CUC TRI HINH HOC Trang 1

CUC TRI HINH HOC

Kién thirc trong tdm

A-Phuong phap gidi bai toan cuc tri hinh hoc.

1- Huong giai bai toan cuyec tri hinh hoc:

a) Khi tim vi tri cta hinh H trén mién D sao cho biéu thiic f c6 gia tri 16n
nhat ta phai chiing to dwoc :
+V6i moi vi tri ctia hinh H trén mién D thi f <m ( m la hang s&)
+Xac dinh vi tri ctia hinh H trén mién D sao cho f =m

b) Khi tim vi tri ctia hinh H trén mién D sao cho biéu thtrc f ¢6 gia tri nho
nhat ta phai chiing to dwoc :
+V6i moi vi tri ctia hinh H trén mién D thi f > m ( m 1a hang s&)
+X4c dinh vi tri ctia hinh H trén mién D déf=m

2 - Cach trinh bay 10i giai bai toan cuc tri hinh hoc.

+ Cachl :Trong cac hinh ¢ tinh chat cua dé bai,chi ra mét hinh r6i
chttng minh moi hinh khac déu c6 gia tri cua dai lwgng phai tim cuc tri nho
hon (hoac 16n hon ) gia tri ctia dai lwong d6 cta hinh da chi ra.

+ Cich2 :Bién d6i twong duong diéu kién dé€ dai luwong nay dat cuc tri
boi dai lwong khac dat cuc tri cho dén khi tra 101 dwgc cau hoi ma dé bai yéu
cau.

Vi du : Cho dwong tron (O) va diém P ndm trong duwong tron( P khong tring v6i

O).Xdc dinh vi tri ctia ddy di qua diém P sao cho ddy d6 cé do dai nho nhat.
Gidi :

+Cach 1 :

Goi AB la day vuong goc véi OP tai P, va day CD
la day bat ky di qua P va khong trung vdi AB (h.1).

Ké OH L CD.

AOHP vuodng tai H = OH <OP = CD > AB
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Nhuw vay trong tat ca cac day di qua P, day vuong goc voi OP tai P ¢
dd dai nho nhat .

+Cidch 2 :

Xét day AB bat ky di qua P (h.2). K¢ OH L AB

Theo lién hé gitta day va khoang cach dén tam:

AB nho nhat < OH 16n nhat A

Ta lai c6 OH < OP .‘
OH=OP < H=P d
Do d6 maxOH = OP B
Khi d6 day AB vudng goc v6i OP tai P. h.2

B-Céc kién thirc thwong dung gidi bai todn cwc tri hinh hoc.
1- St dung quan hé gitta dwong vudng goc , dwong xién , hinh chiéu .
a-Kién thifc can nhd:

B /L A K a
L a . b

A3 B H C H B
h.4 s

a1) AABC vuong tai A (cé thé suy bién thanh doan thang) = AB <BC .
Dau “=" xayra< A=C.(h.3)

) (h4)
+ AHla = AH<AB. Dau “=" xayra< B=H.
+ AB<AC < HB<HC

as)( h.5)

AKea;B,Heb;a//b;HKLa = HK<AB

Dau “=" xayra< A=KvaB=H.

b-Cac vi du:

Vi du 1: Trong cdc hinh binh hanh cé hai dwong chéo bang 6 cm va 8 cm ,hinh
ndo co dién tich lon nhat ? Tinh dién tich lon nhit do.

Gidi :
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Xét hinh binh hanh ABCD c6 AC=8 cm; BD =6 cm ( 1.6)

Goi O la giao diém hai duong chéo . Ké BH L AC.

Ta cd : Sascp=2Sasc = AC.BH

Ta c6 AC =8cm, BH < BO =3cm. Do d6:

Sascp £ 8.3 =24 (cm?)

Sascp =24 cm? < BH=BO < H=0 < BD 1AC

Vay max Sascp = 24 cm? . Khi d6 hinh binh hanh ABCD la hinh thoi (h.7) c6
dién tich 24cm?.

Vi du 2: Cho hinh vuéng ABCD . Trén cic canh AB,BC ,CD,DA ta ldy theo thir
tw cic diém E,F,G,H sao cho AE = BF = CG = DH . Xdc dinh vi tri cia cic diém E,
F,G,H sao cho tir gidc EFGH c6 chu vi nhd nhit .

Giai: A

AHAE = AEBF = AFCG = AGHD

= HE = EF = FG=GH

= EFGH la hinh thoi .

AHE = BEF H

— AHE + AEH=90° = BEF + AEH =90’

— HEF =90"

= EFGH la hinh vuéng

Goi O la giao diém ctia AC va EG . T giac
AECG ¢6 AE = CG, AE //CG nén la hinh binh hanh suy ra O la trung diém
cta ACva EG, do d6 O la tam cta cd hai hinh vuéng ABCD va EFGH.

AHOE vudng can : HE? = 20E2 = HE = OE+/2

Chu vi EFGH = 4HE = 42 OE . Do d6 chu vi EFGH nhé nhét < OE nho
nhat

Ké OK LAB = OE >OK ( OK khong d6i )

OE=0K < E=K

Do @6 minOE = OK

Nhuw vay , chu vi t&¢ gidc EFGH nho nhét khi va chi khi E,F,GH la trung
diém cua AB, BC, CD, DA.

B
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Vi du 3: Cho doan thzﬁng AB c6 do dai 2a .\Vé vé mot phia ciia AB cdc tia Ax va
By vuéng g6c voi AB . Qua trung diém ctia M ctia AB c6 hai dwong thing thay doi
ludn vudng goc voi nhau va cit Ax, By theo thir tw tai C va D .xdc dinh vi tri cua cdc
diém C,D sao cho tam gidc MCCD c6 dién tich nho
nhat .Tinh dién tich tam gidc do.

Giai:

Goi K la giao diém ctia CM va DB
MA =MB; A=B=90°, AMC = BMK
= AMAC = AMBK = MC = MK

Mat khac DM 1CK

= ADCK can = ﬁl = 132

Ké MH L CD.

AMHD = AMBD = MH=MB =a K

— Smep =%CD.MH > %AB.MH =%2a.a= a2 1.9

Smcp = a2 < CD L Ax khi d6 AMC = 45°;
BMD =45°.
Vay min Smcp =a2.
Cac diém C,D dwoc xac dinh trén Ax; By sao cho AC=BC=a.
Vi du 4: Cho tam gidc ABC ¢6 B la goc tit, diém D di chuyén trén canh BC .
Xdc dinh vi tri clia diéim D sao cho tong cdc khodng cdch tie B va C dén dwong thiang
AD c6 gid tri I6n nhit .
Gidi:
Goi S la dién tich AABC Khi D
di chuyén trén canh BC ta ¢6 :
Saep + Sacp =S

Keé BE LAD, CF L AD

:%AD.BE +%AD.CF -3

h.10 F
= BE +CF =§
AD

Do d6 BE + CF 16n nhat < AD nhé nhat <hinh chiéu HD nho nhat

Do HD > HB (do ABD >90°) va HD=HB < D =B

Vay Khi D = B thi tong cac khoang cach tir B va C dén AD c6 gia tri 1on
nhat .
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2- St dung quan hé giita dwong thang va dwong gap khic.

a-Kién thitc can nhé:
Vi ba diém A,B,Cbatky tacé: AC+CB2>= AB
AC +CB = AB < C thuoc doan thang AB

b-Cac vi du:

Vi du 5:Cho g6cxOy vi diém A nim trong géc d6 . Xdc dinh diém B thudc tia
Ox, diém C thugc tia Oy sao cho OB = OC va téng AB +AC la nhé nhit .

Giai:

Ké tia Om nam ngoai goc xOy sao
cho yOm=xOA . Trén tia Om ldy diém
D sao cho OD = OA . Cac diém D va A
co dinh .

OD =OA, OC = OB, COD = BOA

= ADOC =AAOB = CD = AB

Do d6 AC+AB=AC+CD

Ma AC+CD = AD

=AC+AB >AD

Xay ra dang thtec khi va chi khi C e AD

Vay min(AC+AB) =AD . Khi d¢ C la giao diém ctia AD va Oy , B thudc tia
Ox sao cho OB = OC.

Vi du 6:Cho hinh chir nhit ABCD va diém E thudc canh AD . Xic dinh vi tri cic
diém F thudc canh AB , G thudc canh BC, H thudc canh CD sao cho tir gidc EFGH
co chu vi nho nht.

Giai :

A F B
S—_1
E \v\‘x K v
7% T A X G
D e
H

h.12

h.13

Goi I K, L theo thit tu 1a trung diém cta EF, EG, EH (h.12).
AAEF vudng tai A ¢ Al la trung tuyén = AI =1/2EF
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ACGH vudng tai C ¢6 CM la trung tuyén = CM =1/2GH

IK Ia dwong trung binh cua AEFG = IK = 1/2FG

KM la duong trung binh cuia AEGH = KM =1/2EH

Do d6 : chu vi EFGH = EF +FG +GH +EH =2(Al + IK + KM + MC)

Talaicod: AI+IK+KM+MC=AC

Suy ra chu vi EFGH > 2AC (. d¢ dai AC khong d6i )

Chu vi EFGH nho nhat béng 2AC < A, LK,M,C théng hang.

Khi d6 ta ¢c6 EH//AC,FG//AC, AEI=EAIl= ADB nén EF//DB , twong tuw
GH//DB .Suy ra tt giac EFGH 1a hinh binh hanh c¢6 cac canh song song véi cac
dwong chéo cua hinh chit nhat ABCD (h.13).

3- Stt dung cac bat dang thitc trong dwong tron.
a-Kién thiic cin nhd:

C
/1 0\ e € P
C A
[ B p4
A s B B
& A N
h.14 D h.16 h.17

h.15

a1) AB la duong kinh , CD la day bat ky = CD < AB (h.14)
a2) OH,0OK la cac khoang cach tir tam dén day AB va CD:
AB>CD < OH<OK (h.15)
as) AB,CD la cac cung nho cta (O) : AB>CD < AOB>COD (h.16)
as) AB,CD 1a c4c cung nho cta (O): AB>CD < AB>CD  (h.17)

b-Cac vi du:

Vi du 7: Cho hai dwong tron (O) va (O’)
cit nhau & A va B . mft cdt tuyén chung bat
kiy CBD (B nam giita C va D) cit cdc dwong
tron (O) va (O’) tai C va D . Xdc dinh vi tri
cuia cdt tuyén CBD dé’ AACD c6 chu vi lon
nhit.

Gidi:
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sdC =%sdAmB ;sd D =%sd AnB

= 50 do cac goc AACD khong doi

= AACD c6 chu vi 16n nhat khi mot canh ctia n6 16n nhat chéng han AC
la I6n nhat.

AC la day cta duong tron (O) , do d6 AC 16n nhat khi AC la duong kinh
cta duong tron (O), khi d6 AD la dwong kinh cua duong tron (O’). Cat tuyén
CBD ¢ vi tri C’'BD’” vudng géc voi day chung AB.

Vi du 8: Cho duong tron (O) va mot diéim P nam trong dwong tron . Xdc dinh
day AB di qua P sao cho OAB ¢c6 Qid tri Ion nhat

Gidi:

Xét tam giéc cAn OAB, goc & day OAB 16n nhat
néu goc ¢ dinh AOB nho nhat .

,@%Saxﬁ

Géc AOB nho nhat < CungAB nho nhit <
day AB nho nhidt & Khoang cach dén tam OH I6n
nhat.

Ta c6 OH <OP

OH=0P < H=P nén max OH=0P < AB L OP

Suy ra day AB phai xac dinh la day A’B’ vudng goc voi OP tai P

h.19

4- St dung bAt dang thitc vé lity thira bac hai .
a-Kién thitc can nhd:
Cac bat dang thitc vé lily thira bac hai dwoc stt dung dudi dang :
A2>0 ;-A%<0
Do d6 v6i m 1a hang s6 , ta co :
f=A2+m>m ;minf=mvoéiA=0 E
=—A?2+m<m ;maxf=mvoi A=0

b-Cac vi du: 4-x
Vi du 9: Cho hinh vuéng ABCD c6 canh bang 4cm .
Trén cic canh AB, BC,CD,DA, 14y theo thit tw cic diém
E, F, G, H sao cho AE = BF = CG =D . Tinh d6 dai AE
sao cho tir gidc EFGH c¢6 chu vi nho nhit.
Gidi: D G
h.20
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AAHE = ABEF = ACFG = ADGH
= HE =EF=FG=GH , HEF =90°
= HEFG la hinh vuéng nén chu vi EFGH nho nhét khi HE nhé nhat .
Dit AE = x thi HA = EB = 4-x
AHAE vuong tai A nén :
HE 2= AE?+AE? =x2+ (4 - x)? =2x>-8x+16 =2(x-2)>+82>8
HE= 8 =242 &x=2
Chu vi tiz gidc EFGH nho nhat bing 82 cm , khi 6 AE=2 cm .

Vi du 10: Cho tam gidc vuéng ABC c¢6 d§ dai cdc canh goc vuéng AB = 6 cm,
AC = 8cm.M la diém di chuyén trén canh huyén BC.Goi D va E la chdn cic dwong
vudng goc ké tir M dén AB va AC . Tinh dién tich 16n nhat cua tir gidc ADME.

Giai:

ADME la hinh chit nhat .

bat AD = x thi ME = x

ME //AB= S4 b x _CE

AB CA 6 8

2AE=8—§X

X_ 4

X

= CE=

Ta cé : Sapme = AD .AE=X(8—§X)=8X—%X2

= —g(x —3)2+12<12
SabMe =12 cm? < x =3

Dién tich 16n nhét cua t& giac ADME béng 12 cm? ,khi d6 D la trung diém
cta AB, M la trung diém ctia BC va E la trung diém cua AC.

5- Stt dung bat dang thitc Co-si .

a-Kién thitc can nhao:

Bat dang thitc C-si :V6ix>0;y>0 tacd :x;-y > /Xy

Dau “=" xay ra khi va chi khi x =y

Bat dang thitc Co-si thuong duoc st dung dudi cac dang sau :
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2
+ Dgng 1: x2+y22(x+2y) > 2Xy D&u “=" xay ra khi va chi khi x =y
2
+ Dang 2: (X+—y)24 ; Xy 2gl
Xy (X+y) 4
2
(x+y) <2 X’ +y? 21
X2+y2 (X+Y)2 2

Dau “=" xay ra khi va chi khi x =y

+Dang 3:-V6ix>0;y20; x +y khdong d6i thi xy 16n nhat khi va chi khi x=y
+Dang4: Véix 20 ;y 20 ; xy khong d6i thi x+y nho nhatkhi va chikhi x=y

b-Cac vi du:

Vi du 11: Cho dogn thang AB, diéim M di chuyén trén dogn thang dy . VE cic
dwong tron co dwong kinh MA va MB . Xdc dinh vi tri cuia diéim M dé’ tong dién tich
cuia hai hinh tron c6 gid tri nho nhit .

Gidi :

Dit MA =x, MB =y

Tacd:x+y=AB (0<x,y <AB)

Goi S va S theo thr ty la dign A
tich cta hai hinh tron co duwong
kinh1la MA vaMB .

Taco:

x Y Pox gy
S+S = n(zj +n(1) =7t.—y

Ta c6 bat dang thiec : x> +y” >

(x+y)2
2

nén :

2 2
S+5> n.(x " y) =7t.AB
8 8
DA&u dang thikc xay ra khi va chi khi x =y

2
Do dé min (S+S) =1. A?

Khi d6 M la trung di€ém cua AB.

Vi du 12: Cho diéin M nam trén doan thi{’ng AB .Vé vé m{t phia cua AB cdc tia
Ax va By vudng goc véi AB . Qua M c6 hai dwong thang thay d6i luon vuéng goc



CUC TRI HINH HOC Trang 10

v6i nhau va cit Ax, By theo thi tw tai C va D . Xdc dinh vi tri cia cdc diém C,D sao
cho tam gidc MCD c6 di¢n tich nhd nhit .

Gidi : y
1 D
Ta cd : Smep = EMC.MD

PitMA=a, MB=b
AMC = BDM =q

MC=—2_ MD=_2 B
COosQ SiIaoa
Smcp = 1_a h.23

2 cosa..sina
Do a,b 1a hang sd nén Svco nho nhat < 2sino.cosa. 16n nhat .

Theo bat dang thiic 2xy < x2 +y? ta co:

2sina.cosa < sin?oL +cos?2oc=1 nén  Swmcp > ab

Smcp = ab < sina = cosa < sina = sin(90°-a) < o = 90%—a < o, = 459

< AAMC va ABMD vuodng can.

Vay min Svcp = ab .Khi d6 cac diém C,D dugc xac dinh trén tia Ax ; By sao
cho AC=AM, BD=BM.

Vi du 13: Cho 4ABC, diém M di dong trén canh BC . Qua M ké cic dwong
thiang song song véi AC va véi AB, chiing cit AB va AC theo thit tw 6 D va E.Xdc
dinh vi tri ciia diém M sao cho hinh binh hanh ADME c6 dién tich 16n nhat.

Giai :

4 4 S 7 A
SapMmE 10n nhat < —ARME 15n nhat
ABC

Ké BK L AC cdt MD & H.
Sapme = MD . HK

Sasc = %AC . BK

SADME_zMD HK
Swc  AC BK
DétMB=X,MC=y,
MD//ACtaco: M2_BM__x . HK_MC__y
AC BC x+y BK BC x+y
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Theo bat dang thikc 2 s% = Sapwe 20y 1

(X+y)2 S se (x+y)2 2

DAau dang thirc xay ra khix =y
Viy  maxSapme =%SABC khi d6 M Ia trung diém ctia BC.

Vi du 14: Cho A ABC vudng cin cé canh huyén BC = a . Goi D la trung diém
cua AB. Diém E di chuyén trén canh AC. Goi H,K theo thir tw la chin cdic dwong
vudng goc ké tir D, E dén BC . Tinh di¢n tich lon nhiat cua hinh thang DEKH . Khi
do hinh thang tré thanh hinh Qi ?

Gidi:

Taco:

2Spexi = (DH +EK).HK = ( BH +KC ) .HK

Ma (BH +KC) +HK =BC = a khéng ddi

Nén (BH + KC) .HK 16n nhat ©BH + KC) =HK =

a
2

Do d6:

la

a a’
max SpEkH =—.—.— = —
222

8
Khi d6 duwong cao HK = — suyra:

KC=BC-BH-HK =a- > _2-2

DodéDH=HB=%,EK=KC=%.

A
Hinh thang DEKH 14 hinh chit nhat , E Ia B s
trung diém cua AC.

6- Str dung ti s6 lwgng giac.

a-Kién thitc cdn nho: B
Hé thtrc gitta canh va goc trong tam giac vuong L a
C
+b =a.sinB = a.cosC A b C
+b = c.tgB = c.cotgC h.26

b-Cac vi du:
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Vi du 15: Chitng minh rang trong cic tam gidc cdn c6 cing dién tich tam gidc cd

canh day nhoé honla tam gidc cé goc 6 dinh nho hon.

Gidi: A
Xét cac tam giac ABC can tai A co6 cung
dién tich S. Ké duong cao AH . Dat BAC =
a
AAHC vuodng tai H, ta c6 : B o C
HAC=>, h.27
2
AH=HC .c:otgE 1 BC.COth
2 2 2
Dod6:S= lBC.AH = lBC.lBC.cotgg =lBC2c_‘otgE
2 2 2 2 4 2
— BC= 4Sa -2S.te2
cotg—
%2
Do S khong d6i nén :
BC nhé nhit < tg% nho nhat < % nho nhat < o nho nhat < BAC nho
nhat

Vi du 16: Cho hinh chit nhit ABCD. Trén cic canh BC,CD lin luot 14y cdc diém

KM saocho BK: KC=4:1,CM : MD =4 :1.Tim ti s6’AB : BC dé'sd do go’cm

lon nhat .
( Cho cong thite bigh doi tg( x +y )= L& ) A B
I—tgx.tgy X
Giai: y
Pt BAK=x ,DAM=y (x+y<90) K
KAMI6n nhét < BAK + DAM nho nhét D c
& x +y nho nhdt < tan (x + y) nho nhat h28

Giast AB:BC =1:m (m>0)
_BK BK BC 4m

" AB BC AB 5
DM DM DC 1

" AD DC AD 5m

tg x

tgy
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b x +y )= LEELEY =(4m+ ! ):(1_4_m;)=£(4_m+L)
I-tgx.tgy 5 Sm 5 Sm/) 2105 Sm

tg (x +y) nho nhat < 4?m+5L nhoé nhét
m

Theo bat dang thirc Co-si ta co:

dm 1 dm 1 4
—t—2 2‘/—.—=—
5 S5m 5 5Sm 5

Dau déng thtc xay ra < 4—m=— oSm= 1
5 5m 2
Vay x +y nho nhat khi va chi khi m =%

Do d6 KAM 16n nhat khi va chi khi AB:BC=2:1

Phan 3: Bai tip 6n luyén

Bai 1 : Cho hinh vudong ABCD . Hay xac dinh duong thang d di qua tam
hinh vudng sao cho tong cac khoang cach tir bon dinh cua hinh vuong dén

duong thang d6 1a :
a) Lon nhat
b) Nho nhat

Hudng dan: d
Xét truong hop d cat hai canh d6i BC va AD (h.29) B’

Goi m la tong cdc khoang cich tir bon dinh hinh B ,
vudng dén D. N

m =2(AA’ +BB’)

Goi M, N Iin lwot la trung diém ctia AB va A’B’

Suy ra: m=4NMN do do:

m I6n nhdt < MN lon nhat

m nho nhit < MN nho nhit
a) MN <MO = m l6n nhit & M=0 < d//AB h.29

b)ké MH L OB . Chitng minh MN >MH = MN nho nhit < N =H < d=BD

hodc d =AC.
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Bai 2 : Cho AABC vuong can tai A cac diém D,E theo th tw di chuyén trén
cac canh AB ,AC sao cho BD = AE . Xac dinh vi tri cac diém D,E sao cho :

a) DE c6 d6 dai nho nhat .

b) T gidc BDEC c6 dién tich 16n nhat .

Hudng dan: (h.30)
a)Goi M la trung diém cua BC .
ABDM = AAEM = BMD = AME

L — e e~~~

Goi I la trung diém ciia DE .

DE =DI+IE=Al+IM > AM

Min DE = AM < 1 la trung diéim clia AM

< D la trung diém cua AB va E la trung diém cua AC

b)Dit AE=x, AB=AC=athi AD=a-x , Sape =

x(a—x)

Sepec nho nhit < Sape 16n nhit < x(a —x) 16n nhat
Do x +( a-x) = a khong doi nén x(a —x) lon nhit &x=a -x < x=a/2
Khi d6 D la trung diém ctia AB va E la trung diém ciia AC
Bai 3 : Cho A ABC vuong tai A c6 BC=a, dién tichla S . Goi m la trung diém
ctia BC . Hai duong thiang thay d6i qua M va vudng goc véi nhau cat cac
canh AB, AC6D ,E . Tim:
a) Gia tri nho nhat cta doan thang DE .
b) Gia tri nhé nhat ctia dién tich A MDE A

Hudng dan:
a) (h.31)Goi O la trung diém cuia DE
Taco OA=0D =0OE =0M

=DE=0A+0OM =z AM= —

minDE = a/2 < O la trung diém ciia AM
& D la trung diém cua AB va E la trung diém ctia AC

b) (h.32)Ké MH L AB, MK L AC

ME > MK, MD > MH .
AC AB S

25upe=MD.ME > MH MK =—.— =—
2 2 2
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mMinSmpE = %@DEH va E=K

Bai 4 : Cho diém m di chuyén trén doan thang AB .Vé cac tam giac déuAMC
va BMD vé moét phia cua AB . Xac dinh vi tri cia M d€ tdong dién tich hai tam
giac déu tren la nho nhat .

Huéng dan: (h.33)

Goi K la giao diém ciia AC va BD .

Cic tam gidac AMC ,BMD dong dang véi AAKB
Dit AM=x ,BM=vy,AB=a taco:

LB
S a)’ S a
_\S1+S2_x2+y2>(x+y)2_a2 1

S a’ 2¢° 247 2
Ddu dang thiec xdy ra khi va chi khi x =y

Do d6 : min (S1+S2) =§ < M la trung diém cua AB.

Bai 5: Cho tam gidc nhon ABC c6 cac canh a,b,c twong ttng duong cao AH
=H. Hay dung hinh ch® nhat MNPQ ndi ti€p trong tam gidc ABC sao cho nd
coO dién tich 16n nhat . Biét M €eAB ;N € AC; P,Q « BC.

A

Hu6ng dan: (h.34)
Goi 1 1a giao diém ciia AH va MN Ih-x N
Pjit NP=x;MN=y;Al=h-x M‘----& ......
AAMN  AABC

MN Al vy h—x h—x
- = 2= =>y=a

BC AH a h h B

a O H P C

Smnro =xy = —. x(h —x)

- h h.34

= Sunpg lon nhiat < x(h — x)lon nhat

x +(h —x) = h khong do6i nén

x(h —x)lon nhit & x=h -x < x=h/2
Khi dé MN la dwong trung binh cuia AABC



CUC TRI HINH HOC Trang 16

Bai 6 : Cho A ABC vudng tai A . Tlt mot diém I nam trong tam giac ta ké IM
1 BC, IN L AC, IK LAB . Tim vi tri cta I sao cho tong IM? +IN? +IK? nho
nhat.

Huéng dan: (h.35) B
Ké AH IBC, IE LAH H
ANIK ,IMHE 1a cdc hinh chit nhit. E M
IK>+ IN? = [K2 +AK2 = AR > AE? K/ 1
IM=EH A_*” = C
nén IK2+ IN? + IM2 = AR+EH? > AE+EH?
2 2
Pit AE=x, EH =y ta c6 .'x2+y22(x+2y) :AIZ{ "

2
= [K2+ IN? + [M? > Ag{ .

Ddu “=" xdy ra khi I la trung diém ciia dwong cao AH.

Bai 7 : Cho tam giac nhon ABC .Ttr mot diém 1 nam trong tam gidc ta ke IM
1 BC, IN L AC,IK LAB.bat AK=x; BM =y ;
CN=z.

Tim vi tri ctia I sao cho tong x? +y? +z2 nho nhat.

Hué6ng dan: (h.36)

Pt BK=k, CM=m, AN=n,
BC=a,AC=b,AB=c.

x2 +y2 +22:

=(IA? —IK? ) + (IB?> —IM? ) + (IC? —IN?)

= (IA?2 —IN? ) + (IB?> —1K? ) + (IC?> —IM? ) = n? + kK + m?
:’52()(2 +y2 +ZZ ) =X2 +y2 +ZZ+ nZ +k2 + mZ

= O+ 2y m? )H( 22+ n?)

2 2
x2+k2>(x+k) =ABZ=i y2+m2>(y+m) =BC2=a_2
B 2 2 2 B 2 2 2
2 2 2
Zz+n2>(z+n) _AC _b_
2 2 2
a+b’+c’
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2 2 2
) a +b° +c
mm(x2+y2+zz)=T < x=k,y=m, z=n.

&1 1a giao diém cuia cdc dwong trung tryc cua AABC.

Bai 8 : Cho ntta duwong tron cé6 duong kinh AB =10 cm .Mt day CD c6 do
dai 6cm c6 hai dau di chuyén trén nira duwong tron . Goi E va F theo tht tu la
hinh chiéu cta A va B trén CD. Tinh dién tich 16n nhét cta t& giac ABFE.

_ F
Huéng dan: (h.37) D
Ké OH LCD, ta tinh dwoc OH = 4cm g C
Sasre = 1/2(AE + BF).EF
= OH.EF <OH. AB=4.10=40
max Saser =40 cm?
< EF// AB , khi d6 OH L AB h 37

Bai 9 : Cho hinh vudng ABCD canh a .V& cung BD tdm A bén kinh a (nam
trong hinh vudng ) .mot tiép tuyén bat ky véi cung &6 cat BC, CD theo thi
te 0 M va N. Tinh d6 dai nho nhat caia MN.

A B

Hu6ng dan:(h.38) -
PitCM=m,CN=n, MN =x L M
m+n+x=2CD=2a vam?+n?=x?

2 H |m
Do do : x= m? +n? > (m+n)
:>2x2252a—x)2:>x\/§22a—x D S - HpS
= x>—=—=2a(2-1) h.38

241

min MN =2a(N2—1) < m =n . Khi dé tiép tuyé MN // BD , AM li tia phin gidc
ciia BAC , AN la phin gidc ctia DAC

Bai 10 : Cho hai duong tron (O) va (O’) tiép xtic ngoai tai A .Qua A vé hai tia
vuodng goéc véi nhau , chiing cat cac duong tron (O) , (O) 1an luot tai B va C.

Xac dinh vi tri ctia cac tia d6 d€ A ABC cé dién tich 1én nhat .

Hudng dan:(h.39)
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Ké OD L AB; O’'E L AC ta co:

Sasc = éAB.AC =§.2AD.2AE= 2.AD.AE

Dit OA=R; O’A=r;A0D=0"AE = o
AD =R sina ; AE=r cosa
= Sac = Rr. 2sina .cosa

2sina.cosa < sina+ cos?a=1
= Sapc < Rr h.39
Do do :
max Sasc = Rr < sina=cosa < sina=sin(90°-a) < a=90° —a < a=459,
Vay néu ta vé cic tian AB,AC lin lwgt tao voi cdc tia AO, AO’ thanh cdc goc
OAB = 0" AC = 45" thi A ABC c6 dién tich l6n nhat .

Bai 11 : Cho duwong tron (O;R) duwong kinh BC, A 1a mot diém di ddng trén
duong tron . V& tam giac déu ABM c6 A va M ndm cung phia ddi véi BC .
Goi H la chan dwong vudng goc ké tir C xuéng MB. Goi D, E |, F, G theo tht
tw 1a trung diém caa OC, CM, MH, OH . Xac dinh vi tri cta diém A d€ dién
tich ti giac DEFG dat gia tri l6n nhat.

Hudng dan: (h.40)

DEFG la hinh binh hanbh. M >

Ke OI LFH , ta co Ol la dwong trung binh ciia A

BHC nén Ol =%2 HC = GD

MO la dwong trung truc cua AB nén B 0 D

IMO =30"= OI =% OM = GD = ¥, OM

MiED=1%0OM =EG=GD ©
= DEFEG I hinh thoi o
HFG = HMO = 30° = EFG = 60" =AEEG déu .40
2 2
= SDEFG =2SErG = 2. EF \/g = EF \/g
4 2
HCY BCY
LE BV E T =il BV R
12)[12)[:%6
2 -2 2

R>\3

2

max S = oH=B & MBC=90"< ABC=30"<AC=R.
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Bai 12 : Cho AABC ndi tiép duong tron (O) D la diém bat ky thudc cung BC
khong chita A va khong trung vdi B,C. Goi H,LK theo tht tu la chan cac
duong vuong goc ké tir D dén cac duong thang BC , AC, AB. P4t BC=a,
AC=b,AB=¢,DH=x,DI=y,DK=z.
a) Chtrng minh rang : b 1222

y z X
b) Tim vi tri ctia diém D dé& tong 2 +2+ nhé nhét .

X y z

Hué6ng dan: (h.41)
a) Lay E trén BC sao cho CDE = ADB
ACDE dong dang véi A ADB
_DH_CE_x CE_c CE

— ==

DK AB =z ¢ z X
Twong tw ABDE dong dang voi A ADC

DH _BE _x_BE_b_BE

== —_— =
DI  AC 'y b y X

2 E_BE+CE_£
y z X x

pEpbcaa 2a b s une nhit e & nho nhit e x lon nhit
X ¥y z x x X X

D=M ( M la diém chinh giita ctia cung BC khong chira A)

Bai 13 : Cho AABC nhon , diém M di chuyén trén
canh BC .Goi P ,Q 1a hinh chiéu cia M trén AB,
AC . Xac dinh vi tri ctia diém M dé€ PQ c6 d¢ dai
nhoé nhat .
Hudng dan: (h.42) N/O\
Tir gide APMQ la tir gidc ngi tiép . Goi O la tdm B M
dwong tron ngoai tzep tir gidc APMQ h.4

Ké OH L PQ . Dat BAC =a thi POH = a

PQ=2PH=2.0P sina= AM sina

Do o khong doi nén

PQ nho nhit < AM nho nhiat < AM LBC.

Bai 14 : Cho doan théng AB va mot diém C trén AB .VE trén cung mot nira
mat phéng bo AB céc ntra duong tron co duong kinh AB,AC,BC . Xac dinh
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vi tri ctia diém C trén doan AB d€ dién tich phan gidi han boi ba nira duong
tron do6 dat gia tri 16n nhat.
Huéng dan: (h.43)

Goi (O111);(02712);(Os73) la cac dwong tron co dwong kinh la Ab,AC,BC

Dit AB=2a, AC=2x thi ri=a,r=x SuyraBC=2a-2xvars=a-x

Goi S la dién tich gi6i han boi ba dwong tron
], xr] | _rmad  mx’ 7z(a —x)’

> + > )— - - =7x(a—x)

2 2
S lon nhat < x(a —x) l6n nhat
Mt Khic x + (a - x) = a khbng d6i nén m
x(a—x)Ilonnhit ox=a-x < x= % & C=01

0, ¢ O O

2
Tacé:S=m” —(
2

2

Liic d6 ta c6 § =24

Bai 15 : Cho duwong tron (O;R) . Trong duong tron (O) vé hai duong tron (O1)
va (O2) ti€p xtc ngoai nhau va ti€p xuc trong véi (O) trong d6 ban kinh
duong tron (Oz) gap d6i ban kinh dwong tron (O1). Tim gid tri nhé nhdt cua
dién tich phan hinh tron (O) nam ngoai cac hinh tron (O1) va(O2) .

Hudng dan:

Goi x la ban kinh dwong tron (O1) Khi dé 2x la ban kinh %
dwong tron (02) (h.44) 'b*
Xét AOOIO: tacé: 0105 <O O1 +00 o
=3x<(R-x)+(R-2x) =6x<2R = x_<§
Goi S la phin dién tich hinh tron (O) ndm ngoai cic dwong h-44

tron (O1)va (O2), ta co :
S= xR’ —nx’ —r4x’ =7r(R2 —5x2)

2 2
Dox_<£ néen x* < R— = S2> 7R ;
3 9
o _47R’ R
min S = X =—
9 3
Khi @6 01,0,0: thang hang va bin kinh cdc dwong tron
R 2R

(O1)va (O2) la 3 WT (h.45).
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Bai 16: Cho hinh vudng ABCD c6 canh bang 1, diém M nam trén duong

chéo BD .

a) Néu cach dung duong tron (I) di qua M va ti€p xtc vé6i hai canh AD
va CD. Néu cach dung duong tron (K) di qua M va tiép xtc véi hai canh

AB,BC.

b) Chitng minh rang khi diém M di chuyén trén duong chéo BD thi

tong chu vi hai duwong tron khong doi .

c) Xac dinh vi tri cua diém M trén BD dé€ tong dién tich cua hai hinh tron

dat gia tri nho nhat .

a) Qua M ké dwong vudng géc véi BD cit AB,BC,CD,DA tai P,Q,F,E .

Do AB,BC tiép xiic v6i (K) nén K € MB A

PQ £ KM nén PQ li tigh tuyéh cia (K) ’
Vay (K) la dwong tron nii tiép APBQ

Twong tw (1) la dwong tron ngi tiép AEDF (2 d)

b) Téng chu vi hai dwong tron (I) va (K) bang:

2mIM + 27 MK =27 .IK

MD =ID +HIM =2.1J + IM =~J2.IM + IM = (2 + 1).IM

MB = KB +MK
=2 KH + KM =~J2.KM + KM = (2 +1).KM
= BD =MD +MB = (V2 +1)(IM + MK)=(J2 +1)IK
—IK=—22—=8D(\2-1) DoBD = AB\2 =\2

V241

=IK=2(J2 -1)=2 -2

Viy tong chu vi hai dwong tron bang 222 —2) (4 d)

c) Goi x va y la ban kinh cic dwong tron (1) va(K)

Taco:x+y=2-+2

Goi S1,52 la dién tich cdc hinh tron trén

2 2-2 ’

S1 +Sz=nx2+ny2=n(x2+y2)er(x;y) =7r( > )
S1 + S2 nhé nhit < x =y < M la trung diém cua BD. ( 44)

h.46
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Bai toan cuc tri Phan hinh hoc

I. Mot s6 kién thirc co ban.

a) - Ta chttng minh dwgc A > m (m khong d6i)

- Co moOt hinh sao cho A =m thi GTNN cua A lam
b) Ta chtiing minh dwoc A <t (t khong doi)

-CoOmot hinhsaocho A=tthi GTLN cta Alat

- Ttr d6 ta xac dinh dwoc vi tri cta cac diém dé dat duoc cuec tri.

II. Phan loai bai tap va vi du minh hoa:

1) Tim cuc tri ding bit ding thiic trong tam gidc

1.1. Kién thifc co so:

- Véi3 diém A B ,Cbatkytacd :  |4C-BC|<AB < AC+BC
Diu “="xayra<> C e [4B]
- Trong tam giac ABC Co6 £BAC>/ZABC < BC<AC
+ Quy ticn diém A1A., ..., An
Ta co A1An < A1A2 + A2As + ... Ani1An
D4&u "=" xay ra <AiA,, .., An thang hang va sip xép theo thit tu d6.

12. Cdc vi du dp dung :

Vidu 1: Cho dudng tron (0; R), A va B 1a hai diém ¢§ dinh ndm ngoai duong
tron . M la diém c@ dinh trén duong tron (0) .
Xac dinh vi tri ctia diém M dé dién tich tam giac MAB c6 gia tri :
a) Lon nhat b) nho nhat

Giai
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Vé duong thang d qua 0 va 1 AB tai K

d cit dwong tron (0) tai Cva D

Ha AH 1L AB
MH.AB
= SmaB =
a) Tac6 MH <MK b
Al

Xét3 diemM,0O,Ktacdé MK<OM + OK H d K
CK.AB A e

< MK<OC+0OK < MH<CK = Swmas< (khong doi )

Dau“=“xayra< H=K o M=C
b) Xét 3 diem M,O ,Htacé6 MH > |0H -0OM|

MaOK<OHvaOK-OM=0K-0OD=DK = MH2>DK

DK.AB

= Swmas > (khong d6i) DA&u“="xayra< M e [0H]

VaM=K & M=D
Vidu?2: Cho duwong tron (O;R); A la diém cO dinh trong dwong tron
(A#0). Xacdinh vi tri cua diém B trén duong tron O sao cho goc OBA 16n
nhat.

Gidi:

Gia st cd B € (O). Vé day BC cta duong tron (O) qua A ta c6 OB=0C=R

O —
=> AOBC cén tai O => goc OBC = 180" - COB B

Nén géC OBAmax < géC COBmin.
Trong ACOB c6 CO = OB =R khong doi

Y

=> ACOB min < BCmin = OHmax C
Ma OH < OA nén OHmax & H=A < BC L OA tai A.
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Vay OBAmax < B € (O) sao cho BC L OA tai A.
Vidu3: : Cho tt giac 16i ABCD. Tim diém M trong t& giac d6 sao cho AM +
MB + MC + MD dat cuc tri nho nhat.
Giai:

Véi3 diem M, A, C tacd: MA+MC=>AC

ta c6 MB + MD > BD. A
AM+MB+MC+MD>AC+BD  (khéng ddi).

MeACe=M=0

Dau "=" xay ra <
M eBD

Vay min (AM + MB + MC + MD) = AC+BD &M = O

1.3. Bai tdp van dung:

Bdi 1: Cho gbéc vuong xOy; diém A thudc mién trong cta goc. Cac diem M,
N theo th& tw chuyén ddng trén cac tia Ox,Oy sao cho goc MAB = 90°. Xac dinh
vi tri cia M, N d&€ MN c6 d0 dai nho nhat.

Bai 2: Cho 2 duong tron 6 ngoai nhau (O;R) va (O';R'). A nam trén (O), B

nam trén (O'). Xac dinh vi tri ctia diém A,B d€ doan thang AB c6 d6 dai 16n nhat.

2 / Tim cuec tri dung quan hé gitta dwong vudng goc voi

duong xien

. 2.1. Kién thiic co so A

TacOAHLd;Aed;BCed
*AB>AH, ddu "="xayra< B =H

* AB< AC < BH<HC H c
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2.2. Cacvidu dp dung

Vi dul:: Cho AABC (A =90% M la diém chuyén dong trén canh BC. Vé MD L
AB; ME L AC (D € AB, E € AC). Xac dinh vi tri cia M dé DE ¢6 d¢ dai nho nhit.

Vé AH L BC (H e BC), H ¢8 dinh va AH khong d6i, tit giac AEMD c6 A =E
=D =900 )
=> AEMD la hinh chit nhét. D -
=>DE = AM ma AM > AH (khdng doi)
(theo t/c duong xién va duong vudng goc). . H M C

Dau "=" xay ra <& M =H. Vay khi M = H thi DE nh¢ nhat.

Vi du 2 : Cho duong thang d va dwong tron (O;R) c6 khoang céach tir tam dén d
la OH > R. L&y hai diém batky A € d; B € (O;R). Hay chi ra vi tri ciia A va B sao
cho d6 dai ctia AB ngan nhat? Chiing minh diéu dé.

Giai:
Tt tdm (O) ké OH L d, OH cat duong tron (O) tai K. Xét ba diém A. B. O ta
c6 AB + OB < OA ma OA > OH (quan hé duong xién va dwong vudng goc).
=> AB > OH - OB = HK khong d6i
A=H

Vay min AB=KH < {

2.3.Bdi tdp vin dung:

Bdi 1: Trén canh BC, AC ctia tam giac déu ABC ldy twong ting hai diem M
va N sao cho Bach Ma = CN. Tim vi tri cia M d€ MN ¢ gia tri 16n nhat.
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Bdi 2: Cho ntta dwong tron (O;R) duong kinh AB.M la mét diém trén nira
duwong tron, ké MH L HB. Xac dinh vi tri caia M dé:
a) SAasc 16n nhat

b) Chu vi cia AMAB 1én nhat.

3. Tim cyec tri van dung bat dé’mg thirc trong duwong
tron.

3.1 Kién thiic co so:

+ Trong mot duwong tron: dwong kinh la day cung 16n nhat.
+ Day cung 16n hon < day dé6 gan tam hon.

+ Cung 1én hon <day treong cung 16n hon

+ Cung lén hon <> goéc ¢ tam 16n hon

3.2. Cacvidu dp dung :

Vi du 1 : Cho duong tron (O) va mdt diém M nam trong duong tron d6 (M = O).
Xac dinh vi trf caa day cung AB cua duong tron (O) qua M sao cho do dai AB
ngan nhat.

Gidi:

Ta cé day AB L OM tai M la day cung

A
c6 36 dai nho nhat. A m B’

That vdy: Qua M vé day A'B' bat ky

B
cua (O) A'B' khong vudng goc voi OM. Vé o

OM' L AB.M e AB; M # M => OM' L
MM’ => OM > OM'
=> AB < AB' (theo dinh 1y khoang

cach tir tam dén day).
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Vi du 2: Cho tam gidc déu ABC ndi tiép trong dwong tron (O;R). M la diém
di dong trén duong tron (O). Xac dinh vi tri cia M dé MA + MB + MC dat gia tri
16n nhat.

Gidi:

Ta xét M € cung BC. Trén MA ldy D sao cho MB = MD. Ta chitng minh
dugc: ABMD la tam giac déu. A

=> B, + B, =60?

Ma B +B, =600=> B, =B, 0
D
Chting minh cho ABAD = ABCM (gcg) B
v C
=> AD =MC M

=>MA + MB + MC =MA + MD + DA =2MA
Ma MA la day cung ctia duong tron (O;R) => MA =2R

=>max (MA + MB + MC) = 2.2R = 4R ©MA la duong kinh cta dwong tron
(O) ©M la diém chinh gitta ctia cung BC.

Twong tw ta xét M thudc cung AB va M thudc cung AC => M la diém chinh
gitta cung AB hoac cung AC thi MA + MB + MC dat gia tri 16n nhat.

3.4.Bai tdp vdan dung:

Bdi 1: Trén canh BC, AC cta tam giac déu ABC lay tuwong Ging hai diém M
va N sao cho BM =CN. Tim vi tri cia M d€ MN c¢¢ gia tri 16n nhit.
Bdi 2: Cho t&t gac ABCD noi tiép trong dwong tron (O;R) cho trudc. tim t&

giac c6 tong AB.CD + AD.BC dat gia tri 16n nhat.

4 . Tim cuc tri dung bat dang thirc dai s&

4.1. Kién thifc b sung :

+ B4t dang thitc c6si cho hai s6 khong am: a,b
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a-+

2b2x/£.D§(u "="xayra < a=b

Ta co:

+ B4t dang thitc cosi tdng quat cho n s8 khong am

a, +a, +..+a,

>1/aa,..a, .Dau"="xayra< ai=az=..=an
n

+ Bat dang thiic Bunhiacopski

(ax +by) < \/(a2 +b%).(x*> +y*) . Dau "=" xay ra < E=E.
Xy

+ Vi mot s6'bat dang thirc quen thudc khdc.

4.2. Cac vi du dp dung:

Vidul Cho duwong tron (0; R), duong kinh AB , M 1a diém chuyén dong
trén deong tron . Xac dinh vi tri cta M trén duong tron
dé MA++3MB dat gid tri lon nhat
Gidi :

Ta c6 : £ AMB =90°( gbc nt chan nixa d.tron)
AMAB c6 ZM=90° Theo Pitago ta co:
MA? + MB? = AB? = 4R?

ap dung BDT Bunhiacopski ta co

MA + 3MB < \/(1+3)(M4* + MB*) = 4.4R* =4R

= MA+.3MB <4R

Dau "=" xay ra < L _ 3 oMb =3
MA MB MA

o tgA = E=\/§ = tg600
MA

& MAB = 60° nén max(MA + +/3.MB) = 4R < MAB = 60°
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Vi du 2 : Cho doan thang AB , diém M di chuyén trén doan &y .Vé cac
duwong tron duwong kinh MA , MB .Xac dinh vi tri cia M d€ tong dién tich ctia hai
hinh tron cd gia tri nho nhat .

Gidi

Dat MA=x, MB=y,taco :x+y=AB (0<x<y<AB)
Goi S va S’tht tu 1a dién tich ctia 2 hinh tron ¢ duong kinh 1a MA va MB

2 2 2 2
TaC(’):S+S'=7r(§J +7Z'(Z) 2ty

2 2 2
ap dung BDT : x2+y22@ = S5+5 2 7. (x;y) =7r.A§

2
Dau "="xayra<x=y VayMin (S+S")= 7. ASB

< M la trung diém cua AB

Vidu3:ChoAABCcdBC=a, AC=b, AB=c Tim di€m M niam bén trong tam

idc ABC sao cho £+ b +£ c6eid tri nho nhat . Trong d6 x,y,z la khoang cach tir
8 [P g 8 y 2]

M dén BC, AC, AB

Gidi
Goi dién tich A ABClaS. Ta cé ax +by +cz=2S Khong doi
Ap dung BDT Bunhiacopski ta co
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a b c a b c ’
(ax+by+cz)(;+;+; )2(«/(1}6 ;JM/E\/;JM/C_Z\/;J A
— (ax+by + cz) (4+24€ ) > (atbrcp

X y z

:>(£+2+£)2
X y z

(a+b+c)
28

Vay “+2.€ dat gia tri nho nhat
X

y z
C
<:>(2+2+£)_(a+b+c)
x y z 28

4.3. Cdc bai tdp ap dung :

Bai 1: Cho hinh vudng ABCD c6 d6 dai canh bang a. Trén hai canh AB va
AD Ian luwot 1ay 2 diém M, N sao cho chu AAMN =2a. Tim vi tri cia M va N dé
SAamn 16n nhit.

Badi 2: Cho AABC ngoai ti€p duong tron (O;r). Ké cac ti€p tuyén ctia duong

tron (O;r) song song voi cac canh ctia tam giac. Cac ti€p tuyén nay tao voi cac
canh ctia tam gidc thanh 3 tam giac nho cd dién tich 1a S1, Sz, Ss. Goi S 1a dién tich

: 4 i v o 9 +S)+S
cua tam gidc ABC. Tim gia tri nho nhét cua ty s6 ———.

B. Mét vai vi du
Bai 1: Cho dwong tron (O; R), day BC ¢ dinh. Tim vi tri cua D
A trén cung 16n BC dé tam giac ABC c6 chu vi 16n nhit.

Hudng dan:
BC ¢d dinh nén géc CAB khong d6i, d6 dai BC khong d6i
Chu vi tam gidc ABC chi con phu thudc vao AB+AC.

Trén tia d6i ctia tia AB 1ay D sao cho AC = AD vay chu vi cia ¢ B
tam gidc ABC phu thudc vao dd dai cia BD hon nita goc CDB v
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cling khong d6i hay BD la day cta cung chtta goc %4 A dung trén BC. Vay BD lén

nhit bing dudng kinh cta cung chita goc %LA dung trén BC <=> A 1a diém chinh

gitta cua cung 1on BC
Bai 2: Cho duwong tron (O; R) véi day AB c¢6 dinh sao cho khoang cach tix O téi AB

b::fmg % Goi H 1a trung diém cua AB, tia HO cit

A
duong tron (O; R) tai C. Trén cung nho AB ldy M tuy » M
y ( khéc A, B). Puong thang qua A va song song véi

MB cat CM tai I. Day CM cat day Ab tai K.

a) So sanh goc AIM véi goc ACB.

b) Chirng minh: L, t_ 1 c
MA MB MK

¢) Goi Ry, R Jan luwot 14 ban kinh dwong tron ngoai
tiép tam giac MAK va tam giac MBK, hay xac dinh vi

tri cua diém M trén cung nho AB dé€ tich Ri.Rz dat gia

tri 16n nhat.

Huong dan:
a) OH=%R=> Nhan xét quan hé gitta day va va sd cung cang day ( Sd cung AB =

1200)
Ttr d6 tim dugc quan hé gitra hai goc AIM va ACB.
b) Thuong chuyén vé ti s§ cac doan thang
( Can chtrng minh MK MR 1)
MA MB
Tim cach quy d6ng mau vé trai bang cach chi ra cac tam giac dong dang?
Tam giac chita hai canh MK, MA dong dang véi tam giac nao? tam giac chira hai
canh MK, MB dong dang v4i tam gidc nao?

(Tam giac MKA va tam giac MBC dong dang = % = x—g, tam giac MKB va tam
giac MAC dong dang = MK _MA

MB MC
Vi MK MK MA +MB

y ——+—— =
MA MB MC
do d¢ ta phai chitng minh MA+MB = MC
c) b€ tim gid tri 16n nhat cta tich Ri.Rz, ta tim ma&i lién hé cua tong Ri+Rz véi cac yéu
t6 khong doi cua bai toan
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b€y hai tam giac AMK, BMK c6 hai géc AMK, BMK khong d6i (= 60°), tong hai

canh d6i dién khong doi. ( dung cong thirc R =
2sin A

Loi Giai so luoc:

OH 1
OA

= Z/AOB =120" = sd cung AB =120° = ZACB = 60’

Tam giac ABC ¢6 duwong cao CH dong thoi la trung tuyén. Vay tam giac ABC déu
=>/ACB =60’

Al // MB =>gbéc AIM = g6éc CMB = gbéc CAB = 60°

Vay géc AIM = g6c ACB.

a) Xét tam gidc AOH c6 CosO = = ZAOH = 60"

b) Tam gidc AIM déu ( c6 hai goc bang 60° ) => AM = ML
AAIC = AAMB (c-g -¢) = CI= MB

AMKA va AMBC dong dang nén Mk _ MB
MA MC
AMKB AC dong d ME _ MA
va AM. ong dang nen——
§TME NN B~ MC

A MK MK MB MA _MB+MA

Vay: =1 hay
MA MB MC MC  MC

S S
MA MB MK
B&' dé: Trong tam gidc ABC:

a__ b __c _ IR
sinA sinB sinC
CM:
Vé dwong kinh BD => géc A = goc D
Xét tam gidc vuéng BCD
BD=5€ hay 2R = tuong tu ta cm duoc @« _ b __¢ _op

sin D sin A sinA sinB sinC
c¢) Ap dung b6 dé ta duoc:
Trong tam giac AKM: R, = AK = AK == AK
2sinM  2sin60 JE
BK _ BK _BK

Trong tam gidc BKM:R, =

2sinM  2sin60° 43
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Ap dung bat dang thic Cosi cho 2 s§ khéng am Ri, Rz co:

SRR, <RitRy (AK#BK V3R R apso ki RieRe ¢ AK = BK ¢ M 1
2 23 243 2

diém chinh gitta ctia cung AB.

2
Vay RiRz max = RT khi M 14 diém chinh gifta ctia cung AB.

Bai 3: Cho ntta duwong tron tam O dwong kinh AB = 2R, 1dy C la trung diém cta AO.
Ké hai tia Ax va By vudng goéc véi AB va ¢ cung mot phia vdi nita duwong tron.
Diém M di dong trén nita duong tron ( M khac A, B). Mot duong thang vuong goc
véi CM tai M cat Ax & P, cat By 6 Q. Tim vi trf ctia diém M trén nira dwong tron dé
t& giac APQB c6 dién tich nho nhat. Tim gia tri dién tich nhé nhat do.

Phuwong hudng:

Hinh thang ABQP c¢6 duong cao khong d6i do

dé dién tich cua ndé nhd nhat < AP+BQ nho
nhat. Ta di chiing minh tich AP. BQ khong d6i
Mudn vay chi ra AP va BQ la canh khong twong A _
ung cua hai tam giac dong dang. c O B
Goi y: T giac APMC, BOMC noi ti€p => Hay

chi ra cac cdp goc bang nhau. ( lién hé gitta cac géc véi cac duong tron)

Loi gidi so luoc:

T giac APMC noi tiép => gbc PCA = gbc PMA
C6 goc AMB vuong => goc PMA + goc BMQ = 90°
Tk giac BQMC noi tiép => géc BMQ = goc BCQ.
Cé goc CAQ vudng => goc BCQ + gdc BQC = 90°.
Vay: goc PCA = goc BQC

Do d6 tam giac APC va tam giac BCQ dong dang = i—g = % = APBQ=ACBC
2
LROR R
2 2 4
2
Ap dung bat dang thitc Cosi : AP;BQ > JAP.BQ = ,/31: :gR d4u bang khi AP =

BQ < CM vuong goc voi AB
Hay S0 = %AB(AP +BQ),,, = %.2R.\/§R = \3R? khi sd cung AM = 6(0°.

min
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Bai 4: Cho tam gidc déu ABC, E la mot diém trén canh AC ( E khac A), K la trung
diém ctia doan AE. Puong thang EF di qua E va vudng géc véi duong thang AB ( F
thudc AB) cit duong thing di qua C va vudng géc véi duong thang BC tai D. Xac
dinh vi tri ctia E sao cho doan KD ¢ do dai nho nhat.

Hwéng d:fn: Cc

Khai thac Tam gidc ABC déu, tam giac AEF vudng, K D

la trung di€m AE, géc DCB vudng.

=>5 diém B, C, D, K, F cung thuéc mot duong tron g

=> KD la moét day cung .

sd cung DK khoéng d6i. Do d6: KD nhé nhét ¢ ban

kinh nho nhat.

Loi giai so luoc: A E B

Tam gidc AEF vudng tai F, goc A = 60°, FK la trung

tuyén tng véi canh huyén => Tam giac AKF déu => gbc FKC = 1200.

Vay Tt gidc BCKF noi tiep.

Tt giac BCDF c6 goc F = gdc C =90°

Vay T giac BCDF ndi ti€p hay 5 diém B, C, D, K, F cung thudéc mot dwong tron
duong kinh BD.

sd cung DK = 2 goc DFK = 600 => KD = % DB < %CB d&u bing khi E triing véi C

Vay KD min = %CB khi E =C.

Bai 5: Cho tam giac ABC can ¢ B c6 géc ABC bﬁmg B, O la trung diém cua canh AC,
K 1a chan duong vudng goc ha tir O xudng canh AB, (w) la duwong tron tam O ban
kinh OK. E 1a mot diém thay d6i trén canh BA sao cho goc AOE bang o (20°< a <
909). F 1a diém trén canh BC sao cho EF tiép xtic v6i (w). Tim a d€ AE + CF nho nhat.
Goi y:

Pé Tim gia tri nho nhat cta tong, ta di chitng minh B

tich khong doi

Nhan xét quan hé cta hai tam giac AEO va OEF?

(St dung tinh chat tiép tuyén, tong cac goc cua tk

giac, tam giac)

Loi gidi so luoc:
Trong tam giac OEF: E

/EOF =180° - ZOEF — ZOFE =180’ —%LAEF—%LCFE K
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Trong tt gidc AEFC: £ AEF + £ AFE =360 - (£ A + £ C)=360° - (180° - B)
~1800+ B

Vay: £ EOF = 900 - % B

Tam giac ABC can=> Z A= 2C= —(180°- )

1
2
_gpo- L B
2

Vay: ZLEOF=zA=«C
=>tam giac AEO va tam giac OEF dong dang,
Tam giac OEF va tam gidc COF doéng dang
Vay tam giac AEO va tam giac COF dong dang.
= AE_CO = AE.CF = AO.CO = hs

AO F
ap dung bt dang thitc Cosi: AE +CF > 2J/AEAF = 2/A0.CO = hs d4u bang khi
AE = CF < tam giac OEF can tai O & tam giac AEO can tai A & ZAOE =

1 1 1 1
90° == /A =90 ——(90° ——B) = 45" + —
2 ;00 =3P i

Vay khi 2 AOE = 45" + %B thi AE + CF nho nhét

Bai 6: Cho hai duong tron(O; 1) va (Oz; 12) cat nhau tai hai diém A va B. Biét rang 11
=1 cm; r2=2 cm; AB =1 cm va hai diém O1, O2 ¢ hai phai ctia duong thang AB. Xét
duong thang (d) di qua A, cat (Os; r1) va (Oz; 12) Tam luot tai cdc diém M va N sao
cho A ndm trong doan MN. Tiép tuyén cua (Os; 1) tai M va tiép tuyén cta (O; 12)
tai N cit nhau tai diém E.

a) Chting minh t& giac EMBN la t giac ndi ti€p.

b) Tinh 0102

b) Tim gia tri 1én nhat cua 2EM + EN

Huéng dén:

a) st dung quan hé gitta géc ndi tiép, géc tao bdi ti€p tuyén va day cung védi sd do
cung, luu y quan hé vé sd do cung ctia hai duong tron.

c) Van dé o day la vai tro khong d6i xiing cua ME va EN. Can tim moét su tuwong
tng: 2.EM véi 1.EN. Ta lai thdy hai ban kinh ctia duwong tron cling cé sy tuwong ting
dé. Ta di tim nhing tam giac dong dang dé chuyén doi sy twong ting ay.

Loi gidi so luoc:

a) ZABN = ZANE; ZABM = Z/AME => /MBN = Z/EMN + ENM = 180° — /MEN

Vay ZMBN + ZMEN =180° => Tt gidc EMBN noi ti€p.
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b) O10s= %(\/%JE)

A
H
B c
" BN _AO v
€)AO,0,A; AMNB dong dang => — =——2=2(
BM AO,
ViRi=1 cm, R2 =2 cm)=> BN =2BM
\ " EM AN \
AEMB va ANAB dong dang= MB- AR EM =MB.AN (ViAB=1 cm)

Tuong tu ta cing chi ra EN = NB.AM
Vay 2.EM + EN = 2.MB.AN + NB.AM = 2. MB. AN + 2.MB.AM = 2.MB.(AM + AN) =
2MB.MN

Lai c6 AMBN va AO1AO: dong dang theo ti sO 00 - <2 Vay:

2MB.MN < 2.2r,.20,0,
=8%(«/§+ J15) = 4(«/§+ \/E) d&u bang khi MB = 2r1 hay M d6i xting véi B qua On.

Bai 7: Cho tam giac déu ABC noi tiép dwong tron O va D 1a diém nam trén cung BC
khong chita diém A. Xac dinh vi tri caa D sao cho DA + DB + DC 16n nhat.

Hu6ng dan: Tuong tu bai 2.Ta ching minh dwoc DA = DB + DC

Bai 8: Cho hai duong tron (O) va (O) cat nhau tai A va B sao cho hai tam O va O'
nam vé hai phia khac nhau d8i véi duong thang AB. Duong thang (d) quay quanh
B cit cac dwong tron (O) va (O') [an luot tai C va D ( C khac A, B va D khéac A, B).
Xac dinh vi tri ctia (d) sao cho doan théng CD c6 d6 dai 16n nhat.

Bai nay qué dé, ban c6 thé ty lam.

Bai 9: Cho tam gidc ABC vudng tai A ndi tiép duong tron (O). M 1a diém nam trén
cung BC khong chita diém A. Goi N, H, K lan luot 1 hinh chiéu cia M trén AB, BC,

CA. Tim gia tri nho nhat cta BC  AB | AC
MH MN MK
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Goi yj:
Hay tim cach rat gon biéu thtec:
BC4_AB4_AC

bang cach chuyén cac ti s trén thanh cac ti s6 c6 cung mau
MH MN MK

Loi giai so luoc:
Nhan thay: Néu K nam ngoai AC thi N nam trong AB.
AB BN AN
MN Nﬂl MN
AC AK CK
MK MK MK

Tam giac MCK va tam giac MBN dong dang => BN _CK
MN MK
Tam gidc MAK va tam gidc MBH dong dang = AR _ BH
MK MH
Tam giac MAN va tam giac MCH dong dang = AN _CH
MN HM

BC AB AC BC CH BH 2BC
iMHﬁiMN’iMK.:MH ]MH IMH MH

BC  AB | AC | ho nhat ¢ MH I6n nhat & MH =R ¢ M la diém chinh gitta
MH MN MK
cua cung BC.

Vay:

Vay

C. Mot vai vi du tw giai

Bai 11: Cho duong tron (O; R) duong kinh AB, diém M di dong trén duwong tron sao
cho MA <MB. Trong tam giac AMB ké duong cao MH. Goi 11, 12, 13 theo thit tuw la
ban kinh cac duwong tron noi ti€p cac tam giac AMB, AMH va BMH. Hay xac dinh vi
tri cia M d€ tong: ri+r2+r3 dat gid tri 1on nhat.

Bai 12: Cho tam gidc ABC c¢6 géc A =309 AB = ¢, AC =b, M la trung diém ctia BC.
Mot duong thang (d) quay xung quanh trong tam G ctia tam giac ABC sao cho (d)
cit doan AB tai P va (d) cit doan AC tai Q.
a) bat AP = x, hay tim tap hop cac gia tri cta x.
AB AC
b) Tinh gia tri ctia biéu thirc — +—
AP AQ
c) Hay tim gia tri nho nhat, gia tri 1én nhat ctia dién tich tam giac APQ theo b, c.

Bai 13: cho nta duong tron tam O duong kinh AB = 2R va M 1la mot diém thudc ntra
duong tron ( khac A va B). Tiép tuyén cta (O) tai M cat ti€p tuyén tai A va B ctia
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duong tron (O) Tan luot tai cac diém C va D. Tinh gid tri nhé nhat cta tong dién tich
hai tam giac ACM va BDM.

Bai 14: Cho duong tron (O) va day BC cd dinh. Goi A 1a diém di ddng trén cung 16n
BC ctia duong tron (O), (A khac B va C). Tia phan gidc cua goc ACB cat duong tron
(O) tai D khéac C, 1ay I thudc doan CD sao cho DI = DB. Puwong thiang BI cat duong
tron (O) tai diém K khac B.

a) Chtmg minh tam giac KAC can.

b) Xac dinh vi tri cia A d€ dd dai doan Al la 16n nhat.

Bai 15: Cho tam giac ABC c6 ba gdéc nhon néi ti€p duong tron (O; R) . Biém M luu
dong trén cung nho BC. Tir M ké cac duong thang MH, MK lan lwot vudng goc véi
AB, AC ( H thudc duong thang AB, K thudc dwong thang AC). Tim vi tri ctia M @€
d6 dai doan HK 16n nhat.

Bai 16: Cho hai dwong tron (O1, Ri1) va (Oz; Re) ti€p xtic ngoai véi nhau tai A. Puong
théng (d) di qua A cat duong tron (O, Ri) tai M va cat duong tron (Oz; Re) tai N (
cac diém M, N khac A).

Xéc dinh vi tri ctia dueong thang (d) &€ d6 dai doan thang MN 16n nhat.

Bai 17: Duong tron tam O c6 day AB c¢6 dinh va I la diém chinh gitta ctia cung 16n
AB. Lay diém M b4t ki trén cung 1én AB, dung tia Ax vudng gdc véi duong thang
MI tai H va cat BM tai C.

a) Chtng minh cac tam giac AIB va AMC la cac tam gidc can.

b) Khi M di dong trén cung 16n AB chitng minh rang diém C di dong trén mot cung
tron co dinh.

¢) Xac dinh vi tri ctia diém M d€ chu vi tam giac AMC dat gia tri 1on nhat.

Bai 18: Cho tam giac nhon ABC. Biém D di dong trén canh BC. Goi O1, Oz lan luot
la tam dwong tron ngoai tiép cac tam giac ABD, ACD twong tng.

a) Chitng minh rang duong tron ngoai tiép tam giac AO102 ludn di qua mot diem
cO dinh khéc A.

b) Goi O la tam duong tron ngoai ti€p tam giac ABC va I la tam duong tron ngoai
tiép tam giac AO102. Hay xac dinh vi tri ctia D trén BC sao cho 10 nho nhat.

Bai 19: Chi nira dwong tron duong kinh AB = 2R. Goi C la diém tuy y trén ntra
duong tron, D 1a hinh chiéu vudng géc ctia C trén AB. Tia phan gidc caa ACD cat
duong tron duong kinh AC tai diém thit hai 1a E, cat tia phan gidc géc ABC tai H.
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a) Chttng minh AE // BH.

b) Tia phan gidc géc CAB cat duong tron duong kinh AC tai diém thit hai 1a F, cat
CE tai L. Tinh dién tich tam giac FID trong trueong hop tam giac do la déu.

c) Trén doan BH 13y K sao cho HK = HD, goi J 1a giao ctia AF va BH. Xac dinh vi tri
ctia C d€ tong khoang cach tir cac diém I, J, K dén duong thang AB dat gia trj 1on
nhat.

Bai 20: Cho duong tron tam O, ban kinh R va day BC <2R, cac tié€p tuyén cua duong
tron tai B va C cat nhau tai A. M 1a diém b4t ki trén cung nhé BC va khong trling
véi B, C. Goi H, I, K Tan lwot 1a hinh chiéu cua M trén BC, CA, AB. BM cit HK tai P,
CM cét HI tai Q.

a) Chtimg minh PQ // BC.

b) Xac dinh vi tri cia M dé tich MH.MIL.MK dat gia tri 16n nhat.



