép tuyén cua (ADC)
Tuong ty, tacod CD latiép tuyén cua (ABC)
Tacé: AMN = NDC (so le trong)

Ma NDC = NAC ( ADCN ndi tiép)
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— AMN = NAC = AC la tiép tuyén cua (AMN)
Xét hai tam gidc AAKC va AMAC c0:

ACK la goc chung

KMA=KAC (Vi AC Ia tiép tuyén cua (AMN))
= AAKC - AMAC (g-g)

_, AKC = MAC

Mado CA=CB
= AABC céantai C

— MAC = ABC

Do do, ta ¢ KK\C:KBT:(:I\WAT:)

= ABKC ndi tiép (dpcm)

b) Goi S la giao dién ciia BK va (AMN)

Taco SAM =SKM

Ma SKM =180 — BKC = BAC = ABC =180" — BAD
— SAM =180" — BAD

— SAM + BAD =180°
=S, A, D thing hang

Khi do, ta co:
SDC = ACD = CAB = SKM
— SDC = SKM

= T gidc SDCK ndi tiép
| lagiao diém AN va SK
Goi 1" lagiao diém cua SK va CD

Khi do, ta co:
NKI = SAN
NCI' = DAN — NKI +NCI =180°

SAN + DAN =180’

= NKI'C noi tiép

Vi NKI'C ngi tiép= KCI = KNI
Ma KCI' = DSK (do SDCK noi tiép)
Ma DSK = ASK = KNI

Tir day suy ra: KNI = KNI = I =’
Do d6 | eCD, ma CD c¢é dinh
Vay | thugc duong thang CD ¢b dinh khi M thay d6i (dpem)

Cau 15. (Truong chuyén tinh Cao Bang niam 2023-2024)
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Cho tam giac nhon ABC ndi tiép duong tron (0), AB < AC.Goi H lahinh chiéu vudng goc
cia A trén canh BC.Ké HM,HN lan luot vudng goc véi AB,AC(M € AB,N € AC).
a) Chuang minh te gidc AMHN noi tiép.
b) Goi giao diém cua dudng tron tdm A ban kinh AH véi cung nho AC cua dudng tron
(0) la diém Q. Chimg minh ba diém M,N,Q thang hang.
c) Khi diém A c6 dinh va hai diém B,C di dong trén duong tron (O) sao cho tam giac

ABC luén la tam giac nhon. Chitng minh MN song song véi mot dudng thang cb dinh.

Léi giai

a) Tacd HN L AC = HNA=90°; HM L AB = HMA =90°.
Xét ti giac AMHN , c6 HNA + HMA =180°, hai g6c HNA va HMA & Vi tri déi nhau. Do d6
tr giac AMHN noi tiép dudng tron duong kinh AH .
b) Xét AAHB vudng tai H, c6 duong cao HM ,tacd AH? = AM - AB
AAHC vudng tai H, c6 duong cao HN,tacd AH? = AN-AC
Do d6 AM - AB = AN - AC hay AM _ AN
AC AB

Lai c6 A chung nén AAMN ~ AACB = ANM = ABC .
Ké AO ct duong tron (O) tai diém K. Tacé ABC = AKC.Dod6 ANM = AKC (1)
Mat khac, Q thuoc duong tron tdm A, ban kinh AH nén AQ = AH .

AQ? = AH? = AN - AC = 29 _ AC
AN~ AQ

T gidc AQCK ngi tiép duong tron (0)nén AQC + AKC =180°.

— AAQC ~ AANQ = AQC = ANQ

Suy ra ANQ + AKC =180°. (2)
Tur (1) va (2) suy ra ANM + ANQ =180° hay ba diém M,N,Q thing hang.

.O Lién hé tai lidu word toan SPT (zalo): 039.373.2038 20


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

¢) Goi giao diém thtr hai cua duong tron (O)va duong tron tam A, ban kinh AH la P.
Chtng minh tuong ti ¥ b) ta c6 ba diém M, N, P thang hang.

Goi A latiép tuyén véi duong tron (O)tai K. Tacd PQ L AK (tinh chat dudng kinh va day
cung chin bdi giao diém cua hai duong tron) = PQ//A.

Vi A cb dinh, (O) c6 dinh nén A ¢6 dinh. Do d6 B,C khi thay doi trén duong tron (O)sao
cho AABC ludn 1a tam gidc nhon thi MN ludn song song véi tiép tuyén A ¢ dinh cua
duong tron (O)

Cau 16 . (Truwong chuyén tinh Pa Nang nam 2023-2024)
1) Cho tam giac nhon ABC, véi AB < AC, ndi tiép dudng tron (O). Cac tiép tuyén cua duong tron
(O) tai B va C cit nhau & D. Pudng tron duong kinh AD cét dudng tron duong kinh OD tai diém E
(khac D). Goi F 1a giao diém cta doan thang OE va dudng tron (O).

a) Chig minh rang 3 diém A, O, E thing hang va CF la tia phan gic cta goc BCE.

b) Cac tia AB, AC lan luot cit dudng tron dudng kinh AD tai cac diém G, K (déu khac A).
Chtrng minh rang OD di qua trung diém cta doan thing GK.
2) Cho tam gidc nhon ABC c¢6 AB < AC < BC, duong tron (O) ndi tiép tam gidc ABC tiép xuc voi
canh AB tai M. Léy diém E nam gitta A va M. Trén canh AC, BC lan luot léy diém D, F sao cho
AD = AE va BF = BE. Puong tron ngoai tiép tam gidc DEF lan luot cit AB va BC tai G (khac E)
va H (khac F). Ching minh rang (O) 1 tim dudng tron ngoai tiép tam giac DEF va cac duong
thing CM, ED, GH dong quy.

Loi giai

1)

a) Chung minh A, O, E va CF la tia phan giac cua BCE .

b) Céc tia AB, AC lan luot cét duong tron duong kinh AD tai céc diém G, K (khac A). Chimg minh
rang OD di qua trung diém cua doan thang GK.

a) + X¢ét duong tron dudong kinh OD:

OED = 90° (goc noi tiép chin nira duong tron)

+X¢ét duong tron duong kinh AD:

AED =90° (goc ndi tiép chin nira dudng tron)
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— OED = AED = 90°

= AO,E

+Trong duong tron duong kinh AD:
BCE = BOE (cing chan éE)

+ Trong dudng tron (O):

—

BCF = % BOE (goc ndi tiép va gdc & tim cing chin BF )
1 —
= BCF = > BCE

— CF la tia phan gidc cia BCE
b) + Goi I 1a giao diém thuc hai cia AD va (O) va L 1a giao diém ciia GK va OD.
+ Goi M 1a giao diém ciia OD va BC. D& dang ta ching minh dugc OD 14 trung truc ciia BC.

CMD = 90°maCKD = 90° (goc ndi tiép chin nira duong tron duong kinh AD)
= CMDK ndp tiép=> LDK = K(-:\B, ma ACB = AlB (cing chin AB cla O)=> LDK = AIB
+ BAI = DKL (cung chin GD cua duong tron duong kinh AD)

Ta dugc: AABI «» AKLD (9-9) :&=%
LD BI
LG CA
Tuong tu: AACI <~ AGLD (9-0) > —=—
. ©@-9) LD CI
4 BA_CA
BI CI
Day 1a bd dé& quen thudc tir hai tiép tuyén va mot cat tuyén, ta ching minh duoc nhu sau:
BA BD
ADIB > ADBA (g-Q) > —=—
©-9 =35 "0
CA CD
ADIC» ADCA (g-0) = —=—
©-9) Cl DI
. BD CD . BA CA
a—=—hen —=—-
DI DI BI CI
Dodé:&:E:LK:LG
LD KD
Vay OD di qua trung diém L ciia GK

2)

Goi S 1a giao ctia DE va GH. Ta di chtirng minh C, M, S thang hang.
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Tac6é ADE = AED = DHS = CD la tiép tuyén ctia (SHD) tai D
Tuong tu ta ciing ¢6 CH 1a tiép tuyén cua (SHD) tai H

Khi d6 SC 1a duong ddi trung cta tam giac SHD

Goi N 1a trung diém HD. Theo bo dé dudng ddi trung, ta co:

HSN =CSD (1) Lai c6 tam giac SEG > SHD
= Tam giac SEM > SHN (Chia d6i ti s6 dudng trung tuyén)

= SEM = HSN (2)

Tir (1) va (2) ta ¢6 CSD = ESM = (dpem)
Cau 17. (Truong chuyén tinh DAK LAK nam 2023-2024)

Cho ti giac ABCD c6 ABC = ADC =90°,BC =CD, M la trung diém cia AB, dudng tron
tdm C ban kinh BC cit MD tai E(E = D), H la giao diém ciia AC va BD.

1) Chttng minh rang tt giac BHEM 14 t& giac ndi tiép.
2) Goi F lagiao diém cia AE va duong tron (C)(F # E). Chang minh BC L DF
3) Goi | 1a giao diém ciia duong thang BC va duong tron (C)(1#B), J la giao diém cua

Al va DF . Tinhtisd bJ
DF

Léi giai
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Tacd AABC = AADC = AB = AD, MH :%AD:%AB:MB nén MBH = MHB .

AB, AD la tiép tuyén ciia dudng tron tim C ban kinh BC nén MBE = BDM .
AMEB dbng dang véi tam giac AMBD suy ra MEB = MBD = MHB

MEB = MHB cUng nhin canh MB nén tir giéc BHEM I tir gi&c noi tiép.

Goi F lagiao diém cua AE va duong tron (C)(F #E). Chung minh BC L DF

/\

4 M

MB MD MA MD
ME MB ME MA
Tir d6 c6 tam gisc MAE ddng dang véi tam giac MDA, suy ra MDA = MAE .
Mit khac MDA = DFA do cuing chin cung DE nén MAE = DFA
= DF||AB L BC = BC L DF
Goi | 1a giao diém cuia duong thang BC va duong tron (C)(1#B), J la giao diém cua Al va

Do AMEB dbng dang vai tam giac AMBD suy ra

DF . Tinh ti s6 DJ
DF

I
\F
K
C
.Q Lién hé tai liéu w 24
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Tu (1),(2)> e DK K -lpk= 22
IB 2AB AB 2 DF 4

CAu 18. (Truong chuyén tinh Pong Nai nam 2023-2024)

Cho dudng tron tim O duong kinh AB =2R. Goi H 1a trung diém cua OA. V& day
CD vuédng goc voi AB tai H.Goi M 1a mot diém di dong trén cung nhd BC (M khéng
trung voi B va C), AM cit CD tai | .

1) Tinh d6 dai cac doan thang AC, BC, CH theo R.

2) Chirng minh AD 1a tiép tuyén ctia dudng tron ngoai tiép tam giac IDM .
3) Tim vi tri diém M trén cung nhé BC sao cho MB + MC + MD dat gia tri 16n nhat

Loi giai

Tinh d0 dai cac doan th'fmg AC, BC, CH theo R.

D

Vi H 1a trung diém cua OA nén AH :% = %-

Taco ACB =90° (g6c noi tiép chin nira dudng tron).

Xeét tam giac ABC vuong tai C c6 duong cao CH :

AC? = AB.AH = 2R.§: R*= AC =R.

BC? = AB?— AC? =4R?-R? =3R? = BC = R/3.

ACBC RRV3 RV3
AB 2R 2

Chtng minh AD 1a tiép tuyén cua duong tron ngoai tiép tam giac IDM .

CH.AB=AC.BC =CH =
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Cach 1:
Tam giac ABD vuong tai D duong cao DH tacé AD? = AH.AB.

AAIH va AABM c6 g6c A chung va AHI = m(z 90°).

Suy ra AAIH v AABM (g.9) :ﬂzA—H: AH.AB = Al.AM.
AB AM
Do d6 AD? = Al.AM :E:ﬂ-
AM AD
AADI va AAMD c6 goc A chung va £:ﬂ.
AM AD

Suy ra AADI wWAAMD (c.g.c).

Vay ADI = AMD. Do d6 AD la tiép tuyén cua duong tron ngoai tiép AIDM .
Cach 2:
OA la duong trung truc cua CD nén AC = AD.

Tam giac ACD can tai A nén ACD = ADI .

Mat khac ACD = AMD (cing chin cung AD).

Vay ADI = AMD. Do d6 AD la tiép tuyén cua duong tron ngoai tiép AIDM .
Tim vi tri diém M trén cung nhd BC sao cho MB+ MC + MD dat gia trj 16n nhét.
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R+/3

Tacéd CD=2CH = 2.7: RV3.

Mit khédc ABCD can tai B nén BD = BC = R+/3.
Vay ABCD la tam giac déu.
Trén doan MD lay diém K sao cho MK = MB.

AMBK cantai M c0 BMK = BCD =60° nén la tam giac déu.
Taco CBM +CBK =60°, DBK +CBK =60".

Dan dén CBM = DBK .

Xét ACBM va ADBK c6: CB = DB, CBM = DBK, BM = BK .

Do d6 ACBM =ADBK = MC =KD.

Vay MD =MK + KD =MB + MC.

Tacd MB+MC + MD =2MD < 4R.

Vay MB+MC +MD dat gi tri 16n nhat khi MD 1a duong kinh cua dudng tron (O). Do
d6 M 1a diém chinh giita ctia cung nho BC .

Cau 19. (Truong chuyén tinh Pong Thap nam 2023-2024)
Cho tam gidc ABC nhon (AB < AC ) ¢6 cac duong cao AD, BE, CF cit nhau tai H . Goi
| 1a giao diém cua EF va AH , ké 1J songsong véi BC (J € HE ). Puong thang AJ cat
BC tai M.
a) Chuang minh rang ta giac AIJE noi tiép duong tron.

b) Ching minh rang D 1a trung diém BM .

¢) Goi L la giao diém ciia hai duong thing EF va BC . Chiing minh ring FLB = CAM .

Loi giai
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a) Chang minh rang ta giac AIJE noi tiép duong tron.
Vi 13//BC nén 1J L Al.
Taco AlJ =90°
AEJ =90°
Suy ra AlJ + AEJ =180°. Vay tir gidc AIJE noi tiép duong tron.
b) Chang minh rang D 1a trung diém BM .
Ta gidc AEHF c6 AFH = AEH =90°, suy ra AEHF noi tiép duong tron.
— FAH = FEH (cing chén cung FH )
1)
T gidc AIJE noi tiép duong tron, suy ra 1AJ = [EJ (cing chén cung 13) 2
Tir (1) va (2) = FAH = IAJ = AD 14 duong phan gidc g6c BAM .
Ma AD la duong cao tam gidc BAM
= ABAM céntai A= D la trung diém BM
¢) Goi L 1a giao diém cita hai duong thing EF va BC . Ching minh ring FLB = CAM .
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T gidc AFDC noi tiép duong tron nén FAD = FCD

Ma FAD = DAM = HAM = HCM

— AHMC ndi tiép dudng tron= CAM = MHC (3)
AHBM cantai H nén HMB = HBM

T gidc BFEC ngi tiép duang tron nén EFC = EBC

= LFHM ngi tiép duong tron.

— FLM = MHC (g6c ngoai caa tw giac nai tiép) (4)

Tir (3), (4) = FLB =CAM
Cau 20. (Truwong chuyén tinh Ha Nam nam 2023-2024)
Cho dudng tron (O) c6 day cung BC ¢ dinh va khong di qua tam O. Goi A 1a diém di dong trén
duang tron (O) sao cho tam giac ABC nhon va AB < AC. Goi M la trung diém ctia canh BC va
H latruc tam tam giac ABC. Tia MH cat duong tron (O) tai K, duong thang AH cét canh BC
tai D va AE la duong kinh cta duang tron (O) .
1. Chung minh BAD = CAE.
2. Ching minh rang ta giac BHCE 14 hinh binh hanh va HAHD = HK.HM .
3. Tia KD cat dudng tron (O) tai | (I khac K ), dudng thing di qua | va vudng goc véi dusng
thaing BC ciat AM tai J. Chang minh rang cac duong thing AK, BC va HJ cing di qua mot
diém. 7 , , ‘
4.Mot duong tron thay doi ludn tiep xdc voi AK tai A va cat cac canh AB, AC lan luot tai P, Q

phan biét. Goi N 1 trung diém ciia doan thang PQ . Ching minh rang duong thang AN luén di qua
mat diém cé dinh.
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Léi giai

AH 1 BC = ADB =90°

ABE =90° ( géc noi tiép chin nira duong tron)

Suy ra BAD = CBE (cung phu voi ABC )

Ma CBE = CAE ( géc noi tiép ciing chén cung AC )
Suy ra B/ATD = (TAE

A

E

Tacé ACE =90° (g6c noi tiép chén nira duong tron) = EC L AC .

Ma H la truc tdm tam gid&c ABC = BH L AC. Tu dé suyra EC // BH .

Tuong tu HC // BE

Xét ta giac BHCE c6 EC // BH va HC // BE nén ter giac BHCE Ia hinh binh hanh.
Ma M 1a trung diém cua BC nén ba diém H, M, E thang hang.

Lai co ba diém M, K, H thang hang. Tir d6 suy ra ba diém K,H,E thang hang.
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Tacé AKE =90° (g6c noi tiép chén nira duong tron) = AKM = 90° .
Xét AAKH va AMDH c6: AKM = MDH (=90°); KHA=DHM (hai géc ddi dinh).

= AAKH [JAMDH (g.9)= :IG EE HAHD = HK.HM .
K
J\ 0
S B . I C

Kéo dai AK cit duong thing BC tai S, ASAM c¢6 hai duong cao AD va MK cit nhau tai H = H
la tryc thm tam giac SAM .

Xét tam gidc AHDM va ASDA c6 ADS = HDM =90° v DMH = DAS (cung phu voi ASM ).
HD _ DS

= AHDM [] ASDA 1
(g g) DM AD’ @)
Tuong ty H la tryc tim AABC = ABDH []AADC = % = % 2)

HD BD _DS AD _ BD _DS
DM HD AD'CD DM CD
BD DK

Ma ABDK [JAIDC (g. — BD.CD = DI.DK 4
(gg)=>|D oe 4

Tir (3) va (4) = DI.DK = DM.DS nén SKMI la t& gidc noi tiép = SMI = SKI .
Ma AKDM I tt gi4c ngi tiép (do AKM = ADM =90°) = SKI = DMA.
Tir d6 suy ra SMI = DMA.

Xét AMIJ c¢6 SMI =DMA va IJ L BC = BC la duong trung truc cua 1J .

= SIM =SIM =90° (vi SKMI 14 t&r gi4c noi tiép nén SIM =180°—SKM  =180°—90° =90°)
=SJLAM.

Ma H latruc thm ASAM = SH 1 AM . Tirdé suyrabadiém S, H, J thang hang. Vay cac duong
thang AK, BC va HJ cung di qua diém S .

Tir (1) va (2) = — BD.CD=DM.DS (3)

.Q Lién hé tai lidu word toan SPT (zalo): 039.373.2038 31


https://zalo.me/0393732038
https://tailieumontoan.com/tai-lieu-toan-thcs-1

Website: tailieumontoan.com

—
A
MNREAN:

G\

E

Goi N' 1a giao diém cua PQ va AE. Xét AAQN' vd ABEM co:

QAN'=EBM ; AQN'=KAP =BEM

AN' BM
AAON '] ABEM (. 28 2 s
= AAQN '[] (gg):>QN. EM()

L — L — L — L — L — ,

Do QAN'=EBM ; AQN'=KAP =BEM nén theo tinh chat goc ngoai cia AAQN' va ABEM ta
c6 EMC =PN"A.

Ma PAN'=ECM nén AECM DAPAN'(g.g):%z%. (6)

AN' AN’
QN' PN’
Vay AN luén di qua mét diém cé dinh O

Tir (5) va (6) va két hop BM =CM = —QN'=PN'=N=N".

Cau 21. (Truong chuyén Tin Ha Noi nam 2023-2024)
Cho hai duong tron (O;R) va (0;R’) cit nhau tai 2 diém phén biét A va B

(R <R'<00". Goi PQ la tiép tuyén chung cua 2 dudng tron (0) va (0') véi
P<(0),Qe(0'). PQNOO'=S. Qua S ké 1 dudng thang cit (O) tai 2 diem E,F va cit
(O’) tai 2 diém G,H sao cho SE < SF <SG < SH.

1) Chang minh rang OE //0'G.

2) Chirng minh SA? = SP.SQ.

3) Tiép tuyén tai A cua dudng tron (O) cat OO’ tai M. Tiép tuyén tai A cua

EA> 1A

duong tron (O”) cat OO’ tai N. ME ~ AB = I. Chttng minh g va N, 1,H

thang hang.

Loi giai
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1) Ta thay OP|IO’Q (do cuing vudng goc véi PQ) = % = %

Ké O'GIOE (G' thuoe SE) = 25 -9 _ R = 5.6 _r= G’ thuoc (0). Lai
0'G'" SO' R

c6: OEF +0'HG <180° nén O’H khdng song song véi OE. Do d6, G’ tring G =

OE//0°G (BPCM)

2) Goi SAN(O’)=C,A.Tuong ty phan a ta ciing chimg minh dugc OC|IAO’.Theo

dinh 1 Thales: > =39 _ 5P = pCAQ = $AP - SPC — SOA = ASAP ~ ASQA
SA SO' SQ
= SA_SP
SQ SA

= SA? =SP.5Q (BPCM)
3, goi ME~(0)={J,E!. Vi tinh d6i xtmg nén ta c6 MB ciing 14 tiép tuyén cua (O), ta
CO AMJA ~ AMAE (g,9) vaAMJB ~ AMBE (g.9) nén ta duoc
JA_MI_MI_ B
EA MA MB EB
Py EB JB ,. ;. 12 .3 R R
Tt d6 ta thu duogc AT A tor d6 dé y rang AIAE ~ AIJBVAAIBE ~ AlJAnénta dugC

IA_JAIE_JAEA_EA JA_EN
IB IE'IB EB JB EB JB EB?

Bay gio ta s€ chiing minh %:%. That vay, tacdé sP’=SE . SFva SQ* = SG . SH.
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Do d6 SB? = SA* = SP%.SQ° = SE.SF.SG.SH . Mat khac, tir cau a ta s€ ¢ SE =% hay

SE . SH = SG . SF. Nhu vay, ta dugc SA? = SB? =(SE.SH)” hay SA? =SB? =SESH . Tur
d6 ta thu dugC aSEA «2aSAH (C.g.C) Va aSEB va aSBH (c.g.c). Do vay,
EA_SE_SE_EB
HA SA SB HB
EA HA

No1 cach khac, ta thu duoc TR bén day, dat HN . AB = I’. Chtirng minh tuong
1 2 ' - ,
tu nhu y trén ta cling dugc % = :::22 . Tur do6 suy ra % = % vadan dén l= I’ . Nhu

vay, N, I, H thang hang.

Cau 22. (Truong chuyén Toan Ha Noi nam 2023-2024)

Cho tam gidc ABC c6 3 g6c nhon (AB < AC), noi tiép dusng tron (0) . Ba
duong cao AD,BE,CF cat nhau tai H. EF ~AD=Q. M, 1 lan luot 13 trung diém cua
BC,AH. IM NnEF =K.

1) Chang minh AAEK ddng dang véi AABM. ‘

2) EF nBC =S.5I nMQ =T. Ching minh A, T,H,M dong vién.

3) Tia TH cat (O) tai P. Chiing minh A K,P thing hang.

Loi giai
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1) Xét cac tam giac BFC va BEC lan lugt vudng tai F va E véi cc trung tuyén tuong
ung la FM va EM, khi d6 ta dugc FM = EM = %BC. Tuong tu, Xét cic tam giac AFH
va AEH lan luot vudng tai F va E véi cac trung tuyén twong @ng la F1 va El, khi d6 ta
cting dugc FI = El = % AH. Nhu vay, Ml 1a dudng trung truc cia EF, vi thé K 1a
trung diém cuia EF. Mat khac, lai chi y rang AAEB~AAFC(g. g) nén ta duoc

%:% kéo theo AAEF ~AABC (c.g.c). Tr d6 ta thu dugc AEF =ABC va

AE _EF _2EK _ EK ‘Do d6, AAEK ~AABM (c.g.c)
AB BC 2BM BM

2) Xét AISM véi ID L SMvaSK L IM (vi Ml la trung truc cua EF ), vi thé Q 1a truc
tdm caa AlsM . Nhu vay, MQ = MT L Sl va tir d6 ta dugc ITM =90°=[EM = IFM .
Do d6, nam diém I,T,E,F,M cyng thuoc mot dudng tron va dan gien QT.QM =
QE.QF. Mat khac, lai chi y rang tir giac AEFH la tir giac ndi ti€p, ta cling c6 QE.QF
= QA.QH. Nhu vay, QT.QM = QA.QH, vi vay bon diém A, T,H,M cung thuéc mot
duong tron

3) Trén tia TH lay mot diém P’ sao cho HT.HP’ = HA.HD. Khi 46, ta ciing dugc
HT.HP’ = HB.HE = HC.HF va do d¢ cac tir giac TBP’E va TCP’F la céc ta giac noi
tiép. Khi do, ta c6 BP'T = BET =HET va CP'T =CFT = HFT . Tir d9, cha ¥ ring
tir giac TIEF ndi tiép nén EFT = EIF = 2BAC, ta thu dugc

— e~ e~ e~

BP'C=BP'T +CP'T =HET + HFT =360°— EHF — EFT
~360° - (180° - BAC ) - 2BAC =180° - BAC

Do d6 P'e (0) va kéo theo P'=P. Nhu vay, HA.HD = HT.HP nén t& giac ATDP

ndi tiép va DAP = DTH . Mat khéc, ta c6 c4c két qua quen thugc BAO =CAH va AO
1 EF, ket hop voi AAEK ~AABM | ta thu duoc

— e~~~

OAM =BAO — BAM =CAH + EAK = DAK va IM // AO ( L EF). Lai cha y rang
cac t gidc ATHM va ITDM la c4c tir gide noi tiép, ta dugc

— e~ e~~~ —

DTH = AHT — IDT = AMT — IMT = AMI =OAM = DAK

Do do, DAP = DAK, tir d6 suy ra A,P,K thing hang
Léi giai 2
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| 1a tim duong tron ngoai tiép AFHE (noi tiép)
M la tdm duong tron ngoai tiep BFEC (noi tiep)
IM L EF
=
EK = KF
= AAEF # AABC (BFEC (nt))
AE EF 2KE KE
—/AB BC 2BM BM
AEF = ABC
— AAEK # AABM
2) Puong thang EF cat duong thang BC tai diém S, duong thang SI cat duong thang
MQ tai diém T. Chang minh bén diém AT,H va M cling thugc mot dudng tron.
Loi giai

(duong ndi tam)

C6 AEH = AFH =90° suy ra t& gidc AEHF ndi tiép dudng tron tam 1 duong kinh AH.
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C6 BEC = BFC =90° suy ra t& gidc BFEC noi tiép duong tron tim m duong kinh BC.

Suyra IM LEF tai K hay SK 1 IM.

Suy ra Q la truc tm cta AISM = MT L ST tai T.

Tacd MTI = MDI =90° = T gidc ITDM ndi tiép dudng tron dudng kinh IM (1)

Taco IA=IE = AIEA can tai | = MEC = MCE.

Ma IAE + MCE =90° suy ra IEA+MEC =90° suy ra MEI =90".

Twong tu ta cling ¢6 MFI =90° do d6 E,F cuiing thudc dudng tron dudng kinh IM. (2)
Tur (1) va (2) suy ra cac diém 1,T,F, M, E cling thudc dudng tron duong Kinh IM.

Suy ra QT.QM =QE.QF.

Lai c6 tir gidc AFHE noi tiép suy ra QF.QE = QH.QA.

Tir d6 suy ra QT.QM =QH.QA suy ra tir gidc ATHM noi tiép.

3) Tia TH cit duong tron (O) tai diém P. Chung minh ba diém A,K va P 1a ba diém
thang hang.

Tacd AO L EF
AAEF # AABC

= KAO = DAM = DAK = MAO = AMI (IM || AO)

, — — —_ —_ — —

Trén tia d6i HT ldy diém P' sao cho ATDP' noi tiép = DAP'=DTH = AMI = DAK
= A, K,P' thang hang (1)

Do ATDP' ndi tiép = HT.HP'= HD.HA = HB.HE = HC.HF

— BP'ET ndi tiép = TP'B=TEH

Tuong tu: TP'C =TFH

Tacé: FTE = FIE =2BAC (do FTIE noi tiép)
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—TEH +TFH =360° — FTE — FHE =360°—2.§AT:—(180°—§AE)=180°—§AE

— BP'C=TP'C+TP'B =180° — BAC

= BP'C + BAC =180"

= ABP'C ngitiep = P'«(0)=P'=P (2).
Tur (1) va (2) tasuy ra A K,P thing hang.

Cau 23. (Truong chuyén tinh Ha Tinh nam 2023-2024)
Cho dudng tron (O) duong kinh AB cé dinh, C 1a mot diém chay trén duong tron (O) khong
tring véi A va B. C4c tiép tuyén cua duong tron (O) tai A va C cat nhau tai diem M. Buong
thang MB cat AC tai F va cat duong tron (O) tai E (E khac B).
a) Goi H 1a trung diém cua doan thang AC. Chang minh tam gidc OEM ddng dang
véi tam giac BHM.
b) Goi K Ia hinh chiéu vudng géc cua C trén dudng thang AB. Hai dudng thang MB
va CK cit nhau tai |. Tinh ty s6 % khi tong dién tich hai tam giac IAC va IBC 16n nhat.
1 2
BM ' BF BE

¢) Chiing minh rang

Léi giai

a) Taco ME.MB = MA? do AMAB vuéng tai A c6 duong cao AE.
Lai c6 MH.MO = MA®> do AMAO vudng tai A c6 dudng cao AH.
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= ME.MB = MH.MO

:ﬁzM—O:AOME~ABMH

MH MB i i
b) Taco MA=MC, OA=0C suy ra duong thang MO la trung truc doan thang AC nén
MO L AC. Kéo dai BC cit AM tai P nén MO//PB = M trung diém AP.
IC _ Bl va IK _ Bl N IC _ IK ~IC = IK
MP BM MA BM MP MA
Suy ra | trung diém cua doan thang CK .

Taco

1 1 1 1
= Spct =59 S = ESABCK = Saaic T Sasci = 5 Saaec = ZCK-AB

AACK; ABCI
2
Do doan thang AB khong ddi nén tong dién tich hai tam giac IAC va IBC I6n nhat. 16n nhat
khi C diém chinh giita AB hay K trung tdm O.

Khi d6 tir giac AOCM 13 hinh vuéng.

S L TV =1V Lai co6 BM? = AB® + MA® =
FM AM 2 6
AB+/5

MBS _Fl_1 5, 5

2 AB 6 AB 12

5AB?

= BM

c) Taco

AMEC ~ AMCB = 4= _ ©&
MC CB

AMEA~AMAB:>m:E
MB AB
:ME MA CE EA:ME_CE AE
MC MB CB AB MB CB AB
Mt khac

Q).
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AFEC ~ AFAB — T2 _CE
FA AB
AFAE ~ AFBC = A _ AE
FB  BC
FE FA CE EA FE CE AE
= A EERATE_SE AR )
FAFB ABCB FB CB AB
ME FE
Tir (1) va (2) = = _ =
a(Mva@ =1 =Fp
MB—EB EB-FB EB EB EB EB
= - o2 _EB g EP L EP
MB FB MB FB MB  FB
:z=EB(i+ij:L+i=i (DPCM).
MB FB BM BF BE

Cau 24 . (Truong chuyén tinh Hai Duong nam 2023-2024)

1. Cho tam gidc déu ABC néi tiép duong tron (O), diém E thuoc cung nhé AB cua dudng
tron (O) (E = A E = B). Budng thang AE cit cAc tiép tuyén tai B,C ctia dudng tron (O) lan
luot tai M, N .

a) Chang minh ring MB.NC = AB2.

b) Goi F 1a giao diém cua MC va BN, H 1a trung diém BC . Ching minh rang ba diém
E,F,H thing hang.

2. Cho duong tron (O) va hai diém A,B cb dinh nam trén dudng tron (O) sao cho
AOB =120°. Diém M thay déi trén cung I6n AB cia duong tron (0). Dudng tron noi tiép
tam gidc MAB tiép xdc véi MA,MB lan luot tai E,F. Chang minh rang duong thang EF
ludn tiép xdc voi mot duong tron cb dinh.

Léi giai

Taco ABM = ACB = BAC =60° = BM //AC = BMA =CAN (1)
Tuong tu ta cO CN //AB = BAM =CNA (2)
Tur (1) va (2) tacé AAMB ddng dang ANAC (g-g)
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:@ =E:> MB.NC = AB.AC = MB.NC = AB’
AC NC

)
BC NC
Mit khac MBC = MBA + ABC = 60° +60° =120°. Tuong tu BCN =120°

Suy ra MBC = BCN (4)

Goi | 1a giao diém cua EF va BC. Tira) suy ra MB.NC =BC? =

Tir (3) va (4) ta c6 AMBC dong dang ABCN (c-g-c). Suy ra BMC = NBC

Do BEAC noi tiép nén BEM = BCA=60° (6)

Tu (5) va (6) tacod BFM = BEM . Suy ra BMEF noi tiép

BEF=BMF=NBC=FBI. Do d6 AIBF ddng dang AIEB(g-g). Suy ra
B_IF
IE IB
Chung minh tuong tu ta cé IC* = IE.IF (8).

Tu (7)va(8)suyra IB=1C=1=H.Vay E,F,H thang hang

= IB? = IE.IF (7)

Goi | 1a trung diém cua AB. V& AH,1J,BK cling vudng goc EF .
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Tac6 AOB=120° = AMB =60°, hon nita ME =MF nén tam giac MEF déu.

e V3

Tam giac vuong AHE €O AH = AE.sin60° =— AE =—.AD (1)

Tam giac vudng BKF cO BK =BF.sin60° =

cong vé (1) va (2) taco
3 3 3

AH +BK === AB = 21) ==~ AB=> 1] ==~ AB khong doi.

Vidiém 1 ¢b dinh nén EF tiép xdc voi dudng tron cd dinh tam 1, ban kinh ?AB.
Cau 25. (Truong chuyén tinh Hai Phong nam 2023-2024)

Cho tam gi4c nhon ABC khéng can néi tiép duong tron tam O. V& duong kinh AT
cua duong tron (O) va lay diém P trén doan thang OT (P #T). Goi E va F tuong tng la
hinh chiéu vudng gdc cua P trén cac duong thaing AC va AB. Goi H 4 hinh chiéu vuéng
goc cua A trén canh BC.

a) Chirng minh OAB=HAC va hai duong thang BC, EF song song véi nhau.

b) Cho AH va EFcat nhau tai U; diém Q di dong trén doan thang
UE (Q#U, Q= E).Duong thang vudng goc véi AQ tai diém Q cit cac duong thang PE, PF
tuong tng tai M, N. Goi K 1a tim duong tron ngoai tiép tam giac AMN. Chtng minh bdn
didm A, M, N, P cung thusc mot dudng tron va OAH = KAQ.

c) K& KD vudng géc véi BC (D e BC). Chimg minh duong thing di qua diém D va
song song véi AQ luédn di qua mot diém cd dinh.

Léi giai
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Tac6 BAH = OAC do cung phu véi KB\C,suyra PAF = HAC .
C6 AEPF 1a tir gic noi tiép, suy ra AEF = APF
C6 APF =90° - PAF va ACB =90° - HAC = AEF =ACB= EF//BC

AQEM la tir gidc ndi tiép = AMN = AEF = APN = A M, N, P cing nim trén mot duong
tron.

Taco m:'@,tuongtu ANM = ABC
@:(ﬁ—%:got@—(gotﬁs\c)

- 90°— ANN — (30" — ANM ) - KAN QAN - KAQ

Goi L 1a chan dudng vudng goc ha tir diém A xudng duong thang KD .

—_—

Tir OAH = KAQ = KAO = KAQ — OAQ = OAH — OAQ = QAH .

Goi | 1a trung diém cua doan thang AP vaJ 1a giao diém cua duong thang qua D song song
véi AQ va duong thang qua | vudng géc véi BC. = QAH = JDL

— ILK = JDL, mat Khéc ta c6 1J//LD nén suy ra tir gidc ILDJ (hogc 1JLD) la hinh thang céan.
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Suy ra, | va J ddi xing voi nhau qua trung truc cua DL, hay qua trung truc cua AH.Do ALDH
Ia hinh chit nhat (d@ thay). Tur day, vi | 1a diém cd dinh va trung truc ciia AH 1a dudng thing
cb dinh nén J 1a diém c6 dinh
Cau 26. (Truwong chuyén tinh Hoa Binh nam 2023-2024)

Cho duong tron tdm O, dudng kinh AB ¢6 dinh. Trén tia ddi cua tia BA lay diém C cb
dinh, qua C ké duong thang d vudng goc voi AC . Goi K 1a diém ¢ dinh ndm giita O va B (K
khéac O va B), qua K v& day cung ED bat ki ctia dudng tron (O). Goi P, Q lan luot 12 giao diém
cia AE va AD véi duong thang d . Pudng tron ngoai tiép tam giac APQ cit tia AC tai diém
M (M khac A).Ching minh rang:

a) Tt giac PEDQ noi tiép duoc trong mot dudng tron.

b) AAKD ~AAAQM.

c) AK.AM = AB.AC.
d) Khi ddy ED thay d6i thi tim dudng tron ngoai tiép tam giac APQ ludn nim trén mot dudng cb

*“ 0 K B ;‘/M

BEP + BCP =90° +90° =180° | t« gisc BEPC néi tiép.
= EPC = EBA (vi cung b véi EBC)

= @: E/BTA\ (g6c ndi tiép cung chin cung AE)

— EDA = APQ = T gidc PEDQ ni tiép.

Ma AMQ = APQ = APQ = ADE = AMQ = ADK

— AAKD~AAQM (QAM chung; ADK = AMQ)

AR _AD _ AK.AM = AD.AQ
AQ AM

Taco: AADB ~ AACQ (,3\ chung; ADB = A/CTQ =90°)
 AD _AB . ABAC- AD.AQ = AK.AM = AB.AC
AC AQ

Taco AK.AM = AB.AC = AM =

Loi giai

— AAKD~AAQM =

AB.AC

(khong dbi) | M ¢é dinh.
Goi I 1a tam duong tron ngoai tiép tam giac APQ thitacoé IA= 1M nén | nim trén dudng trung
truc cia AM ¢d dinh.

Cau 27. (Truong chuyén tinh nam 2023-2024)
Loi giai
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Cau 28. (Truong chuyén tinh Hung Yén nam 2023-2024)
1. Cho tam giac ABC déu, nc}i’tiép duong tron (O;R), H 1a trung diém ctia canh BC. M 1a diém bt ki
thudc doan BH (M khéac B). Lay diém N thudc doan CA sao cho CN = BM . Goi I 1a trung diém cua
doan MN. ’ 7
a) Ching minh bon diem O, M, H, I ciing thuéc mot duong tron. 7 7 7
b) Ching minh di¢n tich tam gidc 14B khong doi. Xac dinh vi tri ciia diém M dé doan thang MN co6
do dai nho nhat.
2. C6 mot binh thay tinh hinh tru cao 30cm chtra nuéc, dién tich day binh bang % dién tich xung

quanh, mat nudc cach ddy binh 1a 18cm (hinh v& bén). C,ﬁn d6 thém bao nhiéu lit nudc nira dé nuéc
vira day binh (Bo qua bé day cua binh, cho t = 3,14 va két qua lam tron dén chir so6 thap phan tha
nhét) ?

30w | N = A

18cm

A

a) Xét AOBM va AOCM co:

BM =CN

Z/CBM = ZOCN ; = AOBM ~ AOCM (c.g.c)
OB =0C

= OM = ON hay O nam trén dudng trung truc MN
= 0l L MN
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Xét tir giac OIHM c6: ZOIM = ZOHM = 90°
=> OIHM ndi tiép hay 4 diém O, M, H, I cing thudc 1 dudng tron.
b) Chirng minh dugc IH // AB. Ttur d6 suy ra duong cao ha tur I va tir H cung vudng goc véi AB co
d6 dai bang nhau. Do d6, dién tich tam gidc IAB ludn bang dién tich tam giac AHB khong d6i
Theo chirng minh ciu a) ¢c6 OI L MN va ZMON =90° nén

MN = 2MI = 2.0M.sin60° = OM+/3
Khi M chuyén dong trén BH thi OM > OH v6i diu déng thirc xay ra khi va chi khi M trang H. T
do suy ra:

min MN = OH+/3

dat dugc khi va chi khi M trung H.
2.

Dién tich day binh bang % dién tich xung quanh = nr? = % 2nrth = h=3r

Tac6:h=30=r=10
Thé tich nuéc can d6 thém dé vira day binh 1a: V = nr.(h — 18) = 3,14.10%.12 = 3768(cm°®)

Cau 29. (Truong chuyén tinh Khanh Hoa nam 2023-2024)
Cho hai duong tron(O; R)va (O; R')cét nhau tai A va B (R >R’ OAQ' > 90°). Puodng thing O'B
cit (O; R) va (O’; R) lan luot tai E va P (khac B), duong thang OB cit (O'; R') va (O; R) lan luot
tai F va Q (khac B).

a) Chuing minh ba diém A, P, Q thang hang va PQ =2-00".

b) Qua B dung duong thing song song véi EF, cit (O; R) va (O’; R') lan luot tai M va N. Chimg

minh nim diém O, A, O', E, F cung thuoc mot duong tron va MABE Ila hinh thang céan.
c) Tiép tuyén v6i (O'; R') tai A cét (O; R) tai C va tiép tuyén véi (O; R) tai A cit (O'; R') tai D.

Puong tron ngoai tiép tam gidc ACD cat duong thang AB tai | (khéc A). Chimg minh B Ia trung
diem cua Al.

Loi giai
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a) Chirng minh ba diém A P,Q thing hang va PQ=200'.

Ta c6: QAB=90° (goc ndi tiép chén nira (O) duong kinh BQ).

PAB =90 (goc noi tiép chin nira (O')duong kinh BP).

Mit khéc: QAP =QAB -+ PAB =90 +90° =180° = A; P;Q thing hang
aBPQ ¢6: O la trung diém QB (QB la dudng kinh cita (O))

O' la trung diém PB (PB la duong kinh cta (0'))

00’ || PQ

Do d6 00 1a duong trung binh ctia a BPQ .Suy ra:
s e Y {PQ=ZOO’

b) Qua B dyng dwdng thing song song véi EF, cit (O;R) va (O’; R/) lan lwot tai M
va N . Chirng minh nim diém O, A O’ E,F cung thugc myt dwong tron va MABE |a hinh
thang can.

b.1 Chétng minh nim diém O,A,O' E,F cung thudc mdt dwdng tron.

b.1.1 Chitng minh bén diém O, O/, E, F cung thudc mot duwong tron.
~OEB can tai O (do OE=0OB =R) = EOB=180° — 20BE hay EOF =180° - 20BE ...(1)

AO'FB cin tai O' (do O'F=0'B=R') = BO'F =180°— 20'BF

hay EO'F =180° —20'BF ...(2)

Ma: OBE =O' BF (déi dinh) ...(3)

Tir (1), (2), (3) suy ra EOF =EO'F = Tt gidc EOO'F 1a tir gidic noi tidp.
— 0;0";E;F cung thudc mot duong tron ... (4).
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b.1.2 Chirng minh bén diém A, O/, E, F cung thudc mét dwong tron.

Ta cé: A/OE:ZATF% (goc & tim va goc ndi tiép cung chin AB clia (O/)). Hay ﬁ ~2APB .
Mat khac:

BFE ~OFE ma OFE =O0'E (Tt giac EOO'F néi tiép) =BFE=00'E ...(5)
AFB=APB (goc ndi tiép cung chin AB clia (O/ ))

00' || QP (cmt) =OO0'E =APB ...(6)

Tt (5), (6) suy ra: BFE = APB

Do dé: AFE =AFB+BFE=2APB ma ﬁz&@ = KFTE:A/O’\E

— T gidc AO' FE 1a ttr gidc ndi tiép= A;O’;E;F cung thudc mot duong tron ...(7)
Tir (4), (7) suy ra nim diém O; A;O’;E;F cing thuéc mot dudng tron.

b.2 Chirng minh t& giac MABE 1a hinh thang can.

b.2.1 Chirng minh: MA // EB.
Vi (0) va (O') cat nhau tai A va B nén OO’ L AB ma aAOB can tai O (do OA=OB=R)
= 00’ 1a phan gic cua AOB = @ =% AOB.
Mit khéc: MAE =MBE (goc ndi tiép cing chén ME cua (0))
MBE =O’EF (do: MN || EF)
O'EF = FOO' =BOO' (do tir gidc EOO'F ndi tiép)
Do do: I\WA\E=B/OH=%@ ma KE\B=%KO\B (goc ndi tiép chin AB clia (0)).

Suy ra: MAE = AEB (cip goc nam & vi tri so le trong) = MA // EB ...(8)
b.2.2 Chitng minh: AME =MAB .

AMB = AEB (gdc noi tiép cling chén AB cua (0))va MAE = AEB (cmt)
BME =BAE (goc ndi tiép ciing chin BE cua (0))

Taco: MAB=MAE +BAE ma AME = AMB+BME = AEB + BAE = MAE + BAE

Do d6: AME =MAB ...(9)
Tu (8), (9) suy ra Tu giac MABE 14 hinh thang can.

¢) Tiép tuyén véi (O’;R’) tai A cit (O;R) tai C va tiép tuyén véi (O;R) tai A cflt(O’;R’)
tai D. Pwong tron ngoai tivép AACD cit dwong thing AB tai | (khac A).

Chirng minh B la trung diém cia Al

Ta co:

BAD=ACB (goc tao boi tiép tuyén va day cung; goc ndi tiép cung chin AB cua (0))
CAB=ADB (g6c tao boi tiép tuyén va day cung; goc ndi tiép cung chin AB cia 0)
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Do do: aABC # aDBA (g-0)
= -~ AB?=BC.BD...(10)

ABC = ABD

Mit khéc: CBI =180° — ABC =180° — ABD= DBI = |CBI = DBI| ...(i)

Tt giac ACID 1a ttr giac ndi tiép nén ta co: IAD=ICD.
Suy ra: BAD=IAD= ICD ma BAD=ACB (cmt) = ACB =ICD
Ta lai co: BCl =ICD+BCD =ACB+BCD=ACD
Ma: ACD =AID (goc ndi tiép cung chin KIS).
Do d6: BCl =AID =BID = |BCI =BID (i)
T (i), (i) suy ra: aBCl # ABID (g-09) :%z%: BI?=BC.BD...(11)
Ttr (10), (11) suy ra AB=Bl = B 1 trung diém cua Al o

Cau 30. (Truong chuyén tinh Lai Chau nam 2023-2024)

Cho tam gidc ABC vudng tai A. Trén canh AC lay diém F,vé FE vudng goc véi BC tai E.
Goi (O) 1a duong tron ngoai tiép tam giac CEF . Buong thing BF cét (O) tai diém thir
hai 1a D, DE cit AC tai H.
a) Ching minh rang: ABEF la tt giac noi tiép.
b) Chtng minh: FH.CA=CH.FA
¢) Duong thang AD cat (O)tai diém thahai G, FG cat CD tai |, CG cat FD tai K.

Chtng minh rang K, 1,H thing hang.

Léi giai

a) tam gidc ABC vudng tai A nén BAC =90° hay BAF =90°

taco: FE L BC tai E nén FEB = FEC = 90°

xét tir gidc ABEF c6 BAF + FEB =180° ma hai goc dbi nhau nén ABEF 12 tr gidc ngi tiép
b) Xét duong tron tam (O) co FDC =90° ( géc noi tiép chin nira dudng tron)
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Hay BDC = 90°

Xét tir giac ABCD c6 BAC = BDC =90° ma hai dinh k& nén ABCD Ia tw gidc noi tiép

Xét duong tron ngoai tiép ti gidc ABCD c6 ABD = ACD ( hai géc noi tiép cling chén AD)
Hay ABF =FCD (1)

Xét dudng tron ngoai tiép tir giac ABEF c6 ABF = AEF ( hai gbc ni tiép cung chédn AF ) (2)
Xét duong tron tam (O) c6 FCD = FED ( hai g6c noi tiép ciing chin DF ) (3)

Tur (1); (2) va (3) tacd FED = AEF nén FE la tia phan giac cia AED

Xét tam gidc AEH cd EF;EC la duong phén giac trong va ngoai cua tam gidc nén

AF AE AC AE

FH EH'CH EH

suyra A8 ZAC L AFCH = FH.AC
FH CH

c) Xétduong tron (O) co FGC =90° ( géc noi tiép chin nira duang tron) suy ra CG L FI
Xét tam giac IFC ¢6 FD;CG la hai duong cao ma FD cit CG tai K suy ra K la tryc tam
Suyra IK L FC

Xét duong tron (O) ¢6 FDA=FCG ( hai goc noi tiép cung chén GF )

Ma FDA = BCA ( hai g6c noi tiép cung chin AB)

Do d6 BCA=FCG hay FCE = FCG

Xét AFEC va AFGC ¢6 FCE =FCG va FEC = FGC =90°

Suy ra AFEC [JAFGC(g—g) do d6 GC =EC

Xét duong tron tam (O) c6 GFC :%sdé—é; EDC =%sd/EE

SuyraCTF\Czﬁ)\C hay IFH = HDC

Xét tir giac FHDI c6 IFH = HDC ma géc ngoai bing goc trong dinh déi dién nén FHDI 14 tu
gié&c ndi tiep

Suy ra FHI = FDI =90°= IH L FC

Suy ra K;1:H thing hang

Cau 31. (Truong chuyén tinh Lao Cai nam 2023-2024)

Cho tam giac nhon ABC (AB<AC) ni tiép duong tron (0). Dudong tron noi tiép tam gidc ABC c6
tam 1 va tiep xtc véi BC, CA, AB lan luot tai D, E, F. Duong thang Al cat duong tron (O) tai diem
thir hai 1a diém M.

a) Ching minh ring MB=MC=MI. 7 ‘

b) buong thang DM cat duong tron (O) tai diém thir hai 1a K. Ching minh rang tir gidc AKFE
noi tiép.

C) Puong thang di qua A va song song voi BC cit duong tron ngoai tiép tam giac AEF tai diém
thtr hai la P. Chirng minh rang KP vuéng géc véi KD.

Léi giai
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Loi giai.

a) Do Al Ia tia phan gi4c caa goc BAC nén M la diém chinh giira cung BC khong chira A cua
(O) = MB=MC.

— — —— —

Do d6 tam giac MBI can tai M hay MB=MI. Mat khac ta cling c6 MB=MC. Vay MB=MC=MI =
dpcm.
Goi K 1a giao diém thir hai ciia (AEF) va (0). Ta s& chiing minh K=K’. That vay:

Do tt gic AK’FE néi tiép nén FK'E = FAE (1)
Mt khéac : BK'C = BAC = FAE ( goc nai tiép cuing chin cung BC cua (0). (2)
T () va(2) = BK'C=FK'E
= BK'C-FK'C=FK'E-FK'C=BK'F=CK'E. Goi K’ I giao diém tht hai cia (AEF) va
(0). Ta s€ ching minh K=K’. That vay:
Do tir giac AK’FE ndi tiép nén FK'E = FAE (1)
Mt khéac : BK'C = BAC = FAE ( goc nai tiép cuing chin cung BC cua (0). (2)
T () va(2) = BK'C=FK'E
=>BK'C-FK'C=FK'E-FK'C=BK'F=CK'E
Mait khac: K'BF =K'BA=K'CA=K'CE.
Tur do suy ra aK'BF ~aK'CE(g.9).
:>Q=i.Chl] y rang BF =BD va CE =CD.

K'C CE

K'B BD
=>——=—

K'C CD

= K’D la phén giéc cua goc BK’C.

Ma M ciing chinh 1a diém chinh giira cung BC khéng chira K’ caa (O) = K’, D, M thang hang.
Vay K=K,

b) Xét hai tam giac MBD va MKB, ta co:
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MBD = MBC = MKB
. —=aMBD ~aMKB(g.9).
M (la goc chung)
MB MD

Ml MK
— -
MK MB

=>MKMD=MB*=MI?=> —=——"0,
MD M

Xét hai tam gidc MID va MKI, ta co:

M MK

MD Ml =aMID ~aMKI (c.g.c).
M (1 géc chung)
— MKI = MID(3)

Tacé: APl = AEl =90°= AP L Pl.Ma AP | BC = PI 1 BC.
Mt khéc : ID L BC. Tir d6 suy ra P,I,D thing hang.
— MID = AIP =90°— PAI =90°- PKI.

Tir (3) va (4) = MKI =90°— PKI = MKP =90° hay KP L KM.

Cau 32. (Truong chuyén tinh Long An nam 2023-2024)
1) Cho nira dudng tron tim O c6 duong kinh AB = 2R. Tir A va B lan luot ké hai tiép

tuyén Au, Bv véi nira duong tron. Qua mot diém C thudc nira duong tron (C' khac
A va B), ké tiép tuyén véi nira duong tron, n6 cat Au va By theo thartu & M va N.

a) Ching minh tir gidc AMCO ni tiép duong tron va CBO = CNO.

b) Ké CH vudng goc véi AB tai H, goi K la giao diém cua CH véi AN. Chirng minh ba

diémM, K, B thang hang.

¢) Goi S ladién tich cua tam giac ABC, S, la dién tich ctia tam giac MON. Hay tinh ti s6

%khi AM =1,5R.

2) Cho tam giac ABC vubng tai A. Goi M 1a mot diém trén canh BC, I va K lan luot 12
tAm dudng tron ngoai tiép tam gidc ABM vatam gidc ACM. Xac dinh vitricia M dé dién
tich tam giac AIK nho nhat.

Loi giai
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u
\"
M
C
N
K
A 0 H B

T giac AMCO ¢0:
MAO =90°; MCO = 90°

—

MAO + MCO = 180° )
Vay tir giac AMCO noi tiep duong tron.
Tuong tu ta cé tir gidc COBN noi tiep

— CBO = CNO

Tacd: CK//AM nén m=ﬂ
KA CM
Ma MC = MA, NC =NB nén "N _NB g
KA MA

Ta lai 6 MAK — ANB (so le trong) (2)
Tu (1) va (2) tadugc AAKMt ANKB

—

= AKM = N{{B i
Ma A K,N thang hang nén M,K,B thang hang (dpcm).

Tacd AMON t AACB néntamgiac MON vudng tai O, chota: OC?>=CM.CN = CN =§R

; MN =MC +CN =%R

1447

2
S, _|MN| _ 169
S | AB
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>

B yin\u C

1 = aom 1l

Tacoé ABC = SAIM = AIK 3 ACB = AKM = AKI.

—

AIK + AKI = ABC + ACB — 90° nén tam gidc AIK vudng tai A

Sk :%AI.AK Z%AE.AF :%AB.AC ,VGi E,F theo thu ty 1a trung diém cia AB, AC

Pang thire xay rakhi 1 =E va K =F, khi d6 M =H.

Cau 33. (Truong chuyén tinh Nam Dinh nam 2023-2024)
Cho tam gidc ABC nhon (AB < AC) noi tiép duong tron (), cac duong cao AD, BE, CF dong
quy tai H. Goi M la trung diém canh BC, N 1a trung diém doan AH, duong thang EF cat duong
tron (O) tai P, Q va cat duong thang BC tai S sao cho P nam gitra S va F. Chirng minh rang:
a) T gidc AOMN la hinh binh hanh
b) AP? = AQ® = AE.AC.

¢) Tt gisc DMEF noi tiép va - - 9E
PS  ES

Léi giai
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a) Tw giac AOMN la hinh binh hanh.

K¢ duong kinh AK (K nam trén dudng tron (O)). Khi d6 AC L CK;BK L AB.

D& dang suy ra BK //CH va CK //BH (cling vudng goc véi mot dudng thang).

Tir d6 suy ra BHCK Ia hinh binh hanh. Vi M 14 trung diém BC nén M € HK va MH = MK

Tam giac AHK c6 M va N lan luot 13 trung diém cua HK va AH nén MN 1a dudng trung

binh cua AAHK . Suy ra MN //AO va MN =%AK = AO.

Vay AOMN la hinh binh hanh.
b) AP2 = AQ? = AE.AC.

Tam giac AFH vudng tai F suy ra FN = NH . Tuong tu, ~AEH vudng tai E nén NE = NH
.Nhu vady NF =NE (1).
Lai cO aBFC va aBEC lan luot vudng tai F va E, c6 cac dudng trung tuyén lan luot 1a

MF va ME. Do d6 MF = ME :%BC 2).

Tir (1) va (2) suy ra MN la trung tryc ciia EF. Suy ra EF L MN (3).

Lai c6 MN //AO, két hop véi (3) suy ra AO L EF hay AO L PQ. Suy ra A 1a diém chinh
gitra cung PAQ, suy ra AP = AQ hay cung AQ bing cung AP.

Mat khac, AQP =APQ=ACQ (cic go6c ndi tiép chin cac cung bang nhau). Nén
AAQC ©aAEQ.

suyra 2E ZAQ g Ac = AQ?
AQ AC

Vay AP? = AQ? = AE.AC

¢) Tir giac DMEF ngi tiépva - = 95
PS  ES

T giac BFEC ni tiép suy ra AEF = ABC.

Tam gidc EMC can tai M nén MEC = ACB..

Suy ra FEM =180° — AEF — MEC =180° — ABC — ACB = BAC.

Tt giac DFAC noi tiép nén FDM + BAC =180°. Suy ra FEM = FDM =180°
Vay tir giac DMEF 1a tt gi4c noi tiép.

Hai tam giac SDF va SEM co:

SDF = SEM; chung DSF nén chiing ddng dang
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Suy ra Sb_SE hay SD.SM = SE.SF .

SF SM
T tir giac BFEC nai tiép, ta ciing suy ra SE.SF = SB.SC , tir giac BCQP nai tiép ta ciing
c6 SB.SQ = SP.SQ.

Suyra SP.SQ = SESF = > -5Q
SP SE
Viy 5F 125Q ) gy SF-SP_SQ-SE_ PF_EQ
SP SE SP SE PS  SE

Cau 34. (Truong chuyén Phan Boi Chdu tinh Nghé An nam 2023-2024)
Cho tam giac ABC vudng tai A (AB < AC ) ndi tiép duong tron tam O. Trén duong tron (O)
liy diém D khéc phia A so voi duong BC ( BD > AC ). Qua B ké duong thang d song song
véi CD. Puong thang d cit dudng thang AC tai E, cat duong tron (O) tai F ( F khac B).
a)Goi J 1a trung diém cua EC. Chang minh rang 4 diém A,F,0,J cling nam trén mot dudng
tron
b)Puong thang OE cit duong thang AD tai |. Chirng minh rang IBA= BDA
c)Trén tia BD lay diém M sao cho BM = BA. Puong thang AM cit duong thang DC tai N,
duong thang BN cat (O) tai K ( K khac B ). Goi H 14 hinh chiéu vudng goc cua A trén BC.
Puong thang BD cit cac dudng thang NH,CK lan luot tai P,Q.

1 1

= +
PM MQ BM

Chting minh rang

Loi giai
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a) Vi tr giac AFBC ni tiép, ta co dang thic sau
180°— FAJ =EAF =FBC :%F/o\c

V1 JO 1a duong trung binh tam gidc CBE nén JO // BF ma CF L BF suyra JO_LBF

Vi O thudc trung truc CF nén OJ la trung truc CF nén

= 1

FOJ =EF/(:)E —180°—FAJ

Tir day ta c6 ngay tt gidc AJOF 1a ttr giac noi tiép

. . . ID BD?
b) Goi T la giao diém cua OE va AF. Truéc hét, tachira —=——
IA BA
That vay, &p dung dinh ly Menelaus cho tam giac AFD, cat tuyén ITO ta c6
ID TA OF ,
IA'TF 'OD

Tur day két hop OF = OD, AAEB ~ AFEC(g.9) vaBD = CF, tac
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ID TF EFsSinFET _EF sinBEO EF CE _(CF jz _(BD)Z
IA- TA EASInNAET EA'sinCEO EA BE |\ BA BA
Bang cac phép bién d6i goc, ta duoc
OFA = OAF =90° — ADF =90° — ACF = AEF
Do d6 OF va OA la hai tiép tuyén cua duong tron (AEF)
Goi I’ 1a giao diém cua tiép tuyén tai B cua (O) véi AD, ta co
I'A_I'B_BA
I'B  I'D BD
I'D I'D I'B BD?> ID
@ 1 = 1 ) 1 = 2 A
I'A I'B'I'A BA> IA

AI'BA~ Al'DB(g.9)=

=Il=I'
Tir déy ta duoc IB 14 tiép tuyén cua (O) suy ra IBA = BDA
Bai toan dugc chirng minh
c) Taco

DNM + DMN = BAM + CAN = 90°,BAM = BMA

Do d6 CAN = CNA hay tam gidc CAN cén tai C suy ra CA=CN

N B
Theo hé thuc lugng ta c6 CA?2 =CH.CB nén CN?=CH.CB suyra g—H :CCZ:_N

Tir ddy ta dugc ACNH ~ ACBN (c.g.c) din dén CHN=CNB=CQD
Do d6 tir gidc CQPH noi tiép, ta co céc bién doi sau
BP.BQ = BH.BC=BA®* < BM?=BP.BQ

~BM_BQ

BP BM
oM _MQ

BP BQ
< PM.BQ=MQ.BM

& (MB +MQ)MP=MQ.MB
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MB+MQ 1
MBMQ MP
1 1 1

= = +
MP MQ MB

Vay bai toan dugc chirng minh

Cau 35. (Truong chuyén Vinh tinh Nghé An nam 2023-2024)

Cho duong tron (O) duong kinh AB. Puong thang A tiép xtc véi (O) tai A, 1 1a diém cé dinh
trén doan ABva CD1la day cung thay d6i cia (O) luén di qua I. Cac duong thang BC,BD cit A
lan luot tai M, N.

a) Chirng minh ring CDMN 13 t giac noi tiép.

b) Goi K 1a giao diém thtr hai ciia dudng tron ngoai tiép tam giac BMN véi duong thing
AB. Chung minh ring KMCI 12 ti gic noi tiép va tich AM.AN khong dbi.

¢) Goi T 1a tim dudng tron ngoai tiép tar gilc CDNM . Tim vi tri cia CD sao cho d6 dai doan
thang BT nho nhat
Loi giai

a) Ap dung hé thuc lugng cho hai tam giac BAM va BAN véi hai dudng cao twong ung la
AC,AD tacé BA? =BC.BM =BD.BN. Vi viy tir gikc CDNM noi tiép.

b) Ta c6 bién d6i goc MKB = MNB = DCB, vi vay tir gidc CIKM ngi tiép.
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Do d6 BC.BM =BI.BK = BA?, tir day suy ra K 1a diém cé dinh.

Tir day ta suy ra AM.AN = AK.AB ¢ dinh.
c) Goi I la ban kinh cua (T) thi r*—TA? = AN.AM =a khong di. Ta ciing c6 ID.IC khong ddi,
dat b=IDIC=r’~TI* suyra TI*~TA’=a-b.
Goi H 1a hinh chiéu caa K 18n AB theo dinh ly Pythagore ta c6.

(Al+2AH).Al =HI? —HA? =(TI? = TH?) - (TA* = TH?) =TI’ - TA’ =a-b

Tir day két hop véi Al khong dbi (A va | ¢ dinh) suy ra H ¢b dinh do ¢6 BH khong doi.
Khi do, theo dinh ly Pytagore ta co.
BT? = TH? + BH? > BH?.

DAu bang xay ra khi va chi khi T tring voi H tic 1a BA 1a trung trec caa CD suy ra CD vudng
goc AB tai I.Vay khi CD vudng goc véi AB tai | thi do dai doan thang BT nho nhat.

Cau 36. (Truong chuyén tinh Ninh Binh nam 2023-2024)

Cho tam gidc ABC nhon, khéng cén, noi tiép dudng tron (O). Goi E 14 diém ddi xung cta B
qua AC va F diém ddi xtmg ctia C qua AB. Puong thang BE cat duong thang CF tai H.

a) Chtng minh cac tr gidc AHBF va AHCE 1a tir giac noi tiép.

b) Pudng tron ngoai tiép cac tam giac ABE va ACF cit nhau tai diém thir hai 1a D. Chimg
minh F,B,D thang hang va DA 14 tia phan giac ctia goc EDF.

¢) Goi P, Q lan luot 1a tam dudng tron ngoai tiép cac tam giac ABE, ACF. Chimg minh S&u
diém B, C, D, O, P, Q cung thuoc mét duong tron tam I va giao diém (khac D) cua duong
thang AD vé&i duong tron (I) 1a truc tAm tam giac APQ.

d) Gia stir H thudc duong tron (I). Chimg minh cac dudong thang Al, DH, BC, PQ dong quy.

Léi giai
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a) AFB=ACB (d6i xttng); AHB=KHE (ddi dinh)

Ma ACB + KHE =180° nén AHBF noi tiép.

Tuong tu vo1 AHCE.

b) *AED = AHF (cing bu v6i AHC) ma AHF = ABF (tir giac AHBF noi tiép). Do d6 AED = ABF.

Mit khac AED + ABD = 180° (ABDE ndi tiép) nén ABF + ABD=180°. Do d6 F,B,D thang hang.

Tuong tu E,C,D théng hang.

*ADF = ACF, ADE = ABE ma ACF = ABE (cung phu vdi BAC) nén ADF =ADE hay DA la tia phan giac
goc EDF.

c) * D& thay P thuoc AC, Q thudc AB.

* ADC = AFC ma AFC = ACF =90°-BAC nén ADC=900-BAC.

Tuong tu ADB = 90°-BAC. Vay BDC = 180°-2BAC.

Lai c6 BOC = 2BAC (goc ndi tiép va goc & tim) nén BDC + BOC = 1800. Suy ra tir gidc BOCD i tiép.
* Tam giac PAB cén tai P nén APB = 180%-2BAC. Suy ra PAB = BDC nén ti giac BPCD noi tiép.

Tuong ty ta c6 tir gidc BQDC ndi tiép.

*Vay 6 diém B, C, D, O, P, Q cung thuoc mdt duong tron (I).

* D& CM O thudc AD. Do d6 giao diém khac D ctua AD va (I) 1a O.

* Vi OP 1a duong trung truc cua AB nén OP vuong goc voi AB; OQ la duong trung truc cua AC nén OQ
vuong goc voi AC. Vay O la tryc tdm cia tam gidc APQ.

d) D& CM duoc I 1a giao diém cua tia phan giac ciia goc BAC véi (0). Goi M 1a giao diém cua Al va BC thi
HD, PQ di qua M. Do d6 4 dudng Al, BC, HD, PQ dong quy tai M.

Cau 37. (Truong chuyén Tin tinh Phu Tho nam 2023-2024)

Cho tam gi4c nhon ABC véi AB < AC ndi tiép duodng tron (O; R), cac dudng cao AD; BE; CF
cit nhau tai H. Goi P 1a giao diém thtr hai cua AD va (O).

M 1a diém déi xing véi P qua AB.

a) Chang minh t giac AHBM nai tiép.

b) Qua P ké duong thang song song véi EF cat (O) tai Q.
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Chting minh Q ddi xang véi P qua OA.
¢) Goi K 1a trung diém cua EF.
Chting minh rang dudng thang AK va cac tiép tuyén caa (O) tai B; C ddng quy.

Léi giai

a) Ta co t& giac CDHE ni tiép = DCE + DHE =180°
APB = ACB (ciing chin cung AB)
APB = AMB (tinh chét ddi xtng)
AHB = EHD (ddi dinh) = AMB + AHB =180° . Vay t& gidc AHBM noi tiép
b) Ta co t&r giac BFEC noi tiép = FBC = AEF = ATC = ACT = AZE =90°
Ma PQ//FE suy ra Q d6i xttng véi P qua OA
c) Tiép tuyén B va C citnhau tai L, AL cit duong trontai J.D&c6 LB? = LS.LA=LS.LO
Suy ra tr gidc AJSO = JSL = XSL = ASC = ABJ; AJB = ACS = AABJ ~ AASC (g.g)
Ma AABC ~ AAEF (g.g). Gia st AJ cit FE tai K' = AFAK'~ AABS (9.0)
Vi S 1a trung diém BC = K' 1a trung diém FE = K = K'. Vay tiép tuyén tai B,C va AK
ddng quy.
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Cau 38. (Truong chuyén Toan tinh Phii Tho nam 2023-2024)
Trén duong tron tim O duong kinh AB = 2R lay diém N sao chho AN =R va M la mot diem
thay doi trén cung nho BN (M khac B va N). Goi | 1a giao diém cua AM va BN, H la hinh chiéu
cua | trén AB, IH cat AN tai C, K la diém doi xang véi N qua AB.

a) Chuang minh CM.CB =CI.CH va ba diém K, H, M thang hang.

b) Goi P 1a giao diém thtr hai cua NH va (O). Ching minh tim duong tron ngoai tiép tam

giac HPK thudc duong thang c¢6 dinh khi M thay doi.
) Xac dinh vj tri ciia diém M dé tong MB + MN dat gi4 tri 16n nhat.

Loi giai

C

a) Ta c6 ANB=AMB =90° (GGc noi tiép chin nira duong
tron)

AM cat BN tai | => | [a tryc tm CI L AB
= Al L CB = B,M,C thing hang.

D& thiy ABCH ~ AICM = CB.CM = CI.CH
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D& thdy NHI = MHI = MBI = IAN = NHA = BHM

Ma NHA = KHA tinh chit ddi xtng

— AHK =BHM ma BHM + MHA = 90°

— AHK + AHM =180° suy ra K, H, M thing hang.

b) Tacd PHK = 2.PNK (g6c ngoai AHNK can)

KOP = 2KNP gdc noi tiép

= Tir gidc KOHP ndi tiép vi N ¢ dinh suy ra OK cb dinh. Vay tam duong tron ngoai tiép
tam giac KHP thuoc trung truc OK.

c) Tacd NMB =120°. Trén tia d6i MN 14y Q sao cho MB = MQ = NQB = 60°

NB c¢6 dinh = Q thuoc cung chira goc 60° dung trén NB = MN + MB 1én nhat khi NQ 1a
duong kinh cua duong tron

MB=MQ=MN=M=M1Q=01.

Viy M la trung diém cung NB = MN + MB 16n nhit MN + NB = 2R

Cau 39. (Truong chuyén tinh Phl Yén nam 2023-2024)
1) Cho doan thang AB, v&i M 14 trung diém. Trén duong trung truc Mt cua doan thang AB lay diém
I bt ki. V& tia Ax sao cho Al Ia phan gic goc BA x. Duong thang Bl ct Ax tai N. Goi C la diém
doi xing cua A qua N,H la hinh chieu vudng goc cua C 1én AB.

a) Chang minh rang tam giac NHB cén

b) Chimg minh dang thirc: BH*= HI.BN ,

¢) Khi diém | di chuyén trén dudng trung truc Mt dén vi tri lam cho tam giac ABC vudng tai C,

. AB
hay tinh ti s6 —
AC

2) Cho tam gi4c ABC vudng tai A. Goi D 1a trung diém cta AB, H 14 hinh chiéu vudng goc ciia A 1én
duong thang DC. Puodng thang qua C vudng goc voi BC cit duong thang AB tai E. Goi I 1a hinh
chiéu vudng goc cia E 1én dudng thang DC.
a) Chuang minh BH vuéng gbc véi Al.
b) Puong thang qua B vudng géc véi BH cit duong thang DC tai K. Chimg minh ti giac
BCEK nai tiép.

Loi giai
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A

a) Chang minh ANHB céan
AAHC vuéng tai H ¢ HN 1a trung tuyén nén NA =NC=NH nén AHNA cén tai N, suy ra
NHA = NAH, do d6NHA = 2IAB = 2IBH = 2NBH (1).
Theo tinh chét gc ngoai caa tam giac thi NHA = HNB + HBN (2).

Tir (1) va (2) suy ra HNB = HBN hay ANHB can tai H
a) Chuang minh BH® = HI.BN
1
Theo a) ANHB can tai H suy ra HB = HN = EAC 3)
Xét ANHI va ABHI co
IAN = IBH

IA=IB = AANI = ABHI = IN = IH
AN = BH (= HN)
Din dén ANIH can tai | = IHN=INH = ANHB ~ ANIH (hai tam gi4c cin ¢6 goc & ddy bing nhau)
BH HI

= ——=——=BH.BN = HI.BN = BH? = HI.BN
BN HN

b) Tinh ti s6 % khi = ABC vuong

Theo hé thirc lwgng trong tam giac vudng va dinh li Pytago ta cé
BC® = BH.BA = AB° — AC* & AB* -BH.BA-AC’ = 0(4)

Tir (3) va(4) ta c6 2 AB? — AB.AC — 2AC? =0 (5)

N . . ) AB |
Vi AC>0, chia 2 vé cho AC? ta duogc phuong trinh bic 2 véi X=A—C la:
X_1+\/17
4
22X -x-2=0<
(117
4
Do 1_;1/]7 <0(loai) nén ta chon x=1+;/ﬁ,hay 2_?=1+;,/ﬁ
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Goi M la giao diém cua EI va AC,tacd M la tryc thm cua tam giac ECD = DM//BC .
Tam giac ABC cé

DA = DB, DM || BC = MA = MC.

Tam giac AHC c6

MA =MC, MI||AH = IH=IC.

Goi N la trung diém ciia AH tac6 IN || AC = IN L AD

Tam giac ADI co

AH L DI, IN LAD dodé N latructam = DN L Al = BH L Al

a) Chung minh te gidc BCEK ngi tiép
T BH L Al = IN || AC = IAD = KBD
Xét AKBD va AIAD c6:
IAD = KBD, DA = DB, ADI = BDK = AKBD = AIAD
— DK =DI (1).
Vi ADAC ~ ADIE (g.g) = 22 - PC
DI DE
Tir (1) va (2) két hop véi DA = DB suy ra DA.DE = DK.DC
DK DB

= O =pe = ADEK ~ ADCB = DEK = DCB din dén BCEK nbi tiép.

— DA.DE = DI.DC (2).

Cau 40. (Truong chuyén tinh Qudang Ninh nam 2023-2024)

Cho tam giac ABC nhon (AB < AC) ndi tiép duong tron tam O. Hai duong cao
BD, CE cua tam gidc ABC cat nhau tai H . Tia phan giac cua goc BAC cat duong thang
BD va duong tron (O) theo thir ty tai M va | (1 khac A). Puong thang BD cat dudng
tron (O) tai K (K khéac B), hai duong thang AC va IK cit nhau tai Q, hai duong thang
QH va AB cit nhau tai P. Chtrng minh:

a) Tt giac AMQK nai tiép;

b) Tam gidc APQ can tai A;
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1 1 1

c) + = :
BC DE MQ

Léi giai

a) BKI = BAI (noi tiép (O) cling chén BI )

ma BAI = IAC = MAQ = MKQ => tt gi4c AMQK ndi tiép

b) T gidc AMQK néi tidp = MOQA = MKA, lai c6 BKA = BCA (ngi tiép (O) ciing chin AB)
— MQA=BCA = MQ//BC

H la tryc tam cia A ABC nén AH L BC = MQ L AH

A AHQ c6 HD L AQ, MQ L AH nén M la tryc tam = AM L HQ

A APQ c6 AM la phan giac, AM 1a duong cao nén A APQ can tai A.

¢) Goi N 1a giao didm ciia Al va CE. AIK = ABK (noi tiép (O) ciing chin AK ),

ABD = ACE (cung phu vai @E) = ﬁlb = N/CYQ = tir giac NICQ noi tiép =

ONC =QIC

—

C6 BEC = BDC =90° nén tir gisc BEDC ngi tiép = DEC = DBC , KBC = KIC (noi tiép
(O) ciing chin KC) = QNC = DEC => NQ// ED

Tt giac NICQ noi tiép nén MNQ = QClI , t& giac AMQK nai tiép nén QMN = AKQ ma
AKI = ACI (noi tiép (O) ciing chén Al) = QMN =QNM = A QMN cin = QM =
ON.
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MO/ BC = MQ_DOQ o yep = N _EQ i 6 Mo = NQ nén
BC DC' ED CD
MQ MQ_DQ CQ_, 1 1 1

= +——= .
BC DE DC CD BC DE MQ

Cau 41. (Truong chuyén tinh Quang Tri nam 2023-2024)
Cho tam gidc ABC nhon, AB < AC. Ké cac duong cao AD, BE,CF cat nhau

tai H. Ttir A keé hai tiép tuyén AP, AQ dén duong tron tam O, duong kinh BC (P,Q
|a c4c tiép diém va P, F nam cung phia so véi duong thing AD).
1. Chiang minh AP? = AB.AF va 5 diém A, P,D,0,(Q niam trén mot dudng tron.
2. Ching minh H, P,Q thang hang.
3. Chang minh PF,QFE, AD déng quy.

Loi giai

A

B D o] Cc

Taco LAPF = Z/ABP nén AAPF dng dang AABPsuyra AP? = AF.AB.

Tacd LAPO = ZADO = ZAQO = 90°nén 5 diém A, P,D,0,Q nam trén duong tron duong
kinh A0O.

Tacod AAFH ddng dang AADB nén AP*> = AF.AB = AH.AD.Suy ra AAPH dong dang
AADP . Do d6 LAPH = LADP (1) .

T gidc APDO nitiépnén ZADP = ZAOP = ZAPQ (2)
Tu (1),(2) suyra ZAPH = ZAPQ nén P, H,Q thang hang.

Goi K lagiao diém QFEva AD.

Tacé LKQF = /EBF = /HDF = /KDF néntagidc DFKQ noi tiép.
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Tacdé LPFD = /PFB+ /BFD = /PCB+ ZACB

Va /KQD = /EQP + /PQD = /ACP + /POD = LACP +2/PCD = ZACB + /PCB
Suyra /PFD = /KQD Dod6 /PFD+ /DFK = /KQD + /DFK =180

Suyra PF diqua K .Vay PF,QFE,AD dong quy

Cau 42. (Truong chuyén tinh Son La nam 2023-2024)

Cho tam gi4c ABC nhon (AB < AC) ndi tiép duong tron (O), cac duong cao BE va CF cét
nhau tai H. Goi S 1a giao diém cua dudng thang BC va EF; | 1a giao diém cua SA va dudng tron
(O) (voi | khac A).

a) Chuang minh rang tir giac AFHE I tir giac noi tiép.

b) Chtng minh SF.SE =SI.SA va HI L SA.

¢) Goi M Ia trung diém cua BC, ké duong kinh AD caa (O). Chéng minh ba diém H, M, D
thang hang va H 1a truc tm tam giac ASM.

d) Giasu T la diém nam trén doan thang HC sao cho AT vuéng géc vai BT. Ching minh hai
duong tron ngoai tiép cua tam giac 1ST va tam giac ECT tiép xdc véi nhau.

Léi giai

a) Chizng minh rang ti giac AFHE 1a ti giac ngi tiép.
Do BE L AC;CF L AB = AEB = AFC = 90°

Xét tir giac AEHF co: AEH + AFH =90° +90° =180°

= T giac AEHF noi tiép duong tron.

b) Chizng minh SF.SE = SI.SA va HI L SA.

Xét ttr giac BEEC ¢6 : BFC = BEC = 90°
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Ma 2 géc nay cung nhin canh BC
= Tt giac BFEC ndi tiép duodng tron.
— FEB = FCB (hai gdc noi tiép cling chan cung BF)
Xeét tam giac SEB va tam giac SCF cé:
ESC la goc chung
SEB = SCF
= ASEB <> ASCF (g-0)

= SE = SB = SE.SF = SB.SC (1)
SC SF

Xeét tam giac SAB va tam giac SCI cé:

ASC chung
SAB =SCI = % sé do cung 1B (g6c noi tiép)

= ASAB > ASCI (g-g)

= A _3B . sasi=sBsc (2)
sc sl

Tir (1) va (2) = SE.SF = SASI = SS_'IE _ :_I’:

= ASIF > ASEA (c.g.c)
— SIF = SEA

— ti giac AIFE noi tiép (dau hiéu nhan biét)
Ma 4 diém A, E, H, F ciing cung thudc 1 duong tron
— 5diém A, |, E, H, F cing thudc 1 duong tron
= AIHE noi tiép duong tron

— AIH = AEH =90° = IH L SA
(¢) Goi M la trung diém ciia BC, ké dwong kinh AD cia (O). Chikng minh ba diém H, M,
D thdng hang va H Ia treec tam tam giac ASM.

Xét (0): ABD = ACD = 90° (g4c noi tiép chan nira duong tron)

AB L BD . |CH L AB
= ma

AC 1L AD BH 1 AC

CH || BD

BH ||CD

= tu giac BHCD Ila hinh binh hanh
— BC va HD cit nhau.
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d) Gid si T la diém nam trén dogn thing HC sao cho AT vudng g6(a+b)c véi BT. Ching
minh hai dwong tron ngoai tiép cria tam giac 1ST va tam giac ECT tiép xuc véi nhau.

Cau 43. (Truong chuyén tinh Tay Ninh nam 2023-2024)

Cau 1: (1 diém) Cho duong tron (O) dwong kinh AB. Trén (O) Iy hai diém C,D nam khac phia
d6i véi AB va CD khong di 